CHUONG HAI

QUA TRINH NGAU NHIEN
TICH PHAN ITO

Dinh nghia. Cho (€2, (1, P) 1a mot khong gian xac
suat, dat 9C 1a tap hop tat ca cac bién so ngau nhién.
Cho | 1a mot khoang trong tap cac so thuc, T 1a mot
anh xa tu | vao 9C. bat T(t) = X(t) voimo1t € |. Ta
noi {X(t)},_, la mot tién trinh ngiu nhién.
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Thi du. Dé 1ap dé an x4y dung mot dap thuy dién,
ching ta phai do luu luong nudc tai mot vi tri nao do
cua mot dong song. Go1 X(1) la luu luong tai vi tri do
tai ngay thu t trong nim. DT nhién con s6 X(t) nay
thay d6i hang nim, nhung néu ching ta 1y mau trong
val muol nam (ky hi€u tap hop cac nam nay la Q),
chung ta cé thé chap nhan X(t)(Q) = [a, , b,] véi ham
phan phoi Pyt va ham mat do pyg, -

Luc do ta cc’) mot tién trinh ngau nhién {X(t)} thay vi
mot ham so6 thuc t — X(t). Nhu vay chung ta phai mo
hinh nhiéu bai toan véi cac phuong trinh ngau nhién.
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A machine 1s required to continuously produce
ropes of length 10 m with a given nominal diameter of
Smm. Despite maintaining constant production
conditions, minor variations of the rope diameter can
technologically not be avoided.

Thus, when measuring the actual diameter X of a
single rope at a distance d from the origin, one gets a
function X = x(d) with 0 <d < 10.

This function will randomly vary from rope to rope.
This suggests the introduction of the generalized
random experiment 'continuous measurement of the
rope diameter in dependence on the distance d from
the origin'.
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If X(d) denotes the diameter of a randomly selected
rope at a distance d from the origin, then it makes
sense to mtroduce the corresponding generalized
random experiment {X(d ), 0 <d <10} with outcomes
Xx=X(d),0<d<10 (Figure 2.1).
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Figure 2.1 Random variation of the diameter of a nylon rope

Néu Q 1a tap hop cac mau day duoc xét, thi x(d) =
X(w,t) vé1 mot w nao do trong Q.


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

In an electrical circuit it 1s not possible to keep the

voltage strictly constant. Random f{]
voltage are for instance caused by t

uctuations of the
nermal noise.

If v(t) denotes the voltage measured

| at time point t,

then v = v(1) 1s a sample path of a stochastic process
{tV(t), t > 0} where V(1) 1s the random voltage at time t

Av(r) I‘ I|
|
I

Figure 2.2 Voltage fluctuations caused by random noise
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Producers of radar and satellite supported
communication systems have to take into account a
phenomenon called fading. This i1s characterized by
random fluctuations 1n the energy of received signals
caused by the dispersion of radio waves as a result of
inhomogeneities 1n  the atmosphere and by
meteorological and industrial noise.

Both  meteorological and industrial noise cause
electrical discharges in the atmosphere which occur at
random time points with randomly varying intensity.
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Pinh nghia. Cho (Q, @, P) 1a mdt khong gian x4c suat,
chg X 1a mot anh xa tu [0,00) vao tap h(.)’p, cac bién
ngau nhién trong (Q, (&, P) co cac tinh chat sau :

(1) X(0) =0,

(11) CO mot s6 thue o khac khong va néu 0<s<t,
thi X(t) - X(S) cO phan pho1 chuan N(O; t-s) ,

(iii) Néu 0 < t, <t <t,<...<t thiho
(X (t)-X(t.): 1<k<n} doc lap.

Luc d6 X dugc go1 la mot tién trinh Wiener hay mot
chuyén dong Brownian
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(11) Co nghia
E(X(1)=X(s)) = | _[X()=X(5)ldP =0 ,
E(X(-X()F) = | [X()-X(s)PdP=1-s.

