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Bai gidng hom nay gidi thieu mot s6 bat ding thic sau:
m Céc bat ding thic xac suat: Markov, Chebychev,
honn Hoeffding!, Mill!

m Cac bat dang thiic cho ki vong: Cauchy-Schwartz,
Jensen
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Dinh li 1 (Bat dang thiic Markov)

Gid st X la bién ngdu nhién khong am va ton tai ky vong.
Khi do, vdi moit > 0,

Chitng minh.

Ta chi chitng minh cho trudsng hgp X lién tuc. Trudng hop
X 15i rac chi can thay dau tich phan bing tong.

+o0 +oo +oo
E(X):/O acf(m)dmZ/t :cf(x)dxzt/t f(z)dz =tP(X >1t)

Bét dang thitic Chebyshev

MOT s6 ) 2 oo

BAT Dinh li 2 (Bat dang thitc Chebyshev)

DANG

THUC Cho X la bién ngau nhién ton tai ki vong va c¢é phuong sai
RN  hdu han. Khi d6, vdi moit > 0,

Var(X
P(X — Ex| > t) < L&)
2

Cac bat

ng ic
xac suat

Chimng minh.

Ap dung bat ding thiic Markov, ta dugc

P(|X—EX|>t)=P(X—EX|?>?) <
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Nhan xét 3
Mot truong hgp déc biet ctia dinh 1i 2 1a: v6i Z ~ N(0, 1), thi
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Bat dang thic Chebyshev - Vi du Bat dang thic Chebyshev - Vi du

MOT sO 2 .
Vidu 4 e Giai (tt):
\ ; DANG
THUC Mot nha quan ly thiét bi mua 10,000 con chip nhé tit mot THUC
R cong ty o 3% con chip bi 16i. Gia st rang cac con chip 1a Nguyén Van
doc lap. Tim x4c suat s6 chip t6t nam trong khodng
(a) tur 9650 dén 9750
Cac bat (b) tit 9675 dén 9775. Cac bat
ng thic ng thic
xac suat xac suat

Giai:

Bat dang thic Chebyshev - Vi du Ham 16i

Vidu b

THUC Cho X ~ B(50,0.1). Stt dung BDT Markov, tim xac suat
Th X > 10 va so sanh né véi gia tri dung.

Dinh nghia 6

Ham & 12 16i trén [a,b] néu v6i mdi z; € [a, b, ton tai mot
Gidi: hiing s6 m sao cho bat ding thitc sau théa véi moi x € [a, b]:
it e skt W) = h(z1) +m(z — 1)

Nhu trong hinh bén duéi, h(z1) + m(xz — x1) la phuong trinh
dudng thang di qua diém (z1, h(x1)) va m 1a do dbc cla
duong thang nay.
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Ham 1oi

hi(x)

Convex function A(x)

‘%xl} + mix —x,) N

m = dh(x)/dy at x,

Ham 161

Ai(1) + (1~ Mh(rz)

h(Azy + (1 — A)ao)

T2
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Ham 101

Ta cling c6 mot dinh nghia khac tuong duwong nhw sau

Dinh nghia 7

m Ham £ 12 16i trén [a, b] néu v6i moi 1, x2 € [a,b] v moi
A€ 0,1],

h(Azy + (1 = Nax2) < Aa(zr) + (1 = Nh(z2) (1)
m Ham A 14 16m néu —h 1a 16i.

Xem hinh dnh minh hoa sau day:

Ham 1oi

Nhan xét 8

m Néu dau bang trong bat déng thitc (1) khong xay ra,
thi h dugc goi 13 16i ngat.

m Vé mit hinh hoc, phuong trinh nay néi rang néu ham h
nam dudi (tuong ting, trén) duong thang nbi hai diém
trong khoang [a, b], thi né 16i (tuong tng, 16m).

m Ngudi ta c6 thé ching minh ring diéu kien can va dua dé
h 161 1a dao ham cap hai h”(z) > 0 v6i moi z trong
khoang [a, b].
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Ham 16i - Vi du

Cac ham sau day déu 1a ham 16i

2?2,
.
e’,
—In(z) v6i x > 0,

xIn(z) véi z > 0.

Bat dang thic Hoeffding !

MEETS ° M Dinh If 9 (Bét ding thitc Hoeffding)
DANG s - . 2
THUG Cho Y1,...,Y, la cic bién ngau nhién doc lap théa

R [(Y;) =0 wvaa; <Y; <b;. Choe>0. Khi dé, vdi moit >0,

Thin

n n
P ZYZ >e| <e™ Het2(bi_ai)2/8. (2)
i=1 i=1

Chitng minh

Ta st dung dang chinh x4c ctia dinh 1i Taylor: Néu g 1a mot
ham tron, thi ton tai £ € (0,u) sao cho

2
9(u) = 9(0) + ug'(u) + 59" (€).
Véi t > 0 bat ki, tit bat dang thitc Markov, ta c6

'Phan doc them

MOT sO
BAT
DANG
THUC

Nguyén Van
I'hin

Chitng minh (tt)

P <ZY¢ Ze) = P (tZYi Zte) :P(etZLlYi Zete)
; =i

e “E (et PR Yi) e HE(etYi) 3)

