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Chwong 1. BAl TOAN DEM
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Nguyén ly cdng va nguyén ly nhan
Cac cau hinh t6 hop co ban
Nguyén ly bu trw

Cong thure dé qui

Ham sinh




1. Nguyén ly cong va Nguyén ly nhan

® Pay la hai nguyén ly co ban cua td hop,
dwoc van dung rong rai vao viéc giai
quyét cac bai toan dém

® Con goi la Qui tac cdng va Qui tac nhan

(Sum Rule va Product Rule)

\_




a 1.1. Nguyén Iy cdng
(The sum rule)

® Néu A va B la hai tdp hop roi nhau thi
N(A UB) = N(A) + N(B).

® Nguyén ly cong dgc mé rong cho nhiéu tap con roi nhau:

NéuA,, A,, ..., Ayla mot phdn hoach cua tdp hop X thi

NX) = N(A) + N(Ay) + ... + N(AY.

® Mot trong hop riéng hay dung cua nguyén 1y cong:

Néu A la mot tinh chdt cho trén tdp X thi

N(A) = NX) - N(Ao).

\ N(A) =N(X)- N(A)
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Nguyén ly cong: Vi du

® Vi du 1. M6t doan van dong vién gdm 2 mén ban siing va
boi dugc cur di thi dau ¢ nudc ngoai. Nam c6 10 ngudi. SO
van dong vién thi ban stng (ké ca nam va nit) 1a 14. SO nit
van dong vién thi boi bang s6 nam van ddng vién thi ban
sung. Hoi toan doan ¢6 bao nhiéu nguoi?

® Giai: Chia doan thanh 2 16p: nam va nir. Lép nit lai duoc
chia 2: thi ban sung va thi boi. Thay s6 nir thi boi bang s6
nam thi ban sung (2 s6 nay bang nhau theo dau bai), ta
duoc so nit bang tong s6 dau thu thi ban sung. T d6, theo
nguyén ly cong, toan doan c6 10 + 14 = 24 nguoi.

\_ /
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Nguyén ly cong: Vi du

® Vi du 2. Trong mot dot pho bién dé tai tot nghiép, Ban chil
nhiém Khoa cong bo danh sach cac dé tai bao gom 80 de
tai vé chu dé "xay dung hé thong tin quan 1y", 10 dé tai ve
chu dé "thiét ké phan mém day hoc" va 10 dé tai vé chu dé
"H¢ chuyén gia". Ho1 mot sinh vién c¢6 bao nhiéu kha nang
lya chon dé tai?

® Giai: Sinh vién c6 thé lya chon dé tai theo chui dé thr nhat
bo1 80 cach, theo chu dé thi hai bo1 10 cach, theo chu dé
thir ba bo1 10 cach. Vay tat ca co 100 cach lwa chon.

\_ /
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Nguyén ly cong: Vi du

® Vi du 3. Hoi rang gia tri cua k s€ 1a bao nhiéu sau khi doan ch
ong trinh PASCAL sau doc thuc hién?

nl:=10; n2:=20; n3:=30;

k:=0;

for il:= 1 to nl do k:=k+1;
for i2:= 1 to n2 do k:=k+1;
for 1i3:= 1 to n3 do k:=k+1;

® Giai: Dau tién gia tri cia k doc gan bang 0. C6 3 vong lap for
doc 1ap. Sau moi 1an lap cua moéi mot trong 3 vong for, gia tri
cua k tang 1én 1. Vong for thi nhat lap 10 1an, vong for thi hai
lap 20 lan, vong for thit ba lap 30 lan. Vay, két thic 3 vong lap
for gia tri cua k sé& 1a 10+20+30= 60. /

Toan roi rac 8



Nguyén ly cong: Vi du

~

Vi du 4: C6 bao nhiéu xau gom 4 chir so thap phan co
ding 3 ky tu 1a 9?
Giai: Xau c6 thé chura:

Ky tu khac 9 ¢ vi tri thir nhat
hoac ky tu khac 9 ¢ vi1 tri thir hai
hoac ky tu khac 9 ¢ vi tri thir ba
hoac ky tu khac 9 ¢ vi tri thi tu

Ta c6 thé sir dung qui tic cong

Poi véi mdi truong h()’p, c0 9 kha nang chon ky tu
khac v6i 9 (bat ké chir s6 khac 9 nao trong 9 chit s6
.»8)

Véty, dép sO 12 9+9+9+9 = 36

/
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/ 1.2. Nguyén ly nhan \

The product rule

® Néu moi thanh phdn a; ciia bo co thit tu k thanh phdn
(a,, a,, ..., ay) co n; kha ndang chon (i = 1, 2, ..., k), thi
sO bo sé doc tao ra la tich sO cua cdc khd ndng nay
nn, ... .

® Mot hé qua truc ti€p cua nguyén ly nhan:
NA, XA, X ... X A) = NA) NA,) ... N(AY,
VO1 Ay, A,, ..., Ay 1a nhitng tap hop nao do, no1 riéng:
N(AY) = [NA)J.

\_ /
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/ 1.2. Nguyén ly nhan \

The product rule

® Trong nhi€u bai toan dém, chi sau khi xay dung xong thanh
phan thit nhat ta mdéi bi€t cach xay dung thanh phan thir hai,
sau khi xay dung xong hai thanh phan dau ta méi bi€t cach xay
dung thanh phan thi ba,... Trong trong hop do c6 thé st dung
nguyén ly nhdn tong qudt:

® Gia strta xay dung bo c6 thi tu k thanh phan (a,, a,, ..., a;) theo
timg thanh phan va

a; c6 thé chon bdi n, cich;

Sau khi a, da chon, a, c6 thé chon béi n, cich;

Sau khi a,, a,...,a;.; da chon, a; c6 thé chon bodi n, cach;

\ ® Thé thi s6 bo doc tao ra la tich s6 nn, ... n,. /

Toan roi rac 11
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Nguyén Iy nhan: Vi du N\

\_

® Vidu 1. Tt Ha noi dén Hué c6 3 cach di: may bay, 0 t0,
tau hoa. Tir Hu€ dén Sai gon cé 4 cach di: may bay, 0 to,
tau hoa, tau thuy. Hoi tir Ha n6i dén Sai gon (qua Hu€) c6
bao nhiéu cach di?

® Gidi: MOoi cach di tr Ha ndi dén Sai gon (qua Hué) doc
xem gom 2 chang: Ha noi - Hué€ va Hu€ - Sai gon. Tur do,
theo nguyén ly nhan, s6 cich di tir Ha ndi dén Sai gon la 3
X 4 =12 cach.

Ha o <>4ue© > gbn/
2
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Nguyén Iy nhan: Vi du N\

® Vi du 2. Hoi rang gia tri ciia k sé& 1a bao nhiéu sau khi doan ch

ong trinh PASCAL sau doc thuc hién?

nl:=10; n2:=20; n3:=30;
k:=0;
for il:=1 to nl do
for i2:=1 to n2 do
for 13:=1 to n3 do k:=k+1;

Giai: Dau tién gia tri cta k doc gan bang 0. C6 3 vong lap for
16ng nhau. Sau moi 1an lap cua vong for, gia tri cua k tang 1én 1.
Vong for thit nhat 1ap 10 lan, vong for thit hai Iap 20 lan, vong
for thit ba lap 30 lan. Vay, theo nguyén ly nhan, két thiic 3 vong
lap for 16ng nhau, gia tri ctia k s€ 1a 10 X 20 X 30 = 6000. /
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/ Nguyén ly nhan: Vi du \

® Vidu 3: Héi ¢6 bao nhi€u la co gom 3 vach mau, mau cia moi vach
lay tir ba mau xanh, do, trang sao cho:

a) Khong c6 hai vach lién tiép nao cing mau

b) Khong c6 hai vach nao cung mau
® Giai. Panh sb cac vach cua la co boi 1, 2, 3 tir trén xudng.
Truong hop a)
® Mau cua vach 1 ¢6 3 cach chon.

® Sau khi mau cua vach 1 da chon, mau cua vach 2 c6 2 cach chon
(khong dugc chon lai mau cua vach 1).

® Sau khi mau cua hai vach 1, 2 da chon, mau cua vach 3 c¢6 2 cach
chon (khong dugc chon lai mau cua vach 2).

\ ® Theo nguyén ly nhan s6 14 cd can dém trong trudong hop a) 1a 3.2.2212/

Toan roi rac 14
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Nguyén Iy nhan: Vi du 3 (tiép) N\

Truong hop b):
® Mau cua vach 1 ¢6 3 cach chon.

® Sau khi mau cua vach 1 da chon, mau cua vach 2 co
2 cach chon (khong dugc chon lai mau cua vach 1).

® Sau khi mau cua hai vach 1, 2 da chon, mau cua
vach 3 c6 1 cach chon (khdong dugc chon lai mau
cua vach 1 va 2).

® Theo nguyén 1y nhan so 14 c¢o can dém trong truong

hop b) 12 3.2.1=6

Toan roi rac 15
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Nguyén ly nhan: Vi du

Vi du 4. C6 bao nhiéu xau gom 4 chir so thap phan
a) khéng chira mot chiv sé6 nao hai lan?
i@ Chung ta s€ chon chir s6 vao lan luot tung vi tri
e Ky tu thtt nhat c¢6 10 cach chon
e Ky tu tht hai ¢ 9 cach (khoéng chon lai chir s6 da chon vao vi
tri thir nhat)
e Ky tu thtr ba cé 8 cach chon
e Ky tu thtr tw c6 7 cach chon
@ Tong cong cd 10¥9*8*7 = 5040 xau can dém.
b) két thiic béi chir s6 chin?
Q) Baky tu dau tién mdi ky tu ¢6 10 cach chon
Q@ Ky tu cudi cing c6 5 cach chon

\ @ Tbng cong c6 10%10%10%5 = 5000 xau cin dém. /

Toan r&i rac 16
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Cac vi du phtrc tap hon

~

\_

Khi nao str dung qui tac cong?

Khi nao str dung qui tac nhan?

Ta c6 thé st dung phdi hop ca qui tac cong va qui

tac nhan

Bing cach d6 ta co thé giai dugc nhiéu bai toan
thu vi va phuc tap hon

/

Toan r&i rac
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Chup anh dam cwéi

\_

Xét bai toan: Co 10 nguo1 tham gia vao viéc chup anh ky niém ¢

mot dam cudi, trong d6 c¢6 ¢6 dau va cha ré. Ta xét birc anh
chi gobm 6 nguo1 trong ho.

a) Co6 bao nhiéu birc anh trong do6 ¢6 mat co6 dau?

Qui tac nhan: Xép chd cho cd dau VA sau d6 xép chd cho nhitng nhan vat
con lai trong burc anh.

Trude hét xép chd cho ¢6 dau: Co dau co thé dung o 1 trong 6 vi tri

Tiép dén, xép 5 nhan vat con lai ciia birc anh nho st dung qui tac nhan: C6
9 nguoi dé chon nhan vat tha hai, 8 nguoi dé chon nhan vat thi ba, ...
Tong cong co 9*8*7*6*5 = 15120 cach xép 5 nhan vat con lai cla
blrc anh.

Qui tic nhan cho ta 6 * 15120 = 90 720 birc anh /

Toan roi rac 18
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Chup anh dam cwéi

b) Cé thé chup bao nhiéu birc Anh ma trong dé c6 mat ca c6 dau lan chu re?

