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Chuong 12

CAC PINH LY TONG QUAT CUA PONG LUC HOC

Cic dinh 1y t6ng qudt ciia dong luc hoc 1a hé qua cta dinh luat co ban ctia
Niu-Ton. No6 thiét 1ap méi quan hé giita cdc dai lugng do chuyén dong cua chat
diém hay co hé véi cdc dai luong do tac dung cua luc.lén chit di€ém hay co hé
do6. Cac dinh 1y téng quét cia dong luc hoc cho phép ta nghién citu tinh chat
quan trong cua chuyén dong ma khong can biét chi tiét chuyén dong d6. Vi the
né cho phép ta giai thuan lgi mot s6 bai toan ctia dong luc hoc dac biét 1a bai
todn vé dong luc hoc clia co hé ma néu 4p dung phuong trinh vi phan dé giai thi

s€ gap rat nhiéu kho khan.
12.1. CAC PAC TRUNG HINH HOC KHOI CUA CO HE VA VAT RAN.

Khi khao st dong luc hoc ctia co hé ngudi ta phai dé y dén khai luong cua
ching va su phan b6 khoi lugng 4y trong khong gian. Cac dac trung lién quan
dén phan bo khdi luong ctia co hé hay vat ran 1a khéi tam va mo men qudn tinh.
12.1.1. Khéi tam cua hé

Xét hé N chat diém M, M,,...M, c6 khéi luong m,, m,, ...m . Véc to dinh

vi ching la: T, 7,,....T\.( Hinh 12.1) .Ta c6 dinh nghia sau:

Khoi tam cta hé 1a diém C x4c dinh

bang biéu thifc: z4 M,
) M,/ C
Z mk_’k . /. Mn
FC = ’ rl rC Y
M M
O .
(12-1) >
y
. N X
VM= m,. Hinh 12.1

k=1

Chiéu biéu thic (12-1) I1én cdc truc
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toa do oxyz (hinh 10-1) ta dugc:
> M X,
x, =
M
N
2, MY
=1
Vo= Vs (12-2)
kZrnkzk
=1

Trong d6 X, Ye, Zc 12 toa do khoi tam C; x,, y,, z, 12 toa do cha chat diém
thit k trong co hé. Truong hop dic biét trong trudng trong luc hé 1a vat ran khoi

tam s€ trung v4i trong tam cua vat.

12.1.2. M6 men quan tinh cua vat
12.1.2.1. M6 men qudn tinh cua vdt doi véi mot taém

Mo men quén tinh ctia vat d6i véi mot tam ky hiéu 1a J bing tong céc tich
so giita cac khoi lugng ctia mdi chat diém véi binh phuong khoang céach giita
chat diém d6 vé6i diém O (hinh 10-1)

N
J,= > mr? (12-3)
k=1

12.1.2.2. M6 men qudn tinh cua vdt doi voi mot truc

M6 men quén tinh clia vat d6i v6i mot truc z ky hiéu 1a J, bang téng cic
tich khoi lugng m, clia mdi chat diém trong vat v6i binh phuong khoang céch d,
tlr chat diém dén truc (hinh 12-1).

N
J,= Y md; (12-4)
k=1

Goi toa do cdc chat diém M, trong hé toa do oxyz 1a x,.y,, z, thi mo men
quéan tinh ctua hé d6i véi cac truc toa do la ox, oy, oz va doi v6i goc toa do O viét

duoc:
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J = ka(Yﬁ +Zi);
Jo=Y m, (X; +2p);
J,= Y m, (Yi +Xg); (12-5)

Jo= My =2 m (Xy + Yy +24).

Tu do suy ra:

S+ I, +1,=1,. (12-6)

Trong k¥ thuat ta tinh m6 men quan tinh cua vat déi véi mot truc theo
biéu thric:

J,=M.p?

M Ia khoi luong ctia vat, p goi la ban kinh quan tinh cta vat véi truc z.

12.1.2.3. M6 men qudn tinh cia moét so vdt dong chiit

- Vat 1a mot thanh mong dong chat

Goi chiéu dai cta thanh 1a 1, khoi lugng ctia n6 1a M. Chon truc Ax doc
theo thanh (hinh 12-2).

< o . LY

Xét mot phan tu cua thanh cé

chiéu dai dx & vi trf cich A mot doan
A m, B
Xg, €6 khoi luong dm = p,.dx & day ~— ————— S et
p, la khéi lugng riéng trén mot don X d,
vi chiéu dai cta thanh p = M/I
Hinh 12-2

Biéu thitc m6 men quén tinh A .
cta thanh 1dy doi véi truc Az vuodng goc véi X
thanh tai A 1a: T

L dx
J, = j'xzdm—p J‘IXZdX—pE—ll\/ﬂz
Az 0 1 0 3 3 B C
X

(127)

Hinh 12.3
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- Vat 1a mot tam phang hinh chir nhat (hinh 12-3)

Goi cdc canh cia hinh 12 a, b, khoi lugng clia tam phang 1a M. Chia hinh

thanh nhi€u giai nho song song véi truc o mdi giai c¢é bé rong 1a dx, c6 mo men
quén tinh doi v6i truc Ax 1aJ, = 3 m, a’(theo hinh 12-3)

Trong d6 m, 1a khoi lugng ctia giai dang xét.

Mo men quan tinh cua ca hinh déi véi truc A, 1a :

1= :Zlmka2 :laZka,
kel k1 3 3 a
1.,
J = -a’M (12-8)
3
Tuong tu suy ra:
1, A
J,=b’M (12-9) y R

- Vat 1a mét vanh tron dong chat

Goi ban kinh va khéi luong cua vanh 1a R va C
M. Tinh m6 men quan tinh ctia vanh do6i véi truc
Cz vuong géc véi mit phang clia vanh va di qua

tam C. (hinh 12-4). Hinh 12.4

Ta co:

Il
LN
Il
N

J,=R?*> m, =MR%. (12-10)

Cong thitc (12-10) ciing dung dé€ tinh mo

men quan tinh ctia mot ong truc tron dong chat doi

V6i truc cua no. Hinh 12.5
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- Vat 1a mot tam phang tron dong chat

Goi ban kinh va khoi luong clia tim 1a R va M. Ta c¢6 thé tinh m6 men
quan tinh doi véi truc Cz ky hiéu 1a J_, va m6 men quan tinh doi véi truc Cx hay
Cy tring v6i dudng kinh cua né ky hieulaJ,, J,.

Chia tdm thanh nhiéu vanh nho cung tam C ban kinh méi vanh thi k 1a r,.

Bé rong ctia moi vanh thit k 1a dr,. Khoi luong cua 16p vanh thi k 1a :

m, = p.27.r.dr,

Trong d6 p 1a khoi lugng riéng cua tadm trén mot don vi dién tich p =

Theo cong thic (12-10) m6 men quan tinh cua 16p vanh thit k nay doi véi

truc Cz viét duoc.
JE =mr?=2np.r, dr,

Mo men quan tinh cta ca tdm doéi véi tuc Cz viét dugce:

hay: J_, = IOR 2mpr.dr, =%npR4.

Cudi cung ta co6:

1

ch:_
2

MR? (12-11)

Dé tinh J, va J, ta c6 nhan xét moi di€m cua tdm c6 z, = 0, vi thé theo

(12-5) viét duoc:

n n
Jox = ka(yi +Zﬁ)=zmk)/ﬁ;
k=1 k=1
§ 2 2 . 2
Joy = ka(xk +Zk)zzmkxk;
k=1 k=1
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ch: ka(xi + yi)
k=1

Tl céc bi€u thifc trén suy ra trong trudng hop nay:
Joo =Tt 1y

Do d6i xting nén su phan bo khoi lugng ctia tdm doi véi truc cx va cy hoan

toan nhu nhau. Ta co:
Ja =Ty = J. 2= MR?/4. (12-11)

Cong thitc (10-11) cling c6 thé tinh mod men quén tinh cho vat 12 mot truc
tron dong chat d6i véi truc clia no.
12.1.2.4. M6 men qudn tinh déi voi cdc truc song song.

