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1. Gi&i thiéu bai toan

~

Trong chong tréc, ta da tap trung cha y vao Vlec dém s0 cdc cau hinh
t0 hop. Trong nhu’ng bai toan do su ton tai cua cdc cau hinh 12 hién
nhién va cong viéc chinh la dém so phan tir thod man tinh chat dat ra.

Tuy nhién, trong rat nhi€u bai todn to hop, viéc chi ra su ton tai clia
mot cau h1nh thod man cac tinh chat cho trée 14 hét siic khé khan.

Chang han, khi mot ky thli can phai tinh todn cdc néc di clia minh dé giai ddp
xem liéu c¢6 kha nang thang hay khong,

Mot ngoi giai mat ma can tim kiém chia khoa giai cho mot biic mat ma ma
anh ta khong biét lieu day c6 dung la bu’c dién that doc ma ho4 cta doi ph()’ng
hay khong, hay chi 1a biic mat ma gia cta doi phong tung ra nhim dam bao an
toan cho buc dién that ..
Trong to hop xuat hlen mot van dé thd hai rat quan trong la: xét su ton
tai cua cdc cau hinh td hop véi cdc tinh chat cho trée - bai todn ton tai
t6 hop.

Nhiéu bai todn ton tai t6 hop da tu‘ng thach thuc tri tué nhéan loai va da
12 dong luc thic ddy su phat trién cua t6 hop néi rieng va toan hoc néi
chung.

/
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Bai toan ve 36 si quan

® Bai todan nay doc Euler dé nghi, noi dung cua né
nh sau:

“C6 mot lan ngoi ta triéu tdp tw 6 trung doan moi trung
doan 6 si quan thudc 6 cdp bdc khdc nhau: thiéu 1y, trung
uy, thong uy, dai uy, thiéu td, trung ta vé tham gia duyét
binh ¢ s doan bo. HJi rang cé thé xép 36 si quan nay
thanh mot doi ngit hinh vuéng sao cho trong moi mot hang
ngang ciing nh moi mot hang doc déu cé dai dién cuia ca
6 trung doan va cua cd 6 cdp bdc st quan.”
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Bai toan ve 36 si quan

® St dung:
A, B, C, D, E, F dé chi c4c phién hiéu trung doan,
a, b, c,d,e, f déchicdc cap bac si quan.
Bai todn nay co thé tong quat hod néu thay con s6 6 bai n.
Trong trong hop n =4, mot 101 giai cua bai toan 16 sy quan Ia
Ab Dd Ba Cc
Bc Ca Ad Db
Cd Bb Dc Aa
Da Ac Cb Bd
® Mot 106i giai trong trong hop n=151a
Aa Bb Cc Dd Ee
Cd De Ea Ab Bc
Eb Ac Bd Ce Da
Be Ca Db Ec Ad

k Dc Ed Ae Ba  Cb
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Bai toan ve 36 si quan

~

Do 101 giai clia bai toan c6 thé bi€u dién bdi 2 hinh vuong vdi
cac chir cai la tinh hoa va thong chong canh nhau nén bai toan
tong quat dat ra con doc biét dGi tén goi bai todn vé hinh vuong
la tinh truc giao.

Euler da mat rat nhiéu cong stc dé€ tim 101 giai cho bai todn 36
si quan thé nhng 6ng da khong thanh cong. Tir d6 6ng da dé ra
mot gid thuyét tong quat 1a: Khong ton tai hinh vuong la tinh
truc giao cap n = 4k + 2.

Tarri, nam 1901 ching minh gia thuyét ding v6i n = 6, bang
cach duyét tat ca moi kha nang xé&p.

Nam 1960 ba nha toan hoc M¥ la Boce, Parker, Srikanda chi ra
doc mot 1oi giai véi n = 10 va sau do6 chi ra phong phap xay
dung hinh vuong la tinh truc giao cho mo1 n = 4k+2, vé1 k> 1.

/
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Bai toan ve 36 si quan

® Tong chiing bai toan dat ra chi c6 y nghia
thuan tuy cua mot bai toan do hoc buaa thur tri
tué con ngoi. Th€ nhng gan day ngoi ta da
phat hién nhiitng tng dung quan trong cua
van dé trén vao:
Quy hoach thuc nghiém (Experimental Design),
Sap xé&p cac lich thi ddu trong céc giai cd quoc té,

Hinh hoc xa anh (Projective Geometry),

- y
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Bai toan 4 mau

® C6 nhitng bai todn ma nodi dung cua nd ¢ thé giai thich
cho bat ky ai, tuy nhién 10i gidi cua né thi ai cling c6 thé
thr tim, nhng ma kho cé thé tim dgc. Ngoai dinh ly
Fermat thi bai toan 4 mau la mot bai toan nh vay.

® Bai toan c6 thé phat bi€u truc quan nh sau: Ching minh
ring moi ban doé trén mat phang déu c6 thé to bing 4 mau
sao cho khong ¢6 hai néc lang giéng nao lai bi t6 boi cuing
mot mau.

® Chu y rang, ta xem nh moi néc 1a mot ving lién thong va
hai néc doc goi la lang giéng néu ching c6 chung bién

\ 2161 la mot dong lién tuc. /
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Bai toan 4 mau

® Con sO 4 khong phai la ngau nhién. Ngoi ta da
chitng minh doc rang moi ban d6 déu doc td véi
sO mau 16n hon 4, con vdi s6 mau it hon 4 thi
khong to6 dogc. Chang han ban d6 gém 4 néc &
hinh dé6i khong thé t6 doc vdi s6 mau it hon 4.

/
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Bai toan 4 mau

®  Van dé nay dugc dé cip trong buc thu ciia Augustus De
Morgan giri W. R. Hamilton nim 1852 (De Morgan biét
sy kién nay tu Frederick Guthrie, con Guthrie tr nguoi
anh trai cua minh...)

® Trong 110 nim rat nhiéu ching minh dugc cong bd
nhung déu co 16i.

® Nim 1976, Appel va Haken di dua ra chung minh bang
may tinh dién tw!

K. Appel and W. Hankin, "Every planar map 1s 4-
colorable," Bulletin of the AMS, Volume 82 (1976), 711-

\ 712.
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Bai toan 4 mau

~

trong.

\_

® Trong ngdn ngit toan hoc, bai toan 4 mau dugc phat bicu
du61 dang bai toan to mau do thi phang.

® Viéc giai quyét Bai toan 4 mau dong gop phan quan trong
vao vi¢c phat trién ly thuyét do thi.

® Bai toan t6 mau do thi ¢o6 nhiéu ng dung thuc té quan

Fall 2006
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Hinh luc giac than bi

® Nam 1910 Clifford Adams dé ra bai toan hinh luc gidc than
bi sau: trén 19 6 luc giac (xem hinh vé & déi) hay dién vao
cac sO tir 1 dén 19 sao cho tong theo 6 héng cla luc gidc 1a
bang nhau (va déu bang 38).
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Hinh luc giac than bi

~

® Sau 47 nam troi kién nhan cudi cing 6ng ta da tim
doc 101 giai.

