GV LE VAN HQP

CHUONG V
TAP HQOP SO NGUYEN Z

I. SU CHIA HET:

1.1/ PINH NGHIA: Cho a,b € Z.
a) Tanoi a|b (a 1d mét wéc sé cua b hay a chia hét b)néu 3k € Z, b = ka.
Luc d6 ta clingnéila b a (b 1a mdt bgi s6 cia a hay b chia hét cho a).
b) Suy ra: a khéng chia hét b (hay b khéng chia hét cho a) néu
Vk € Z,b # ka.

Vidu:

a) 12 | (—48) [ hay (—48):12] vi 3(—4) € Z, (—48) = (-4)12.

b) 17 khong chia hét 65 (vi Vk € Z,65> 17|k | néu |k|<3 va 65<17/k| néu
|k |>4,nghiala Vk € Z, 65 #17k).

1.2/ TINH CHAT: Cho a,b,c,d € Z. Dat Z* =27\ {0 }. Khi d6
a)a=t1 < VkeZ, alk b)a=0 < a chicd hifu han uéc so.
c)a=0 & VkeZ, kjla < a cb vé han wéc s6.
a0 < JkeZ, kla < a cochico hiuhan wéce so.
dalb < (-a)|b & af(-b) & (-a)[(-b)
e)Neéu a|b thi (b=0 hay 0<|a|<|b]).
fi)(al]b vabla) & a=xb < |a|=|b|
g)(alb,bla vaab>0) < a=b
h)Néu (a|b va b|c) thi a|c.
)Néu (a|b va a|c) thi [a|(b+c) va a|bc].
j)Néu (a|b va c|d) thi ac|bd
k)a|b < VkeZ, alkb < VkeZ, ka|kb <
< VkelZ* alkb < VkeZ* kalkb < JkeZ* ka|kb
Viéc chimg minh céc tinh chét trén 1a cac bai tip don gian vé s6 nguyén.

1.3/ THUAT CHIA EUCLIDE: a,be Z va b=0.
Khldocoduynhat q.re€ Z thoa a=qgb+r va 0<r<[b|.
Tandi a 13 s6 bi chia, b 14 56 chia, q 13 s6 thiwong va r 13 56 dur.
Taky hiéu q=adivb, r=amodb va a=r (mod b).

Vidu: 140=9(15)+5 v6i 0<5<|15|=15
~140 = -10(15) + 10 v6i 0<10<|15|=15
140 = —9(-15)+5 v6i 0<5<|-15|=15
~140 = 10(-15)+ 10 v6i 0<10<|-15|=15
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II. UOC SO CHUNG DUONG LON NHAT:

2.1/ DINH NGHIA: Cho a,b € Z*.
Xét S={ceZ/c|a va c|b}=Tap hop cdc wéc s chung cia a va b.
Taco SzJ(vi 1 eS)va Vce S,|c|<min{]|al,|b]}.
Pit d =max(S) va goi d 13 wdc sé chung dwong Iom nhdt cia a va b.
Ky hiéu d=(a,b)=(b,a). Taco 1 <d<min {|a|,|b]}.

Vidu: Cho a=-36 va b=48.
Xét S={ceZ/c|(-36) vacl|48}={x1,£2,+3,+4,+6,+12}.
bat d =max(S)=12 thi d =(-36, 12) = (12, -36).

2.2/ MENH DPE: Cho a,b e Z* va d e N*=N\ {0}. Khi d6
d=(a,b) & [(d]a),(d|b) va VkeZ,(k|a va k[b) = k|d]
(d 1a mot woc s6 chung ciia a va b) va (d 1a boi cua moi woc chung cua a va b)

Vidu: Cho a=75,b=100 va S={ceZ/c|75 va c|100}={+1,£5 £25}.
Tacod d=(75,100)=25 vi 25 € SNAN* va k|25 Vk e S.

2.3/ MENH DE: Cho a,b € Z* va d € N*.Khi d6
d=(a,b) & [(,d |a),(d|b) va dr,s e Z,d=ra+s‘p (r, s khong duy nhat) ]
(d 1a mot woc so6 chung cua a va b) va (d 1a mot t6 hop nguyén cuia a va b).

Vidu:

a) (12, -32)=4 vi 4]12,4|(-32) va 3(=5), (-2) € Z, 4 = (=5)12 + (=2)(-32).
Ta ciing thiy 33, 1€ Z, 4 =3(12) + 1(-32).

b)(9,20)=1 vi 1]9,1]20 va 39, (—4) € Z, 1=(9)9 + (—4)20.