-Dinh Iy Huy-Ghen: M6 men quan tinh ciia mot vat doi véi mot truc z,
nao d6 bang mo men qudn tinh ctia né ddi vdi truc z song song véi truc z, di qua
khoi tam cta vat cong véi tich khoi luong cua vat véi binh phuong khoang cach

gilta hai truc.
J, =1, +Md* (12-12)
Chitng minh:
Theo dinh nghia J,; = > m,d'} (a)

K¢ truc cz song song véi z, va di qua khoi

tam ¢ (hinh 12-6)
Ta co:
d'? =d?+d?- 2d,dcosa,.

Goi toa do cua diem M, 1a x,, y,, 7. X /

X, = d,cosa, suy ra:

d2=d2+d*-2dx,

Hinh 12.6

Thay két qua vao biéu thic (a) s& dugc:

T, =Y m(d’ +d* - 2x,d) = > md> +> md* - 2> mydx,),
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trong d6: > 'md,* =17,
> md*=Md* con D mdx,=d> myx, = dMxc
Do gdoc toa do trung véi khoi tdm ¢ nén x. =0.
Do d6: Y mdx, =0 Cuéicing duge: 7T, =T, +Md™
Dinh 1y da duoc chitng minh.

12.2. PINH LY PONG LUONG VA PINH LY CHUYEN PONG CUA
KHOI TAM

12.2.1. Pinh ly dong luong
12.2.1.1. Pong luong cuia chdt diém va ciia hé
Dong lugng ctia chat diém 1a mot dai lugng véc to ky hiéu 1a k béng tich

gifta khoi luong va véc to van toc clia chat diém.
K=mv. (12-14)

Pong lugng cha hé 1a dai luong véc to ky hieu K bing tdng hinh hoc

dong lugng céc chat diém trong hé.

—

K=Y k.= myv, (12-15)

k=1 k=1

Pon vi do dong lugng 1a kgm/s

Ta ciing c6 thé biéu dién dong luong cta hé qua khoi lugng va van t6c
khoi tam cua hé.

Tu (12-1) suy ra:

dm i =MT..

Pao ham hai v€ theo thoi gian nhan duoc:

dm v, =MV,

Dong luong cua hé bang tich gitta khoi luong va véc to van tdc khoi tam

cua hé.
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12.2.1.2. Xung luong cua luc (xung luc)
Luc tac dung trong mot khoang thoi gian nhd bé dt thi dai lugng véc to do
bang tich gitta luc v6i khoang thoi gian vo ciing bé d6 1a xung luong phan tir clia

lyc Eky hieu 1a ds = F.dt. (12-17)

Néu luc F tdc dung trong khoang thoi gian hitu han tir t, dén t thi dai
luong véc to tinh bang tich phan cdc xung luc phan tir trong khoang thoi gian dé

goi 1a xung lugng ctia luc F trong khoang thoi gian tir t, dén t va ky hiéu la §.
s = [ ds= Fdt (12-18)
to to

Theo (10-18) néu luc F = const thi:

S=F.1

odayt=t-t,

12.2.1.3. Dinh ly dong luong
Pinh 1y 12.1: Dao ham theo thoi gian dong luong clia chat diém bang hop

luc cdc luc tdc dung 1én chat diém.
d, . _v&
4 my)=2F (12-19)
dt i=1

Ching minh: Xét chat diém c6 khoi lugng m chuyén dong véi van toc v

du6i tdc dung ctia hé luc (F,, F,,... F,). Phuong trinh co ban viét cho chat diém:
— n —
mW= > F,
i=1

—

¢\ 0
Thay W = pr vao biéu thuc trén s€ dugc:

mW= L my)-3F
dt i-1

Dinh 1y dugc ching minh.

Biéu thitc (12-19) thuc chat 1a phuong trinh co ban viét dudi dang dong

luong cho chét diém.
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Pinh 1y 12.2: Bién thién dong luong cia chét diém trong khoang thoi gian

tlr t, dén t, bang tong hinh hoc xung luong cla cdc luc tic dung Ién chat di€ém

trong khoang thoi gian dé.

Fdt=Y8, (12-20)

Tich phan hai v&€ phuong trinh nay tuong ting véi cac cn tai t, va t, sé co:

mvl

d(mv) = | ”kzl E,dt :ki_l “Edt;

Dinh 1y da duoc chitng minh.

Pinh 1y 12.3: Pao ham theo thoi gian dong luong cua hé bing véc to

chinh cua cac ngoai luc tic dung 1én hé.

dK Y
t

F. (12-21)

e
1

Ching minh: Xét hé gobm N chat diém. Ky hiéu hop ngoai luc va hop noi

luc dat 1én chat diém thi k 1a Fy, va F,.
Phuong trinh co ban cuia dong luc hoc viét cho chét diém d6 1a:
my( Wk) = Fe + Fy (a)
Viét cho N chat diém ctia hé ta s& ¢6 N phuong trinh (a) nghia lak = 1..N

Cong vé€ véi v€ ctia N phuong trinh trén véi nhau ta sé dugc:

F,

M=z

Fe +
1

kaWk =

N .
k=1

N
k=

~
I

1

Theo dinh luat Niu Ton céc luc tic dung tuong hdé bang nhau vé do 16n,
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cung phuong nhung ngugc chiéu vi vay téng hinh hoc cdc noi luc ( cic luc tac

dung twong hé cua cac chat diém trong hé¢) luon luon bang khong.
Tacé: D Fy=0

Con lai:

k=1 ko1
N N dv, o ~ d -
Thay kaWk =ka—=zmka =—K,
k=1 k=1 dt & dt
d - N
Tacé: —K=>F,
dt k1

Dinh 1y da duoc ching minh.

Dinh ly 12.4: Bién thién dong luong cua hé trong khoang thoi gian tur t,

dén t, bang tong hinh hoc xung lugng céc ngoai luc tic dung lén hé trong

khoang thoi gian do.

N —

ki-ko=>.S (12-22)
k=1

Chtng minh:

Tu phuong trinh (12-10) suy ra:
— N pndd
dk = Y F.dt
k=1

Tich phan hai v€ biéu thiic nay tuong ng véi cac can tai thoi di€ém dau va
cuoi sé duoc:

k1 t1 = 1=
J.ko dk = J-to z erdt - Z:J-to erdt ;
K-k, =35,
Dinh 1y da duoc chitng minh.

Chy y rang cdc biéu thic (10-19); (10-20), (10-21) va (10-22) 1a céc bi€u
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thitc véc to, néu chiéu cdc bi€u thitc nay lén ba truc toa do oxyz ta s& dugc cac
biéu thitc hinh chiéu tuong ting phan 4nh su bién thién dong luong cta chat diém

va hé theo huéng cic truc toa do.
Dinh luat bao toan dong luong ctuia hé
Tu biéu thic (12-21) suy ra:
Khi > 'F,. =0 thi K = const.
Khi > X, =0 thi K, = const.
Nghia 13 khi véc to chinh clia ngoai luc hodc tong hinh chi€u cua cdc

ngoai luc 1én mot truc nao dé bang khong thi dong luong cuia hé hodc hinh chiéu

dong luong ctia hé 1én truc d6 bao toan.

Cuoi cung chu y ring trong céc bi€u thic khong ¢6 noi luc diéu nay chiing

t6 noi luc khong c6 tdc dung lam thay déi dong luong clia mot hé.

Thi_du 12-1: Mot hat ngii coc c6 trong lugng P truot trong ranh nam

nghiéng mot goc o so véi phuong ngang. Bié€t hé s6 ma sat giita cac hat va ranh
la f, van toc ban dau cua hat 1a v,. Tinh xem sau bao lau thi van toc¢ hat tang 1én
gap doi. (hinh 12-7)

Bai giai
Xem hat nhu mot chat diém. Luc tac dung

lén hat gom trong luong P, luc ma sat F__ va

phan luc phéap tuyén N.