¢  Qui tic nhan: Xép dau/ré VA sau d6 xép nhitng nhan vat con lai trong b
anh

@  Trudc hét xép dau va ré
Co dau c6 thé xép vao 1 trong 6 vi tri
Chu ré c6 thé Xép vao 1 trong 5 vi tri con lai
Tong cong c6 30 kha niang

@  Tiép theo, xép chd cho 4 nhan vat con lai trong btrc anh theo qui tic nhan
Cd6 8 nguoi dé chon nhén vt tht ba, 7 nguoi dé chon nhan vt tht tu, ...
Tong cong cod 8*7*6*5 = 1680

@  Theo qui tic nhan c¢6 30 * 1680 = 50 400 btrc anh

\_ /
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Chup anh dam cwéi

¢) Co6 bao nhiéu birc anh ma trong do ¢6 mat chi mot nguoi trong cap tan
hon?

o  Qui tic cong: Chi xép co dau
Qui tac nhan: xép co6 dau va sau d6 xép cac nhan vat con lai
Trudc hét xép o6 dau: Co dau co thé dimg & mot trong 6 vi tri
Tiép dén, xép nhitng nhan vat khac theo qui tic nhan: C6 8 nguoi dé chon
nhan vat thir hai, 7 dé chon nhan vat thir ba, v.v. (Ta khong dugc chon
chu ré!)
Q@ Tong cong = 8*¥7*6*5%4 = 6720
Qui tac nhan cho 6 * 6720 = 40 320 kha ning

®  hodc chi xép chu ré

S6 luong kha ning cling giong nhu c6 dau: 40 320
K Qui tic cong cho 40 320 + 40 320 = 80 640 khd nang /

Toan roi rac 20
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Chup anh dam cwéi

~

Mot cach khac dé thu dugc 101 giai cau c)

trong cap tan hon?

¢) Co bao nhiéu birc anh ma trong do c6 mat chi mot nguwoi

Tong so burc anh trong do ¢6 ¢6 dau (co6 hoac khong co

cht ré): 90 720
Theo két qua phan (a)

Tong s6 btrc anh ¢6 mit ca dau 1an ré: 50 400
Theo két qua phan (b)

S6 birc anh chi c6 mit co dau: 90 720 — 50 400 = 40 320

D6 ciing 1a s6 buc anh chi ¢6 mit cha ré
Tong cong = 40 320 + 40 320 = 80 640

/

Toan r&i rac
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So6 lwong Mat khau

MJdi ca nhan st dung mang may tinh déu cé mat
khau gom tir 6 dén 8 ky tu, moi ky tu 1a chir cai in
hoa hodc chit s6. Mat khau phai chua it nhat mot

chit 6. C6 bao nhiéu méat khau khac nhau?

® Theo qui tic cOng, néu P 1a s6 luong mat khau va
P, P;, Pg 1a s6 lwong mat khau do dai 6, 7, va 8,

twong tng, thi

k P= P6+P7+P8 /

Toan roi rac 22
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So6 lwong Mat khau

~

\_

P = sO luong mat khau gom 6 ky tu chira it
nhat mot chit s6

= (tong s6 mat khau gdom 6 ky tu) trir bt (s6
mat khau gom 6 ky tu khong chtra chit s0)

= (26+10)(26+10)(26+10)(26+10)(26+10) —
(26)(26)(26)(26)(26)(26) = 366— 269

=1 867 866 560

/
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So6 lwong Mat khau

~

Tuwong tu nhu vay, ta co
P,=367—-267="70 332 353 920

Py =368 —-268=2 612 282 842 880
Ps+ P;+ Py =2 684 483 063 360

Chu y: Néu may tinh 2 GHz c¢6 thé tha 200 triéu mat khau
trong mot gidy, thi trong thoi gian bao nhiéu lau c6 thé xac
dinh duoc mat khau dé tham nhap hé thong may tinh nay?

(2 684 483 063 360/200 000 000)/(60*60) gio

k Gan 4 tiéng dong ho! /

Toan roi rac 24
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2. Cac cau hinh t6 hop co’ ban

® (Céac cau hinh t6 hop co ban 1a:

Chinh hop lap,

Chinh hop khong lap,
Hoan vi,

Té hop

® Phép dém céc cau hinh to hop co ban duogc st dung dé
g1a1 cac bai toan dém phtrc tap hon

® Gia sir X 1a tdp » phan tr, ma khong giam tong quat ta co

\ thé coi X 1a tap gém cacsb 1,2, ... n. /

Toan roi rac 26
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Chinh hop lap

Pinh nghia. Ta goi chinh hop Idp chdp m tir n phan tir cua
X 12 b6 c6 thir tu gdm m thanh phan, moéi thanh phan déu la
phan tir cua X.

Ky hiéu s6 lugng chinh hop 1ap chip m tir n phan tir [a A4,
Theo dinh nghia, mot chinh hop 1ap chap m tu n ph?m tu
clia X co thé bicu dién bai

(a, as, ....,a,),a,€X,i=1,2, .., m.

Dé thay tap tat ca cac chinh hop lip chap m tir n phan ti
cua X chinh la X». Vi vay, theo nguyén 1y nhan ta co

Pinh 1y 1. 4, = nm. /

Toan roi rac 27
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Chinh hop lap

Vidu 1. Tinh s6 anh xa tr tap m phan t U = {uy, u,, ..., u,,} vao
tap n phan tar V.

Giai: Moi anh xa f can dém doc xac dinh bai bo anh ((u,), f(u,),
..., flu,)), trong d6 f(u;) € V, i=1, 2, ..., m. Tt d6 nhan doc so can
tim la nm.

Vi du 2. Tinh s6 day nhi phan do dai n.

Giai: Mo6i day nhi phan d6 dai » 1a mot bd gobm n thanh phan,
trong d6 moi thanh phan chi nhan mot trong hai gia tri (1 hoac
0). Tt d6 suy ra s6 cac day nhi phan do dai n 1a 2~

Do moi tap con cla tap n phan tlr tong ing v4Gi mot vecto dac tr
ng la mdt xau nhi phan do dai n, nén ta c6

Hé qua: SO long tap con cutia tap n phan tir 1a 2~ /
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Chinh hop lap

~

® Vi du 3. Can phai phan bo 100 sinh vién vao 4 nhom thuc
tap ACCESS, FOXPRO, EXCEL, LOTUS. Mbi sinh vién
phai tham gia vao ding mot nhom va moi nhom co thé
nhan mot sO lugng khong han ché sinh vién

® Gidi: 4100 hay 1004?

® MBoi cach phan bo can tim c6 thé biéu dién boi bo co thi
tu gom 100 thanh phan (b, ..., b)) trong d6 b; € {A, F, E,

L} 1a nhom thyc tap cia sinh vién tht i. TUr d6 suy ra so
cach phan bd can dém la 4100,

Toan roi rac 29
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Chinh hop khong lap

Pinh nghia. Ta goi chinh hop khong lip chap m tir n phan tir
ctia X 12 bd c6 thtr tu gom m thanh phan, mdi thanh phan déu
1a phan tir cta X, cdc thanh phan khéac nhau tirg doi.
Ky hiéu s6 luong chinh hop khong ldp chap m tir n phan tir
la P,n. RO rang, dé ton tai chinh hop khong lap, thi m < n.
Theo dinh nghia, mot chinh hop khong lip chap m tir n phan
tlr cia X c6 thé bicu dién boi

(a, ary ..yay), a, €EX,i=1,2, ..,m, a, #a, i #J.
Viéc dém s6 lugng chinh hop khong 13p chap m tir n phan ti
c6 thé thyuc hién theo nguyén 1y nhan. Ta ¢6

'
Pinh1ly 2. P" =n(n-1)..(n- m+1) = i /

(n-m)!
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Chinh hop khong lap

Vidu 1. Tinh s6 don anh tir tip m phan ta U = {u,, u,, ..., u,,} vao tap n
phanta V.

Giai: Moi don 4nh f can dém doc xac dinh boi bd anh (f(u,), fu,), ...,
fu,)), trong do f(u;) € V, i=1, 2, ..., m, {lu;) # fu;), i# j. Tu d6 nhan doc
sO can tim 1a n(n-1)...(n-m+1).

Vi du 2. C6 bao nhiéu cach xép 4 hoc sinh vao ngdi sau mot cai ban co
10 chd ngdi véi diéu kién khong dugce phép ngoi long.

Giai. Panh so cac hoc sinh tir 1 dén 4, cac chd ngoi tir 1 dén 10. Mdi
cach xép hoc sinh can dém co thé biéu dién bdi bd ¢o thu tu (g, 2, g,
g,), trong d6 g; € {1, 2, ..., 10} 1a chd ngdi cua hoc sinh i. T diéu kién
dau bai g, # g, i#j; do d6 mdi cach xép can dém 1a mot chinh hop khong
lap chap 4 tir 10. Vay so cach xép can dém 1a P, = 10.9.8.7 = 5040. /
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Chinh hop khong lap

® Cha y: Dé giai vi du 2 c6 thé lap luan truc tiép
theo nguyén 1y nhan:

® Ta lan lugt xép cac hoc sinh vao chd ngoi.
Hoc sinh thtr nhat c6 10 cach xép

Tiép dén hoc sinh thr hai c6 thé xép vao 1
trong 9 cho con lai, ...

® Theo nguyén 1y nhan c6 10.9.8.7 cach xép

/
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Hoan vi

Pinh nghia. Ta goi hoan vi tir n phan tir cia X 1a bo co thu
tu gom n thanh phan, mo1 thanh phan déu la phan tir cua X,
cac thanh phan khac nhau tung doi.

Ky hi¢u s6 lwong hoan vi tur n phﬁn trla P,
Tlleo dinh nghia, mot hoan vi tir #n phan tir cua X c6 thé bicu
dién bai
(a, ary ...,a,),a; €X,i=1,2,..,na;, #a, i #]J.
RO rang P, = P,». Vi vay, ta co
Pinh 1y 3. P, =P, =nX(n- 1) X..X2 X1 =n!

/
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Hoan vi

Vi du 1. 6 ngoi ding x&p thanh mot hang ngang dé chup
anh. Ho1i ¢6 thé bo tri bao nhiéu kiéu?

Giai: Mo6i ki€u anh 1a mot hoan vi cia 6 ngoi. Tir d6 nhan
dgc s6 kiéu anh c6 thé bo tri 1a 6! = 720.

Vi du 2. Can b6 tri viéc thuc hién »n chong trinh trén mot
may vi tinh. Hoi cé bao nhiéu cach?

Giai: Danh s6 cac chong trinh bdi 1, 2.,..., n. M6i cach bo
tri viéc thuc hién cdc chong trinh trén may c6 thé biéu
dién bdi mot hoan vi cua 1, 2, ..., n. Tir d6 suy ra s6 cach
bo tri can tim 1a n!

/

Toan roi rac 34



4 N

Hoan vi

® Vi du 3. C6 bao nhiéu song anh tir tAp » phan tir X vao
chinh n6? (Mo61 song anh nhu vay dugc goi 1a mot phep
the).

® Giai. Moi song anh f can dém doc xac dinh bdi bo anh
(f(uy), f(u,), ..., f(u,), trong do f(u,) € V, i=1, 2, ..., n,
fu) # fu), i #j. Tir d6 nhan doc so can tim 1a !

® Vi du 4. C6 bao nhiéu cach bo tri n tho thuc hién n viéc
sao cho mo1 thg thuc hién mot viéc va mo1 viec do dung

mot tho thuc hién

® Giai: n!

\_ /
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T6 hop

® Pinh nghia. Ta goi t6 hop chap m tir n phan tir cua X 1a bo khong
c6 thir ty gom m thanh phan, modi thanh phan déu 1a phan tir cua
X, cac thanh phd‘n khac nhau tung doi.

® Ky hiéu s6 lugng to hop chap m tir n phan tir 1a C,» (d6i khi ta sé
su dung ky hiéu C(n,m))

® Theo dinh nghia, mot to hop chiap m tir n phan tir ciia X co thé
biéu dién boi by khong cé thir tw

{a,, ayy ..yant,a, €X,i=1,2,...,m, a; #a, i #]J.

