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¢ Introduction to Fourier Transform

e Fourier Transform and Digital Image Processing
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The Fourier Transform (FT)

e A tool that breaks a waveform (function or signal) into an
alternate representation characterized by sines and cosines

CTT310: Digital Image Processing 4


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Waveform representation

e Everything in the world can be virtually described via a
waveform — a function of time, space or some other variable

. E.g.. sound waves, electromagnetic fields, the elevation of a nhill
versus location, stock price versus time
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e Any waveform can be re-written as the sum of sinusoidal
functions.
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The origin of Fourier Transform

e Jean-Baptiste Joseph Fourier
. 1768 — 1830, French mathematician and physicist

. Investigation of Fourier series and their
applications to heat transfer and vibrations

. Also generally credited with the discovery of the
greenhouse effect

e The ideas of Fourier Transform were first appeared in La
Théorie Analytigue de la Chaleur (The Analytic Theory of
Heat), 1822
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Waveform decomposition: An example

First Fundamental Frequency
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e The first component is a sinusoidal wave with period T; = 2 and

amplitude 0.3
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Waveform decomposition: Example

second Fundamental Frequency First Two Fundamental Frequencies and Original Waveform
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e« The second frequency will have a period half as long as the first (twice
the frequency), T, = T, /2
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Waveform decomposition: Example

First Three Fundamental Frequencies and Original Waveform
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e The third frequency component is 3 times the frequency as the first,

T3 — T1/3
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Waveform decomposition: Example

Fourth Fundamental Frequency First Four Fundamental Frequencies and Original ¥Waveform
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o Finally, adding in the fourth frequency component, whose T, = T, /4, the
original waveform was revealed
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Section B.1.1

Fourier Series
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The Fourier Series

e Break down a periodic function into the sum of sinusoidal
functions

e lItis the Fourier Transform for periodic functions

A function f is resolved
Into Fourier series. The
component frequencies of
these sines and cosines
are represented as peaks
in the frequency domain
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Periodic function

e Afunction f is periodic with fundamental period T if
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i
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The Fourier Series

e A Fourier Series with period T Is an Infinite sum of
sinusoidal functions (cosines and sines)

= 2tmt = - [2nnt
gt) =ay + z a,,COS + Z b,sin|——
T ] T
= n=

m=1
= 2mtmt & - [(2nnt
= Z A, COS T + z b, sin T

m=0 n=1

. Where a,, and b,, are the coefficients of the Fourier Series, which
determine the relative weights for each of the sinusoids
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Fourier Series: Real coefficients

e We want to approximate a periodic function f(t), with
fundamental period T, with the Fourier Series

e One term approximation of the function: g(t) = a,

. Ay = %fOTf(t)dt . the average value of f
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The square waveform and the one term (constant) expansion a,
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Fourier Series: Real coefficients

« Two term expansion of the function: g(t) = aq + b;sin (th)

b =7 Jy f@sinCde (by =)

T 0 3 =k 0 3
The square waveform and the two term expansion (ag, b,)
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Fourier Series: Real coefficients

e The optimal coefficients for all a,, and b, are generally
formulated as

1 T
T
a,, = ;L f(t)cos(2mm/T)dt
T
b, = ;fo f(t)sin(2nn/T)dt

o All of these represent the correlation of the function f(t)
with the basis sine and cosine functions
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Fourier Series: Real coefficients

e For the specific square-wave f(t),
the optimal values come out to be

ao —_
| £(t)
am — O, m — 1’ 2’ n 0.5 Lt
2 : T (I) T
—, nodd
bn ={nn
0, neven

¢ Note that all of the a,,, values (except a,) turn out to be zero

« The function g(t) = f(t) — a, is an odd function, and the cosines
are all even functions. Hence, all the values ay,a,,... do not
contribute to g(t) [or f(t)], SO must be zero

CTT310: Digital Image Processing 18



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Odd functions vs. Even functions

o Afunction f is even if o Afunction f is odd If

ft) = f(—t), vt f(t) =—f(—t), vt
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Three (non-zero) term
expansion (ag, by, bs)

Seven term expansion
(ag, by, b3, bs, by, b,

Fourier Series: Real coefficients
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Fourier Series: Complex coefficients

e The Fourier Series, with period T, Is rewritten as

Cco

gt = 2 CneiznTnt

n=—oo

. Euler formula: e/ = cos6 + jsing, j=+/—1

1 2TTN

e ca=7[, f(D)e T dt wheren =0,+1,+2, ..
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Fourier Series: Complex coefficients

o Note that the resultant function g(t) will be entirely real,
though the Fourier coefficients are complex numbers, if