Viét bi€u thic hinh chiéu 1én truc ox cla

dinh 1y dong luong ta co:

Hinh 12.7

. . t .
mX, —mx, => x; = [ (Psino—F, )dt
X, =V, X,=V,; F,=P.coso.f ta co:

mv-mv, = (Psino-fPcosa)t.

Khi v = 2v, thi thoi gian can thiét la:
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mv \Y

t: 0 0

mgsin o —fmgcoso. g(sino—f cosa)

Thi du 12-2: Nu6c chay ra tir mot voi véi van toc u = 10m/s va dap thiang
g6c vao mot tudng chan (hinh 10-8). Pudng kinh miéng vdi d = 4cm. Xdc dinh
ap luc cua nuéc lén tuong. Lay khoi luong

riéng cuia nudc 1a p = 1000kg/m’
Bai giai:
Xét chuyén dong cua khoi nudc aabe

(xem hinh v& 12.8). Ngoai luc tic dung lén

hé gom:

Trong luong P, hop luc cua ap luc tai

mit cat cua khoi nuée va ap luc do phan luc

Hinh 12.8

ctia tuong lén nudc.
Theo biéu thitc (12-22) ta ¢6:
klx - kox = Zskk (a)

Gia thiét sau thoi gian t, khoi nuéc chuyén dén vi tri a,a,b,c,. Tl hinh vé&
ta thady phan nuéc c6 anh hudng dén su bién déi dong luong cta khoi nuée lén

phuong x 12 phan nim trong doan aa,. Vi vay c6 thé thay:
klx - kox = -mu
& day m 1a kh6i luong ctia phan nuéc nam trong doan aa,

_lrcd2
=4 4

m ut,

Con Y 'S, 1a xung luc cua cdc luc tic dung l1én khoi nude theo phuong x.
Néu goi cac hop luc theo phuong x nay 1a R, ta sé c6:
DS =Rt =Rt,.

Thay vao biéu thic (a) cic két qua tim dugc s& co:
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mu = R¢,

R =
Nhu vay ta tim duoc 4p luc cia nude 1én tuong cling bang R = 12,8kN c6

phuong vuong géc vai tudong theo chiéu huéng vao mat tudng

12.2.2. Pinh ly chuyén dong cua khoi tam
- Pinh 1y 12.5:Kh6i tam cta hé chuyén dong nhu mot chat diém mang

khéi lugng cua ca hé duéi tic dung clia luc bing véc to chinh cia hé cédc ngoai

luc tdc dung 1én hé.
(12-23)

i-1
2 ...my chuyén

Ching minh: Xét co hé N chat diém c6 khoi lugng 12 m,, m,,
.. Fxe VA he cdc noi luc F,, o,

dong duéi tic dung cua hé ngoai luc F,,, F,,
Fx 0 day F,, va F_la hop luc cha ngoai luc va noi luc tdc dung lén chat di€ém

thu k.
Phuong trinh chuyén dong viét cho hé 1a

S mW i +SF
k4 k=1 k=1 k

Mat khac tir cong thic xac dinh khoi tdm ctia hé ta c6

Lay dao ham theo thoi gian hai vé duoc:

n dZF er n - -
>, my =M ¢ hay > mW,=MW_
k4 dt dt k4

Thay vao bié€u thic (a) & trén va luu y ring > F,; =0 ta ¢
]

~ n
MW, =>F,
k=
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Dinh 1y dugc ching minh.

Tur phuong trinh véc to (12-21) khi chi€u 1én cac truc toa do oxyz ta dugc

phuong trinh vi phan chuyén dong ctia khoi tam viét dudi dang sau:

X —nzx ; MdZYC—nzY ; MOIZZC —nzz (12-22)
a2 i@ a2z g a2 g _

- Dinh luat bao toan chuyén dong ctia khoi tam:

Tu biéu thic (12-21) suy ra:
n

Néu > F, =0 thi W, =0 va v, = const.
k2

Nghia 1a: néu véc to chinh cta cdc ngoai luc tic dung 1én hé bang khong
thi chuyén dong khoi tAm cuia hé duoc bao toan. Pay 1a dinh luat bao toan

chuyén dong ctia khoi tam.

Tuong tu tir biéu thic (12-20) suy ra:
n

Néu > X, =0 thi W =0 va v, = const.
k2

Nghia 1a néu téng hinh chiéu cdc ngoai luc tic dung lén hé Ién mot truc x
nao do6 bang khong thi chuyén dong ctia khoi tam theo truc x d6 duoc bao toan.

Day 1a dinh luat bdo toan chuyén dong ctia khoi tAm theo mot truc.

Chd y trong cdc dinh 1y vé chuyén dong cua khoi tam khong dé cap dén
noi luc vi vay c6 thé két luan noi luc khong lam thay doi chuyén dong ctia khoi

A

tam.

Sau day 12 mot vai vi du van dung dinh 1y chuyén dongcta khoi tam va
dinh luat bao toan chuyén dong ctuia khoi luong.

Thi du 12-3:

Trong tam phan quay cua dong co dién dat 1éch tam so véi truc quay A

mot doan AB =a. Trong lugng ctia phan quay la P, trong luong ctia vd dong co
(phan khong quay) 1a Q. (hinh 12-9)
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Tim quy luat chuyén dong cta phan vo dong
co trén san nam ngang. Cho biét van téc goc
w cta phan quay khong doi. Néu ta c6
dinh vé dong co trén san bang bu 16ng D thi
luc cat 1én bu 1ong duoc xdc dinh nhu thé nao.

Coi ma sat gitta nén va dong co khong dang

ké.
Bai giai:
. . R . i
1. Khi dong co dé tu do trén san. Ngoai 7
luc tdc dung gom trong lugng P va Q cua Hinh 12.9

dong co, phan luc phap tuyén N cua san 1én
dong co. Cac luc nay déu vuong géc véi san nén co:

>X, = 0. Theo dinh luat bao toan chuyén dong cia khéi tam ta c6
Vv, - const. Lic dau dong co ding yén nén suy ra X, = const.

Chon hé toa do sao cho khi & thoi diém t nao dé goc quay @ = ot con céc
di€ém A va B ¢6 céc toa do tuong ting sau:

X, = X; Xg = X + asing.

Qx+P(x+asin(p)_0
Q+P

ta co: X =

Hay: Qx + Px + Pasing =0

P.assino

Suyrax =
g P+0Q

Day chinh 13 phuong trinh chuyén dong dao dong ngang cua vo dong co

trén san quanh vi tri ban dau.
2. Khi c6 dinh dong co trén san bang bu long D.

Goi R, 1a luc cit bu long theo phuong ngang ta ¢ phuong trinh vi phan

chuyén dong ctia khoi tam:
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2
dox, ~
dtz
&day : x. = QX , +PXg

Vi vo dong co cd dinh nén x, = const = 0 coOn Xy = asing.

Ta c6:
d’x. p
=M—=C= tQ an’ sin ot;
dt g P+Q
R, = —anoz sin t;
g

bay Ia luc do bu long tac dung 1én dong co, ngugc lai dong co cling tac

dung mot luc cat bu long bang tri s6 nhung nguoc chiéu véi R

Luc cit nay s& 16n nhat khi sinot = 1 va bing Pan?/g, tuong tng véi géc

quay ¢ =90°.

Thi du 1 2- 4: Tay quay AB c (,) s /_/// /////g////d
ol B
[ IrD a
Y

Q

S

PR,

chiéu dai r c6 trong luong P quay

déu véi van toc géc ® va truyén

chuyén dong cho cu lit gin lién véi G

pft tong D cd trong llI(_)’l’lg chung 1a T
G. Pit tong D chiu tac dong luc Q Hinh 12.10
theo phuong ngang (hinh 12-10). Xac dinh phan luc R, 1én goi d& A theo phuong
ngang. Cho biét khoang céach tir trong tam chung cua culit va pit tong dat cach cu
lit mot doan a.

