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LO'1 NOI BAU

Giai tich (Toan cao cap Al) 1 hoc phan diu tién ctia chuong trinh toan danh cho sinh vién
cac nhom nganh Quan trj kinh doanh. Dé hoc t6t mén Toan cao cip theo phwong thire Pao tao tir
xa, bén canh cac hoc liu: sach, gido trinh in, bang dia hinh,..., sich huéng dan cho ngudi hoc
toan cao cdp 1a rat can thiét. Tap sach hudng din nay duoc bién soan 1a nham muc dich trén. Tap
sach dugc bién soan theo chuong trinh qui dinh nam 2001 cia B Giado duc Pao tao va theo dé
cuong chuong trinh dugc Hoc vién Cong nghé BC-VT thong qua ndm 2007.

Sach huéng dan hoc toan cao cip Al bam sat cic gido trinh cua cac truong dai hoc dang
giang day chuyén nganh Quan tri kinh doanh, gido trinh danh cho h¢ chinh qui cia Hoc vién
Cong nghé BC-VT bién soan nam 2001 va kinh nghiém giang day nhiéu niam cua tac gia. Chinh
vi thé, tai liéu nay c6 thé ding dé hoc tap va tham khao cho sinh vién cua tit ca cic truong, cic
nganh dai hoc va cao dang.

Céch trinh bay trong sach thich hop cho ngudi tu hoc, dic biét phuc vu dic luc trong cong
tac ddo tao tir xa. Trude khi nghién ciru cac ndi dung chi tiét, nguoi doc nén xem phan gidi thiéu
ctia mdi chuong dé thay dugce muc dich, yéu cau chinh ctia chuong d6. Trong mdi chwong, mdi
ndi dung, nguoi doc cod thé tu doc va hiéu dugc thong qua cac vi du minh hoa. Sau cac chuong,
ngudi doc phai ty trd 161 dugc cac cau hoéi 6n tap dudi dang tric nghi¢m. Nho cac vi du minh hoa
dugc dua ra tir don gian dén phirc tap, nguoi doc ¢ thé coi d6 1a bai tip mau dé tu giai cac bai
tap co trong tai liéu. Nguoi doc co thé tu kiém tra, danh gia kién thuc, kha nang thu nhéan dya
vao phan huéng din va dap s6 duoc cung cap ¢ nhitng trang cudi sach.

Ciing can nhan manh rang, ndi dung chinh cia toan cao cap la phép tinh vi phan va phép
tinh tich phan ma nén tang cua no la phép tinh gidi han cua ham s6. Chinh vi thé chung t6i trinh
bay kha ti mi hai chuong dau cua tai liéu dé nguodi hoc ty doc ciing co thé c6 duge cac kién thire
virng vang dé doc tiép cac chuong sau. Trong qua trinh tu doc va hoc qua mang, tuy theo kha
nang tiép thu, hoc vién cé thé chi can nhé cac dinh 1y va bé qua phan chimg minh cia nd.

Nhan day tac gia ciing luu ¥ ring & bac trung hoc phd thong cia nudc ta, chwong trinh
toan ciing d bao ham cac kién thirc vé vi, tich phan. Tuy nhién cac ndi dung d6 chi mang tinh
chét gi6i thi€u do lugng thoi gian han ché, do ciu tao chuong trinh. Vi thé néu khéng tu doc mot
cach nghiém tac céc dinh nghia, dinh ly cling s& van chi nim duoc mot cach hoi hot va nhu vay
rat gap khé khan trong viéc giai cac bai tap toan cao cap.

Sach gdm 5 chwong tuwong tng voi hoc phan gdm 45 dén 60 tiét:
Chuong I: Ham s6 va gi6i han

Chuong II: Bao ham va vi phan.

Chuong I1I: Ham s nhiéu bién s6

Chuong IV: Phép tinh tich phan.

Chuong V: Phuong trinh vi phan



Tuy rang tac gia da c6 gang rat nhiéu, song thoi gian bi han hep.Vi vy céc thiéu sot con
ton tai trong cudn sach 1a diéu kho tranh khoi. Tac gia chan thanh chd dén sy dong gop ¥ kién
clia cac ban dong nghiép, hoc vién xa gan va xin cam on vé diéu do.

Chung t6i bay t6 sy cam on ddi véi Ban Giam ddc Hoc vién Cong nghé BC-VT, Trung
tam Pao tao BC-VTI1, Phong Dao tao Pai hoc tir xa va cac ban déng nghi¢p trong B mon Toan
cua Hoc vién Cong ngh¢ BC-VT da khuyén khich dong vién, tao diéu kién cho ra tap tai li¢u nay

Ha N¢i, ngay 7 thang 6 nam 2006

Tac gia



Chuwong 1: Ham so mot bién s

CHUONG I: HAM SO VA GIOI HAN

MUC DICH, YEU CAU

Moi vat xung quanh ta déu bién ddi theo thoi gian. Chung ta c¢6 thé nhan thdy diéu d6 qua
su chuyén dong co hoc cua cac vat thé: 6 to, may bay; su thay ddi ctia cac dai lugng vat ly: nhiét
do, toe do, gia tdc; su bién dong kinh té trong mot xa hoi: Gia ) phiéu, 141 suét tiét kiém,.... Tat
ca cac loai hinh d6 dugc gan mét tén chung la dai lugng hay ham s6, n6 phu thudc vao dbi sé
nao d6, chang han 1a thoi gian. Xem xét ham s6 tirc 1a quan tam dén gia tri, tinh chit va bién
thién ctia né. Viéc d6 dit ra nhu mot nhu cau khach quan cua con nguoi va xa hoi.

Trong chuwong nay, chiing ta cin nim dugc cac ndi dung sau:

1. M6 ta dinh tinh va dinh lugng cadc ham $6 so cép co ban. Nhan biét ham sd so cép, tinh
chét gidi han va lién tyc cia no.

2. Khai niém gi6i han cia ham s6 trong cac qua trinh khac nhau, cac tinh chat vé gidi han
va thanh thao cac phuong phéap khir cac dang bat dinh duya trén phép thay thé cac VCB, VCL
tuong duong, dac bi¢t cac gidi han dang nho:

lim Y _ i Y =1,1im(1+lj - 1im(1+lj —e

=0 X x—0 Sinx X—>+00 X xX—>—0 X

3. Khai niém lién tyc, gian doan cia mét ham s6. Céc tinh chat ham sb lién tuc trén mot
doan kin.
4. Cac ham sb thuong dung trong phan tich kinh té.
NOI DUNG
1.1. CAC KHAI NIEM CO BAN VE HAM SO
1.1.1. Cac dinh nghia co’ ban
A. Dinh nghia ham sb
Cho X 1a tap khong rong cia R . Mot anh xa f tir X vao R goi 1a mot ham sb mot bién s6
f: X -5R
x= f(x)
X goi la tap xac dinh cua ', f(X) goila tap gid tri cua f . D6i khi ky hiéu
y = f(x), x € X, x goi la d6i sé ( bién doc 1ap), y goi 1a ham s6 (bién phu thudc)
B. Ham s6 chiin, ham s 16
Cho X d6i xtmg v6i O tirc 1a Vx € X,—x € X
Ham sd f (x) chan khi va chikhi f(x) = f(—x) .
Ham sé f (x) 1é khi vachikhi f(x)=—f(-x).

C. Ham s0 tuan hoan
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\ A 1N A \ A A A . * * r 1A N A ’ A
Ham so f (x) goi la tuan hoan trén X néu ton tai 7 eR, ,(R, duoc ki higu la tap cac so

duong) sao cho Vx € X thi
xtr e X va f(x+t7)=f(x).
S6 T dwong bé nhét trong cac s6 7 goi 1a chu ki ciia ham s tuan hoan f(x).
D. Ham s6 don diéu
Cho f(x)voi x € X.
1. Noirang f(x)taingnéu Vax,x, € X,x, <x, = f(x,) < f(x,).
vaf (x)ting ngatnéu  Vax,x, € X,x, <x, = f(x) < f(x,).
2. Noéirang f(x) gigmnéu Vx,x, € X,x, <x, = f(x) > f(x,).
va f(x) giamngatnéu  Vx,x, € X,x, <x, = f(x)> f(x,) .
3. Noirang f (x)don diéu néu no ting hoic giam.
N6i rang f (x) don diéu ngit néu n6 ting ngat hodc giam ngit.
E. Ham s6 bi chin
1. Him s £ (x) bi chin trén trong X néu ton tai sd A sao cho :
VxeX,f(x) <A .
2. Ham sd f (x) bi chan duéi trong X néu ton tai s6 B sao cho:  Vxe X,B< f(x).
3. Ham s f (x) bi chin trong X néu ton tai cac sb A,B sao cho:
VxeX,BL< f(x)<A.
F. Ham s6 hop
Cho f: X >R vag: Y >R véi f(X)cY goianh xa
gf X ->R
x = g(f(x))
Hay y = g( f (x)) 1a ham s hop ctia hai ham f va g.
G. Ham s6 ngwgc
Chosonganh f:X —>Y, X,YcR
Anh xa nguoc £ 1 ¥ — X goi 1a ham sb nguoc cua f
y o x=f70)

Thong thuong ddi sb ki hiéu 14 x, ham s6 ki hiéu 14 y, vy ham nguoc cua y = f(x)1a
ham s y = f7'(x). Vi thé trén cing mit phang toa d6 Oxy, do thi ctia hai ham s6 f va f'1a
d6i xtng nhau qua duong phén giac ctia goc phan tu thir I va III.

1.1.2. Cac ham sb so cip co ban

A. Ham luy thira
Choa eR . Ham Iu¥ thira v&i sé mil ¢« ,dwoc ki hiéu la P,, 1a dnh xa tir R vao R, xac

dinh nhu sau Vx eR’, P, (x) = x“
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Néu a >0,coirang P,(0)=0. Néu a =0, coiriang P,(0) =1
Do thi ctia P, (x) cho bai h.1.1

H.1.1

B. Ham mii co s6 a
Xét a eR\{1} . Ham mil co s6 a, ki hiéu 1a exp, x, 1a anh xa tir R vao R, x4c dinh nhu
saw: VxeR, exp, x=a". Db thicla y = a* chobdih.1.2.

C. Ham logarit co s6 a
Xét a eR}\{1} . Ham ldgarit co s6 a, ki hiéu 1a log, ,la anh xa ngugc véi anh xa exp,,
nhu viy V(x,y) eR xR, y=log x> x=a’
D6 thi ctia ham s y = log, x cho béi hinh h.1.3.

Chu y: Ham luy thira ¢6 thé mé rong khi mién xac dinh 1a R .

A
A
y Y
log,x, a>1
a*, a>1
/ ) ’ =X
a’, 0 1
> X log,x, 0<a<l
H.1.2 H.1.3

Tinh chét ctia ham s 16garit

1. log,1=0
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log, xy =log, x +log,y

2. Vx,yeRl, X
log, —=log, x—log,y
y

VaeR log, x“ =alog, x
3. Va,beR], log, x=1log, a.log, x

4. VxeRl, log, x=-log, x

Chii y: Sau nay ngudi ta thuong ldy co sb a 1a sé e va goi 1 16garit Népe hay logarit tir

1
nhién cta x, ki hidu y = Inx va suy ra log, x = ln—x | e=12,718281828459045. .,
na

Ige= L =0,434294...
In10

D. Cac ham s6 lrgng giac

Céc ham sb lugng giac: sinx, cosx, tgx, cotgx dd duoc xét ki trong chuong trinh phd thong
trung hoc. Dudi day chiing ta chi nhic lai mot s6 tinh chit co ban cuia chiing.
Tinh chét:

1. sinx xéac dinh trén R, 1a ham sd 1&, tuan hoan véi chu ki T = 2 77 va bi chan:
—1<sinx<1,Vx eR
2. cosx xac dinh trén R, 12 ham sb chin, tuan hoan vé6i chu ki T = 2 77 va bi chan:

—1<cosx<1,VxeR
3. tgx xac dinh trén R\{%-I—kﬂ',k eZ }, 1a ham s6 1é, tuan hoan véi chu ky T =7 va
nhén gia tri trén khoang (—o0,+0).

4. cotgx xac dinh trén R\{kz,k €Z}, 1a ham s6 1¢, tuan hoan v6i chu ky T =7 va nhan
gia tri trén khoang (—o0,+0) .

E. Cac ham s6 lwong giac nguoc

>

1. Ham arcsin (doc la ac-sin) 1a anh xa ngugc cua sin: {—% %} - [— 1,1]

Ki hiéu la arcsin: [— 1,1] — [— %,%} .

Vay ta co: Vx € [— 1,1], Yy e [—%,%} , y=arcsinx <> x=sin y

D6 thi ctia y = arcsinx cho trén hinh 1.4

10



Chuwong 1: Ham so mot bién s

Ay YA
arccosx
T
7| arcsinx
2
T
_z — 2\
2 -l > 1
1 7
0 i AN R
- 2 o z
2
H.1.4 H.1.5

2. Ham arccosin (doc la dc- c6- sin) 1a 4nh xa nguoc cua cos : [0,7[] - [— 1,1] ki hiéu:

arccos: [— l,l] - [O, 72']
Vx e [— 1,1], Vye [O, 72], Y =arccosx <> x =cosy

D6 thi ham s6 y = arccosx cho trén hinh 1.5

b2 . zr : . :
= —arcsinx | € [0, 7] cos| = —arcsin x | = sin(arcsin x) = x
2 2
A . z
Vay arccos x + arcsin x = iy

3. Ham arctang (doc la dc-tang) la anh xa nguoc cua g : (—%,%) —R, ki hiéu:

arctg R— (—E,Zj
2

Viy taco Vx eR,Vy e [—%,%} y =arctgx < x =tgy

Do thi cia y = arctgx cho trén hinh 1.6.

4. Ham arccotang (doc la dc-co-tang) 1a anh xa nguoc cuia cotg: (0,7) —>R ki hiu:

arccotg R— (O,%)

Vaytaco VxeR,Vye (O,%) y=arccotgx < x=cotgy

Do thi ham y = arccotgx cho trén hinh 1.7

11
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y A
r
2
arctg
-
0 i X
2
H.1.6
YA
T //
2 .
—— | arccotg
\
O E V/a X
2
H.1.7

12
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Vx eR, cot g(arccot gx) = x
A V4
Vay  arctgx +arccot gx = 5

Ngudi ta goi ham s6 luy thira, ham s6 mil, ham s6 16garit, cac ham sé lwong gidc va cac
ham sd luong gidc nguoc 13 cic ham s so cap co ban.
H. Pa thirc, ham hiru ti.
1. AnhxaP: X >R duoc goi la da thure khi va chi khi ton tai n e N va

(ay,a,,...,a,) ER™" sao cho Vx e X, P(x) = Zaixi
i=0

Néu a, # 0, goi n 1a bac ciia da thirc, ki hiu degP(x) =n

2. Anhxa f: X >R dugc goi 1a ham hitu ti khi va chi khi ton tai hai da thirc

P, Q: X —R saocho Vx e X,0(x) #0, f(x)zM
O(x)
, P(x) oo e
Goi f(x)= ) la ham hiru ti thye su khi va chi khi: degP(x) < degQ(x)
X
3. Ham hiru ti tdi gian 14 cac phén thirc c6 dang:

Bx+C
—hoje
(x—a) (x"+px+q)

Trong d6 k e N, a,p,q,A,B,C la cac s6 thuc va p2 - 4q <0
Duéi ddy ta dua ra cac dinh li dwgc chimg minh trong i thuyét dai s6
Pinh li 1.1: Moi da thitc bac n voi cac hé 56 thuee déu cé thé phan tich ra thira 56 trong dang:

P(X) = an('x_al)kl“'('x_al)k’ (x2 +p1x+QI)ﬁl“'(x2 +pm'x+ an)ﬁm

trong do a, (i = ﬂ) la cdc nghiém thuc boi k; cua da thirc, con D9, ,B ; eR
! m -
voi j=1,2,....m va Zki+22ﬂj =n, pj2—4qj <0;j=Lm
i=1 j=1
Pinh li 1.2: Moi ham hitu ti thuc sy déu co thé phan tich thanh t(fng hitu han cdc ham hitu ti t0i
gian.
1.1.3. Ham s so cip
Dinh nghia: Ham s6 so cip 1a nhitng ham sé duoc tao thanh bdi mot s6 hiru han cac phép
tinh cdng, trur, nhan, chia va cac phép lay ham hop d6i vdi cac ham so so cap co ban va cac hang
sO, chang han f(x)=e “* JInx — 2x*arcsinx’ 1a mot ham sd so cap.
1.1.4. Cac ham s6 trong phén tich kinh té
A. Ham cung va ham ciu
Khi phan tich thi truong hang hoa va dich vu, cac nha kinh té str dung khai niém ham cung
(supply function) va ham cau (demand function) dé biéu dién sy phu thudc cua lugng cung va
luong cau cua mot loai hang hoda vao gia tri cia hang hoa d6. Ham cung va ham cau bi¢u dién

13
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tuong ung 1a: O, =S(p),0, = D(p), trong do: p 1a gia hang hoa, QO la luong cung (quantity
supplied), tirc 1 lugng hang hoa ma ngudi ban bang long ban ¢ mdi muc gia; 0, 1a lugng cau
(quantity demanded), ttrc 1a lwong hang héa ma ngudi mua bang 1ong mua & mdi mirc gid.

Tat nhién, luong cung va luong cau hang héa khong chi phu thudc vao gia ca cua hang hoa

d6, ma con chiu anh hudng cua nhiéu yéu to khac, chang han nhu thu nhap va gia cta cac hang
hoéa lién quan. Khi xem xét cac mo hinh ham cung va ham cau ¢ dang néu trén nguoi ta gia thict
rang cac yéu to khac khong thay doi. Quy luat thi truong trong kinh té hoc ndi rang, doi véi cac
hang hoa thong thuong, ham cung la ham don di€u tang, con ham cau la don di¢u giam. Picu
nay c6 nghia 1a, vdi cac yéu to khéc gilt nguyén, khi gid hang hoda tang 1én thi ngudi ban s€ mudn
ban nhiéu hon va ngudi mua s€ mua it di. Cac nha kinh t€ goi do thi cia ham cung va ham cau la
duong cung va duong cau. Giao di€m cta duong cung va duong cau goi la di€ém can bang cua thi
truong. O mic gia can bang ; taco O, =0, = Quﬁ:c 1a nguoi ban ban hét va ngudi mua mua
du, thi truong khong c6 hién tuong du thira hodc khan hiém hang hoa.
Chii y: Trong céc tai liéu kinh t& ngudi ta thudng str dung truc hoanh dé biéu dién luong Q, truc
tung deé bicu dién gia p. Cach biéu dién nhu vay tuong ung véi viéc biéu dien ham nguoc cua
ham cung va ham cau: p=S5"' (Q,),p=D"(Q,) . Trong kinh té hoc nhiéu khi ngudi ta van goi
cac ham nay 14 ham cung va ham cau. P thi cua chung duoc cho trén H.1.8.

B. Ham san xuit ngin han

Céac nha kinh té hoc st dung khai ni¢m ham san xuét dé mé ta sy thudc cia san lugng hang
hoéa (tong so lugng san pham hi¢n vat) cia mgt nha san xuat vao cac yeu to dau vao cua san xuat,
nhu von va lao dong v,v...

Pa
p=5")
P i p=D"(0)
i
0 Q Q

H.1.8

Trong kinh té hoc khai niém ngén han va dai han khong duogc xac dinh br:ing mot khoang thoi
gian cu th¢, ma duoc hiéu theo nghia nhu sau:

Ngén han 1a khoang thoi gian ma it nhat mot trong cac yéu t6 san xut khong thay d6i. Dai
han 1a khodng thoi gian ma tat ca cac y€u to san xuat c6 the thay doi.

Khi phan tich san xuit, nguoi ta thuong quan tim dén hai yéu t6 san xudt quan trong 1a vén
(capital) va lao dong (labor), dugc ki hi¢u tuong ung la K va L.

Trong ngan han thi K khong thay d6i, do d6 ham san xuét ngin han c¢6 dang:

O=f(L)
14



Chuong 1. Ham sé mdt bién s
trong d6 L 1a lugng lao dong duoc sir dung va Q 1a mirc san lwong tuong tmg. Chil y rang nguoi
ta xét ham san xudt san luong Q va cac yéu té san xudt K, L dugc do theo ludng (flow), tic 1a do
theo dinh ki (hang ngay, hang tun, hang thang, hang nim v,v...)

C. Ham doanh thu, ham chi phi va ham lgi nhuin
Téng doanh thu (total revenue), tong chi phi (total cost) va téng loi nhuan (total profit) cua
nha san xuat phu thudc vao hang hoa. Khi phan tich san xuét, ciing v&i ham san xuat, cic nha
kinh t& hoc con sir dunh cac ham sb:
1. Ham doanh thu 1a ham s6 biéu dién su phu thudc cua téng doanh thu, ki hiéu TR vao san
luong Q:

TR = TR(Q)
Chéng han, téng doanh thu cua nha san xuét canh tranh 13 ham béac nhat:
TR =pQ

trong d6 p 1a gid san pham trén thi truong.
2. Ham chi phi 1a ham s6 biéu dién sy phu thudc ctua téng chi phi, ki hi¢u TC vao san lugng Q:
TC =TC(Q)
. 3. Ham loi nhuin 1a ham s biéu dién sy phu thudc cua téng lgi nhuan, ki hiéu 7 vao san
luong Q:
7 =7(Q)
Ham lgi nhuan c6 thé xac dinh thong qua ham doanh thu va ham chi phi:
7=TR(Q) — TC(Q).
D. Ham tiéu dung
Luong tién ma ngudi tiéu dung danh dé mua sam hang hoa va dich vu phu thudc vao thu nhap.
Céc nha kinh té su dung ham tiéu dung dé biéu dién sy phu thudc cua bién tiéu dung, ki hiéu C
(consumption) vao bién thu nhap Y (income):
C=A1(Y)
Theo qui luat chung, khi thu nhép ting, ngudi ta c6 xu hudng tiéu dung nhiéu hon, do d6 ham
tiéu dung 1a ham dong bién.
1.2.GIOI HAN CUA HAM SO
1.2.1. Khai niém vé giéi han
A. Pinh nghia gi6i han
Ta goi & —lan can clia diém a eR 1atap Q (a) = (a—J5,a+ )
Goi A- lan can cua +oo latap Q,(+00) = (A,+0) véi A>0 va kha 16n.
Goi B- 1an can cua — oo 1a tdp Qp(—00) = (—o0,—B) v6i B>0 va kha 16n.
Cho f x4c dinh ¢ 1an can diém a (c6 thé khong xéac dinh tai a )
1. Noirang f co6 giéi han 1a [ khi x din dén a (goi tat: c6 gi6i han 14 / tai a) néu
Ve >0,3Q,(a) c X,Vx e Q (a)\{a} = |f(x)- 1< &
2. Néirang f c6 gidihanla + oo tai a néu

VA >0,3Q,(a) c X,Vx e Q, (a)\{a} = f(x) > A.

15
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3. Néirang f c6 gidi hanla —oo taianéu — f c6 gidihanla +oo taia
4. Néirang f c6 gidihanla [ tai +o0 néu
Ve >0,3Q,(+0) © X,Vx € Q, (+0) = | f(x) - | < €.
5. Noirang f 6 gidihanla [ tai —oo néu
Ve >0,3Q,(—0) « X,Vx e Q,(-0) = |f(x) -] < &.
6. Néirang f co6 gidi hanla +oo tai +o0 néu
VA > 0,3Q,,(+0) < X,Vx € Q,,(+0) = f(x) > A.
7.Noirang f ¢ gioi han 1a —oo tai + o0 néu va chi néu — f ¢6 gidi han la + o tai
+ o0
8. Noirang f c6 gidi han 1a + oo tai —oo néu
VA>0,3Q,, (—0) c X,VxeQ,, (—0) = f(x)> 4.
9. Noi rang f ¢6 gidi han 1a —oo tai —oo khi va chi khi — f ¢ giéi han1a + o0 tai —oo
Khi f(x)c6 gi6i han 1 [ tai a hodc tai o0 noi rang f(x) c¢6 giéi han hitu han tai a hodc tai
+o0. Nguoc lai f(x)c6 gidi han 1 * oo, ndi rang né c¢6 gidi han vo han.
B. Pinh nghia gi¢i han mét phia.
1. Néirang f c6 gi6i han trai tai a 1a [, néu
Ve>0,3n>03Q,(a) c X),Vx0<a-x<n=|f(x)-l|<e
2. Néirang f c6 giéi han phai tai a la [, néu
Ve>0,3p>0,Vx, O<x—a<n= |f(x)—lz| <e.
Kihi¢u f c6 gidi han 1a [ tai a thuong la:
limf(x)=1/ hoic  f(x)—>1/
Tuong tu ¢6 cac ki hiéu: !{ig}f(x) = +00, —00; Xlirgo f(x)=1,+00,—00
Ki higu f o6 gici han tréi tai ala [, thuomg ding  lim f(x) = fla)=1
Tuongty  lim f(x) = fla’)=1,
Heé qua: Diéu kién can va du dé lim f(x)=1la f(a")= fla) =1

1.2.2. Tinh chit ciia ham cé gi6i han.
A. Tinh duy nhit ciaa giéi han
Pinh Ii 1.3: Néu lim f(x) =1 thi I la duy nhit.

B. Tinh bi chin

Pinh li 1.4: Néu lim f(x) =1 thi f(x)bichan trong mot lan cdn cua a.

Chirng minh:
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Chuong 1. Ham sé mdt bién s
Lay =1, 3n>0,VxeQ, (a)\la}= |f(x)-1<1.
Hay [f(x)| =|f(x) =1+ <|f(x) =] +|]| <1+]]
Chu y:

e Truong hop a = +90,a = —0 cling ching minh twong tu.

e Dinh li ddo: Ham f(x) khong bi chan trong lan can cta a thi khong c¢6 gidgi han hitu han

tai a.
2 L. 1. C g . :
Chang han f(x)=—sin— khong c6 gidi han hitu han tai 0.
X X

C. Tinh chét thi tw cia gioi han va nguyén li kep.

Pinh li 1.5: Cho £i£r3f(x) =1. Khi do:
1. Néu ¢ <l thi trong ldn cdn dii bé cia a: ¢ < f(x)
2. Neu | <d thi trong ldn cin di bé ciia a: f(x)<d
3. Neu c <l <d thitrong lan cin i bé ciia a: c< f(x)<d

Chirng minh:
L e=1-c¢>03p,YVxeQ, (@\laj=|f() -] <l=c=c< f(x)
2. e=d-1 ,3n,VxeQ, (@\aj=|f()-]|<d-1= f(x)<d
3. 3n = Min(n,1,),Yx € Q,(a) \{a} = ¢ < f(x) <d

Chii y: Pinh li trén khong con ding khi thay cic bat diang thirc ngit bang cac bat dang thirc
khong ngat.