(111) Cho ta:

Dat 91, la o- dai s6 nho nhat chira cac tap co dang
X, — X, ]'1(U), voi U 1a cac tap mé trong R. Luc do

PAN--NA)=PA)~PA) VAN, A €N,
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Figure 7.1 Sample path of the Brownian motion

E(X(1)=X(9)) = | [X(1)=X(s)ldP =0,

E(X(-X()F) = | [X()-X(s)FdP=1-s.
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Bai toan 2.1. Cho {W(t)} 1a mot tién trinh Wiener
trong mot khong gian xac suat (Q, @, P) va T > 0. Véi
moi sO nguyén m 16n hon 1 va k trong {0,1,...,m } ta
dat t, = m'kT va

m—1
G,=> W, )-W()I.
k=0
Chimg minh diy {G_} hdi tu vé bién s6 ngau nhién
G =Ty, trong LAQ).
H.D. béy ;
Gm -G = Z ([W(tk+1) - W(tk )]2 — (tk+1 - tk ))
k=0

vatrdétacé E(G,—GJ2)= 2I,+1, , véi
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11 — E( mz_ ([W(tk+1) T W(tk)]z _(tk+1 _tk ))[W(tj+1)_ W(tj)]z _(tj+1 _tj ))

0<j<k

— E( mz_ E([W(tk+1) o W(tk )]2 o (tk+1 o tk ))E([W(IJ+1) o W(tj )]2 o (tj+1 o tj ))

0<j<k

=0,

1, =EO (W) - W) —(ty, — 1)) <Ly +1, +1 .
k=0
I, = E(mz_ (W(t,.)-WE))<mC(t,,, —t) =m~C,

m—1
I, =EQ) [W(t,.)-Wie) (., —1)")<2mC(t,,, —1,)* =2m~C,
k=0

m—1
I,=EQ (t,,,—1t)")<mC(,,, —1,) =m~C, BT
k=0
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Pinh nghia. Cho {W(t)} 12 mot tién trinh Wiener
trong mot khong gian xac suat (€2, (1, P). Cho mot so
thuc khong am r , ta dat

(1) 0(r) 12 o-dai s6 nho nhat chtra cac tap W(s)1(U) ,
vo1moi s € [0,r] va mo1 tap mo U trong R. Ta go1
0(r) 1a lich str cua tién trinh Wiener {W(t)} cho dén
thoi diém r.

(1) 0°(r) 1a o-dai sO nho nhat chia cac tap W(s)1(U) ,
vO1mo1 S € [I,0) va m01 tap mo U trong R. Ta g01
0*(r) 1a twong lai cua tién trinh Wiener {W(t)} ké tur
thoi diém r.
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Pinh nghia. Cho {W(t)} 12 mot tién trinh Wiener

trong mot khong gian xac Suat (Q2, @, P). Cho mot ho
o- dai sO {F(t) : t >0} trén Q sao cho F(t) c @ v&i moi
t. Ta nodi ho {F(t)} nonanticipating d6i véi {W(t)} néu

(i) F(s) = 5(t) néu 0<s<t,
(1) O(t) c 5(t) véimo1t>0,
(i11) F(t) doc lap 07 (t) voimoit=>0 .

Luc d6 mot tién trinh ngau nhién X(1): 120 } trén
(QQ, &, P), dugc go1 la nonanticipating do1 vor {At)}
néu X(t) do duogc trén (Q, At)) voimo1t>0 .
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Pinh nghia. Cho mot ho {5(t)} nonanticipating doi
véi mot tién trinh Wiener {W(t)} trong mot khong
gian xac suat (Q, @, P). Ta dit H2(0,T, {F(t)}) 1a tap
hop céc tién trinh ngau nhién {X(t): 0 <t< T} co cac
tinh chat sau :

(i) Anh xa (t,0) = X(t)(o) do dugc trén [0,T]x€),
(11) {X(1)} nonanticipating do1 vo1 {At)} ,

(iii) L) [O,T]Xz(t,a))dzdP < o

Tuong tu ta dat HY0,T) ,{5(t)}) vo1q > 1, voi (111)
thay bang

q
(iii”) J‘QI[O,T]IX(t,a))I dtdP < oo .
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Néu khong c6 gi dé gay ra cac nh‘cflm lan, ta ky hiéu
H*(0,T,{5(t)}) va HYO0,T,{F1t)}) lan luot 1a H*(0,T)
va H'(0,T).

H2(0,T) la mdt khong gian Hilbert vai tich vo hudng
va chuan sau :

<X, Y>= X(t,w)Y(t,w)dtdP ¥ X,Y eH(0,7),

[0,T ]xQ2

X1 = ( X’ (t,w)dtdP)"> ¥ X eH*(0,T).