2.4/ TINH CHAT: Cho a, b, A € Z*. Khi do
a) (aa b) = (_aa b) = (as _b) = (_aa _b) va (7\’39 xb) = | A | (aa b)
b)Néu a|b thi (a,b)=|a| Dacbiét (+a, +a)=|al.

Vidu:

a) (36, 48) = (=36, 48) = (36, —48) = (-36, —48) = 12.

b) (-7 x 36,-7x48)=|-71(36,48)=T7x 12 = &4.

c) (-15,90)=|-15|=15 vi (-15)]90. Bac bi¢t (+ 57, £57)=|£57 |=57.

2.5/ BOPE: Cho a,b e Z* théoa |a|>|b]|va b khong chia hét a.
(;hia Eucide a=qgb+r v61 0<r<|b|. Khido (a, b)=(b,1).
Y nghia : Tim (b, r) thay cho (a,b) véithuanlgila r<|b|<]|a|.

Vi du: Chia Euclide lién tiép : 432 = 5(76) + 52, 76 = 1(52) + 24, 52 = 2(24) + 4

va 24 =6(4). Tu cac phép chia Euclide trén, ta suy ra
(432,76) = (76, 52)=(52,24)=(24,4)=4.
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2.6/ THUAT TOAN TiM UOC SO CHUNG DUONG LON NHAT VA BIEU
DIEN TO HQOP NGUYEN:
a)Van dé : Cho a,b e Z* thoa |a|>|b]|
Tim d=(a,b) va tim r,s € Z thoéa d =ra + sb.
b) Chia Euclide lién tiép (sd bi chia va sb chia & budc sau lan luot 13 s6 chia va
sb6 du & budc trudce) :
a=qb+r,(0<r,<|b]|) [1]
b = qi1 Yo +I‘1(O<I‘1<|I‘O|:I‘O) [2]
o= Qo T (0<np<|r|=1) [3]
1 =qqntn(0<n<|n|=r) [4]

Iho4 = Qno2Tn-3 T 2(0<1, 2 <[ry_3[=ry-3) [n—1]
-3 = Qn-1Th-2 T -1 (0<r,_y <|ry_2|=Tn-2) [n]

Th-2 = (quln_1+ 0 (phép chia dung khi s6 du bﬁng 0)[n+1].

Tur cac dang thie [1], [2], [3], ..., [n], [n + 1] va theo (2.5), ta co

d= (a, b)q: (b, ro) = (ro ’ 1'1) :(rl ’ 1'2) = .= (rn—39 I.1‘1—2)q: (rn~—2a I.1‘1—1’) =Ih-1.

Twr cac dang thuc [n], [n—1], ..., [3], [2] va [1], ta bi€u dién céc sb du

d:rn—lzrn—S_qn—lrn—2 :rn—3_qn—l(rn—4_qn—2rn—3):
z_qn—lrn—4+(1 +qn—1 qn—2) Ih-3 = ...,

d lan luot duoc biéu dién 14 to hop nguyén ctia {r,_,, ry_3 }, cua
{th-3,Th-4},...,c0a {1],1,},cia {ro,b} vasauhétlacua {b,a}.

Vidu: Tim d=(-952,525) va tim r,s € Z thoa d =r(-952) + s(525).
Chia Euclide lién tiép : =952 = —2(525) + 98 [1], 525=75(98)+35 [2],
98 =2(35)+28 [3], 35=1(28)+7 [4] va 28=4(7)+0 [5].
Tu [1],[2], [3], [4] va [5],tacod
d=(-952, 525) = (525, 98) = (98, 35) = (35, 28) = (28, 7) = 7.
T [4], [3], [2] va [1], ta biéu dién cac sb du
d=7=35-28=35-[98-235)]=-98+3(35)= —98 +3[ 525 -5(98)]
=3(525) — 16(98) = 3(525) — 16 [-952 + 2(525) | = (—16)(—952) —29(525)
Vay d=7= 1r(-952) +s(525) voi r=—-16 va s=-29.

IIL. BOI SO CHUNG DUONG NHO NHAT:

3.1/ DINH NGHIA: Cho a,b € Z* va
={ceN*/ciavac:bl=Taphop cdc bdiso chung dwong cia a va b.
Taco T (vi |ab|eT) va VceT, c2max {|al,|b]|}.
Dit e=min(T) va goi e 13 bdi s6 chung dwong nhé nhdt cia a va b.
Ky hiéu e=[a,b]=[b,al. Tacdé max {|a| |b|} <e<|ab].