Pinh li 1.6: Cho lim f(x) =1, khi do

1. Néu c < f(x) trong ldn cdn cia a thi ¢ <1

2. Néu f(x)<d tronglin cdn ciiaa thi | <d

3. Néu ¢ < f(x)<d tronglincdnciaathi c<1<d

Nho vao lap luan phan chimg, chiing ta thay dinh li trén thuc chat 1a hé qua cia dinh 1i 1.
Pinh li 1.7( Nguyén li kep): Cho ba ham s6 f,g,h thod man: f(x) < g(x) < h(x) trén X; va

lri_rgf(x) =lri_r)13h(x) =[ Khido &i_rgg(x) =1
Chirng minh: Ve >0,37,7,,Vx: 0< |x—a| <n= |f(x)—l| <&
O0<|x—d <n, =hx) -l <e
, ' fx)-1l<e
Lay n = Min(n,n,) thi Vxe X : 0< ‘x—a‘ <n= ‘h(x) —l‘ Py
= -—e<f(x)-l<g(x)-I<h(x)-l<e& Tucla lviir[}g(x) =1
Chu y: Pinh li dGng véi céc truong hop a = +©,a = —0
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Chuong 1: Ham so mot bién s

Pinh 1i 1.8: Néu trong ldn cin ciia a cé f(x) < g(x) va lxlilgf(x) = +o0 thi:
lim g(x) = +oo0
Chirng minh:
VA >0,3n,Vx: 0<|x—a|<771:f(x)>A
Mit khac 3I7,,Vx: 0<|x—a|<772:>f(x)£g(x)
Lay n = Min(n,,n,),Vx: 0 <|x—a| <= g(x) > A chimgto g(x) =0
Chu ¥:
e Dinh li dang véi truong hop a = +o0,a = —o0
e Tuong tu co dinh li khi f(x) ==

D. Cac phép tinh dai sb ciia ham s c6 gi6i han

DPinh li 1.9: (Truong hop gidi han hiru han):
L f(x) > 1=/ >l

2[00 |f(x)|;>aO

3. f(x);)tll1 va g(x);)al2 :>f(x)+g(x);>al1 +1,

4. f(x)lel:/i.f(x))jaxll, A eR

5. f(x) x:)gO va g(x) bi chan trong lan cdn cua a = f(x).g(x);)aO
6. f(x);)lll1 va g(x)x:)al2 = f(x).g(x);)all.l2

O
g(x) x—a 12
DPinh li 1.10 (Trwdong hop giéi han vé han):

7. f(x) > va g(x)=>L#0=

1. Néu f(x)—>+oo va g(x)=m trong lan cin cia a thi f(x)+g(x) >+
2. Neu f(x) >+ va g(x)=m >0 trong ldn cdn ciia a thi f(x).g(x) >+

E. Gi6i han cia ham hop
Cho f: X->R, g: YR va f(X)cY

Pinh i 1.11: New f(x) > b va g(v) > 1 thi g(f(x)) =1
Chirng minh:
Ve>0,3n,Vy: O<|y-bl<n=lgn)-l<e
35,,Vx:  0<|x—d|<8, =|f(x)-b<n

Vx: 0<|x—d|<8, =[g(f(x)—l|<e,vay g(f(x)—>1
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Chuwong 1: Ham so mot bién s

F. Giéi han ciia ham don diéu
Pinh1li 1.12: Cho f: (a,b) >R, a,beR hodc a,beR va la ham tang.
1. Néu f bichan trén boi Mthi lim f(x)=M" <M
x—b~

2. Néu [ khéng bi chan trén thi lim f(x) = +o0

x—>b"

Dinh 1i 1.12 ¢6 thé suy dién cho truong hop f(x) giam trén (a,b).Két qua cho trén hinh 1.9

f: (a,b) >R Két luén Do thi
A A
Tingvabi | f(9) = Sp /(9
N (gp) /\2 /
chéan trén a b >
A A
Giam va bi \\
chan dudi f(x) > Inf f(x) \
x—b~ (a,b) i > g o
A
Giam va bi T
chantren  |f(¥) > Sip () é\ |
x4 (q,p)
\ Lad
Tangvabi |f(x) — Inf f(x) i 1/ / T
chan dudi > :
A : A
Tang va khong / /
bi chan trén f(x) >+ > | >
x—b~
A . A
Giam va khong — > >
bi chin dudi | f(x) = —oo \
x—>b"
A ,
Gidm va khong | /(x) = +oo K \\
bi chén trén . g | »
Tang va khong |f(x) — —oo } / N { >
bi-chéduét
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Chuong 1: Ham so mot bién s

Pinh li 1.13: Néu f(x) xdc dinh tgi a va tang ¢ ldn cdn cua a thi luén ton tai mot giGi han trdi
va mét gidi han phdi hitu han tai a dong thoi c6 hé bat dang thire:
lim £(x) < £(a) < lim £(x)

Chirng minh:

RO rang: f(x) tang va bi chan trén boi f(a) 6 lan can bén trai cia a.

f(x) tang va bi chan dudi boi f(a) 6 lan can bén phai cua a.
Theo dinh 1i 1.12, chiing ta nhan dwoc két qua can chig minh. Ta ¢ két qua
tuong tu khi f giam. Hinh 1.10. mo ta dinh 1i 1.13.

Ay
fa")
f(a)
f(a) /A
0 a ;(
H.1.10
1.2.3. Cac gi6¢i han diang nhé
A. T [ (1.1)
x—0 X =0 gIn x

Chirng minh: D& dang thiy dugc x (— z,zj \ {0}

2
thi c6 bét ding thic kép: cosx < X <1,
X
Dung dinh nghia chirng minh dugc lin& cosx =1. Vay suy ra cong thirc (1.1)
. 1\~ 48 1Y
B. limf1+—| = lim|{1+—| =e (1.2)
X—>+o0 X X—»=0 x
C. lim Inx = +oo, lim In x = —o0 (1.3)
X—>+00 x—0"

Chirng minh: Vi Inx tang trén Ri nén tai + o0 ham sd ¢o gidi han hitu han hoac 1a + o .
Gia sir c6 gidi han hitu han / thi lim Inx =/ = limIn2x.

X—>+00 X—>0

Tuy nhién In2x=In2+Inx —>/=/+1In2 vo ly.

. 1
Vay Inx - +o.  VxeR,, Inx=-In— > -

X—>+0 X x—>o"
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Chuwong 1: Ham so mot bién s

Vidu 1: Chirng minh: limsinx =0, lim 1 =0
x—>0" x—>to x
Giai:
Ve>0 (£bé) VxeQ,(0)\{0} co [sinx| <|x].
Liy 7= ¢&,Vx: O<|x|<8:>|sinx|<8
2|1 1
Ve>0dé|—|<eo|r>—=4
X &
. . 1 , o1
Vay 34 R, Vx: |x|>A:>—<g. Chingto — — 0
X X x>t
2x+1-3
Vidu2: Tinh lim———, lim(\/x2 +1 —\/x2 —1)
x—>4 ,/ 2 \/E xX—0
Giai:

V2x+1-3  2(x—4).(Jx— +J—) 2242 2\/5
Vx-2-42 (x- 4)<m+3) 23

It +1 -+ -1= 0

o ’ \/x2+1+\/x2—1x:)°°

COSX —COS3x
2

Vidu 3: Tinh lim

x—0 X
Giai:

cosx—cos3x _ (cosx—1)+(1—cos3x) Sin 2 S —-

2 %0 »3x

2 —>—l+2:4

3x ) =0 2 2
P

20 1408 1
Vidu 4: Tinh lim(x2 1) ., lim(I+sinx)x
xoo| x4 ] x>0
Giai:
£ e[ 2x%
x* -1 ( 2 j[ 2 ][ x2+1] 2
> =[1- > —e
x"+1 I+x x>0

! 1 sinx
(1+sinx)r = (1+sinx)sine x e

D. Sw ton tai giéi han cua cac ham so cép
Pinh li 1.14: Ham s6 so cdp xdc dinh tai x, thi lim f(x) = f(x,)
)C*))CO
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Chuong 1. Hdam sé mot bién s
1.3. PAI LUQNG VO CUNG BE(VCB) VA PAI LUQNG VO CUNG LON(VCL)
1.3.1. Dai lwgng VCB
A. Dinh nghia:

Ham s6 a: X —R, goi la dai luong VCB tai a néu nhu a(x) — 0, a c6 thé 1a +o

hoac -0

Hé qua: Pé ton tai lim f(x) = [ diéu kién can va dii la ham s6 a(x) = f(x)=1 la VCB tqi a.

xX—a
B. Tinh chit dai s6 ciia VCB
Dua vao tinh chét dai sb ctia ham c6 gidi han, nhan dugc tinh chét dai s6 cua cac VCB
sau day:

1. Néu a,(x),i =1,2,...,n la cac VCB tai a thi tong Zai(x), tich Hai(x) ciing la

i=l1 2]
VCB taia
2.Néu a(x) 1a VCB taia, f(x) bi chan trong l4n cin ctia a thi a(x).f(x) 1a VCB tai a.
C. So sanh cac VCB
Cho a(x),f(x) la cac VCB tai a.

1. Néu £ 55 0 thinoi rang ¢ 14 VCB cdp cao hon £ taia, ki hiéu o = o(f) taia,

xX—a

cling n6i rang B 1a VCB cap thap hon o tai a.

O A N A .
2. Néu — — ¢ # 0 thi ndi rang «, f 1a cac VCB ngang cap tai a.

Dic biét ¢ = 1thi ndi ring a, B 1a cac VCB tuong dwong tai a. Khi d6 ki hiéu a ~ £ tai a.
R rang néu «, B ngang cap tai a thi ton tai hang s ¢ khac khong dé: @ ~ ¢/ tai a.

3. Néu y = o(cr") thi néi rang y 12 VCB ¢6 cip cao hon k so véi VCB o taia

4. Néu y ~ca®  (c#0) thindirang y 1a VCB c6 cap k so v6i VCB « taia

A - 4 y e YO . o
Hé qua 1: Neu y ~ a,, B ~ B3, tai a thi lim— = lim—-
x—a ﬂ xoa B

Hé qua 2: Néu o =o(f) taiathia+ B~ B taia.
Hé qua 3: Qui tic ngit bo VCB cép cao:
Néu o la VCB cdp thcfp nhat trong $6 cdc VCB a;, (i = I,_m)
va 8~ la VCB cdp thdp nhdt trong sé ciac VCB  J3,, (i = I,_n) tai a . Khi do:

m

Sa
(04
J

lim=— = lim
x—>a Z ﬂ x—a ﬂ

j=1

Chu y: Cac VCB déang nho la:

£
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Chuwong 1: Ham so mot bién s

I. x*>0,a>0

x—0
2. a" > 0,(a>1) a* — 0,(0<a<l)
X—>—00 X—>+00
3. sinx —> 0, tgx — 0, arcsinx — 0
x—0 x—0 x—0

4. arctg >0

x—0
1.3.2. Dai lwgng VCL
A. Dinh nghia
Hamsb A: X >R goi la dai lugng VCL tai a néu nhu A(x) >+ 00 hoac—o

X—a

(acothé 1a + o0 hodc — ).

Hé qua: Pé A(x) 1a VCL tai a thi cAn va du la a(x) = la VCB tai a.

(x)
B. Tinh chit ciia VCL
. Néu A(x),i=12,.,n la chc VCL cing déu (+o) hay (o) tai a thi tdng
ZAI. (x) 1a VCL mang dau d6 tai a.

i=1
Néu B/(x),i =1,2,...,n 1a cac VCL tai a thi tich HBZ. (x) laVCLtaia
i=1
2. Néu A(x) 1a VCL tai a va f(x) giit nguyén ddu tai a va lan can ciia no thi
A(x).f(x) 1a VCL tai a.
C. So sanh cac VCL
Cho A(x),B(x) lacac VCL tai a
A(x) . A £ . \
— oo thi ndi rang A(x) 1a VCL cap cao hon B(x) tai a, hay B la

B(.X) x—a

1. Néu

VCL c6 cép thip hon A taia

. A A ; .
2. Néu Ax) — ¢ # 0 thinéirang 4,B la VCL ngang cap tai a.

(x) xX—a
Piac biét ¢ =1 thi ndi rﬁng A, B la cac VCL tuong duong tai a, ki hi¢u 4 ~ B tai a.

Hé qua 1: Néu A~ A,B ~ B, tai a thi limix) = limM
x—a B(x) x—a Bl(x)

Hé qua 2: Néu A(x) la VCL cap cao hon B(x)taiathi A+B ~ A.
Hé qua 3: Qui tic ngat bo cac VCL cap thap:
Néu A" la cic VCL cdp cao nhdt trong s ciac VCL  A.(x),i =1,2,...,m va B la VCL

cdp cao nhdt trong sé cdac VCL B,(x),j =12,...n taiathitacd
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Chuong 1: Ham so mot bién s

S0

Chu y: Céc VCL sau day thuong hay dung:

1. x* = +oo, (a>0)

2. a" >+, (a>1) a’ — +o, (0<a<1)

3. log,x =+, (a>1) log, x =+, (0<a<l)
X—>+00 x—0"

4. log, x - -, (a>1) log, x —> —, (0<a<l)

x—0 X X0  x

Vidu S: Tinh lim(sin x.coslj , lim 22

. 1
<l=limsinx.cos—=0
x—0 X

1
coS—
X

sinx — 0,

x—0

Giai:
1 ) . sinx
——>0,s1nx|£1:11m =0

x X—>0 X—>0 x

. 2 3
, ] . SIn2x . teTx—Xx
Vidu 6: Tinh lim— , 11mg_—2

x-0gin4x x>0 gin x

sin2x ~ 2x} . sin2x 2x 1

] = lim— = lim —
sindx ~ 4x —-0gindx  04x 2
Giai:

2 3 2

. . 2R X

tg’x ~ x*,sin’ x ~ x> = hmg_—2 =lim— =1
x—0 SsIn” x x—0 X

2 2

) +x-1 ! +x+1 ) +1
Vidu 7: Tim hm%, 11m%, llmx2
X—>0 2x _2 ¥ _|_2 x>0 ¥ _1

2 2

.o x +x-—1 .k 1

Giai: lim > = lim 2 —
X0 2x _2 X0 2x

X +x+1 % 1 Xt +1 x’

11m3— £ lim—3 =]lim—=0 lim 5 = lim—2 =1
x>0 x4 2 x>0 ) x>0 X x>0 x -1 x> y

1.4. SU LIEN TUC CUA HAM SO

1.4.1. Cac khai niém co ban

A. Ham lién tuc tai mot diém
Cho f: X >R vaae X.Néirang f(x) lién tuc tai a néu
lim f(x) = f(a) hay lim f(x)= f(lim x)
x—a Xx—a x—a
Tacla Ve > 0,37 >0,Vx: |x—a|<77:>|f(x)—f(a)|<g
B. Ham lién tuc mgt phia tai a
Cho f: X —R,aeX. Néirang ham f lién tuc bén tréi tai a néu
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Chuong 1. Ham sé mdt bién s
lim /() = f(a) = /(@)
Ham £ lién tuc bén phai tai a néu
lim /() = f(a") = /(@)
Hé qua: Pé ham f(x) lién tuc tai a diéu kién can va di la:

fla’)=f(a") = f(a)

C. Ham lién tuc trén mét khoing

1. Ham f(x) lién tuc tai moi diém x € X thi n6i rang no lién tuc trén tap X .
2. Ham f(x) lién tuc trén khoang mé (a,b) va lién tuc tréi tai b, lién tuc phai tai a ndi rang
no lién tyc trén [a,b]
D. Piém gian doan ciia ham s6
1. Néu f(x) khong lién tuc tai a, noi rang f(x) c6 diém gian doan tai x = a .
2. Néu a la diém gian doan va f(a”), f(a") 1a cac s6 hiru han thi goi x = a 1a diém gian
doan loai 1 ctia ham sb va goi h,(a) = f(a") - f(a") la budc nhdy cia f'(x) tai a.
Hé qua: Néu f(x) ting (gidm) & lan cdn diém a khi @6 f(x) lién tuc tai a khi va chi khi
h(a)=0. Diéu nay suy ra tir dinh 1i 1.13 ctia ham sb don diéu.
3. Néu a 1a diém gian doan cua f(x) va khong phai la diém gian doan loai 1 thi néi rang
f(x) c6 diém gian doan loai 2 tai x = a .
Céc dinh nghia trén dugc mo ta trén hinh 1.11.

yA y A

W
/ AU

T o, O ; a; > o a— o, O 3 b >
loai 1 loai 2 lién tuc tirng khuc
H.1.11

E. Ham lién tuc tirng khic

Ham f: [a,b] —>R, a,beR.

Noi rang ham £ lién tuc tirng khuc trén [a,b] néu nhu chi ¢6 mot so6 hitu han cac diém

gian doan loai 1 ciia ham s6 trén doan do.
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Chuong 1: Ham so mot bién s

1.4.2. Cac phép toan dai s6 ciia ham lién tuc

Pinh li 1.15: Cho f,g: X -R, acX,1eR
1. Néu f(x) lién tuc tai a th |f(x)| lién tuc tai a.
2. Néu f(x),g(x) cung lién tuc tai a thi f(x)+ g(x) lién tuc tai a.
3. Néu f(x) lién tuc tai a thi Af(x) lién tuc tai a.

4. Néu f(x),g(x) lién tuc tai a thi f(x).g(x) lién tuc tai a.

5. Néu f(x),g(x) lién tuc tai a va g(x) # 0 thi fEx; lién tuc tai a.
g(x

Pinh 1i 1.16: Cho f: X >R aeX, g: Y-oRva f(X)c VY. Néuf(x)lién
tuc tai a va g(y) lién tuc tai b = f(a) thi ham hop g(f(x)) lién tuc tai a.
Chirg minh twong ty nhu chimg minh dinh 1i vé gi6i han ctia ham hop.
Chuy:
e Dinh li 1.16 ciing duoc phat biéu twong tir cho f lién tuc trén X va g lién tuc trén Y.
e Su dung dinh li 1.16, nhan dugc cac gidi han quan trong dudi day:

Vi khi théa man dinh 1i 1.16 thi limg( f(x)) = g(lim f(x)) do d¢:

log (1
lim 080D o0 (1.4)
x—0 X

Picbiet  limtUtY) (1.5)
x—0 X

.oa -1

llrr(} =Ina, O<a=l) (1.6)
X—> x

That vay goi y=a" —1= x =log,(y+1). Theo (1.4) s€ co:

lim® LS /1 _y,

=0y »0log (1+y) log, e

hmw =0 (1.7)
x—0 5

Goi y = (x+1)* —1= aln(l+x) = In(l + )

i LE) =1 @) 1im[ y  oln(x+ Dj .

x—0 X x>0 x =0 In(y +1) X

Tur trén dé dang nhan dugc dinh 1y sau:
Pinh 1y 1.17: Moi ham sé so cap xdc dinh tai x = a thi lién tuc tqi a.
1.4.3. Tinh chit ciia ham sb lién tuc trén mét doan
Cho f: [a,b] —R laliéntuc, a <b.
A.Tinh tri mit ciia ham so lién tuc
Dinh li 1.18: Néu f(x) lién tuc trén [a,b] va f(a).f(b) <0 thiton tai ¢ € (a,b) dé f(c)=0
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Chuwong 1: Ham so mot bién s

Chirng minh: Thyc hién phuong phédp chia déi doan [a,b]. Néu trong qué trinh chia d6i tim
duoc diém c s& dung lai. Néu khong tim dugc c thi nhan dugc day cac doan léng nhau ([an,bn ])
b—a

2"
Suy ra lim f(a,) = f(lima,) = f(c) <0 va lim f(5,) = f(limb,) = £(c) >0

trong do f(a,) <0,f(b,)>0va b, —a, =

trong d6 ¢ € (a,b). Vay f(c)=0.
Pinh li 1.19: Néu f(x) lién tuc trén [a,b] khi do f(x) nhdn gia tri trung gian
gita f(a) va f(b), nghiala: Yy €[f(a), f(b)]3c €[a,b], fc) =y

Chirng minh :
Dinh li dng véi vy = f(a) hoac y = f(b).
Gia st f(a)< f(b) va xét f(a)<y< f(b).Pat g(x)= f(x)—y lién tuc trén [a,b] va
g(a) < 0,g(b) > 0. Theo dinh Ii 1.18 thi ton tai ¢ € (a,b) dé g(c) =0 hay f(c)=y.
B.Tinh bi chiin ciia ham s6 lién tuc
Pinh i 1.20: Ham s6 f(x) lién tuc trén [a,b] thi dat dwoc gid tri I6n nhét va nhé nht trén

[a,b], nghia la:

A, x, €la,bl  Vxelab] s f(x,) < f(x)< f(x,)
Chting ta khong chirng minh dinh 1i nay.

TOM TAT NQI DUNG CHUONG I

e Cac khai niém va tinh chat co ban vé ham so0: dinh nghia ham s, ham s6 tuan hoan,
ham s6 chan, 1¢, ham s6 hop, ham s6 nguoc, ham s6 cho du¢i dang tuong minh, dang an,
dang tham s6. Tinh chat co ban cua ham s6: don di€u, bi chan.

e Cic ham sb so cip co ban: ham sd Iy thira, ham s6 mi, ham sb 16garit, ham s luong
giac, ham so lugng giac nguoc, da thire, ham hiru ti. Ham s6 so cap.
e Cac ham s6 dwogc dung trong phén tich kinh té
e Dinh nghia giéi han ciia ham s6 twong ng véi cic qua trinh

Chang han, f ¢ gi6i han 1a / khi x dan dén a (goi tat: co gi6i han 1a / tai a) néu

Ve >0,3Q, (a) c X,Vx e Q (a)\la} = |f(x)- 1< &

e Tinh chit ciia ham c6 gii han.

A. Tinh duy nhit cia giéi han

Néu lim f(x) =1 thi I la duy nhat.

B. Tinh bi chan
Néu lim f(x) =1 thi f(x)bi chin trong mét lan cdn ciia a.
C. Tinh chét thi tw caa gioi han va nguyén li kep.
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Chuong 1: Ham so mot bién s

Cho lim f(x) = . Khi d6:

1. Néu ¢ < thitrong ldn cdn @i bé cia a: ¢ < f(x)
2. Néu | <d thi trong ldn cdn di bé cia a: f(x)<d
3. Néu ¢ <l <d thitrong lan cin i bé ciia a: c< f(x)<d
4. Néu ¢ < f(x) trong ldn cdn cua a thi ¢ <1
5. Néu f(x)<d trong lan cdn cia a thi | <d
6. Néu ¢ < f(x)<d trong ldn cin ciaathi c <1<d
Cho ba ham s6 f,g,h thoda man: f(x) < g(x) < h(x) trén X; lim f(x) = limh(x) =1
khidé  limg(x) =1
7. Néu trong lan cén ciia a c¢6 f(x) < g(x) va lim f(x) = +oo thi:
lim g(x) = 40

D. Cac phép tinh dai sé ciia ham s6 c6 giéi han

(Truong hop gidi han hitu han):
Lf(x) > 1= -]
2.f(0) >0 |f(x)|x:>aO
3. f(x))jal1 va g(x)x:)aZ2 = f(x)+g(x)x:>yl1 +1,
4.f(x);>al:>i.f(x);>a/11, AeR
5. f(x);)(lo va g(x) bi chan trong lan cdgn cua a = f(x).g(x)x:)aO
6. f(x);)lzl1 va g(x);)tzl2 = f(x).g(x);)lzll.l2

S L

7.f(x)> 1 va g(x) >, #0=
xX—a x—a g(x) x—a 12

(Truong hop gidi han vo han):
I Néu f(x)—>+oo va g(x)>m trong lan cin cia a thi f(x)+g(x) =+
2.Néu f(x) >+ va g(x)>m>0 trong ldn cdn ciia a thi f(x).g(x) =+
E. Gi6i han ciia ham s hop
Neu f(x) > b va g(y) =1 thi g(f(x)) =1
X—>a y—> x—a
F. Giéi han ciia ham sb bi chin
Cho f: (a,b)>R, a,beR hodc a,beR vala ham ting.
3. Néu f bichan trén boi M thi lim f(x)=M <M
x—b~
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Chuwong 1: Ham so mot bién s

4. Néu f khéng bi chan trén thi lim f(x) = +o0

x—>b~

G. Gi6i han cia ham so so cap

Ham s6 so cdp xdc dinh tai x, thi lim f(x) = f(x,)
X—)Xﬂ

e Cac giéi han dang nh¢

1. im Y _jim Y o
x>0  x x->08Inx
: 1y 1Y
2. lim{1+—| =lim|1+—| =e
X—>+00 X X—>—0 X
3. lim Inx = +oo, lim In x = —o0
X—>+00 x—0"
1 1 . . In(1
4. hmM =log, e béc biét hmM =1
x—0 X x—0 X
.a -1
5. lim =Ina, O<a=#1)
x—0 X
e Dailugng VCB
A. Dinh nghia:

Anhxa a: X —R, goi 1a dai lugng VCB tai a (trong qua trinh x dan vé a) néu nhu

a(x) > 0,aco thé 13 + oo (hodc -)

X—>a

Bé ton tai lim f(x) = [ diéu kién can va i la ham sé a(x) = f(x)—1 la VCB tai a.
B. Tinh chit dai s6 ciia VCB

1. Néu a,(x),i =1,2,...,n la cdc VCB tai a thi tong Y a,(x), tich |[ea,(x) cing la

i=l1 i=1
VCB tai a
2. Néu a(x) la VCB tai a, f(x) bi chdn trong lan cdn ciia a thi a(x).f(x) la VCB tai a.
C. So sanh cac VCB

1.Néu £ 550 thinoi rang o 14 VCB cdp cao hon £ taia, ki hiéu a = o(/f) tai a, ciing

X—a

noi rang B 1a VCB cép thap hon « tai a.

. a <Y s A .
2 Néu — — ¢ # 0 thi ndi rang «, f 1a cac VCB ngang cap tai a.

xX—a
¢ = 1thi ndi rang a, B 1a cac VCB tuong duong tai a. Khi d6 ki hiéu o ~ £ tai a.
R rang néu «, B ngang cap tai a thi ton tai hang s ¢ khac khong dé a ~ cf3 tai a.
3.Néu y = o(a") thi néi rang y 13 VCB c6 cdp cao hon k so véi VCB ¢ taia

4.Néu y ~ca®  (c#0) thindiring y 1a VCB c6 cap k so v6i VCB « taia
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Chuong 1: Ham so mot bién s

5.Néu y ~a,,B~ B, taiathi lim% = lim%

x—a ﬂ x—a ﬁl
6. Néu a=o(p) taiathi a+ f~ f taia.
7. Qui tic ngit bd VCB cip cao:

Néu o la VCB cdp thdp nhdt trong sé ciac VCB a,, (i = l,m)

va 8~ la VCB cdp thap nhdt trong sé cac VCB 3, (i = I,_n) tai a . Khi do:

m

¢ Dai lwgng VCL
A. Dinh nghia
Anh xa A: X >R goi la dai luong VCL tai a (trong qua trinh x dan vé a)néu nhu

A(x) —>+00 hogic—o0,(a c6 thé 1a + o0 hodc —o0).

xX—a

Pé A(x) 1a VCL tai a thi can va di 1a a(x) = 1a VCB tai a.

(x)
B. Tinh chét ciia VCL
1.Néu 4,(x),i =1,2,...,n 1a cac VCL cling dau (+ oo) hay (— oo) tai a thi tong

z A.(x) 1a VCL mang dau do tai a.

i=l1
2.Néu B,(x),i =1,2,...,n 1a cae VCL tai a thi tich [ [ B,(x) 1a VCL taia
i=l1
3.Néu A(x) 1a VCL tai ava f(x) giit nguyén ddu tai a va lan cén cia no thi
A(x).f(x) 1a VCL tai a.
C. So sanh cac VCL
Cho A(x),B(x) la cac VCL tai a

1. Néu Ax) — oo thi n6i rang A(x) 1a VCL cip cao hon B(x) tai a, hay B la

(X) x—a

VCL c6 cip thip hon A taia

2. Néu Ax) — ¢ #0 thinéi ring 4,B 1a VCL ngang cap tai a.

B(X) x—a

¢ =1 thinoi rfmg A, B la cac VCL tuong duong tai a, ki hi¢u 4 ~ B tai a.

, A A
3. Néu A~ A, B ~ B, taiathi lim 2% — fjm 4
x—a B(_x) x—a Bl (x)

4. Néu A(x) la VCL cdp cao hon B(x)taiathi A+ B~ A.
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Chirong 1. Hdam sé mot bién sé
5. Qui tac ngat bo cac VCL cép thap:
Néu A" la cac VCL cdp cao nhit trong sé cac VCL  A,(x),i =1,2,...m va B la VCL

ccfp cao nhat trong s6 cde VCL B, (x),j =12,...,n tai a thi ta co

S 4(x) *

lime = fim A&

X0 x—a B’k (X)
Z;Bj (x)
=

e Cic khai niém co ban vé s lien tuc ciia ham s6
A. Ham lién tuc tai mét diém
Cho f: X >R vaaeX.Noirang f(x) lién tuc tai a néu

lim f(x) = f(a) hay lim f(x)= f(lim x)
X—a x—a x—a
Tacla Ve > 0,37 >0,Vx: |x—a|<77:>|f(x)—f(a)|<€
B. Ham lién tuc mgt phia tai a
Cho f: X —»R,ae X.Noéirang ham f lién tuc bén trai tai a néu

lim f(x) = f(a") = f(a)

xX—a

Ham £ lién tuc bén phai tai a néu
}irg f(x)=f(a") = f(a)
Pé ham f(x) lién tuc tai a diéu kién can va di la:

fla)=fla")=f(a)
C. Piém gian doan ciia ham s6
1.Néu f(x) khong lién tuc tai a, noi rang f(x) c6 diém gian doan tai x = a .
2.Néu a 1a diém gian doan va f(a”), f(a*) 1a cac s6 hitu han thi goi x = a 1 diém gian doan
loai 1 ctia ham sb va goi h (a)= f(a")— f(a") 1a budc nhay cua f'(x) tai a.
Néu f(x) ting (gidm) ¢ lan cdn diém a khi d6 f(x) lién tuc tai a khi va chi khi h(a)=0.
D. Cac phép toan dai s6 ciia ham lién tuc
1. Néu f(x) lién tuc tai a thi |f(x)| lién tuc tai a.
2 Néu f(x),g(x) cing lién tuc tai a thi f(x)+ g(x) lién tuc tai a.
3. Néu f(x) lién tuc tai a thi Af (x) lién tuc tai a.
4. Néu f(x),g(x) lién tuc tai a thi f(x).g(x) lién tuc tai a.
£()

g(x)

6.Cho f: X-oR aeX, g:  YoRva f(X)cY. Néu f(x)lién tuc tai a

5. Néu f(x),g(x) lién tuc tai a va g(x) # 0 thi lién tuc tai a.
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Chuong 1: Ham so mot bién s

va g(v) lién tuc tai b= f(a) thi ham hop g(f(x)) lién tuc tai a.

