GV LE VAN HQP
CHUONG VI

QUAN HE TREN CAC TAP HQP

I. QUAN HE HAI NGOI:

1.1/ VIDU MO PAU: Cho S={0,1,2,...,9,10 }.
Vx,y € S, dat xRy (tandi x cd quan hé R vo1 y) < 2x +y =18,
nghia la xRy (tandi x khéng cé quan hé R vbi y) < 2x+y #18
Ta co6 9RO, 8R2, 7R4, 636, 5R8 va 4R10. Ngoaira, 2R3, SR6, ...
Pit R={ (x,y) € S*| xRy } = {(9,0), (8,2), (7.4), (6,6), (5.8), (4,10)} = S*.
Nhu vy tir quan hé hai ngdi R trén S, ta c6 twong tng tip hop con R cua S
Vx,y €8, ta viét xRy < (x,y) € R va xRy < (x,y) ¢ R.
Chéang han nhu 7R4 < (7,4) e R va 1R9 < (1,9) ¢ R.

1.2/ PINH NGHIA: Mot quan hé hai ngéi R trén tap hop S #@ thuc chat 13 mér tdp
hop con R cuatip hop S>=S x S. Tap hop con nay chira tat ca cc cip (x,y) cua
S? ¢6 quan hé R. N6i khac di, mdi tap hop con cua S* xac dinh mot quan hé hai
ngoditrén S. Tacd R={(x,y) € S*| xRy } = S*.
Vx,y € S, taviét xRy < (x,y) € R va xRy & (x,y) ¢ R.
Néu |S|=n thi |S*|=n’ néntacé 2" quan hé hai ngdi khac nhau trén S.

1.3/ XAC DINH QUAN HE HAI NGOI:
Cho tap hop S# .
Ta x4ac dinh mdt quan h¢ hai ngdi R trén S theo 1 trong 3 cach nhu sau:
a) Céch 1: gi6i thieu R nhu mét tdp hop con cia S? (néu R co it phan tir).

Vidu: S=7Z vd&icac quan hé hai ngét R va 0 trén S nhu sau:
R = { (4,-1), (0,0), (=9, 2), (3,3), (-5,-6), (7.4), (-8,-8), (1,0) } = S*.
0={(k sk+1)|keZ}={(01),(26),(-2,-4),..}cS.

b) Céch 2: gi6i thiéu ndi dung ciia quan hé hai ngéi R (néu R cb nhiéu phan tir)

Vidu: S=R va Vx,y € S, dit xRy < 4x° > 5y + | (ndi dung quan hé R)
Ta kiém tra duoc 3R(—4), 4R09, ...

¢) Cach 3: dung ma trdn s6 nhi phin biéu dién quan hé hai ngéi R (néu S hiru han)
Xét S={ay, a, ..., a,}. MOt quan hé hai ngdi R trén S c6 thé biéu dién bang
mot bang ma tran vudng (n x n) goém cac sd nhi phan nhu sau:
My =M= (ml]) trong do m;; = 1 (néu aiSRaj) va m; =0 (néu aiﬁ aj)

1<i, j<n
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Vidu: S={a,b,c,d} va quan hé haingdi R trén S co ma tran biéu dién 1a

My =M= (m] )1<,-, 1<
M|a|b|c|d
al/1/{0/1/0
b|0|0]|1]1
c|1]0]1/1
d{1{1/0]0

Suy ra R = { (a,a), (a,c), (b,c), (b,d), (c,a), (c,c), (c,d), (d,a), (d,b) } < S%.

II. CAC TINH CHAT CUA QUAN HE HAI NGOI:

Cho quan hé hai ngéi R trén tap hop S # .

2.1/ TINH PHAN XA:
a) R phdn xa néu “ Vx € S, xRx ” (moi phin tr cia S quan hé R vé6i chinh nod).
b) R khong phan xa néu “3x, € S, X, RX, ~.
(c6 it nhat mot phan tir cia S khong quan hé R voi chinh no).

Vidu:
a) S={1,2,3}cT={1,2,3,4}.
Xét quan h¢ hai ngdé1 R trén S (va cling 1a quan hé hai ng6i1 trén T):
R=1{(33),21), (L), (13,22 }c S c T
R (trén S) phan xa (Vx e S, xRx) nhung R (trén T) khong phan xa (34 € T, 4R 4).
b)S=R.Vx,yeS,dit [xyy < x<y+2] va [xdy < 2x  #3y"].
Y phdanxa (Vx € S, x<x+2 nén X yX).
8 khong phanxa (30 € S,2.0°=3.0° nén 050).

2.2/ TINH POI XUNG:
a) R doi xumg néu “Vx,y e S, xRy = yRx ”. (moi cdp phan tir ciia S ¢ quan
hé R theo hai chiéu hodc khong c6 quan hé R theo bat cir chiéu nao ca).
b) R khong doi xXung néu “ 3x,, Vo € S, XoRy, VA YoRX, .
(c6 it nhat mot cdp phan tircia S chi quan hé R theo mot chiéu).
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Vidu:

a)S=1{0,1,2}.Xetcac quan h¢ hai ngoéi R va 0 trén S nhu sau:
R ={(0,0), (2,1),(1,1),(1,2)}c 6 =RU{(0,1)} =S’
R d6i xtng [ cac cip (0,0), (1,1), (1,2) co quan hé hai chiu. Cac cap khac ving mit ]
0 khong dbi xtmg (30, 1€ S, 001 va 160).

b)S=Q.Vx,y €S, dit [xyy < x*+sinx =y +siny ] va

[x8y < 3x*+2y=3x-2y"]
y dbixing (Vx,y € S,xyy = x> +sinx =y +siny = y* + siny =x" + sinx =y yx )
& khong déi xtmg (31,0 S, 180 va 05 1).