® Sau d6 vi so y danh mat ban thao 6ng ta da ton
thém 5 nam dé khoi phuc lai. Nam 1962 Adams
da cong bo 161 giai do.

® That khong thé ngo 12 d6 12 161 giai duy nhat (néu
khong tinh dén cac 101 giai sai khac nhau boi phép

K bi€n hinh don gian).

/
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Gia thuyét 3x + 1

~

\_

® Gia thuyét 3x+1 (conjecture)

Gia st ham f(x) tra lai1 x/2 néu x 1a so6 chan va 3x+1 néu x 1a so
1€. V&1 moi sO nguyén duong x, ludn ton tai # sao cho

) B Ff(13) =3*13+1 =40
f (x) —J({(Uﬁfﬁxﬁﬂ)) £(40) =40/2 =20

1a bang 1.

nlan goi ham f

£(20) =20/2 =10
£(10) =10/2 =5
£(5) =3%5+1 =16
£(16) =16/2 =8
£(8) =8/2 =4
f(4)=4/2=2
f(2)=2/1=1

/
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Gia thuyéet 3x + 1

® Gia thuyét 3x+1: Poan chuong trinh sau day luon két
thuc vo1 moi soO nguyén duong x.
repeat
if x mod 2 = 0 then x:= x div 2

else x:= 3*x +1

until x=1;

® Paul Erdos commented concerning the intractability of
the 3x+1 problem: ~~Mathematics is not yet ready for
such problems."

\ ® Pa chirng minh véi moi x < 5.6%1013 /

Fa” 2006 Toan roi rac 16
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Open problems

® Goldbach’s Conjecture
Moi s6 nguyén n >2 déu 1a tong cua 2 s6 nguyén to
D3 chi ra la ding vi moi n dén tan 4%1014
Nhiéu ngudi cho rang gia thuyét 1a dung

® Cip so nguyen to sinh doi (Twm prime conjecture)

Co v s6 cap sO nguyén to sinh doi (nghia 1a chi chénh 1éch
nhau 2)

Cip sinh d6i 16n nhat: 318,032,361 *2107.001+ |
® SO nay c6 32,220 chi sb!
Ciing dugc cho rang 1a ding
® Khong ton tai so hoan hio 1é (Odd perfect number)
® Néu ban giai quyét dwgc mét trong nhirng van dé nay .... /
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2. Cac ky thuat chirng minh

2.0. M6 dau
2.1. Chirng minh truc tiép (Direct Proof)

2.2. Chirng minh biang phan chimg (Proof by
Contradiction)

2.3. Ching minh bang phan dé (Proof by
Contrapositive)

2.4. Ching minh bang qui nap toan hoc (Proof by
Mathematical Induction)

\_ /
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2.0. Mé& dau

® Ching minh Ia trd1 tim cua toan hoc.

® Trong su6t qua trinh hoc tir thud nho dén truéng thanh
ban da va s€ con phai lam vigc vo1 ching minh — phai
doc, hiéu va thuc hién chirng minh.

® (6 bi quyét gi khong? Co phép mau gi giup duge khong?
Cau tra 101 la: Khong co bi quyét, kh()ng cO phép mau.
Van dé quan trong la can biét tu duy, hiéu biét mot so su
kién va nam virng mot so k¥ thuat co ban

\_ /
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Cau truc cua chirng minh

® Cau truc co ban cua chu’ng minh rat don gian: N6 1a diy céc
ménh dé, mdi mot trong s6 chung s&

hodc 1a gia thiét, hoac 1a

ket luan duoc suy truc tiép tir gia thiét hodc suy ra tir cac
két qua da chimg minh trudc do.

Ngoai ra c6 thé co nhitng glal thich — can cho nguoi doc va
khong c6 anh hu’()’ng dén cau tric cua chimg minh.

® Mot chirng minh can duoc trinh bay sao cho dé theo doi:

M1 budce trong chitng minh déu ro rang hoac it ra 1a dugc
giai thich ro rang,

Ngu:0’1 doc dugc dan dat den két luan ma khong gap nhiing
\ vudng mac do nhitng tinh tiét khong rd rang gay ra. /
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Vi du: Chirng minh /2 12 sé vé ty

® Trudc hét ta nhac lar khai ni€ém s6 vo ty va mot két qua
cua so hoc:

® Mot so thue duge goi 1 so hitu ty néu nd cd thé biéu dién
dudi dang p/g, vo1 p va g la cac sO nguyén. Mot s6 thuc
khong 1a s6 hitu ty dugc goi 1 s6 vo ty.

® Pinh 1y co ban cia sd hoc: Moi s6 nguyén duong déu co
thé biéu dién mot cach duy nhat dudi dang tich cta cac so
nguyén to ma ta s& goi 1a phan tich ra thira so nguyén to
(s& viét tat 1a PTNT) cua s6 do.
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® Ky hi¢u s = 22, Theo dinh nghia, s thoa man phuong trinh
52 =2.
® Néu s 1a s6 hitu ty, thi ta c6 thé viét
s =plq
trong d(,’) pvagq 1a hai sqé nguyen. Biang cach chia cho uéc
chung néu can, ta cd thé gia thiet [a p va g khong co udc
chung nao ngoai 1.

Vi du: Chirng minh /2 12 sé vé ty

® Thay biéu dién ndy vao phuong trinh dau tién, sau khi bién
do1 mot chat, ta thu dugc phuong trinh

p=2q.

\_ /
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Vi du: Chirng minh 2 1a sé vé ty

® Thé nhung, theo dinh Iy co ban ciia so hoc, 2 1a thira s6
trong PTNT cuia p? . Do 2 1a s6 nguyén t6, nén no ciing 1a
thira s6 trong PTNT ciia p. Tir d6 suy ra, 22 ciing xuat hién
trong PTNT cuia p2, va vi thé trong ca PTNT cua 2¢% Bang
cach chia hai vé cho 2, ta suy ra 2 1a thira so6 trong PTNT
cua g-.

® Tuong tu nhu trén (nhu d6i voi p?) ta co thé két luan 2 1a
thira sO nguyén t6 cua g. Nhu vy, ta thay p va ¢ c¢6 chung
thira s0 2. Piéu d6 1a mau thuan véi gia thiét p va ¢ khong
cO udc chung nao ngoai 1.

\ ® Khang dinh dugc ching minh. /
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2.1. Chirng minh trwe tiép \

(Direct proofs)

\_

® Chung ta bit dau bang vi du chirng minh tinh béc cau
cua tinh chat chia het.
® Pinh Iy. Néu a chia hét b va b chia hét ¢ thi a chia hét c.

® Proof. Theo gia thiét, va dinh nghia tinh chia hét, ta suy ra
ton ta1 cac s6 nguyén k, va k, sao cho

b:alﬁVE‘lC:bkz.
® Suyra
C=bk2=ak1k2.

® Ditk =k k,. Ta c6 k1a s6 nguyén va ¢ = a k, do d6 theo
dinh nghia vé tinh chia hét, a chia hét c.