Vidu: Cho a=-36=-2%3%va b=48=2"3",
Xét T={ceN¥/c:(-36) va c:48}={2%3%t|te N*},
Dit e =min(S) =2"3% =144 (ang v6i t=1) thi e =[-36, 12]=[12, -36] .
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3.2/ MENH DE: Cho a,b € Z* vi e € N* Khi d6
e=[a,b] < [(eia),(e:b)va VkeZ (kiavakib) = kie]
(e la mot boi so chung cua a va b) va (e 1a woc cua moi boi chung cia a va b)

Vidu: Cho a=75=3.5%b=100=2°5" va
L={ceZ/c:75vacil00}={2°3.5t|teZ*}={300t|te Z*}.
Tacé e=[75,100]=300 vi 300 e L " N* va 300 |k Vk e L.

3.3/ MENH DPE: Cho a,b € Z* va e € N*. Khi d6 ]

e=[a,b]<[(c:a)(c:b) vaIuveZ L =%+ (u, v khong duy nhdp ]
e a

(e 12 mdt béi s6 chung ctia a va b) va (l 14 mét té6 hop nguyén cua LI %).
e a

Vidu:
[12,-32]=96 vi 96 : 12,96 : (=32) va 3(-1),(-3) € Z, % - 1‘_21+_‘_332 .
Taciing thdy 32,5 € Z, — = 24>

96 12 =32

3.4/ TINH CHAT: Cho a, b, A € Z*. Khi d6
a) [a, b] = [-a, b] = [a, -b] = [-a, —b] va [Aa, Ab] =|A |[a, b].
b)Néu a|b thi [a,b]=|b|. Dicbiét [+a,+a]=|a|.

Vidu:

a) [36, 48] = [-36, 48] =[36, —48] = [-36, —48] = 144.

b) [-7 x 36,-7 x 48] = | =7 | [36, 48] =7 x 144 = 1008.
c)[15,-90]=|-90|=90 vi 15| (- 90). Dac bi¢t [£57, £57]=|x57|=5T7.

3.5/ PINHLY: Cho a,b e Z* v6i d=(a, b) va e=[a, b]. Khi d6
a)de=|ab|.Suyra e =%.

b) Chon r,s € Z thoa d =ra+ sb thi 1_d _ratsb_u v trong do
e |ab | | ab | a b

u=s va v=r(néu ab>0) hoic u=—s va v=—r(néu ab<0).

Vidu:a=-952 va b=525 ¢6 d=(a,b)=7 nén e=[a,b]=07b|=71.400.

Honntta do ab<0 va d=ra+sb vdi r=-16 va s=-29 nén
Lo Y yoiu=—-5=29 va v=-r=16.Viy 1-2,16
I a b I a b

IV. SUNGUYEN TO CUNG NHAU:

4.1/ DPINH NGHIA: Cho a,b € Z*.
a) Tanoi a va b 1a hai sd nguyén 16 cing nhau néu a va b chi co hai udc
sd chung 1a + 1, nghia la (a,b)=1.
b)Suyra a va b 1a hai sb khdng nguyén t6 cing nhau néu (a, b) > 2.
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Vidu: Do (-25,42)=1 nén —25 va 42 1a hai s6 nguyén t6 cing nhau.
Do (84,56)=28>2 nén 84 va 56 la hai s6 khong nguyén t6 cung nhau.

4.2/ MENH PE: Cho a,b e Z*. Khi d6
(a,b)=1 < dr,s € Z théa 1= ra+sb

Vidu: Taco 5(17) + (- 12)7 =1 nén ta thdy co 16 cidp sbé nguyén té ciing nhau 1a
(5, £12) = (£5,£7)= (%17, +£12) = (£17,£7)=1

4.3/ MENH DE: Cho a, b, c € Z*.
a) Néu (a,b)=1=(a,c) thi (a,bc)=1.
b)Néu [a|bc va (a,b)=11] thi a|c.
¢c)Néu [a]c,b|c va (a,b)=1] thi ab|ec.

Vidu:

a) (12,25)=1=(12,-47) nén (12,25 x[-47])=1.

b)19| (76 x 31) va (19,31)=1 nén 19 |76.

c)9 11188, —22]1188 va (9,-22)=1 nén 9(-22)|1188.