2.3/ TINH PHAN (PO XUNG:
a) R phan ximg néu “Vx,y € S, xRy va yRx) = x=y”
(cap phan tirnao ctia S c6 quan hé R theo hai chiéu thi phai tring nhau).
a’) R phdn xirngnéu “Vx,y € S,x#y = (XxRy hay yRx)”
(moi cip phan tir khac nhau ciia S khong c6 quan hé R du hai chiéu).
b) R khong phan xung néu “3x,, Vo € S, (XoRYo VA Yo RX,) VA Xo %Yo
(c6 it nht hai phan tr khac nhau ciia S ¢6 quan hé R theo hai chiéu).

<

idu:

a) S =N. Xét cac quan h¢ hai ngdéi R va 0 trén S nhu sau:

R ={(0,0), (2,3), 4,1), (8,8),(55 = 8 =R U{(3.2)} =&
(x=0,y=0)

R phan xing [ Vx,y € S, (xRy va yRX) = | (x=8,y=8) = (x=Y)].
(x=5,y=3)

0 khong phan xtmg [ 32,3 € S, (203 va 302) va 2#3].

b)S=R.Vx,yeS,dit [xyy < x=y*],[x8y & x<y] va
[xpy & 2x* >4y’ -5 ]
y phanximg [Vx,y € S, (xyy v yyx) = (x=y” va y=x°) =
(x=0,x=1) N {(sz,yzO)
(x=Ly=1)
O phanximg [ Vx,y € S,(Xx0y va ydx) = (x<y va y<x) = (x<x) =
= (x=y)] [ddu = cudi cing dung vi (x <x) c6 chan tri sai ]
[ dung phat biéu a) ]
S phanximg [ VX,y € S,x#y = (x>y hay y>x) = (x5 y hay y 5 x) ]
[ dung phét biéu a’) ]

= x=x'vay=x) = { = x=Yy].

y=x

p khong phan xtmg [ 31,0€ S, (1p0 va Opl) va 0=1].

2.4/ TINH TRUYEN (BAC CAU):
a) R truyénnéu “ Vx,y,z e S, xRy va yRz) = xRz"”.
b) R khong truyén néu “ 3x,, Vo Zo € S, (XeRYo VA YoRX,) VA X, R Z,

29
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Vi du:
a) S = 7. Xét cadc quan h¢ hai ngét R va 0 trén S nhu sau:
R = { (090)9 (_594)9 (_89_9)9 (194)9 (09_6)9 (19_5) } cO=%R U{ (_937) } - SZ

(x=0,y=0,z=0) 0RO
R truyén [ Vx,y,z € S, (xRy va yRz) = | (x=0,y=0,2-6) = {0R(-6) = x Rz ].
(x=Ly=-5,z=4) R4

0 khong truyén [ 3(=8), (-9), 7 € S, {(-8)0 (-9) va (-9)07} va (-8) 07 ].
b)S=Q.Vx,ye S, dit [xyy © x+1<y] va [xdy & x<y+1]
y truyén [ VX,y,z€ S, (Xyy v yyx) = x+1<yvay+1<z) =
= xt+1)<y<y+l<z = x+1)<z = xRz]

§ khong truyén [ 31, %,0 es, (18% va %80) va 150].

II1. QUAN HE THU TU”:

3.1/ PINH NGHIA: Cho quan h¢ hai ngoi ‘R trén tap hop S # .
a) R 1a mot quan hé thir ne trén S néu R phan xa, phan xtng va truyén trén S.
b) Ta dung ky hiéu < dé thé hién mét quan hé thir tw tong qudat.
Ky hiéu (S, <) duoc hiéu 1a trén tdp hop S ¢ quan hé thir tr <.
Vx,y € S,néu x < y thi ta néi mét cach hinh thirc rang
“X nho hon y” hay “x kém hon y” hay “x dung trudc y” hay
“y lon hon x” hay “y trgi hon x” hay “y dung sau x”
¢) Néu R 1a mot quan hé thir twtrén S va P =TS thi R ciing 1a mot quan
hé thw tw trén T.
Vidu:
a) (R, <) va (R, >) la cac quan h¢ thu tu. That vay,
< phanxa(VX e R,x<x),< phanximg [ VX, y e R,(x<y va y<x)=> (x=Y) |,
va < truyén [ VX, v,z € R, (x <y vd y<z) = (x <z)]. Tuong tu cho quan hé >.
Do do (Q, <), (Q, <), (Z,<) va (Z, >) la cac quan h¢ thu tu.
b) (N, |) va (N, :) la cac quan h¢ thu tu. That vay, | phan xa (Vx € N, x=1.x nén
X |X), | phanxtng [ VX,y e N,(x |y va y|x) = (Ja,be N,y=ax va x =by)

x=0&y=0 x=0&y=0
= (x=abx va y=ax) = hoac = hoac = x=Yy)]
x>2l,ab=1,y=ax x2l,a=b=1y=x

va | truyén [Vx,y,ze N, (x|y va y|z) = (Ja,beN,y=ax va z =by) =
= (z=abx vo1 ab € N) = (x]|z) ]. Twong tu cho quan h¢ :.
c)(II=p(E),c) va (II=p(E), D) lacac quan hé thir ty. That vady, — phan xa
(VA ell,AcA), c phanxing [ VA,BelIl,(AcB va BcA) = A=B],
c truyén[ VA, B,C e II,(AcBvaBc C)= A c C]. Tuong tu cho quan hé o.
d) (R, <) va (R, >) khong phai la cac quan hé thir ty vi cdc quan hé¢ < va > khong
phanxatrén R(31e R, 1 <1 va 1> 1).
Péy < va > van phan xtng va truyén trén R.
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e)(Z,]) va (Z,:) khong phai la cac quan hé thir ty vi cdc quan h¢ | va : khong
phanxungtren Z (31, (-DHe Z, 1]( D, 1)1, 1:(-1), (-1): 1 va 1=-1).
Péy | va i vanphan xa va truyén trén R.