Bai giai:

Xét co hé gom tay quay AB va cum cu lit pit tong. B6 qua ma sat & cac
mat truot, ngoai luc tic dung 1én hé gém : trong lugng P va G, phan luc tai goi

dd R ,. Cdc phan luc phdp tuyén & mat truot N,, N, va luc Q. Cic luc P , G,
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N,, N, vuong géc v6i mit ngang nén phuong trinh vi phan chuyén dong khoi

tam cua hé theo phuong ngang viét dugc:

d?X, Yl
M e =R, -Q, 0 day: Mx, = m,Xx, + m,X,,
r G
m,=—, X;=—-Cosmt ;0 m, = —; X, = a rcosmt
g 2 g
Pr
Suy ra: Mx_ = ——Co0S ot +E(a + r cos wt)
g2 g
N .« 2 P deQ
Thay vao biéu thic ta dugc: R, =Q+M e ;
ro® P
Hay : R,=Q- (E + G) cos wt.

DPay chinh la phan luc theo phuong ngang tai géi d& A. Phan luc nay c6 tri
s0 cuc dai bang:
ro> P : 0
RX=Q+—(§+G) khi ¢ = ot= 180
g

12.3. PINH LY MO MEN PONG LUONG

Trong phin nay sé khao sat mdi quan hé gitta dai luong do chuyén dong
quay la momen dong luong vé6i dai luong do mo men luc.
12.3.1. M6 men dong luong

Mo men dong luong ctia mot chat diém 14y doi v6i tam O hay d6i vdi truc
z 1a dai lugng ky hiéu 1, hay 1 bing mo men ctia véc to dong luong chat diém ay

lay doi v6i tam O hay truc z d6. Ta c6:
I, =m, (mV) = Fxm.v; (12-23)
[, =m,(mV)=+m.v'h (12-24)

Trong cac biéu thitc (12-23), (12-24) thi m 1a khoi lugng, V 1a van t6c
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chat diém, v' 12 hinh chiéu clia Vtrén mat phiang vuong géc véi truc z. Biéu thiic
(12-24) 1ay dau + khi nhin tir chiéu duong cua truc z s€ thiy v' ¢6 chi€u quay
vong quanh z theo chi€u nguoc chiéu kim dong ho va 1ay ddu - trong truong hop
nguoc lai.

Tuong tu nhu moé men luc dé dang suy ra rang:

L] =[m, (mo] =m,.mv)=1,.

Nghia 1a: hinh chi€u trén truc z véc to mo6 men dong luong cuia chat di€ém
14y doi v6i mot diém trén truc bing moé men dong luong cia chat diém doi véi
truc do.

Néu biéu dién mo6 men dong luong cua chat diém d6i vé6i 3 truc toa do

oxyz la ham theo toa d6 va hinh chi€u cua cac toa do lén cac truc ta co:

—

] k
I=m . (MV) =Txmyv =|x y zZ|=m(yz-zy) i +m(zx-xz) j+m(xyx)K
mx my mz

=L+l j+1, k. Suyra:

I, = m(yz-zy);
1, = m(zx-xz); (12-25)
1, = m(xy- yx).

Doi v6i mot hé ta ¢6 cac dinh nghia sau:

M6 men dong luong cua hé d6i v6i mot tAm hay mot truc 12 tdng mo men
dong luong cla cac chat diém trong hé 1ay do6i vé6i tam hay truc dé. Ky hiéu mo

men dong luong cua hé doi véi tam O va doi truc z1a 1, va l, ta co:

I,=>m (mv,)=7xmv (12-26)
k=1 =1

n n n
L=Ym(myv,)=Y1l, = +mkv, (12-27)
k= ksl k=
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Khi hé 1a vat ran quay quanh mot truc z v6i van toc goc o (hinh 12-11) ta

1, = £r’,mo.

Goitw=w,taco:
— 2

lkz =1 m@,.

Thay vao biéu thiic (12-27) ta co6:

n n n
L, => L, =) rfumo,=o, Y mr.
k=1 k=1 k=
n
Thay Y m,r?, =], ta duoc: Hinh 12.11
)
J,=1,. o,

Thudng ngudi ta chon huéng duong cua truc quay dé o, = o khi do6 ta cé:

L =7J,.0 (12-28)

12.3.2. Pinh ly m6 men dong lugng

Dinh 1y 12-6: dao ham bac nhit theo thoi gian m6 men dong lugng cta

chat diém lay d6i v6i mot tam hay doi véi mot truc bing téng hinh hoc hay

tong dai s6 mo6 men cuta cic luc tdc dung lén chat diém 14y d6i vé6i tam (hay truc

d6).

9 mv)=3m F): (12-29)
dt i=L
Emz(m\*/):imz(lfi); (12-29)
dt i=L

Ching minh: Gia thiét chat diém chiu tdc dung ctia cdc luc: F, F,,.. F

n -

Phuong trinh co ban cua dong luc hoc viét dugc:

mW=SF .

M::

N
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Ta c6 thé bién déi thanh: S0MY)

_SF.

Nhan hitu huéng hai vé€ biéu thic trén v6i véc to dinh vi ¥ néi tir tam o t6i
chét diém va luu y rang:

—

dr o . - o - .
Exm.v:vxmv:o va rxm V= m (m V) taco:

dmv) df ___ d L
z F
dt dt dt dt (rme) i1 I'

Biéu thic (12-29) da duoc ching minh.
Chiéu bi€u thic (12-29) 1én truc z ta s& duoc biéu thic (12-30).

Dinh 1y 12-7: dao ham theo thoi gian mé men dong lugng cua hé doi véi

mot tAm hay mot truc bing téng moé men clia cac ngoai luc tic dung 1én hé doi

v6i tam (hay truc do).

dET =i_ J(F); (12-31)
d- o -
p | _kz:lmz(er), (12-32)

Ching minh: Xét co hé ¢6 N chat diém. Tach mot chat diém thi k dé xét.
Goi my, V, la khoi luong va van toc clia né; goi F,,, F,. 1a noi luc va ngoai luc

tac dung lén chat diém. Ap dung biéu thitc (12-29) cho chat diém nay ta c6:

a Iok = Ifﬁo(l_:’ki)_f_ IFho(l_:’ke)'

Cho k tir 1 dén N ta dugc hé phuong trinh dang trén. Néu cong vé€ vGi vé
hé phuong trinh trinh trén ta dugc:

N d - N L N L

;d_ l(z_lmo(Fki)+l§1mo(er)'

trong do:
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cudi cung dg kzli: ( )

Ta da chitng minh duoc biéu thic (12-31)

Chiéu biéu thiic (12-31) 1én truc z s& dugc biéu thitc (12-23).

Dinh ly 12-7 da dugc chitng minh.

Chii y: Noi luc khong c6 trong dinh 1y 12-7 nén c6 thé noéi ring noi luc
khong 1am thay d6i mo men dong lugng cua hé.
12.3.3. Dinh luat bao toan m6 men dong luong

Tu bi€u thiic (12-31) va (12-32) ta thdy

khi X m (F,.) =0 thi [, =const
n

khi > m (F,.) =0thi |, = const
k2

DPiéu nay c6 thé phat biéu thanh dinh luat goi 1a dinh luat bao toan mo
men dong luong ctia hé nhu sau:

Néu téng mo men cic ngoai luc tac dung Ién hé 14y d6i v6i mot tam o hay
véi truc z bang khong thi mo men dong lugng clia hé v6i tim o hay doi véi truc z
d6 duoc bao toan.

Thi_du 12-5: Mot dia tron dong chat trong luong P ban kinh R quay

quanh truc cz thiang ding dat vuong géc véi dia. Trén vanh dia c6 mot vién bi
trong lugng Q. Tai thoi diém dau t, = 0 vién bi ding yén trén dia quay vé6i van
toc ,. Tinh van t6c o cha dia tai thoi di€ém vién bi chuyén dong twong d6i so véi

dia véi van toc u. (xem hinh 12-12)

Bai gii: Xét hé gom dia va vién bi.