/
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2.1. Chirng minh trwe tiép
(Direct proofs)

~

\_

Néu P, thi Q (If P, Then Q)

Phan 16n céc dinhﬂ 1y (cac bai tap hay bai }(iém tra) ma ban can
chirng minh hoac an hoac hién c6 dang “Néu P, Thi Q".
Trong vi du vira néq, "P" 13 “Néu a chia hét b va b chia hét ¢ "
con "Q" Ia "a chia hét ¢".
Pay 1a dang phat biéu chuan ctia rat nhiéu dinh 1y.
Cl}l’mg, miph truc tiép C(:) thé hinh dung nhu 12 mot ddy céc suy
dién bat dau tur “P”’ va két thuac baoi "Q".

P=..=2Q
Phan 16n cac chimng minhrle‘t ‘chl’mg minh truc tiép. I,(hi phai
chirng minh, ban nén thur bat dau tur ch}’mg minh truc ti€p, ngoai
trur tinh hudong ban co 1y do xac dang dé khong lam nhu vay.
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Vi du

® Vi du 1. Mdi s6 nguyén 1¢ déu 1a hiéu ctia hai so chinh phuong.
® CM. Gia sur 2a+1 1a s6 nguyén 1é, khi d6
2a+1 = (a+1)2 - a2.
® Vi dy 2. S6 100...01 (v6i 3n-1 s0 khéng, trong do n 1a so
nguyén duong) la hop so.
® CM. Ta co thé viét 100...01 = 103 + 1, trong d6 7 1a s0 nguyén
duong. St dung hang dang thirc a3 + b3 = (a+b)(a2 - a b + b?)
vo1a =107 va b =1, ta thu duoc
(1073 + 1 =102+ 1)(1027 - 107 + 1).
® Do (10n+1)>1va (1022 - 102+ 1)> 1 khi n la nguyén duong

\ nén ta c6 dpcm.
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2.2. Chtrng minh bang phan chirng

~

gia thiét ban dau.

hoic diéu phi 1y, chang han nhu 1 = 0.

\ dau 1a mot vi du chiimg minh nhu vay.

do cd gang suy ra cac dieu phi ly hoac cac mau thuan voi

® Trong ching minh bang phan ching ta sir dung cac gia
thiét va ménh dé phu dinh két qua can ching minh va tur

® Nghia l1a néu phai chimg minh “Néu P, Thi Q", ta gia thiét
rang P va Not Q la diing. Mau thuin thu duogc c6 thé 1a
mot két luan trai voi mot trong nhimg gia thiét da cho

® Chirng minh can bac hai cua 2 1a s6 vo ty trong vi du mo

Fall 2006 Toan roi rac
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2.2. Chirng minh bang phan chirng

® Vi du 1. Cho 7 doan thang c6 do dai 16n hon 10 va nh6 hon
100. Chitng minh rang luon tim dogc 3 doan dé c6é thé ghép
thanh mot tam giac.

® Giai:

® Chu y rang, can va du dé 3 doan c6 thé ghép thanh mot tam giac
14 tong do dai clia 2 doan nho phai 16n hon do dai cta doan 16n.

® Sap cac doan da cho theo thi tu ting dan cta do dai, ta ¢6:

10<ag<a,<..=<a <100.

Can ching minh rang trong day da xép luon tim doc 3 doan lién
ti€p sao cho tong clia 2 doan dau 16n hon doan cudi.

\ ® Gia thiét di€éu nay khong xay ra. /
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® Tir gia thiét phan chiing suy ra déng thoi xay ra céc bat dang thic:

2.2. Chirng minh bang phan chirng

a+ a, < as,
a, + a; < Ay,
a + a, < as,
a, + ads < ds,
as + dg < a;.

® Tir gia thiét a,, a, c6 gia tri 16n hon 10, ta nhan doc a; > 20. T a,
> 10 va a; > 20, ta nhan doc a, > 30, ..., ctt nh vay ta nhan doc as
> 50, a, > 80 va a; > 130.

® Bit dang thic cudi ciing mau thuin véi gia thiét cac do dai nhod

\ hon 100 va diéu d6 chiing minh két luan cua Vi du 1. /
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® Vidu 2. Cic dinh ctia mot thap giac déu doc danh s6 bodi cac s
nguyén 0, 1, ..., 9 mot cach tuy y. Chiing minh rang luén tim d
oc ba dinh lién ti€p c6 tong céac s6 1a 16n hon 13.

2.2. Chirng minh bang phan chirng

® Giai: Goi xy, x5, . . ., X9 1a cac sO gan cho cac dinh cuta 1, 2,...,
10 cua thap giac. Gia st ngoc lai 1a khong tim doc ba dinh nao
thod man khang dinh cta vi du. Khi d6 ta c6

X1+ X+ X3 < 13,

Xo+ X3+ X4 =< 13,
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2.2. Chirng minh bang phan chirng

® Cong vé v6i vé tat ca cdc bat dang thic trén ta suy ra
3+ X%+ ...+ xp0) < 130.

® Mait khac do

3(x; + x5+ ...+ Xp0)

=30+1+2+...4+9)

=135,
® suyra

135 =30 + x, + ... + Xx0) < 130.

® Mau thuan thu doc da ching t6 khang dinh trong vi du 13

\ diung.

Fall 2006 Toan roi rac
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2.2. Chirng minh bang phan chirng

® Vi du 3. Chimg minh rang khong thé noi 31 may vi tinh
thanh mot mang sao cho méi may dugc noi véi dung 5
may khac.
® Giai: Gia su ngugc lai 1a tim dugc cach ndi 31 may sao
cho moi may duoc noi véi dung 5 may khac. Khi d6 so
leong kénh no1 la
5x31/2="75,5"

® Piéu phi Iy thu dugc da chimg minh khang dinh trong vi
du la dung.

\_ /
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2.3. Chirng minh bang phan de \
(Proof by Contrapositive)

\_

® Chimg minh bang phan dé sir dung su tuong duong cia
hai ménh dé "P kéo theo Q" va “Phu dinh Q kéo theo phu
dinh P".

P=Q) = (Q="P).
® Vi du, khang dinh “Néu d6 1a xe cta toi thi né c6 mau
man" l1a twong duong v “Néu xe d6 khong ¢c6 mau man
thi n6 khong phai cua to1".
® Do d6, d¢ chimg minh “Néu P, Thi Q" bang phuong phap
phan de, ta chirng minh “Néu phu dinh Q thi ¢6 phu dinh
P” ("If Not Q, Then Not P*).
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2.3. Chirng minh bang phan de

® Vi du 1. Néu x va y 1a hai so nguyén sao cho x+y 1a so
chan, thi x va y c6 cung tinh chan I¢.

® CM. Ménh dé phan dé cua khang dinh da cho 13 “Néu x va
y lérhai sO nguyén khong cung chén 1¢, thi tong cua chung
la so le."

® Vi thé ta gia sir rang x va y khong cung chan 1&. Khong
giam tong quat, gia st rang x 1a chin con y 1a 1é. Khi d6 ta
tim dugc cac s6 nguyén k va m sao cho x = 2k va y = 2m+1.
Bay gio ta tinh tong x+y = 2k + 2m + 1 = 2(k+m) + 1, ma
rd rang 12 so 1é.

