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Bai toan cay khung nho nhat

The Minimum Spanning Tree Problem
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Cay va rirng (Tree and Forest)

¢ Dinh nghia 1. Ta goi cdy la do thi vé hong lién thong
khong co chu trinh. Do thi khong coé chu trinh doc goi la
rung.

* Nh vay, rung la do thi ma moi thanh phan lién thong
cua né la mot cay.
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Cac tinh chat co’ ban cua cay

Dinh ly 1. Gid §ii’ T=(V,E) la d6 thi vo hwong n dinh. Khi
do cac ménh de sau day la twong duong:

(1) T lalien thong va khong chwa chu trinh;

(2) T khong chira chu trinh va co n-1 canh;

(3) T lien thong va co n-1 canh;

(4) T lién théng va méi canh ciia né déu la ciu;

(5) Hai dinh bét ky ciia T dwoc néi véi nhau béi
dung mot dwong di don;

(6) T khéng chira chu trinh nhung hé cir thém
vao no mot canh ta thu dwoc dung mot chu trinh.
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Cay khung cta do thi

* Pinh nghia 2. Gid sir G=(V,E) la do thi vo hwéng lién
thong. Cay T=(V, F) voi FC E dwoc goi la cay khung cua
do thi G.

Do thi G va 2 cdy khung T,va T, cia né



SO lwong cay khung ctia do thi

il ¢ Dinh ly sau day cho biét s0 lwgng cay khung
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Bai toan trong hoa hoc hiru co’

* Biéu dién cau tric phan ti:
¢ MOoi dinh twong tmg v&i mot nguyén tir
* Canh — thé hién lién két gifta cac nguyén tir
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¢ Bai toan: Dém s6 dong phan cua cacbua hydro no chira mot
sO nguyén tur cacbon cho truéc



methane ethane ©@

BO—O0—E
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propane

saturated hydrocarbons C H., .,
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Tap cac chu trinh co ban

¢* Gia st G = (V, E) la don d6 thi vo héng lién thong,
H=(V,T) la cay khung ctia n6. Cac canh cua do thi thudc
cay khung ta s€ goi l1a cac canh trong, con cac canh con lai
s€ goi la canh ngoai.

* Dinh nghia 3. Néu thém mot canh ngoai e € E\T vao cdy
khung H chung ta sé thu doc dung mot chu trinh trong H,
ky hiéu chu trinh nay la C, . Tdp cac chu trinh

Q={C,:. ec E\T}

doc goi la tdp cdc chu trinh co ban cua do thi G.
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Tinh chat

¢ Gia su A va B 1a hai tap hop, ta da vao phép toan sau
A®B = (AUB)\(A NB).
Tap A®B doc goi 1a hiéu doi xitng cta hai tap A va B.

* Tén goi chu trinh co ban gan lién véi su kién chi ra trong
dinh 1y sau day:

* Dinh ly 3. Gia suw G=(V,E) la do thi vé hong lién thong,
H=V,T) la cdy khung cua no. Khi do moi chu trinh cua do
thi G déu cé thé biéu dién nh la hiéu doi xiing cia mot so
cdc chu trinh co ban.
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Y nghia (rng dung

¢ Vi¢c tim tap cac chu trinh co ban gitr mot vai tro
quan trong trong van dé giai tich mang dién:

Theo mdi chu trinh co ban cua do thi tuong
Ung v4i mang dién can phan tich ta s& thiét 1ap
duoc mot phuong trinh tuyén tinh theo dinh
luat Kirchoff: Tong hiéu dién thé doc theo mot
mach vong 1a bang khong.
Hé thong phuong trinh tuyén tinh thu dugc cho
phép tinh toan hiéu dién thé trén moi doan
duong day cua ludt dién.
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Thuat toan xay dwng tap chu trinh co’ ban

Pau vao: Po thi G=(V,E) doc mo ta bang danh sach ke Ke(v), veV.

procedure Cycle(v);
(* Tim tdp cdc chu trinh co bdn ciia thanh phan lién théng chiva dinh v
Cac bién d, num, STACK, Index la toan cuc *)
begin
d:=d+1;
STACK][d] := v;
num := num+1;
Index[v] := num;
for u € Ke(v) do
if Index[u]=0 then Cycle(u)
else
if (u # STACK[d-1]) and (Index[v] > Index[u]) then
< Ghi nhdn chu trinh voi cdc dinh:
STACK[d], STACK|[d-1], ..., STACK|c], voi STACK|[c]=u >;
d:=d-1;
end;
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Thuat toan xay dwng tap chu trinh co’ ban

(* Main Program *)
BEGIN
for veV do Index|[v]:=0;
num :=0; d:=0;
STACK][O0] := 0;
for veV do
if Index[v] =0 then Cycle(v);
END.