Thuviendientu.org
-169-

Ngoai luc tac dung Ién hé gom: trong lugng P, phan luc tai cdc 6 truc R ,,

Dic diém cta céc luc nay c6 Xm (F, ) =0

Do d6 m6 men dong lugng cta hé dugc bao

toan. Taco: 1 =10,

o day:

LO=] o, + 9Rz(oO = (ER2 +9R2)ooo
29

Con:

Hinh 12.12

z

L= J o, + 9(Ru+R2ml) =
g

P Q

—R%w, + =(UR + R?
29 g( “)
Suy ra:
(ERZ+9R2)®o:£R2m1+9(uR+Rzﬁ)1)
29 g 29 g
Hay: o, = o® —LE
T =0 05p 1 Q)R

Van t6c géc cua dia tai thoi diém t, nho hon van t6c ban dau. Van toc nay
cang nho khi van téc u cua bi cang 16n.

Vi du 12-6: Toi nang hang gom tréng toi ban kinh r, trong luong P, trén
né c6 cudn 16p day cap. Pau cta day cap moéc vao vat co trong lugng Q. Bo qua
khoi lugng cua day, bo qua ma sat. Xac dinh gia toc trong toi khi vat nang roi

xuong thang dimg. Biét ban kinh qudn tinh clia trong toi 1a p. (Hinh 12-13).

Bai giai:
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Xét co hé gom trong toi va vat nang.

Céc ngoai luc tac dung 1én hé gébm trong luc P,

Q vaphanluc R,

Chon chiéu duong cla truc quay oz huéng vao

madt sau hinh vé.

Ap dung dinh 1y mé men dong luong ta cé:

dl, _ _ B, _
dt :sz(er):mz(P)+mz(Q)+mz(Ro)
3 day ta c6: Hinh 12.13

1, = 1(trong) +1 (vat) = J o+ Q r(ro).
g

L=(Cp2+ ey
g g

m,(P) = 0; m,(Q)=rQ;  m,(R,)=0.

Thay vao biéu thic ¢ trén ta co6:

d, d(P ) grzjmer.

_ - | — +

dt * dt gp g

Suy ra: 8=d—w=%
dt  Pp°+Qr

12.4. PINH LY PONG NANG

12.4.1. Pong nang

Dong ning cla chat diém 1a mot dai lugng vo huéng ky hiéu t bang nia

tich so giita khoi lugng va binh phuong van t6c cta chét diém do:

1
t=—mv>
2

(12-33)
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Dong niang cua hé 1a mot dai luong vo huéng ky hieu T bang tong dong

nang cua tit ca céc chat diém trong hé do:
N l 2
T= zamkvk (12-34)

Khi hé 1a mot vat ran c6 thé xac dinh dong niang trong mot s6 trudng hop
sau day:
12.4.1.1. Vit rdn chuyén dong tinh tién

Vi moi diém trén vat déu c6é van téc nhu nhau va biang van téc khéi tam

nghia la v, = v.. Do do:

N 1

1 1
T=S"m, v ==-v: ¥ m, ==Mv? 12-35
2 k c 2 Z k 2 c ( )

c

N
k= k=1

1
Pong niang clia mot vat rdn chuyén dong tinh tién bing nira tich khoi
luong cta vat véi binh phuong van toc khoi tam.
12.4.1.2. Vit ran quay quanh moét truc co dinh
Nhu da biét trong dong hoc, van t6c mot diém trén vat bing v, = 1,.o
trong do 1, 1a khoang cach tir chat diém thit k dén truc quay con o 1a van toc goc

cua vat. Ta co6:
1N 13 1 N
T==>myv;=>Ymrlo’= =0y m,.r’
2ia 2ia 2 i

N
Thay > m,r?=1J, 1a mo6 men quin tinh clia vat d6i véi truc quay z ta
k=1

duoc:

z

T= %J o’ (12-36)

Dong ning clia vat ran quay quanh mot truc bang nira tich gitta mo men
quan tinh cua vat doi véi truc quay va binh phuong van téc goc.
12.4.1.3. Chuyén dong song phdng

Nhu da thdy trong dong hoc vat ran chuyén dong song phing luén luén cé

thé thay thé bing chuyén dong tinh tién cta vat theo khoi tAm C va chuyén dong
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quay quanh khoi tam C. Néu goi van toc khoi tam 1a v, va van téc goc cua vat la

® dé dang tim dugc:
T= %Mvi + %chz (12-37)

trong d6 M 1a khoi lugng cua ca vat, J. 1a mo6 men quan tinh cua vat doi
VGi truc quay qua khoi tam C.

Pong nang cla vat ran chuyén dong song phiang bing dong ning clia né
trong chuyén dong tinh tién theo khéi thm cong vdi dong ning clia nd trong
chuyén dong quay quanh truc di qua khoi tam
va vuong géc v6i mit phang co sb.

12.4.2.1. Cong nguyén to cua luc F (vi phdn

cong) M
) 1
Cong nguyén to cua luc F khi diém dat

di chuyén mot doan vo cing nho ds la dai

. , O
luong vo huéng ky hiéu dA bang tich giita y
hinh chiéu F; cua F 1én phuong tiép tuyén véi X /
vi phan do6 doi ds.
Hinh 12-14

dA = F.d3s

Thay F.= Fcoso

ds = vdt

ta c6: dA = F.v.cosadt

Vi F.v.cosa = F.V nén

dA=F.V.dt= F.dr. (12-39)

Néu goi X,Y,Z 12 hinh chi€u cua F va dx, dy, dz 1a hinh chi€u ciia d¥ Ién

céc truc ta co thé viét:

dA = Xdx + Ydy + Zdz (12-40)
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12.4.2.2. Cong cua luc trén quang duong hitu han
Khi diém dit cua luc F di chuyén trén mot quiang dudng hitu han thi cong
cta luc F 1a mot dai lugng vo hudng ky hiéu A bang tich phan cong nguyén t6

cta luc trén doan duong M M, d6
Aviontt = Jyus 8A (12-41)
Don vi dé tinh cong 12 jun ky hiéu 1a J.
J = Niu ton x mét
Sau day tinh cong cua mot s6 luc thuong gap

- Cong cua trong luc

7 MI(XO’YO’ZO)

xét mot chat diém M c6 trong luong P )
doi choé theo duong cong C trong khong gian. ©) P
Néu chon hé toa do c6 truc oz thang diing thi M, (x,.y:.2,)
trong luong P s& c6 cac hinh chiéu la: l P

O

X= 0, Y = O, /= -P (hil’lh 12-15) / y

) X

Ap dung cong thitc tinh cong ta co6:
Avon = JAA=[  (Xdx + Ydy + Zdz) = Hinhl2-15

MOM1

z1
= [ - Pdz=P(zyz,) = +P.h (12-42)
z2

O day h 1 hiéu do cao diém ddu va diém cudi clia quing dudng do, 14y
dau + khi vat chuyén dong tir cao xuong thap va ldy dau (- ) khi vat chuyén dong
tir thap 1én cao.

Tu biéu thic (12-42) ta thiy cong cua trong luc khong phu thuoc vao quy
dao ma chi phu thudc vao do cao cua di€ém dau va diém cudi.

- Cong cua luc dan hoi tuyén tinh

Cac luc dan hoi tuyén tinh (luc dan hoéi 10 xo, luc dan hoi cta cdc thanh

chiu u6n, xoin) dugc tinh theo biéu thiic :
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Trong doé c 1a hé so ty 1é dugc goi 1a hé M

=
=l

s0 ciing, con F 12 véc to dinh vi ciia chat diém

so voOi tam cua luc dan hoi (hinh 12-16). o

Cong cua F, trén doan dudng MM, ¢6 < / y

thé viét :

Hinh 12-16

AMOM 1 -
rl

_rl e Er1 )
[dA=[Fdr=] crdrzrj;d(r) .