® Véi gia thiét X={1, 2,...,n}, mot to hop chap m tir n phan tir cia X

c6 thé biéu dién boi b cé thir tur

wh Ay, oo ), ; €EX,i=1,2,...,m 1 <a <a,<..<a,=<n. /
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T6 hop

~

\_

Xét tap hop tat ca cac chinh hop khong lap chap m cta n phan ti. Chia
ching thanh nhiing 16p sao cho hai chinh hgp thudc cung mét 16p chi
khac nhau vé thit tu. R0 rang cdc 16p nay 1la mot phan hoach trén tap dang
xét va moéi 16p nh thé 12 tong ting v6i mot t6 hop chap m cla n. S6 chinh
hop trong moi 16p 1a bang nhau va bang m! (s6 hodn vi). S6 céc 16p 1a
bang s6 t6 hop chap m cua n. Theo nguyén 1y cong, tich clia m! véGi s6
nay 1a bang s6 cac chinh hop khong liap chap m cua n, nghia la bang n(n-

1)...(n-m+1). T d6 nhan dgc s6 t6 hop chap m cuan 12

nn- Dn-2)..(n-m+1)
m!

hay

n!

m!(n- m)!

® Viéc dé€m cic t6 hop c6 khé khan hon so véi viée dém cédc cau hinh da
trinh bay, tuy nhién cach dém déi day cho biét cach van dung cac nguyén
1y cung véi cac két qua dém da biét trong viéc d€m mot cau hinh méi.

/
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T6 hop

® Dinh Iy 4.

!
Cr = " (con ky hiéu la C(n,m) hay ' )
m!(n- m)! &

® (C(n,m) duoc goi 1a hé s6 to hop.

® Khi nhan xét rang, gid tri ctia phép chia trong cong thirc
cua dinh 1y 4 12 mot s6 nguyén, ta nhan doc mot két qua ly
tha trong so6 hoc: Tich cua k s6 tw nhién lién tiép bao gio
ciing chia hét cho k!.

\_ /
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T6 hop

® Vi du 1. C6 n doi béng thi dau vong tron. Hoi phai to chiic
bao nhiéu tran dau?

® Giai: Ct 2 doi thi c6 mot tran. Tur d6 suy ra s6 tran dau sé
bang s6 cach chon 2 doi tir n doi, nghia 1a bang

C(n,2) =n(n-1)/2.

® Vi du 2. Hdi c6 bao nhiéu giao diém cla cdc dong chéo cua
mot da gidc 16i n (n = 4) dinh nam & trong da gidc, néu biét
rang khong c6 ba dong chéo nao dong quy tai diém & trong da
giac?

® Giai: Cut 4 dinh cua da gidc thi ¢6 mot giao di€ém cua hai dong
chéo nam trong da gidc. Tir d6 suy ra s6 giao diém can dém la

C(n4)=nn-1)(n-2)(n-3)/24.

\_ /
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Bai toan chia keo

~

\_

Gia su k va n la cac sO nguyén khong am. Hoi

phuong trinh sau day c¢6 bao nhiéu nghiem?
A N N R R 7

t, b, b, EZ,

Noi dung thuc té:

Can chia n cai keo cho kem be B,, B, ...,B,. H01 ¢0

bao nhiéu cach chia khac nhau?

/
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Bai toan chia keo

~

Can tha n qua bong giong nhau vao k& phong:
Rooml, Room2, ..., Roomk. Hdo1 c6 bao nhiéu
cach phan bo khac nhau?

Neéu goi ¢ la s6 lu:’o’ng‘ qua bong thE‘l vao Roomyj, j
=1, 2, ..., n; thi van dé dat ra dan vé bai toan: Ho1
phuong trinh sau day

t+i,+i,+---+1 =n

\ cO bao nhi€u nghiém nguyén khong am?

/
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Giai bai toan chia keo

~

D1

* Xeétday n+k-1 hop. To k-1 hop nao d6 bd1 mau xam,;
cac hop xam nay s¢€ 1a vach ngan: D1, D2, D(k-1).

* Vidu: vol1 n=16, k=6

D2 D3

D4

\c 0 O

D5

* Tha n qua bong vao n hop con lai, moi hop 1 qua.

oo c/
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Giai bai toan chia keo

* Viduy, vo1 n=16, k=6
oooflle oo oo eofle e eeofllee

* Tha cac qua bong truéc vach ngan D1 vao Room1, cac qua bong
gitra vach ngan D1 va D2 vao Room2, van van, va cudi cung cac
qua bong sau D(k-1) vao Room(k).

\Room1 Room?2 Room3 Room4 Room5 Roomy
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4 N

Giai bai toan chia keo

 Nhu vay, rd rang ton tai tuong tng 1-1 gilta mot cach phan bo
cac qua bong va mot cach chon k-1 hop trong s6 n+k-1 hdp
lam vach ngan.

e Do cb tat ca
Ck-l
n+k-1

cach chon 4-1 hop tir n+k-1 hdp, nén d6 cling chinh la s6 cach
phan bo n qua bong vao k phong, ciing chinh 1a s6 cach chia n
cai keo cho k£ em bé va ciing chinh 14 s6 nghiém nguyén khong
am cua phuong trinh:

\ to+t, ittt =n /
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4 N

Giai bai toan chia keo

* Bai toan chia keo 2. C6 bao nhiéu cach chia n cai keo cho &
em bé ma trong d6 mo1 em dugce it nhat mot cai? Hay tuong
duong: Ho1 phuong trinh sau day :

t+t,+..+t, =n.
cO bao nhiéu nghiém nguyén duong?

*  Trubc hét chia cho mdi em 1 cai keo, n-k céi keo con lai s&
duoc chia cho k em bé. Bai toan dan vé: Hoi ¢ bao nhiéu cach
chia n-k cai keo cho k em bé. Sir dung két qua bai trudc, ta co
dap s6 can tim la: C

\_ %
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Hé so to hop

® DGi day 1a mot vai tinh chat cta cac hé s6 to hop:

a) Doi xing
C(n,m)=C(n,n-m)
b) Diéu kién dau

Cn0)=1;, Chn)=1,n=>0
c) Cong thuc dé qui
Cnm)=C(n-1,m)+ C(n-1,m-1), n>m>0

® Piéu kién dau suy truc tiép tir dinh nghia ctia hé so to hop.
\ Cac tinh chat con lai ¢6 thé ching minh nho st dung céng/

thurc trong dinh 1y 4.
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T6 hop

® Tu b) vac), ta c6 thé tinh tat ca cac hé s6 to hop chi bing phép cong.
Cac hé s6 nay dugc tinh va viét 1an lugt theo timg dong (mdi dong tmg
vo1 mot gia tri n=0, 1, ...), trén moi dong chung duogc tinh va viét 1an
luot theo tirg cot (mdi cot ing voi mdt gia tri m = 0, 1, ..., n) theo
bang tam giac dudi day:

\ ® Bang nay doc goi la tam gidc Pascal. /
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T6 hop

® Tam giac Pascal, n=8

1 1
1 2
| 3 3
1 4 6
1 5 \10/ 10
1 6 15 20
1 7 21 35\ /%5
| 8 28 56 70
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4 N

T6 hop

® Cac hé sO to hop ¢6 lién quan chat ché véi viéc khai trién
luy thira cua mot nhi thac. That vay, trong tich
(x+y)r = (x+y) (x+y) . .. (x+y)
hé s6 cua xm y»m s€ 1a s6 cach chon m nhan tu (x + y) ma
tir d6 ta 1ay ra x va dong thoi trong n-m nhan tir con lai ta
lay ra y, nghia la

m

(x+y)' =Coy" +...+Crx"y" " " +..+Clx

n
. i ion-i
=D Cix'y
1=0

Cong thic trén doc goi 12 khai trién nhi thitc Newton va cac hé

\ s6 t0 hgp con doc goi 1a cac hé so nhi thiic. /
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T6 hop

Trong cong thic Niuton dat y=1 ta co:
1+x)' =Co+Chrx+..+CI¢x" " +Cx"
R4t nhiéu dang thic vé hé s6 t6 hop dgc suy tir (*). Chang han, trong
(*) chon x =1 ta doc:
Cn,0)+Cn1)+ ..+ C(n,n) =2n,
tiic 14 nhan doc két qua da biét: s6 cac tap con cia mot n-tap bang 2»,
con néu chon x = -1 ta doc:
C(n0)—Cn,1)+Cn,2) -..4+-1)C(n,n) =0,
tic 12 sO céc tap con chin (cd s6 phan tir 1a s6 chin) bang cac soO tap con
1é va bang 2n-1,

Nhiéu tinh chét clia hé s6 t6 hop ¢6 thé thu doc tir (*) bang cach 14y dao
ham hodc tich phan theo x hai vé€ clia dang thic nay mot s6 hitu han l4n,
sau d6 gan cho x nhitng gid tri cu thé. /
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Chwong 1. BAl TOAN PEM

1. Nguyén ly cOng va nguyén ly nhan
Cac cau hinh td hop co ban
Nguyén ly bu trw

Cong thire dé qui

Ham sinh

a > b




/ 3. Nguyeén ly bu trir \

(The inclusion-exclusion principle)

3.1. Phét biéu nguyén ly
3.2. Cac vi du ap dung




3.1. Phat biéu nguyén ly

~

\_

® Nguyén 1y bu trur trong truong hop hai tap:

Gia sir A c6 5 phan tir, B ¢6 3 phan tr va c6 1 phan tt

A UB|=|A|+|B|-|A N B| (1)

thuoc vao ca A lan B

Khi d6 s6 phan tir cua hop hai tap la 5+3-1 = 7, cht

khong phai la 8
* CM:

/
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Nguyén ly bu trw

® Mo rong cho truong hop 3 tap: Gia su A, B, C 1a ba tap bat
ky. Khi do:

IAUB UC]

=|(A UB)UC)|

=|AUB |+ |C| -|(AUB)NC]

=|A|+B |+ |C| - |JANB| - ([ANC)UBNC)|

=|A| +|B| +|C| - |]ANB| - |ANC|- I BNC)|[+ |ANBNC))|

Vay

IAUBUC| = |A[+[B|+ |C| - |ANB| - ]ANC]- [BNC)|+ [ANBNC)|  (2)

C6 thé chtirng minh bang 1ap luan truc tiép!

\_ /
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Nguyén ly bu trw

IAUBUC] = |A[+|B|+ |C| - |ANB| - |ANC]- IBNO)[+ ]ANBNC)|  (2)
C6 thé chtirng minh bang 1ap luan truc tiép:

® Trong tong ciia ba s6 hang dau tién cac phan tir chung cua A va
B duoc tinh hai 14n, vi vay phai trir bot d1 mot lan. Tuong tu nhu
vay doi voi cac phan tir chung ctiia A va C va cac phan tir chung
cua B va C.

® Thé nhung, trir nhu vay 1a hoi qua, bdi vi nhitng phan tir chung
cua ca ba tap A, B va C chua dugc tinh dén trong tong cua 6 so
hang dau tién. Vi vay phai cOng bu lai.

\_ /
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Nguyén ly bu trw

® Dinhly. GiasuwA,, A,, ..., A, la cdc tdp hitu han. Khi do
N(A4,U 4,U... 4,) Ni- No+..+C-D"'N,

trong do
N,= ) NA NA N.NA), k=12,..m
1<, <iy <...<i, <m
(N, la tong s6 phdn tik cua tdt cd cdc tdp la giao cua k tdp ldy
tw m tdp dd cho, noi riéng
N,=NA) + ...+ NAA4,),
N,=NA NAN..NA,).