3.2/ THU TU TOAN PHAN — THU TU BAN PHAN: Cho (S, <).
Co6 ding mot trong hai truong hop sau day xay ra:
a) Truong hop 1: Vx,y € S, x <y hay y < x(x va y so sanh duoc voi nhau boi
quan h¢ thar tu <). Tano1 < 1a mQt thwr ty toan phdn trén S.
b) Truong hop 2: 3IX,, y, € S, X, :yo va Y, <X, (Xo VA Yo khong so sanh dwoc
voi nhau bd1 quan h¢ thar tu <). Tanoil < 1a mot thw tyw ban phdn trén S.

Vidu:
a) (R, <) va (R, >) 1a cac quan hé thtr ty toan phan.
[VX,yeS,(x<y hay y<x) va (x=y hay y>x) ]
b)S={a=2"IneN}cN.Do (N,|) va (N, :) la cic quan hé thir ty nén (S, |) va
(S, i) ciing 12 cac quan hé thir ty. Hon nita day 1a cac thir tu toan phan.
[Vx=2P,y=27€eS,(x|y © p<q)va(xiy © p=>q)]
¢) (N,|) va (N, }) 1a cac quan hé tht tir ban phén.
(32,3 € N, 2 va 3 khong phai 1a uéc s6 va khong phai 1a boi sé ctia nhau)

d) (I1=p(E), ©) va (I1=p(E), D) la cac quan hé thi ty ban phan néu | E | > 2. That
vay, viet E={a,b, ..} va [I=p(E)={J, A= {a},B={b},C={ab}, ..} thita
thdy JA,BeII,A¢ B va Bz A.Néu |E|<1 thi IT={@&} hoic I1={T, {a}}
nén ta thiy ngay (I1=g(E), ©) va (I1=gp(E), D) la cic quan hé thi tu toan phan.

3.3/ KHAI NIEM KE NHAU TRONG QUAN HE THU TU:
Cho (S, <) va x,y € S vb1 x #y.
a)Néu X <y va khongco z € S\ {x,y} thoa x < z <y thitanoi
‘X ke véi y (v6ivithé x kém y troi)” hay “y la mot troi truc tze’p cua x 7.

Tandi x v6i y bang mét doan thiang cé miii tén dinh huéng tr x dén y:
X—>Yy.

b)Suyra x va y khéng ké nhau néu xay ra mot trong cac truong hop sau:
*X <y vd y <x (x va y khong so sanh dugc v6i nhau boi quan hé thir tu <).
*FzeS\{x,y} thda (x <z<y hay y < z < x).

Vidu:
a)Vk e (Z,<) taco k va (k+1) lakénhau[k<k+1 va Va e Z, khong xdy ra
k<a<k+1] nhung k va k+2 khongkénhau[3I(k+1) e Z,k<k+1<k+2].
b) Trong (R, <), khong ¢ cip phan tir ndo ké nhau
[Vx,y e R ma x<y,3z=2"'(x+y)e R, x<z<y].
c) Trong (N, |):
12 va 36 ké nhau (12 |36 vakhongcod a e N thoa 12 ]a,a|36 va 12=a=36).
3 va 5 khong ké nhau (3 va 5 khéng phai 1a wdc sb ciia nhau)
4 va 40 khong ké nhau (38 € N thoa 48,840 va 4«8 =40).
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d) Trong (@ (E), ©) v6i E={ab,c} : A= {a} va B={a,b} kénhau (A trudc B)
B va C= {b,c} khongkénhau (vi Bz C va C ¢ B).
A va E khongkénhau(vi AcBcE va AB=E).

3.4/ BIEU PO HASSE CUA QUAN HE THU TU: Cho (S, <) véi S hiu han.
a) V& canh néi (c6 miii tén dinh hiréng) cho tit ca cac cip phan tir k& nhau trong
(S, <). Hinh v& c6 duoc goi 1a biéu do Hasse cua (S, <).
b) Néu < 1a mot thtr ty toan phan trén S thi biéu d6 Hasse cta (S, <) co thé v&
mot cach don gian trén mot doan thang. Néu < 1a mot thir tw ban phan trén S
thi biéu dd Hasse ctia (S, <) c6 thé r& nhanh phic tap.