7. Moi ham sé so ccfp xdc dinh tai x = a thi lién tuc tai a.
E.Tinh chit ciia ham s6 lién tuc trén mdt doan
I Néu f(x) lién tuc trén [a,b] va f(a).f(b) <0 thi ton tai ¢ € (a,b) dé f(c)=0
2. Néu f(x) lién tuc trén [a,b] khi do f(x) nhdn gid tri trung gian gita f(a) va f(b),
nghia la:

vy e[f(a), f(®))3cela,bl f(c)=y

3. Ham s6 f(x) lién tuc trén [a,b] thi dat dwoc gia tri lon nhat va nhé nhat trén [a,b],
nghia la:
Ix, x, €la,bl  Vxelab]co f(x,)< f(x)< f(x,)

CAU HOI VA BAI TAP CHUONG I
1.1. Ham s khong xac dinh tai a thi khéng c¢6 gidi han tai a?
Pung | Sai ||
1.2. Ham s bi chin tai 1an can diém a thi c6 gidi han tai a?
Pung || Sai [ |
1.3. Ham sb khong bi chan tai lan can diém a thi c6 gid1 han tai a 1a vo cung?
Pung Sai [
1.4. Téng hodc tich vo han cac ham sb ¢6 gi61 han hitu han tai a 1a ham c6 giéi han tai a?
Pung [ Sai ]
1.5. Téng hodc tich hai ham sd khong c6 gidi han hitu han tai a 1a ham khong c6 gioi han tai a?
Pung | Sai ||
1.6. Ham sb co gidi han trai va phai tai diém a thi c6 gidi han tai a ?
Pung || Sai ||
1.7. Tich vo han cac VCB cling 1a mdt VCB?
Pung [ Sai [ |
1.8. Tdng vo han cac VCB ciing 1a mot VCB?
Pung Sai [
1.9. Téng hitu han cac VCL ciing 1a mot VCL?
Pung [ Sai [
1.10. Ham s lién tuc tai diém a thi c6 gidi han tai a?

Pung | Sai ||
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Chuwong 1: Ham so mot bién s

1.11.

1.12.

1.13.

1.14.

1.15.

1.16.

1.17.

1.18.

1.19.

1.20.

1.21.

Ham s6 lién tuc trai va phai tai diém a thi lién tuc tai a?
Ping [ Sai [
Ham s6 x4c dinh tai diém a thi lién tuc tai a?
Ping [ | Sai [
Ham s6 lién tuc trén khoang mo (a,b) thi bi chan trén khoang d6?
Pung [ Sai [ |
Ham s lién tuc trén khoang mé (a,b) thi khong thé c6 GTNN, GTLN trén khoang d6?
Ping [ Sai [
Ham s lién tuc trén khoang (a,b) va f(a) f(b) >0 thi v6 nghiém trén khoang d6?

Ping [ Sai [
Chohamsd  f(x)=arccos(Igx). Tinh f (%), £, £(10).
Tim mién xac dinh va mién gia tri cuia cac ham s
a. f(x)=2-x", b. g(x)=——,
x +1

c. h(x)=+/x>—x, d k(x)=+2-x .
Xét xem ham sb ¢6 chin hodc 1é khong va phac hoa dd thi cua no.
a. f(x)=l, b g(x)=+x’ —2x+1,
b
Xét xem ham sb nao tuan hoan va tim chu ki ctia n6

a. f(x)=10sin3x, b. g(x)=sin’ x,
c. h(x)=.ltgx, d. k(x)zsin\/;.

c. h(x)=- d k(x)=|x+[x-2.

Tim ham nguoc cua cdc ham so sau:

a. y=2x+3, b. y=x"-1x<0,
c.y=31—x3, d. Vzlng,
Tim céc gidi han
2 AP 2 n_
o lim (x X 2)2 . b, limx+x +..+x n,
=2 (¢ ~12x +16) . x-1
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Chuong 1. Ham s6 mot bién sé

) 100 2 1 ) n__ . n\) n—1 _
c. hmxso—ﬁ, d. lim (x a ) na 5 (x=a)
=l x7 =2x+1 x—a (x—a)

1.22. Tim céac gioi han

x+yx+q/x . Ax+¥x+ix

lim b. Iim ———.

a. B R S
X—>+00 m X—>+0 m

1.23. Tim céac gi6i han

. lim\/1+ooc—{/1+ﬂx ’ b, lim\/1+ooc." 1+,Bx—1.

x—0 X x—0 X

1.24. Tim cac giéi han

. _sinx—sina ) \/1+tgx—\/l+sinx
a. lim——, b. lim 4 ,
x—a xX—a x—0 X
. l—cosx.cos2x.cos3x . AJcosx —3/cosx
c. lim , d. lim - .
x>0 1—cosx x>0 sin” x

1.25. Tim céac gi6i han
) Vx =2 )
a. hmzx—, b. imx* + x> —1—x.
=4 x° —=5x+4 X—>+0

1.26. Tim céc gidi han

2

X x—1
(3% —x 41 _(xP =1}
a. lim xz—x , b. lim x2 ,
x| 2x7 +x+1 x| x* 41
1 1
C. £1_r)13(1—2x)x , d. }Cl_l’)lg(COS\/;);.
1.27. Tinh gi6i han cac ham sb sau
a. lim(sinx)*" b. lim [sinIn(x + 1) —sinInx],
xaz
) e™ —e™ .2 .
C. hmf, d. limn (Q/;—VH—\/;), x>0.
*-0 sin x — sin [ n—>

1.28. Tinh gi6i han cac ham sb sau

1

. tg’x . 1+ tox sin x
a. hm(l +x° )CO - 8 b. lim g ,
x>0 =0\ 14 sinx

C In(2+¢€*
c. lim -
x> In|3 4+ e™

1.29. Xét su lién tuc cua cac ham so6 sau:

b

a. f(x)= |x

b f(x)= {(x2 —4)(x—2) x#2
A x=2
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Chuwong 1: Ham so mot bién s

1.30. Ham f(x) lién tuc trén [0,1] va chi nhan gia tri hiru ti va f (%) = % .

Hay tinh f (%J

1.31. Chutng minh rang mdi phuong trinh dai s6 bac 1¢ ¢o it nhat mot nghiém thuc.
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CHUONG II: DPAO HAM VA VI PHAN

MUC PiCH, YEU CAU

Phép tinh vi phan cia ham mot bién sb gin lién v6i phép tinh dao ham ciia ham sé. Khai
niém dao ham 1a mot trong nhimng tu tudng quan trong nhit cua giai tich. Trong chwong I, chiing
ta dd ddt vin d& xem xét ham s6, nhung van dé cbt 16i ciia ham sé 1a tbc d6 bién thién cua nd
chua duoc xét dén. Nho vao khai niém dao ham nguoi ta co thé khéo sat toan dién mot dai lugng
bién thién. Khai niém dao ham gén lién véi cac dai luong vat ly: van tdc tai thoi diém t cua mot
vat chuyén dong, nhiét dung cuia vat thé & nhiét d6 t°, cudng do dong dién,v.v...; gin lién véi cac
hién tugng hoa hoc: toe do phan g hoé hoc & thoi diém t; gén lién véi céc bai toan kinh té xa
hoi: tc d6 tang truong kinh té, phuwong an tbi wru trong giao thong, trong san xuat kinh doanh,
V.V....

Céc ndi dung co ban can nam virng gom:
1. Phan biét cac khai niém: dao ham, vi phan, tinh kha vi ciia ham s6. Y nghia ctia chung.

2. Nam virng cac qui tac tinh dao ham, vi phan cua ham s6 dya vao: bang dao ham cac ham s6
so cap co ban; cac tinh chat ciia ham so6 kha vi, dac biét cong thirec dao ham ctia ham s6 hop.

3. Cong thirc dao ham va vi phan cép cao clia cac ham sb so cip co ban, tir d6 nhan duoc cong
thirc Taylor cta chung. Y nghia ciia cong thirc Taylor.

4. Ung dung dao ham: khtr cic dang bat dinh (qui tac Lopitan), xét sy bién thién ctia ham so,
tim cuc tri cua ham so, tim di€m uon va xét tinh 101 hoac 10m ctia ham so.

NOI DUNG
2.1. PAO HAM

Tir nay vé sau ta coi rang f: X >R, X #¢ va X khong thu v& mot diém, tac la X 1a
khoang nao d6 trén R, va R 1a tap cac 4nh xa da ndi ¢ trén, con C L la dd thi cuia ham s f .
2.1.1. Pao ham tai mot diém
2.1.1.1. Pinh nghia dao ham tai mét diém

Cho ae X,a+he X, f eR". Noi rang f khavi tai a néu ton tai giéi han hiru han

llmf(a+hh)_f(a)

h—0

d
Gi6i han nay thuong ki hiéu f'(a) hay dl(a) goi la dao ham cua f tai a.
X

Néu cho ham y = f(x) thi dao ham ctia ham s tai a con duoc ki hiéu y'(a)
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1 Lath=f@ _ 4@
h Ax

goi la ti sO cua céc so gia ham s6 va so gia doi so.

2.1.1.2. Pinh nghia dao ham mgt phia

1. Choae X,a+he X .Noiring f kha vi phai tai a néu t6n tai gi6i han hitu han

f(a+h) f(a)

h—)O+

Gidi han nay ki hiéu la f,'(a), goi la dao ham phai cua f tai a.
2. ChoaeX,a+he X .Néirang f kha vi trai tai a néu ton tai gidi han hitu han

f(a+h) f(a)

h—>0
Gi6i han nay ki hiéu 1a f,"'(a), goi 1a dao ham trai cua f tai a.
Hé qua 1: Pé f kha vi tai a diéu kién can va dila f khd vi trdi va phdi tai a dong thoi
f'(a) = f,'(a) = [f'(a)
Hé qua 2: (diéu kién can cta ham kha vi): Néu f khd vitaia thi f lién tuc tai a
Chirng minh: Liy heR" dé a+h e X, (R duoc ki hiéu tap cac sb thyc khac khong)
fla+h)-f(a)
h

rorang f(a+h)= f(a)+h.

A f(a+h2_f(a)mf|(a):>f(a+h)h—)0f(a).Chﬁ’ngté f lién tuc tai a.

Chu y:
1. fco thé lién tuc tai a nhung khong kha vi tai a chfmg han cac ham dudi day va dd thi cua
chang trén hinh 2.1. mé ta diéu d6
. > /. . NSRS R
e [ eR" chobdi f(x)= |x| lién tuc tai 0 nhung khong kha vi tai 0 vi 7 khong co

gi6i hankhi h — 0, & day ta thay: f,'(0)=—1=1= f,'(0)

o feR® cho boi f(x)= Jx lien tuc tai 0 nhung khong kha vi tai 0 vi véi h eR]

Jh

— — +o (R, duogc ki hiéu tap cac s6 khong am)

h \/7 h—>0*

1
— #0
o feRR choboi f(x)= * sm g
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1
h.sin— 1

lién tuc tai 0 vi |f(x)| < |x| —)OO = f(0) nhung khong kha vi vi P = sz

khong c6 gidi han khi 7 — 0

1 f@)

o > ";?

H.2.1

1. Néu f kha vi phai (hodc trai) tai a thi £ lién tuc phai (hodc trai) tai a.
2. Néu f kha vi phai va trai tai a thi f lién tuc tai a.
2.1.1.3.Y nghia hinh hoc ciia dao ham
Néu f kha vi tai a thi ton tai tiép tuyén cia d thi C, tai diem A(a, f(a)). Tiép tuyén
nay khong song song véi truc Oy va ¢ hé s6 goc 1a 1" (a).
Truong hop f khong kha vi tai a ma ton tai f,'(a) va f,'(@). Luc do goi diém
A(a, f(a)) e C, la diém goc cua C, ,va hai ban tiép tuyén tai A khong song song véi nhau.

Truong hop f khong kha vi tai a nhung co6

Slath) - j(a) — 4+ hodc —oo

h h—0"

4
hoac flat Z AC —> 400 hodc —oo thi tai A(a, f(a)) dudng cong C, c6 mot
h—0"

ban tiép tuyén song song véi Oy. Hinh 2.2. md ta cac ndi dung trén.
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f(a) f(a)

x ¥

H.2.2

2.1.1.4. Y nghia co hoc ciia dao ham
Cho chét diém chuyén dong tai thoi diém t dugc dinh vi bai véc to ban kinh 7(¢)

(Xem hinh 2.3.)

r(t)

=\

H.2.3

Goi r= ;(t) 1a phuong trinh chuyén dong cua chat diém.

Gia str tai thoi diém ¢,,z, véc to ban kinh cua chat diém 1a r(¢,),7(t,)

-

.o Ar ;t —;t
Goi 7= Ar _rt)=r)
tz_tl tz_tl

1a van toc trung binh tir thoi diém ¢, dén ¢,
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Van toc tirc thoi v(z,)ctia chit diém tai thoi diém ¢ s& 1a giéi han cia ti so trén khi

t,—t, >0

!
Viy vén tdc tire thoi cta chat diém chinh bang dao ham cia véc to ban kinh theo thoi gian t.
2.1.1.5. Y nghia ciia dao ham dbi véi cac bai toan kinh té
Xét mo hinh ham sb:

y=f(x)
Trong d6 x va y 1a cac bién s6 kinh té (ta coi bién doc 1ap x 13 bién sé dau vao va bién sb phu
thudc y 14 bién s dau ra). Trong kinh té hoc ngudi ta quan tim dén xu hudng bién thién cua bién
phu thudc y tai mot diém x, khi bién doc 1ap x thay d6i mot lwgng nho. Chang han, khi xét mo
hinh san xudt Q = f(L) ngudi ta thuong quan tim dén sb lugng san pham hién vat ting thém khi
st dung thém mdt don vi lao dong
Khi ham s6 kha vi tai x,va khi Ax=1 suyra Ay~ f”(x,). Nhu vy, dao ham f'(x,)biéu dién
xap xi luong thay doi gia tri ciia bién sd y khi bién s6 x ting thém mot don vi. Trong kinh té hoc,
cac nha kinh té goi f”(x,)1a gié trj y — can bién clia x tai diém x,. D6i v6i mdi ham kinh té, gia
tri can bién c6 té€n goi cu thé nhu sau:
e D6i v6i mo hinh ham san xuat Q= f(L) thi f’(L,)dugc goi la san phdm hién vat can bién
cua lao dong taiL,. San phém hién vat can bién cua lao dong dugc ki MPP, (hi¢u la Marginal
Physical Product of labor): MPP, = f'(L). Tai mdi diém L, MPP, cho biét x4p xi lugng san
pham hién vat gia ting khi st dung thém mot don vi lao dong.
e D6i v6i md hinh ham doanh thu TR = TR(Q) thi TR'(Q,) goi 1a doanh thu cén bién tai diém
Q, - Doanh thu can bién dugc ki higu Id MR (Marginal Revenue): MR =TR'(Q ). Tai mdi mirc
san luong Q, MR cho biét xdp xi lugng doanh thu ting thém khi xuit thém mot don vi san pham.
Déi v6i doanh nghiép canh tranh ta co: TR = pO = MR = p (p la gia san pham trén thi trudng).
e D6i v6i mo hinh ham chi phi 7C = TC(Q) thi TC'(Q,) dugc goi 1a chi phi cin bién tai diém
O, Chi phi can bién dugc ki hi¢u 1a MC (Marginal Ccst)): MC =TC'(Q ). Tai mdi mic san
luong Q, MC cho biét x4p xi lugng chi phi ting thém khi san xuit thém mot don vi san pham
e Dbi v6i ham tidu dung C =C(Y) thi C'(Y,)dugc goi la xu hudng tiéu dung can bién tai ¥, .
Xu hudéng tiéu dung can bién dugc ki hi¢u la MPC (Marginal Propensity to Consume):
MPC =C'(Y). Tai mdi mic thu nhap Y, MPC 1a sé do xap xi luong tiéu dung gia ting khi c6
thém $1 thu nhép.
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Chéng han, ham san xuit cia mot doanh nghiép la O = 5\/2 . O muc su dung L = 100 don vi
lao dong (chéng han 100 gio lao dong mét tuﬁn), muc san lugng tuong tng 1a Q = 50 san phém.
San phém can bién cua lao dong tai diém L = 100 s& 1a:

MPP, =Q' =i=0,25 (khi L = 100)

2JL

Diéu nay c6 nghia 14 khi ting murc sir dung lao dong hang tuan tir 100 1én 101 thi san lugng hang
tudn s& tang thém khoang 0,25 don vi hién vat.

2.1.2. Cac phép tinh dai s6 ctia cac ham kha vi tai mot diém
Pinh li 2.1: Cho f va g kha vi tai a khi do:
1. f+gkhavitgiava (f+g)(a)=f"(a)+g'(a)
2. YAER,Af khavitai ava (Af)'(a) = 1.f"(a)

3. f.g khavitgiava (f.g2)'(a)= f'(a).g(a)+ f(a).g'(a)

4. Néu g(a) =0 thi L khavi tai a va (ij @=L '(a)'g(“); Ja)g'@)
g g (a)

g
Pinh li 2.2: (Pao ham ctia ham hop).
ChoaeX, f:X >R, g:Y >R véi f(X)=Y.Néu f khavitaiava g kha vitai
f(a) thi ham hop gof kha vi tai a va
(gof)'(a) = g'(f(@)).f"(@). @1
Pinh li 2.3: (Pao ham cua ham ngugc).
Giasir f:X >R don diéu ngat va lién tuc trén Xkhavitai a € X va f'(a) #0
Khi d6 ham nguwoc cia fla £~ f(X) >R khavitai f(a)va

(F)(r @)= % 2.2)

Néu goi Cf_I la d6 thi cia ham f' thi cac tiép tuyén tai A(a,f(a))e C, va

A'( f (a),a) eC fie d6i xtg véi nhau qua duong phan giac ciia goc phan tu thi I va I

Hinh 2.4. mo ta diéu do6
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H24

2.1.3. Pao ham trén m¢t khoang (anh xa dao ham)
A.DPinh nghia: Cho f eR* kha vi tai mdi diém x € (a,b) cR
Kihiéu anh xa f':(a,b) >R
x> (%)
la 4nh xa dao ham hay dao ham ctia f(x) trén (a,b) thuong ki hiéu f'(x) hay

fll(x),Vx € (a,b) . Ciing néi rang f(x) kha vitrén (a,b) = X
X

B.Cic tinh chét
Céc dinh 1i dudi day suy ra mot cach dé dang tir cac dinh li & muc 3.12.
Pinh i 2.4: Cho f,g: X >R khavitrén X, (tic la (a,b) = X ) khi do.
1. f+gkhavitrén X va (f+g)'=f'+g'
2. VAER,Af khavitréen X va (Af)= Af" (2.3)
3. f.g khavitrén X va (f.g)=f'g+ fg'

4. g(x)#0 wén X thi / kha vitrén X va

[1j:fg<@
g 2

Bing mot phép qui nap don gian, nhan duoc:

NéuneN' va f, f,.... f, khavitrén X thi
> f;kha vitrén X va [Zf,.j = f
i=1 i=1 i=1
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Hf kha vi trén X va [Hf,-] = feTrcr S SrsteSn

i=1 k=1

Pinh 1i 2.5: Cho f eR* va g eR". Néu f kha vitrén X va g khd vitrén f(X) thi gof khd
vi tréen X va
(gof)'=(g'of) [ 2.17)
Mo réng (hogof)'= (h'ogof )(g'of ) [
Pinh li 2.6: Cho f eR* don diéu ngdt trén X, kha vitrén X va f'(x)# 0 trén X khi do

[ khavitrén f(X) va
f Y= @2)
Iz
2.1.4. Pao ham ciia cac ham s6 thong thuwong
A. Ham s6 mii

Cho f(x)=a", fR-R

f(x+h)—f(x):a’”h—ax a1

=q — a" Ina (nho vao cong thie (1.6
P P P ( g (1.6))

Vay ham mi kha vi trén R . Pac biét (e*)'=e* (2.4)
B. Ham so logarit
Cho f(x)=log,x=y,f eR® . Ham ngugc x =a’

1 1
xX'=a’lna= y'= = (2.5)
a’lna xlna

1
bac biét y =Inx thi y'=—
X

C. Ham luy thira
Cho f(x)=x“=y,aeR, f eRR- lay logarit ca 2 vé s& c6
Iny=alnx
Str dung dao ham ctia ham hop ta co
' 1

=a— = y': CDCOHI (26)
y X

Truong hop x < 0 tuy theo o dé biéu thirc x*~' xéac dinh thi ta van co y'= ax®”'
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D. Ham lugng giac
. R
Cho f(x)=sinux, f € [—1,1]

sin(x+A4)—sinx . cosh-1 sinh
N =Ssmnx + COS XT

2sin ﬁ

) sinh
=sinx +cosx—

2sin? h

-0

A , sinh
Theo cong thue (1.1) suy ra P h:)()l, PR

Vay (sinx)'=cosx, VxeR (2.7)

Tuong tu ¢6 thé chira f(x) = cosx ciing kha vi trén R

va COSX = sin(x + %) = (cosx)'= cos(x +%) =—sinx (2.8)

suy ra zgx kha vi trén R\ {% +kr,k EZ} va

. ! 2 )
, [ sinx cos“x+sin” x 1
(tgx)'= ( j = ) =—F—=1+ 1g’x (2.9)
cosx COS™ X cos” x
cotgx kha vi trén R\{kﬂ,k EZ} va
1
(cot gx)'= ———— = —(1+cotg’x). (2.10)

sin” x
E. Ham lwgng gidc ngugce

Cho f(x)=arccosx =y, f € [0,7[][’1’1] ta s€ chirng minh f(x) kha vi trén (—1,1).

That vay ham ngugc ciand x =cosy. x'= —siny = —/l—cos’ y vi y € (0,7)

Vay (arccosx)'=— 4 =— ! (2.11)

\J1=cos’y 1-x°

Tuong ty (arcsinx)'= (2.12)
1-x?
, 1
(arctgx)'= o (2.13)
(arccot gx)'= — (2.14)

1+ x*
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F. Ham cho theo tham s

Cho f eR" duéi dang tham s
xi(a,f)> X,  yi(a,p)oR

x =@(1)

Cu thé )
{y —y()  VSite(ap)=T

Néu x,y kha vi trén T, ton tai ham nguoc ¢ = ¢~ ' (x) kha vi va ¢'(¢) khac khong trén T,

thi theo cong thure tinh dao ham cua ham sb nguoc va ham sb hop s& nhan duoc

v o
dx  ¢'(0) '

G. Dao ham légarit

Néu f c6 dang tich ctia cac nhan tir voi s6 mil ¢b dinh hodc £(x) =u",u =u(x) > 0,v = v(x)
thi ta c6 thé xét dao ham logarit ciia £ tuong ty nhu ham luy thira trong myc C hodc ham sé mil
trong muc A. Sau d6 su dung dinh li dao ham ctia ham hop.

That vay  f(x) =u“v’@” trong d6 a, f,y eR con cac ham u(x),v(x),w(x) kha vi trén
X valudn duong trén X . Khi do.

Inf(x)=alnu+ fInv+yhe

£ — az + ﬂﬁ'f‘ 7/2'
u Vv [0}
= ()= [aLﬂﬁwﬂ']f(x) 2.16)
u A% [0}

Hoic c6 thé bicu dién
f(x) - ealnu+ﬂlnv+ylnw
Céc cach tinh dao ham thong qua cong thirc dao ham ctia ham logarit goi 1a dao ham 16ga.

H. Bing cic dao ham ciia cic ham s thong dung

y =C =const Vx eR y'=0 Vx eR
y=x"aeR Vxe X y'=ax"" VxeX,cX
y=sinx Vx eR y'=cosx Vx eR

Y =CO0SX Vx eR y'=—sinx Vx eR

y=tgx VxeR\{%+k7r,keZ}, y'= =1+1tg°x ‘v’xeR\{§+kﬂ',keZ}

2
COS X
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y=cotgx, VxeR\ {kﬂ', k EZ} , y'=- =—(1+cotg’x) Vx ER\{kﬂ',k EZ}

s a2

sin” x
yv=a" Vx eR yv'=a'lna Vx eR
*® 1 *
y=log, x VxeR, y'= VxeR,
xlna
: 1
y=arcsinx Vxe [— 1,1] V'= Vx e (-1,])
1-x°
1
y =arccosx Vxe [— 1,1] y'=- Vx e (=1,1)
1-x’
1
y = arctgx Vx eR y'= > VxeR
I+x
1
y=arccotgx VxeR y'=— > VxeR
1+x

Vi du 1: Hiy tinh dao ham tai 0 ctia cac ham s6 sau (néu co)

1
x’sin— x#0

. fi(x)= X
0 x=0
2. fz(x):x5
3. fi(x)=x?
Giai:
hzsinl
Si(h)—£(0) _ h e b _—
1. h = —hsmhh:)OO £'(0)

1

_ 3
2. M:h—:L—)+oo , /,(x) khong kha vi tai 0

2 150
h h 5
2

NAGENAORE
' h h L ot
— —o , f;(x)khong kha vi tai 0
h—0"

Vi du 2: Tinh dao ham, v€ d6 thi cia ham s6 va dao ham ctia né cac ham sau day.
1. y= x|x|
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2. y= 1n|x|
Giai:
Trude hét ta hiy tinh y'(x)

—x*, x<0 . ]2x, x<0
1. y=x|x|= 5 =>y'=
X x>0 2x, x>0

2

2

1 —X 1 1 1 1 A
»,'(0) = lim . =0, »,0)=0. y,(O):yp(O):O:>y=2|x| trén R

x—>0"

1
In(—x) x<0 — D x<0 VA
2. y= 1n|x| = = y'= = y'=— vii xeR
Inx x>0 1 X
— x>0
X
Hinh 2.5. mé ta cac d6 thi ctiay va y’
Ay Ay
yV
2
1 Y 1
1 X 1 -
o 1 X 0 1 X
-1 1
y y'
H.2.5
Vidu3: Tinhdao hamy_' ctia ham s
x=In(l+1¢%)
y=t—arctgt
- 1
dy d(t—arctgt 2
Gii: yo=_dl Wﬁj= L+e” 1
T odx dIn(1+1¢%) 2t 2
1+¢°
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2.2. VI PHAN CUA HAM SO

2.2.1. Pinh nghia vi phan tai mjt diém

Cho f eR*, fkha vitai ae X. Viphan cia f tai a ki hiéu df(a) xac dinh bdi cong
thirc

df (a) = f'(a)h véi heR (2.17)
Vay df (a) 12 mot ham tuyén tinh cta h
Xéthamsd f(x)=x trén R, f'(x)=1,VxeR vay dx=1.h
Tur d6 cling thuong ki hi€u df (a) = f'(a).dxhoac dy(a)= f'(a).dx
Hé qua: Pé f(x) khd vi tai a diéu kién can va di la ton tai hang s6 A eR va mét
VCB a(h) tai 0 sao cho
f(a+h)— f(a)=Ah+ha(h) dong thoi A = f'(a).
That vay f(x) kha vi tai a khi va chi khi ton tai £"(a)

fla+h) - f(a) _
h

f'(a)

nghia la %1_{%

hay f(a+hh)_f(a)—f'(a)=a(h)m0

fla+h)—f(a)=f'"(a)h+ha(h)
Vay f'(a)=4
Tuong ty nhu dao ham tai mét diém, ta nhan duogc tinh chét dai sb cua vi phan.
Pinh 1i 2.7: Néu f,g eR* va khdvitgi a € X thi
1. d(f +g)a) = df (a) +dg(a)
2. d(Af)(a) = Adf (a) voi A €eR
3. d(f o g)a) = fla)dg(a)+ g(a)df (a)

‘ d[i](a)= L (g(a)df (@) f(@)dg(@)) khi g(a) #0
g g (a)
Chi y:

o f(a+h)— f(a)=Af(a) 1asd gia cia ham sb ung voi s6 gia ddi s6 Ax = k. Vay néu
f(x) kha vi tai a thi v6i h kha bé s& co cong thire tinh gan dang s gia cia ham sb

Af (a) = df (a). Tt @6 nhan duge  f(a+h) = f(a)+df (a)
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e Xétham hop gof . Néu f kha vitaia va gkha vitai f(a) theo dinhli 2 thi gof kha vi

tai a. Ttc la

d(gof )(a)=(gof ) (@h=g'(f(@) f(@h=g'(f(a))df (a).

Nhu viy di x 1a bién doc 1ap hay bién phu thudc thi dang vi phan déu gidng nhau.
Nguoi ta n6i vi phan cip 1 ¢o tinh bat bién.

2.2.2. Vi phan trén m¢t khoang
Cho f eR* kha vi trén (a,b) = X . Vi phan ciia ham s6 trén (a,b) duoc xac dinh theo
cong thirc
df (x) = f'(x).h v6i x € (a,b).
Tuong tu nhu dinh 1i trén, ta nhan dugc dinh 1i sau day.

Pinh li 2.8: Néu f,g kha vi trén (a,b) thi trén khodng do ciing thoa man cdc hé thire sau.