MOM1 ro ro

c'? C C
Apomr =- E jd(r)z = E(rf - roz) = E(ro2 - r12) (12-43)
ro

Neéu goi A l1a do bién dang cua 10 xo va chs y rang luc dan héi c6 chiéu
nguoc v6i chiéu chuyén dong cong cua luc dan hoi 10 xo tir vi tri chua bién dang

dén khi da bién dang la:
A=-2o2,
2

Nhu vay cong cua luc dan hoi tuyén tinh
khong phu thuoc vao dang qui dao ma chi phu
thuoc vao vi tri diém dau va diém cudi cua

chuyén dongva luon c6 dau am .

- Cong cua luc dat lén vat ran chuyén

dong quay quanh mot truc ¢6 dinh (hinh12-17).

dA =F,.dr = F.dr.cosa = Fcoso..r.de

Hinh 12-17

dA = m,(F)de (12-44)
trong d6 m(F) = F.cosa.r = F.r 12 m6 men cua luc F d6i véi truc quay z.

- Cong cua luc F tdc dung l1én diém M thuoc vat ran chuyén dong song
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phéng (hinh 10-18)
Theo dong hoc ta c6: vy = vV, + V,,, né€u vat cé van toc goc la o thi :
Vy=V, +®.XT voi F= AM.
Thay vao biéu thic tinh vi phan cong ta dugc:
dA = F.V.dt = Fv,dt + F(oXr)dt.
dA = F.d7 + o(fxF)dt ; -
=F.d7 + m, (F). ®dt
Néu goi géc hgp boi gitta m,(F) véi truc quay
la o thi
Hinhl2-18
m,(F)® = m ,(F) . ®.cosa.
Hay m,(F)cosa = m,(F) ta duoc:
dA = Fd7, + m,(F).do.
Véi do = odt.

Trong truong hop chon cua A trung véi khoi tam C ta duoc:
dA = E.dF . + m (F)do. (12-45)

Cong cia luc tdc dung lén vat rin chuyén dong song phang bing téng
cong nguyén t6 cta luc dé trong chuyén dong tinh tién theo khoi tam va cong
nguyén t6 cua luc d6 trong chuyén dong quay
quanh truc di qua khoi tam va vuong géc véi mat

phéng co s6.

- Cong cua lwc ma sat:

Poi v6i ma sat truot do tinh chat cua luc

ma sat 1a can lai su truot, dé dang tinh:

Hinh 12-19

dA =-F__.ds (12-46)
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D6i v6i ma sat 1an, mo men ma sat M, chong lai su chuyén dong lan ctia

vat nén cling tinh dugc :
dA =-M, do (12-47)
Nhu vay cong cua luc ma sat 1a nhitng cong am.
- Cong clia cac noi luc trong vat ran

Xét hai chat diém M, M, c6 céc luc tac dung tuong hd 1a F, va F,,. Cac
luc nay hudng theo dudng M,M, va ngugc chiéu nhau F,, = - F,,. Téng cong

nguyén to cua hai luc nay la:

dA,'+dA,' = F,dF, + F,dF, = F,d7- F,dF,

= F,(d7,-d7,) = F,(V, - V,)dt.

Theo dong hoc c6:

Viu= Vo + Ve hay V=V, +V

suyra V- V, =V Véc toniy luon luon vuong géc véi M, M,

Vithétacod F,.Vynn =0.

Nghiala: dA,'+dA,'=0.

Suy ra tong cong cua tit ca cdc noi luc trong vat ran véi bat ky chuyén
dong nao ciing bang khong.

i dA,' =0

ket

Can chu y rang néu hé khong phai 1a vat ran thi V,,,,,, s& khong vuong goc
v6i MM, do d6 F,,.V e # 0 va suy ra:

>dA #0.
12.4.3. Pinh ly dong nang

Pinh 1y 12-7. Vi phan dong nang cua chit diém bing tong cong nguyén

toc cua cdc luc tac dung lén chat diém do.
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m;’2)= S dA, (12-48)

i=1

d(

Ching minh: Xét chit diém khéi lugng m chiu tac dong cua céc luc (F,

F,,... F,). Phuong trinh co ban ctia dong luc hoc viét dugc:

— N —_
mW=>F, hay
i=1
av X L e
m——= Y F, Nhan vo hudng hai v&€ v6i d7 ta dugc :
i=1
dv N _ N
mdf — =mvdv = 3 F,df = YdA,.
dt T i
mv’ e mv? N
Thay m.v.dv = d( ) ) ta dugc bi€u thic:  d( ) )= dA,.
i=1

Dinh 1y da duoc chitng minh.

Pinh 1y 12-8: Bién thién dong ning cua mot chat diém trén mot doan

dudng bing tdng cong cla céc luc tic dung Ién chat diém trén doan dudng do.
mv:  mv;
2 2

N
= dA, (12-49)
i=l

Ching minh: Gia thiét chat diém chuyén dong trén doan duong MM, . Tai
vi tri ban ddu M, chét diém c6 van t6c V ,.va tai vi tri M, ¢6 van t6c V . Theo
dinh 1y 12-7 ta co6:

d(

2 N
ke ) =2 dA
2 )

Néu 14y tich phan hai v€ phuong trinh nay theo cac can tuong tng tai vi tri

dau va vi tri cudi clia quang dudng ta co:

vl mVZ N
\;[)( 2 ):IM0M1§dAi
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mv: mv

2 N
Hay: —t ——2=Y"dA.
iy Ty A
Day chinh la biéu thic (12-49)

DPinh 1y 12-9: Vi phan dong ning clia hé bang téng vi phan cong cla

ngoai luc va noi luc tdc dung 1én hé.

Ching minh: Xét hé N chat diém. Goi noi luc va ngoai luc tic dung lén
chat diém thi k 1a F; va F.

Theo dinh 1y 12-7 viét duoc:

m,v: .
d(%) =dA,' + dA°,.
Viét phuong trinh trén cho N chat diém cua hé, nghia 1a cho k = 1..N ta

dugc hé N phuong trinh. Cong vé véGi v€ cua cac phuong trinh dé sé dugc:

8 MV

2. d(

k1 2

N N
)= dAL + ) dAS
kL kL

2
mkvk

N
=Y dA} + > dAg

1 k=1

H
N
=~

Pay la két qua can ching minh.

Dinh 1y 12-10: Bién thién dong nang cua hé trén mot doan duong hitu han

M_M, nao d6 bing téng cong clia nodi luc va ngoai luc tic dung Ién hé trén doan
duong do.
N .
T, -To=D AL + D A (12-51)
] kL

Ching minh: Lay tich phan hai vé& bi€u thic (12-50) theo cdc can ting véi
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vi tri ban dau va cu6i doan duong M M, ta duoc:

lede 5 JdA' + 5 [dASK

To k=1MoM1 k=1MoM1
N N
Hay T, - T,= D> A} + ) A
kL )
Chu y: khac vé6i cac dinh 1y khac da trinh bay dinh 1y dong nang doéi véi
hé c6 ké dén noi luc. Trir trudng hop co hé 13 vat ran tuyét doi mdéi c6 thé bd qua

anh hudng ctia noi luc dén bién doi cua dong nang.

Thi du 12-7: Vat nang treo vao dau sgi day cé chiéu dai 1 (hinh 12-20)

duoc tha tir vi tri M, tuong tng c6 géc hop giita day véi duong thang dudng ¢, va
khong c6 van toc ban dau. Tim van toc cta vat tai thoi di€ém khi soi day hop véi
duong thing mot géc ¢.

Bai giai:

Xét chuyén dong cua vat nang M. Céc luc V22

tic dung lén vat gom trong luc P, luc cang T cua

=y

day.

—!