[0, ]xQ2
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Pinh nghia. Cho G ={G(t)} trong H?*(0,T), ta néi G
la mot tién trinh don néu 6 cac so thuc t,<t, <...<

t =T,vacoémbiénngiunhiénG,, G, ,..., G,
trong Lz(Q) sao cho G(t) =G, khit <t<t,, véi
moi K trong tap {0, ..., m-1}.

Luc do thh phan ngﬁu nhién It6 cua G trén [0,T] 1a
bién sO ngau nhién sau

I(G) = ZG(z IW(t,)-W(t)] .
Ta s€ ky hi¢u Itd cua G trén [0,T] 1a _‘- GdWwW .

Tap hop céc tién trinh don tri mat trong H2(0,T).
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Bai toan 2.2. Cho G va H 1a hai tién trinh don trong
H2(0,T), va mot s6 thuec C. Chirng minh

(i) I(G +cH)=1(G) +cl(H),
iy EU(G)=] I(G)dP=0
(iii) IQI (G) dP = G*(t,w)dtdP .

[0,7 ]xCQ2
H.D. (ii) Cho cac s6 thuc t, <t, <...<t =T, va
c6 m bién ngau nhién G, , G, , ..., G, trong
L2(QQ) sao cho G(t) =G, khit <t<t,_, véi moik
trong tap {0, ..., m-1}.
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H.D. (ii) Cho cac so thuc t, <t, <...<t =T, vaco
m bién ngau nhién G, , G, , ..., G, , trong L%(Q) sao
cho G(t) =G, khit <t<t,_, vé1 moi Kk trong tap {0,
...,m-1}. Lac do G, 1a ham 5(t,)-do duoc, (W(t,,) —
W(t,)) 1a ham ©"(t,)-do dugc, 5(t,) va 0'(t,) doc lap
vO1 nhau. Tu do ta co

E(Gu(W(t, ;) — W(t)) = E(Gy).E(W(t, +1) — W(t,))
bé y E(W(ty,;) — W(t)) =0
(iii) Pé ¥

EUGY) =Y E(G,G,(W(t,.,)~ Wt )W)~ Wt )]

k,j=0
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Khi j<ktathay (W(t,,)-W(t)) doc lap doi véi
GG; (W(t;,;) - W(t)) . Do d6

E([G,G; (W(t, ;) - W(t)(W(t. ) - W(t))]) =
= E(GG; (W(t;.,) - W(t) DE(W(t.) - W(L))
Péy E(W(t,,)-W(t))=0.Suyra
E(1(G)*) = fE([G,f W(t,.,,)-W()) D)

—1

E(GHE(W(t,.)-W()))

=

b
-

=

E(G)(t,,, —t)=E(G")

=0

b
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Ta théy | 1a mOt anh xa tuyén tinh b1 chan tor mot
khong gian vecto con tru mat trong H*(0,T) vao L*(Q).
Vay ta co thé mo rong anh xa | ra ca H?(0,T). Lac do
1(G) 12 mot bién so6 ngau nhién trén (Q,@,P) voi moi G
trong H%(0,T) va ta cling ¢co

Bai toan 2.3. Cho G va H trong H2(0,T), va so thuc C.
Chimg minh

(i) (G +cH)=I(G) +cl(H),

Giy EUI(G))= jQI(G)dP =0 |

(iii) IQI (G)' dP = G*(t,w)dtdP .

10,7 1xQ
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Ta goi I(G) 1a tich phan Ito cuia G twong Uing vdi tién
trinh Wiener {W(t)} va ky hi¢u la .

j GdW

0

Bai toan 2.4. Chung minh_,
 WaW =W 1T,

H.D. Vi moi s6 nguyén m 16n hon 1 va k trong {0,1,.
,m } tadatt, =m'k va G(t) =W(t,) khit <t<t_,
véi moi k trong tap {0, ..., m-1}. Déy

—1

W)W (,.,) - W(t,)] =

§

k

I
S

_Z [W(tk+1 ) o W(tk )]2 + mz_ W(tk+1 )[W(tk+1) o W(tk )]
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S

ZW(z WW(t,,,)—W(t,)]=

—kZ_; (Wt )—W()T + jZ; W, )IW () -W(t,)]

= —':22 [(W(t,,)-W( )] +W(T)* + ’:Zj Wt DW(t,,) - jZ; Wt . )W(z)
= —jz(’; (Wt )~ W) +W(T) + ’,2 Wi )W(t,)- ZZ; W, )W)