\_ /
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Nguyén ly bu trw

® Ching minh.

® Chi y rang, sO cac giao cla k tap 1ay tu m tap bang C(m,k), k= 1,2,....m.

® Pe¢ chitng minh cong thifc cia nguyén 1y bu triy, ta s& tinh xem mdi phan tir
cuatap A, UA, U ... U A, doc d€m bao nhiéu lan trong v€ phai:

® Xétmotphantutuyy a€ A, UA, U ...UA,. Gia st a la phan ti cua k
tap trong s6 m tap da cho. Khi dé a doc dém ¢ vé phai cua cong thiic

C(k,1) — C(k,2)+ ... + (-1)-1C(k,k)
lan. Do
C(k,1) — C(k,2)+ ... + (-1)-1C(k,k)

=1 —[C(k,0) — (C(k, 1) — C(k2)+ ... + -D1C(kk)] =1 — (1 — 1)
=1

\ Tir d6 suy ra dang thitc can ching minh 1a ding /
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Nguyén ly bu trw

® Bay gio ta dong nhat tap A, véi tinh chat A, cho trén mot tap X nao d6
va dém xem c6 bao nhiéu phan tir cia X khong thoa man bat cit mot
tinh chat A, nao ca.

® Goi N las6écandém. DoA, U A, U ...U A, latap tat ca cac phan
to cua X thoa man it nhat mot trong s6 m tinh chat da cho, nén ta co:

N=NX)—NA, UA, U...UA,)
=NX)—N,+ N, -...4(— 1)nN,,

trong d6 N, 1a tong cdc phan tr ctia X thod man & tinh chat 14y tr m
tinh chat da cho.
® (Cong thic thu doc cho phép tinh N qua cac N, trong trong hop cac so

\ nay dé tinh toan hon. /

Toan roi rac 58
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(The inclusion-exclusion principle)

3.1. Phat biéu nguyén ly
3.2. Cac vi du ap dung




e

Nguyén ly bu trw

~

\_

Vi du 1. Hoi trong tap X = {1, 2, ..., 10000} cé bao nhiéu so

khong chia hét cho bat cit s6 nao trong cac so 3, 4, 7?
Giai. Goi
A;={x€ X:xchiahétchoi},i=3,4,7.
Khi d6 A; U A, U A; 1a tap cac soO trong X chia hét cho it nhat
mot trong 3 s6 3, 4, 7, suy ra sO long cac s6 can dém s la
N(X) - N(A; U A, U A;) = 10000 — (N, - N, + Ny).
Ta co
Ny = N(A3) + N(Ay) + N(Ay)
= [10000/3] + [10000/4] + [10000/7]
= 3333 + 2500 + 1428 =7261,

/
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Nguyén ly bu trw

N2 — N(A3 M A4) + N(A3 M A7) + N(A4 M A7)

= [10000/(3X4)] + [10000/(3X7)] +
[10000/(4X7)]

=833 + 476 + 357 = 1666,
N; = NA; N A, N A;) =[10000/(3X4X7) =119,

& day ky hiéu [ r ] d€ chi s6 nguyén 16n nhat khong vot
qua r.

® Tu d6 so6 long cac s6 can dém la

\ 10000 - 7261 + 1666 - 119 = 4286. /
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Nguyén ly bu tror

® Vi du 2. C6 bao nhiéu xau nhi phan do dai 10 hoac 1a bat
dau boi 00 hoac 1a két thic boi 117

® @Giai. Dé thay la s6 xau nhi phan do dai 10 bat dau boi 00
la 28 = 256 va sO xau nhi phan do dai 10 két thic boi 11 1a
28 = 256. Ngoai ra, s6 xau nhi phan do dai 10 bat dau bdi
00 va két thic boi 11 1a 26 = 64. Theo nguyén 1y bu trir suy
ra sO xau nhi phan hoac bat ddu badi 00 hoac két thic bai
11 1a

\ 256 + 256 - 64 = 448. /
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Nguyén ly bu trwe: Bai toan bo thw

® Bai toan bo th. C6 n 14 th va n phong bi ghi san dia chi.
B0 ngiu nhién céc 14 th vao cac phong bi. HOi xédc suat dé
xay ra khong mot 1a th nao bo ding dia chi 1a bao nhiéu?

® Giai: Danh s6 cac 14 th tir 1 dén n, cac phong bi tong ting
vGi ching ciing doc danh s6 tir 1 dén n. Moi cach bo th
vao phong bi ¢6 thé biéu dién badi bo ¢6 thi tu

(P15 D25 o5 Da)s

trong d6 p; 1a phong bi bo 14 thi tha i. Tir d6 suy ra ton tai
tong ung 1-1 gitta mot cach bo th vao phong bi véi mot
hodn vi cua n s6. Vay c¢6 tat ca n! cach bo th.

\_ /
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Nguyén ly bu trw: Bai toan bo thw

® Van dé con lai 1a d€m s6 cach bo th sao cho khong c6 14 th
nao dung dia chi.
® Goi X la tap hop tat ca cac cach bo th va A, 1a tinh chat 14
th thit k£ bo ding dia chi. Khi do6, theo nguyén ly bu trir ta
cO:
N=NX)—N,;+N,— .. 4(— 1)"N,

trong d6 N la s6 can tim, N(X) = n!, con N, 1a so tat ca
cac cach bo th sao cho c6 & 14 th ding dia chi.
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Nguyén ly bu trw: Bai toan bo thw

\_

Chu y 1a
N,= ) NA NA N.NA), k=12..n
19, <i,<..<iy <n
nghia 13, N, 1a tong theo moi cach 1ay k 14 th tir n 14, v6i moi
cach lay k 14 th, c6 (n-k)! cach bo trong dé k 1a nay ding dia
chi, ta nhan doc:

N,=C(n, k).(n-k)! =n!/ k!
Do do6

_ 1 1 - 1)”
N = n(d-—-+— CH

TR

Vay x4c suat can tim la:

1 1 (-D)”
- —+—- ..+ /
I 2! n!
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Nguyén ly bu trw

~

® Mot di€u 1y thd 1a xac suét nay dan dén e (nghia 1a con

16n hon 1/3) khi n kha 16n. S6 trong bai toan trén doc goi la

56 mdt thit tw va dgc ky hieu 1a D,. Déi day 1a mot vai gid

tri cua D,, cho ta thay D, tang nhanh th€ nao so véi n:

S

9

10

11

A4

265

1854

14833

133496

1334961

4890741

/
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So6 lwong toan anh

Gia su A={a, a,, ..., a, } vaB={b, b,, .., b }.

Trong céc phan trudc ta da chimg minh:

¢ S6 lwong anh xa tr 4 vao B 1a n”

* S6 luong don anh tir 4 vao B 1a n(n-1)...(n-m+1) (n = m).

* SO luong song anh tir 4 vao B lan! (n=m).

Bay gio gia sir m=n, ta can dém so lwgng toan anh twr 4 vao B.
Nhiic lgi: Anh xa f tir A4 vao B 13 toan anh néu v4i mdi phan tir b thude B déu
tim duoc a thudc 4 sao cho fla)=b. (Do mo61 phan tir cua 4 qua anh xa f dugc
dat tuong rng vd1 ding mot phan tir cia B, nén muon co toan anh tu A vao B
thi r0 rang ta phai co m > n.)
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So6 lwong toan anh

Ta muon tat ca D, déu thudc mién gia tri ctia f.
Goi P, 1a tinh chat "b, khong nam trong mién
giad tri cua f".
Khi d6 ta can dém s6 anh xa khong c6 bat cu
tinh chat nao trong so cac tinh chat P,,..., P..
Ky hi¢u:

P.=tap cac anh xa tor 4 vao B ¢0 tinh

chatP,,i=1,2, .., n.

k Khéng ton tai diém khéng cé miii tén di vdo/
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/ N,= Y NA NAN.NA), k:1,2,...,N
1<i|<i,<.<i,<n

SO lworng toan anh

® Theo nguyén 1y bu trir s6 luong toan anh can dém la:
N—N +N,—...+-=1)"N,.
® Ta co:
N - 80 anh xa tir m-tap 4 vao n-tap B: n»
Do N(P)) - s6 anh xa khong c6 b, trong mién gia tri, nén N(P,) = (n-1)»,
do do N, = C(n, 1) (n-1)n
Do N(P.NP;) - sO anh xa khong ¢ b; va b, trong mién gia tri, nén
N(P,NP) = (n-2)n,do do N,=C(n,2) (n-2)n.

Tongquattaco N(P ﬂP . mPlk) =(n- k)"

d6 d6 N, = C(nk) (n - k).

® T d6 ta co soO luong toan anh la:

\nm — C(n,)(n-1y"+ C(n,2)(n-2y" — ...+ (-1~ C(n,n-1) 1. /
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So6 lwong toan anh

® Ta viét gon cong thirc
nm— C(n,1)(n-1)» + C(n,2)(n-2)n — ...+ (-1)»1C(n,n-1) 1=,
dudi dang sau day:

n" - C'(n-1)"+C(n-2)" - ..+(-1)"'C"'1"
=C’(n- 0)"- C'(n- )" +C*(n- 2)" - ..+ (- )"'C"'1" +(- 1)"C" 0"

=Y (-1 Chn- k)"

\_ /
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Chwong 1. BAl TOAN PEM

a > b

Nguyén ly cdng va nguyén ly nhan
Cac cau hinh td hop co ban
Nguyén ly bu trw

Cong thure dé qui

Ham sinh
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4 N

4. Cong thirc dé qui

® Cong thue d¢ qui 1a cong thirc cho phép tinh
214 tr1 cua cac dai lugng theo tung budc, dua
vao cac gia tr1 tinh ¢ cac buoc trudec va mot
sO gié tri dau.

® La mot ky thuat quan trong cho phép giai

nhiéu bai toan dém

\_ /
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4. Cong thurc de qui

® 4.1. Xay dwng cong thwrc dé qui
® 4.2. Giai cdng thirc dé qui

73




4.1 Xay dwng cong thuwc dé qui

~

\_

Vi du 1. Xay dung cong thic dé qui cho C(n,k) - s6 lugng

tap con k phan tir cta tap n phan tir X.
Giai:
Theo dinh nghia

C(n,0)=1va C(n,n)=1 (1)

Gia sat n > k> 0, ta xay dung cong thirc d¢ qui dé tinh
C(n,k). C6 dinh mot phan tir x € X. Phan tap cac tap con &

phan tir cia X ra thanh 2 tap:
A —tap cac tap con k phan tir ¢ chia x
B — tap céc tap con k phan tir khong chira x

/
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® RO rang A va B tao thanh phan hoach cua tap tat ca cac tap con k
phan ttr cua X. Do d6, theo nguyén 1y cong:
C(n,k) = |A]| + |B|.

4.1 Xay dwng cong thuwc dé qui

® Ta co:
Do mbi tip con trong A c6 chira x, nén k-1 phan tir con lai cta
no la mot tap con k-1 phan tir cua tap X \{x}, suy ra

4| = C(n-1,k-1)
Tuong tu nhu vay,
|B| = C(n-1, k)

® Vay,

\ C(n,k)=C(n-1, k-1) + C(n-1,k), n> k>0 (2) /
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® (Cong thirc dé qui (2) cung voi diéu kién dau (1) cho phép tinh
g1a tr1 cua C(n,k) vo1 mo1 gia tri cua n va k.