Cn = C—n

« Where the * represents the complex conjugate
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Fourier Series for the cosine function

e The cosine function f(t) = cos(4mt) with T = 0.5
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5
1 A _.2nnt 1 y _.2nnt
o =7ff(t)e ITT dt =ﬁf cos(4mt)e 05 dt
0 0

elf + =10

The cosine function is rewritten (via Euler's identity) as: €0S(6) = >

0.5 . .

eJaTt + e —JaTt _.2mnt

Therefore, ¢, = ZJ > e 1705 dt

0

_ f00-5 pJATt(1-n) g¢ 4 foo-se—j4nt(n+1)dt
For the integral on the left
0:3 pJjAmt(1-n) 0.5 ei2m(1-n) _q
eJAmt(1-n) gt — = =0, n#l

j jam(1 —n) jam(1 —n)
0

0

0.5 0.5

c; = j e/4mt(=1) gt — j 1dt = 0.5
0 0
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5

0.
For the integral on the right j o—HATEAD) gy — () n+*-—1
C_1 = 05
0

Hence, all the coefficients are zero except forthe n =1 and n = —1 terms.

Finally, the Fourier Series g(t) is given as

(00]
.2nnt 21Tt 2Tt

g(t) = 2 c,e’ T =ced T +c_e’T
e = 0.5(e/47t + g7/t

cos(4mt)

= f(t)

The Fourier Representation g(t) yields exactly the cosine function f(t)
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Fourier Series for the saw function

e The saw function f(t) = A%, 0<t<T
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T T
1 _.2nnt A _.2nnt
cnszf(t)e )T dtzﬁfte 7T dt
0 ©
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A tT 2mnt T 2 2mnt
. R e 17T
—j2mn (2mn)?
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| r /2 £ 0
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( ) T?|—j2nn| 2mn

A
Co = =
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2ntnt

Finally, compute the Fourier series g(t) = 2 cne] T with c,

n=—oo
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The saw function with 21 Fourier coefficients
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Fourier Series for a complicated function

_ 4
o The complicated function f(r) = EREEDEY 4 qg,-0t2
cos(1.4t)
(-1<t<1DwithT = 2
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clear: close all:

% fundamental period
T = 2;

% this is the step size for the t-axis (how finely we sample the function)
delT = 0.001;

% declare the range of t over the fundamental period, -=-1<t<l
£t = =12 delT : (l-delT):

% here is the function f(t)
gg = [(t=1).*(t+l).*(2*t)."4.*1./cos(t*1l.4) + lO0*exp(=9*t.*t):

% evaluation of cl: this is simply the integral of the f(t)*exp(0) = f£(t)
% [the integral is numerically found as the discrete sum]
cl = 1/T*sum( gg * delT )

$ numN is the number of coefficients to determine (-numM, =-numN+l,...numN)
namM = 30:
for n=1:numM

¥ this is the discrete integqgral for finding ¢ n
g(n) = delT/T*sum| gg.*exp(-i*Z*pi*n*t/T) ):

¥ this is the discrete integral for finding c_(-n)
cn(n) = delT/T*sum( gg.*exp(i*Z*pi*n*t/T) );

end
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Original f(t) (top) and the first 3 terms of the Fourier Expansion (bottom)
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Original f(t) (top) and the first 21 terms of the Fourier Expansion (bottom)
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Magnitude of
Fourier Series
coefficients
versus n using
a linear scale
(top) and a log
scale of the
same function
(bottom)
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Mean Squared Error (MSE)

2tnt

o Let gy(®) =YN__yc,e’ T be the Fourier Series with 2N +
1 coefficients

. The higher N gets, the more terms are in the finite Fourier Series
gy (t), and the closer gy (t) will be to f(t)

e The distance (MSE) between gy (t) and f(t) is given as
mse(N) = ||[f(t) — gn(0)||

= \/f0T|f(t) —gn(®)|* dt

2

2nnt

Tl -y e

CTT310: Digital Image Processing 34



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Mean Squared Error (MSE)
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Section B.1.2