\ ® Tir d6 suy ra khang dinh cué vi du 1a dung. /
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2.3. Chirng minh bang phan de

Vi du 2. Néu n 12 s6 nguyén duong sao cho n mod 4 13 bang 2 hoic 3,
the thi n khong 1a s6 chinh phuong.

® CM. Ta sé& chirmg minh ménh dé phan dé: “Néu n 1a s6 chinh phuong
thi n mod 4 phai bang 0 hoac 1."

® Giasirn=k2 C6 4 tinh huéng co thé xay ra.
Néu k mod 4 = 0, thi k = 4q, voi q nguyén nao d6. Khi d6, n=k2 =
16 2=4(4 g2), suy ran mod 4 = 0.
Néu k mod 4 = 1, thi k =4q + 1, vdi q nguyén nao d6. Khi d, n =
k=16 2+8q+1=44 q2+2q) +1,suyranmod 4 =1.
Néu k mod 4 =2, thi k = 4q + 2, v6i q nguyén nao d6. Khi do, n =
k=16 qg+16q+4=44q+4q+1),suyranmod4 =0.
Néu k mod 4 = 3, thi k =4q + 3, vdi q nguyén nao d6. Khi d6, n =
\ ke=16@+24q+9=4@ +6q+2)+1,suyranmod4=1.
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2.3. Chirng minh bang phan de

® Chtng minh bang phan dé khac chimg minh phan ching ¢ chd
nao? Ta xét viéc ap dung chung vao viéc chirng minh "If P,
Then Q".

® Chirng minh bang phan chtng: Gia sir cd P va Not Q ta ¢b gang
chi ra diéu mau thuan.

® Chirng minh bang phan dé: Gia st ¢c6 Not Q va ta phai ching
minh not P.

® Phuong phap ching minh bang phan dé c6 vu diém 1a ban co
muc dich r0 rang la: Chirng minh Not P. Trong phuong phap
phén ching, ban? phai co gang chi ra diég mau thuan ma ngay tur
dau ban chua thé xac dinh dugc do la diéu gi.

\_ /
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2.4. Chirng minh bang qui nap toan hoc

® Pay la ky thut chimg minh rat hitu ich khi ta
phai c}u’rng minh me¢nh dé P(n) la dung vol
mo1 sO tu nhién #.

® Tuong tu nhu nguyén 1y “hi¢u irng domino”.

® So do chirng minh:

P(O) “Nguyén ly qui nap todn hoc
thir nhat”
Vn>0 (P(n)—P(n+1)) o
1 . “The First Principle
Ket luan: Vn=0 P (I/l) of Mathematical Induction”

\_ /
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The “Domino Effect”

* Bwérc #1: Domino #0 do.
® Bwédc #2: V&I moi neN,
néu domino #n do, thi
domino #n+1 cling do.
® Kétluan: Tat ca cac quan
bai domino déu 4do!
Chuy:
diéu nay xay ra
ngay ca khi

cO vO han
quan bai domino!
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/ Tinh ding dan cua qui nap \
(The Well-Ordering Property)

® Tinh dung dan cta chimg minh qui nap 13 hé qua
cua “well-ordering property”.
M(?i tap con kh,éc rong cac sO nguyén khéng am déu co
phan tir nho nhat”.
Vo#SESEN:dnelS:VheS:m=<n
® Tu d6 suy ra tip {n|-P(n)} (néu khac rong) co
phan tir nho nhat m, thé nhung diéu do 1a trai véi
diéu di chimg minh: Ta c6 P(m—1) la dung, suy

\ra P((m—1)+1) la ding?! /
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So’ do6 chirng minh bang qui nap yéu

Gia s ta can ching minh P(n) 1a dung Vi = m .

® Co s6 qui nap: Chirng minh P(m) 1a dung.

® Gia thiét qui nap: Gia sir P(n) la dang

® Budc chuyén qui nap: Ching minh P(n+1) 1a
ding.

® Két luan: Theo nguyén 1y qui nap ta co P(n) 1a
dang Vn = m.

\_ /
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/ Qui nap manh \

(Second Principle of Induction — Strong Induction)

® So d6 chirng minh:
P 1a dung trong moi tinh huong trudc
° P0) ,—~
Vn>0: (VO<k<n P(k)) — P(n+1)
Két luan Yn>0: P(n)

® Su khac bi€t vo1 so do qui nap “yeéu” ¢ cho:

Buéc chuyén qui nap st dung gia thiét manh

hon: P(k) 1a dung cho moi s6 nho hon k<n+1,

chit khong phai chi riéng vo1 A=n nhu trong
\ nguyén 1y qui nap tht nhat.
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So’ d6 chirng minh bang qui nap manh

Gia s ta can chung minh P(n) 1a dang Vn = 0.

® Co s¢ qui nap: Chirng minh P(0) la dung.

® Gia thiét qui nap: Gia sa P(k) lading V0 < k < n.
® Budc chuyén qui nap: Chimg minh P(n+1) 1a ding.

® Két luan: Theo nguyén 1y qui nap ta cd P(n) 1a dung
Vn > 0.

\_ /
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Vi du 1

\_

Chirng minh rang luén c6 thé phu kin ban
c® kich thwéc 20 X 20 (n > 1) béi cac quan
bai hinh chir T (T-omino).
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Co s& qui nap: Bang 22 x 22
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Co s& qui nap: Bang 22 x 22
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Co s& qui nap: Bang 22 x 22




-

Co s& qui nap: Bang 22 x 22

~




/ Bw&c chuyén qui nap \

Gia sur ta ¢ thé pht kin ban co kich thude 2» X 22, Ta
phai ching minh c6 thé phu kin ban co kich thudc 27+ X
2l

Thuc vay, chia ban co 27+1 X 2»+1ra thanh 4 phén, moi ph?m

kich thudc 27 X 2». Theo gia thiét qui nap mdi phan nay
déu co thé phu kin bo1 cac quan bair chir T. PBat ching vao
ban co 271 X 2ntitE

phu can tim.

\_ /
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Vi DU 2

~

® Trén mit phang v& n duong thang & vi tri
tong quat. Hoi it nhat phai str dung bao nhiéu
mau dé to cac phan bi chia bdi cac dudng
thang nay sao cho khéng cé hai phan co
chung canh nao b1 t6 bo1 cung mot mau?