4.1 Xay dwng cong thuwc dé qui

® (Cong thirc dé qui (2) cho phép viét ham dé qui sau day dé tinh
g1a tr1 cua C(n,k):

function C(n,k: integer): longint;
begin
if (k=0) or (k=n) then C:=1
else C:= C(n-1,k-1) + C(n-1,k);

- y
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® Ham vwua xay dung khong cho mot cach tinh hi€u qua. Thuc
vay, néu goi C*(n,k) la sO phép toan “gan gia tr1”’ phai thuc hién
boi 1énh goi ham C(n,k), dé thay

C*(n,0) =1; C*(n,n) =1
C'(n,k) = C*(n-1, k-1) + C*(n-1,k)+1, n>k>0

tic 12 C*(n,k) thoa man cong thirc dé qui tuong tu nhu hé sb to
hop C(n, k), do do:

C(nk) ~ nV/[k\(n-k)!]
va gia tri ndy 1a rat 1on khi n 16n va k = n/2.

4.1 Xay dwng cong thuwc dé qui

® D& dang xay dung mot ham ldp dé tinh gia tri caa C(n,k) mot

\céch hiéu qua hon. /

Toan roi rac 7




~

® Vidu 2. Tréen mat phang, ké n dong thang sao cho khong c6 2 d

4.1 Xay dwng cong thuwc dé qui

ong nao song song va 3 dong nao dong quy. Hoi mit phang doc
chia thanh may phan ?

® Giai: Goi s6 phan mit phang doc chia bdi n dong thang 12 S,. R
rang
Sl — 2’ (3)

® Xétn> 1, ta tim cong thuc dé qui cho S,.

\_ /
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® Gia sir da ké n-1 dong thang, khi d6 mit phang doc chia ra lam

4.1 Xay dwng cong thuwc dé qui

S,.; phan. Bay gio ké thém dong thang thit n. Pong thang nay cat
n-1 dong thang da vé tai n-1 giao diém. Céc giao diém nay chia
dong thang thi » ra 1am »n phan, mdi phan nh vay sé& chia mot
phan nao do6 sinh boi n-1 dong thang vé tréc do ra 1am hai phan.
Tur d6 suy ra, sau khi v& dong thang tht 7 s6 phan tang thém 1a
n. Tu do nhan doc cong thuc dé qui

S, =S,.,+n, n=2

4)

\_ /
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4.1 Xay dwng cong thuwc dé qui
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® Peé tim cong thic truc tiép, ta cong cac hé thic S, = S, + k v6i k =
2, ..., 1.

4.1 Xay dwng cong thuwc dé qui

?\\}&\ (1)
n = OpNT R
K S,=2+2+3+.+n-1) +n=nn+t1)/2+1= (n2+n+2)/2/
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® Vi du 3. Xay dung cong thirc d¢ qui cho £, 1a so6 chinh hop lip
chap » tir hai phan tir 0, 1 (ciing chinh 13 xau nhj phan d6 dai n)
khong chtra hai s6 0 lién nhau.

® Giadi. Ta ¢co
h=2/£=3

Gia sir n > 2. Phan tap cac chinh hop can dém ra thanh 2 tap:

4.1 Xay dwng cong thuwc dé qui

A — tap cac chinh hop can dém chtra 1 ¢ vi1 tri dau tién;

B —tap cac chinh hgp can dém chra 0 ¢ vi tri dau tién;

\'RF) rang A va B tao thanh phan hoach cua tip tat ca cac chinh hop

can déem. /
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4.1 Xay dwng cong thuwc dé qui

® Do do, theo nguyén 1y cong:
Ja= 4] +[B.
® Ta co:
Do mdi chinh hop trong A4 chtra 1 ¢ vi tri dau tién, nén n-1 phan tir
con lai sé tao thanh mot chinh hgp can dém do¢ dai n-1, suy ra: ||

n-1
Do moi chinh hgp trong B chita 0 & vi tri dau tién, nén vi tri thi hai
cua nd phai Ia 1 con »n-2 phan tr con lai s€ tao thanh mot chinh hop
can dém d0 dai n-2, suy ra: |B| =/,

® Vay, ta thu dugc cong thirc dé qui

h=2/=3;

\ Jo =fot F foay n>2 (3) /
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® Vi du 4. Xay dung cong thirc dé qui cho O, 1a s6 lugng cach phu
ludi 6 vudng kich thude 2 Xn bang cac quan bai domino.

® Giadi. Ta co E m

Q, =1; Q, =2 (xem hinh v¢)

® Gia sir n > 2. Phan tap cac cach phu can dém ra thanh 2 tip:

4.1 Xay dwng cong thuwc dé qui

A — tap cac cach phu trong do 6 & goc trén trai1 dugc phu boi
quan bai nim dung;

B —tap cac cach phu trong d6 6 ¢ goc trén trai dugc phu boi
quan bai nim ngang.

Qw rang 4 va B tao thanh phan hoach cua tap tat ca cac cach phu

can dém. /
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4.1 Xay dwng cong thuwc dé qui

~

® Do do, theo nguyén ly cOng:
0, = 4|+ |B].
® Ta co:
|A| - Qn—l
|B| - Qn-2

® Vay, ta thu dugc cong thirc d¢ qui

O =1;,0,=2;

Al

Jum

k O =0p1t Oy, n>2

(6)/
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® Vi du 5. (Bai toan thap Ha noi). Tro choi thap Ha noi doc trinh

bay nh sau: “Co 3 coc a, b, c. Trén coc a c6 mot chong gom n

4.1 Xay dwng cong thuwc dé qui

cai dia dong kinh giam dan tw doi lén trén. Can phdi chuyén
chong dia tir coc a sang coc ¢ tudn thii qui tdc: moi lan chi
chuyén 1 dia va chi doc xép dia cé dong kinh nhd hon lén trén
dia c6 dong kinh lon hon. Trong qua trinh chuyén doc phép ding
coc b lam coc trung gian”. Bai toan dat ra la: Tim cong thirc dé¢
qui cho 7, 1a so 1an di chuyén dia it nhat can thyc hién dé hoan

thanh nhiém vu dit ra trong tro choi thdp Ha noi.

\_ /
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4.1 Xay dwng cong thuwc dé qui

® Giai: R rang:
hl — 1
®  Giastrn = 2. Viéc di chuyén dia gbm cdc bdc:

(i) Chuyén n-1 dia tir coc a dén coc b st dung coc ¢ lam trung
gian. Bc nay doc thuc hién nho gia thiét quy nap.

(ii) Chuyén 1 dia (dia v6i dong kinh 16n nhat) tir coc a dén coc
c.

(iii) Chuyén n-1 dia tir coc b dén coc ¢ (st dung coc a lam trung
gian). B¢ nay doc thuc hién nho gia thi€t quy nap.

\_ /
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4.1 Xay dwng cong thuwc dé qui

Bdc (i) va (iii) doi hoi giai bai toan thap Ha noi véi n-1 dia, vi
vay sO 14n di chuyén dia it nhat can thuc hién trong hai bdc

nay la 24,.,. Do do ta co cong thuc dé qui sau:
h,=2h,,+1,n=2.

St dung cong thic dé qui va di€u kién dau vira tim doc doi véi

h, ta c6 thé dé dang chiing minh bang qui nap 12

h,=2rn—1,n=1.

/
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®  Ta cé thé tim dugc codng thire truc tiép cho 4, bang phuong

4.1 Xay dwng cong thuwc dé qui

phép thé:
h,=2h,,+1
=2QR2h,+DH+1 =22h,,+2+1
=222 h, s+ 1)+2+1 =B h, s +22+2+1

=21y + 212+ +2+1
=i 224 42+ (do i, = 1)
— 20— 1

\_ /
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Tower of Hanoi: n=5

~

Cocc -

Cocb

Toan roirac
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4. Cong thurc de qui

® 4.1. Xay dwng cong thwrc dé qui
® 4.2. Giai cdng thirc dé qui

91




4 N

§4.2. Giai cong thire d€ qui

® Ta hiéu viéc giai cong thic dé qui 1a viéc tim cong thirc
duo1 dang hién cho so hang tong quat cua day s6 thoa man
cong thirc d¢ qui da cho.

® Chua c6 phuong phap giai mo1 cong thirc d¢ quu.

® Sg& xét phuong phép giai cong thirc dé qui tuyén tinh thuan
nhat h¢ so hang (s€ viét tat la CTPQ TTTNHSH)

\_ /
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§4.2. Giai cong thire d€ qui

® Pinh nghia. Cong thirc dé qui tuyén tinh thudn nhat hé so
hang bdc k 1a cong thirc d¢€ qui sau

A, =Cip1 Tt .. T Clyy,
trong do ¢, 1a cac hang so, va ¢, # 0.

® Diy so thoa man cong thic di cho 1a xac dinh duy nhat
néu do1 hoi nod thoa man 4 diéu kién dau

dy — C(), a, — Cl) veey Aj1 — Ck—l)

trong d6 C,, C,, ..., C; 1a cac héng s0.

\_ /

Toan roi rac 93




-

® Vidu:
1) a,=4a,, +2na,;
2) h,=2h,, + 1
3) b, = 5b,, + 2(b,)?
4) 4, =3 qus + qus

\_

Fall 2006 Toan roi rac
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Giai CTDQ TTTNHSH

® Ta s€ tim nghiém du61 dang a, = 7, trong do r 1a hang so.

® Daiy so {a, =} thoa mian CTDQ d3 cho néu » thoa min

phuong trinh:
yn =il + .+ ¢k, hay (chuyén vé
]/'k—clrk—l—_”—ck:O VéXVO”in_n)

® Phuong trinh cudi cung duoc goi 1a phwong trinh déic trung,
con nghiém cua no s€ duoc goi la nghiém dac trung cua
CTbQ TTTNHSH.

® Ta co thé su dung nghiém dac trung dé thu duoc cong thirc

\ cho day so. /
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Giai CTDQ TTTNHSH

® DPinh ly 1. Cho ¢y, ¢, la cdc hang s6 thuc. Gid su phong
trinh r2 - c,r-c, =0 co hai nghiém phdn biét r, va r,. Khi

do day so {a,} la nghiém cua cong thiic dé qui

a,=Cc1d,+ca,,

khi va chi khi
a,= oy(r))n + op(ry): (5)
n=0,1, ..., trong dé o, , o la cdc hang so.

\_ /
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Giai CTDQ TTTNHSH

® Chung minh. Tréc hét ta chiing minh rang néu r, va r, 1a hai
nghiém phan biét cua phong trinh dac trng, va «; , & 1a céc
hang so, thi day so {a,} xac dinh bdi cong thic (5) 1a nghiém

cua cong thiic dé qui da cho.
® Thuc vay, do r; var, langhiém dac trng nén
ré=ciry+ ¢,
I'2=C1 I+ Cy

\_ /
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Giai CTDQ TTTNHSH

\_

® Tu do suy ra
C1dyq + Crdy)
= ¢ (aq il + a1yt + ¢ (0 12 + o 1)
=y I2Ac ry+ G) + O e 1+ C)
= 22+ Ol P2 12
=y + Py

=a, .
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Giai CTDQ TTTNHSH

® Bay gio ta sé chi ra rang nghiém {a,} cta cong thiic dé qui

a,=c a,, + ¢, a,, luon cé dang (5) vo1 a;, a, nao do.

® Thuc vay, gia su {a,} 1a nghiém cua cong thiic da cho véi
diéu kién dau
dy = C() , A1 = Cl, (6)

® Ta chi ra rang c6 thé tim doc céac s6 «; , o, dé cho (5) 1a

nghiém cua hé thic v6i di€u kién dau nay.

\_ /
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Giai CTDQ TTTNHSH

Ta co
a0=C0=(x1+0{2,
a, =C1 = o4y + Onrs.

Hé phong trinh tuyén tinh phu thudc hai 4n ¢y, o, nay ¢6 dinh
thic lar, —r, # 0 (do r; # r,) c6 nghiém duy nhat

o = (C-Cor )11 -12), aa=(Cory-Cy)I(ry - 12).