1 d(f +)(x) = df (x) +dg(x)

2 dGS) = Adf ()

3. d(f o g)(x) = f(x)dg(x)+ g()df (x)

4. d[ijm: L (e(df ) - £(x)dg(x)) khi g(x) %0
g g (x)

Vi du 4: Tinh gin dang sin 60°40'
Giai:
bat f(x)=sinx,taco f'(x)=cosx

Chon x, = 60° = khi d6 h=40'= —0F__ 7
3 60.180 270

Theo cong thirc x4p xi ta co:
] o 1 b o o 7[
sin 60°40'~ sin 60° + cos 60°. ——

270
V3

> %% = 0,866 + 0,006 = 0,872

Vi du 5: Mot hinh cau béng kim loai ban kinh R, khi nong 1én ban kinh né thém mdt doan AR .
Tinh thé tich mé&i cta hinh cau mot cach chinh xac va gan ding.
Ap dung bing s6 R = 5cm, AR = 0,lcm

Giai:

Cong thirc tinh thé tich ¥ cta hinh cau la:
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y=2
3

Sau khi gidn né, ban kinh hinh cdu 13 R + AR, thé tich méi cua hinh cau tinh chinh xac
la:

V+AV =§7z(R +AR)’ = gﬂ'(S +0,1)° =176,8687 cm’

Néu tinh gan dung, ta xem : AV =~ dV ( S gia ctia thé tich gan bang vi phan) va khi d6

, iy , oz R
thé tich V' = ?R3 xem nhu ham s6 cua d6i s6 R . Vay:

dV =V, AR =47R* AR
=47.5%.0,1=107 cm’

Thé tich ban dau cua hinh cau:

V:§ R’ %7[53 166,666 cm”

Vay thé tich méi ctia hinh cau tinh gan dung 1a:
V+AV =V +dV =176,6667 cm®
Sai s6 tuyét dbi trong bai toan nay la:
176,868 cm’® —176,6667 cm’ = 0,2027 cm®
Nhu véy sai s6 twong ddi 1a:

_ 02027 _ 0,0011
176,868

2.3. PAO HAM VA VI PHAN CAP CAO
2.3.1. Pao ham cép cao
A.Dinh nghia
1. Cho fkhavitrén X ,néu f'(x)khavitai @ € X thinoéirang f c6 dao ham cip 2 tai
a va ki hiéu dao ham d6 1a f"(a). Twong tu dao ham cap n cua f(x) tai a, ki hiéu 1a " (a)

chinh 12 dao ham ciia ham " (x) tai a.

2. Noirang f(x) kha vi dén cip n (hay n lan) trén X khi va chi khi ton tai £ (x) trén
X, neN trongdé f(x) la dao ham ctia /" (x)

3. Noirang f(x) kha vi v han lan trén X khi va chikhi f(x) kha vi moi cdp trén X , .
Sau day thuong ki higu 1 (x) = f(x)

Ch y:
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e Néu f khavidéncipntrén X thi Vp,q eN saocho p+q<n tacod

(f(,,))m) = [
e Tap xac dinh ciia £ thuong chira trong tap xac dinh cia ™"
B.DPinh li 2.9:

Cho AR, f,geR", ne N khavinlantrén X, khi dé trén X cé cde hé thirc sau ddy
L(f+g)"=f"+g"

2 (jf)(") — Zf(n)

3 (fg)” =3 CH N goi la cong thike Leibnitz

k=0

4. g(x)#0 trén X thi / kha vi n lan trén X
g

2.3.2. Vi phén cip cao
A.Dinh nghia

1. Néu f khavidén cipntai a € X thi biéu thic " (a).h" goi 12 vi phan cip n tai a ki
hiéula d" f(a). Vayla d"f(a) = £ (a)h" hay d"f(a) = " (a)dx"

2. Néu f kha vi dén cdp n trén X thi vi phan cip n ciia ftrén X duoc ki hiéu 1a
d" f(x),x € X vaxac dinh theo cong thirc sau
Vxe X, d"f(x)= f"x)h" = f™(x)dx" hodc d"y(x)= f" (x)dx"
B.Céng thirc tinh vi phén c¢ip cao

Tir dinh 1i vé dao ham cap cao, truc tiép nhan duoc cac cong thirc tinh vi phan cip cao
duoi day

Pinh 1i 2.10: Néu f,g kha vi dén cap n trén X thi khi dé
1. d'(f+g)=d"f+d"g

2. Voi AeR, d"(Af)=Ad"f

bl

d'(f.g)=,Cd fd""g
k=0

N

. Néu g(x)#0 thi ! ¢6 vi phén dén cap n.
g

Chu y:
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(n)
e Khéng c6 cong thirc tong quat cho (—J cling nhu d” s .
g

g

e Tinh bét bién cta vi phan bi pha v& khi 1y vi phan cap cao (tir 2 trd 1én), Vi du sau s&
chung t6 didu d6. Cho ham hop gof , trong d6

() =x,g(f) =17 = g(f(x)=x°
= dg(f(x))=6x’dx = d>g(f(x)) =30x"dx’
Mit khic dg(f)=2fdf = d*g(f)=2(df)’
ma  df =3x’dx = d’g(f)=18x"dx* # 30x*dx’
Vidu6: Cho f(x)=x",xeR , meN

Tinh £ (x) véi neN

Giai:
£ =m0 = mm =),
P =mm=1)..(m-k+1)x""
Chung to

m(m—1)...(m—n+1)x"" néun<m

M (x) ={m! néun=m
0 néun > m

Vidu 7: Ching minh néu f(x) =sinx thi
VxeR, F"(x)= sin(ern%] ,neN’
Giai:
Truong hgp n =1. Plng (sinx)'= cosx = sin(x + %j
Gid sir cong thirc dung véi n
f"M(x) = sin[x + n%j = " V(x) = cos(x + n%) = sin(x +(n+ l)%j
Tuong tu cling nhan dugc

(cosx)™ = cos(er n%), Vx, VneN
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Vi du 8: Tinh dao ham cip 100 ctia ham s6 f(x) = x*sinx

Giai: Ap dung cong thic Leibnitz

100

£ ) = 3 Cho () (sinn)
k=0

S0 () = Gl (sin )™+ Clog (x7)'(sin 1) + Cig ()" (sin 1)

= x”sin(x + 507) + 200x sin(x + 9977[) +9900sin(x + 497)
= x”sinx — 200x cos x —9900sin x
Vidu9: Cho f:(-1,1) >R

2x+3

~ (n)
—(x el hay tinh /"' (x)

J(x)=

Giai: Phan tich f(x) thanh cac phan thic ti gian

5 1 1 1 1 1
SO = o 4l aa s

(n) _i 1\ (l’l+1)' _l 1\ n! l e n!
S (x)_z'( 1) G 4.( 1 G +4.( 1) —r

2.4. CAC PINH Li VE GIA TRI TRUNG BiNH
2.4.1. Dinh li Phéc ma (Fermat)
A. Piém cyec tri ciia ham sb
Cho f eR”™. Goi ham sé dat cuc tri dia phuong tai @ € X khi va chi khi ton tai £2,(a) ¢ X
dé f(x)— f(a)=0 hoic f(x)— f(a)<0 Vxe Q,(a).
Trudng hop thir nhat xay ra n6i rang f dat cuc tiéu dia phuong tai a, truong hop sau néi
réng f dat cuc dai dia phuong tai a.

Néu chi ¢o f(x)= f(a)>0 hoic f(x)— f(a)<0 noi ring ham sb dat cuc tri dia

phuong ngét tai a.
B. Dinh li Fermat

Pinh 1i 2.11: Néu f(x) kha vi tai a va dat cue tri dia phicong tai a thi f'(a) =0
Chirng minh: Theo gia thiét ton tai £2,(a)sao cho Vx € 2,(a) tacd f(x)— f(a) <0
(Ta da gia thiét ham dat cuc dai dia phuong)

Vh eR sao cho a+h e 2,(a) s&co
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Chuong2: Phép tinh vi phdn ham $6 mét bién s6
+h) -
PR C 2 J@

h<o:>f("+h2_f(“)zo

Chuyén qua gii han khi 7 — 0 s& co

f(a)<0
(@)= 0

Ham dat cuc tiéu dia phuong ciing dugc chirg minh twong tu

= f"(a)=0

Chu y:
e Sau nay thuong noéi rﬁng ham dat cuc tri tai a theo nghia la dat cuc tri dia phuong tai a.

e Néu ham dat cyc tri tai a thi a phai 1a diém trong ctia X . Nhu vdy néu f(x) xéac dinh
trén [a, b] thi khong c6 khai niém dat cuc tri tai dau mat a va b, ¢ chang chi noéi vé cac
dao ham trai tai b va phai tai a.

e Dinh li Fermat c6 thé phat biéu tong quat hon: Néu f(x) kha vi phai va trai tai a va

dat cuc dai (cuc tiéu) tai a thi
fi'(@)=0va f,'(a) <0
(/@) <0 va £,'(a)20)

e Ham so c6 cuc tri tai a chua chac kha vi tai a

Chéng han f(x)= |x| 6 cuc tiéu chat tai 0 vi 0< |x ,Vx#0, f(O) =0,.
Tuy nhién khong kha vi tai 0 vi

_ h
SO =S O P50 o gici han ki 7 —> 0

h h

e Hams6 kha vi tai a va f'(a) =0 chua chéc dat cuc trj tai a, chéng han

s, ¥ <0 vsix<o . o
f(x)=x" ¢6 f'(0) =0 tuy nhién X Vay no6 khong co cuc tri tai 0.
x 20 véix=>0

2.4.2. Dinh li Rén (Rolle)

Pinh 1i 2.12: Cho f eR“ thoa man.
1. f lién tuc trén [a, b]
2. f khavitrén (a, b)

3. f(a)= f(b). Khi dé ton tai ¢ € (a,b) sao cho f'(c)=0
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AY
f(a@)=1(b) U/\
o a c b X s
H.2.6

Chirng minh:
Theo tinh chat cua ham lién tuc trén [a, b] thi f(x) s& dat gi4 tri nhé nhit m va I6n

nhét M trén [a, b]
m=Min f(x)=1Inf f(x); M =Maxf(x)=S8up f(x)
[a,b] [a,b] [a,b] [a,b]

Néum=Mthi f(x)=const= f'(x)=0 Vx e (a,b)

Néum <M, vi f(a)= f(b) nén khong co dong thdi M = f(a) va m = f(b) hoic
m= f(a) va M = f(b). Ching to ham dat gia tri nh6 nhit m hodc 16n nhit M tai diém
c € (a,b) Tucla f(c) < f(x) hoac f(c)= f(x) theo dinh li Fermat thi f'(c) =0

Chu y:

e Dinh li Rolle ¢6 thé minh hoa hinh hoc nhu sau :

Ton tai it nhat mot diém M (c, f (c)) € C, v6i c e(a,b) tai d6 tiép tuyén cua C, song
song vdi truc 0x. Xem hinh 3.6.

e Diém c € (a,b) twong tng s6 6 € (0,1) sao cho ¢ = a+6(b—a)
2.4.3. Dinh li s6 gia hiru han. (dinh li Lagoring (Lagrange))
Pinh 1i 2.13: Cho f R thod mén:

1. lién tuc trén [a, b]

2. kha vi trén (a, b). Khi dé ton tai c € (a,b) dé cé

f(®)=f(a)=(b-a)f'(c) (2.18)

Chirng minh:
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Xét ham ¢ eR“* xac dinh boi ¢(x) = f(x) —W(x—a) RO rang ¢@(x) lién
-a

tuc trén [a, b], kha vi trén (a, b) va @(a) = @(b) = f(a) . Theo dinh li Rolle ton tai ¢ € (a,b) sao
cho ¢'(c)=0

7= f©-LO=HD
—da

Suy ra 1@ =L ID vy 10~ fia) = fe6-a)
Nhu vay Af (a) = f'(c).h trongdd h+a=>b

0e(01), c=a+06n
Chu y:
Pinh li Lagrange c6 thé minh hoa hinh hoc nhu sau :
Tdn tai it nhit mot diém M (c, f (c)) e C, v6i c € (a,b) ma tiép tuyén tai 6 song song
v6i duong thiang AB, trong d6 A(a,f(a)), B(b,f(b)). Xem hinh 2.7.
Hg¢ qua 1: (Pinh li gi6i han cua dao ham )
Cho x, € (a,b), f eR“" thoa man:
1. f(x) lién tuc tai x,
2. f(x) khd vi trén (a,b)\{x,}

3. lim f'(x)=1. Khido f khavitai x, va f'(x) lién tuc tai x,

Chirng minh:

Vi lim f'(x) =/ nén V&> 0,317 > 0 sao cho

Vxe(ab)\{x,}: O<|x—x|<n=|f'(x)-]<e
Ap dung dinh 1i Lagrange trén [x,xo], nhur vay ton tai ¢, € (x,x,) sao cho

f(x)— f(x))=(x—x,)f"(c,) vaduong nhién

cx—x0| <|x—x0| <n

Twr d6 suy ra

f@=1(x)
X — X,

0

‘=|f'(cx)—l|<8

Diéu nay chimg t6 f"(x,) = va tir diéu kién cia dinh li suy ra f"(x) lién tuc tai x,.
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A7
B
S(®)
C
f@—,
@) a c b x>
H.2.7

Chuy:
Chuing ta nhén duogc dinh 1i twong tu ddi v6i dao ham trai hodc phai
Hé qua 2: Cho f eR“" thod mén:
1. f lién tuc phdi tai a

2. f khavitrén (a,b)

3. lim f'(x) =1 khi d6 6 f,'(a) = lim f(“hz_f(“) y

h—0"
Hé qua 3: Cho f eR'“" thod man.
1. f lién tuc tai x, € (a,b)

2. f khavitrén (a,b)\{x,}

3. lim f"(x) = +o0,(~=0) khi d6 lim S =S oy (o

=Y X=X,
2.4.4. Pinh li s6 gia hiru han suy rong (Pinh li Cési(Cauchy))
Pinh i 2.14: Cho f,g eR“" thoa man:

1. f,g lién tuc trén [a, b]

2. f,g khavitrén (a, b) (2.19)

f(b)~f(a) _ f'(c)

3. g'(x)#0 Vxe(a,b). Khidéton tai c € (a,b) décé :
gb)-gla) g'(c)

Chirng minh:
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Tru6e hét thiy ngay g(a) = g(b), vi néu g(a) = g(b), theo dinh li Rolle suy ra ton tai
c €(a,b) & g'(c) =0, vo li theo gia thiét.

Xét ham sé @ eR“*! cho boi
S(b) - f(a) (
g(b)-g(a)

Ham ¢ thoa mén cac diéu kién cua dinh 1i Rolle nén ton tai ¢ € (a,b) d&é @'(c)=0,

f(b)—f(a)g.(c) ~ 0 hay f®)-f(a) _ f'(0)
g(b)—g(a) gb)—gla) g'(o)

P(x) = f(x)— f(a)- g(x)-g(a))

ticla f'(c)-

Chu y:
e Thay ngay rang dinh li Lagrange 14 truong hop riéng cta dinh li Cauchy
(lay g(x)=x trén [a, b])

e Dinh li Rolle la truong hop riéng cia dinh 1i Lagrange (cho f'(a) = f(b)).

2.5. UNG DUNG CAC PINH Li VE GIA TRI TRUNG BINH
2.5.1. Cong thirec Taylo (Taylor), cong thirc Macloranh (McLaurin)
A.Dinh nghia
1. Cho ham f kha vi dén cip (n+ 1) tai @ € X . Goi da thic P,(x) véi deg P, (x) <n

thoa man diéu kién

PYa)=fY(@)  k=0n
la da thire Taylor cia f'(x) tai lan can diém a, hay 1a phan chinh qui ctia khai trién hiru
han bac n taia cia f(x)
2. Néua=0thi P(x) goila da thirc McLaurin ctia f(x)
B.Dinh li 2.15:

Néu P.(x) la da thirc Taylor ciia f(x) tai lan cdn cua a thi né la duy nhdt va cé dang

f() f(”)()

B (x) = fla)+=—

(x—a)+..+——

(x—a)'

Chirng minh:
Gia st ton tai da thic tha hai 1a Q (x) khi d6 hiéu P (x)-Q,(x) la da thirc c6

bac khong vuot qua n va c6 nghiém x =a bdi n+ 1, chingté P (x) =0, (x)
bat P(x)=4,+ A (x—a)+..+ 4 (x—a)"
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(k)
PY(@) = kid, = fO(a)= 4, =7 k'(") (k=0,1,..n)

Chungtdo P (x)= Z f(k];( @) (x—a)"

C.Cong thirc Taylor
Cho P (x) la da thuc Taylor cua f(x) tailan can ctaa
1. Goi r,(x) = f(x)— P.(x) la phan du Taylor bic n tai a ciia f(x)

Hé qua: Phan dur r,(x) c6 dang:

£ )
(n+1)!

tircla c=a+60(x—a), 0<86 <1, goilaphdn duw trong dang Lagrange

r(x) = (x—a)"" véi c € (a,x) (2.20)

Chirng minh:
Rorang 7,(a)=7,"(a)=...=7"(a) =0
Pit G(x)=(x—a)""' = G(a) =G (a)=...=G"(a) =0 va G""(a) = (n+1)!

Véi x # ava x € £25(a), theo dinh Iy Cauchy s¢€ co

n(x)  n®-r _rne)
G(x) G(x)-G(a) G(e)’

1 € (an)

r(c) _ n@)-r@ _r"c)
G(c) Gl(c)-G'a) G"(c,)

> cz € (a7cl)

Sau (n +1) 1an ap dung dinh li Cauchy, két qua sé la

r(x) ")
G(x)  G"(c)

véi c € (a,c,) < (a,c, ) C...C (a,x)

ma 7" (e) = £7(0).6""(e) = (n +1)!

i f(nH)(C) bl n+l
Suy ra 7,(x) = —(n ! (x—a)".
f (k)(a) A "Va+O(x-a),
2. f(x)= kEO (n 1) (x—a) (2.21)

Puoc goi la cong thic Taylor béc n, hay khai trién hitu han bic n ham f(x) tai 1an c4n cta a

(k) (n+1)
N Zf © ¢, L . 02

(n+1)!
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Pugc goi 1a cong thire McLaurin bac n, hay khai trién hitu han bac n ciia f(x) tai lan can cua 0.

Chi y:

AC ARG

(x—a)"  (m+1)!

e Néu £V bi chan & 1an cén cia a thi rd rang (x —a) dan d&n 0 khi

x > a nghiala r,(x) = O((x - a)”)

e Véi gia thiét """ bi chan & 1an c4n cua a thi c6 thé 1y gan ding f(x) ¢ lan can cta a
bang da thic P,(x) véisaisd 1a 7 (x) = 0((x - a)").

e Nguoi ta d3 chirmg minh phan du viét trong dang khac, goi 12 dang Cauchy:

f“““(ex)

r,(x) = F———(1-0)"x""

D.Cong thirc McLaurin cia cac ham thwong dung
1. f(x)=¢", VxeR.

Taco fP(0)=1, VkeN

n k

Suy ra e’ = x_ +0(x") (2.23)
= k!
2. f(x)=sinx, VxeR,
0, k=2m
F®(x) = sin(erkzj = FO(0)=sin’Z < Vm eN
2 2 )", k=2m+1
2m+1
sinx = Z( ) ) +0(x™""?) (2.24)
m=0
2m
Tuong tuy cosx = Z( " 2m)! +0(x>"). (2.25)
m=0

f(x)=1+x), aeR, xe X , X phuthuéc . V6i x ¢ lan can ciua 0, Vk eN ta cod
P =a(@=1)..(a=k+1)1+x)*™"

FP0)=al(@=1)..(a—-k+1)

Suy ra (1+x)“=1+2“(“ D-Aa-k+1) .

> - +0(x"). (2.26)

Céc truong hop déc biét:

e Véia=-1
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=l—x+x" —..+(=D)"x"+0(x")
1+x

1
:>1—=1+x+x2+...+x”+0(x")
—X

o Voi oz:l
2
N1+ x :1+Ex—§x +0(x7)

1
o Voia=-——
2

1 1 3
=1-—x+>x"+0(x
V1+x 8 )

3. f(x)=In(1+x). Trong lan can O thi

n!

"X = (=) ——== " (0)=(-1)"nl,VneN
(x+D"
In(1+x) = x— %2 o+ (=D > +0(x") (2.27)
n

4. f(x)=tgx. Trong lan can ctia 0 ham kha vi moi cip

sin x x_i'+i'+___ X
Ta biéu didn rgr=——=—3L 5L _ % Lo (2.28)
coS X . W 22 3
21 41

2.5.2. Qui tic Lopitan (L’Hospital)
Cho ae X, f,geR" thoa man cic diéu kién sau:
1. lién tuc tai a va kha vi ¢ lan can €24(a)\ {a}

2. g'(x)=#0 Vx € 2,(a)\{a}

5 timl® oy
x2a g (X)
Khi @5 timZ P =S@ _;
a g(x)—g(a)
Chirng minh:
Ve>0,3a>0,Vx: O<|x—dl<a= &—1 <e
g'(x)
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Liy x € 22 (a)\ {a} sao cho 0 < |x - a| < a . Theo dinh li Cauchy s& ton tai

f)=f@) _ f(e)
g -gla) g

S(x)-f(a)
g(x)—g(a)

c € Qa(a)\{a} sao cho 0 <|cx —a| <|x—a| dé co

Ching té Ve > 0,3a > 0,Vx e 2 (a) = l|<e

nghia la limM =1
e g(x) - g(a)

Chu y:
e Néu f(a)=g(a)=0 third rang qui tic L’Hospital cho ta diéu kién du dé tim gidi han

S () JACI

dang — lim = lim=—
0 wag(x) e g'(x)
e Néu lim f(x) = lim g(x) = oo, thi bang cach xét cac ham s6 va va nhu vay
xX—a xX—>a f(x) g(x)

A . n 2 s oy o)
cting nhéan dugc diéu kién dé tim gidi han dang —.
o0

e Nhién thdy rang trong phép ching minh qui tic L’Hospital néu a = oo hodc / = o két
qua van ding.
e Can luu ¥ rang qui tic L’Hospital chi cho diéu kién du dé tim gidi han. Boi vi khi khong

N "(x¥) » YT X
ton tai hmf( ) van c6 thé ton tai lim S ()

, . Chang han :
x>a g ()C) x—a g()C)

. + 1 . 4 + R B
lim YOO8 Y _ © Tuy nhién lim (Xcps 1) = 51
X—>0 2x 2 X—>0 (zx)' X—>0

e Dé tim lim f' (%)
x—a g (X)

nx AL
khong ton tai

duong nhién c6 thé ap dung qui tic L’Hospital trong 46 f va g thay

boi f' va g'. Nhu vay, trong mot bai toan tim gidi han , co thé 1ap lai qui tic L’Hospital m&t )

lan.

Vidu 10: Tinh lim—> 0%
-0 x(1 - cos x)
Giai:
Ap dung céc cong thirc khai trién hitu han s& nhan dugc
1 4
—x" +0(x") |

Xx—sinx

lim = lim 5
ol =cosx) e ){xz + O(x3)]
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Churong2: Phép tinh vi phdn him sé mgt bién sé

Vl—e™ —+/1—cosx

Vidu 11: Tinh lim

x—=0" Jsinx
Giai:

Vi—e™ = \1-(1=x+0(x)) =[x + 0(x) = /x + 0(+/x)

JI—cosx :\/1—(1—’;—2+0(x3)j - 1/%2+0(x3) =%+0(x)
Jsinx = 1/x—%3+0(x“) = /x +0(/x)

X
.. All—e" —=+/l-cosx ) \/;4_0(\/;)_72_0()6) f \/;
Vay lim = lim =lim—==1

x—0* A/sin x x—0" \/; + O(\/;) x—0" \/;
Vidul12: Tim

In(1 + ax)

a. im———=, b. limx“Inx, (a>0)
x—0 ﬂx x—0"
Giai:
a

2. Nhanxét lim P4+ o dvax @ o Ind+ay) a

x—0 (ﬂx)' x—0 ﬂ ﬂ x—0 ﬂx ﬂ

Inx (Inx)' —-x“

b. limx“Inx=1lim—=171, lim = lim =0.Vay1=0.
x—>0" x—>0" x—>0" 1 , >0 o
— )
X X
Vidu 13: Tinh
Y . “
a. lim —, (@>0), b. lim*—, (a>1,a>0)
x—>F0 X400
Giai:
1
In@R A ] 1
a. (nx)= xlz — 0 khi x —> 400 chting to lim lnx:O
(xa)v o o’ P

a1 a-1
b. (x ): s ,léydaohémhfruhannlénsaocho a—n<0.Khidd
(a*) a“lna

a(a-1)...(a—n+1)x*" ‘o 0

, T
— 0 ching to lim
a’*In" a x—>+00 x40

X
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Vay ta da so sanh dugc cac VCL Inx,x“,a” tai .
Vi du 14: Bang phuong phép 16ga hiy tinh cac gidi han sau day

1 |

. . (sinx\1- . —
I, = lim x*, I, = hm( j st I3 = 1;r18+(cotgx)lnx
X

x—0" x—0 X
Giai:
Inx* =xInx — 0 (theo vi du 4)
x—07"
=1 =e"=1
1 .
sin x )l-cosx 1 sin x 1n|Sln X| - 1n|X|

In = In =

X 1—cosx X 1—cosx

(Infsin x| - In|x|)'  xcosx —sin x

(1-cosx)' xsin® x
(xcosx—sinx)' —xsinx B -1 £ 1

(xsin® x)' sin® x + 2xsinxcosx  sinx =0 3

——+2cosx
X
=1,=e"
€
In(cot gx)"* = —Incot gx
In x
1 1

(Incotgx) cotgx sin’x" X 1

(Inx)' 1 Sin x cOS x x—0"

X

=1, =e"

2.6. SU BIEN THIEN CUA HAM SO
2.6.1. Tinh don di¢u ciia ham kha vi
Pinh 1i 2.16: Cho f eR“* théa mén:
1. f lién tuc trén doan [a, b]
2. f kha vi trén khoang (a, b)
3. f'(x)=0,Vx € (a,b) khi dé f(x) khéng doi trén [a, b]

Chirng minh:
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Liy bat ky x,,x, €[a,b]. Theo dinh 1i Lagrange ton tai ce(x,,x,) sao cho
FO) = f(r) = 1)~ %) =0= f(x) = f(x,) vi x.x, thy § viy f(x) khong @éi trén
doan [a, b], trc 1a f(x) = const trén [a, b]

Pinh li 2.17: Cho f lién tuc trén [a, b], kha vi trén (a, b). Pé f ting trén [a, b] thi can va di la
f'(x)=0,Vx € (a,b)

Chirng minh:
* Gia st f ting trén [a, b]. Cho x, € (a,b),Vh eR" sao cho x, +h e (a,b), ta co:
Sy +h) = f(x)) >
P >

Qua gi6i han khi 2 — 0 nhan dugc f'(x,) =0
*  Nguoc lai, gia sit Vx € (a,b), f'(x) > 0. Lay thy ¥ x,,X, €[a,b]. Ap dung dinh 1i
Lagrange trén [x,,x,] s€ co6 ¢ € (x,,x,) sao cho:
S (x) = f(x) = (x, —x,) f'(0)
= (x, =x)(f(x,) = f(x)) 20= f(x) tang trén [a, b]
Thay f bdi —f s€ nhan dugc dinh li trong truong hgp ham giam.
2.6.2. Piéu kién ham sb dat cuc tri

Pinh 1i 2.18: Cho f eR*. Néu ton tai lan can Qg (a)c X va f'(x)=0 trén (a—5,a) va
f'(x)<0 trén (a+9,a) thif co mét cuc dai tai a.

Dinh li nay suy truc tiép tur dinh 1i 2.17 trong muc 2.6.1 va dinh nghia cyc tri cua ham $0.

Pinh li 2.19: Cho c6 dao ham lién tuc dén ccfp n tai ldn cdn Qz(a) va thoa man diéu kién:

fl@=..=f"a)=0,f"(a)#0
Khi do:
a. Néu n chan thi f(x) dat cuc tri tai a: dat cuc tiéu néu f(") (@) >0, dat cuc dai néu
" (a)<0.
b. Néu n 1é thi f{x) khéng dat cuc tri tai a.
Chirng minh:
Trong lan cédn du bé cua a, ta c6 cong thirc Taylor tai 1an can doé:

/! ( ) S (a)
(n—=1)!

ARG (9)

x—-a)+.+7—Z(x—a)"" +—Z(x—a)"

fx) = fla)+——

ﬂm=ﬂm+ﬂ”)(—) 0 (a,x)

65



Chuong2: Phép tinh vi phdn ham $6 mét bién s6

a. Néun chin thi (x—a)" >0

Gia si f™(a) > 0, do tinh lién tuc ciia f”(x) & 1an can anén £ () > 0 trong Q(a).