— _’:Zé (W(t,,)—-W(t )] +W(T) + jZ; W@ W (t,) - ’:Z; Wi OW(,.,)

_ _mj [W(t,..) = W(t)F + WY ij(a)[W(rM) W]

S

W)W () - Wt )] = L W(T ——Z[Wa,m) Wt )T

0

=~
Il
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Theo bai toan

lim 1 Z[W(t,m) W)’ =iT

m-—o0

Bai toan 2.5. Chirng minh d(tW) = Wdt + tdW .
H.D. Cho mot s6 thuc thuc duong r , vo1 mo1 so
nguyén duong m ta dat t,=mkr,k €{0,...m}. B¢y

mZ_W(tkH)(tkH o tk) + itk (W(tk+1) _W(tk)) — I”W(l").

Hay  rW(r,o)= jo W(t,w)dt + jo tdw.
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Bai toan 2.6. Cho f 13 mot ham s6 thuc kha vi trén
R. Cho X 1a mot tién trinh ngau nhién trong khong
gian x4c suat (Q, @, P) véi mot tién trinh Wiener
{W(1)}, sao cho X(t,w) =1f(t) voimoit € R, w € Q.
Chtng minh X ¢6 vi phan ngau nhién dX = f “(t)dt .
HD.Déy X(=X()+[ f'di ¥V 0<s<r<T

Bai toan 2.7. Cho f 1a mot ham thuc kha vi trén R.
Cho X 1a mdt tién trinh ngau nhién trong khong gian
xac suat (Q, @, P) vdi tién trinh Wiener {W(t)}, sao
cho X(t,w) = f()F(w) véimoit € [0,T], w € Q,va F
1a mot bién ngau nhién kha tich va doc lap vo107(0).
Chtng minh X ¢6 vi phan ngau nhién dX = f ‘(t)Fdt.
HD.Pey x(r) =X(s)+[ f'Fdt ¥ 0<s<r<T
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Bai toan 2.8. Cho X 1a mdt tién trinh ngau nhién
trong khong gian xac suat (Q, @, P) vdi tién trinh
Wiener {W(t)}, sao cho X(t,w) = G(o)W(t, ) vo1
moit e [0,T], w € Q,va G e L*(Q) va ddc lap vbi
07(0).

Chtng minh X ¢6 vi phan ngau nhién dX = GdW .

HD.D¢Y ['GdW =GW(s)-GW(r) V¥ 0<r<t.
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Bai toan 2.9. Cho (€2, (1, P) 1a mot khong gian xac
suat voi mot tien trinh Wiener {W(t)}, F trong L1(Q)
va G trong L*(QQ) va doc lap voi07(0). Dat

Xt,w)= tFHw)+ G(o)W{t, w) V1el0,T], e,
Chimng minh X c¢6 vi phan ngau nhién

dX = Fdt + GdW.
H.D. Dung cac bai tap trén.
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Bai toan 2.10. Cho (€, (&, P) la mét khong gian xac
suat véi mot tién trinh Wiener {W(t)}, F, va F, trong
L2(Q) , G, va G, trong L*(Q) va doc lap véi07(0).
bat voimoi1=1,2

Xi(t,w) =tF(w) + G(w)W(, ®) Vte]l0T], weQ,
Chimg minh X = X,X, ¢6 vi phan ngau nhién

d(X) = X,(F,dt +G,dW)+X,(F,dt +G,dW) + G,G,dt

hay d(X)= X,dX,+ X,dX, + G,G,dt

H.D. Ta phai chirng minh
d(X) = 2tF,F,+ F,G,W + F,G,W+ G,G,)dt

+ (tF,G, + tF,G, + 2G,G,W )dW
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hay
X,(NX,(r) = | (UFF,+FG,W+FEGW+G,G,)dt
+| (F.G,+1F,G, +2G,G,W)dW.
Péy
|| @IFF,+G,G)dt =r*FF, +rGG, .
| (RG,W+FEGW)di = (FG, +EG))| Wt
| tFG, +1F,G)aW =(F,G, + F,G)| @dW .

|| 2G,G,W)aW =2G,G,| WdW =G,G,(W* -r) .
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Ta co ) )
jo Wa’t+j0 tdW =rW .

Vay tong cac tich phan ngau nhién trén 1a

r°FF, + (F,G,tF,G)rW + G,G,W 2, chinh 1a X(r).

Nhan xét. Két qua trén van ding truong hop F; va G,
la cac tién trinh ngau nhién don.
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