Véi nhitng gia tri cua «; , a, vira tim doc, day {a,} xac dinh theo
(5) 1a nghiém cua hé thiic da cho véi diéu kién dau (6). Do hé thiic
da cho cung vdéi diéu kién dau (6) xac dinh duy nhat mot day so,
nén nghiém cua hé thic doc cho boi cong thic (5).

Pinh Iy dgc ching minh. /
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Vidu

® Day Fibonaci trong todn hoc doc dinh nghia bang hé
thic truy hoi:
F,=F,,+ F,,n>=?2,
Fo =0, F, = 1.
Tim cong thuc hién cho F,.

® Giai: Giai phong trinh dac trng:
rz-r-1 =20,

ta thu doc hai nghiém dac trng

1++/5 1- V5
ro= , T, =————
\ 2 2 /

101

Leonardo Fibonacci
1170-1250
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Vidu

\_

® Do d6 cong thuc hién c6 dang: F=o,+a,=0

F, = a,.(r)" + a.(ry)r F=ortar,=1

trong d6 «;, a, la cac hang so6 can xac dinh tir cac
gia tri ban dau F, F,. Giai hé PTTT nay, ta cé:

N
al—\/g, a, NG
Cong thuc Muavre
va tu do thu doc y
) )
F = - >()
AN R 2 =
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Great Pyramid at Gizeh

~




2 _-1.618
b




-

Ty I& gilra chiéu cao va lwng

~

Toan roi rac
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Dinh nghia ty Ié vang ¢ (Euclid)

® Ty 1¢ thu dugc khi chia doan thing ra 2 phan khong biang
nhau sao cho ty I¢ gitra doan thang da cho va doan con 16n
hon la bang ty I¢ gitta doan 16n hon va doan nho hon.

5 —AC _AB A B C

~AB BC

, _AC

" e p=33t1

2
5. s_AC_AB_BC |
BC BC BC —H T

e s
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Trwong hop nghiém keéep

® DPinhly 2. Cho ¢y, ¢, la cdc hang s6 thuc, ¢, # 0. Gid si phong
trinh r2 - ¢, r - ¢, = 0 co nghiém kép r,. Khi dé day so {a, } la

nghiém cua coéng thiic dé qui
A, =Ci A, + C a4,
khi va chi khi

— n n

n

kn =0,1, ..., trong dé a, , a, la cdc hang so. /
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\_

Tim nghi€ém cho cong thuc dé qui
a,=6a, -9a,,
vGi diéu kién dau a, =1 va a, = 6.
Giai: PTDT 2-6r + 9 =0 ¢6 nghiém kép r = 3. Do d6
nghiém cua hé thiic c6 dang:

a, = o; 3"+ o, n 3n.

Dé tim oy, o, , st dung diéu kién dau ta c6
ap=1=a,
a=6=04y.3+ . 3.

Giai hé nay tatimdoc o, =1 va o, =1. Tir d6 nghiém cua hé
thuc da cho la:

a,=3"+n 3,

_/
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Trwong hop tong quat

® Pinh ly 3. Cho ¢, ¢, ..., ¢, la cdc sO thuc. Gia su phong

trinh ddc trng
rk-cyrel-cork2 - -c,=0
co k nghiém phdn biét ry, r, ..., ry . Khi dé day so {a,} la
nghiém cua cong thiic
a,=Ci Apy + CrQyy +...4+ Cp Ay,
khi va chi khi

a, = oy r"+ oL ran+ ...+ O

\ voi n=0,1,2,..., trong dé a,, a, ..., a; la cdc hang so. /
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Vi du

® Tim nghiém cua cong thirc d¢ qui
a,=6a,,-11a,, + 6 a,;
vOi diéu kién dau
a,=2, a,=95, a,=135.
® Giai: Phong trinh dac trng
B3-6r2+11r-6=0
co3nghiém r, =1, r, =2, r;=3. Vi vay, nghi€ém
cO dang

\ an=0{11”+0522”+0{33”. /
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Vi du

® Sir dung cac diéu kién dau ta c6 hé phong trinh sau
day dé xdc dinh cac hing so o, o, O

Adp=2=0y + O, + O3
a=5=o,+ .2+ 0.3
a=15=o0+ ,.4 + 3.9.
® Giai hé phong trinh trén ta thu doc
oo=1,0=-1va o;=2.

® Vay nghiém cua cong thitc da cho la

\ a, = 1-2n+2.3n, /
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Trwong hop tong quat

k
® Xét CTPQ TTTNHSH béc k: 4, =) ca,.,
® PTDT cua né la: .

k

k k-i

7= ch.r " =0
i=l

® Pinh ly 4: Néu PTDT c¢6 ¢ nghiém r,,...,r, véi bdi
twong ung la m,,...,m, (m,+...+m=k). Khi do:

t | m-1
X
n i,]

i\ j=0

\ vO1 n=0, va a;; 1a cac hang so. /
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Vi du

Gia1 cong thure d€ qui:
c =-4c ,+3c ,+18c ,, n=3,
c,=1l;¢c,=2;¢c,=13.
Phong trinh dac trng:
rP+4rr—-3r—-18=r-2)(r +3)*=0
Vay nghiém tong quat ctia cong thic:
c =a, 2"+ (a,+a, n)(-3)

\ﬁ‘ong do a,,, a,, a,, 1a cac hang so

Toan r&i rac
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Vi du

Cac hang s6 dwoc xac dinh tlr cac diéu kién dau:

0 =c, =a,,2° +(a,, +a,, 0)(-3)” =a,, + a,,

2 =¢, :alo21 +(ay, +a,, D(- 3)1 =2a,, - 3a,, - 3a,,
13 =c, =a,,2° +(ay, +a,, 2)(- 3)° =4a,, +9a,, +18a,,

Rut gon ta thu dwoc hé 0 =a, +a,,

2 =2a,, - 3a,, - 3a,,

13 =4a,, +9a,, +18a,,

Giai hé ta nhan dwoc: a, =l,a, =-1,a, =1

Cudi cuing nghiém cla cdng thire la:

\ ¢ =2"+(-1+n)(-3)" /
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/ Cdong thirc dé qui tuyéen tinh khéng thuan \
nhat hé so hang

® Cong thirc dé qui tuyén tinh khdng thuan nhat hé

soO hang (Linear nonhomogeneous Recurrence
Relation with constant coefficients) c6 chtra so
hang khong thuan nhat F(») phu thudc vao n (va
khong phu thudc vao bat ¢t «, nao) :

a,=Ca, 1+ ... T, + F(

- /
h'd

CTbQ TTTNHSH tuong trng vo1
cong thirc khong thuan nhat

Phan khong
thuan nhat
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/ Giai cong thirc khéng thuan nhat \
(CTKTN)

® Két qua sau day 1a co s& dé giai cong thuc khong thuan nhat:

Néu a, = p(n) 1a mot nghiém riéng ciia CTKTN:

k
an = Zcian-i +F(n)
i

Khi d6 mo1 nghiém cua CTKTN déu co dang:

a, = p(n) + h(n),
trong d6 a, = h(n) 1a nghiém tong quat cia CTPQ
TTTNHSH tuong ing

k
an :ZCian-i
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Giai cong thirc khéng thuan nhat

~

(a)

(b)
(c)

(d)

Tt do ta c¢6 cach gia1 CTKTN sau day:

Tim nghiém tong quat /(n) ctia cong thirc thuan nhat
twong ung.

Tim nghi¢m riéng p(n) cua CTKTN.

Nghiém ctia cong thirc khong thuan nhat cé dang:
a, = h(n) + p(n).

Xac dinh cac hang s6 tir hé phuong trinh thu dugc béi
do1 ho1 a, thoa man cac diéu kién dau

_/
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Giai cong thirc khéng thuan nhat

®  Tim nghiém riéng bang cach nao?

®  Pé tim nghiém riéng cd thé cin clr vao dang cta phan
khong thuan nhat F(n):

Néu F(n) = P(n) X s, trong d6 P(n) 1a da thitc cua n
con s la hang s6 va khong 1a nghi€ém dac trung, thi
hay tim nghiém riéng c6 dang giong nhu F(n).

Néu F(n) = P(n) X s, trong d6 P(n) 1a da thirc cua n
con s la nghi€ém dac trung vé1 bdi 1a m, thi hay tim
nghiém riéng dudi dang n=X Q(n)Xs»
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\_

Giai cong thirc d€ qui
a,=da, - 6a,,+ 7", n=2,
a,=0;a, =1

PT dac trung 2 — 5r +6 = 0 c6 nghiém

7"1:3,7'2:2.

Do d6 nghiém tong quat cia CTPQ thuan nhat twong Gng

la: h(n) = c,37 + c,2n.

Do F(n) =77 va 7 khong 1a nghi€ém dac trung nén nghi¢ém

riéng tim dudi dang
pn)=C.7n.

/
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Vi du
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Nghiém riéng tim dudi dang

pn)=C.7n.

Thay vao cong thirc ta co

C7n=5CTn1—6CTn2+ T

Tu d6 tim duoc

Vay

C =49/20.

p(n)=(49/20)7n.

Toan roi rac
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Vi du

® Nghiém tong quat co dang:
a, = p(n) + h(n) = (49/20)7+ c,3» + ¢,2n.
® (Cac hing so ¢, ¢, xac dinh tir hé phuong trinh:
ap=c; +¢,+49/20=0
a, =3c, +2¢c, +(49/20).7 =1
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Vi du

® Giadi cong thure dé qui
a,=2a,, +1,n>1;
a, — 1.

® PTPT r-2=0 c6 nghiém r=2. Nghiém tong quat cta
CTDQ thuan nhat tvong tng la: /(n) = ¢,2.

® Do F(n) =1, nén nghiém riéng tim dudi dang
pn)=C.

® Thay vao cong thirc da cho ta duge: C=2C+1. Tu do tim
duoc C = -1. Vay nghiém riéng la

\ p(n)=-1. /
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Vi du

® Nghiém tong quat cia CTPQ khong thuan nhat 1a
a,=c2n— 1.
® He¢ s6 ¢, xac dinh tr diéu kién dau:
a,=c2-1=1
® Doddc =1.
® Vay nghiém cta CTPQ khong thuan nhat 1a

a,=2n-1,n =1,

\_ _/

Toan roi rac 124




4 N

Vi du

® Giai cong thuce dé qui
a,=a,, tnn=1; a =2.

¢ PT]:)T r- 1 =0 c6 nghiém r=1. Nghiém tong quat cia CTPQ

thuan nhat twong ung 1a: A(n) = ¢, 1~
® Do F(n)=nXI» val la nghiém dac trung bd1 1, nén nghiém

rieng tim dudi dang

p(n)=(C, + Cin).n.
® Thay vao cong thuc da cho ta duge:
(C, + Gin).n = [C; + Cy(n-1)].(n-1) + n.

® Tu do tim dugec C, =2 va C; =2 . Vay nghiém riéng la

k p(n) = (n+1)n/2. /
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Vi du

Nghiém tong quat cia CTPQ khong thuan nhat 1a
a,=ct(ntl)n/2.
Hé s0 ¢, xac dinh tir dicu kién dau:
a,=c,+1=2
Dod6c, = 1.
Vay nghiém cua CTPQ khong thuan nhat 1a

a,=1+(n+Dn/2,n > 1.
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Nhan xét

® Phuong phap giai cong thirc d¢ qui TTTNHSH trinh bay ¢
trén cho pheép qui dan viéc tim nghém cua no veé viéc tim
tat ca cac nghiém cua da thirc bac £.

® Viéc tim tat ca cac nghiém ctia mot da thire bac tuy v 1a
van dé khong don gian:

Ta c6 cong thurc dé tim nghiém cua da thuc bac k£ < 4.

