SECTION 15.3 DOUBLE INTEGRALS OVER GENERAL REGIONS 1019

[EZXITA Use Property 11 to estimate the integral [[; €% ***dA, where D is the disk
with center the origin and radius 2.

SOLUTION Since —l =sinx=land —1 =cosy = l,wehave -]l =sinxcosy =1

and therefore

e—l = esinxmsy = e| =e

Thus, usingm = e~' = 1/e, M = e, and A(D) = m(2)* in Property 11, we obtain

m Exercises

4—”&-:” e Y A < 4re =
e o

1-6 Evaluate the iterated integral.

oy 2 [ [ nayos

3 [ [ a+ 2y dyax a ! j:" xy dx dy

5 | f cos(s”) dt ds

i J0

6. LI J‘:ydl + e dw dv

71-10 Evaluate the double integral.

>

1. [y’dA, D={xy)| -lsy=s1 -y—-2=x=y}

L=}

I y = = ¥ = =y = x2
s.!_[xﬁ_'_]dA. D={xy |0sx=<1 0sy=x?}

|.di‘ D={xy) | 0=x=m0=y=<sinx}

e ]

-

L=}

10. "[xsdA. D={xy)|1=x=e0=sy=lx}
5

11. Draw an example of a region that is
(a) type I but not type II
(b) type II but not type I

12. Draw an example of a region that is
(a) both type I and type IL
(b) neither type [ nor type Il

13-14 Express D as a region of type I and also as a region of
type II. Then evaluate the double integral in two ways.

13. [ xdA, D isenclosed by the linesy = x.y = 0.x =1
bl

Graphing calculator or computer required

fl'._f:\_S_: Computer algebra system required

14. [‘ xy dA. D is enclosed by the curves y = x*, y = 3x

o

=

15-16 Set up iterated integrals for both orders of integration. Then
evaluate the double integral using the easier order and explain why
it's easier.

15, ﬂydA, D is bounded by y = X — 2. x = y*
o

16. ([ y%e dA. D isboundedbyy —x.y = 4,x =0
3

17-22 Evaluate the double integral.

17. chosydA, D isbounded by y =0, y = x* x =1
b

18, ﬂ' (x*+ 2y) dA, D isboundedbyy =Xy =x’ x=0
o

19. || y*dA,

—

.
.

Oo

is the triangular region with vertices (0, 1). (1, 2). (4. 1)

2. ([ xy?dA, Disenclosedbyx = 0andx = /1 — y2

—

.
-

=

21. || (2x — y) dA,
i
D is bounded by the circle with center the origin and radius 2

22. J] 2xy dA, D is the triangular region with vertices (0, 0},
o

(1,2), and (0. 3)

1. Homework Hints available at stewartcaleulus.com
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CHAPTER 15 MULTIPLE INTEGRALS

23-32 Find the volume of the given solid.

23. Under the plane x — 2y + z = 1 and above the region
bounded by x + ¥y = landx* +y =1

24. Under the surface z = 1 + x’y* and above the region
enclosed by x = y> and x = 4

25. Under the surface z = Xy and above the triangle with
vertices (1. 1), (4, 1), and (1, 2)

26. Enclosed by the paraboloid z = x* + 3y~ and the planes
Xx=0.y=1Ly=x:=0

21. Bounded by the coordinate planes and the plane
X +2y+:z=6

28. Bounded by the planesz = x, y =X, x + y =2, andz =0

29. Enclosed by the cylinders z = x% y = x* and the planes
z=0,y=4

30. Bounded by the cylinder ¥ + z* = 4 and the planes X = 2y,
x = 0. z = 0 in the first octant

31. Bounded by the cylinder X* + y* = 1 and the planes y = z,
X = 0. z = 0 in the first octant

2

32. Bounded by the cylinders x* + y> =r’and y* + 22 =r

33. Use a graphing calculator or computer to estimate the

x-coordinates of the points of intersection of the curves
¥y =x"and y = 3x — X% If D is the region bounded by
these curves, estimate [[, X dA.

A9 34. Find the approximate volume of the solid in the first octant

that is bounded by the planes y = X, z = 0, and z = X and
the cylinder y = cos X. (Use a graphing device to estimate
the points of intersection.)

35-36 Find the volume of the solid by subtracting two volumes.