Vidu:
a)S={a=2" |k=0,1,2,...,7}.Tacd (S,]|) va (S, :) déulacacquanhethu’tu’
toanphan[Vx 2p,y 2qe S,(x]y @ psq)va(xiy < p2q)] nén biéu
d6 Hasse cua chung co the Ve trén mot doan thang nhu sau:
2052t 522 —)2 —)2 —)2 —)2 —)27 [ so dd Hasse caa (S, |) ]
2752052 52 5 2° 522 52" 5 2% [s0dd Hasse cua (S, ;)]
b)T= { cac udc s6 duong cia 304=1{1,2,3,5,6,10,15,30 }. Taco (T, |)va (T, :)
déu 13 cac quan h¢ thtr ty ban phan (2 va 3 khéng 1a udc sb va boi sb cia 1an nhau)
nén biéu d6 Hasse cua chung s& & nhanh nhu sau:

15 30

¥
e

o

10 - s

3

3 ’ 10

> 6 /5
(s, 1) (S,3)

3.5/ PHAN TU CUC TIEU (NHO NHAT) VA CUC DAI (LON NHAT):
Cho (S, <).
a) Tandi a=min(S, <) néu aeSvaa<x VxeS.
b) Tanoi b = max(S, <) néubeS vax<b VxeS.
¢) Phan tu min (cuc tiéu, nhé nhat) va max(cwc dai, 1on nhat) hodc khong ton tai
hoic ton tai duy nhat.
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3.6/ NHAN XET: Cho (S, <).
a) Trén biéu d6 Hasse cua (S, <), phan to mm(neu co) la diém xudt phdt chung
ctia moi nhanh va phan tir max (néu c6) 1a diém két thiic chung ctia moi nhanh.
b)Néu S hitu han va < 14 thir tir toan phan thi (S, <) ludén c6 min va max.

Vi du: L
a) Cho (S, <) co6 biéu d6 Hasse nhu sau:

r
(S, <)

Ta c6 a=min(S, <) va b=max(S, <).
b) Xétcactap S va T trong Vidu (3.4).
Ta c6 min(S, |) =2° max(S, |)=2’, min(S, })=2" va max(S,:)=2"
min(T, [) =1, max(T, | ) =30, min(T, :) =30 va max(T, : )=1.
c) Cho S=[-3,8] cR. Khidé
min(S, <)=-3 va max(S,<)=8 (vi -3,8 €S va Vx e §, -3 <x<8)
min(S, >) =8 va max(S,2)=-3(vi §,-3 €S va Vxe S,8>x2>-3)
d) min(N, |)=1 va max(N,|)=0(vi ,0e N va vxe N, 1|x va x|0)
min(N, :)=0 va max(N,|)=1(vi 0,1 e N va Vx e N,0:x va x:1)
e)min([I=p(E),c)=J va max([1=p(E),c)=E
(vi J,Eell va VAell, OcAcE)
min( [1 =g (E), o)=E va max(I1=p(E), 0)=C
(vi E,Jell va VAell, EDADD)
) (R, <) va (R, >) khongcO minvamax vi Vx e R, 3(x—-1), (x + 1) € R,
x—-l<x<x+1lvax+1>x>x-1I.
g)Cho T=(—4,9)cR.Khid6 (T,<) va (T, >) khong c6 min vamax vi Vx € T,
x—4 x+9 x—4 x+9 va x+9 x—4

, eT, <x < >xX >
2 2 2 2 2 2

3.7/ PHAN TU TOI TIEU VA TOI PAI: Cho (S, <).
a) Tanoi a 1a mot phan tir t6i tiéu cua (S, <) néu a € S va khdng cé
a’ € S\ {a} thoa a’ < a.
Phén tir min (néu c6) 1a phan tir toi tiéu dic biét va duy nhat.
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b) Tandi b 1a mét phan tir téi dai cua (S, <) néu b € S va khéng cé
b’ € S\ {b} théa b < b’.
Phan tir max (neu co) la phan tir t6i dai dac biét va duy nhét.
¢) Phan tir tdi tiéu va t6i dai hodc khdng ton tai hodc ton tai ma khéng nhdt thiét
duy nhat.

3.8/ NHAN XET: Cho (S, <).

a) Trén biéu d6 Hasse cua (S, <), phan ttr toi tiéu (néu c0) 1a diém xudt phdt cia it
nhdt mét nhdnh va phan tir t6i dai (néu c6) 1a diém két thiic ciia it nhat mét
nhanh. Céc phan i ¢é Idp cua (S, <) (khong so sanh dugce voi moi phan tir
khac) xem nhu 13 cac nhanh cut nén chung vira 1a tdi tiéu vira 1a tdi dai.

b)Néu S hitu han va < 13 thir tir tuy y thi (S, <) ludn co t6i tiéu va tdi dai.

Vi du: L
a) Cho (S, <) co6 biéu do6 Hasse nhu sau:
a k b
- T *
+h
n
o
7P
c *i e
——
E fooj
S
(S, <)

(S, <) ¢6 7 phan tir tditiéula a,c, e, g h,i,j va 5 phan tir t0idaila b, d, f, b, i.
b) Cho S={2,3,4,...,12,13,14}. Biéudo Hasse cua (S,|) va (S, :) lan luot la

. | -
/ ﬁ | + i
3 >

(s, 1) (S,:)
(S, |) 6 cac phan tir toi tiéu 1a 2, 3,5, 7, 11, 13 va cac phan tir toi dai la 8, 9, 10,
11, 12, 13, 14.
(S, i) ¢ cac phan tir tdi tiéu 1a 8,9, 10, 11, 12, 13, 14 va cac phan tir tdi dai la 2,
3,5,7, 11, 13.
8
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¢) (R, <) va (R,>) khong co cac phan tir tdi tiéu va tbi dai vi
Vxe R, Ax—-1),x+1)e R x-1<x<x+1lvax+1>x>x-1.
d) Cho T=(-4,9)cR.Khidé (T, <) va (T,>) khong co i tiéu va tdi dai vi

VXETElx 4 x+9 eT, x—4 <X<x+9 va x+9>X>x—4

3.9/ TOAN PHAN HOA MOT THU TU BAN PHAN (SAP XEP TOPO):

Cho (S, <) v6i S hituhan (|S|=n) va < la thit tw bén phan trén S.