Nhung khong c6 cong thitc dé tim tat ca cac nghiém
cua da thirc bac £ > 5 (Pinh 1y Aben).

\_ /
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Chwong 1. BAl TOAN PEM

1. Nguyén ly cOng va nguyén ly nhan
Cac cau hinh td hop co ban
Nguyén ly bu trw

Cong thire dé qui

Ham sinh

a > b

Toan roi rac 128
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5. Ham sinh (Generating Function)

Gia st {h, | n =0, 1,2, ...} 1a mot ddy so. Ta viét ddy nay nhu
la diy vo han phan tir, tuy nhién ta coi rang nd bao gom ca
truong hop day hitu han. Néu 4, A, ..., h,, 1a day hitu han, thi ta
s& bién no thanh day v6 han bang cach dit 4, =0, i > m .
Dinh nghia. Ham sinh g(x) ciia day so {h, |n=0,1,2, ..} la
chuoi vé han ©

o(X) = hy + by x + Iy x2 + ... = %W.
Nhu vay ham g(x) sinh ra ddy s6 di cho nhu 13 diy cac hé so cua
no.
Néu day la hiru han thi s€ tim dugc m sao cho #; =0, i > m.

\Trong truong hop nay g(x) la mot da thic bac m. /
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Vi du 1. M6t trong nhitng ngudn goc dan dén dinh nghia ham sinh chinh
1a dinh 1y vé khai trién nhi thic: Him g(x) = (1 + x)= sinh ra diy cac hé

s6 t6 hop

{hy,= C(m, k), k=0, 1,..., m}.
Bo1 vi m

(1+x)" = Z C(m,k)xk
Vi du 2. Ham k=0

g(x) = 1/(1-x)
sinh ra day

1,1,1, ..

Dé dang chimg minh diéu d6 bang cach thuc hién phép chia:
1/(1I-x)=1+x+x2+ ...

/
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Vidu 3

® Vidu3.Vd1 £> 0, ham
g(x)=1/(1-x)
sinh ra day
{C(n+k-1,n):n=0,1,2,..}.
® Nhu vay hé s6 thir n sé 1a s6 kha nang chon »n vat tu k& loai dd vat.
® Chung minh. Thuc vay, ta co
1/(1-x)x=[ 1/(1-x)]Jf=(1 +x +x2 + ..k

® Néu ta khai trién biéu thirc ndy bang cach thuc hién nhan pha ngoic, thi
sO lan xuat hi¢n so6 hang x» s€ bang sO0 nghiém nguyén khong am cua
phuong trinh

t1+t2+...+tk:n,

\ ma nhu di biét 1a bang C(n+k-1, n). /
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Vidu 3

Vi du nay c6 thé goi ¥ cho ta cach giai nhiéu bai toan dém. Chang han
x¢ét ham sinh

gx)=1+x+x2+x3) (1 +x+x2)(1 +x+x2+x3+x4).

Gia sir xe, xb, xc tuong ung la cac s6 hang lay tir cac thira s6 thir nhat,
hai, ba ctia vé phai, diéu d6 conghiala0 < e <3,0<bh<2,0<c¢ <
4. Khi khai trién vé phai, cac thira s6 nay s& cho ta s6 hang x», vin =
atb-+ec

Nhu vy hé s6 ctia x» trong g(x) sé& 1a s6 nghiém nguyén khong am cua
phuong trinh

n=a+b+cthoamin0<a<3,0<b<2,0<c<4.

Suy ra hé s6 nay ciing cho ta s6 cach chon n bong hoa tir 3 bong ctc, 2
bong layon va 4 bong hong.
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Vidu 3

\_

T4t nhién viéc str dung ham sinh dé giai bai toan dém s& doi hoi nhiéu tinh
toan khi thuc hi€én phép nhan cac da thurc, va khong thich hgp cho viéc tinh
tay. Tuy nhién, viéc do lai co thé thyc hién nhanh chong trén may tinh, va
vi thé ham sinh s& 1a mot cong cu hitu hiéu dé giai nhiéu bai toan dém trén
may tinh.

Ta dan ra mot s6 khai trién dai s6 rat hay sir dung trong viéc st dung ham
sinh:

x(1-x) =xk (1 +x +x2+...) =xk + xkt1 + xkt2 +
(1-xk)/(1-x) =1+ x +x2 + ... + x*

1/(1-x2)=1+x2 + x4+ x6 + ...

x/(1-x2)=x(1 +x2+xt+x6+.)=x+x3+x5+x7+ ... /
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Vidu 4

® Vi ~du 4. Cc} bao nl}iéu cach chon ra n qua tur 4 loai qua: tég, ch~u6i, cam va chéo
(moi loaj déu co6 s6 lugng it ra 1a n) ma trong d6 ¢6 mot so6 chan qua tdo, so I¢
qua chuoi, khong qua 4 qua cam va it ra 2 qua dao?
® Giai. Him sinh d¢ giai bai toan nay 1a
2(x) = (1+ x2+x4+x6+...) (x+x3+x5+x7+...) (1 +x+x2+x3+x4) (x2+x3+x4+...).
¢ Trong cong thuc trén co 4 th}‘ra s6 dé dém so gué téor (cé}c s mii chan), chudi
(s6 mii 1¢), cam (chi ¢6 dén s6 mii 4) va dao (sO6 mii bat dau tir 2). Tt do
g(x) = [V/(1-x)] [x/(1-x2)] [(1-x)/(1-x)] [x2/(1-x)]
= [3(L-x3)/[(1-x2)2(1-x)2].
¢ Cﬁu~ tra 10i 1a: SO cach can dém 1a hé s tht n trong kl}ai trief:n g(x) dudi dang
chudi luy thtra. Tuy la chﬁng ta khong co6 cau tra 1o1 péng sO, nhung sur flung
ham xay dung dugc ta c6 thé 1ap trinh trén may tinh dé dua ra bang dap s6 cho

\ cac gia tri cua n mong muon.
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Vidub

Vi du 5. Tim ham sinh cho 4, la s6 cach chon ra n qua tur 4 loai qua: tao,
chudi, cam va dao (mdi loai déu co sb luong it ra 1a n) ma trong d6 c6 mot
s6 chan qua tdo, s6 luong chudi chia hét cho 5, khéng qua 4 qua cam va
khong qua 1 qua dao?

Giai. Ham sinh c6 dang
2(x)=(1+x2+x4+x6+... ) (1 +x5+x10+x15+. ) (1 +x+x2+x3+x4)(1 +x)
= [1/(1-x2)] [1A1-x%)] [(1-x5)/(1-x)] (1+x)
= [1/((1-x)(1 +x)] [1/(1-x)] (1+x)=1/(1-x)2

Tur do ta cod thé tim cong thirc hién cho 101 giai, boi vi, theo vi du 3, ta co

(1 _ _Z Cn+2 1 _Z Cn+1 :Z (n + 1)xn
n=0

Vay h,=n + 1. /
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Ham sinh va cong thurc dé qui

\_

® Ham sinh c6 thé str dung dé tim cong thirc dudi dang hién cho sb hang tong
quat cua day so6 {4, , n=0,1,2,...} xdac dinh b1 cong thirc d¢ qui. Noi dung
ctia phuong phap c6 thé trinh bay nhu sau:

i) Xay dung ham sinh g(x) ctia diy so nay theo cong thirc

o0

g() =hy+hx+hx+..= D hx

i=0

ii) Tim cong thirc giai tich cho ham sinh g(x). (Sir dung céc tinh chat cta
day so suy tur cong thurc dé qui xac dinh no).

iii) Theo cong thirc tim duge, tim khai trién ham g(x) dudi dang chudi luy
thtra (chudi Maclaurin).

1v) So sanh hé s6 ¢ cac sO hang v61 cung sO mil cua x ta tim dugc cong

thuc cho 4, /
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® Trudc hét ta dua ra mot sé phép toan d6i véi ham sinh. Gia sir
f(x) :Z al.xi, g(x) ZZ bl.x"
=0 i=0
14 hai ham sinh con o 13 s6 thue, khi d6
fO+g(x) =3 (a,+b)x',  af(x)=) aax
i=0 i=0
® Tich Cosi1 cua hai ham sinh g(x) va f(x):
f0gx) =) cx'
=0

Phép toan v&i ham sinh

trong do

k
\ cc=aob,+a, b, +..+ta b, = Zaibk-i /
=0
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Chuoi Maclaurin

~

Tu giai tich ta biet rang néu chuoi

g(x) ZZ hl.x"
=0

hoi tu ¢ 1an can diém 0 thi tong g(x) ludn 1a ham giai tich trong lan

can nay va
h, =g0(0)/k!, k=0,1, ...
Khi d6 chudi

cx:) .
S
1=0

chinh 1a khai trién Maclaurin cta ham g(x). Nhu viy c6 mot twong

tng 1-1 giita mdt ham giai tich va mot chudi hoi tu trong 1an can 0.
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Cong thuwc hay dung

® Trong viéc &4p dung ham sinh ta thuong st dung cong thirc sau:

1 )
— Ck rkxk
(1 _ rx)n kZ:O' n+k-1

ma truong hgp riéng cua no la

1/(1-m)=1+m+rx2+mrx3+...
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Day so Fibonaci

~
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Diy so Fibonaci. Dy sb Fibonaci 1a diy s6 dugc xac dinh bai cong

thuc dé qui
fi; :ﬁi-l +ﬁ1-2) n= 2)
f0=0f=1L

Ta s& tim cong thtrc cho s6 hang tong quat cia ddy so nhd phuong

phap ham sinh. )
Xét ham sinh F(x) =) £,x" . Ta ¢6
n=0

FO =3 £ =fy+ fx+ 3 f" =f 4 fixt X (f, +fo)¥

00 o0
:fo +fix+2fnxn+l +anxn+2
n=0 n=0

=x+xF(x)+ x*F(x).

/
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Day so Fibonaci

~

\_

® Tudosuyra

F(x) =

-
1- x-x

® Taco(l-x-x2)=(1-ax)(1-Lx),vol

1+\/§ﬁ_1-\/§
» PP

o =

® Viét lai F(x) dudi dang

B
Foy=—2 4+ 5
I-ax 1- px
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Day so Fibonaci
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® Tu do tim duoc

1 1
A=—— B = —
J5 5
® Dodo
IR 1
F(x)_\/E I-ax 1- px
=3 @ s
® Suyra
1, (15 (1-45)
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6. Mot so day so dac biét

D3y so Stirling
Day sO Bell

D3y sO Catalan
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Nhac lai: So lwong anh xa

Cho cac tap httu han 4 = {a,..., a,} va B= {by,..., b,}.
Hoé1 c6 bao nhiéu anhxaf; 4 — B ?
Nhu ta da chirng minh:
® Tong sb anh xa co thé: [BuI = nn.
® S6 lugng don anh:
P(n,m)=n(n-1)(n—m+1) = n!/(n—-m)!.
® Sb lugng song anh 1a P(n,n) = n! néu |4| = |B| = n.

® S6 luong toan anh: véi m > n:

\ N (-1 C (- k)
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So Stirling loai 2

® SO luong toan anh tir tip 4 = {a,,...,a,} vao tip B = {b,,...,b,} lién
quan dén mdt con sb t0 hop noi tiéng d6 1a so Stirling loai 2 (Stirling
Numbers of the 2nd Kind).

® Pinh nghia. Sé Stirling loai 2, ky hiéu bdi S,(m,n), 14 s6 cach phan
hoach tap m phan tir thanh » tdp con (m = n).