Fourier Transform
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The Fourier Transform

e The Fourier Transform of a function g(t) is defined by

0o

Flg®)} =G(p) = f ge I2ritdt

— 0
« G(u) gives how much power g(t) contains at the frequency u. It is
often called the spectrum of g

¢ Extend the Fourier Series to non-periodic functions
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The Fourier Transform

e In addition, g(t) can be obtained from G (u) via the inverse
Fourier Transform:

Cco

FHG(W) = f G(wye™Mdy = g(t)

— 0O

F
e Asaresult, g(t) and G(n) form a Fourier pair: g © G

CTT310: Digital Image Processing 38
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Fourier Transform: The box function

A -T/2<t<T/2

Th function g(t) =
* e box function g(¢) {0 otherwise

-----------------------------------------------------------------
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— 00

FLg(D)} = G() = j g(t)e—T2mHt gt

T/2 )
. , T/2
— J Ae_fzn.utdt — [e—]ZTL',LLt‘ ]
—j2TU ~T/2
~T/2
—juauT __ ,jmuT

— A [e_jn/lT = ejnHT] — A i ¢

—j2mu tuT 21

A
= ﬁsin(mﬁ) = AT |sinc(uT)]

sin(mt)

where, sinc(t) = and sinc(0) = 1 (using L’Hopitals rule)

tt
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Fourier Transform: The box function

¢ The Fourier Transform of the box function Is a sinc function

AT
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git) G(f)

= & The box function with T = 10, and
1 [ s its Fourier Transform
"""""""""" - CESERECRREE R | R AR
: : : | SRR LR EEY [ R Rt e e
. Rapidly changing functions require
o | more high frequency content
. . . e (bottom). Functions that are
05— — 4———i—i__J moving more slowly in time will
: f have less high frequency energy
ait) Gif)
15 - 10 5 5 : (’[Op)
| e S B When the box function is shorter in
T /A | e el time (bottom), so that it has less
N ; 5 A energy, there appears to be less
| |- - O T m— - energy in its Fourier Transform
0
_2 _____________________________
. i i " : £ The box function with T = 1, and
0 ] 10 = 4 2 ' 2 ijts Fourier Transform
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Linearity of the Fourier Transform

e 1he Fourier Transform is a linear transform

Flc19(t) + c;h(t)} = c1G(n) + c,H(W)

. Where G(u) and H(u) are FTs of functions g(t) and h(t),
respectively

co

. Proof: Flag®+ch@)= [ ag@e™dr+ | ch@emdr

— 00
(00)

= clJ g(t)e B2mHtdt + czj h(t)e 12Tt gt

=c,G(w) + coH(W)
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Shift Property of the Fourier Transform

o If g(t)Is shifted in time by a constant amount, it should
have the same magnitude of the spectrum, G (u)

Flgt — a)} = e 26 (w)

co

e Proof: F{g(t-a)} =j g(t —a)e 2mHt =j g(u)e P2rr+a) gy

— 00

— e—iZnuaj g(u)e—imwudu — e—i27waG('u)

. The complex exponential always has a magnitude of 1, the time
delay alters the phase of G (u) but not its magnitude
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Scaling property of the Fourier Transform

o If g(t)Is scaled In time by a non-zero constant c, it Is

written as g(ct)
e The resultant Fourier Transform will be given by

6 (¢)

||

Fl{g(ct)} =

e Proof:
.« Flg(ct)} = [ g(ct)e i2mut

« Substitute u = ct, du = cdt, F{g(ct)} = ffooo@e_iz’w?du

e Ifc > 0: F{g(ct)} = [~ @e‘iz’”‘%du = (C

— 00

P,

—00 —i u 00 —i u G
e lfc< 0:F{g(et)} = @e LTHC dy = _f_oo@e L2700 ) — (_

CTT310: Digital Image Processing
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Parseval’'s Theorem

e Let g(t) have Fourier Transform G (u).
e The energy of g(t) is the same as the energy in G(u)

flg(t)lzdt= flG(u)Pdu

. The integral of the squared magnitude of a function: the energy of
the function
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Other properties of the Fourier Transform

e Derivative property (Differentiation): The FT of the
derivative of g(t) is given by

dg(t)) .
T{T} = j2mtp - G(p)

e Convolution property: The FT of the convolution of g(t)
and h(t) [with corresponding FTs G(u) and H(u)] is

Flg)*h()} = GH(p)

. where the convolution of two functions in time is defined by
g(&)*h(t) = [*. g(Dh(t — 1)dr
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Other properties of the Fourier Transform

e Modulation property: A function is "modulated” by another
function if they are multiplied in time.