* O phuc tap: O(|VI+|E])
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BAlI TOAN CAY KHUNG NHO NHAT

Minimum Spanning Tree (MST)
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Bai toan CKNN

Bai toan: Cho d6 thi v hudng lién thong G=(V,E) vdi trong s0
c(e), e € E. D dai cua cay khung 1a tong trong so trén cac canh
cua no. Can tim cay khung c6 do dai nho nhat.

D0 dai cua cay khung la
Tong do dai cac canh:
14
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Bai toan cay khung nhé nhat

* (0 thé phat biéu dudi dang bai toan toi uu to hop:
Tim cuc tiéu
c(H) = 2 c(e) — min,
ecT
v6i diéu kién H=(V, T) 1a cay khung cta G.

Do so lugng cay khung cua G 1a rat 16n (xem dinh 1y
Cayley), nén khong thé giai nho duyét toan bo
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UWng dung thwe té: Mang truyén théng

Cong ty truyén thong AT&T can xdy dung mang
truyén thong két ndi n khach hang. Chi phi thuc hién
kénh noi i va j 1a c;. Héi chi phi nho nhat dé thuc
hién viéc két noi tat ca cac khach hang 1a bao nhiéu?

Gia thiét la: Chi cé
cach két noi duy
nhat 1a dat kénh
noi trwc tiep giira
hai nut.

21



Bai todn xdy dung hé thong dong sat

Gia sir ta muodn xay dung mot hé théng duong sat noi n thanh
pho sao cho hanh khach co6 thé di lai gitra hai thanh pho bat ky
dong thoi tong chi phi xay dung phai 1a nho nhat.

RO rang 1a d6 thi ma dinh 1a cac thanh phd con cac canh 13 cac
tuyén duong sat no1 cac thanh pho tuong tng vd1 phuong an
xay dung to1 uu phai 1a cay.

Vi vay, bai toan dat ra dan vé bai toan tim cdy khung nhé nhat
trén do thi day du n dinh, mo1 dinh tuong ttng v&1 mot thanh
pho, v61 d dai trén cac canh chinh 1a chi phi xay dung duong
ray no1 hai thanh pho tuong rng

Cha y: Trong bai todn nay ta gia thiét la khong doc xdy dung
tuyén dong sdt cé cdc nha ga phdn tuyén nam ngoai cdc thanh
pho.
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So’ do chung cua cac giai thuat

Generic-MST(G, c)
A=15
//Bat bién: A4 1a tap con cac canh cua CKNN nao do
while 4 chua la cay khung do
tim canh (u, v) 1 an toan doi véi 4

A=A U{(u,v)}
// A van 1a tap con cac canh\xa CKNN nao d6
return A
anh ré nhat
de dérp bég
tinh bat bién

Tim canh an toan bang cach nao?
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Lat cat

* Ta go1 lat cit (S, V-8) 1a mot cach phan hoach tap
dinh 7 ra thanh hai tap S va V- S. Ta nd1 canh e la
canh vwot ldt cat (S, V- S) néu mot dau mut cta nd
1a thudc S con dau mut con lai thuode V- S.

¢ (Gi1a su 4 la mot tap con cac canh cua do thi. Lat
cat (S, V- S) duoc goi 1a twong thich véi A néu nhu
khong c6 canh nao thudc 4 1a canh vuot lat cat.
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Lat cat

Lat cit caa G = (V, E) 1a phan hoach 7 thanh (S, V- ).
Vidu.S={a, b, ¢ f}, V-8={e d g}

Cac canh (b, d), (a, d), (b, ), (¢, €) 1a canh vuot lat cit.
Cac canh con la1 khong vuot 1at cat. 25



Lat cat twong thich véi tap canh

Vidu.S={a b, c, f A1=1(a,b),(d g, b),(af)}
AZZAI U { (ba d) }

Lat cat (S, ¥ —S) 1a tuong thich véi 4, khong tuong thich véi 4,
(canh (b, d) vuot lat cat). 26



Canh nhe

Canh nhe la canh c6 trong s6 nho nhat trong s6 cac canh vuot 14t cat.

VD.S={a, b, ¢, f}

Canh (b, e) c0 trong s6 3, “nhe hon” cac canh
vuot lat cat con lai (a, d), (b, d), va (c, e). 27



Canh nhe la canh an toan!