® Vidu: Ta dém s cach phan hoach tap {1,2,3,4} ra thanh 2 tip con.
Ta c6 thé ké ra tat ca cac cach phan hoach nhu vay: {{1,2,3},{4}},
10,2,45,035 5, H1,3,45,425 5, 142,3,45,{17), {11,25,{3,45 ), {1135,
12,47 5,111,45,42,3} }.

\- Vay S,(4,2)=7. /
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® Trong nhiéu tai liéu, s6 Stirling

con duoc ky hi¢u boi

.

S hodc -

.

James Stirling
1692 - 1770
Scotland

m

n

J
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So6 Stirling loai 2

® Ta sé& xay dung cong thitc d¢ qui dé dém so S,(m,n).
® Ta co:
S,(0,0)=1.
Néu m > 0, thi
S,(m,0) =0,
S,(m,1)=1,
va S,(m,m)=1.
Dinh ly. V6im, n> 1,
S,(m,n) = S,(m—1,n—1) + n-S,(m—1,n).
Chung minh.

Ta can dém s6 cach phan hoach tdp m phan tr X = {x,, x,, ..., x,,} ra

thanh » tap con. /
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Cong thuwc dé qui

® Tap cac cach phan hoach nhu vy c6 thé phan hoach thanh 2 tap:

A = Tap cac cach phan hoach X ra thanh » tap con trong d6 c6 mot tap
con la {x,};

B = Tap cac cach phan hoach X ra thanh » tap con trong d6 khong co tap
con nao la {x,} (ttc la x,, khong dirng riéng mot minh!).
® Taco:
A| = S,(m—1,n—1) .
|B| = n-S,(m—1,n), béi vi ¢d S,(m—1,n) cach phan hoach X \{x,} ra thanh
n tap con va cd n cach xép x,, vao mot trong so cac tap con nay.
® Tudo
S,(m,n)= 4| + |B| = S,(m—1,n—1) + n-S,(m—1,n).

\Dinh Iy dugc chirng minh. /

148




e

Cdng thirc tinh so Stirling

® Tir cong thirc dé qui c6 thé chimg minh bang qui nap toan
hoc cong thirc sau day:

® No6i chung dé tinh Sy(m,n) nguoi ta thuong dung cong thirc
dé qui, chtr khong st dung cong thirc nay. Diéu nay duoc
giai thich twong tu nhu dé tinh hé s6 t0 hop ngudi ta
thuong dung tam giac Pascal.

\_ _/
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Lién hé giira so lwong toan anh va so Stirling

Ta xét mdi lién hé gitta so Stirling loai 2 vdi s6 luong toan anh tir tip m
phan tor 4 vao tap n phan tu B (ky hi¢u 1a S'(m,n)).

Gia st cho f1a toan anh tur 4 vao B. Dat
A;={a€A|fla)=0b;},i=1,2, .., n,
RO rang cac tap 4,, 4., ..., A, tao thanh mot phan hoach cua tap 4.

Nguoc lai, cho mot phan hoach cua tap A ra thanh n tap con 4,, 4,, ..., 4,
va (1), 2), ..., m(n) 1a hoan vi cua 1, 2, ..., n, thi ta c6 thé xay dung duoc
toan anh f'tr 4 vao B theo qui tac

f(a) = bn(i): CleAn(i) R 1= 1,2, ey N,

Nhu vay mdi phan hoach cho ta n! toan anh. Vi thé, so luong toan anh tir
tap m phan tir vao tap » phan tur la bang »! nhan véi s6 cach phan hoach
tap m phan tur ra thanh » tap con, nghia la bang n!S,(m,n)

150




4 N

Lién hé giira so lwong toan anh va so Stirling

® Nhu viy ta c6 dang thirc cho moi lién hé giira s6 toan anh
tr tAp m phan tir vao tap n phan tir S'(m,n) va so Stirling
loa1 2 sau day:

S'(m,n) = n! S,(m,n) .
® Do do tur cong thirc da chirng minh & muc trudc
S'(m,n) :Zn' (- D)CE(n- k)"
k=0

Suy ra

\ S, (m,n) %f(- DECH(n- k)"
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Bang gia tri cta so Stirling loai 2

S2mklo 1 2 3 4 5 6 7 8 910
o |1
1 |01
2 o1 1
3 o1 3 1
o4 o1 7 6 1
5 o1 15 25 10 1
6 |01 31 90 65 15 1
7 |01 63 301 350 140 21 1
8 |01 127 966 1701 1050 266 28 1
o |0 1 255 3025 7770 6951 2646 462 36 1
10 {0 1 511 9330 34105 42525 22827 5880 750 45 1
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So6 Bell

® Pinh nghia. SO Bell (Bell numbers) 1 s6 cach phan
hoach tap » phan tr ra thanh céc tap con khéc rong.
® (Céac phan tir dau tién cua day s6 nay 1a
1,1,2,5,15,52,203,877,4140, 21147, 115975, 678570, ...
® Vidu: Tap {1, 2, 3} co cac cach phan hoach sau day:
Ly, 25, 335, AL 25, 335, 1, 35, {235,
Ly, 42,335, {11, 2, 335

® S6 Bell thr # dugc tinh boi cong thirc
Eric Temple Bell

n
2.5, (n.k)
k=l
Born: 1883, Scotland

trong d6 S,(n,k) 1a sb Stirling loai 2.
k Died: 1960, USA /
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So6 Bell

® Tap {1, 2,3} co 5 cach phan hoach:

S>>

® Tap {1, 2,3,4,5} c6 52 cach phan hoach:

LDDDLDEDLDE)
Sl SN )
NSNS VS,
QYOO
gg@@@@@@@@
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So6 Catalan

Pinh nghia. S6 Catalan tht n, ky hiéu 1a C, , 1a s6 cach dit dau
ngoac dé to chirc thuc hién viéc tinh tich cta n+1 thira so:

Py, =XxyXx1 X5 ... X,
Vi du:
Co 2 cach dé tinh Py 5 : xo*x,%x, = (¥ (0, %x2)) = ((xp¥x1)*x,)
C6 5 cach dé tinh P 5: 1%¥2%3%4 =
(1*(2*(3*4))) = (1*((2*3)*4)) = ((1*2)*(3*4)) = ((1*(2*3))* 4) = (((1*2)*3)*4)
C6 14 cach dé tinh Py, : 1¥2%3%4%5 =
12EM@ENN=02B4H5)))=01(23)@5)=01@2ECH)5)= A«2

3)4)5)=(12)3@5))=(12)(BH35)=(123)E35)=12EH)
)=(1(23)4)3)=12)3)“@35)=012)BH)5)=1(2Z3)45)=

((((12)3)4)5) /
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So6 Catalan

Ta xdy dung cong thirc dé qui dé tinh C,.
RO rang
Co=1vacC,=1.
Gia st n > 1. Sau khi dat dau ngoac phan tach dau tién, tich x,
X1 X, ... x, duoc chia lam hazi tich con.
Vidu: Py s=Po,Ps 4= (xo X1 xz) (x3 x4)
Gia str dau ngoac phan tach dau tién duoc dat sau thira sb x;:
Po.n = Po s Priin = (X0 X1 X5 o0 X)) (Xprt Xpsa oo X)
Khi do ta ¢6 C; cach tinh P, ,, C,., cach tinh P, ,, vado do
viée tinh P, ¢6 thé thyc hién béi C; C,.,., cach . /
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So Catalan

® Do dau ngoac phan tach dau tién c6 thé dit vao sau bat cir
thira s6 nao trong cac thura SO X, X1y voey Xopls suy ra téng sO
cach tinh P, , la:
C,=C,C,,+CCt..+C,..C,.
® Nhu vay ta thu c’[u:c,lrc cong thirc dé qui:

Cn :ZCkCn-k-l , n>l1,
k=0
c, =1, C, =l
® Su dung céng thirc nay c6 thé chimg minh cong thurc sau:

_ZC _ 1 2n (2n)!

\ n+l n!(n+1)!’n ' /
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So6 Catalan

® MOt so phan tir dau tién cua day s6 Catalan:
1,1,2,5,14,42, 132,429, 1430, 4862, 16796, 58786,
208012, 742900, 2674440, 9694845, 35357670,
129644790, 477638700, 1767263190, 6564120420,
24466267020, 91482563640, 343059613650,
1289904147324, 4861946401452, ...

® S Catalan 1a 1oi giai ctia rat nhiéu bai toan t6 hop. [
® Ta s& ké ra dudi diy mot s6 bai toan nhu vay. E. C. Catalan

1814 -1894 )
\ Belgium
/
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Tam giac phan da giac

~

\_

MRV OV,

® (,1as0 cach chia da giac n+2 dinh ra thanh cac tam giac

nho vé& cac duong chéo khong cat nhau & trong da giac:

s SO 5O00S00
2R
o-s DOOBLDN) 6690600

SOONNGE 29VYIPY

C.=42

(N AN
-
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Pwong di trén lwéi 6 vudng

® (,lasd lwong dwong di don diéu (tirc 1a duong di xuat phat tir vi tri goc
dudi-phai két thuc & goc trén-trai va chi di sang trai hodc 1én trén) do dai
2n trén ludi 6 vuong kich thudc nXn khong vuot Ién trén dudng chéo.
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Cay nhi phan day du

~

C, la s0 lwong ciy nhi phan day di khong diang cau cé n dinh trong.

con hodc c6 dung hai con. Dinh trong (internal vertice) 1a dinh c6 con.

RN AV =2 N
N PN SN N

RGN AN NS
\_ Ky Xy

Cay nhi phan c6 goc dugc goi la day du néu mo1 dinh cua n6 hoac la khong co
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Cay nhi phan day da véin la

~

\_

® (,1asd cay nhi phan day di véin + 1 14.
® (6 C; =5 cay nhi phan day du véi 4 1a:

S e o
. PN
NOLCAATAS

SAVAGAV AV AT S S
Ry RN
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Ask questions! {Q)




a,=5a, - 6a,,+ 7", n=2,

Toan roi rac
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LiINoReCoCo Example

~

® Find all solutions to a, = 3a,_,+2n. Which
solution has a, = 37

Notice this 1s a 1-LiNoReCoCo. Its associated 1-

LiHoReCoCo 1s a, = 3a,_,, whose solutions are all

of the form a, = a3». Thus the solutions to the
original problem are all of the form

a,=p(n)+ a3 So, all we need to do 1s find one
p(n) that works.

/

Toan r&i rac

167



e

Trial Solutions

~

® If the extra terms F(n) are a degree-7 polynomial in

n, you should try a general degree-7 polynomial as
the particular solution p(n).

® This case: F(n) 1s linear so try a, = cn + d.
cn+d = 3(c(n—1)+d) + 2n (for all n)
(2c¢+2)n + (2d—3¢c) =0 (collect terms)
Soc=—1and d=—-3/2.

So a,=-—n—3/2 18 a solution.
® Check: a,., = {-5/2,-7/2,-9/2, ... }

_/

Toan r&i rac
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Finding a Desired Solution

~

® From the previous, we know that all general
solutions to our example are of the form:

a,=-—n—3/2+ o3n
Solve this for a for the given case, a;, = 3:
3=—1-3/2+a3!
a=11/6
® The answer 1s a, = —n — 3/2 + (11/6)3~.

\_

_/

Toan r&i rac
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Double Check Your Answer!

® Check the base case, a,=3:
a,=-—n—3/2+(11/6)3~
a,=—1—-3/2+(11/6)3!
=—=2/2-3/2+11/2=-5/2+11/2=6/2=3

® Check the recurrence, a, = 3a,_,t2n:

—n—3/2 + (11/6)3n = 3[~(n—1) — 3/2 + (11/6)3+1]+2n
= 3[—n— 1/2 + (11/6)3+1] + 2
— 3 =32+ (11/6)3n + 2n=—n—3/2+ (11/6)3" m
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