Flg(t) h(t); = G(u)*H(p)

e Duality: Suppose g(t) has the Fourier Transform G (u). The
Fourier Transform of the function G(t) Is

FlGt)} = g(—n)
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Section B.1.3

Discrete Fourier Transform
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Discrete Fourier Transform (DFT)

e Equivalent of the continuous Fourier Transform for signals
known only at N instants separated by sample times T

o Let g(t) be the continuous signal which is the source of the
data and N samples be g[0], g[1], g[2]...., g[N — 1]
e The Fourier Transform of the original signal, g(t), would be

Flgt)}=G6(u) = ffooog(t)e_j‘”tdt, where w = 2mu

= goe_jo _|_ gle_ij _|_ _|_ gke_jwkT
_|_ _|_ gN_le_jw(N_l)T

_ \YUN-1 —JwkT
= Zk=0 gre ™’

CTT310: Digital Image Processing

50



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Discrete Fourier Transform (DFT)

e There are only a finite number of input data points — DFT
treats the data as Iif it were periodic

. le. g[N]to g[2N — 1] is the same as g[0] to g[N — 1]

(a)

1 T T
(]
» [n]
0.8 o
06 @
04f |
02} T
0 P
0 1 2 3 4 5 6 7 8 9 10 11
(b)
1 T
Q 0]
; ; T
- ] Q @
0.8 @ Q | o
06 [n] n] [in]

Sequence of N = 10 samples
(top) and implicit periodicity in
DFT (bottom)

I
2
1 (= 1

j

ol

CTT310: Digital Image Processing 51


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Discrete Fourier Transform (DFT)

The operation treats the data as if it were periodic

Tthe DFT equation is evaluated for the fundamental

1 . .
frequency, o and its harmonics

2 2 2 2
o lesetw =0, X2, X7, o X (N = 1)
NT' NT NT NT

Hence, the DFT F, of the sequence g, IS given as

Fnlgr(®)} = 2 gke_’N nh wheren = 0,...,N — 1
And its inverse counterpartis 9k = n

CTT310: Digital Image Processing
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Discrete Fourier Transform (DFT)

e The DFT equation can be represented in matrix form as

1 1 1 1 1 \

/ \ /1 wo ow?z o ow3d .. whN-l
1 WZ W4— W6 WN—Z
— 1 W3 W6 W9 WN—B

\T,H/ \;

o« Where W =eJ27/N gand W = W?Netc.= 1

WN—l WN—Z WN—3 W /

e The Inverse matrix Is % times the complex conjugate of the

original (symmetric) matrix

CTT310: Digital Image Processing
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Discrete Fourier Transform (DFT)

e The evaluation of DFT on a digital computer requires O(N?)
operations on complex numbers
« N? multiplications and N(N — 1) additions
. Where N is the length of the transform
e For most problems, N is chosen to be at least 256 in order
to get a reasonable approximation for the spectrum of the
sequence under consideration

Computational speed becomes a major.
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Fast Fourier Transform (FFT)

o Highly efficient computer algorithms for estimating DFT
. Modern algorithm invented by Cooley and Turkey in 1965

All known FFT algorithms require ©@(NlogN) operations

The FFT computes the DFT and produces exactly the

same result as evaluating the DFT definition directly, yet it
IS much faster

Evaluating DFT directly FFT from Cooley —

Tukey (1965)
Multiplications N? N/2log2(N)
Additions N(N—-1) Nlog2(N)
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Fourier Series

N

Any periodic signals can be viewed
as weighted sum of sinusoidal

MANWVW signals with different frequencies

Frequency Domain:
view frequency as an
Independent variable
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Fourier Transform

e The signals in the spatial domain are transformed into
signals of different frequencies in the frequency domain,
and vice versa

Time or _
spatial Fourier Transform Frequency

domain Domain

signals Inverse signals
Fourier Transform
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1-D Fourier Transform

e 1-D FT for the continuous case

Fw = | fwemnde o) = | " F e dy

e 1-D FT for the discrete case

M-1
F = fae~i2mmn/M = 0,1,2,..,M — 1
n=0
1 —M-1 .
fa=7 Y FwelM =012, M -1
m=0

e F(u) can be written as F(u) = R(w) + jI(w) = |F(u)|e 7¢W

. Magnitude (Fourier spectrum) |F (u)| = R(1)? + ()2

. Phase angle ¢(u) = arctan (M)

R(uw)
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nm (a) A simple function. (b) Fourier transform of (a). (c) The spectrum. All
functions extend to infinity in both directions.

