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A V4 V 4 () VAN n
Bal toan ghep cap tren do
#Gia st G=(V,E) 1a d6 thi vo héng, trong d6 mbi canh (v,w)
doc gan véi mot so thuc c(v,w) goi la trong so6 cua no.
#Pinh nghia. Cdp ghép M trén do thi G la tdp cdc canh
cua do thi trong do khong co6 hai canh nao co dinh chung.
S6 canh trong M - kich thoc,
Tong trong s cua cdc canh trong M - trong long cia cdp ghép.
Cdp ghép voi kich thoc lon nhdt doc goi la cdp ghép cuc dai.
Cdp ghép voi trong long [on nhdt doc goi la cap ghép lon nhdt.

Cdap ghep dac gol la day du (hoan hdo) néu moi dinh cua do thi
la dau muit cua it nhdt mot canh trong cdp ghép.
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Hai bai toan
#Bai toan cap ghép cuc dai: Tim cdp ghép
voi kich thoc [on nhdt trong do thi G.

#Bai toan cap ghép 16n nhat: Tim cdp ghép
voi trong long lon nhdt trong do thi G.

®Ta han ché xét cdc bai toan ddt ra trén do thi
hai phia G = (XU Y, E).
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Vi du

#Cap ghép 16n nhat:

M: {(xl, yl)a (XQ, y3)9 (x39 y2)9 (x49 y4)}
Co trong luong 29.
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Bai toan cap ghép cuc dai
trén do thi hai phia

Xét d6 thi hai phia
G=XUY,E). \

Cap ghép la tap canh ma
khong co hai canh nao co
chung dinh ‘

Bai toan: Tim cap ghép
kich théc 16n nhat
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Qui vé Bai toan ludong cuc dai

LY,
X
V *
Moi canh dwoc
thay thé boi
Moi cung (s, i) c6 kntq 1. cung c6 kntq 1.

M6| Cung (j! t) C6 kntq (!r’aph Matching



Tim luéng cuc dai

V5
V \O¥

Luong cwc dai tir s->t ¢6 gia tri 4.
Cap ghép cwc dai c6 kich thwérc 4.
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Bai toan cap ghép cuc dai
trén do thi hai phia

#Gia sit M 1a mot cap ghép trén G.

#®Neéu canh e = (x, y) € M, tanoi e l1a canh cua
cap ghép (hay canh dam) va cac dinh x, y la
cac dinh dam (hay khong tu do).

#Neéu canh e = (x, y) € M, thi ta néi e 12 canh
nhat con cac dinh x, y 1a cac dinh nhat (hay tu
do).
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Puong tang cap ghép

®Mot dong di trén do thi G ma trong dé hai
canh lién tiép la khong cung dam hay nhat sé d
oc goi la dong di luan phién ddam/nhat (hay
goi ngan gon la dong di ludn phién).

®Dong di luan phién bat dau tir mot dinh tu do
thuoc tdp X va két thiic 0 mot dinh tu do thudc
tap Y doc goi la dong tang cdap ghép.
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Pbinh ly Berge

#Dinh Iy 1 (Berge C). Cap ghép M Ia cuc dai khi va chi khi khong tim
_ ddc dong tang cap ghép.
.:;:_:_:;:. CM:
®:Diéu kién can. Bang phan chiing. Gid sit M la cdp ghép cuc dai nhng van
tim doc dong tang cdp ghép
P = Xo, Y1, X1, Y2, oy Xi, Yo
trong do x, va y, la cdc dinh tu do.
Goi Ep la tdp cdc canh cua do thi nam trén dong di P
EP - { (XO,)’1) ()’1; xl) (Xk, )’O) }

Dé thdy so lO’ng canh nhat trong E, la bang so6 l(mg canh ddm cua no cong
voi 1. Dé do’n glcm trong phan doi ddy ta dong nhat ky hiéu dong di P vdi tdp
canh Ep cua né. Xdy dung cdp ghép M’ theo qui tdc:

— (MUP)\ (MNP).