Vay f dat cuc tiéu tai a.
Gia st f(a) > 0, khi 46 f(x) < f(a) ching t6 f dat cuc dai tai a.
b. Néun l¢, (x - a)" d6i diu & 1an can Q(a) trong khi d6 1 (a) # 0. Gia st
£ (a)= f, >0 do tinh lién tuc ctiia f”(x) nén £ (@) > 0 & 1an can kha bé ctia a. Luc d6
£"(0)(x—a)" co dau thay ddi khi x di qua a. Vay
f(x)< f(a) néu x<a
f(x)> f(a)néux>a

Suy ra f(x) khong dat cuc tri tai a.
2 2

Vi du 15: Tim cac khoang tang, giam va cyc tri cia ham sb: y = X3+ (x— l)5
Giai: Ham s6 xac dinh Vx eR va kha vi trén R\ {O; l}

1 1

: 2(
=—| —+ ——
4 3\ x-1

T biéu thirc cia ¥’ ta c6 bang bién thién cta ham sd:

) ,¥' =0 khi Vx =-x-1.Giai phuong trinh nay nhan dugc x =%

. 1
Vay ham s0 giam trong cac khoang (—0;0), (E ;1)

. 1
ham so tang trong cac khoang (0; E)’ (1;+)

ymin ZJ’(O):)’(I)Zl
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1
Vow =) = V2

2.7. BAI TOAN TIM GIA TRI LON NHAT, GIA TRI BE NHAT
Bai toan: Cho ham s§ f(x) xac dinh trén tap X . Tim gié tri bé nhat (GTBN) , gia tri
16m nhat (GTLN) ctia ham s6 trén tap do.
Noi rang ham f(x) dat GTBN lam tai x, € X khi va chi khi :
m=f(x;)< f(x), VxeX

Noi rang ham f(x) dat GTLN 1a M tai x, € X khi va chi khi :
M=f(x,)2f(x), VxeX

2.7.1. Ham lién tuc trén doan kin [a, b]

Theo tinh chit lién tuc cua ham sd trén mot doan kin bao gio cling tdn tai m,M. Theo
dinh 1y Fermat néu ham kha vi tai xo va dat cuc tri tai d6 thi £ (x9) = 0. Vi cuc tri c6 tinh dia
phuong nén cic diém tai d6 ham dat GTBN, GTLN chi c6 thé 13 hodc cac diém tai d6 ham s6
khong kha vi hoac cac diém lam dao ham triét tiéu hodc cac diém a, b. Tir d6 cac quy tac tim m,
M tuong Gng x;, X, nhu sau:

o

. Tim céc gia tri f(a), f(b).
b. Tim céc gia tri ctia ham sb tai cac diém ham sb khong kha vi.
c. Tim gia tri cia ham s tai cac diém lam triét tiéu dao ham f (x).

d. So sanh céc gia tri tim dugc ¢ trén dé tim ra gia tri bé nhat, d6 1a m, tim ra gia tri lon
nhét, d6 1a M.

2.7.2. Ham lién tuc trén khoiang mé, khodang v6 han

Trong trudng hop nay, thay vi tinh f(a), f(b), ta tim gidi han ctia ham s6 khi x dan t6i a,
dan dén b, hodc dan dénoo. Tuy nhién phai xem xét ham sb c6 dat dugc giéi han nay khong. Cac
budc tiép theo thuc hién nhu muc trén.

Vi dy 16: Tim GTBN, GTLN ctia ham sé y =3/(x’ —2x)*, 0<x<3
Giai:
»(0)=0,y(3) =39
Ham s6 kha vi trén khoang (0, 3)\ {2}. »(2)=0.

'g Y71 0 khi x=1. y(I)=1

V=0T
Vx(x—=2)
m= min{O,l, 3\/5}: 0 dat duoctai x=0,x=2

M =max{0,1,4/9}=3/9 dat dugc tai x =3
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Vidu 17: Tim GTBN, GTLN ciia ham s y=x", 0,1<x<+o
Giai:

Ham s6 kha vi trén khoang (0,1;4+00).

lim y= lim x* =+o0

y(Oh)=
\/_ Y—>+oo X—>+0

V'=x"(Inx+1)=0 khi x=e

-1

1

yel)=e ¢
Viy m=mi Lo L Gt duoc tai x=e!
ay m =min T’W __1 atduoctar x =e
e’ e’

Ham s6 khéng ¢6 GTLN.
2.8. HAM LOI
2.8.1. Khai niém vé ham 1i, ham 16m va diém udn
A. Dinh nghia
1. Anhxa f:X >R dugc goi la 16i néu
Vx,,x, € X,VAe[0,1], f(Ax, + 1= A)x,) < Af (x) +(1—- 1) f(x,) (2.29)
Néi rang f 12 16m khi va chi khi —f 13 16i.
D6 thi cia ham 16i f trén (a, b) dugc md ta trén hinh 2.8.

it x=Ax, + (1= A)x,, M, (x,, f(x,)), M, (x,, f(x,)),C 1a d thi ctia ham s6 f

y A

S(x,

A (o) +(A1=24) f(x,)

S(x)
S(x)

><v

H.2.8
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Nhu vy anh xa f 16i khi va chi khi véi bat ky cap diém (M,,M,) cia C,, moi diém

M e Cf ¢6 hoanh do nam gitta cac hoanh do cuia M; va M, déu nim phia dudi doan MM, . Noi
cach khac dudng cong nam dudi moi diy cung twong tmng
2. Cho f eR*.Giasit X =[a,b]U[b,c] maf 156i (15m) trén [a, b], f 16m (16i) trén [b, c]

Khi d6 diém U(b, f(b)) goi 1a diém udn ciia dd thi C; cua ham sd. Nhu vay diém udn 1a diém
phan biét gitra cac cung 16i va cung 16m cua d6 thi ham sd.

B. Dinh li
Pinh 1i 2.20: Péf la l6i trén X diéu kién can va diila Ya € X , ty 56 gia tai a ciia f ting trén

X \{a}, tirc la

:M tang trén X \{a}.
x—a

7, (%)

Chirng minh:

Lay tuy ¥ a,b,c € X sao cho a<b <c . Goi A(a, f(a)), B(b, f(b)), C(c, f(c)) va P(AB),
P(AC), P(BC) 1a cac hé sb goc cia cac duong AB, AC, BC.

Nhu vay z, (b) = P(AB),z,(c) = P(AC). Do vay dinh li dugc ching minh khi ta chi ra
P(AB) < P(AC) 1a diéu kién can va du ctia ham 16i.

c—b

bat b=Aa+(1—-A)c, trongdd 4 = e[0,1]

c—da
f 101 c6 nghia la:
f(Aa+1-ec)<Af (@) + (A=) f(c)

< (c-a)f(b)<(c-b)f(a)+(b-a)f(c)
o SO - fla)  flO-f(a)

b—a c—a

hay P(AB)< P(AC)

2.8.2. Piéu kién ham 16i
Pinh i 2.21: Gia sit f la [6i trén X khi d6 [ kha vi phdi va trdi tai moi diém trong ciia X va

Ya,b,ce X saochoa<b<c, taco

-a c—b

Pinh 1i 2.22: Cho f eR" khd vi. Bé f 1oi trén X diéu kién can va di la f° tang trén X

Chirng minh:

Gia st f 16i trén X , 14y a,b € X sao cho a <b. Theo dinh li 1 ta co:
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S(b) - f(a)
b—a

Sf'(a) < < f'(b) = f'(x) tang trén X

Nguoc lai cho °(x) tang trén X, cho a,b e X saochoa<bva 4 €[0,1], dat
x=Ada+(1—-2)b (cac truong hop a=b hoic A =0, =114 tim thudong). Ap dung dinh 1i
Lagrange cho f trén [a, x], [x, b] thi ton tai ¢ € (a,x),d € (x,b) sao cho

fxX)=fla)=(x-a)f'(c)=A=A)b-a)f'(c)
JB) = f(x)=(b-x)f'(d)=Ab-a)["(d)
Vif taingnén f'(c) < f'(d) = A(f(x)— f(a)) <(1-A)(f(b)— f(x)). Nghia la
S <A (@)+(A-2)f(b)
Chung t6 f 10i trén X.
Hé qua 1: Cho f kha vi hai lan trén X. Pé [ la 16i diéu kién can va di la f"(x)>0

Hé qua 2: Pé u(a, fla)) la diém uon cia do thi ham f eR* véi a € X , f kha vi hai lan trén X ,
diéu kién can va di la f”(a) = 0 va £ (x) doi ddu khi x di qua diém a.

Xe 1~ < L2 e N A By x a a
Vi du 18: Xét tinh 161, 16m va tim diém udn ctua do thi hamso y=—In—, a>0
xf x

Giai:

Ham s6 kha vi moi cip khi x> 0.

Y=+l
X X

Y=L (@342
X X

3
3"=0 khi 3+ 2102 =0 hay x = ae?
X

3 3
Tacod y"<0 khi x>a.e? va y">0 khix<ae?.

3

3 3
Vay ham s6 16m trong khoang (0, ae’ j , 16i trong khoang (ae2 ,+ooJ vay x, =ae’

3

Yu = _Eae 2

TOM TAT NQI DUNG CHUONG II
e Dinh nghia dao ham tai mét diém
Cho ae X,a+he X, f eR".Noi réng f khavitaia néu ton tai gi61 han hitu han
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. +h)—
L f@+h)— f(@

h—0 h

i . d) . :
Gidi han nay thuong ki hiéu f'(a) hay d—f(a) goi la dao ham cua f tai a.
X
¢ Pinh nghia dao ham mé{t phia
1.Choa € X,a+he X .Noirang f kha vi phai tai a néu ton tai gidi han hitu han

i J@+h) = 1@

h—0" h

Gidi han nay ki hi¢u la f p'(a) , 201 1a dao ham phai cua f taia.
2.Cho a € X,a+he X .Néirang f kha vi trai tai a néu ton tai giéi han hitu han

poo Sa+h) = /(@

h—0" h

Gi6i han nay ki hi¢u 1a f,'(a), goi la dao ham trai cua f tai a.
Pé f kha vi tai a diéu kién can va dii la f kha vi trdi va phdi tai a dong thoi
S (@)= f,'(a)= f'(a)
Néu f khavitaiathi f lién tuc tai a
e Cac phép tinh dai s6 ciia dao ham tai mét diém
Cho f va g kha vi tai a khi do:

1. f+g khavitaiava (f+g)(a)= f'(a)+g'(a)

2. VAeR,Af khavitai ava (Af)'(a)=Af"(a)

3. f.g khavitgiava (fg)(a)=[f'(a)g(a)+ f(a)g'(a)

4. Néu g(a) # 0 thi £ kha vi tai a va (ij (a)=
g

g

f'(a)g(a)— f(a)g'(a) .
g’ (a)

5. Bao ham cua ham hop:
ChoaeX, f:X-oR, g: YR véi f(X)cY.Néu f khavitaiavag khdvi tai
f(a) thi ham hop gof kha vi tai a va
(gof)'(@) = g'(f(a)).f"(a).
6. Bao ham cua ham nguoc:
Gia st [ : X >R don diéu ngat va lién tuc trén X kha vitai a € X va f'(a)#0

Khi d6 ham ngwoc cia fla £~ f(X) >R khavitai f(a)va
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N f(a)) = ——
@)=+

e Cic phép tinh dai sé ciia cac ham kha vi trén mét khoang
Cho f,g:X >R khaviweén X, (tirc la (a,b) = X ) khi do.

1. f+g khavitrén X va (f+g)= f'+g'

2. VAR, Af khavitrén X va (Af)'= Af"

3. fg khavitrén X va (fg)'=f'g+ fg'

4. g(x)#0 trén X thi ! kha vitrén X va

(ij' g fe
4

g g’

5.Cho feR" va geR". Néu f khavitrén X va gkhavitrén f(X) thi gof kha
vitrénva (gof)'=(g'of)f"'. Mo rong (hogof)'=(h'ogof)(g'of ) S

6.Cho f eR* don diéu ngat trén X , kha vitrén X va f'(x)# 0 trén X khi do

1

I

e Biang cac dao ham ciia cac ham so thong dung

[ khavitrén f(X)va (f7')=

e Dinh nghia vi phan tai mjt diém
Cho f eR”™, fkhavitai a € X . Viphan cua f taiakihiéu df (a) xac dinh bdi cong
thuc: df (a) = f'(a).dx
e Cic phép tinh dai s6 ciia vi phéan tai mét diém
Cho f va g kha vi tai a khi do:
1.d(f +g)(a) = df (a) + dg(a)
2. d(Af)(a) = Adf (a) vii 1 eR
3.d(f.g)a) = f(a)dg(a)+ g(a)df (a)

s d(ij@ L (g(@df(a) - f(a)dg(@)) khi g(a)#0
g g (a)

e Cac phép tinh dai s6 cia vi phan trén mot khoang
Cho f,g eR" kha vitrén (a,b) = X . Vi phan ctia ham s6 trén (a,b) duoc xac dinh theo
cong thue: df (x) = f'(x)dx véi x € (a,b).
1d(f +g)(x) = df (x) +dg(x)
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2. d(Af )(x) = Adf (x)
3.d(f.g)(x) = f(x)dg(x) +g(x)df (x)

4d@}m=f (g(o)df (x) = f(x)dg(x)) khi g(x) %0
g g (x)

e Dao ham cap cao

Qui udc: £V (x) = f(x). Pao ham cip n dugc ki hidu 1a £ (x) va xac dinh nhu sau:

(n) _ df(nil) (x)
S ()= e

Néu f khavinlantrén X thi Vp,qeN saocho p+q <n tacod

(f(p))(‘” — f(p+q)
e Cac phép tinh dai s6 ctia dao ham cip cao

Cho AR, f,geR*, ne N khavinlan trén X, khi d6 trén X c6 cdc hé thirc sau ddy
L(egf = e
2. ()" = 4
3 (fe)" = Zn:C,ff(k)g("_k) goi la cong thirc Leibnitz
k=0

4. g(x)#0 trén X thi A kha vi n lan trén X
g

e Vi phén cip cao

d"f(a)=f"(a)dx",  d"f(x)=f" (x)dx"
e Cac phép tinh dai s6 ctia vi phan cip cao

Néu f,g kha vidén capn trén X thi khi @6

1.d"(f+g)=d"f+d"g

2.Voi AeR, d"(Af)=Ad"f
3.d"(fg)=2.Cd fd""g
k=0
4. Néu g(x)#0 thi / ¢6 vi phdn dén cdp n.
g
e Dinh li Fermat
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Néu f(x) kha vi tai a va dat cuc tri dia phwong tai a thi '(a) =0

¢ Dinh li Ron (Rolle)
Cho f R thod man.

1. f lién tuc trén [a, b]

2. f khavitrén (a, b)

3. f(a)= f(b). Khidé ton tai c € (a,b) sao cho f'(c)=0
Piém ¢ € (a,b) twong tng s6 @ € (0,1) sao cho ¢ = a+6(b—a)
e Pinh li s6 gia hiru han. (dinh li Lagoring (Lagrange))

Cho f R thod mén:

1. lién tuc trén [a, b]

2. kha vi trén (a, b). Khi dé ton tai ¢ € (a,b) dé c6

f ()= f(a)=(b-a)f'(c)

e Dinh li s6 gia hiru han suy rong (Pinh li Cési(Cauchy))

Cho f,g eR“" thod mén:

1. f,g lién tuc trén [a, b]

2. f,g khavitrén (a, b)

f®)=f(a) _ f'(c)
gb)—gla) g'(c)

e Cong thure Taylo (Taylor), cong thirc Macloranh (McLaurin)

3. g'(x)#0 Vxe(a,b). Khidé ton tai c € (a,b) dé cé

1. Cho ham f kha vi dén cip (n+ 1) tai a € X . Goi da thirc P, (x) voi degP.(x) < n

thoa man diéu kién

PYa)= P  k=0n
1a da thirc Taylor cua f(x) tai lan can diém a, hay 1a phan chinh qui ctia khai trién hiru
han bac n tai a cia f(x)
2.Néua=0thi P (x) goila da thirc McLaurin ciia f(x)

Néu P (x) la da thirc Taylor ciia f(x) tai ldn cdn cia a thi né la duy nhat va cé dang

f'(a)

(n)
(@) @
I !

F(x) = f(a)+

(x—a)+

(x—a)’
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3. Goi 7,(x) = f(x)— P,(x) 1a phan du Taylor bic n tai a ctia f(x)

Phan du 7,(x) c6 dang:

B f(n+l)(c)
o+

c=a+0(x—a), 0<0<1,goilaphan dw trong dang Lagrange

(x—a)"" véi c e (a,x)

7, (%)

e Cong thirc McLaurin ciia cic ham thwong dung

n k

X X n
1. e Z;H"‘O(x)
n x2m+1
2. sinx =) (-1)" ———+0(x*""*
mZ::‘)( )(2m+1)! ( )
n x2m
3. cosx= ) (-D)" +0(x>".
mZ::‘)( ) (2m)! e
n —D.(a-k+1
4. (1+x)“=1+za(a VAGZRED 4o,
— k!
1 2 n_n n
—— =1-x+x*— 4+ (=D)"x"+0(x")
1+x
1 2 n n
—=l+x+x"+..+x"+0x")
1-x
x by
5. 1n(1+x):x——+...+(—l)n71 +O(x”)
2 n
X X
sin x x_ieril x’
6. 1gx = _ 32. 54-:x+—+0(x3)
CoSXx X X 3
-4 —
21 4l

e Qui tic Lopitan (L’Hospital)
Cho ae X, f,geR" thod man cic diéu kién sau:

1. lién tuc tai a va kha vi ¢ lan can Q,(a)\{a}

2. g'(x)#0, Verg(a)\{a}
5 1iml® ) knigs limZ D =S@D
e g'(x) e g(x)—g(a)

75



Chuong2: Phép tinh vi phdn ham $6 mét bién s6

e Tinh don di€éu ciia ham kha vi

Cho f R théa mén:
1. f lién tuc trén doan [a, b]
2. f kha vi trén khoang (a, b)
3. f'(x)=0,Vx e (a,b). Khi d6 f{x) khéng doi trén [a, b]

Cho f lién tuc trén [a, b], kha vi trén (a, b). Dé f tang trén [a, b] thi can va di la
f'(x)=0,Vx e (a,b)

e Diéu kién ham s dat cwe tri
1. Cho f eR"™.Néuton tailincin Qz(a)c X va f'(x) =0 trén (a—35,a) va f'(x)<0
trén (a+0,a) thif cé mot cuc dai tai a.
2. Cho ¢6 dao ham lién tuc dén cdp n tai lan cdn Q s(a) va thoa man diéu kién:
fl@=..=f""a)=0,f"(a)#0
Khi do:
a Néu n chan thi f(x) dat cuc tri tai a: dat cuc tiéu néu f(") (a) >0, dat cuc dai néu
" (a)<0.
b .Néu n 1é thi f{x) khong dat cuc tri tqi a.
e Khai niém vé ham 16i, ham 16m va diém udn
Anhxa f:X —R dugc goi 1a 16i néu
Vx,,x, € X,VAe[0l], f(Ax, + A -A)x, ) S Af (x) )+ (1-21) f(x,)
Noi rang f 1a 16m khi va chi khi —f 13 15i.
1. Cho f kha vi hai lan trén X. Dé f la 16i diéu kién can va dii la f"(x)20
2. Bé u(a, f{a)) la diém uon ciia do thi ham f eR* véi a € X, f kha vi hai lan trén X , diéu
kién can va di la f”(a) = 0va f”(x) déi dau khi x di qua diém a.

3. Cho f eR* khavi. Béf loi trén X diéu kién can va dila f tang trén X

CAU HOI VA BAI TAP CHUONG II.

2.1. Ham sb lién tuc tai x, thi kha vi tai do?

bung [ Sai [
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2.2. Ham s6 kha vi tai x, thi lién tuc tai d6?

bung [ Sai [
2.3. Ham s6 kha vi tai x, khi va chi khi c6 dao ham tai d6?
bung [ Sai [
2.4. Ham s6 kha vi tai x, khi cé cac dao ham trai va phai tai do?
Ping [ Sai [
2.5. Tong, tich, hai ham sb kha vi tai x, 1a mot ham kha vi tai do?
bung [ Sai [
2.6. Téng, tich, thuong cac ham $6 khong kha vi tai x,; 1a m¢t ham khong khé vi tai d6?
Ping [ Sai [
2.7. Ham sé dat cuc tri tai x, thico tiép tuyén cua do thi tai diém c6 hoanh do tai X, ?
bung [ Sai [
2.8. Ham s6 dat cuc tri tai x, thi c6 dao ham cép hai tai diém X, ?
bung [ Sai [
2.9. Ham sb dat cuc trj tai x, thi dat GTLN hodc GTNN tai diém x,?
bung [ Sai [l
2.10. GTLN hodac GTNN dat duoc tai diém x,1a gia tri cuc tri tai do?
bung [ Sai [

2.11. Ham s lién tuc trén khoang ho (a,b) va c6 dao ham trén khodng do thi cac két luan
ctia dinh li Rolle, Lagrange van dting?

bung [ Sai [
2.12. Dinh li Rolle, Lagrange, Cauchy khang dinh tinh duy nhat vé gia tri trung binh?
buang [ Sai [
2.13. Phén du Taylor, phin du Cauchy cta ham sé tai diém x,1a da thirc cua x?
bung [ Sai [
2.14. Qui tic Lopitan mé ta didu kién cin va du cho phép tinh gidi han?
bung [ Sai [
2.15. Vi phan cp 3 ciia ham sd c6 tinh bat ?
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bung [ Sai ||

2.16. Dung dinh nghia hiy tinh cac dao ham cac ham sb

a. f(x)=+2x+1

b. f(x)=x+l
X
1++/x
c. f(x)=
d. f(x)=+/x
2.17. Tinh dao ham cta cac ham sd:
a. yzlﬂtg% b. y=In(x+vx? +1)
sin21 ; 2X2
c. y=e * d. y=arcsin 2
1+ x
e. y= 1+L 3 f. —larct 2
) 3y ) 5 gl—x2

2.18. Tinh dao ham cia cac ham s

. _mxlnx—l . 1
i xlnx+1 2 N2ax — x2
2
1
c. yzlnx— d y=———=
1-ax* (14 cos4x)

2.19. Tinh dao ham cta cac ham sd

2 1=/ ( 1)
a. y=cCoSs b. y=_[l+tg| x+—
Y T+ Y T

c. y=arcsin - d. y=Ilog,log,logsx

+

p—

2.20. Tinh dao ham sau bang phuong phap dao ham 16ga:

COSXx

a. y=x b. y =(sinx)
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(x+1)*4x-2 X
y= > d y= 1—
5 (x_3) +X
2 sinx x(x2 + 1)
(x*=1)
2.21. Tinh dao ham sau bang phuong phap dao ham 16ga
1
a. y=x* b, y=x"2%x?
x)C
c. y=—(xhx-x-1) d. y=log..,sinx
e

2.22. Tinh vi phan cta ham s6

a y_—cosx —llnz‘gE
‘ 2sin’x 2 2

b. Cho f(x)=x" —2x+1.Tinh Af(1),df (1)

. , . / X
c. Vi |x| <<a’ chung minh a’+x za+2—
a
1

- 1
d. y:3x +27+6

Jx

“taix=1vadx=0,2

2.23. Tinh dao ham cap n cua cac ham so:

a. y=2"4+2"" b. y=In(ax+b)
C.y:ax+b c.y=\/;
cx+d

2.24. Tinh cac dao ham cip cao sau:

a. y=(x*+Dsinx , tinh y*
X
e
b. y=— , tinh y!'?
%
c. y=e'.sinx , tinh y®
d. y=sinax.sinbx , tinh y™®

2.25. Dung qui tic L’Hospital tim cac gi6i han sau:
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Churong2: Phép tinh vi phdn hdm sé mét bién sé

X

_ xe? - In(x-
a lim ¢ b, lim— % C. hmM
x—>o x4+ ¥ x—l 1—sin EX x—a ln(ex — ea)
2
g i X d
9 : 1 : X
d. 2 ¢ fim— 2 f. lim—=*
-1 In(1—x) x—>0" 1+ 2Insin x x—0 T
cotg—x
9}
2.26. Tim cac gidi han sau:
(1 1 :
a. lim| —— b. limlnx.In(x —1)
-0\ x ¥ =1 x—l1
1
c. lime ¥ x7% d. lim( P o 4 j
x—0 -\ 1=x? 1=x19

fim| — : £ lim| —2 z

c. - . -

=1 2(1-/x) 3(1-%/x) 7\ cotgx  2cosx
2

2.27. Tim cac gidi han sau:

1

a. lim(1+x)™", b, lim (¢gx)2°*, ¢ lim(x + &)~
x—0 T x—0
X——
R
1 1 1
. [ tex \x* . _ . [a*=xIlna |¥
d. hm(iJX , e. limx¢ - ¢ hm(—j )
x>0\ x x—0 =0 p* —xInb
2.28. Tim cac khoang ting, giam va cuc tri cia cac ham s sau:
3
a. y=x(1++/x) b. y=xlnx c. y=(x*-1)2
X
e
d y=— e. y=xvax—x*,(a>0)
X
2.29. Tim cuc tri cac ham sb sau:
2 2
a. y=x>(1-xvx) b. y=|x|(x+2) c. y=x3 +(x-2)3
xZ

—y I+Inx X X

d. y=uxe e. y= f. y=2cos—+3cos—
X 2 3
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2.30. Tim gia tri 16n nhét, bé nhit cta cac ham sd:

1— 2
a. :sz’ 0<x<l1
I+x+x
2 2
b. yza—+b—, O<x<lLa>0b>0
x l-x
C. y:2tgx—tg2x, OSx<%
I—x
d. y=arctg—, 0<x<1
I+x
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Chuwong3: phép tinh vi phdn ham sé nhiéu bién s6

CHUONG III. HAM SO NHIEU BIEN SO

MUC PiCH, YEU CAU

Phép tinh vi phan ham sb nhiéu bién s6 14 sy md rong mot cach ty nhién va can thiét ciia phép
tinh vi phan ham s6 mét bién sd. Céc bai toan thyc té thudng xuét hién sy phu thudc mét bién
s6 vao hai bién s6 hodc nhiéu hon, chang han nhiét do T ctia mot chét long bién doi theo do
sau z va thoi gian t theo cong thitc 7 = ez, nhiét lugng toa ra trén day dan phuy thudc vao
dién tré ctia dy, cuong do cuia dong va thoi gian dan dién theo cong thirc

0 =0,24RI’t ,v.v...Vi viy, khao sat ham s6 nhiéu bién sb vira mang tinh tong quat vira mang
tinh thuc tién. Dé hoc tét chuong nay, ngoai viéc ndm vimg cac phép tinh dao ham cta ham
mot bién s6, ngudi hoc phai cé céc kién thirc vé hinh hoc khong gian (xem [2]).Trong
chuong ndy, yéu cau ngudi hoc ndm viing cac ndi dung chinh sau:

1. Cac khai niém chung ciia khong gian R" (n chiéu).

M0 ta duoc mién xac dinh va db thi ctia ham hai bién.

2. Phép tinh dao ham riéng va vi phan toan phan.

Nam vitng cc qui tic tinh dao ham riéng trén co s& tinh dao ham ctia ham mét bién. Cong
thire tinh dao ham riéng cta ham sé an. Cong thirc vi phan toan phan va biét cach ap dung vao
phép tinh gan ding.

3. Nam vitng khai niém va cach tinh dao ham theo hudng. Giai thich dugc dao ham riéng theo
céc bién x, y, z chinh 1a dao ham theo hudng cac truc Ox, Oy, Oz.

4. Bai toan tim cuc tri.

Qui tic tim cuec tri tu do, phwong phap nhén tir Lagrange.

NOI DUNG
3.1. CAC KHAI NIEM CO BAN
3.1.1. Khéng gian n chiéu

* Ta d4 biét mdi diém trong khong gian 3 chiéu duogc dic trung hoan toan bdi bo 3 s6 (x, v, z)
la 3 toa do Descartes cua no: x 1a hoanh d¢, y 1a tung d6 va z 1a cao dog.

Tong quat nhu sau: M&i bd c6 thir tu n s6 thue (x,,X,,...,x, ) goi la mot diém n chiéu. Ki
hiéu M(X,, X, ,...,X, ) c6 nghia 1a diém n chiéu M c6 céc toa dd x,,X,,...,x, . Tap cac diém
M(X,,X,,...,X, ) goi 1a khong gian Euclide n chiéu. Ki hi¢u tap nay 1a R".

* Cho M(x,,X,,....X,) eR",N(,,,,....7,) €R". Goi khoang cach gitra M va N, ki hiéu
d(M, N), 1a s6 thuc tinh theo cong thic:
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Chuong3: phép tinh vi phdn ham s6 nhiéu bién s6

Tuong ty nhu trong R,R*,R’ ta nhan duoc bét déng thire tam giac trong R". Tuc 1a voi 3
diém A, B, C bat ky trong R" ta c6:
d(4,C)<d(4,B)+d(B,C)

*Cho M, (x/,x;,....x,) eR"vag > 0. TapQ (M) ={MeR": d(M,M,) <& goila &- lan
can hodc lan can ban kinh & ctia My hodc hinh cdu mé tdm M, ban kinh & (H.3.1a).