Ta mudn xay dung mét thir tw toan phan <* trén S ndi réng thir tuw ban phan <.

(nghiala Vx,y e S,x <y = x<*y).

Qua trinh xay dung thtr ty toan phan <* trén S goi la mét su sdp xép topo (S, <).

a) Thuat toan duya trén cdc phan tir t6i tiéu:

Chon phan tir t6i tiéu tiy ¥ a,;cia S vadit S, =S\ {a; }.

Vje {2,3,....n—1},chon phan tir t5i tiéu ty y ajcta S;_; va dit
Si=S; 1\ {aj}.Taco |S,_;|=1 vaviét S,_; ={a}.Chon a, —a.
Sa‘ipthl’xtu aj<¥a, <*ay<*...<*a, , <%*a,_; <¥*a,.

Biéu dd Hasse cua S, <" 1la aj>a>a3—>...oa, 2 —>a, 1> a,.
Tacd <* la mot thir tu toan phﬁn trén S ndi rong thir ty ban phén <.

b) Thuat toan dua trén cdc phcfn fir t6i dai: hoan toan tuong ty nhu thuat toan dua
trén cac phan tir toi tiéu nhung ta chon cac phan tir tdi dai (thay vi t6i tiéu) va
sa‘ip theo thor ty nguoc lai a, <*a,_ | <*a,, <*... <*a; <*a, <*a,.

Biéu dd Hasse cua S, <" la ay—>a, 1 2a,—>...D>a3—>a—>a;.
Thr tu toan phan <* trén S khdng duy nhdt do viéc chon tily ¥ cac phan tir tbi
tiéu (hodc tdi dai) trong thuit toan.

Vidu: S = {Van (V), Su (Su), Dia (D), Toan (T), Ly (L), Hoa (H), Sinh (Si), Anh (A)}
Ky hiéu x < y duoc hiéula mén x thi trudc mén y. Ta mudn sip mét lich thi
cho 8 moén hoctrong S saocho H< V, V< T, T< A V<Si,D < Si va
Si < Su (mén Ly thi sip tuy ). Hay v& biéu d6 Hasse cho (S, <) rdi sap xép
topo nd dé co th ty toan phan (S, <*) phuc vu cho viéc sdp lich thi 8 mén
hoc. Biéu d6 Hasse cua (S, <) 1a

H->V->T-o>A

\J L

b —>Si—> Su
Céach 1: Véi thir tw <, 1an lugt chon cac phan tir tdi tiéu D, H, V, Si, L, Su, T, A
cua cac tap hop S, 81 S\ {D}, S =8\ {H}, S3=5;\ {V}, 54 =S5\ {Si},
Ss =S4\ {L}, S¢=Ss\ {Su}, S; =S¢\ {T}. ta co thi tr toan phan <* trén S 1a

b<*H<*V <*Si<*L <*Su<*T<*A.

Biéudd Hassecua (S, <*) W D >H—>V->Si>L>Su>T—oA.
Céach 2: Véi thir tw <, 1an lugt chon cac phan tir toi dai L, A, Su, Si, T, V, B, H
cua cac tﬁp hO’p S,S; =S \ {L} S, =S5\ {A} S;=S5,\ {Su} S4 =83\ {Sl}
Ss =S4\ {T}, S¢=Ss\ {V},S;=S¢\ {D}. ta co thir ty toan phdn <* trén S 1a
H<*Db <*V <*T <*81 <*Su<*A<*L.
Biéu dé Hassecua (S, <*) W H>DP>V->T—>Si>Su—>A—>L.
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3.10/ THU TU TU DIEN:
Cho (S, <) voi S hituhan va < 13 tht ty toan phan trén S. Mdi phan tir cua
S duogc goi la mot “ ky tu ™.
Pit [1= Tap hop tat ca cac chudi “ ky tu ” dwoc thanh 1ap tir S, nghia la
[I={a=aja,... an|m nguyén>1 va a;,a,,...,a, €S }vataco Sc]I.
Ta mudn xay dung mot thur ty toan phcfn <* trén [1 ndirong thir tw < trén S.
Vo =ajay... an, =bby...b, el ta sa‘ip a=<*pB néu o va B théa mot trong
cac truong hop sau:
Truong hop 1: m<n va a;=b; (1 £1<m), nghiala o la mot doan dau cua B.
Truong hop 2 :a; < by va a; =b, (o0 va B 6 sw khdc biét ¢ ngay “ ky tw ™ dau).
Truong hop 3 : p=min{m,n} >2 va Ik €{l, ... ,p — 1} sao cho
a;=b;i(1 <i1<k),ag+; < bgs; va ag+1#bgs1 (a0 va B giéngnhau ok “kytw”
ddu tién va c6 sw khac biét & “ ky tw” thir k + 1).
Truong hop 2 ¢6 thé xem nhu twong tu voi trudng hop 3 g voi k=0.
Thr tu toan phan <* goi 1a thir tir tir dién trén [1 ndirong tha ty < trén S.