Pinh ly. Gia su (S, V- S) 1a 1at cat cia G=(V, E) tuong thich vdi
tap con 4 cua E, va 4 1a tap con cua tap canh cua CKNN cua G.
Goi (u, v) 1a canh nhe vuot 1at cat (S, V' —S). Khi do (u, v) 1a an
toan d6i voi A; nghia 1a, 4 U {(u, v)} ciling van 1a tip con
cua tap canh cua CKNN.

28

A gbm cac canh do.



Tai sao canh nhe la an toan?
Chung minh. Gia str 7' la CKNN (gém cac canh do) chua A.
Gia st canh nhe (1, v) € T. Ta co
4 TU { (4, v) } chtra chu trinh.
<+ Tim duoc canh (x, y) € T vuot lat ¢t (S, V — S).

<=Cay khung T'=T— { (x,») } U { (1, v) } ¢6 do dai <
do dai cua cay khung 7. Suy ra 7' cling la CKNN.

AU {(u,v)} ST, thc 13, (u, v) 12 an toan ddi véi 4.
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He¢ qua

Hé¢ qua Gia st 4 1a tap con cua £ va cling 1a tap con cua tap canh
ctia CKNN nao d6 ctia G, va C 1a mot thanh phan lién thong trong
ring F = (V, A). Néu (u, v) 1a canh nhe néi C véi mot thanh phan
lién thong khac trong F, thi (u, v) 1a an toan doi véi A.

CM

Canh (u, v) 12 canh nhe vuot 1at cat (C, ¥ — C) twong thich véi 4.
Theo dinh 1y trén, canh (u, v) 1a an toan doi voi A.

C A gom 5 canh do.
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Tim canh an toan?

Gia stir 4 1a tap con cua tap canh cua mot CKNN nao do.

Thuat toan Kruskal

v A la rirng.
¥ Canh an toan dugc bo sung vao 4 co trong sé nhé nhat
trong sO cac canh no1 cac cap thanh phan lién thong cua no.

Thuat toan Prim

¥ A 1a cay.
¥¢ Canh an toan 1a canh nhe noi dinh trong A vo1 mot dinh
khong o trong A.
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Thuat toan Kruskal

Generic-MST(G, c)
A=15
//Bat bién: A4 1a tap con cac canh cua CKNN nao do
while A chua la cay khung do
tim canh (u, v) 1 an toan doi véi 4

A=A U{(u,v)}
// A van 1a tap con cac canh cia CKNN nao do
return A

Thuat toan Kruskal

% A la rirng.
% Canh an toan duogc bd sung vao A4 cO trong s6 nho nhat
trong sO cac canh nd1 cac cap thanh phan lién thong cua no.
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Po dai cua CKNN: 14
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Mo ta thuat toan Kruskal

procedure Kruskal;
begin
sép Xép cac canh e, ..., e theo thi ty khong giam cua do dai;
I'=0; (*T-tap canh cua CKNN *)
fori=1tomdo
if T U{e,} khong chura chu trinh then 7:= T U {e };
end
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Thei gian tinh

Buée 1. Sap xép diy do dai canh.
O(m log n)

Bwdc 1ap: Xac dinh xem 7'U { ¢; } ¢o chira chu
trinh hay khong?

C6 thé st dung DFS dé kiém tra vé6i thoi gian O(n).

Tong cong: O(m log n + mn)
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Cach cai dat hiéu qua

Van dé dit ra 1a:

Khi canh e=(j,k) duoc xét, ta can biét co phai j va k
thudc hai thanh phan lién thong (tplt) khac nhau hay
khong. Néu dung, thi canh nay dugc bo sung vao
cay khung va né sé ndi tplt chtra j va tplt chira k.

Thuc hién diéu nay nhu thé nao cho dat hiéu qua?
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Cach cai dat hiéu qua

MBOi tplt C cua rimg F dugce cat gilt nhu mot tap.
Ky hiéu First(C) dinh dau tién trong tplt C.

Véi moi dinh ; trong tplt C, dit First(j) = First(C) = dinh dau
tién trong C.

Chu y: Thém canh (i,j) vao rung F tao thanh chu trinh 1ff i va
J thudc cung mot tplt, tire 1a First(i) = First(j).

Khi ndi tplt C va D, s& ndi tplt nho hon (it dinh hon) vao tplt
16n hon (nhiéu dinh hon):

Néu |C| > |D|, thi First(CUD) := First(C).
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Phan tich thoi gian tinh

Thoi gian xac dinh First(i) = First(f) doi véi i, j: O(1) cho mbi
canh. Tong cOong la O(m).