® P(n): Ludn c6 thé t6 cac phan duoc chia bai
n duong thing v& & vi tri tong quat bdi 2
mau xanh va dé sao cho khong co hai phan

\ cO chung canh nao b1 td6 bo1 cung mot mau. /
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Vidu 2

® (o so qui nap: Khi n = 1, mit phang dugc chia 1am hai phan, mot phan sé to
mau xanh, phan con lai t6 mau do.
® Gia sir khang dinh dng véi n-1, ta ching minh khang dinh dung véi n.
® Thyc vay, trudc hét ta v& n-1 duong thang. Theo gia thiét qui nap co thé to
mau cac phan sinh ra bdi hai mau thoa méin diéu kién dit ra. Bay gio ta vé
duong thang tht n. Puong thang ndy chia mit phang ra lam hai phan, goi 1a
phan A va B. Céac phan ctia mit phang dugc chia boi n duong thang & bén
ntra mit phang B sé& giit nguyén mau da t6 trudc d6. Trai lai, cac phan trong
ntra mit phang A mdi phan sé duoc t6 mau dao nguoc xanh thanh do va do
thanh xanh. RO rang:
Hai phan c6 chung canh & cing mdt nira mit phang A hoic B 1 khong
cO chung mau.
Hai phan c6 chung canh trén dudng thang thtr n rd rang ciing khong bi to
cung mau (do mau bén nra A bi ddo nguoc).

\ ® Vay P(n) dung. Theo qui nap khéng dinh dang v&1 moi n. /
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Vi du 2
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Vidu 3

® Két thuc mdt giai vo dich bong chuyén gom n
doi tham gia, trong d6 cac ddi thi dau vong tron
moét lwot nguwdi ta méi cac dbi trwdng cua cac
ddi ra drng thanh mét hang ngang dé chup
anh.

® P(n): Ludn c6 thé xép n doi truong ra thanh mot
hang ngang sao cho ngoai trr hai1 nguo1 dung ¢ hai
mép, moi ngudi trong hang ludn dimg canh mot doi
treong cua doi théng do1 minh va mot do1 truong

\ cua do1 thua do1 minh trong giai. /
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Vidu 3

\_

Chirng minh. Ta chiimg minh bang qui nap toan hoc.
Co s¢ qui nap: R0 rang P(1) 1a dung.
Gia su P(n-1) 1a dang, ta chirng minh P(») 1a dung.

Trudc hét, ta Xép n-1 doi1 truong cua cac doi 1, 2,..., n-1.
Theo gia thiét qui nap, ludn c6 thé xép ho ra thanh hang
ngang thoa man dicu kién dau bai. Khong giam tong quat
ta c6 thé gia thiét hang d6 1a:

]l -2 — .. —>n-1.
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Vidu 3

~

\_

® Bay gio ta s& tim cho cho doi truong clia doi 7. C6 3 tinh
huong:
Néu doi n théng doi1 1, thi hang can tim 1a:
n—>1-2 —.. —n-l.
Néu dbi n thua doi n-1, thi hang can tim 1a:
l1 -2 —.. —»nl—-n.
Néu d6i n thua ddi 1 va thang d6i n-1.
® Goi k 1a chi s6 nho nhat sao cho d6i n thang d6i k.
* R& rang ton tai k nhu vay.

* Hang can thu duoc tir hang gom n-1 d6i da xép bang cach chén
doi truong do1 n vao vi tri gitta doi trudng cua do1 £-1 va doi 4.

/
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Vidu 3

1 -2 — ... 2k1-Kk—- k+1 —...—> n-1

Hang can tim:
1 »... ok-1-n-ok—-o k+1 —>...—> n-1

\_ /
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Paradox

\_

Binh ly: Tat ca cac con ngwa c6 cung mot mau.

Proof: Qui nap theo n
Gia thiét qui nap:
P(n) ::= n con ngwa bat ky luén cé cung mot mau
Co s& qui nap (n=1):

Chi c6 1 con tat nhién la chi cé mét mau!

/
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Paradox
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Bwdc chuyén qui nap
Gia st n con ngwa bat ky luén c6 cluing mau.

Ta can chirng minh n+1 con ngwa bat ky luén cé cung mau.

S555. 545

n+1

/
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/ Paradox

Bwdc chuyén qui nap

Gia st n con ngwa bat ky luén c6 cling mau.

Tap th& hai gdm n con ngwa cling mau

554 aé%«é%

\ Tap thr nhat gdm n con ngwa cling mau

Ta can chirng minh n+1 con ngwa bat ky luén cé cung mau.

/
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/ Paradox

~

Bwdc chuyén qui nap
Gia st n con ngwa bat ky luén c6 cling mau.

Ta can chirng minh n+1 con ngwa bat ky luén cé cung mau.

584 45

\ Suy ra n+1 con ngwa c6 cung mét mau!

/
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Paradox \

L6 & dau? n =1

Chwrng minh P(n) — P(n+1)
la false néu n =1, b&i vi hai nhém ngwa

la khdng giao nhau.

Tap thi hai gdm n=1 con ngua
|

Tap thir nhat gédm n=1 con ngua

/
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A bit of humor...
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Chwong 2. BAl TOAN TON TAI

\_

s W N

Gidi thiéu bai toan

Cac ky thuat chirng minh co ban
Nguyén ly Dirichlet

Dinh ly Ramsey
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3. Nguyén ly Dirichlet

3.1. Phét biéu nguyén ly
3.2. Cac vi du irng dung

\_ /
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3.1. Phat biéu nguyén ly
(Pigeonhole Principle)

~

\_

Néu x€p nhi€u hon n db1 twong vao n cai hop thi bao gio
cling tim dugc it nhat mot cai hop chtra it ra la hai doi

tuong.

=5

=5

=5

s

=5

=5
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s 3.1. Phat biéu nguyén Iy N\

(Pigeonhole Principle)

Chirng minh.

Viéc chirng minh nguyén 1y trén chi 1a mot 13p luan
phan chimg don gian. Gia st nguoc lai la khong tim
duoc cair hdop nao chira kh()ng it hon 2 d6i tuong.
Piéu d6 co6 nghia 1a modi cai hop chu’a khong qua
mot doi tuong. T d6 suy ra tong s6 doi tuong xép
trong n ca1 hop la khong vuot qua n, tra1 vor gia
thiét 1a c6 nhiéu hon n d6i twong duoc xép trong
chung.

\_ /
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3.1. Phat biéu nguyén ly N
(Pigeonhole Principle)

\_

Lap luan trén da dugc nha toan hoc nguotl Puc 1a Dirichlet
van dung thanh coéng vao viéc giai quyét rat nhicu bai toan
ton tai to hop.

Trong 12p luan cua Dirichlet, cac doi torong dugc xét la cac
qua tdo con cac cai hop duge thay boi cac cai gio: “Néu dem
bo nhiéu hon n qud tdo vao n cdi gié thi bao gio ciing tim
duwoc it nhat mét cdi gié chiva it ra la 2 qud tdo”.
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a 3.1. Phat bidu nguyén Iy N\

(Pigeonhole Principle)

Trong tai li¢u tiéng Anh 1ap luan do la1 dugc trinh bay trong
ngdn ngir cia cac con chim bo cau:
“Néu dem nhot nhiéu hon n con chim bo cdu vao n cdi
long thi bao gio ciing tim dwoc it nhat 1 cdi long chira it
ra la 2 con chim bé cdu”.
Vi thé nguyén 1y con c¢6 tén goi 1a “Nguyén 1y vé cac long
chim b cau”.
Trong ngdn ngit cua 1y thuyét tap hop, nguyén 1y co thé phat
biéu nhu sau:
“Neéu tdp X gom nhiéu hon n phan ti dwoc phan hoach
thanh n tdp con, thi bao gio ciing tim dwoc mot tap con

\ trong phan hoach do co luc luvong itrala 2” /
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Vi du

® Vi du 1. Trong s6 367 ngoi bao gid cling tim doc
hai ngoi c6 ngay sinh nhat giéng nhau boi vi chi ¢6
tat ca 366 ngay sinh nhat khac nhau.