Dé thdy M cung la cdp ghep va ré rang IM’l = IMI| +1. Mdu thuan thu doc
da chitng minh diéu kién can.
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Pbinh ly Berge

#Piéu kién du. Gia stir cap ghép M cha la cap ghép cuc dai.
Goi M* 1a cap ghép cuc dai. Xét do thiG’ = Vv, M UM >’<)
R& rang hai canh lién tiép trong moi dOng di ciing nh mo1
chu trinh trong G’ khong thé thudc cting mot cap ghép M
hoac M*. Vi vay, mbi dong di cting nh méi chu trinh trong
G’ déu la do’ng luan phlen M/M*. Do IM*| > M|, nén ro
rang la Tuon tim doc it nhit mot do‘ng di luan phlen M/M*
ma trong d6 s6 long canh thudc M* Ia 16n hon s6 long canh
thuoc M. Pong di d6 chinh 13 dong tang cap ghép trén do
thi G.

'@Dlnh ly doc ching minh.

@Chu : Trong Chu’ng minh dinh ly ta khéng su dung
tinh hal phia ctia G. Do d6, Binh ly 1 la ding véi do
thi vo hdng bat ky.
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Thuat toan tim cap ghép cuc dai

®Pdu vao: D6 thi vo héng G = (V, E).

®Boc khdi tao. Xay du’ng cap ghép M trong do thi G
(c6 thé bat dau tir M =

®Boc lap.

" Kiém tra tiéu chuan toi u: Néu d6 thi G khong chita dong
tang cap ghép thi M la cap ghép cuc dai, thuat toan két
thuc.

® Ngoc lai, goi P 1a mot do’ng tang cap ghép xuat phat tir
dinh tu do x,€ X, két thic ¢ dinh tu do y, € Y. Téang cap
ghép theo qui tic

M:= (MUP)\ (MNP),
roi lap lai béc lap.
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Tim duong tang

#Tir d6 thi G ta xay dung d6 thi c6 héng Gy, = (XUY, Ey) V6i tap
cung E,, doc bang cach dinh héng lai cac canh cua G theo quy tac
sau:

i) Néu (x,y) € MNE, thi (y,x) € E;
ii) Néu (x,y) € E\M, thi (x,y) € E,,.
Do thi Gy, s€ doc goi 1a do thi tang cdp ghép.

@Dé thay:

" Dong tang cap ghép tong ting v6i mot dong di xuat phat tr mot dinh tu do x,
€ Xkét thic tai mot dinh tu do y, € Y trén d6 thi Gy,.

" Ngoc lai, mot dong di trén d6 thi G, xuat phat tir mot dinh tu do x, € Xkét
thdc tai mot dinh tu do y, € Y s€ tong tng véi mot dong tang cap ghép trén
do thi G.

@Vl vay, dé xét xem do thi G c6 chita dong tang cap ghep hay
khong, c6 thé thuc hién thuat todn tim kiém theo chiéu rong trén
dé thi G,, bit dau tir cac dinh tu do thuoc tap X.
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Thuat toan

# St dung cach tim dong ting cap ghép theo
nhan xét vira néu, tir so do tong quat dé dang
xay dung thuat todn dé giai bai toan tim cip
ghép cuc dai trén do thi hai phia vé6i thoi gian
tinh O(n3), trong d6 n = max (X, 1Y1).
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Cai dat

Cau truc dir liéu
Var

A : Array[1..100,1..100] of Byte; (* Ma tran ké cua do thi hai phia G
*)

Truoc, (* Ghi nhan dudng di *)

Vo, (* Vo[x]- dinh dugc ghép véi xeX *)
Chong : Array[1..100] of Byte; (* Chong[y]l-dinh dugc ghép v&iy €Y
*)

N, x0, y0, Cnt : Byte;

Stop : Boolean;