() F(p) |F(w)l
'y 1
AW %‘* AW ﬁ
A
~1/W /W
-t ,ﬂvf\vf\v& mvf\vf\vf\‘ - AQ&MQMQ‘;AQMQMQQQL, m
-W/2 0 W/2 0 ; 0
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Relation between Ax and Ap

e Given a signal f(x) with M sample points.

e Let spatial resolution Ax be space between samples in f(x)
and frequency resolution Au be space between frequencies
components in F(u)

e The relation between Ax and Au is Au = MLAX

e Example:
. Asignal f(x) with sampling period 0.5 sec, 100 point

. The frequency resolution Au = Mle =z 5100 = 0.02Hz

. In F(u) we can distinguish 2 frequencies that are apart by 0.02
Hertz or more
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BEI (a) A discrete function of M points, and (b) its Fourier spectrum. (c) A discrete
m function with twice the number of nonzero points and (d) its Fourier spectrum

f (@) |F ()]
I} AK 3
M
4 K points
I M points ———— t I M points ——— K
|F (W
2_14£ f ]
My
f(®)
'
2K point
) points
| M points ————— t I M points —— = H
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2-D Discrete Fourier Transform

e« Given an image f(x,y) of size M x N pixels

e The Fourier Transform pair
-1 N-1
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2-D Discrete Fourier Transform

e F(u,v) can be written as
F(u,v) =R, v) + jl(u,v)
o Fu,v) = |F(u,v)|e /P

. Magnitude |F(u,v)| = \/R(u, V)% + I(u, v)?

I1(u,v) )

. Phase angle ¢(u,v) = arctan (R(u v)

e For the purpose of viewing, display only the Magnitude part
of F(u, v)
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nm (a) The original image. (b) Fourier spectrum of (a). (c) Phase angle of (a)
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Property Expression(s)
| M- 1N _ _
Fourier transform  F(u., v) = VN SN fx, y)e MY
LY y—0 y=0

S . M-1N-1
[]-]‘L'L["h[:, Fourier Fey) = S S F(u, v)e2rus/MiN)
transtorm ‘ o
Polar F(u,v) = |F(u, v)|e #)

representation

Spectrum

Phase angle
Power spectrum

Average value

Translation

CTT310: Digital Image Processing

IF(u.v)| = [R¥u.v) + I*(u.v)]">. R = Real(F)and
I = Imag(F)

d(u, v) = tan

P(u,v) = |F(u, v)[

B | M1 N-1
)= F(0.0) =— N N f(r
[ey) = F(0.0) =75 3 37 (x.0)

f(x. y)elme/MevyIND o By — gy, v — 1)
flx — Xy — y,) < F(u, v)e 2/ My/N)
When xy = 4y = M/2and y, = vy, = N/2. then
flx. (1)Y= Flu—- M/2.v — N/2)

flx —M/2.y — N/2) & Flu.v)(-1)""
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| Conjugate
symmetry

Differentiation

Laplacian

Distributivity
Scaling
Rotation
Periodicity

Separability

f(x. )

Flu.v) = F(—u.—v)
|F(u.v)| = |F(—u.—v)|

= (ju)"F(u,v)
A"Flu, v)
au”

Vif(x, v) = —(u* + v*)F(u, v)

fi(x.y) + folx.y)] = 3[fi(x. y)] + 3[fa(x )]
Ailxy) - flxy)] = S[Axy)] - S fa(x )]

x 1
af(x, v) < aF(u.v). f(ax, by) < mF[u}m v/b)
X = rcos# y = rsinéd U= wC oS ¥ = wSsIng

Flu,v) = Flu + M.v) = Flu.v + N) = F(u + M,v + N)
flxxy)=flx + M.y)=flx.y + N)=f(x + M.y + N)

See Eqgs. (4.6-14) and (4.6-15). Separability implies that we can
compute the 2-D transform of an image by first computing 1-D
transforms along each row of the image, and then computing a
1-D transform along each column of this intermediate result.
The reverse, columns and then rows, yields the same result.