Thoi gian noi 2 tplt S va O, gia thiét |S| = |O).
O(1) véi mdi dinh cua O (1a tplt nhé hon)
Moi dinh i ¢ tplt nho hon nhiéu nhat la log 7 lan. (B6i vi, 50
dinh cua tplt chira i tang 1€n gap do1 sau moi1 1an noi.)

Tong cong thoi gian noi la: O(n log n).

Téng thot gian thue hién thuat toan 1a:
O(mlog n+ nlog n).
38



* A la cay (Bat dau tir cay chi co 1 dinh)

* Canh an toan 1a canh nhe nhat trong
sO cac canh nd1 dinh trong 4 v&1 mot
dinh khong o trong A.

39



Te

"\

cac canh dé chon
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Po dai cua CKNN: 14
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Mo ta thuat toan Prim

procedure Prim(G, c)
begin
Chon dinh tuy y r €V;
Khoi tao cay 7=(V(1), E(T)) vor (T)={ r }va E(T)=0;
while 7' c6 <n dinh do
begin
Goi (u, v) 1a canh nhe nhat v6i u € M(T) va ve (G) — W(T)
E(T) < ETM) U {(u,v) }; T« D) U {v}
end
end;

Tinh dGng dan suy tir hé qua da chtimg minh:

Gia st 4 1a tap con cua E va cling la tap con cua tap canh cua CKNN cua G, va
C la mot thanh phan lién thong trong rung F' = (V, A). Néu (u, v) la canh nhe
no1 C vo1 mot tplt khac trong F, thi (1, v) 1a an toan doi1 vor A.
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Cai dat thuat toan Prim doi v&i do thi day

¢ Gia sur do thi cho boi ma tran trong s6 C={c[ij],i,j=1, 2,..., n}.

¢ O mbi béc dé nhanh chong chon dinh va canh can bo sung vao
cay khung, cac dinh cua do thi sé doc gan cho cac nhan.

¢ Nhan cua mot dinh v € V-S ¢6 dang [d[v], near[v]] :
d[v] dung dé ghi nhan khoang cdch tir dinh v dén tap dinh S:
dlv] =min{ c[v, w]: we S} (=c]y, z]),

near|v] := z ghi nhan dinh cua cay khung gan v nhat
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procedure Prim;
begin
(*  Bdc khoi tao *)
S :={r};T:=@; d[r] :=0; near[r] :=r.
for veV\ S do begin
d[v] := c¢[r,v]; near[v] :=r;
end;
(* Boc lap *)
for k:=2 ton do
begin
Tim wu € V\S thod mdn: d[u] =min {d[v]:veE V\S };
S:=SU{u}; T:=TU{(u,near[u]) };
for ve V\S do
if d[v] > c[u,v] then begin
d[v] := c[u,v] ; near[v] := u;
end;
end;
H=(S,T) lacdy khung nho nhdt cua do thi ;
end;

Thoi gian tinh: O(|V)?) 48



* Vi du: Tim CKNN cho d6 thi cho bé&i ma tran trong s6

O G A ODN -

1
0
33
17

8

2
33
0
18
20
o0

o0

3
17
18

0
16

4

o0

4

0
20
16

0
9
8

1

D oo p 8 8 o

o 8 8 8 o

14
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Bwoéc DPinh 1 Pinh 2 Pinh 3 Pinh 4 Pinh 5 Pinh 6 S
Khéi tao
1
2
3
4
5
1 2 3 4 5 6
1 0 33 17 ®© ©
2 33 0 18 20 o
c= 3 17 18 0 16 4 o
4 © 20 16 0 9 8
5 © o 4 9 0 14
6 @ @ a0 8 4 0
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DPinh 1 Pinh 2 Pinh 3 Pinh 4 Pinh 5 Pinh 6 S
Khéi tao | [0, 1] [33, 1] [17, 1]* [00, 1] [o0, 1] [00, 1]