® Vidu 2. Trong ky thi hoc sinh gidi diém bai thi doc
danh gid boi mot so6 nguyén trong khoang tir 0 dén
100. Hoéi rang it nhat phai ¢6 bao nhiéu hoc sinh du
thi d€ cho chic chin tim doc hai hoc sinh ¢6 két qua
thi nh nhau?

® Giai. Theo nguyén 1y Dirichlet, s6 hoc sinh can tim
\ 1a 102, vi ta c6 101 két qua diém thi khac nhau. /
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Vi du

® Vi du 3. Trong sO nhitng ngdi cé mat trén
trai dat ludn tim doc hai ngoi ¢6 ham rang
giong nhau.
® Gidi: Tat ca chi c6
232 = 4294 967 296
ham rang khac nhau ma s6 ngoi trén hanh
tinh chiing ta hién nay da vot qua 5 ty.

\_ /
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/ Nguyén ly Dirichlet tong quat \
Generalized Pigeonhole Principle

® Khi so lugng qua tdo bd vao k cai gié vuot qua so luong

cai giod nhiéu lan thi rd rang khang dinh trong nguyén ly

vé su ton tai cai gid chira it ra 13 2 qua tao 1a qua it. Trong

truong hop nhu vy ta st dung nguyén 1y Dirichlet tong

quat sau day:

“Néu dem bé n qud tdo vao k cdi gié thi bao gio ciing tim

diroc it nhdt mét cdi gio chua it ra la | n/k] qud tao”.

* ( day ky hiéu |al goi 14 phan nguyén gia cua s thuc o -
theo dinh nghia 1a s6 nguyén nhé nhat con 16n hon hoic
bang o.

\_ /
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Nguyén ly Dirichlet tong quat \
Generalized Pigeonhole Principle

® Chtrng minh nguyén 1y tong quat: Gia s khang
dinh cua nguyén 1y 1a khong dung. Khi d6 moi cai
210 chira khong qua ikl - 1 qua tao. Tu do suy
ra tong s qua tao bo trong k cai gid khong vuot

qua
k(In/k] - 1) < ((n/k+1) - 1)) = .

Mau thuan thu duoc d3 chimg minh nguyén 1y.

/
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Vi du

® Vidu 4. Trong 100 ngoi c6 it nhat 9 ngdi sinh cung mot thang,

® Giai: Xép nhitng ngdi cling sinh mot thang vao mot nhém. Co 12 thang
tat ca. Vay theo nguyén ly Dirichlet, ton tai it nhat mot nhom cé khong
it hon [100/12] = 9 ngoi.

® Vidu 5. C6 nam loai hoc bong khac nhau. Hoi rang phai c6 it nhat bao
nhiéu sinh vién dé chic chan riang ¢6 it ra 1a sdu ngdi cung nhan hoc
bong nh nhau?

® Giai: SO sinh vién it nhat cin c6 dé dam bao chac chan ¢6 6 sinh vién
cling nhan hoc béng nh nhau 14 s6 nguyén nho nhét #n sao cho [n/5] = 6.
S6 nguyén nho nhat dé 1a n = 5X5+1 = 26. Vay 26 la so long sinh vién
nhd nhat dam bao chic chan 1a cé siu sinh vién cuing hong mot loai

\ hoc bong. /
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Vi du

® Vi du 6. Hoi it nhat phai cé bao nhiéu ngoi
c6 mit trén trdi dat dé luon tim doc ba ngodi
c6 ham rang giong nhau?
® Gidi: Tat ca chi c6
232 = 4294 967 296

ham rang khac nhau. Ta can tim s6 n nho
nhat dé [n/232] = 3. Tt d6 s6 ngdi can tim 1a
2X23%2+1=8589 934 593.

\_ /
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® Trong cac vi du ing dung phirc tap hon cua
nguyén ly Dirichlet, ca1 g10 va qua tao can
phai duoc lua chon khon khéo hon rat nhiéu.

3.2. Cac vi du trng dung

® Trong phan nay ta sé xét mot sO vi du nhu
vay.

\_ /
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Vidu 1

® Vi du 1. Trong mét phong hop bao gio cling tim doc hai ngoi
c6 sO ngodi quen trong s6 nhitng ngdi du hop 1a bang nhau.

® Giai: Goi s0 ngoi du hop 1a n, khi d6 s6 ngdi quen cia mot ngoi
nao do trong phong hop chi ¢6 thé nhan cdc gid tri tir 0 dén n-1.
RO rang trong phong khong thé dong thoi cé ngodi ¢ sO ngoi
quen la O (tdc 1a khong quen ai ca) va c6 ngdi ¢é s6 ngdi quen
la n-1 (t&c la quen tat ca). Vi vay, theo s6 long ngoi quen ta chi
c6 thé phan n ngdi ra thanh n-1 nhém. Theo nguyén 1y Dirichlet
suy ra c6 it nhat mot nhém phai cé khong it hon hai ngoi, tic 1a
luon tim doc it ra 1a hai ngoi c6 s6 ngodi quen 1a bang nhau.

\_ /
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Vi du 2

® Vidu 2. Trong mot thang gom 30 ngay mot doi bong chuyén thi
dau moi ngay it nhat mot tran, nhng khong choi qua 45 tran. Hay
chiing minh rang phai tim doc mot giai doan gom mot s6 ngay
lién tuc nao do trong thang sao cho trong giai doan do do1 choi
dung 14 tran.

® Giai: Gia str a; 1a tong s6 tran thi dau cho dén hét ngay thi j cla
doi. Khi dé
al) a2y ceey a30

la day tang cac s6 nguyén dong va dong thoi 1 < a; < 45. Suy ra
day
a,+14, a,+14, ..., a;+14

\ cling la day tang cac s6 nguyén dong va 15 < aq, +14 < 59. /
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Vi du 2

® Tat ca c6 60 s6 nguyén dong
a, dy, ..., Az, Cll+14, a2+14, ceny a30+14,
trong do tat ca déu nho hon hoac bang 59.

® Vi vay theo nguyén ly Dirichlet, hai trong s6 ciac s6 nguyén
nay phai la bang nhau. Vi cic s0 ay, ..., as 12 d6i mot khéac
nhau va cac so a,+14, ..., as+14 ciling 1a d6i mot khac nhau,
nén suy ra phai tim dgc chi s6 i va j sao cho @, = a+14.

Diéu d6 c6 nghia la c6 dung 14 tran dau trong giai doan tur

ngay j+1 dén ngay i. /
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Vidu 3

® Vi du 3. Ching minh rang, trong s6 n+1 s6 nguyén
dong, moi s6 khong 16n hon 2n, bao gio ciing tim d
oc hai s6 sao cho soO nay chia hét cho so kia.