35. The solid enclosed by the parabolic cylinders y = 1 — x?,
y=x*— landtheplanes x + y + z = 2.
2Xx+2y—z+10=0

36. The solid enclosed by the parabolic cylinder ¥ = x? and the
planesz =3y, z=2 + y

37-38 Sketch the solid whose volume is given by the iterated
integral.

37, |0‘ ‘LH(I —x—y)dydx 38 L: [01(1 — x)dy dx

39-42 Use a computer algebra system to find the exact volume
of the solid.

39. Under the surface z = x’y* + xy* and above the region

bounded by the curves y = x* — xand y = x* + xfor x =0

40. Between the paraboloids z = 2x* + y* and

z =8 — x* — 2y” and inside the cylinder Xx* + y* =1
41, Enclosedbyz =1 — x> — y?andz =
42. Enclosed by z = x* + y*and z = 2y

43-48 Sketch the region of integration and change the order of
integration.

4. J [; f(x.y) dx dy 44, _[: _|‘1 f(x,y) dy dx

i
a

s (7 [ roepayax a7 {77 focy dxay

E ) =2

a. """ Fx,y) dy dx . ['{™ f(xy dydx

49-54 Evaluate the integral by reversing the order of integration.

49, _l.,l E edx dy 50. _[D’? L‘E cos(x?) dx dy

Ak ‘I: j.ji y3 i 1 dy dx 52, J: J‘,I r¥ dy dx

53. J‘UI IM.: cos X /1 + cosx dx 9
arcsin y

54, |'3 |, e dxdy

0 JIy

55-56 Express D as a union of regions of type I or type IT and
evaluate the integral.

55, ﬂxsz
D

YA
1

56, Joj y dA

57-58 Use Property 11 to estimate the value of the integral.

57, [ ‘ e " dA, @ is the quarter-circle with center the

q
origin and radius ; in the first quadrant

58, U sin(x + y) dA, T is the triangle enclosed by the lines

-
y=0y=2xandx =1



59-60 Find the average value of f over the region D.

59. f(X, ¥) = xy. D is the triangle with vertices (0, 0}, (1,

and (1, 3)

60. f(x.y) = xsiny, D isenclosed by the curves y = 0,
y=x%andx=1

61. Prove Property 11.

SECTION 15.4 DOUBLE INTEGRALS IN POLAR COORDINATES 1021

6. (| VRT—x*—y7 dA,
0

0).
D is the disk with center the origin and radius R

65. j @x + 3y) dA.
b
Distherectangle 0 = x =a. 0=y =D

66. [ (2 + x*y* — y*sin x) dA.

oo

62. In evaluating a double integral over a region D, a sum of 4
iterated integrals was obtained as follows: D ={(x.y) | [x]+ Iyl = 1}
. ooy 3 pa-y A
J_[f(x,y)dA =L ”.0 f(x,y)dxdy+‘[] L f(x,y)dxdy 67. ﬂ (ax® + by® + VaT—x?) dA,
) "D’
Sketch the region D and express the double integral as an D =[—a.a]l x[—b.b]

iterated integral with reversed order of integration.

63-67 Use geometry or symmetry, or both, to evaluate the
double integral.

63. H (x +2)dA. D ={(x.y) | 0=y=.9—x}
D

045 68. Graph the solid bounded by the plane X + y + z = 1 and
the paraboloid z = 4 — x* — y? and find its exact volume.
(Use your CAS to do the graphing. to find the equations of
the boundary curves of the region of integration, and to eval-
uate the double integral.)

m Double Integrals in Polar Coordinates

Suppose that we want to evaluate a double integral jJR f(x,y) dA, where R is one of the
regions shown in Figure 1. In either case the description of R in terms of rectangular coor-
dinates is rather complicated, but R is easily described using polar coordinates.

VA YA

) FIINA

0 w24 yz =1 E
FIGURE 1 (@R={r.0|0=r=10=<§=27} (MR={r.0)|1=r=20=60<7}
YA Recall from Figure 2 that the polar coordinates (r, #) of a point are related to the rect-
Pir,0) = Pix,y) angular coordinates (X, ¥) by the equations
r 2 2 2 .
v re=x+y X =Trcos @ y =rsinf
f - .
0 " ¥ (See Section 10.3.)
The regions in Figure 1 are special cases of a polar rectangle
FIGURE 2

R={(r,9} | aéréb.aﬁﬂéﬁ}