(* Néu (x, y) € M thi Vo[x]=y; Chong[y]=Xx.
Vo[x]=0 => x la dinh nhat; Chong[y]=0 => vy la dinh nhat *)
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Tim duong tang

Procedure Tim(x:Byte);
var y: Byte;
begin
For y:=1to N do

If (A[x,yl=1)and(Truoc[y]=0)and(y0=0)
then

begin
Truoc[yl:=x;
If Chong[y]<>0 then Tim(Chong[y])
else
begin
y0:=y;
Exit;
end;
end;
end;

Graph Matching

Procedure
Tim_Duong_Tang;
begin

Fillchar(Truoc,Sizeof(Truoc),0);
y0:=0;
For x0:=1 to N do
begin
If Vo[x0]=0 then
Tim(x0);
If y0<>0 then exit;
end;
Stop:=true;
end;
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Thu tuc MaxMatching

Procedure Tang;
var temp: Byte;
begin
Inc(Cnt);
While Truoc[y0O]<>x0 do
begin
Chong[y0]:=Truoc[yO0];
Temp:=Vo[Truoc[yO0]];
Vo[Truoc[yO0]]:=yO0;
y0:=Temp;
end;
Chong[y0]:=x0;
Vo[x0]:=yO0;
end;

Procedure MaxMatching;
begin

Stop:=false;
Fillchar(Vo,Sizeof(Vo),0);
Fillchar(Chong,Sizeof(Chong),0);
Cnt:=0;
While not Stop do
begin

Tim_duong_tang;

If not Stop then Tang;
end;

end:
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Bai toan phan cong

C6 n cong viéc va n thg. Moi tho déu c6 kha
nang thuc hién tat ca cac cong viéc. Biét

w;; - hiéu qua phan cong tho i lam viéc J,

i,j=1,2,.., n).

Can tim cach phan cong thg thuc hién cac cong
viéc sao cho moi thg chi thuc hién mot viéc va
moi viéc chi do mot tho thuc hién, dong thoi tong
hiéu qua thuc hién cac cong viéc la 16n nhat.
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Qui vé bai todn cap ghép I6n
nhat

Xay dung do6 thi hai phia day du G = (XUY, E)
" X={xi, x2,..., X,} tong ung vo1 cac tho,
" Y =1{y, Ys..., ¥, }- tONg tng vo1 cac cong viéc.
Moi canh (x;, y,) dgc gan cho trong s6 w(x;, y,) = wy,.
Khi d6 trong ngon ngit do thi, bai toan phan cong
c6 the phat bicu nh sau: Tim trong d6 thi G cap
ghép day du c6 tong trong s6 1a 16n nhat. Cap
ghép nh vay doc goi 1a cap ghép toi u.
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Co sG thuat toan

Ta goi mot phép gdn nhdn chdp nhdn doc cho cdc
dinh cua do thi G=(XUY,E) la mot ham so f xdc dinh
trén tap dinh XUY: f: XUY — R, thoa mdn
) + fy) = wix,y), Vx€ X, Vye Y.

Mot phép gan nhan chap nhan doc nh vay dé dang c6
thé tim doc, chang han phép g4n nhin sau day 14 chap
nhan doc

= max {wky): yeY}, xe€X

f)=0,y€eY.
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Po6 thi can bang
#Gia su c6 f 1a mot phép gan nhan chdp nhan
doc, ky hiéu
Er={(x,y)EL: flx)+fy) =wx,y)}.
#Ky hiéu G, 1a do thi con ctia G sinh bdi tap
dinh XUY va tap canh E;. Ta s€ goi G,la do
thi cdn bang.
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Tiéu chuan téi uu

Dinh 1y 2. Gid su f la phép gan nhan chdp nhdn doc. Néu G;
chita cap ghép day du M*, thi M* la cdp ghép toi u.