Vidu:

a)S={0,1,2,...,7,8,9} voi thﬁtutoémphﬁntunhién 0<1<2<..<8<09.
[1= Tap hop tat ca cac diy sd dugc thanh 1ap tir S. Ta c6 tht ty toan phdn <*
duoc xay dung trén [] goi 1a thu ty tir dién.
Chéang han nhu 37952 <* 37952041 (trudong hop 1),
6589617 <* 9109 (truong hop 2), 543018 <* 543092 (trudong hop 3 ting voi k =4)

b)T={ab,c,...,x,y,2} Vé’ithﬁu,ltoélnphﬁntunhién a<b<c<..<y<z.
[1= Tap hop tit ca cac tir (c6 nghia trong tiéng Anh) duoc thanh lap tir S. Ta ¢
thir tu toan phan < * duoc xay dung trén [] goi 14 thir tu tir dién.
Chéang han nhu home <* homework (truong hop 1),
comedy < * nature (truong hop 2), architect <* artist (truong hop 3 Ung voi k =2)

IV. QUAN HE TUONG PUONG:

4.1/ PINH NGHIA: Cho quan hé¢ hai ngoéi R trén tap hop S # @.
a) R 12 mot quan hé twong dwong trén S néu R phan xa, ddi xing va truyén
trén S.
b) Ta dung ky hiéu ~ dé thé hién mét quan hé twong dwong tong quadt.
Ky hiéu (S,~) duoc hiéu l1a trén tap hop S ¢ quan hé twong dwrong ~ .
Vx,y € S, néu x ~y thi ta néi mot cach hinh thtrc rang “ x twong dwong véi y”
¢) Néu R 1a mot quan hé twong dwong trén S va F=Tc 'S thi R ciing 1a mot
quan hé tuwong duong trén T.

Vidu:
a) S = Tap hop moi nguoi trén trai dat.
Vx,y € S,dat x~y < x cung tudi voi (ctv) y

10
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Ta cd ~ la mOt quan hé tuong duong trén S. That vy,
~ phanxa (Vx € S, x ctv X), ~ d6i xting (VX,y € S, xctvy = y ctvx),
~ truyén [ VX,y,z€ S, (Xctvy va yctvz) = xctvz].
b)S=R vahaimsétuyy f:R > R. Vx,y € S,dit xRy < f(x) =1(y)
Tacd R 1a mot quan hé tuong duong trén S vi R phanxa [ Vx € S, f(x) = f(x) |,
R dbdi xing (Vx,y € S, fx) =f(y) = f(y)=f(x)] va
R truyén [ Vx,y,z € S, { f{x) =1f(y) va f(y)=1(z) } = fx)=1(2)].

4.2/ LOP TUONG PUONG CUA MOT PHAN TU: Cho (S,~) va a € S.
bit a ={xeS|x~a}={a, ...} (vi a~a do tinh phan xa cia quan h¢ ~).

Taco O#a S vatandi a lalop twong dwong cua a (xdc dinh boi quan hé
twong duong ~ trén S). Ta cling c6 thé dung ky hi¢u [ a ] thay cho a.

[a]

(Sa~)
Vi du:

a) S= {An'®, Ly*', Ta'®, Ha", vi®, Hy", Si'®, Su'’, T4*, Vy'®}(s6 nho ¢ trén 1a tudi)
Vx,y € S, dit x ~y < x cung tudi véi y.
Ta cd ~ la mdt quan hé twong duong trén S [ xem Vidu (4.1) ]. Lac do
[An]={xeS|x~An}={An, T4, Si,Vy}, [Ly]={xeS|x~Ly}={Ly}
[Hy]={xeS|x~Hy}={Hy,Ha,Stu}, [Ta]={xeS|x~Ta}={Ta, Vi }
b)S=R.Vx,y € S,dit xRy < f(x)=1(y) v6i f(t)=t -3t VteR.
Tacod R 1a mot quan hé tuong duong trén S [ xem Vidu (4.1) ].
Tatim 0,2, -5 va a voi a € R.
0={xeR|xRO0}={xeR|x’-3x=0}={0,3,-3}
={XeR]XSR2}={XER]X3—3X—2=O}=
={xeR|x+1) x-2)=0}={2-1)}
S={xeR|xR(5)}={xeR|x’-3x+110=0}=
={xeR|(x+5)x -5x+22)=0}={-5}
a={xeR|xRal={xeR|xX’-3x=2a’-3a}=
={xeR|(x—-a)x’+ax+a’—3)=0}.Nhuvidy a cotir | dén 3 phan ti.
Pit g(x)= x*+ax+a’—3 c6 A=3(4—a’) va ga)=3(a—1)a+1). Taco
|z |=3 © [A>0vagha)0]  (1#]a|<2) @ ae(2-)u(-1,1)uU(2)

2 ’ 2 J-

oo

11
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|a|=1 < {A<0 hay [A=0 va gla)=0]}<[a’>4 hay (a’=4 va a’=1)]
o a’>4 o ae(—0-2)U(2,+w). Licdd a=1{a}.
la |=2 < {[A>0 va g(a)=0] hay [A=0 va gla)#0]} <
o [(a’<4 vaa’=1) hay (a’=4 va a’#1)] < ae{-2,-1,1,2}
Licdd 2=1={-2,1}va2=-1={-1,2}.
(S, M) duoc phan hoach thanh vo han 16p twong duong rdi nhau tirng ddi mot va moi
16p twong dwong c6 tir 1 dén 3 phén tir.