IA

Bdi vi a; < Y; < b;, ta ¢ thé viét v; dudi dang mot t6 hop 16i
cla a; va b, tic 1a, Y = ab; + (1 — a)a; V6l a = (V; —a;)/(bi — ai).
Vi vay, do tinh 10i ctia €%, ta c6

tY; o E—aietbi_’_bi—yietai
T bi—a b, —a;

Lay ki vong hai vé va st dung E(Y;) =0,

CuuDuongThanCong.com

moT s6 [l Ching minh (tt)
BAT
DANG
THUC o @ w b . (w)
, E i< T i ) a; _ 9(u 4
[\u%;‘}u\:m € - bi—aie +b7,_al ¢ ( )
VOi u = t(bi — ai), g(u) = —yu+log(l — v +ye*) va v = —a;/(b; — a;).
Chu ¥ rang g(0) = ¢’(0) = 0 va ¢”(u) < 1/4 v6i moi u > 0. Do
Céc bt dinh 1f Taylor, ton tai ¢ € (0,u) sao cho
xac a ) u2 ,
g(w) = 9(0) +ug (0) + 59" (&)
2 2 2 2
u- gy U 3 (b'b _ ai)
E <—=———“
79 €)= 3

Do do,

EetYi < o9 < 2 (bi—ai)?/8

Két hop véi (3) ta c6 dpem.
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Bat dang thic Hoeffding

Cho X1,...,X, la cdc bién ngau nhién doc lgp cing phan
phoi B (1,p). Khi dé, vdi moi e > 0,

P(|Xn—p|>€) < T (5)

Bat dang thic Hoeffding - Vi du

Vidu 11

Cho X1, ..., Xn "~ B(1,p). Cho n = 100 va € = 0.2. Ta

thay rang theo bat ding thiic Chebychev thi

Var(X,) _ p(1—-p) - 0.25

- = 0.0625
0.22 n(0.22) ~ 100(0.22)

P(|X,—p| >0.2) <

Theo bat ding thitc Hoeffding thi,
P(I X, — p| > 0.2) < 2e720100(0-2* — 0 00067

nho hon rat nhiéu so véi 0.0625.
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Bat dang thic Hoeffding

Chiing minh.
Dit V; = (1/n)(X; — p). Khi d6, Y, ..
nhién doc lap thoéa E(Y;) =0va —p/n <Y; < (1 —p)/n.
Theo bat ding thiic Hoeffding,

P(Xy-p>e)=P <Z Y; > ) < etect/(8n)
i=1

Chon t = 4ne. Ta duge P(X, —p > ¢€) < e~ 2ne’, Tuong tu,
ta ciing c6 P(X, —p < —¢) < e~2m¢ Do vay,
P (‘7,1 — p| > e) < 2e—2ne”

., Y, la cac bien ngau

O

Bat dang thic Mill

Dinh 1i 12 (Bat dang thitc Mill)
Cho Z ~ N (0,1) va t > 0. Khi do,

5 _
P(|Z|2t)§\/j-62
m t

https://fb.com/tailieudientucntt



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

MOT s
BAT
DANG
THUC

Nguyén Van
Thin

Bat dang thic Mill 2

Chimng minh.

Mat khac P(|Z] > t) = 2P(Z > t). Do d6 ta c6 bat dang

thiic can chiing minh.

2Phan doc them

Bat dang thic Mill - Vi du

Giai (tt):
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Bat dang thic Mill - Vi du

Vidu 13

Cho X1,..., X, doc lap, cung phan ph6i N(0,1). Hay chan
P (|X,| > t) béng bat déng thitc Chebyshev va Mill.

Giéi:

Outline

Bat ding thiic cho céac ky vong
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Bat dang thic Cauchy-Schwartz

Bat dang thitc Jensen
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Newen Vi Ml Dinh 1 14 (Bat ding thitc Cauchy-Schwartz)

Thin

Cho X va'Y la hai bién ngau nhién cé phuong sai hitu han.
Khi do,

E|XY| < VE(X?)E (Y?)

Bat dang
thi

Chitng minh.

cac ky vong

Xem chuong 4. 0l

Bat dang thic Jensen
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Bat déng
thic cho
cac ky vong

Dinh 1i 15 (Bat dang thiic Jensen)

Néu g la ham 103, thy
E[g(X)] > g(EX) (6)
Néu g la ham lom, thi

Elg(X)] < g(EX) (7)

Bét dang thiic Jensen - Vi du

MOT sO
BAT
A

THUG Chtng minh.

B Truong hop g 1a 16i. Theo dinh nghia 6, ton tai m sao cho
v6i moi z, thi
9(x) = g(EX) +m(z — EX)

» Lay ky vong ci hai vé,
t
o Elg(X)] 2 g(EX) + m(EX — EX) = g(EX)

Truong hdp ¢ 1a 16m. Khi d6, —g 1a 16i nén
Bl-g(X)] > ~g(EX), tte 1a B[g(X)] < g(EX). 0
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Vi du 16

Cho X 13 bién ngiu nhién nhan gia tri duong va c6 ky vong
httu han. CMR,

Giéi:
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