* Cho E cR". Diém M € E goi 14 diém trong cta E néuco Q_(M) < E(3¢ > 0). Diém
N eR" goi la diém bién ctia E néu bat ky Q (M) déu chira nhitng diém thuoc E va diém
khong thuoe E(V e > 0). Tap E goi 1a md néu moi diém ctia né déu 1a diém trong, goi 1a
dong néu né chira moi diém bién ctia nd. Tap cac diém bién ctia E ki hi¢u OF . Bao dong cua
E hay tap E déng ky hiéu E vaco E = E J OE (H.3.1a).

* Tap E goi 1a bi chdn hay gidi ndi néu nhu ton tai s6 N sao cho E Q,(0).

* Tap E goi 1a lién thong néu ‘m(:)i cap diém M, M trong E déu duoc ndi voi nh:,au bd1 mot
duong cong lién tuc nao d6 nam tron trong E. Tap lién thong E goi 1a don 1ié€n néu no bi gioi
han bdi mot mat kin (mot duf(‘)'ng’cong kin trong R*; mdt mit cong kin trong R*) (H.3.1a).
Tap lién thong E goi 1a da lién néu no bi gidi han bédi tir hai mat kin trd 1én roi nhau tirng doi
mdt (H.3.1b).

Vi du 1: Xét cac tip sau trong R”.
A:{(x,y):x2 +y’ <4}
B ={(1,2),(~1,0),(0,0)} va R?
Giai:
04 ={(x,y):x* + y* =4} - dudmg tron tam O ban kinh 2, 4= {(x,y): x> + > <4} - hinh
tron ké ca bién.
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Chuwong3: phép tinh vi phdn ham sé nhiéu bién s6

A, R? 1a cac tap lién thong, B khong lién thong (gdm 3 diém rdi rac).
A, B 1a cic tap gidi noi, R? khong gi6i ndi (ca mit phiang Oxy).

3.1.2. Pinh nghia ham nhiéu bién s6

Cho D cR". Goi 4nh xa:

f:D—->R
Hay 1a M(X,,X,,....,X,) € D> u=f(M)=f(X,,X,,.....X, ) €R 1a mot ham s6 cia n bién s6
xac dinh trén D. D goi 1a mién x4c dinh ctia ham s6 f; x,,x,,....,x, 1a cac bién s6 doc lap, con
u goi la bién s6 phu thudc.

3.1.3. Mién xac dinh ciia ham nhiéu bién so0

Ngudi ta quy wdc: Néu cho ham sé u = f(M) ma khong noi gi vé mién xac dinh D cta né thi
phai hiéu rang mién xac dinh D ctia ham s6 14 tap hop cac diém M sao cho biéu thirc fiM) co
nghia.
Mién x4c dinh cua ham sb thuong 1a tip lién thong. Sau day 1a mot s6 vi du vé mién xac dinh
ctia ham sd 2 bién sd, 3 bién sb.
Vidu 2: Tim mién xac dinh cua cac ham sd sau va mo ta hinh hoc cdc mién do:

Y
\/9 2 yz _ 2

2

a) z=+1-x> =%, b)z=In(x+y), c) u=

Giai:
a. Mién xéc dinh 13 tap (x,y) eR?sao cho 1—x* = y* >0 hay x* + y*> <1. D6 1a hinh tron

dong tam O ban kinh bang 1 (H.3.2a). Hinh tron dong nay c6 thé mé ta bai hé bat phuong
trinh:

-1<x<1

—\1-x? Syéx/l—xz
b. Mién xé4c dinh 1a tap (x,y) €eR? thoa man x + y > 0 hay y > -x. D6 1 nira mit phang c6
bién 1a duong y = -x (H.3.2b). Nira mit phang ndy duoc md ta bai hé bt phuong trinh:

—00 < X < +0

—X < y<+©
c. Mién xac dinh 1a tap (x,Y,2) eR’thoa man x* + y2 +2% < 9. P06 12 hinh ciu mé tm O ban
kinh bang 3 (H.3.2¢). Hinh ciu m¢ nay mo ta boi hé bat phuong trinh:

-3<x<3

—V9—x? SyS\/9—x2
—\/9—x2—y2 SZS\/9—x2—y2
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A y
A y
1 yI 1-x° r==
-1 X v X
1 - 0 -
-1 y:‘—\\ll—x2
H.3.2a H.3.2b

H.3.2¢c

3.1.4. Y nghia hinh hoc ctia ham hai bién s6

Cho ham 2 bién z = f(x,y) v6i (x,y) € D. Tap cac diém (x,y,z) eR® v6i z = f(x,y) goi la 46
thi ctia ham s da cho. Nhu thé d6 thi ctia ham 2 bién thudng 1 mot mit cong trong khong
gian 3 chiéu Oxyz. D6 thi cua ham s6 mo td mot cach truc quan ham so thé hién dugc y nghia
hinh hoc ctia ham s6. Dudi ddy ta xét cac mat cong dic biét va don gian, thong dung trong
toan hoc va ung dung.

A. Mt phing:
Mit phang 1a d6 thj ciia ham hai bién tuyén tinh, n6i cach khac phuong trinh mét phang co
dang: Ax + By + Cz+ D =0trong 46 A4’ +B*+C?>0. Changhan C #0 ¢6

z= —é(D + Ax + By), ham s6 nay xéc dinh trén R*.

B. Ellipsoid
Ellipsoid 14 mit cong, phuwong trinh chinh tic cta né ¢6 dang (H.3.3)

2 2 2

_2b2 2
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Day 14 ham hai bién cho du6i dang khong tudng minh (dang an). Ham s6 1a da tri. Chang han

coi z 1a bién phu thudc vao x va y thi mién x4c dinh 14 hinh ellipse c6 cac ban truc a va b:
2 2

X

S+ Y <1

a> b

Khia=b=c=R ta coé mit cau tim gdc toa 46 va ban kinh [a R: x* + y* + z2 = R?

C. Paraboloid elliptic

Phuong trinh chinh tic ciia paraboloid elliptic c6 dang (H.3.4): —+ y

p
Mién xac dinh cta ham s6 trén 1a R?. Khi a = b tirc 13 phuong trinh ¢6 dang: x* + y* =a’z

Goi d6 1a paraboloid tron xoay.

H.3.7

D. Mt tru bac 2
* Mit try elliptic (H.3.5) ¢6 phwong trinh chinh tic:

86



Chuong3: phép tinh vi phdn ham s6 nhiéu bién s6

2

X

a 2

* Mat tru hyperbolic (H.3.6) c6 phuong trinh chinh tac:

2 2
Xy

a’ b

* Mit try parabolic (H.3.7) ¢6 phwong trinh chinh téc:

y> =2px
E. Mit nén bac 2
Phuong trinh chinh tic cia mit noén c6 dang (H.3.8)
2 2 2
X z
S+ -5=0
a- b ¢

3.1.5. Gi6i han ciia ham s6 nhiéu bién s6

Khai ni¢ém gidi han ctia ham s6 nhiéu bién sb cling dugc dua vé khai niém gi61 han cua ham
mot bién s6. O day mot bién sé dong vai tro 1a khoang cach d(My, M) giira hai diém M, va M
trong khong gian R". Dé don gian trong cach viét chiing ta xét trong khong gian 2 chiéu R”.

* Noi rﬁng day diém Mn(Xp, Yn) din dén diém Mo(Xo, yo); ki hieu M, - M khi n — néu

limx, = x,
limd(M,, M, )=0hayla ">
n—»o0 hmyn =Y,

* Cho ham z = f(x,y) x4c dinh & lan can My(xo, yo), cO thé trir diém M. Ta noi réng ham f(M)
6 gi6i han 13 / khi M(x,y) dan dén Mo(Xo, yo) néu moi diy diém M,(x,, y,) thudc 14n can dan
dén My ta déu c6: lim f(x,,y,) =1
n—>0
Thuong ki hiéu lim f(M)=[hay lim f(x,y)=I
M—)MO (%,0)=>(x0,)0)
Str dung ngdn ngir "¢,0" c6 thé dinh nghia nhu sau: Ham sb f(M) ¢6 gi6i han / khi
M —> M, néuVe>0,35>0:0<d(My,M)<S=|f(M)-I|<e
Chuy: 1. Tét ca cac khai niém gi61 han vo han hodc cac dinh li vé gidi han: téng, tich,
thuong, giéi han thir tw, nguyén li kep déu giéng nhu ham sb mot bién sd.
2. Tir dinh nghia ta nhan thiy: Gidi han / ctia hamsd f(x,y) khi M — M, khong
phu thudc duong di cuia M tién dén M, 0> Vi thé néu chi ra hai duong di cia M tién dén
M,ma f(M) tién dén hai gia tri khac nhau thi ham s6 khong c6 giéi han tai M 0-

Vidu 3: Tim céc gidi han

2
. X ) X ) X
a. lim > yz b. lim 5 Y 5 c. lim M
(x)(0.0) x* 4 y (x)>(0.0) x* + y (2100 [32 4 )2
Giai:
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2
a.Taco | 525 -0/<|[y, d(M,0)=yx>+)’
X +y
2
Ve>0,35=¢ khi 0< x> +)> <5 =|y|<5 :‘ =Y _o<|y<s=¢
X +y

2
. . X
Viy lim — 4 ~=0
@)(0.0) x* 4y

2
b. Cho M(x,y) — 0(0,0) theo dudng y = Cx, C = const (hang so) thi zxy 5= sz 5
x“+ps (1 CHx

= lim—>— =
=0x”+y° 1+C

- ching t6 day gia tri ham c6 gidi han khac nhau phuy thudc vao C.

Theo chu y 2, suy ra ham khong c6 gidi han.

Xy ole X
,X2+y2 = ,X2+y2

3.1.6. Su lién tuc ctia ham so nhieu bién so

C. |y|£|y|.Tu0'ngtua.suyra lim —2__ -0

()00 [32 4 2

A. Dinh nghia
* Ham s6 f(M) x4c dinh trén mién D va M o €D . Tanoi rang ham s f(M) lién tuc tai M 0
néu lim f(M)=f(M,).
* Ham s6 f(M) xac dinh trén mién D. Noi ré‘mg ham s6 lién tuc trén mién D néu no lién tuc tai
moi diém M €D .
* Ham sb f(M) lién tuc trén mién doéng D néu no lien tuc trén mién D va lién tuc tai moi diém
N € 0D theo nghia Agiiljlvf(M) =f(N),MeD.
* Néu dat Af (x,,,) = f(x, +Ax,y, + Ay)— £ (x,,¥,) g0i 12 s6 gia toan phan cia ham s tai
(X0,Y0) thi ham s f(x,y) lién tuc tai (Xo, yo) néu nhu Af'(x,,v,) — 0 khi Ax >0 va Ay > 0.
B. Tinh chat
Hoan toan twong tu nhu ham mot bién sd ta c6 tinh chat quan trong sau day:
Pinh Iy 3.1: Néu f(x,y) lién tuc trong mién dong D gidi néi thi né dat gid tri I6n nhat va gia
tri bé nhdt trong mién D tikc la: 3M, € D,M, € D dé cé bt ding thirc kép:
fM)<fFM)< f(M,), YMeD
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3.2. PAO HAM VA VI PHAN
3.2.1. Pao ham riéng

Cho ham s6 u = f(x,y) xac dinh trong mién D va M (x,,y,) € D . C) dinh y = y, trong ham
s6 da cho s& nhan dugc ham sé mot bién s6 u = f(x, yo). Néu ham s nay c6 dao ham tai x, thi
dao ham d6 duogc goi 12 dao ham riéng cua f(x, y) d6i voi x tai Mo(xo, o) va ki hiéu nhu sau:

, ou , 0
(%01 ,) hay S (i, ) hay f(x,.v,) hay E§E<xo,yo)

it A_f(x,,1,) = f(x, +Ax,1,)— f(x4,7,) g0i d6 1a sb gia riéng ctia ham f(x, y) theo bién
X tai (X, yo) va ta co:

o R WACTI YY)
o TR T

Tuong ty ta c6 dinh nghia dao ham riéng ctia ham sé ddi vai y tai Mo(xo, yo) va ky hiéu:
: ou , of
uy(xO’yO) » _(XO’yO) 5 fy(XO’yO) s _(xoayo)
oy oy

Chii y: C6 thé chuyén toan bd cac phép tinh dao ham ctia ham mot bién sé: cong, trir, nhan,
chia, ... sang phép tinh dao ham riéng.

Vi du 4: Tinh dao ham riéng sau:

a.u=xy, u (1,2), u, (L1).

bou=x"(x>0), u(x,y), u(x.).

c. u=x*zarcigZ, ul(x,y,2), u,(x,,2), ul(x,y,z).
z

Giai:

a. u'(x,y)=3x"y=u'(1,2)=6,

u"v(x,y)zx3 =u(1,1)=1.

b.ul =yx’™, ul =x"Inx
c.u (x =2 te?
. u(x,y,z) =2xzarctg—,
z
1 x2z?

1
u’y(x,y,z):xzz— =—
Z Yooy +tz

u; (Xay,Z)=x2arctgl—xzzl2 5 =x2(arctgl— zyZ 2).

z z y Z y +z
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3.2.2. Vi phin toan phin

A. Dinh nghia
* Cho ham s6 u = f(x, y) xac dinh trong mién D chtra (xo, yo). Néu s gia toan phan ctia ham
sO tai (Xo, yo) Ung v&i sO gia Ax,Ay cua cac doi so c6 dang:
Af(xy,y,) =AM +B.Ay +a.Ax + B.Ay (3.1)
trong d6 A, B 1a nhiing s6 chi phu thudc vao (xo, o), con a, f dan dén 0 khi M — M, tirc 1
khi Ax — 0, Ay — 0 thi néi rang ham s f(x, y) kha vi tai Mo, con biéu thirc 4.Ax + B.Ay
duoc goi 1a vi phan toan phan ctia ham sb tai My va ki hiéu 13 df(xo, yo), hay du(xo, yo). Nhu
vay df (x,,y,) = A.Ax+ B.Ay
* Ham s6 u = f(x, y) duogc goi 1a kha vi trong mién D néu no kha vi tai moi diém ctia mién D.
B. Diéu kién cin ciia ham s6 kha vi
Pinh Iy 3.2: Néu f(x, y) kha vi tai (xo, yo) thi lién tuc tai do.
Tu (3.1) suy ra Af(x,,y,) = 0 khi Ax ->0,Ay — 0.
Pinh 1y 3.3: Néu f(x, y) kha vi tai (xo, yo) thi ham cé cdc dao ham riéng tai (xg, vo) va
A= 1{(x0,30) B = [ (x5, 1) -
Chirng minh:
Twr (3.1) suy ra:
BuSburd) g, g, %y«”
Vay  fl(xev0)=4, [fi(x,,)=B ching to
df (X0, ¥5) = [ (X, ) Ax + f1(%5, ¥ )AY (3.2)

C. Diéu kién di cta ham so kha vi

=B+

Pinh 1y 3.4: Néu ham s6 u = f{x, y) ¢6 cdc dao ham riéng f!(x,y), fo(x, ) lién tuc tai

My(x0,y0) thi f(x, y) kha vi tai My(xo, yo).
Chirng minh:

Taco Af(xwyo):f(xo +Ax, y, +Ay)_f(x0:yo)
=[xy + A, vy + AY) = £ (X0 20 + AV ]+ [f Cgs g + AV) = £ (X0, 7,)]

Ap dung cong thire s6 gia hitu han (cong thirc Lagrange) cho ham mot bién s6 f(x, yo + Ay) tai
lan cén x¢ va f(x¢, y) ¢ 1an can y, s€ nhan dugc:

S (o + A%,y +Ay) = (X0, 90 + Ay) = [(xy + OAx, y, + Ay)Ax
f(x0, ¥ +AV) = f(x0,¥0) = £ (x4, 0 + O,A0) Ay

Trong d6 0< 6, <1,0< 6, <1

Ciing theo gia thiét f1(x, ), f,(x,y)lién tuc tai (xo, yo) nén:
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S +0,Ax, v, + Ay) = [(x0, o) + a(Ax, Ay)
fr(xg, ¥ +O,AY) = f1(x0,0) + B(Ax,Ay)
Trong d6 ¢ >0, f — 0 khi Ax > 0,Ay —> 0.
Tt @6 nhan duogc:
Af (x9,¥0) = [l (X0, ¥0)Ax + [ (xy,Y)Ay + aAx + BAy
chtng t6 ham s6 kha vi tai (xo, Yo).
Néu xét cac ham sb h(x, y) = x va g(x, y) = y trong R? thi 16 rang:
dh(x, y) =dx = 1.Ax

dg(x, y) =dy = 1.Ay
Vay vi phan toan phan cta ham s6 f(x, y) tai (o, yo) c6 thé viét dudi dang:

df (x9,0) = [ (X0, yo)dx + [ (X9, ¥, )y (3.2)
D. Y nghia ciia vi phan toan phin
Néu ham s6 f(x, y) kha vi tai (xo, yo) thi rd rang:
Af (x4, ) = df (x,,¥,) + aAx + fAy
alx + [Ay
Suy ra df(xo, yo) khac sb gia toan phan Af(xo, yo) mot vo ciing bé co bac cao hon v cling bé
P =~AX* +Ay* khi Ax =0, Ay— 0. Véy voi [Ax
Af =df .
Tt d6 nhan dugc f(x, +Ax, y, +Ay) = f(x,,y,) +df (x,,1,) (3.3)

Vi réng <|a|+|B|— 0 khi Ax—0,Ay —0.

Ay| khé bé s& nhan duogc:

3

Cong thuc (3.3) thuong duogce sir dung dé tinh gan dung gia trj ciia ham sd.
Chu y: Tinh kha vi cua tong, tich, thwong hai ham ciing giéng nhu ham mét bién sd.

Vi du 5: Thyc hién phép tinh vi phan cac ham sb:

a. Cho f(x,y) = x cos xy, tinh df(l,%j v6i Ax = 0,01 , Ay = 0,02.

b. Cho f(x,y) = xy’, (x— »)e™ . Tinh dfi(x,y).

Giai:

a. f!(x,y)=cosxy —xysinxy, f;(ljgj:

' . ’ T
fy(x,y) =y’ sin xy , f’(LZj:_—’
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df(l,fj - Q(l - z}0,01 - Q.o,oz - —Q[l + z].0,01 .
2 2 24

4 4

b fl(xy)=€” +y’(x=y)e”,
[y, y)=—e" 4 2ux(x - )e”,

df (x.y) =™ {1+ 2 (2= ) e+ 2oy — ) - 1ay).
Vi du 6:
\ 1,05
a. Tinh gan dang arctg ——.
g g g 0.97
b. M6t hinh tru béng kim loai c6 chiéu cao h = 20 ¢cm va ban kinh day r = 4 cm. Khi nong 1én
h va r né thém céc doan Ah = Ar = 0,1 cm. Hay tinh gan dung thé tich hinh try khi nong 1én.

Giai:

& 1,05 1+0,05
a. Ta viét arctg —— = arctg

. X
. Xét ham so f(x,y) = arctg —
0,97 1-0,03 S oy)= arcig

1
RO rang arctg % = f(x, + Ax,y, + Ay), trong d6 xo = yo = 1, Ax = 0,05 va Ay=-0,03.

Ap dung cong thirc xap xi (3.3) ta co:
S (xg +Ax,y0 +AV) = f(x0,30) +df (x9,9) = f(LD) + £ (1,1).0,05 + £} (1,1).(=0,03)
1 1 X

: 1 y : X
fx(x7y):_ )C2 :y2+x2 ’ fy(xﬁy):__z ol

y1+7 % 1+x—2

Y .4

y2+x2

1 1 1
f(x, +Ax,y, +Ay) = arcth+E.O,05+5.0,03 = %+ 0,04=0,785+0,04=0,825.

b. Taco V=mw’hV =2mhV) =m’
Ap dung cong thic (1.3):
V(r+Ar,h+ Ah) = 2 h+ 2mhAr + > Ah = 7.4%20 + 27.4.20.0,1 + 7.4%.0,1 = 7.337,6 cm®

0,37 ~L
7 100

Chting t6 sai s6 tuyét dbi khong qua 0,37 cm® va sai sb tuong d6i khong qua
3.2.3. Pao ham riéng cap cao

Pao ham riéng cip hai ctia mot ham 13 dao ham riéng cac dao ham riéng cap mot ciia nd. Ham
hai bién f(x,y) c6 4 dao ham riéng cip hai sau day:
_ 09
fr=—|Z<
oa\oy

n_ig ”:ig ":ig
= ax[ ax} s ay( ax], s ax[ ay}
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ha o’ f o'f o°f o°f
Y ox* " oxoy Oyox’ dy?

Hoan toan tuong ty ta cling c6 cac dinh nghia dao ham riéng cap cao hon cua ham nhiéu bién
hon.

Vi dy 7: Tinh céc dao hamriéng £, 75, £O) biét f(x,y,2)=e* 2.

xiy? S Z
Giai:
X

1 x—2y+4z n _  x-2y+4z 3) _ x—-2y+4z
fl=e ,fh=e ,fxzy——2e

"o_ x—2y+4z (3) _ _n x2y+4z (3) _ _Q x2y+4z
fxy =2e s Sow = 2e o S = 8e

Nhén xét: Trong vidu trén co £ = f1).
Pinh 1y 3.5(Schwarz): Néu f(x,y) c6 cic dao ham riéng hon hop foova f. trong ldn cgn
Q;(M,) va lién tuc tai My(xo, yo) thi cac dao ham hén hop bc%ng nhau tai My:
foMy)=fr(M,).
Chirng minh: Lay t, s du bé. Lap cac ham sb sau ddy trong 1an can M:

glx, y)=fx+t,y)-fix,y)

h(x,y) =f(x,y +5) - f(x, y)

R& rang g(xo, yo +8) — g(Xo, yo) = h(x0+ t, yo) — h(xo, yo)
Ap dung dinh 1y Lagrange cho ham g(x, y) tai yo nhan duoc:

g(x0, ¥y +5)—g(x0,¥0) = 5.2,(Xy, ¥y + 0,5)
= S[fy'(x0 +1,y,+6,) —fyf(xo,yO + 91SJ

Tiép tuc ap dung dinh Iy Lagrange cho ham f’ 2 (x,y, +6s) taixo nhan dugc:

g(xgs vy +8)=8 (X, y0) = 51 (X, + 0,0,y + O5)
Hoan toan tuong tu cling co:

h(xy +£,50) = h(xg5 o) = stf 5 (xXg + 711, Yo +7,5)
Cho ¢,s — 0, do tinh lién tuc nhan duoc £ (x,,¥,) = f,. (X4, ;)
Chi y: Dinh Iy trén cling mé rong cho cac dao ham cip cao hon va ham nhiéu bién hon.
3.2.4. Vi phan cip cao
Ta nhan thiy df (x,y) = fI(x,y)dx+ f](x,y)dy ciing la mot ham s6 cua x, y nén c6 thé xét vi

phan cta nd. Néu df(x,y) kha vi thi vi phan ctia n6 goi 14 vi phan cip hai cta f(x, y), ki hiéu
d? f(x,y)=d(df (x,y)) vandirang f(x, y) kha vi dén cip 2 tai (x, y).

Tong quat vi phan cip n, néu co s& ki hidu: d" f(x,y)=d(d"" f(x,y))

Cong thirc vi phan cip 2 nhu sau:
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d’ f(x,y)=d(df (x, y))——[afd +af ]d +a [fd + fj
Y

ox oy ox oy
2 2 2 2
:a{dx2+ or 8f a’xa’y+afdy2
ox Ox0Oy 8y8x oy’
Gia str cac dao ham riéng hdn hop lién tuc, theo dinh 1y Schwarz ta co:
df(xy)— fd +26fdxd+ {dz (3.4)
oxoy oy

Ngudi ta dung ki hi¢u luy thira tugng trung dé viét gon nhu sau:

df (x,7) = [ dx+§dny(x »)

Tong quat co d" f(x,y) = iabc+ﬁazy f(x,y) (3.5)
ox oy
3.2.5. Pao ham ciia ham s6 hop

Cho D cR" vacacanhxa ¢:D —>R"
f:p(D) >R

Y, =Y, (X, X5, X))
B Y, =Y. (XX, X))
hay u=u(y,,y,--yy,) VOl

Y = ¥ (X15 X555 %)
Anh xatich fo@:D—R cythéla u=f(p(M)), M eD, (M) cR™ goi la ham s6 hop.
Pé cho don gian, sau day ta xét n =2, m =2, khi d6 ham hop f o xéac dinh trén mién
phing D
Pinh 1y 3.6 : Cho u = f(x,y) voix = x(s, t); y = (s, t) thoa man:
Cdc bién trung gian x(s, t), y(s, t) ¢6 cdc dao ham riéng cap 1 tai (a, b),
1tx, v) kha vi tai diém (xo, yo) = (x(a, b), y(a, b)).
Khi d@6 ham hop u = u(s, t) ¢6 dao ham riéng cdp 1 tai (a, b) tinh theo cong thirc:
ou_ouox oudy
Os OxOs Oy Os
ou_oudx oudy 56
ot oOx ot Oy ot

Cong thirc (3.6) c6 thé viét dudi dang ma tran:
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ox Ox
ouou) 6u8uj os ot
(55}(55 »
os Ot

duoc goi 1a ma tran Jacobi cta x, y d6i vdi t, s; con dinh thirc ciia ma tran nay goi

P 2|
VN Y|P

1a dinh thtrc Jacobi cta x, y dbivéit, s hay Jacobian cuax,y dbi véit, s va ky hiéu:

a &
D(xay) — aS Gt (37)
Dis,t) |y oy

a o

Vi du 8: Tinh cac dao ham riéng
u=e"lny, x=st, y=s —t.

Giai:

a—u=exlny.t+e)‘.l.25=e‘”[tln(sz—t2)+ 22S 2},
os y s°—t

ou 1 2t
—=e'lnys+e’".—.(20)=¢"|sIn(s’ - 1) ——5—|.
ot y s —t
, 1 ; : :
Vidu9: Cho u=—, r=q/x’ er2 n . Chtirng minh Au=ux’2 +u;f2 +u;’2 =0.
r
Giai:
A r \ A 1 A ’ 7. J 2 A ’ " r 5. \
Nhén xét: ham s6 u =— doi xtmg vdi X, y, z. Do do ta chi can tinh u”,, sau d6 thay x bdiy va
r
z.
u. =u'r = Lx_
e
) 1 i 1 3x7
u2=——3+3x.—4.—=——3+ )
* r Y 7 r r
3 3xP+y +2° 3 3
Suy ra Au=—-—+ ( ); ):_—3+—3:0.
r r ror

Chu y: Néu u = f(x, y), y = y(x) khi d6 u 1a ham sé hgp ctia mot bién x. Do vay ngudi ta dua
ra khai niém dao ham toan phan va cong thuc tinh sé la: du = g + 1 "
dx Ox Oy

3.2.6. Vi phan ciia ham hgp

Xét ham hop u=1(x, y), x =x(s, t), y = y(s, t).
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£ o .. Ou Ou ., AU .
Néu ham hgp c6 cac dao ham riéng a—, 6_ lién tuc thi n6 kha vi va ta co:
s Ot

du = a—uds +8—udt
Os ot

Bay gio ta biéu dién du qua bién trung gian x, y theo cong thic (3.6) co:

LT PR S A

Ox Os Oy Os Ox Ot Oy ot
=a—u[8—xds +a—xdt)+a—u(a—yds+a—ydtj
ox \ O0s ot oy \ O0s ot
za—udx+a—udy.
ox oy

Nhu vay dang cta cong thirc vi phan cap 1 khong ddi du x, y 14 cac bién doc 1ap hay 1a ham
clia céc bién s, t. Tinh chat ndy goi la tinh chat bat bién dang cta vi phan cap 1.
Chii y: Ciing nhu ham mot bién s, vi phan cip cao khong co tinh bat bién dang.

3.2.7. Pao ham ciia ham so an

A. Ham 4n mét bién
Cho mot hé thue gitra hai bién, x, ydang: F(x,y)=0 (3.9)
trong d6 F(x, y) 12 ham hai bién xac dinh trong mién m& D chira (xo, yo) va  F(xo, yo) = 0. Gia
st rang Vx € (xo -0,x¢g+0 ), 3 y(x) sao cho (x, y(x)) € D va F(x, y(x)) = 0. Him s y = y(x)
goi 1a ham 4n cta x xac dinh boi phuong trinh (3.8).
Pinh Iy 3.7: Néu F(x, y) thod man cdc diéu kién:
F lién tuc trong lan cdn Q 5(M ) va F(My) = 0.
Cac dao ham riéng g—i, Z—i lién tuc va %(xo,yo) # 0 trong lan can Q 5(M o) thi phuwong

trinh (3.8) xdc dinh mét ham dn y(x) khd vi lién tuc trong khodng (x,—&,x,+ &) vataco:

@ _F (3.9)
dx Fy'

Chi y: Dé nhan duoc cong thic (3.9) chung ta chi viéc 1dy vi phan 2 vé cua (3.8) trong d6 ¢o
y = y(x) va ap dung tinh bat bién cua dang vi phan cap 1.

That vay dF(x, y) = 0 hay F/dx+ F,dy =0 hay F/+F.y'=0. Tl d6 suy ra (3.9).