Chung minh.
Gia su G, chura cap ghép day du M*. Khi dé tir dinh nghia G; suy ra M*
cling 1a cap ghép day du ctua do thi G. Goi w(M*) 1a trong long ctua M*:

W) =D, wie)
eceM”

Do mdi canh ¢ € M* déu la canh ciua G, va moi dinh cta G ké véi ding
mot canh cua M*, nén

wM =Y we)=3 f)

eeM” vev
Gia st M 1a mot cap ghép day du tuy y ctia G, khi d6
wM) =D wie) <} f(v)

eeM vev

Suy ra w(M*) = w(M). Vay M* la cap ghép t6i u.
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So dé thuat todn

#Ta s& bat ddu tir mot phép gan nhan chap nhan doc f.
Xay dung d6 thi G.. Bat dau tir mot cap ghép M nao
do trong G;ta xay dung cap ghép day du trong G..
Néu tim doc cap ghép day du M*, thi n6 chinh la
cap ghép to1 u. Ngoc lai, ta s€ tim doc cap ghép cuc
dai khong day du M'. Tur M' ta sé€ tim cach sua phép
gdn nhan thanh f' sao cho M' van la cap ghép cua G
va c6 thé ti€p tuc phat trién M' trong G;., v.v...

#Qua4 trinh doc ti€p tuc cho dén khi thu doc cip ghép
day du trong d6 thi can bang.

Graph Matching 24



Piéu chinh nhan

®Giasut M la cap ghep cuc dai trong do thi Gy va M ch
a la cap ghép day du cua G. Ta can tim cach diéu
chinh phép gan nhan f thoa man cac yéu cau dat ra.

#Thuc hién tim kiém theo chiéu rong tit cdc dinh tu
do trong X. Goi S la cac dinh doc tham trong X, con
T 1a cac dinh doc tham trong Y trong qua trinh thuc
hién tim kiém. Ky hiéu

S"=X\S: T =Y\T.

| S1>1T | (do méi dinh trong T dat doc tir mot dinh nao dé
trong ).
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Piéu chinh nhan

@ T tinh chét cta thuat todn tim kiém 5 T
theo chiéu rong, 1o rang, khong co
canh nao tir S dén T*. D€ stra chira
nhén, ching ta s& tién hanh gidm - 7“’/: 2
dCSng loat cac nhan trong S di cung %
mot gid tri A nao do, va dong thoi s&
tang dong loat nhan cua cac dinh /
trong T 1én A. Diéu d6 dam bao cic
canh tu § sang T' (nghia la nhiing
canh ma mot diu mut thuoc S con
mot dau mut thuoc 7)) khong bi loai .
bo khoi dé thi can bing | S T

'IM f

1NN

Cac tap S va T trong thuc
hién thuat toan. Chi vé€ cac
canh trong G.,.
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Piéu chinh nhan

#Khi cdc nhan trong S bi giam, cac canh trong G tir S sang T+
s€ c6 kha nang gia nhap vao do thi can bang G, Ta sé€ tang A
dén khi c6 thém it nhat mot canh méi gia nhap do thi can
bang. C6 hai kha nang:

® Néu canh méi gia nhap do thi can bang gidp ta tham doc
mot dinh khong tu do y €T thi tir no ta s€ tham doc mot
dinh dgc ghép véi nd trong cap ghép x € S*, va ca hai
dinh nay doc bo sung vao S va T tong ting, va nh vay viéc
tim ki€ém dong tang s€ doc ti€p tuc mo rong.

® Néu canh mdéi gia nhap do thi can bang cho phép tham d
oc mot dinh tw do y € T* thi ta tim doc dong tang cap
ghép, va két thic mot pha diéu chinh nhan.
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Piéu chinh nhan

Ta goi mét pha diéu chinh 1a tat ca cac lan stra nhan can
thiét dé tang doc kich théc clia cap ghép M.