4.4/ DANG TOI GIAN CUA MOT SO HU'U Ti :
Cho a,b e Z* va % e Q*=Q\{0}.Dit d=(a,b) va viét a=da’,b=db’.

Taco &=L =% ysi a,b)=(-a,-b)=1.
TS (@, ) =( )
Ta noi Z c6 hai dang t6i gian (khong gian wdc dugce) 1a % va %.

Vidu: a=-160 va b=150.Tacé d=(a,b)=10,a=—-16d va b=15d.
Suyra £ = 16 _ ~16 , nghia 1a £ ¢6 hai dang ti gian la 16 vy D10y
b -15 15 b -15 15

(16, — 15) = (- 16, 15) = 1.

V. SU PHAN TiCH NGUYEN TO:

5.1/ SO NGUYEN TO : Cho peZva |p| =2 (nghia la O#p#= 1).
a) Tanoi p 1a mét s6 nguyén to néu p chico haiuée sd duongla 1 va |p|
(nghiala p chicd 4 wocsdla £1 va +p).
b) Suy ra q 1a mot sd khéng nguyén t6 (con goi 1a hop s6) néu q c6 hon hai
woc s6 duong.

Vidu:
Cac sd nguyén td dau tiénla +2,+3,+5,+7,£11,+13,+17, £19,+23,+29, ...
+28 1a mot hop s6 vi +28 ¢ hon hai uéc sb duong 1a 1,2, 4, ..
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5.2/ MENH BPE: Cho p € Z va |p | > 2. Céac phat biéu sau 1a twong dwong :
a)p nguyén to. b) Vk € Z*, p[k = (p,k)=1.
c) Vk € Z*, (pk)¢1:>p| d)Va,be Z*,p|ab = (p|a hay p|b)
e) Va,b € Z*,(pla va p|b) = p|ab

Vi du: 83 14 s6 nguyén tb, 83724 va 83]615 nén (83, 724) =1 va 83(724).(615).

5.3/ PINH LY PHAN TICH NGUYEN TO: Cho k € Z va |k |>2.
Khi d6 k dugc phan tich mot cach duy nhéat dudi dang k =+ pi p2..p7 (¥)

trong d6 p; <p;<..<pm 12 cac sb nguyéntd >0 va ry, ra, ..., Im € N*.
(*) goi la su phan tich nguyén to cua k.

Vidu: 178.200 =2°3*5%11" va —-102.375 = -325°7'13! |

5.4/ MENH PE: Cho a,b e Z\ {0, + 1}.
Phan tich nguyén td a=+p/p?..p» va b=x¢"¢>..q".Khido

(@,b)=1 < {pLP2m->PmtN{q1Lq . qn} =D

Vidu: Taco (+£2°5'11°19%29°, +3°7'°13%17723'31%) =1 vi
{2,5,11,19,29 } 1 {3,7,13,17,23,31 } =&

5.5/ AP DUNG: Cho a,b € Z\ {0, £ 1}. Taco thé tim d =(a, b), e=[a, b] va
dang tdi gian ctia phan s6 % dua theo sy phan tich nguyén t6 cia a va b.

Phan tich nguyén t6 mot cach * thda hiép ” gitta a va b nhu sau:
a=xpipr.p va b==xp’py..p» trong d6 p;<p2<..<pm lacac sd
nguyén to >0 va 1y, Sy, 12, 82, ... , 'm, Sm € N sao cho r;+ s> 1 (1 <i<m).

bat u; = min{r, s;} va v;i=max{r, s;} (1 <i<m). Khido

d=(a,b)= p/"py.p», e=[a,b] = p'pr..p vadang t6i gian cua % la
a_ sgn(a)p” pS Pl gy 4= Tsen@p pS L

b sgn(®)p) " py oy b —sgn(b)p! " py " ..op ™

trong do sgn(a) va sgn(b) la dau cua a va b.

Vidu: a=2°3"7"13%17" va b=-2°5*771117"19" c6 dang phén tich nguyén t&
mot cach “ thoa hiép ” 1a
a=23°5°7"11°13%17°19" va b=-2%°5*7211°1317"19' . Ta suy ra
d=(a, b)=2"35"711°13°17°19" = 2371 7°,
e =[a, b] =2%3°5?711°13*17°19" .
Lo e @ 4 3%7713? -3°7%13
Dang to1 gian cua 4 la —2°5°11°17°19' hay 2’51 P17°19"
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