1
2
3
4
5

1 2 3 4 5 6

1 0 33 17 ®© ©

2 33 0 18 20 o

c= 3 17 18 0 16 4 o

4 © 20 16 0 9 8

5 © o 4 9 0 14

6 @ @ a0 8 4 0
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DPinh 1 Pinh 2 Pinh 3 Pinh 4 Pinh 5 Pinh 6 S
Khéi tao | [0, 1] 33,1 | (17,1 | [, 1] [0, 1] [0, 1] 1
1 . [18, 3] : [16, 3] [4, 3]* [0, 1] 1,3
2
3
4
5
1 2 3 4 5 6
8]
for ve V\S do ! 0 3 1T = = =
) 2 33 0 18 20 =
if d[v] > c[u,v] then c= 3 |17 18 0 16 4 o
o— . 4 w 20 16 0 9 8
d[V] o c[u,v] ’ 5 ©w o 4 9 0 14
6 @ @ a0 8 14 0

near|[v] := u;
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Dinh 1 Dinh 2 Dinh 3 Dinh 4 Dinh 5 Dinh 6 S
Khéi tao | [0, 1] 33,1 | (17,1 | [, 1] [0, 1] [0, 1] 1
1 - [18, 3] - [16, 3] [4, 3] [oo, 1] 1,3
2 . [18,3] |- [9,5]* . [14,5] |1,3,5
3
4
5
1 2 3 4 5 6
e
for ve V\S do 1
) 2 [ 3 0 18 20 o o
if d[v] > c[u,v] then c= 3 |17 18 0 16 4 o
— . 4 ©w 20 16 0 9 8
d[v] := c[u,v] ; 5 w o 4 9 0 14
near[V] = u; 6 | = « » 8 14 0 |
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DPinh 1 Pinh 2 Pinh 3 Pinh 4 Pinh 5 DPinh 6 S
Kh&i tao | [0, 1] 33,1 | (7,17 | [, 1] [0, 1] [0, 1] 1
1 - [18, 3] > [16, 3] [4, 3]* [0, 1] 1,3
2 - [18,3] |- [9,5]* i [14,5] | 1,3,5
3 - [18,3] - - - [8,4]* 1,3,5,4
4
5
1 2 3 4 5 6
for ve VIS do 1 9 0 3 17 o = o 9
if d[v] > c[u,v] then 2 [ 33 0 18 20 o o
c= 3 17 18 0 16 4 o
d[v] := c[u,v] ; 4 w 20 16 0 9 8
6 @ @ a0 8 14 0
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DPinh 1 Pinh 2 Pinh 3 Pinh 4 Pinh 5 Pinh 6 S
Khéi tao | [0, 1] [33, 1] [17, 1]* [o0, 1] [0, 1] [0, 1] 1
1 . [18, 3] . [16, 3] [4, 3]* [0, 1] 1,3
2 ; [18,3] |- [9,5]* ] [14,5] |1,3,5
3 ] [18,3] ; ] ] [8,4]* 1,3,5,4
4 - [18,3]* - - - - 1,3,5,4,6
5
1 2 3 4 5 6
for ve V\S do ! 0 3 1T = = =
) 2 33 0 18 20 =
if d[v] > c[u,v] then c= 3 |17 18 0 16 4 o
_ . 4 w 20 16 0 9 8
d[V] = C[u,V] ’ 5 o o 4 9 0 14
6 @ @ a0 8 14 0

near|[v] := u;
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Pinh1 | Pinh2 | Pinh3 | Pinh4 | Dinh5 | Dinh6 s
Khéi tao | [0, 1] [33, 1] (17,17 | [, 1] [o0, 1] [o0, 1] 1
1 - [18, 3] - [16, 3] [4, 3]* [o0, 1] 1,3
2 - [18, 3] . [9,5]* . [14, 5] 1,3,5
3 . [18,3] . . . [8,4]* 1,3,5,4
4 - [18,3]* | - . - - 1,3,5,4,6
5 - - - - - - 1,3,5,4,6,2

PodaiciaCKNN : 18 + 17+ 9 + 4 + 8=56
Tap canh cua CKNN: {(2,3), 3,1), (4,5), (5,3), (6,4)}




Ngwoi de xuat bai toan MST

Otakar Boruvka
Nha khoa hoc Séc (Czech)
Nguoi dé xuat bai toan
Dé xuat thuat toan thoi gian O(m log n)
Bai bao duoc xuat ban & Séc tir ndm
1926.

Ung dung vao viéc phat trién hé thong
mang dién ¢ Bohemia.
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Tang toc

O(m log n) Boruvka, Prim, Dijkstra, Kruskal,...

O(m log log n) Yao (1975), Cheriton-Tarjan
(1976)

O(m P(m,n)) Fredman-Tarjan (1987)
O(m log B(m, n)) Gabow-Galil-Spencer-Tarjan (1986)
O(m a(m, n)) Chazelle (JACM 2000)

Optimal Pettie-Ramachandran (JACM
2002)
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Questions?
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