® Giai: Goi cac so da cho la
ai, s, . .., Qyyy -

® Vi€t mo6i mot s6 a; trong n+1 so trén dGi dang:
a=20q;,j=1,2, .., n+l

® trong d6 k(j) 1a nguyén khong am, g; 1a so le.

/
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Vidu 3

® Cac SO g1, ¢a, ..., Gns1 12 cac sO nguyén 1€, moi s6 khong
16n hon 2n.

® Do trong doan tir 1 dén 27 chi ¢é n so Ié, nén tir nguyén
1y Dirichlet suy ra la hai trong s cac so ¢, ¢, ..., ¢,.1 la
bang nhau, tic 1a tim doc hai chi s6 i vaj sao cho ¢; = ¢;
= q.

® Khidé

a; = 2kog, a; = 2kq.

® Suy ra néu k(i) < k(j) thi g; chia hét cho a;, con néu k(i)

\ > k(j) thi a; chia hét cho a;. /
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Vi du 4

® Vi du 4. Trén mit phang cho 5 diém c6 toa do nguyén

® Giai. Ta s€ chirng minh: Luon tim dugce 2 diém sao cho

M(x;, v,), i=1, 2, ..., 5. Chirng minh rﬁng ludn tim duoc 2
diém sao cho doan thang ndi chung, ngoai hai dau maut,
con di qua mot diém co toa d6 nguyén khac nira.

diém giira ctia doan thang ndi chung cé toa do6 nguyén.
Theo tinh chan 1é cta hai toa d6, 5 diém di cho co thé
phan vao nhiéu nhat 13 4 nhom:

(Chan, Chan), (Chan,L&), (Lé, Chan), (L&, L&).

/
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Vi du 4

® Tu do6 theo nguyén ly Dirichlet phai tim dugc mot nhom
chura it ra la 2 diém, chang han do la M, M, Khi d6 diém
gitra G; cua doan thang n6i M; va M, co toa do

Gy = ((xi+x)/2, (vity)/2).

® Do x;vax; cling nhu y,va y; ¢d cung tinh chan 1¢ nén céc toa
dd cua G, la cac s6 nguyen. Khéng dinh cua vi du duoc
chiing minh.

® Khang dinh cua vi du c6 thé tong quat cho khong gian n-
chiéu: “Trong khong gian n-chiéu cho 27+ 1 diém co toa do
nguyén. Khi d6 luén tim duoc 2 diém sao cho doan thing

no1 chung, ngoai hai dau mut, con di qua mot diém co toa do
k nguyeén khac nira”. /
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Vidub
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Trudc hét ta can mot s6 khai niém.

Cho a,,a,, ... a, la day sb thuec.

n dugc goi la do dai cua day so

Ta goi day con cua day da cho la day co6 dang a;,, a,, ..

Sll<lz<<lmgn

Day s6 dugc goi la tang ngdt néu moi so6 hang dirng sau ludn 16m hon s6

hang ding trudc.

Day s6 dugc goi la gidm ngdt néu moi s6 hang ding sau luén nho hon s6

hang ding trudc..
Vidu: Cho diy sb
1,5,6,2,3,09.

5, 6, 9 la day con tang ngat ctia day da cho

6, 3 1a ddy con giam ngat cua day da cho

da cho.

., Ay, trong do 1

/
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Vidub

¢ Pinh ly: M6i day gom n2+1 s6 phdn biét (nghia 1a céac
phan tur 1a khac nhau tung do1) luon chira hoac day con
tang ngat do dai1 n+1 hoac day con giam ngat d¢ dai n+1.
® Vidu: Diy
8,11,9,1,4,6,12,10,5,7
gom 10‘2 32+1 so hang phai chtra hodc diy con tang ngat do
dai 4 phan tir hoac day con giam ngat do dai 4 phan tu.
1,4,6, 12
1,4,6,7
11,9,6,5

\_ /
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Vidub

® Ching minh: Gia st a;, ay, ..., dpy la ddy gom n2+1 s6
phan biét. Gan cho mdi sO hang a;, clia diy so cip co th tu
(i d,), trong d6 i, 1a 3o dai ciia diy con ting dai nhat bat dau
tir a, con d; 1a do dai cua day con giam dai nhat bat dau tir .

Vidu:8,11,9,1,4,6, 12,10, 5,7
a,=11 ,(2,4)
a,=1,(4,1)

® Bay gi0 gia sir khong ton tai day tejmg cling nhu day giam cé
do dai n+1. Khi d6 i, va d, 1a cac s6 nguyén duong < n, vo1 k
=1, 2, ..., n2+1.

\_ /
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Do 1 < i, d, < n, nén theo qui tac nhan co tat ca n2 cip co
thu tu dang (i, d;) khac nhau.

Do ta co tat ca n2 T 1 cap (i, d;), nén theo nguyén ly
Dirichlet, hai trong s6 chung 1a trung nhau.

Ttrc 13 ton tai hai s6 hang a, va a, trong day da cho véi s<t
saochoi, =i, vad, =d.

Ta sé& chi ra diéu nay 1a khong thé xay ra.

Do céac s6 hang cua day 1a phan biét, nén

hoac la a, < a, hoac la a, > a,.

/

Fa” 2006 Toan roi rac 90



4 N

Vidub

® Néua, < a, khi d6do i, =i, , ta cO thé xay dung day con
tang do dai1 i +1 bat dau tu a,, bang cach nd1 duol nd boi
day con tang do dai i,, bat dau tu a..

[ X ) ’ as’ ...’ at’ (X X X J
® Suy ra day con tang dai nhat bat dau tu a, c6 do dai it ra la
i, + 1, nghia la i, > i, Mau thuan vo1 gia thiét i=i,.
® Tuong tu nhu vay, néu a, > a, ta co thé chi ra d, phai 16n
hon d,, va cing di dén mau thuan.

® Dinh 1y dugc chirng minh.

\_ /
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Chwong 2. BAl TOAN TON TAI

1. GIdi1 thiéu bai toan

2. Cac ky thuat chirng minh co ban
3. Nguyén ly Dirichlet

4. Dinh ly Ramsey

\_
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Vi du mé& dau
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® Trong mat phang cho 6 diém doc ndi v6i nhau ting doi
mot boi cdc cung mau xanh hoac mau do. Ching minh
rang luon tim doc 3 diém sao cho cdc cung ndi ching c6
cung mdt mau (ta s€ noi la chung tao thanh tam giac xanh
hoac do).

® Giai: Chon diém P nao d6. Tir né ¢6 5 cung noi véi 5 dieém
con lai. Theo nguyén ly Dirichlet, c6 3 trong s6 5 cung d6
phai c6 cling mot mau, chang han 1a mau xanh. Gia st d6
la cac cung PA, PB, PC.