# Vi sau moi pha diéu chinh kich théc clia cap ghép tang lén 1,
nén ta phai thuc hién nhiéu nhat » pha diéu chinh.

#Trong mdi pha diéu chinh, do sau méi 14n stra nhin c6 it nhat
hai dinh méi dgc bo sung vao danh sach cac dinh dgc tham,
nén ta phai thuc hién viéc stra nhan khong qua » lan. Mat
khéc, trong thoi gian O(n2) ta c6 thé xdc dinh doc canh nao
tir S sang T 1a canh gia nhap do thi can bang (bang viéc
duyét hét cac canh). Tir d6 suy ra danh gia thoi gian tinh cua
thuat toan 1a O(n4).
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Thuat toan

@ Bdc 0: Tim mot phép gan nhan chap nhan doc f,

@ Béc 1: Xay dung dé thi can bing G,

#®Bdc 2: Tim cap ghép cuc dai M trong G.

@ Bdc 3: Néu M 1a cap ghep day du thi n6 1a cap ghép lén
nhat can tim. Thuat toan két thiic.

@ Baic 4: Goi S 1a tap cac dinh tu do trong X Thyc hién tim
ki€m tir cac dinh trong S.GoiT la  tap cac dinh cua Y doc
tham trong qud trinh tim kiém. B3 sung cic dinh trong X d
oc tham trong qua trinh tim ki€m vao S.

@BO’C 5: Tién hanh diéu chinh nhan £ ta s& bo sung doc cac
canh vao G;cho dén khi tim doc ddng tang, bo sung cac
dinh mé&i ddc tham vao S va T tong ting nh da mo ta ¢ trén.
Tang cap ghép M va quay lai béc 3.
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Tang hiéu qua

#De c6 doc thuat todn v6i danh gid thoi gian
tinh tot hon, van dé dit ra 1a lam thé nao co
thé tinh doc gid tri A tai moi lan stra nhan cta
pha di€u chinh moét cach nhanh choéng.

#Ta xac dinh do léch cua cdc canh theo cong
thirc

slack(x, y) = f(x) + f(y) — c(x, y).
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Tang hiéu qua

#Khi do
A = min slack(x,y)

xX€S yET
#R0 rang viéc tinh truc ti€p A theo cong thic
doi hoi thoi gian O(n2). Bay gi®, néu véi moi
dinh trong T* ta ghi nhan lai canh v6i do Iéch
nho nhat
slack(y;) =minslack(x;,y.).

X, ES
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Tang hiéu qua

@Vlec tinh gia tri do 1éch slack(y) doi hoi thoi glan 0(n2) O
dau pha dleu chinh. Khi tién hinh pha diéu chinh ta c6 thé
sta lai tat ca cac do léch trong thoi glan O(n) do chung bi
tha ddi cing mot gla tri (do nhan cua cac dinh trong S
giam dong loat di cung mot gia tri k) Khi mot dmh x doc
chuyen to S$* sang S ta can tinh lai cac do léch cla cac
dinh trong T+, viéc d6 doi hoi thoi gian O(n) Tuy nhién su
kién mot dinh doc chuyén tir $* sang S chi x4y ra nhiéu
nhat n 1an.

#Nh vay, moi pha diéu chinh ¢6 thé cai dat vdi thoi gian
O(n2). Do co khong qué n pha diéu chinh trong thuat todn,
nén cich cai dat nay cho ta thuat toin véi thoi gian tinh

O(n3).
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Vi du

#Xét bai toan véi ma tran hiéu qua

—_ e e
— e o
M~ R Do~
b D = L

Graph Matching
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Vi du

#Bat dau tu phép gén b0 thi can bang G,
r\ A . Il . }?1
[ f»w Jo [0 [0 |0
ﬁx) .H-H_H.H.H.. xz ///// }"2
3 4 14 |1 |3
3 3 12 |2 |1
5 5 14 (4 |3 % @ Y3
2 T 11 2 |2
-xa, . }?4

Cap ghép cuc dai tim doc
M = {(x},9,), (2.3,), (X, ¥y }-
Tim ki€m theo chi€u rong bat dau tir dinh tu do x, ta ¢6
S=1{x,x51 T={y}
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Vi du