Vi du 10: Tinh y'(1) biét xy—e*siny =7

Giai:

Lay dao ham toan phan (hay vi phan) va coi y 1 ham ciia x hai vé ctia phuong trinh d cho
co:

y+xy' —e'siny—e*cosy.y' =0
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Thay x =1 vao phuong trinh ham an, nhan duoc: y(1) - 7 = esin y(1) . Ding phuong phap do
thi gidi phuong trinh nay, nhén dugc nghiém y(1)=r.
Vay 7+ y'(l)—esinzr—ecosz.y'(1)=0
yh=--".
Vi du 11: Tinh y',y"biét x — y +arctgy =0
Giai:

Lay dao ham toan phan hai vé coi y = y(x)

' 1
l_y!+ y 2:0:>y/: +g; :>y2y/:1+y2
I+y y
) y 2y'(1—y' 2(1+y°
Léydao hémtlép taCé 2yyr2+y2ylr:2yyr:>y":Ly) :>y":_ (+5y )
Y Y

B. Ham 4n hai bién
Pinh 1y 3.8: Cho phwong trinh ham an F(x, y, z) = 0 va F(x, y, z) thod man cdc diéu kién:
F(x, y, z) lién tuc trong hinh cau mo Qy(M,) va F(My) = F(xg, yo, zg) = 0;

Cdc dao ham riéeng F|, F), Flién tuc va F!(x,,y,,z,) #0 trong hinh cau Qg(M,)
Khi d6 phicong trinh ham én xdc dinh mét ham én z = z (x, y) ¢6 cdc dao ham riéng lién tuc
trong lan can Q. (x,,v,) dong thoi:

oz F! oz F

ox Fz"éy__Fz'

(3.10)

Tuong tu nhu dinh 1y 3.7. ta khong chirmg minh dinh ly nay.

Ciing nhu trong trudng hop ham 4n mét bién, dé tinh cac dao ham riéng ciing nhu vi phan cua
R Ao v 1A \ A . . AR 4 Oz Oz
ham an ta lay vi phan toan phan hai v€ ciia phuong trinh ham an sau d6 di tim PRt dz
X oy

Vi du 12: Cho xyz =x+y + z. Coi z 1a ham s6 an, hay tinh z', 2’ dz.

w0 Zy
Giai:
Lay vi phan toan phan phuong trinh ham an s& c6:

d(xyz)=d(x +y+ z)

yzdx +zxdy + xydz=dx +dy +dz

(xy — 1)dz=(1- yz) dz + (1-zx) dy

dz = —;[(yz —1)dx + (zx — l)dy]
xy—1

z—1 xz—1
Z>Z;=—y , z=-—

xy—1"
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3.2.8. Pao ham theo huéng. Gradién (Gradient)

A 7

H.3.9

A. Dinh nghia:
Cho u(x, y, z) xac dinh trén mién D cR® va M (x,,y,.2,) € D , mdt huéng duoc dic trung

N

N

., >, .2 l £
boi véc to ¢ cd véc to don vi /(cosa, cos f,cosy) = ‘— , nhu vay:
1

a=(0x,0),=(0y, ),y =(0z, ). Nguodi ta goi cosa, cosf, cosy la cac cosin
chi phuong cua /. RS rang cos’ @ +cos? S+ cos’y =1. (H.3.9)
u _uM)—u(M,)

Lay M e D sao cho MOM:pE,lap ti s6 £4
p p

Néu ti sb trén c6 giéi han hiru han khi p —> 0 thi gi¢i han iy duoc goi 13 dao ham ctia ham

u(M) theo huéng 7 tai M, va ki hiéu 1a %(MO) tire 1a:

lim WM —uM,) _ Oy
0 P ot
Chu y:
1. Ciing giéng nhu y nghia ciia dao ham, ¢ thé coi rang dao ham theo huéng 7 biéu thi tbc
d6 bién thién ctia ham u(M) theo huéng 7.
2.Néu 7 ¢6 hudéng cua tryc Ox thi E_(;(I,0,0) .Gia st Mo (xq,y0,20)thi M(x,+p,y,,2,) khi
do:
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a—ﬁ.(MO) — limu(xo +p>yoazo)_u(x03y()azo) :%(Mo)
ol po0 P Ox
Ching t6 cdc dao hamriéng u, u’,, u_ la dao ham cua ham u theo hudng ctia céc tryc Ox, Oy,
Oz.
B. Cong thirc tinh

Pinh ly 3.9: Néu ham sé u(x, y, z) kha vi tai My(xo, yo, zo) va ? bdt ky co cdc cosin chi
phuong cosa, cos 3, cosy thi:

a—Lf(MO)=6—”(M0)0050{+a—u(MO)cosﬂJr8—u(M0)cosy (3.11)
tol4 ox oy 0z

Chirng minh:
Theo ¥ nghia cuia ham kha vi ta co:
Au=u(M)—u(My)=u,(M;)Ax + ”;(MO)A)’ +u_(M,)Az +o(p)
trong do o(p) 1a VCB bac cao hon p khi p —0.
Mat khac Ax = pcosa, Ay = pcos f, Az = pcosy suy ra:

Au_ u,(My)cosa +u, (My)cos B +u.(M;)cosy +%.
Chuyén qua gi6i han khi p — 0 s& ¢ (3.11)
C. Gradién
Cho u(x, y, z) c6 cac dao ham riéng tai M, (x;,Y,,7,) € D R’.
Goi véc to (u, (M), u),(M,),u’.(M,)) la gradién cua ham u(x, y, z) tai My va ki hi¢u la
grad u(My).
grad u(M,) = (ul(My), u,(M,),u!(M,))

= ul (M )i+ u (M) ] +ul(M)k (3.12)

> = —

trong d6 i, j, k 1a cac véc to don vi cua cac truc Ox, Oy, Oz.
D. Lién h¢ giira gradién va dao ham theo huéng.
Pinh 1y 3.10: Néu u(M) kha vi tai M, thi tai dé co:
ou

5 = ch. gradu = ZO .gradu . (3.13)

Chirng minh:
Ta co é_(; = cosai‘+cosﬂ}'+cosy k nén (3.11) c6 thé viét nhu sau:

ou — |
M) =grad ) 7, =,

|grad u(M, )|cos0

99



Chuwong3: phép tinh vi phdn ham sé nhiéu bién s6

trong d6 @ 1a goc gitra hai véc to 7 va grad u(My), ma 70 =1,

|grad u(M0)|cosH = chz grad u(M ) . Vay nhan dugc cong thirc (3.13)

Chu y: Tu (3.13) suy ra max = |grad u(M, )| khi |cos 9| =1, tucla / cung phuong

0
(M)
ol

v6i grad u(Mo) chimg t6 grad u(Mo) cho ta biét phuwong theo n6 téc do bién thién ctia u tai My
c6 gia tri tuyét ddi cuc dai.

Vidu 13: Cho u=x"+y* + 2> +3xyz, Mo(1, 2, -3), £(2, 1, -2).
, . Ou
Tinh grad u(My) va ?(M 0)-
/

Giai:
u' =3x"+3yz, u, = 3y +3zx,ul =3z° +3xy

Vay grad u(l, 2, -3) = (3 — 18, 12 -9, 27 + 6) = (-15, 3, 33) = 3(-5, 1, 11)

2(2, 1,-2) :Ez g,l,—% :%(1,2,—3):3 _5_%+1_l_11£ =-31
33 3 o/ 3 3 3

3.3. CUC TRI

3.3.1. Cuc tri tu do

A. Pinh nghia va diéu kién cin ciia cwe tri
Diém M (x,,y,) €R” goi 1a diém cuc dai (dia phuong) ciia ham f(M) néu c6 1an can dua bé
ctia M dé trong 1an can dé (trir M) xdy ra bat dang thie f(M) < f(M))
Tuong ty ta c6 khai niém diém cuc tiéu (dia phuong) caa ham sb f(M).
Diém M(xo, yo) trong cac truong hop trén goi chung 1a diém cuc tri.
Tuong tu nhu dinh 1y Fermat di v6i ham mot bién sd, ta c6 diéu kién can cua cuc tri dudi
day.
Pinh Iy 3.11. Néu f(x, y) dat cuc tri tai My va cé cdc dao ham riéng tai do thi cac dao ham
riéng bang 0.
Chirng minh: Gia sir f(x, y) dat cuc tri tai (Xo, yo). Theo dinh nghia suy ra ham mét bién

f(x,yo0) dat cuc tri tai Xo, f(Xo, y) dat cuc tri tai yo. Theo dinh ly Fermat ta c6:

G o hay L(x,,,)=0
dx &

X=X

df (x,, 0
ACIND =0 hayi(xo,yo)zo
dy | _, oy
Y=Xo
Chii y: Diém ma tai d6 cac dao ham riéng bang khong goi 1a diém dimg cta ham s6. Nhu vay
diém dimg chua chéc 13 diém cyc tri. Ching han u = xy ¢ diém dimg 1 (0 0) nhung trong bat
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ky 14n can nao cia gbc toa do (0, 0) déu c6 cac diém (x,,y,) va (x,,y,) dé
S, p)> £(0,0) va f(x,,,) < £(0,0) (lay x, >0, y, >0, x, <0, y, >0).

B. Diéu kién di ciia cue tri
Trong thuc té thudng gip ham hai bién f(x, y) va dé tim cyc tri ctia nd, nguoi ta thudng s
dung dinh 1i sau day, coi nhu la diéu kién du dé ham dat cuc tri. Ta khong chimg minh dinh 1y
nay.

Pinh 1y 3.12. Gia sit f{x, y) c6 dao ham riéng cap hai lién tuc tai lan cdn diém dirng (xo, yo)

va goi:
82 82 82 N
4= 5x{ (X9, 0)> Bzﬁ(xoa)%)a CZ&,V_{(XOJ’O) va A=B’-AC 3.14)

Néu A > 0 thi ham sb khong dat cuc tri tai (X, yo)
Néu A = 0 thi chua két luan gi dugc vé (X0, Y0)
Néu A < 0 thi ham sd dat cuc tri tai (X0, Y0)
Cu thé dat cuc dai néu A < 0, dat cuc tiéu néu A > 0.
Vi du 14: Xét cuc tri cia ham sb
z=x'+yt—x* —2xy— 2.
Giai:
Nhan xét: Ham s6 z kha vi moi cép trén R?, ta c6 thé ap dung dinh 1y 3.12.
* Tim diém dimg:
zl=4x’ =2x-2y=0 b’ T 2 x=y
{2;24)’3—2)/—275:0 4 { :{x(xz—l):o

2x>—x—y=0

Nhan dugc ba diém ding:
x=0 x=1 x=-1
y:o’ y:l’ y:—l

A=z, =12x* ~2,B=-2, C=12y* -2
A =4-4(6x> =16y -1)
A(0,0)=0

Nhan thay z(0,0) = 0.

Voix=y= ! thi Z(l,lJzi[iz—2j<O voin> 1

n n n l’lzl’l

. 1 1 I 1 2
Voix=—,y=-— thi z(—,——j:—4> 0.
n n n n) n
Nhu vay trong bat ky 1an can nao ctia gdc toa do ta ludn tim duoc cac diém (tim duoc n) dé
ham d6i dau, chung to ham khong dat cuc tri tai (0, 0)
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A(L,D)=A(1,-1)=-96<0vaA(l,1)=A(-1,-1)=10>0.
Vay ham dat cuc tiéu tai (1,1) va (-1, -1)
Gia trj cuc tidu 1a z (1,1) = z(-1, -1) = -2.

3.3.2. Cuec tri c6 diéu kién

A. Pinh nghia va diéu kién cin
Diém Mo(xo, yo) €R* goi 1a diém cuc dai ciia ham s6 f(x, y) véi rang budc (hodc c6 didu kién)
@(x,y) =0 néu thod man ¢(M ) =0 dong thoi ton tai lan cin du bé cua M, trén duong
cong rang budc ¢(x, y) =0, trong lan can do6 co bat déng thire f(M) < f(M)
Tuong ty ta c6 khai niém diém cuc tiéu caa ham sb v6i rang budc (x, y) =0
Dé don gian bai toan tim cuc tri ctia ham hai bién véi diéu kién @(x, y) = 0 duoc ki hiéu nhu
sau:
o7 =0 (3.15)

Trong do ext la viét tit cta tir extremum nghia 1a cuc tri.

{extf (x,)

Pinh ly 3.13. Gia su My(xo, yo) la diém cuc tri co diéu kién cua ham s0 fx,y) voi diéu kién

(3.15) va thoa man:

Cdc ham f{x, y) va @(x,y) c6 cdc dao ham riéng cap 1 lién tuc trong ldn cdn ciia My(xo, yo)
cua dwong cong rang bugc (3.15)

Mo(xo, vo) khdng phdi la diém dirng ciia ham @(x, y). Khi d6 ton tai s6 thuce A thod man hé

phuwong trinh:

{f;(xodfo)JFﬂ@c(xO’yO):O (3.16)

S (x0,30) + A9}, (x9, ) =0

Chu y: Haim s6 L(x,y,1) = f(x,y) + Ap(x,¥) dugc goi 1a ham Lagrange va A duoc goi la
nhan tir Lagrange. Nhu vy véi diéu kién cho phép ta s& di tim diém diumg (xo, o, Ao) ciia ham
Lagrange (do diéu kién tién quyét @(x,,v,) = F;(xy, V.4, ) =0), tiép theo xem xét mot sd cic
diéu kién cua bai toan (3.15) dé ¢6 két luan chinh xac xem diém (xo, yo) c6 phai 1a diém cuc
tri c6 dicu kién hay khong.

Vi du 15: Tim cyc tri cia ham sbz=x"+ y2 véi rang budc ax + by +¢=0, ¢ =0,
a’+b>>0.

Giai: V& hinh hoc, day 13 bai toan tim cuc tri cia binh phuong khoang cach tir gdc toa do

dén cac diém trén dudng thang (H.3.10). Vay bai toan c¢6 duy nhat cyuc ti€u d6 1a chan duong

vuong goc ha tir O téi duong thang.
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¢ ™NXo,Y0)
_Z X,p)
//’/ X
0 o
H.3.10 g

Lap ham Lagrange: L = x> + y* + A(ax + by + ¢)
L =2x+Aa=0

Tim diém dimg cia L: < L! =2y + b =0
L, =ax+by+c=0

Thay x = —%, y= —%b vao phuong trinh cudi nhan duogc:

A 5 ., 2¢
——(@ +b")=—c, A=
2( ) a’+b’
R % Y.
a’+b*’ 3 a’+b’

ac be

Diém dimng duy nhat M | -———, - ——— | la diém cuc tiéu va gi4 tri cuc tiéu bang
a +b a +b
c2

a’+b>’

B. Diéu kién di

Pinh Iy 3.14. Gid sit f{x, y) va @(x,y) c¢é dao ham riéng cdp 2 lién tuc & ldn cdn (xg,yg) v
(xo, vo, A) la diém dung cua ham Lagrange, khi do:
*Néu d’L(x,,y,,A)= L', (x4, 0, A)dx” + 2L} (x,, vy, A)dxdy + L;’z (X4, 9, )y’
xdc dinh dau doi véi dx, dy trong mién thod mén rang budc:
dp(xy,y0) = @u (X, )X + @, (x4, ¥,)dy = 0, dx” +dy* #0

thi f(x,y) dat cuec tri ¢6 rang budc tai (xg, yo). Pat cue dai néu d°L(xg, yo,A) >0 va dat cuc tiéu
.
neu d L(xg, yo,A) <0.

* Néu d’L(xo, yo,A) khéng xdc dinh dau trong mién néi trén thi ham khéng dat cuec tri rang
buoc tai (xg, yo).

103



Chuwong3: phép tinh vi phdn ham sé nhiéu bién s6

ext(x+y+2z)

Vi du 16: Giai bai toan § xyz =1
x>0,y>0,z>0

Giai:

* Ham Lagrange: L(x,y,z,A)=x+y+z+ Mxyz- 1)

* Tim diém dung:

L. =1+Ayz=0
L,=1+Azx=0
L =1+Axy=0
L, =xyz—1=0

Nhan 2 vé cta phuong trinh thir nhat vi x va dé ¥ dén phuong trinh thir tu s& nhan duoc
A=—lvax=y=z=1

* Xét dau cua d*L(1,1,1,-1) véi dx, dy, dz thoa min d(xyz)|x=y=2=l =0 vadx>+dy*+dz°#0

Ta co

L', =0= L;z =L", L), =-z, L =-x, L =-y
Suy ra d>L(1,1,1,-1) = —2(dxdy + dydz + dzdx)

Mat khac d (xyz)| = (yzdx + zxdy + xydz)| =dx+dy+dz=0

(LLD (1LY
Suyradz=-dx—dy

d*L(,1,1—1) = =2(dxdy — (dx + dy)*) = (dx + dy)* + dx* + dy* > 0khi dx* + dy*+dz*> 0
Vay ham sb dat cuc tiéu c6 rang budc tai (1,1,1) vamin (x +y +z) =3

TOM TAT NOI DUNG CHUONG II1.

eGidihan: lim f(M)=1I hay limf(xn,yn)=l,a’(M,Mo)=\/(x—xo)2+(y—yo)2
M—M, (4, 2)= (X570

néu Ve>0,36>0:0<d(My,M)<5=|f(M)-l|<e
e Su lién tuc ctia ham s6: Ham s6 f(M) xac dinh trén mién D va M, € D . Ta néi rang ham s6
f(M) lién tyc tai M, néu MhnA} fM)=f(M,)
e Dao hamriéng: Dat A f(x,,y,) = f(x, +Ax,y,)— f(x,,y,) goido la s6 gia riéng cla

ham f(x, y) theo bién x tai (o, yo) va ta co:

o i A S (s ye)
a(xo’yo) = i;lcinoT » Ji(x0.20)
Tuong tu ta c6 dinh nghia dao ham riéng cua ham sé ddi véi y tai Mo(xo, yo) va ky hiéu:
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00300 5000, S ) )
C6 thé chuyén toan bo cac phép tinh dao ham ctia ham mot bién sb: cong, trir, nhan, chia,...
sang phép tinh dao ham riéng.
e Vi phan toan phan ciia ham sb f(x, y) tai (o, yo) va cong thirc tinh gan dung :

df (x4,30) = [ (X0, ¥o)dx + [ (x4, ¥,)dy

Af =df hay f(x,+Ax,y, +Ay) = f (%0, y) +df (X5, 3,)

e Dao ham riéng cap cao

p O e O O[O OO
f*—ax(axj’ & ay(axj’ I 6x(ay} & ay(ayj

ha o f o*f o°f o°f
Y ox* " oxoy Oyox” dy?

e Cong thire Schwarz: (M) =1 (M,).

e Vi phan cip cao

2

o’ f o' f o' f
d* f(x,y)= dx* +2 dxdy + dy?
Jey)==3 ooy Y i
Nguoi ta dung ki hiéu luy thira tugng trung dé viét gon nhu sau:

4" f(x,y) Z(a_id“%dyj FGy)

e Dao ham ctia ham s6 hop

ou_oudx oudy ou_oudr oudy

_ = 1 +
Os OxOs OyvoOs Ot Oxot Oy ot
dy _F] o0z F oz F)

X __x = Y

b~ F/ ox FZ"@y__FZ’

¥

e Pao ham cua ham an

e Dao ham theo hudng. Néu ham sb u(x, y, z) kha vi tai My(xo, yo, Zo) va 7 bét ky co céc
cosin chi phuong cosa, cos f3, cos y thi:

ou ou ou ou
—M,)=— (M )cosa+— (M, )cos f+—(M)cos
aﬁ( 5) ax( 0) ay( 0) B 52( o) Ve
o Gradién:  grad u(M,) = (u, (M), ul,(M,),u(M,))
=u, (M,)i+u\,(M,)j+u.(My)k
trong do ;, ;’, k 1a cac véc to don vi cta céc tryc Ox, Oy, Oz.

% =ch- gradu
or
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fx/(xosyo):()

e Cuc tri: Giai hé ;
fy (X0, 95)=0

PE o> o> .
Azﬁ)c_{(xO,yO)’ Bzﬁ(xmyo)a C:@y_{(xoayo) GoiA=B"-AC

Néu A > 0 thi ham sb khong dat cuec tri tai (Xo, yo)
Néu A = 0 thi chua két luan gi dugc vé (X0, Yo)
Néu A < 0 thi ham sb dat cuc tri tai (X0, Y0)
Cu thé: dat cuc dai néu A < 0, dat cuc tiéu néu A > 0
e Cyc trj c6 diéu kién. Phuong phap nhén tir Lagrange
fi(x,y )+ (x,y)=0
Tim (x,,,,4) thoa man h¢ phuong trinh: | f/(x ,y )+ ¢/ (x ,y )=0
p(x,y)=0
CAU HOI VA BAI TAP CHUONG III

3.1. Mién lién thong D 1 mién c6 bién chi 1a mot dudng cong kin.

N Sai U

Dung
3.2. Néuton tai lim f(x,,y) thi ton tai ( )lir(n : f(x ,y)va ching bang nhau.
Y=o X,3)=>(Xg,)
bung U Sai U

3.3. Ham s f(x,y) c6 dao ham riéng tai (x,,y,) thi kha vi tai do.
U Sai U

Dung

3.4. Ham s6 f(x,y) kha vi tai (x,,y,)thi lién tuc tai do .
Dung [ Sai ]

3.5. Ham s6 f(x,y) kha vi tai (x4, ,) thi c6 cac dao ham riéng tai do .
Duing [ Sai ]

3.6. Tontai £ (xgs o) (s )t £ (s v0) = £11 (00 30)
Dung ] Sai [

3.7. Néu f(x,y) c6 dao ham riéng lién tuc dén cap hai vax = x(¢), y = y(¢) kha vi dén cp hai
d’f = fx/z/dx2 +2f4dx.dy+f;§dy2
Dung [] Sai []
3.8. Ham s6 f(x,y) dat cuc tri va kha vi tai (x,,y,) thi cac dao ham riéng triét tidu tai do.
Dung ] Sai ]
3.9. Céc dao ham riéng triét ti€u tai (x,, y,)thi ham s6 dat cuc tri tai do
Dung L] Sai  []
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3.10. Ham s dat gi4 tri 16n nhét tai (x,,,) € D thi dat cuc tri tai d6
Dung [] Sai N

3.11. Tim mién xac dinh cta cac ham so sau:

a. Z:lnxy, b Z=\/9—x2—y2_\/x2+y2_1’

1 dz:l

1
c. Z_\/x+y_\/x—y’ ) Pl

3.12. Tinh dao ham riéng cac ham s6 sau:

a. z=In(x+x"+y%), b. z:yzsini,
y

c. z:xyz,x>0, d. z=arctgz.
X

3.13. Chtng minh cac hé thiic sau day véi cac diéu kién twong (mg

/ / s 2 2
a. xz,+yz, =2,v61 z=In(x"+xy+y7) .

b. yz + xz)/) =0,v6i z= f(x* — "), f(t) kha vi.

3.14. Tinh dao ham cua cac ham s6 hop sau:
_outenr _ 2 2
a. z=e ,U = COSX,V=4/X "+ )~ .

b. z=In@’+v*),u :xy,v:ﬁ.

3.15. Tinh vi phan toan phan cia cac ham sé sau:

a. z=In th .
X
b. z=e¢"(cosy + xsiny).
3.16. Tinh dao ham cua cac ham sb an x4c dinh bdi cac phuong trinh tuong tng
a. X’ y—y’x=a’,a=const, tinh ).

Xt .
b. arcte~Y =2 4= const, tinh y'.

a a
r r / /
c. xtytz=¢’, tinh 2,2,
3 3 3 _ r / /
d. x’+y +z" =3xyz,tinh z,,z.
3.17. Chimg minh cac hé thirc sau day, voi cac diéu kién tuong tng

L. X s e qea X J4 .
a. zi/z ZZZ = (z)/c/y)2 , Vo1 z=xf(—), f(t) kha vi lién tuc dén cap hai.
y
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2 2
b. u L2l+—a th =0, voi uzlnl,r:\/)c2+y2 .
ox" Oy r

2 2
C.. %+%=O,V(’)’i u=Inr’,r=\x*+y*.
X y

2 2 2
d. 0 th+8 L21+8 L; =0, véi u=l,r:\/xz+yz+z2 .
ox° 0oy° oz r
3.18. Cho u=xy’z", M,(1,2,-1),M,(0,4,-3). Tinh uM,)
MOMI
2 2 2
319, Cho u=" 42 42 F=(xy.2),. Tinh M) 7 o0i 13 véc to ban kinh.
a b ¢ or
Khi nao 6u(]£4 ) = | gradu|
or
1 1 = , . ou(M)
3.20. Cho u=—=———=—=, [ =(cosa,cosf,cosy).Tinh —=?
r \/x2+y2+22 ol
Khinao 2401 _ ¢

3.21. Tim cuc tri cua cac ham sd
a. z=e ' (x+y)(x—y+4).
b. z=x"+y’ -3xy.
c. z=2ax—x>)2by—y?), ab#0.
d. z=x>+xy+y> —4Inx—10In y.
e. z=x"+)y —x—y.
£ z=x*+y* —2x> +4xy-2y°.
g. z:xy+ﬂ+§, vol x>0,y>0 .
X oy
h. z=x"+y’ —x*y.

3.22. Tinh khoang cach tir gbc toa d6 dén mit phang x + 2y + 3z = 3.
2 2
3.23. Cho ellipse i +% =1, tim c4c diém trén d6 c6 khoang cach gan nhat dén duong

thang 3x — 4y = 0.
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CHUWONG IV: PHEP TiNH TiCH PHAN

MUC PiCH, YEU CAU
Phép tinh tich phan l1a phép tinh co ban thur hai cua toan cao cép. bay 1a phép tinh nguoc
cua phép tinh vi phan. Chinh vi thé dé tinh tich phan nhanh chong, chinh x4c can thong thao
phép tinh dao ham cua ham s6. Can nam viing cac ndi dung sau day:
1. Pinh nghia tich phan xac dinh, ¥ nghia ctia n6. Diéu kién ton tai tich phan xac dinh.
2. Dinh nghia nguyén ham, tich phan bat dinh va phan biét véi tich phan xac dinh.
3. Cong thirc Niuton- Lépnit, diéu kién 4p dung.
4. Phuong phép tinh tich phan: dwa vao bang nguyén ham cic ham s6 so cap, tinh chat
cua tich phan va hai phuong phép co ban (doi bién so va tich phan timg phan).
Céc bai toan tng dung tich phan xac dinh.
. Tich phan suy rong. Y nghia va tmg dung cia no.
NOI DUNG
4.1. KHAI NIEM VE TiCH PHAN XAC PINH
4.1.1. Pinh nghia tich phan xac dinh

Cho f:[a,b]—)R, a<b

1. Ta goi mét ho hiru han céac diém (x;), i =0,n sao cho
a=xy<x<..<x,,<x,=b

la mét phan hoach (hay mot cach chia) doan [a,b] va goi A= Max1 Ax;, trong do

0<i<n—

Ax; = x,,, —x;,i =0,n—1 la bude cua phan hoach da chon. Tap phan hoach ki hi¢ula (p,)
2. Ta goi mot cach chon tng véi phan hoach 1a mot cach liy n diém &, sao cho
S € [xi’le]’i =0,n-1
n—1
3. Ta goi s6 thuc o = Z f(E)Ax, 13 tong Rioman (Riemann) ctia ham f (g v&i mot
i=0
phan hoach va mot cach chon. RS rang voi f € R 8 ¢6 diy tong Riemann o . Ki hiéu la
(O-n) °
4, Néu 1 —> 0 ma o, — I hitu han ( khong phu thudc vao cach chia doan [a,b] va cach

chon céc diém & g véi cich chia d6 ) thi / goi la tich phan xac dinh cia £ trén [a,b] , ki

b
hi¢u la j £ (x)dx . Néu ton tai I thi néi rang f kha tich trén [a,b]

Nbur véy [ (ods = 1im " £(&)x, @)
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b
Trong ki hiéu trén: j 1a dau lay tich phén, j 1a 14y tich phan tir a dén b, a 13 can dudi, b

1a can trén cua tich phan, x 1a bién lay tich phan, f(x)1a ham dudi d4u tich phéan, dx 1a vi phan
ctia bién 14y tich phan.
Chu y:

e Chiing ta s& nhan dwoc y nghia hinh hoc cua tich phan xac dinh nhu sau: Néu f(x) > 0

trén [a,b] thi tong Riemann chinh 1a tong dién tich cac hinh chir nhét c6 kich thudc tuong tng

Ax,va f(£),i=0,n—1.D6 la dién tich cia hinh thang gan ding dién tich cua hinh thang cong

gi6i han boi truc Ox, duong cong C, cua ham s6, cac duong thang x =a,x =b. Nhu viy
b
I f(x)dx chinh 1a dién tich cta hinh thang cong da mo ta ¢ trén, ki hi¢u 1a hinh thang [a,b, C; J

Xem hinh 4.1.