4.3/ SU PHAN HOACH THANH CAC LOP TUONG PUONG: Cho (S,~).
Quan h¢ twong duong ~ s€ phan hoach S thanh cdc lop twong dwong roi nhau
tirng d6i mét va mdi 16p twong duong déu c6 dang @ (véi a nao d6 thude S).
VX e a,tacdO x =a vatandl x la métphdn twr dai dién cua [6p twong duong a .
Hai phan tir (ciia S) ¢6 quan hé ~ s& thudc cuing mot 10p twong dwong.
Hai phan tir (ciia S) khong c6 quan hé ~ s& thudc hai 16p twong duwong rdi nhau.
VX,y € S, taco
X~y & X =)y & Xey & yex & Ny = (khong roi = trung nhau).
X=Ty © X#y & X¢gy & yex < ¥Ny = (r61 nhau = khong trung).

Vidu:
a) S = { Viét Nam (V), Hoa Ky (Us), Y (I), Nhat (Nh), Ao (Ao), Uc (Uc), Peru (P),
Nga (Ng), Congo (Co), Lao (L), Anh (An), Maroc (M), Han (H), Chile (Ch), Bi (B) }
Vx,y € S,dat x~y < nudc x cung chau luc véi nude y
~ 12 mot quan hé trong duong trén S (kiém tra twong tu nhu quan hé cing tudi véi)
Ta c6 cac 16p twong duong nhu sau:

v & * +
Us | Ao .
Co
Nh I‘Jg +
p Uc
L M
- * A‘n é
H Ch
_ S.~_
Vv={xeS|x~V}={VNhLLH}=N=L=H
U ={xeS|x~Us}={Us,P,Ch}=P=Ch

~

={xeS|x~I}={I,Ao,Ng, An,B}= 40 =Ng = 4n = B
Uo={xeS|x~Uc}={Ue} va Co={xeS|x~Co}={Co,M}=M

S=VuUUsUIUUcUCo=NhUP Udo UUc UM =L U Ch\UNg UUc UM

12
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S duogc phan hoach thanh 5 16p twong duong ro1 nhau ting d61 mot. Ta co

V~Nh & V=Nh <& Ve Nt & NheV < VNN #D

Ng=P & Ng#P & NggP & PegNg & NgnP=0
b) R 1a mot quan h¢ twong duong trén T={1,2,3,4,5,6 } saocho T dugc phin
hoach thanh 3 16p tuong duong ro1 nhau tng déi mot la T = {2} 0 {3, 5}U{1, 4, 6}.

3 3 5 i a 6
(T, R)
Suyra 2={243=5={3,5}, 1=4=6={1,46}, T=TU2U3 va
R =1{2,2), 3,3), (5,5), (3,5), (5,3), (1,1), (4.4), (6,6), (1,4), (4,1), (1,6), (6,1), (4,6), (6,4)}
Taco 1~4 © 1=4 o led o 4el © 1nNn4z2d
2=3 & 2#3 & 2¢3 © 3¢2 & 2n3=0

4.4/ TAP HOP THUONG XAC DINH BOI QUAN HE TUONG DUONG:
Cho (S, ~).
Pit S/~ 1a tap hop tat ca cac 16p twong duong (xac dinh boi quan hé ~ trén S),
nghiala S/~ = {x|x € S}. Nhuvay Vx € S,tacé x S va x e S/~. Tanoi
S/~ 1a tdp hop thuwong clia S xdc dinh boi quan hé twong duwong ~ .

Vi du: Xét lai cac quan hé tuong duong (S, ~) va (T, R) trong Vidu (4.3). Taco

(SI~={x|xeS}={V,Us,I,U,Co}={Nh,P,d0,Uc,M}=1{ L,Ch,Ng,Uc,M}
(T/R)={x|xeT}={1,2,3}=1{4,2,5}y=1{6,2,5}

V. QUAN HE PONG DU TREN Z:

Cho s6 nguyén n > 1.

5.1/ TAP HQP _Z,:
Mot sb nguyén khi chia ( Euclide ) cho n s& cosédula 0,1,2, ..., (n—1).
Va,beZ,dit a~b < a va b codcung s6 du khi chia cho n
< n|(a-b) < ni(a-b) & JkeZ,a=b+nk

Quan hé ~ 13 mot quan hé tuong duong trén Z (kiém ching d& dang) va ~ duoc
g0i 14 quan hé dong duw modulo n trén Z.Ta cling viét a~b 1a a=b (mod n).
bit Z,=7Z/~={ k ] k € Z } [ liét ké dang tong qudat cé tring lip]

={0,1,2,..,n-1} (¥ [liét ké dang chudn khéng tring ldp]
trong d6 0 —{keZ]k chiacho n du 0} ={nt|teZ }=nZ va
¥ ={keZlk chiachondur}={nt+r|teZ}=nZ+r (1<r<n-1)
Tacd Z=0 U 1U2U..Un-1:Z duoc phan hoach thanh n 16p twong
duong rdi nhau ting d6i mot va mdi 16p ¢6 vo han phan tir .
Vk € Z, ta co thé viét & vé dang chuan (*) nhu sau :
Chia Euclide k=qn+r véi 0<r<|n|=n thi x =7 v6i 0<r<n-1.

13
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Vidu: Zs={ k |k e Z } (coé trang lap) = { 0, 1, 2, 3, 4 } (khong trang lip) trong d6
0={5t|teZ}=1{..,-10,-5,0,5,10, ...} (cac sd chia hét cho 5) = 5Z
T={5t+1|teZ}= —9,-4,1,6,11, ...} (cac sd chia 5 du 1) =5Z+ 1
§={5t+2]teZ}= —8,-3,2,7,12, ... } (cac sb chia 5 du 2) =5Z+2
5—{5t+3]teZ}—{ 7,—2,3,8,13, }(cacséchianu3)—5z+3
4= {St+d4|teZ}={.. 6—1,4,9 ..} (chc sbchia 5 du 4) =5Z+4

Tacoé Z=0U T U2U 3 Y 4 (Z duoc phan hoach thanh 5 16p twong duong
ro1 nhau tung d6i mot va moi 10’p c¢6 vo han phan ttr ).