® Né&u nh mot trong so6 3 cung AB, AC, BC ¢6 mau xanh thi
né cung vdi hai trong s6 ba cung PA, PB, PC tao thanh mot
tam gidc xanh. N€u ngoc lai thi tam gidc ABC 1a mot tam

giac do. /
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A

Néu nh mot trong
sO 3 cung AB,
AC, BC c6é mau
xanh thi no cung
vOi hai trong so ba
cung PA, PB, PC
tao thanh mot tam
g1ac xanh.

/
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A

Neéu ca 3 cung

AB, AC, BC co
mau do thi chung
tao thanh mot tam

giac do.

/
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Phan tich vi du

® Mot cdch phat bi€u khac cua két qua vira chiing minh 1a:
Trong s6 6 ngoi tai moOt ban tiéc ludn tim doc hoac ba ng
01 do1 mot quen nhau hodc ba ngo1 do1 mot khong quen
nhau.

® (6 thé thay rang neu thay con so 6 bo1 n > 6 thi khang
dinh trong vi du van dung Nhung néu thay con s6 6 boi
5 thi khang dinh trong vi du khong con ding nita nhu chi
ra trong hinh v& sau day
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Phan tich vi du

® Nhu vay c6 thé thay 6 1a gia tri » nho nhat dé khang dinh trong
vi du la ding.

® Chung ta c¢6 thé dat ra cdc cau hodi tong tu nh: Hoi it nhat phai
c6 bao nhiéu ngoi dé chic chan tim doc hodc 4 ngodi doi mot
quen nhau hoac 4 ngoi doi mot khong quen nhau? Hoi it nhat
phai ¢4 bao nhiéu ngoi dé chic chan tim doc hoac 5 ngoi doi
mot quen nhau hoac 5 ngoi doi mot khong quen nhau?

® Con s6 nho nhat nhac dén trong cac cau hoi trén doc goi 1a cic
sO Ramsey, mang tén nha todn hoc ngoi Anh da ching minh d
oc dinh 1y noi tiéng trong 1y thuyét tap hop 1a su tong quat hod

k nguyén 1y Dirichlet. /
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Cac s6 Ramsey

® DE co6 thé phat biéu nhitng két qua tong quét hon ching ta
can dén mot so khai niém.

® Pinh nghia 1. Goi K, la bé gom hai tip V, E, trong do'V
la tdp gom n diém con E la tdp cdc doan ndi giita tdt cd
cac cdp diém trong V.

Ta s€ ky hiéu K, = (V, E).
Céc phan ti cia V doc goi 1a cac dinh, va V 1a tap dinh cua K,

Moéi doan n6i hai dinh u, v € V s€ doc goi la mot canh cua K, va
ky hiéu la (u, v), va tap E doc goi la tap canh cua K,

\_ /
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Cac s6 Ramsey

® Ta c¢6 thé phat bicu lai két qua trong vi du md dau nh sau:
“Gia st moi canh ctia Ky doc td boi mot trong hai mau xanh
hoac do. Khi d6 K, luon chita hoac K5 véi tat ca cac canh d
oc t6 mau xanh (goi tat 12 K5 xanh) hodc K; véi tat ca céc
canh doc t6 mau do (goi tat 1a K5 do).

® Chung ta s€ ndi rang s6 6 co tinh chat (3,3)-Ramsey.

® Binh nghia 2. Gid s i va j la hai s0 nguyén sao cho i = 2,
Jj = 2.86 nguyén dong m co tinh chdt (i,j)-Ramsey néu K,

voi moi canh doc t6 bdi mot trong hai mau xanh, do luon
chita hodc la K; do hodc la K; xanh.

\_ /
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Cac s6 Ramsey
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Twr phan tich o trén ta thay 6 c6 tinh chat (3,3)-Ramsey, va moi s6 n<6
déu khong c6 tinh chit nay. Vay 6 1a s6 nho nhéat c6 tinh chat (3,3)-
Ramsey.

Dinh nghia 3. S6 Ramsey R(i,j) la s6 nguyén dong nho nhdt cé tinh
chdt (i j)-Ramsey.

Chang han, tir két qua vira trinh bay & trén, ta c6 R(3,3) = 6.

Vi du. Tim R(2,7) - s6 nguyén dong nho nhat cé tinh chat (2,7)-
Ramsey.

Giai: Trdc hét ta tim s6 nguyén dong n sao cho v4i moi cach to cac
canh cua K, boi hai mau xanh, do luén tim doc hoac K, do hoac K,
xanh. R(2,7) la s6 nho nhat cé tinh chat nay.
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Cac s6 Ramsey

® Xét mot cach t6 mau (tuy y) cdc canh cua K,. R0 rang
hoac 1a tim doc it nhat mot canh cua K, doc t6 mau do,
hoac 1a tat ca cdc canh cua né déu doc td6 boi mau xanh.
Néu c6 canh t6 mau do thi rd rang ta c6 K, do. Con néu tat
ca cac canh déu t6 bdi mau xanh thi ta ¢ K, xanh. Vay so
7 c6 tinh chat (2,7)-Ramsey, va vi the R(2,7) < 7.

® Nhng R(2,7) khong thé nho hon 7, bdi vi néu to tat ca cdc
canh cua K, boi mau xanh ta s€ khong tim doc K, do va
cting khong tim doc K; xanh.

° Vay R(2,7)=7.

\_ _/
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Cac s6 Ramsey

® Cic tinh chét co ban sau day cua s6 Ramsey R(i,j) c6 thé
chiing minh bang céc lap luan tong tu nh trong céac vi du
da trinh bay:

R(.j) = R(j,0);

Néu m c6 tinh chat (i,j)-Ramsey, thi moi s6 n > m cling
co tinh chat nay;

Néu m khong c6 tinh chat (i,j)-Ramsey, thi moi s6 n <
m cling khong c6 tinh chat nay;

Néu i, = i, thi R(i,,)) = R(i,.)).

\_ _/
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Cac s6 Ramsey

® Viéc xac dinh s6 Ramsey R(i,j) doi hoi chiing ta phai tim
sO nguyén dong nho nhat cé tinh chat (i,j)-Ramsey. Liéu
sO nay c¢6 ton tai véi moi i = 2, j = 2 hay khong? Dinh 1y
Ramsey cho ta khang dinh vé su ton tai clia cdc s6 nay.

® Pinh ly Ramsey. Néu i > 2,j = 2 la cdc sO nguyén dong

thi luon tim doc so nguyén dong voi tinh chdt (i,j)-Ramsey
(tw do suy ra so R(i,)) la ton tai).

\_ _/
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® Cac sO R(i,j) vira trinh bay & trén chi la mot trong so nhiéu dong
s0 Ramsey da dugc nghién ctru.

® Viéc xac dinh R(i,j) vO1 nhitng gia tri £, j cu thé luon 1a cac bai
toan to hop khong tam thu’O’ng Hién nay nguoi ta méi biét gia
tri cia R(i, j) voi rat it gia tri cua (i,f).

inj 2] 3 4 5 6
2 |2
3|3
4 |4 18
5 |5 14 [25-27 [43-32
6 |6 |18 [34-43 [57-94 [102-169
7 |7 [23 |49 > 76
8 28 | =53 > 94
9 36 | =69
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