ax®

(—jx)"f(x.y) =

"_.rl"l

"_.rl"l
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Property Expression(s)
Computation | [ M .
ui'l]EJ* inverse frlxy) = > 2 FH(u v)e BT
- - MN MN = =
Fourier

transform using

a forward
transform
algorithm

Convolution’

Correlation’

Convolution
theorem'

Correlation
theorem'

This equation indicates that inputting the function F*(u, v)
into an algorithm designed to compute the forward transform
(right side of the preceding equation) vields f*(x, y)/ MN.
Taking the complex conjugate and multiplving this result by
MN gives the desired inverse.

| N
flx.y)=h(x.y) = ? Tf(m nih{x — m.y — n)
) ] ’wﬁ"r =0 n=10 L
1 M-1N
(x.¥)eh(x.y) = > Eﬁ(m nyh(x + m.y + n)

w‘h"r =0 p=0

hix.y) = F*(u, v)H(u, v);

(x.y)
(x, v}fi(,r }} Flu,v)= H(u. v)
(x.y)°
(x.v)h(x.yv) <= F(u.v) > H(u. v)
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| Some useful FT pairs:
Impulse a(x,y) = 1
(Faissian AN 2moe T Y) o ge ()2
sin(wua) sin{(=vh)
Rectangle rect|a. b] < ab (wud)  (m0D) fr(ua+vb)
Cosine cos(2mupx + 2myy) =
%[ﬁ{u + U v + vy) + 8w — v — )]
Sine sin(27ugx + 2mvgy) <=
j% Slu + wupov + vy) — 8w — wy. v — vy)]

" Assumes that functions have been extended by zero padding.
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Relation between Spatial and Frequency resolutions

e Given animage f(x,y) of size M X N

e Let Ax and Ay be the spatial resolution in x-direction and y-
direction, respectively.

e Let Au and Av be the frequency resolution in x-direction and
y-direction, respectively

e The relation between spatial and frequency resolution is

Au = — Av = —
MAx NAy

CTT310: Digital Image Processing
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Hu (a) Image of a 20 x 40 white rectangle on black background of size
512 x 512. (b) Centered Fourier Spectrum shown after application
of the log transformation.
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Performing 2-D DFT using 1-D DFT

1-D 1-D

DFT DFT

f(x,y) by row F(u,y) by column F(u,v)
1-D 1-D
DFT DFT

f(x,y) by column F(x,v) by row F(u,v)
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Periodicity of 1-D DFT

e DFT repeats itself every N points but it is usually displayed

forn =0,..,N—1

sttt st

Mh.,.rm

N

T

Display only in this range
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Conventional display for 1-D DFT

|

f(x)

0

Il

N-1

Time Domain Signal

High freque
area

CTT310: Digital Image Processing

|F ()|

.1 mmm W.

0 \/ N /1

Low frequency
area

The graph |F(u)| is not
easy to understand!
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Conventional display for 1-D DFT. FFT Shift

|F ()] FFT Shift: Shift center of the graph
F(u) to O to get better display
R R which is easier to understand

; //\

O High frequency area
A1,

O Low frequency area N/ \9/ /241

|F ()l
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Periodicity of 2-D DFT

ux vy)

T(u v) — ZM 1 N 1f(x y)e—]Zn(

-M

o For animage of size M X N pixels,
its 2-D DFT repeats itself every M
points in x-direction and every N
points in y-direction.

Display only
2M in this range

-N 0 N 2N
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Conventional display for 2-D DFT

e F(u,v) has low frequency areas
at corners of the image while high
frequency areas are at the center
— Inconvenient to interpret

High frequency area

Q Low frequency area
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Conventional display for 2-D DFT. FFT Shift

e 2-D FFT Shift: Shift the zero frequency of F(u,v) to the
center of an image.

|F(u)

kS
b
L

1
! L '
1! : 3 ¢
‘
L : 1 :
T c * ~ 7
A - LT i ———
1 R e N, S \/\_’ 3 rJ s o :
k + L
’ ~»
i

CTT310: Digital Image Processing


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Conventional display for 2-D DFT. FFT Shift

-M

0
Display of 2D DFT
after FFT Shift

M

oM Original display

of 2D DFT

CTT310: Digital Image Processing 79



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

a|b)
cld

(a) Image. (b) Spectrum
showing bright spots in
the four corners. (c)
Centered spectrum. (d)
Result showing
Increased detail after a
log transformation
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