Ta qui d0i cac phan tor 245, —716 va 593 trong Zs vé dang chuén:

Chia Euclide cho 5: 245 =381(5) +0,-716 =—-144(5) + 4 va 593 =118(5) +3
Tacd 245 =0, —716 = 4 va 593 = 3.

5.2/ CAC PHEP TOAN TREN Z.: Cho Z,= { k |k € Z }( dang tong quat).
Trén Z,, ta c6 thé dinh nghia cac phép toan +, — va . mgt cdch tw nhién nhu sau :
Vi,yely(WvelZ),dit uzv =utv €Zy vd 0.V =uv € Zy.

Vi du: Ta thuc hién cac phép tinh sau trong Z,; :
725 + 548 = 725+548 = 1273 = 1 548 — 725 = 548-725 = -177 =3

692 .-473 = 692(—473) = —327316 = 8 356. 885 = 356(855) = 304380 = 0

5.3/ TAP HOP U(Z,): Cho Z, = { k | k € Z }( dang tong quat).
bit UZy) =1{ k € Zy yaFeZn,% k'=1}={1,n-1,..}.Taco 0 ¢ U(Zy).
Vi € U(Zy), tandi k 1a mot phan t kha nghich trong Zy va phan tir duy nhat
k'e Z, thoa k.k' =1 goila phan tir nghich ddo ciia k va takyhleu K=k
Dinhién k' cling kha nghich trong Z, (k'€ U(Z,)) va =%,
Nhu vay U(Z,) 14 tdp hop cdc phan tir kha nghich trong Z, .

l\) |

1—1

5.4/ MENH DE:
a) U(Z,) = {(k € Zyp| (k, n)—1}—{% €Zy|1<k<n-1va (k,n)=1}.
b) Néu p 13 mdt sé nguyén to >?2 thi U(Zp) =Z, \{0}
¢c)Vk € UZy,), chon r,s € Z théa rk+sn=1 th1 =
Vidu:
a) U(Zus) = {k € Zis| 1<k
b) U(Zy)=Zu\ {0} ={1,2,3,...,9,10}
(taco 1.1=2.6=3.4 §§ 7.8 =10.10 =1)
c)Tacd (31)21 +(~13)50=1 nén (21,50)=1.Suyra 21e U(Zs) va 217" =31.

!

<14 va (k15)=1}={1,2,4,7,8,11,13, 14 },
2,
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5.5/ GIAI PHUONG TRINH TREN Z,:
Cho @,beZ, Tatim xe Z, théa a.x= b (1).
a)Néu z = 0 # b thi phuong trinh vé nghiém.
b)Néu z = 0 = b thi phuong trinh ¢6 n nghiém 1a x tuyy thudc Z, .
c)Néu z e U(Zn) thi phuong trinh ¢ nghiém duy nhdt1a x = a 5.
d)Khi z#0va a eU(Zn) bat d=(a,n)>2,a = a’d va n = n’d.
* Néu d khong chia hét b thi n=n’d khong chia hét n’b va n'.b = 0.
Luc do
a.x=b < a'.d.x=b > da'.n'.d.x=n.b = a.7.x =0.
phuong trinh vo nghiém.
*Néu d|b: viét b=b’d. Phuong trinh (1) trong Z, 13 d.a'.x =d .b'
Phuong trinh nay twong g voi phuong trinh o' X = 5' (2) trong Zy
Péy (a n’)=1 nén q' € U(Z ) _va phuong trinh (2) co nghiém duy nhat
X =a -1 b trong Zy . Dit o' \.b' = ¢ € Zy thi phuong trinh (1) ¢ diing
d nghzem trong Zn 1a ¥ =c+,/n' (0<j<d-1).

£0 :

Sl

=n'.

=

Vidu:

a)Trong Zg : Phuong trinh 18.¥ = 47 < 0.X =5 # 0 vO nghiém.

b) Trong Z- : Phuong trinh 35.¥ = -56 <> 0.x =0 ¢6 7 nghiém (x tuyy € Z )

¢) Trong Zo: Phuongtrinh 22.¥ = -13 < 4.x =5 =4 .5=7.5=35=38.

d) Trong Zs : Phuong trinh 12.x =14 ¢6 12 ¢ U(Zyg) ,d = (12, 18) =6 khong chia
hét 14 va 18 =3(6). Tacod 12.x =14 = 3.12.% =§ 14 = (_).)?=_2=8¢(_)‘

phuong trinh v6 nghiém.
e) Phuong trinh 33.x = 45 (trong Zs7) (1) c6 33 ¢ U(Zs;) do (33, ,57)=3.Do 345,
33=11(3) va 45=15(3) nén (1) twong ung voi phuong trinh 11. X =15 (trong
Z19) (2) Do 7(11) 4(19)—1 nén 11 € UZyp) va 117" =7. Phuong trinh (2) cho
X =11""15= 7.15 =105 = 10 ( trong Zis). Suy ra (1) c6 dung 3 nghiém trong
Zs; la x= 10 X=10+19 =29 vd x= 10+2(19) = 48.
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