#Tinh
A = min {f(x)+f(y)-w(x,y): x€{x5, X3}, y € {y1, y3, ¥4} } = L.
#Tién hanh sira nhan, ta di dén phép gan nhan
mai |

X - ¥
~_fv» |1 |0 |0 |O <
ﬁx)‘“‘--aﬁ_a.&&. x2 ~ : o = };2
4 4 (4 |1 |3 >
2 3 2 2 1 e T

3

X
4 5 |4 |4 |3 3 / )3
2 1 |1 |2 |2

x.a, . y 4
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Vi du
#Theo dong tang cap ghép

X35 Y35 X45 V4
ta tang cap ghép M thanh cap ghép day du
M ={(x1,y2), (X3,91), (X2,¥3), (X4,¥4) },
dong thoi 1a cap ghép t61 u véi trong long
wM)=4+2+5+2=13.

Graph Matching
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Cai dat trén Pascal

const maxn = 170;

type

var

datal=array [1..maxn,1..maxn] of integer;,
dataZ=array [1..2*maxn] of integer,
data3=array [1..2*maxn] of longint;,

c: datal;,

pPx, Py, g, queue: data2;
a, b, £: data3,

n, n2, k, u, z: integer,
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Khoi tao

procedure init;

var i, j: integer;
begin
n2:= n+n; fillchar(f,sizeof(f),0);,
for i:=1 to n do
for j:=1 to n do
if f[i]J<c(i,j) then f[i]:=c(i,])-
k:=0,
fillchar (px,sizeof (px),0),; fillchar (py,sizeof(py),0);
for i:=1 to n do
for j:=1 to n do
if (py[j]=0) and (f[i]+f[j+n]=c(i,j)) then
begin
px[i]:=j; pyl[j]l:=i; inc(k);
break;,
end;
end;,

Graph Matching
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Tim duong tang

function FoundincPath: boolean;
var dq, cq, v, w: integer;,
begin
fillchar(q,sizeof(q),0);
dg:=1; cq:=1; queue[dq]:=u,; ql[u]:=u,
while dg<=cq do
begin
v:=queue[dq], inc(dq);
if v<=n then
begin
for w:=n+1 to n2 do
if (f[v]+f[w]=c(v,w-n)) and (g[w]=0) then
begin inc(cq), queue[cq]:=w,; q[w]:=v,; end,
end else
if (py[v-n]=0) then begin FoundIncPath:=true;z:=v;exit; end
else begin w:=py[v-n],; inc(cq), queue[cq]:=w,; q[w]:=v,; end;
end;
FoundIncPath:=false;,
end;
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Tim dinh tu do

function FreeNodeFound :boolean;,
var i:integer;,
begin
for i:=1 to n do
if px[i]=0 then

begin
u:=i;
FreeNodeFound:=true;,
exit,
end;
FreeNodeFound :=false;,

end;

Graph Matching
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Tang cap ghep va Sua

nhan

procedure Tangcapghep;

var i, j: integer;
ok: boolean;
begin
ji=2z; ok:i=true;
while j<>u do
begin
i:=qljl;
if ok then
begin
px[il:=j-n;
pyl[j-nl:=i;
end;
)i=i;
ok:= not ok;
end;
inc(k);
end;

procedure Suanhan;
var i, j: integer;
d: longint;
begin
d:= maxlongint;
fori:=1tondo
if q[i]>0 then
for j;=n+1 to n2 do
if q[j]=0 then
if d>longint(f[il1+f[j]-c(i,j-n))
then
d:=longint(f[i]+f[j]-c(i,j-n));
fori:=1tondo
if g[i]>0 then dec(f[il,d);
for j;=n+1 to n2 do
if q[j]>0 then inc(f[j],d);
end;
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Main Procedure

procedure Solve;
begin
init;,
while FreeNodeFound do
begin
while not FoundIncPath do suanhan;
Tangcapghep/,
end;,
end;,
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