\

Ap dung dinh 1y bién thién dong nang clia 0

vat ran trén doan duong tir M, dén M ta co:

mv’  mv;

N
2 = 2 :izl:AMOMl

!

Hinh 12-20

O day v, = 0; cong cha luc ciang T bing
khong vi luc nay luon vuong géc véi phuong ti€p tuyén. Cong cua trong luc P
theo biéu thitc (10-42) viét dugc A(P) = + hP trong d6 h 1a do cao cia diém ddu
so v6i diém cudi ctia quing dudng.

Tu hinh vé ta co:

h =1(coso - cosQ,)

Do d6 A(P) = Pl(cos¢ - cos@,). Biéu thic bién thién dong niang trong
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truong hop nay viét dugc:

2

v IP(coso - cos,)

Suy ra:

v=,/2gl(cos¢p — cos @,

Thi du 12-8: Mot vat nang dugce tha tir do cao H so v6i mat ngang cua xa
dan hai vé6i van toc ban diu bang khong va diém roi 1a gita xa (hinh 12-21). Khi
dé vat nam tinh trén xa thi xa vong xuéng mot doan f. Hoi do vong f, cia xa khi

vat roi xuéng xa né€u nhu bo qua trong lugng

cia xa va gia thiét rdng khi vat nang roi .
xuéng khong bi ban Ién va khong bi mat o
nhiét.

Bai giai:

Khao sit chuyén dong clia mot vat

niang (coi nhu mot chat diém chuyén dong).

Hinh 12-21

Trén doan dudng roi tu do H nd chiu tac
dung chi ¢6 trong luc P. Khi cham xa né
chuyén dong cung vé6i xa trén doan dudng nay ldc tdc dung lén vat ngoai trong

luc con ¢6 phan luc dan hoi F.

Ap dung dinh 1y bién thién dong nang trén ca doan dudng tir liic bit ddu
roi cho dén khi xa vong xudng ta dugc:

mv:  mv;

> = A(P) + A(F) (a)

trogn d6 v, =0; v, = 0.

A(P) = P(H+f,) & day f, 1a do vong clia xa can phai xac dinh.

1 ) N
A(F) =- 5 cf?, v6i c 1a do cing clia xa.
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Dé xac dinh ¢ ta chi y rang khi vat dat tinh 1én xa do vong clia xa nhu da
cho 1a f,. Tir di€u kién can bang & trang thdi tinh ta c6:

P = c, suy ra c = P/f,

Thay két qua tim duoc vao biéu thic (a) ta duoc:

P
P(H+fd) - ?fdzz O

t

Hay f? - 2ff,- 2Hf, = 0;

f,=f + f’ + 2Hf,

f, dugc goi la do vong dong, né 16n gép nhiéu lan so vGi do vong tinh f,.
Tur bi€u thiic xé4c dinh f; ta thdy ngay & do cao H =0 da ¢6 f, = 2f,. H cang 16n f;
cang 16n , thi du khi dong vong tinh f, = Imm, do cao H = 20m thi f; = 21mm =
21.f, nghia 1a gép 21 lan f.

— ¥
Thi_du 12-9: Mot 6 td c6 trong

lugng ké c banh 1a Q. M5i banh xe ¢6 |, oM, Re |

trong luong 1a P ban kinh r va ban kinh @ @

quan tinh 1a p. Trén banh xe chu dong Fnn ' 7

nhan mdt mod men chu dong tir dong co la Hinh 12-22

M, lam cho 0 t6 chuyén dong tir trang
thai diing yén. Cho biét trong mdi truc cia banh xe chiu mot mé men ma sat I1a
M, ; Luc can cua khong khi ty 1& bac hai v6i van toc cua 6 t6 R, = - uv?. Xdc

dinh van toc t6i han cua 6 t6 (hinh 12-22).
Bai giai:
Dé x4c dinh van t6c t6i han clia 6 t0 ta 4p dung dinh 1y vi phan dong ning.

Pong niang T clia 6 t6 xac dinh duoc theo biéu thic:
1Q p°
T= > v +4(—Jo)) (Q+4P )v
g

v, 1a van toc ctia tam banh xe va ciing 1a van toc 0 to.
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Ngoai luc tic dung 1én 6 to6 gom: trong luc P, phan luc phap tuyén cua
mat dudng N, luc ma sat F_, luc can R . Trong cac luc trén chi ¢6 luc can R

sinh cong do do:

>dA =-Rds, = -pv?. ds,

Noi luc trong hé gom c6 mo6 men chi dong M, va moé men ma sat M__.
Cong cua cac luc nay tinh duoc:

. ds
SAA'= (MM do = (M- M)

Thay cdc két qua tim duoc vao biéu thitc (12-50) s& dugc:

1 p?. dv, 1 o\ ds
SQ+4PE ), =2 =Z(M, - M __ —pvir)=
g(Q r2) 0 dt r( d ms “ )dt

ds
Thay v, = pm va rit gon ta dugc:

2
(Q+4P’:—2)WO :%(Md “M_ —uv?r)

Khi v, dat tGi gia tri téi han thi ¢6 nghai 1a gia t6 w, =0 do do suy ra:

Md = Mms_ “’rvzgh =0

Md - 4M __
Hay Vg = |
ur

DPay chinh 1a van toc t6i han cua 0 to.

Thi_du 12-10: Bo truyén dai c6 so d6 nhu hinh vé& (12-23). Banh dai A

quay véi van toc géc o, Trong lugng
chung ctia hai banh dai A va B la P. Trong )
luong cta day dai 1a Q. D€ ham hé thong

dirng lai ta dung mot luc phanh F tdc dung

vao ma phanh, cho biét hé s6 ma sat gitra

ma phanh va banh dai A Ia f. Xac dinh so

Hinh 12-23
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vong quay ctia banh dai A tir ldc bat dau phanh cho téi khi né dimng han.
Bai giai:
Xét chuyén dong clia hé bao gém hé hai banh dai A,B va day dai. 4p dung

dinh 1y bién thién dong ning cho hé trong khoang thoi gian tir khi bat diu phanh

cho dén khi co cau dimg hén ta c6:
T-T,=2A°%+2A" (a)
ting v6i thoi diém cuéi 1a T = 0. Tai thoi diém dau.
T,=T,+Ts +T,

Gia thi€t dai khong c6 truot ta ¢6 van toc dai la V = Ro, van toc goc g

cua banh dai B la:

Ro
Wg = 0
]

Trong d6 r 1a ban kinh banh dai B

Taco: Ty= %(% R*)o:;

1P 1Py , Rio; 1Py,
Te= — r —(— =——Ro
B 2(2 Jog 2(29 )— 1
Dong nang day dai:
1219y 102,

49 49 °

Thay két qua tim duoc vao biéu thitc dong niang clia ca hé va chi y ring

P, + Py =P ta duogc:

_1P+2Q

T,
4 9

2 2
R o,

Cac luc tac dung lén hé gom trong luc, luc ma sat F_ & phanh. Trong d6

chi c6 luc ma sat F_ 1a sinh cong, ta co:
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SA =0va
>A®=A(F,) = -(fF.R).¢ = - fLE.R.2nN (vdng)

Thay vao (a) ta dugc:

T,= 1P g2 fER20N
4 9
Suy ra: N =1 P+2Q R’m. (vong).
4 2ngfF

Thi du 12-11: Mot xe goong duoc kéo 1én doc badi luc F = 16KN. Trong

luong chua ké 4 banh 1a P = 18KN. Trong lugng moi banh xe goong 1a Q = 2KN
(hinh 12-24).

Xac dinh van toc cltia goong tai
thoi diém khi xe goong da di duoc mot
doan s = 4m. Cho biét lic dau xe goong

ding yén tic v, = 0. Xac dinh gia toc

cia xe goong. Gia thiét cac banh xe D T
chuyén dong lan khong truot va ma sit Hinh 12-24
trong cdc truc 1a khong diang ké, géc
nghiéng o = 30°.

Bai giai:

Dé x4c dinh van toc v, cua xe goong ta 4p dung dinh 1y bién thién dong
nang cho xe trén doan duong s. Ta c6:

T,-T,=2A% véi T,=0
1P

T,==—v,’ + 4(§9vf) = i(P +6Q)V2.
29 49 29
Ngoai luc tdc dung 1én xe goong gom : luc kéo F, trong luong P va 4Q, luc
ma sat F_, cia mat duong 1én banh xe. Trong cac luc trén luc ma sat khong sinh

cong vi banh xe lan khong truot.
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Ta c6: X A° = A(F) + A(P) + 4A(Q)
— QS - (P+4Q)h = FS + (P+4Q)sinct

Thay vao biéu thiic ban dau duoc:

% (P +4Q)Vv? = [F + (P+4Q)sina]S (b)

Suy ra:

=9,445 m/s

. \/ 29[F + (P + 4Q)IS
b P+6Q

Pé xdc dinh gia toc ta dao ham bac nhat theo thoi gian hai v€ phuong trinh

(b) s€ duoc:

1 dv : ds
E(P + 4Q)VE_[F + (P +4Q)sin a] o

Thay d—V:WVél E=Vta suy ra
dt dt
_F-(P+4Q)sina
P+6Q

W g = 0,98 m/s?

12.4.4. Pinh luat bao toan co nang
12.4.4.1. Truong luc va truong luc cé thé

Trudng luc 1a khoang khong gian vat 1y ma chat diém dit trong do sé& chiu
tdc dung mot luc chi phu thuoc vao vi tri cua chat diém. Truong luc the 1a trudng
luc ma cong cua céc luc dat 1én chét diém khong phuc thuoc vao dang qui dao
cua chuyén dong ma chi phu thudc vao vi tri dau va vi tri cu6i quing dudng di
chuyén ctia chat diém. Luc trong trudng Iuc thé goi 12 luc c6 thé. Trudng trong
luc, trudng luc dan hoéi 1a nhitng vi du vé truong luc ¢6 thé; Trong luc va luc dan
hoi 1a céac luc ¢ thé.
12.4.4.2 Thé ndng

Xét chat diém M dat trong trudong luc ¢ thé. Néu goi vi tri M® 1a " vi tri
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khong" hay con goi la méc, va vi tri dang xét 1a M ( Hinh 12.25 ) ta ¢6 dinh
nghia sau:
Thé niang cta chat diém tai vi tri M bing cong cua Iuc ¢ thé tdc dung

lén chat diém khi n6 doi ché tir vi tri M vé

v

vi tri M°. Ky hiéu thé nang & vi tri M 1a ", X

Tacé: o' = A .
Theo dinh nghia vé trudong luc thé thi H
cong cua luc cé thé phu thudc vao toa do cta

diém dang xét do d6 suy ra n'¥ = w (x,,y,,2,).

Ham 7 dugc goi 1a ham thé.

1
Chd y ring vi diém M° 1a vi trf chon Hinh 12-25

tuy y do d6 khi chon vi tri M° khac nhau thé

niang cua chat diém tai mot vi tri nao d6 s& sai khac nhau mot hing so6.

Tur két qua trén ta c6 thé viét biéu thic tinh thé ning cua luc trong trudng

va luc dan héi.
D61 véi luc trong trudong T ta c6: 1" = Ay, y0(P) = Ph

Trong d6 h 1a do cao cia di€ém cu6i so véi diém dau vi thé ta chon hé toa
do c6 goc O trung véi vi trf khong con truc oz 1a truc huéng thang ding xudng

duéi va ky hiéu H 1a do cao ctia diém o, z, 12 toa do cua diém dang xét ta c6:
th=H -z,
Suy ra biéu thic tinh thé ning:
" = P(H-z)) (12-52)

Theo biéu thitc (12-52) néu chon diém M° nim trén mat dat thi thé niang

ctia vat ¢ do cao z, sé€ tinh bang:
=Pz,

Doi v6i 10 xo: luc c6 thé  F=-cx. v6iclahé so cung cua 10 xo.
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Chon vi trf M 1a vi trf ma 10 xo & trang thdi tu nhién (khong bi nén hay

gian). Khi vat ¢ vi tri MV ta ¢6 :

1 7

Amimo = ECXZ é
.
] B X

Do d6 suy ra: é F A
% -\ /- —/~-\ /- =4 ®

1
nl ox’ (12-53) M, M,
Hinh 12-26

Trén day chung ta da tinh th€ nang qua
céc biéu thiic tinh cong, ngugc lai ching ta ciling c6 thé biéu dién cong qua thé

nang nhu sau:

Xét chat diém dat trong trudng luc thé va doi ché tir vi tri MY dén vi tri
M@, Khi dé6 ta co:

A=A +An=A-Ay
Thay A, ,=m,, A, y=m, thi A, =7, - ,.

Nhu vay cong clia luc ¢6 thé dat vao chat diém chuyén doi trén mot doan
dudng ndo d6 bing hiéu thé niang cia chat diém & vi tri cudi ctia doan dudng dé.

Mait khic thdy ring néu hai diém M va M© gin nhau nghia Ia:
MPB(x,,y,,z,) va diém MP(x, + dx,y, + dy,z, + dz) thi c6 thé viét:

dA = 'V - 1® = - dn. Thay dA = Xdx + Ydy+ Zdz trong d6 X,Y,Z 1a c4c

thanh phan cta luc c6 thé hudng theo céc truc toa do oy.

Mat khéc vi m= n(x,y,z) nén ta co:

drn= a—Tcdx +a—ndy+a—ndz
OX oy 0z

D6i chiéu giita céc biéu thitic dA va dr ta rit ra:

X= a—TC;Y= 6—7I;Z=a—7c (12-55)
OX oy 0z
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12.4.4.3 Pinh ludt bdo toan co ndng
Xét hé dat trong truong luc thé. Dinh 1y dong nang viét duoc:

n n ) n
T, -T,= 2 A%+ 2 A=Y A,
k= k2 k=

Khi hé chuyén dong tir vi tri khong dén vi tri 1 ta cé :

n
ZAk=TCO_ TCI.
k<

Trong do6 m 1a th€ nang ctia hé nodi va ngoai luc. Ta co6:

T, -T,=mn,-m,.

Hay T, +m, =T, + m,

Khi hé chuyén dong trong trudng luc thé tong dong nang va thé€ niang cua
hé 6 mdi vi tri 12 khong déi va ky hiéu 13 E.

E=T+n

Hé céc chat diém nghiém ding dinh luat bao toan co ning dugc goi 1a hé

bao toan, luc cé thé tac dong 1én hé d6 goi la luc bao toan.

Thi du 12-12: Khao sit con lac

(hinh v& 12-27), chuyén dong tir vi tri
ban dau xac dinh badi géc ¢, v6i van toc
bang khong va ¢6 thé nang nt, = Pz,
Trong d6 P 1a trong luong cua con lic,
z, 12 toa do trong tam cla con lic tai

thoi di€ém ban dau. Bo qua luc céan, biét

7z z 2 < A s - |
moO men quin tinh cua con lac doi véi e

diém treo A la Ja. Hinh 12-27

Xéc dinh van t6c goc cia con lac

tai vi tri khoi tam C c6 do cao z.

Bai giai:
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Ap dung dinh luat bao toan co ning cho con lic ta cé:
T,+n, =T, +m (a)

T, va © , 12 dong niang va thé€ ning cla con lic tai thoi diém ddu tuong ting
vGi vi tri tam ¢ ¢6 do cao z,. T, va «r; 1a dong nang va thé€ nang cla con lic tai vi

tri khao sat.
Theo dé bai T, = 0; n, = Pzy;n, = Pz T, = J ,0*/2
Thay vao (a) ta dugc:
Pz, =J,»*/2 + Pz

Suy ra:

w=1/§(zo—z)

Két qua cho thdy gid tri » phu thudc vao vi tri ctia con lac.