YA

XV

i+l

H.4.1

b b
e Néu f(x) kha tich trén [a,b] thi I f(x)dx = j f(¢)dt . Boi vi tich phan ¢ vé phai ciing

n—1
chinh 14 gii han cua diy tong Riemann o, = z f(E)Ax;, vi ca hai déu thyc hién phan hoach

i=0
[a,b]vdi cing mot ham s6 f . Nhu véy tich phan xac dinh khong phu thudc vao bién lay tich
phan

e Nguoi ta dinh nghia jﬁ f(x)dx = —J- f(x)dx 4.2)
b a

bac biét j.f(x)dx =0 (4.3)

110



Chuong 4. Phép tinh tich phdn

4.1.2. Diéu kién ton tai tich phin xac dinh
A. Piéu kién cin
Pinh li 4.1: Néu [ kha tich trén [a, b] thi f bi chdn trén [a, b]
Chirng minh: Ly luén phan chung:
Gia st f khong bi chan trén, khi d6 1ap dugc diy con ctia (o) dan dén + oo bang cach lay
cac diém & trong lan can khong bi chin trén ciia f . Chimg t6 khong ton tai giéi han hitu han
cua o,. Vay f bi chan trén, tuong ty f ciing bi chan dudi. Tic la tdn tai m, M R sao cho

m< f(x) <M ,Vx e |a,b]

B. Piéu kién di

Pinh 1i 4.2: Néu f(x) lién tuc trén [a, b] thi kha tich trén doan dé

Pinh li 4.3: Néu f(x) don diéu va bi chan trén [a, b] thi kha tich trén doan do.

Hé qua: Néu f(x) lién tuc tirng khiic trén [a, b] thi kha tich trén doan do.

Dudi qay ta dua ra cac dinh 1i va s& khong chimg minh, vé mot 16p ham kha tich, 16p ham nay

chura tat ca cac 1op ham da xét ¢ trén

Dinh li 4.4: Néu f(x) bi chin trén [a, b] va chi ¢6 hitu han diém gidn doan thi f(x) kha tich
trén [a, b]

Pinh i 4.5: Néu f(x) kha tich trén [a, b] thi | f(x)
[a, b].

Pinh li 4.6: Néu f,g kha tich trén [a, b] thi tong, hiéu, tich cia ching ciing kha tich trén [a, b]

k. f(x) (k =const) ciing kha tich trén

Pinh li 4.7: Néu [ kha tich trén [a,b] thi kha tich trén moi doan [at, ] < [a,b]. Newoc lai
néu [a, b] dwoc tach ra thanh mot sé doan va trén méi doan dé ham kha tich thi
f kha tich trénfa, b].
4.1.3. Cac tinh chit ciia tich phan xéc dinh
Cho f,g kha tich trén [a, b]vaa<b, A 13 hing sd.

1. jf(x)dx = jf(x)dx + If(x)dx véi ¢ € (a,b)

2. j'/if(x)dx E ﬂjf(x)dx

(98]
QA C— >

(/) + g(0dx = [ f(x)dx + [ g(x)dx

b
4. Néu f(x)=>0trén [a, b] thi If(x)dx >0
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b b
5. Néu f(x)> g(x),Vx e [a,b] thi J-f(x)dx > _[g(x)dx
b
6. Néu f >0 trén [a,b], /lién tuc tai x, [a,b] va f(x,) >0 thi j F(x)dx >0

That vay 309, (x,) dé f(x)> %f(xo),‘v’x € 2,(x,)
1
Xét e(x) = Ef(xo) x € £25(x,)
0 x € [a,b]\ 2,(x,)

Suyra f(x)=e(x),Vxe [a,b]. Theo 5.

J.f(x)dx > J-e(x)dx = %f(xo),zé‘ >0

7.

[ f()ax

< [|£ (o]
8. Néum< f(x)<M,Vxelab]thi mb-a)< j F(x)dx < M(b-a)

=>m<

1§ ) 1§
P a{f(x)deM.Datuzmlf(x)dx

Goi u la gia tri trung binh ciia f trén [a, b], khi d6 ta c6
b
@y = (o =)

Néu f(x)lién tuc trén [a, b] theo dinh 1 1.19 cua muc 1.4.3 s&€ ton tai ¢ € [a,b] sao cho

b

K= f(c).Dodo: jf(x)dx = f(c)b-a)

Giatri c e [a,b] co thé biéu dién c=a+ H(b—a),O <8 <1. Vay cong thirc trén co thé

viét dudi dang

[ F()dx= f(a+00-a)(b-a)0<o<1

Nhu vy trén duong cong C, d6 thi cia ham f(x) >0 trén [a, b] bao gid cling tim
dugc diém M (c, f (c)) dé hinh chir nhat co kich thuéc b-a va f(c)c6 dién tich bang dién tich
cua hinh thang cong la,b, C fJ. Xem hinh 4.2
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\J

H4.2
4.1.4. Cong thirc Niuton-Lépnit (Newton-Leibnitz).
A. Ham tich phan cia can trén
Cho f(x)Xkha tich trén [a, b]. Liy x,cd dinh, x, € [a,b]. Cho x € [a,h]khi d6 theo dinh i
6 thi ham f'(x) kha tich trén [xo,x] v6i x tuy ¥ trong [a, b]. Ham s

p(x) = [ ()t (4.4)

goi 1a ham tich phan cua can trén hay tich phan cia ham f(x) theo can trén
Pinh i 4.8: Néu f(x) kha tich trén [a, b] thi $(x) la ham lién tuc trén [a, b]

Chirng minh: Ly x € (a,b)va h eR"sao cho x + 4 e [a.b] xét sO gia ham s6 tai x:

x+h

AP(x) = g+ )= p(x) = [ f(0)dr = ah

trong d6 Inf f < Inf f<pu< Sup f<Sup f (Theo tinh chit 8.)
[a.0]

[x,x+h x,x+h a,b]
T do Ad(x) 1—>00 , vay @(x) lién tuc tai x € (a,b)
Chi y: Clng tuong ty nhu trén ta s€ chimmg minh ¢(x) lién tuc phai tai a, lién tuc trai tai b.
Pinh 1i 4.9: Néu f(x) lién tuc trén [a, b] thi ¢(x) kha vi trén [a, b] va cé
#'(x) = f(x),Vx ela,b] . (4.5)
Chirng minh:

Lay x € (a,b) ta cb w:yzf(x+0h),0<0<l,véi I kha bé

Vi f(x)lién tuc tai x nén khi # — 0 thi f(x+6h) dan dén f(x). Theo dinh nghia ctia
dao ham, gidi han d6 chinh la ¢'(x)

Vay 9'(x) = f(x)

Tuong ty, ta ching minh dugc cac dao ham mot phia: @,'(a) = f(a) , ¢,'(b) = f(D)
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Hg¢ qua:
Néu a(x), B(x) kha vi trén X, f(x) lién tuc trén X va[a(x), B(x)|c X Vx e X thi
B(x)

G(x) = [ £t khavitrén X vi G'(x) = f(B())B'(x)— fla(x)a'(x) (4.6)

a(x)

B. Nguyén ham ctia ham s va tich phan bt dinh
Pinh nghia:Cho f,F: X —»R.Goi F 1a mot nguyén ham cua f trén X néu F kha vi trén
X vathoamin: F (x)= f(x), Vxe X.
Pinh 1i 4.10: Néu f(x) lién tuc trén X thi sé c6 nguyén ham trén X va néu F(x) la mot
nguyén ham thi tdp hop cdc nguyén ham cua f la {F x)+C , C EIR}
Chirng minh: Theo dinh 1i 4.9, rd rang ton tai nguyén ham cia f(x) la
d(x) = I f()dt = ¢(x) c6 dao ham cép 1 lién tuc
Gia st F(x)la mot nguyén ham cta f trén X thi F(x)+C , VC eR ciing 1a nguyén
ham cua f vi
(Fx)+C) =F (x)= f(x) , VxeX.
Nguoc lai néu ¢ 1a mot nguyén ham nao d6 cua f trén X thi F(x)—@(x) kha vi trén
X, ngoaira
(F@)=¢(0)) = f(x)= f(x) =0 trén X
= F(x)—¢(x) = const = ¢(x) = F(x)+ C trong d6 C eR.
Tap hop cac nguyén ham cua f(x)trén X goi la tich phan bat dinh cua f(x),
Kihigu [ f(x)dx. Vay
j F(x)dx = F(x)+C (4.7)
Trong d6 F(x) la mot nguyén ham cua f(x)trén X .
C. Cong thirc Newton-Leibnitz.
Pinh li 4.11: Néu f(x) lién tuc trén [a, b] c6 mot nguyén ham la F(x) trén [a, b] thi

[ f()dx = F(b)- F(a) (4.8)

Dai lwong F(b)— F(a) dwoc ki hiéu F(x)

> goi la bién phan tir a dén b cia F(x).

Chirng minh: Theo dinh i trén, tdn tai C €R sao cho

F(x)=¢(x)+C, trong d6 ¢(x) = If(t)dt
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F(b)=¢(b)+C = i f@)dt+C = f f(x)dx+C
Fa)=¢(a)+C=C
Vay F(b) - F(a) = [ f(x)dx.

Chii y: Cong thitc Newton-Leibnitz cho cach tinh tich phan ciia cdc ham lién tuc bang cach tim
mot nguyén ham ctia ham sb d6 rdi tinh bién phan cua né tir a d&én b.
4.2. HAI PHUONG PHAP CO BAN TiNH TiCH PHAN XAC PINH
4.2.1. Phép doi bién
Pinh Iy 4.12: Néu ¢:[a, B]1 =R, ¢ cé dao ham lién tuc trén [a, B] va o([a, B]) < [a,b].
f:la,b] >R, flién tuc trén [a, b]
khi do:
(B)

B
[£lp@np @).dt= [ f(x)dx (4.9)

¢(a)
Chimg minh: Theo gia thiét £ lién tuc, suy ra ton tai nguyén ham cta né6 F(x) c6 dao ham lién
tuc Theo cong thirc Newton - Leibnitz nhan dugc:
o(B)

[ £()dx = F(p(B) - F(p(a))

o(a)

Theo dinh 1y vé& ham hop ta co F(¢(t)) c¢6 dao ham lién tuc trén [, f] va

{F(p()} = F,.p (1) = f(¢)p (t) Ching to F(p(¢)) la nguyén ham cia f(p). (¢).

Viay tich phan vé trai 13 F(@(B)) = F(e(a)). Ching to phép bién d6i tich phan
x = @(t) da dugc chirng minh.
Pinh Iy 4.13: Néu ¢:[a, B1—=R véi @ don diéu va c6 dao ham lién tuc trén [a, B]

f:la,b] >R, f lién tuc trén [a, b]
voi t = @(x) ma f(x)dx = g(t)dt,g lién tuc trén [p(a),p(b)], khi do:

b o(b)
j F(x)dx = j 2(t)dt (4.10)
a o(a)

Dinh 1y ¢ day duoc ching minh twong ty nhu dinh 1y 1, & ddy da thuc hién phép dbi
bién tich phan ¢ = @(x).

Chii y: Khi thuc hién phép doi bién, nhan dugc tich phan c¢6 cin méi. Tuy theo cac ham dudi
dau tich phan ma chon mét trong hai cach doi bién.
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4.2.2. Phép tich phén tirng phin
Pinh Iy 4.14: Néu u,v:[a,b] >R va u,v ¢6 dao ham lién tuc trén [a, b] thi:

Iu'(x).v(x)dx = u(x)v(x)]" - ju(x).v' (x)dx (4.11)

Chirng minh: Néu u,v c6 dao ham lién tuc, d& dang nhén dugc cong thic sau:
J.u'.vdx =uy-— J.u.v'dx

That vay (uv)=u'v+uy' = uv= ju'vdx +J-u.v'dx

b b
b
Suy ra J-u'vdx =uy|, —J-u.v'dx
a a

Vi du 1: Chiing minh céac cong thirc dudi day:
a.  Cho fliéntuctrén [0,a] thi [ f(x)dx = [ f(a—x)dx
0 0

7 7
b.  Cho f lién tuc trén [0, 1] thi: jf(sinx)dx — jf(cosx)dx
0 0

Ixf(sin X)dx = %{ £(sinx)dx

c.  Cho f lién tyc trén [-a, a] thi
0 néu f(x)lahamso 1é

_I,, S (od = 2} F®)dr “néu f(x) 12 ham s6 chén

d. Cho f lién tuc trén (—o0,4+00) va tudn hoan véi chuky 7' thi:

a+T T

j F(x)dx = j F(x)dx, Va eR
a 0
Giai:
a. Poibiénx=a—t
X 1A T P AP
b. D01blenx=5—tVad01blenx=7t—t
a 0

C. J.f(x)dx :jf(x)dx +]£ f(x)dx

Doi bién x = - t, If(x)dx = j.f(—x)dx = Tf(x)dx = T{f(x) + f(—x)}dx

f(x) laham s 1é¢ < f(x) =—f(-x), Vx €[0,a]. Do do: jf(x)dx =0
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f(x) 1laham s6 chin < f(x) = f(-x), Vx €[0,a]. Do do: jf(x)dx = 2]1‘ f(x)dx
—-a 0
a+T 0 a+T

d. [rGodx = [ f(x)dx + T fdx+ [ f(x)dx

Poi bién x =t + T vanhdriang f(x+T) = f(x) s& co:
a+T

[ £ (x)ax = j f(t+T)dt =I f(t)dt = —T £ (x)dx

a+T T

suy ra j F(x)dx = j F(x)dx
a 0
Vidu 2: Tinh céc tich phan sau:

a. 1, :J.\/az—xzdx
0

T
2 .
sin x
b. I, = I—zdx
o 1+cos™x

Giai:

a. Poibién x=asint,xe(0,a]=1¢ {O,%}

I, =

O 0 | Y

|a| costacostdt = a|a|%

b. Ddi bién ¢ = cosx, x € [O,%} G [1,0]

dt L
I, = _!1+t2 = arctgt‘o 71

Vidu 3: (Tich phan Wallis)

Tinh /, = |cos" xdx , neN

S 0 [N

Giai:
a. Pat u =cos" " x,dv =cosxdx = du = (n—1)cos" > xsinx dx,v = sinx
T

i
K 2

I, =cos" " xsinx|2 +(n— l)J‘ cos" % x(1—cos” x)dx
0

=(n-DI,_,—(n-DI, =1, = n—1
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ju 2 1z 2 2
hge D= fessdisl hogli=gg. h=3heg
_2m-12m-3 31z _QCm-Nzx
o 2m 2m=2)"42°2 Cem)! 2
;o o_m 2(m—-2) 31— @2m)!!
U om1l 2m—-1 737 @m+ D!

—1\
(n 1)"% néu zn chin

J = n!!
" (=1

n!!

néunlé

4.3. PHUONG PHAP TiNH TiCH PHAN BAT PINH
Ta di biét rang I f(x)dx=F(x)+C trén X Trong d6 F(x)la mot nguyén ham cua
f(x) trén X va C la hang s6 tuy y.
4.3.1. Bang cac nguyén ham thong dung
A. Tinh chit co ban ciia tich phan bit dinh.
Trudc hét thay ngay rang cac tinh chat sau ddy cua tich phan bat dinh 13 hién nhién.

Cho f,g c6nguyén ham, A1 eR

—

. (J.f(x)dx)‘ = f(x), dj f(x)dx = f(x)dx
- JU @+ g = [ f(x)dx + [ g(x)dx

- [AsGdx = /”t_[ F(x)dx
4. Néu f(x) c6 mot nguyén ham 1a F(x) thi f (u(x))u'(x) ¢6 mot nguyén ham la
F(u(x)) khi u c6 dao ham lién tuc, tic 1a

j F(x)dx = F(x)+C = j Flu(x) (x)dx = F(u(x))+C, dic biét jdf(x) = f(x)+C

[\

W

B. Bang cac nguyén ham
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Ham s6 f(x) Nguyén ham F(x) Tap xac dinh X
x“,a eR\{-1} x! R,
a+l1
1 In|x] R’
X
a“,aeR",0<a#1 1 . R
alna
e* le”“ R
a
COS X sin x R
sin x —COSX R
1gx —
Injcos R\ §+ k. k ez}
cot gx In|sin x] R\{kz,k Z}
tgx
2 =1+1g"x R\ z+k7r,keZ}
CcoS™ x 2
1 —cotgx
— = 1+ cot g°x & R\{kﬁ,k EZ}
sin” x
1 R 1 % R
—,a€R —aretg —
a +x a a
1 : lln1+x R\{—l,l}
I-x 2. |1-x
1 In(x + 1+ x?) R
1+x°
1 ,a€R arcsin > R\{—a,a}
a—x a
! lnx—i-\/xz—l‘ R\[-1,1]
xr -1
4.3.2. Hai phwong phép co ban tinh tich phan bat dinh
A. Phuong phip tich phén tirng phin
Cho u,v c¢6 dao ham lién tuc trén X khi d6
Iu(x)dv(x) =u(x)v(x)— J-v(x)du(x) trén X (4.12)
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Chu y:

e Phuong phap nay thuong ap dung tinh cic tich phan cic ham sb co dang sau déy:
P(x)In* x, P(x)e™ , P(x)sinax, P(x)cosax, P(x)arcsinx, P(x)arctgx ,e™ cos fx,e™ sin fx,
trong d6: k eN, a, f eR’, P(x) 1a da thic.

e Dé tinh IP(x)e”dx , ta co thé dung phuwong phéap hé sb bat dinh.

[ P(x)e=dx = O(x)e™ + C
Trong d6 deg P(x) = degQ(x)

e Trong qua trinh tinh toan c6 thé phai lip lai mot sé hiru han 1an phuong phép tich phan
tung phan.
B. Phuwong phap déi bién s6
bat x = ¢(t), véi ¢ don di€u va ¢ c6 dao ham lién tyc trén Y khi d6

[r@ax=[rlowlp @, ., (4.13)
bat t = w(x) khido f(x)dx = g(t)dt
[£Godx =[], (4.14)

Chuy:

P6i bién sé dé tinh nguyén ham theo bién méi dé dang hon. Trong két qua phai tré vé bién
liy tich phéan bat dinh ban dau. Diéu nay khac han khi tinh tich phan xéac dinh.
Vidu 4: Tinh céc tich phan sau:

dx
a. [, = Im
b I, = .[sh;;\/_fdx
X
Giai:
a. Pat x=¢>, t>0, dx =2tdt

2tdt dt
= =2 =2arctg\x +C
: '[t(l+tz) jl+t2 gV

b. bat x =¢£ , dx=3tdt

I, = ISlnt 3t%dt = 3Isintdt = -3cosix +C

P2
Jx+1+2

dx
(x+1) =/x+1

Vidu5: Tinh: = j

Giai:

bat t =vx+1 , dx =2tdt
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2 %42 t-1? 2 241
- dt =In————arctg——+C
t—1 £2+t+1 £+t+l A3 NE

(Wx+1 1) i ot 2\/x+1+1+c
\/x+l+x+2 \/_ & NE)

Vidu 6: Tinh: [ = I3V2”1 dx

t+2

Giai:

bat V2x+1=t, dx =1tdt

O M M
In3 In3 In3 (In3)
3x/2x+

(«/2x+ Lin3-1)+C

4.3.3. Cach tinh tich phan bat dinh ciia cac ham s6 hiru ti

Nhan xét:
£ 1s N s at P(X") 3 , 2. .4 P
e Néu ham hiru ti c6 dang f(x)=x A n EN\{O,I} , bang cach doi bien ¢ = x" s&
nhan duoc:
P(t
J s == [20 g
ol )

Nhu vy ta di ha thap bac cua cac da thirc 6 mat trong ham £
e Moi ham hiru ti (d6i khi goi 1a phéan thirc hitu ti) khong thuc su déu phén tich thanh tong
cua mdt da thirc voi mot phan thirc hitu ti thuc su.
e Sir dung dinh i 2 trong muc 2.1.2 va tinh chét ciia tich phan bat dinh, thay ring qué trinh
tich phan cac ham hitu ti 1 qua trinh tich phan cac phén thic t6i gian.
Duéi day ta trinh bay phuong phép tich phan cac phan thirc toi gian thyc su.
A. Tich phan céc phén thire tdi gian loai thir nhat

1= =S L acR
(x— a)

A 5 dx . .y <

Néu n =1 thi I =1n|x—a|+C,V01C=c0nst khi xét x < a hodac x> a
xX—a

New neN Vi mi [—2 - L1 __.c

(x—a)" n-1(x—a)"'

B. Tich phin cac phén thirc tbi gian loai thi hai

= Ax+p dx , A,pa,b,ceR va b>—4ac<0,n eN’
(ax’ +bx +¢)"

e Néu1=0
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Iz,uf dx

(ax* +bx +c)"

2
Bién d6i axz+bx+c:—A 1+ M ,A=b"—4ac
4a A=A

Thuc hién doi bién ¢ =

2ax+b o (_4_aj"\/—AJ- dt
J=A Y MTA) 2a Yasey

dt
(1+¢

dt
1+¢°

Din déntinh  J L) = j ) bang phuong phap truy toan.

Trudce hét J,(¢) = I =arctgt +C

Tich phén ting phan s& c6

J, (1)

+ 2nj tidt

t
1+ (1+£2)™!

J, = +2n(J, - J
n (1+t2)n ( n n+1)

t
(1+1%)"

2nJ,,, =(2n-1)J, +
Chu y:

Co thé tinh J, bang phép doi bién @ = arctgt = dt = (1+1g°0)d6
do

Jn = J.ﬁ = ICOSz(n_l) 0do

(1+1g76)"

Tuyén tinh hod cos*” ™" @ (phan B muc 1.2.3) r6i tinh nguyén ham, sau d6 tré vé bién t.

e Néu 1 #0.

2au
2 2ax +——

2a” (ax* +bx +c)"

_ A 2axtb ﬂ(zay_bjj dx

2a’ (ax’ + bx +¢)" 2a\ A (ax* +bx+c)"

Tich phén thir nhat tinh dugc nhd phép d6i bién u = ax” +bx +¢

2ax+b du 1 1
J. 2 dx = J. = 2 -1
(ax” +bx+c)" u" 1-n (ax"+bx+c)"

+C

Tich phén thir hai tinh theo J, da trinh bay ¢ trén.

dx

dx
x+1

(x> +1)°

Vidu7 Tinh 1:j va J:j

Giai:
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A 1 1 1 1 x-2
Phan tich S = > =—, -~
x+1 (x+Dx"—x+1) 3 x+1 3 x —x+1
e | e S N
x —x+1 x+1 2 2
dx dx 2 2x—1
Trong d6 I, = = =—arcte——+C
s : J‘xz—x+1 I 1Y 3 3 & 3
x_i -
2 4

2% —
arctgx— +C

NG

Cudi cung [ =%ln|x+1|—%ln(x2 —x+l)+L

V3

Bang phép tich phan timg phan sé& co

X x’ X
I = +3 dx = +3([—-J
X +1 J‘()53+1)2 x +1 ( )

Suyra J(x)=-— [2]+ j
3 x +1

2 arct 2x—1+ al +C
33 TR 3R 4

4.3.4. Tinh nguyén ham cac phan thirc hiru ti doi véi mot s6 ham thong dung

= 31n|x +1 L - xa s
9 9

A. Ham hiru ti d6i véi sin va cdsin
1. Truong hop téng quat.
Xét I R(sinx,cos x)dx trong d6 R 1a <’phan thirc hiru ti hai bién”’

Thuc hién phép ddi bién: = tg% . Khi do

2t Ik 2dt

sinx:—2 , COSx=—-— , dx= >
1+1¢ 1+1¢ 1+¢

Khi d6 dwa vé dang I (t) dt

Tuy nhién bac cua P(t) va O(t) thuong 1a cao, lam cho qua trinh tinh toan rat ning nhoc.
Sau day ta xét mot so truong hop dic biét, vai cach doi bién thich hop sé tinh toan d& dang hon.
2. Truong hop dic biét thir nhat.
e Néu R(sinx,cosx) = R(—sinx,—cosx) thi d6i bién ¢ = tgx hodc ¢ = cotgx
e Néu R(sinx,cosx) = —R(sinx,—cosx) thi ddi bién ¢ =sinx
e Néu R(sinx,cosx) = —R(—sinx,cosx) thi d6i bién ¢ = cosx
3. Truong hop déc biét tha hai.
Khi R(sinx,cosx)=sin" x.cos" x , m,neZ
e Néu m 1é thi d6i bién ¢ = cosx

e Neéu n 1é thi doi bién ¢ = sinx
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e Néu m,n chin va khong cing duong thi d6i bién ¢ = tgx

e Néu m,n chin va cing duong thi tuyén tinh hoa sau d6 tinh nguyén ham

B. Ham hiru ti doi véi e™, o eR

Xét I = j f(e“)dx , trong @6 f(x) 12 ham hitu ti. Thyc hién phép ddi bién
=e™ , dt = edx,Khi do

Lpf,
(04 t

b6 1a tich phan cua ham hitu ti 43 xem xét trong phz‘in 433

Vidu8: Tinh [ = j—,a>1
a+cosx
Giai:
2dt D la—1
Dr;ittztgi thiI:j > = 1= arctg il tgf +C
2 (a+1)+(a—1t a’ =1 a+1 "2
d.
Vidy9: Tinh /=[——"
4sinx +cosx+5
Giai:
2
dt
e 2 dt dt
Pbibién r=rg> , I=| et o - [ :
2 2t 1—t 2t° + 8t +8 (t+2)
4. s o > +5
1+¢ 1+¢
1 1
=Nl CisT o +C
t+
g—+2
g2
Vidu 10: Tinh cac tich phan sau.
3
a. I, :J.Cf)s4xdx, b. IZ:Isin3xcoszxdx,
sin” x
c. I —ISIH Sy d. 14:jsin2xcos4xdx.
CoS’ X
Giai:
a. I, :jc9s4xdx , datt¢=sinx, dt = cosxdx
sin” x
- 1 1 1 1 1
Ilzj-cos xcosxdx_J- td J~___ dt =—+irc=——1_4 1 ,c
sin” x t? 3t ¢t 3sin"x sinx

b.1, = Isin3xcosz xdx , datt=cosx , dt =—sinxdx
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cos’x cos’x

Ism XCos xsmxdx——.f(l )t dt = -3 +C
J'mxx, dat ¢ = tgx , dt = df
cos® x cos’ x
3 5
J~1nx J-smx 1 —It(1+t)dt— x+tgx+c

COS X COS XCOS XCOS X

1e.
J.sm xcos® xdx = . jsmz 2x(1+ cos2x)dx

1 1. . 1 I . 1.
:—j(l—cos4x)dx+—_[51n22xds1n2x =—x—-—sindx+—sin’3x+C
16 16 16
Vi du 11: Tinh tich phan bt dinh sau

JL ack
(1+e™)* ’

Giai:
biat t =e* |, dt = ae™dx

11 1
J(1+e ayt Jz(1+z) ;f(rm‘(my}”

1[1n|z|—1n|z+1|+Lj+c :l[ax—ln(1+em)+ 1 j+c
a t+1 a 1+e*

4.4. MOT SO UNG DUNG CUA TiCH PHAN XAC PINH
Chii y: Trong muc nay khi xem xét mot hinh phang hay mot vat thé, chung ta can dé y dén tinh
chat doi xting cua hinh d¢ don gian qua trinh tinh toan hodc dé chon mét hé qui chiéu thich hop
de gidi quyét bai toan dugce dé dang hon.
4.4.1. Tinh dién tich hinh phang
A. Mién phing gi6éi han boi cdc duwong cong trong toa do Pécac(Descartes)
y y

A

A

»

A

&>

n

/
)

v
v

HA4.3
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Gia st mién phang D gidi han boi cac duong:

x=a,x=b,(a<b), y=fi(x), y=f,(x) trong d6 f,f, lién tuc ting khic trén
[a, b]. Goi dién tich cuia mién phéng D 1a S. Theo y nghia hinh hoc cua tich phan xac dinh, nhan
duoc cong thure tinh S nhu sau:

S = [0 = £, () (4.15)

Tuong tw, néu D gi6i han boi cac duong:

yv=c,y=d,(c<d),x=g(), x=g,(y) trong d6 g,,g, lién tuc tung khuc trén
[c, d] thi

S = [lg(») - &)y (4.16)

B. Gia sir mién phiang D giéi han béi dwong cong cho dwéi dang tham so:

{x:x(t) f,<t<t,
y=y(1)

i
Khi d6 S = ﬂ Y(t)x (z)‘dz 4.17)

Vidu 10: Tinh di¢n tich cta hinh elip c6 cac ban truc a,b.
Gidi: Hinh é€lip gidi han béi €lip c6 phuong trinh
2 2
% + ;;— =1
Do tinh chat ddi xtmg cua élip qua cic truc toa do va do phuong trinh tham sb
cua élip co dang: x =acost , y=bsint, 0<¢t<2rx

T

2
néntacod: S = 4J. absin®t.dt = mab
0

Vidu 11: Hay tinh di¢n tich ctia hinh gidi han boi truc hoanh va mot nhip ctia duong Cycloid
cho bai phuong trinh tham s6:

x =a(t—sint)

y=a(l—-cost) , 0<t<L2r . ( Xem hinh 4.4)
Y a
2a
T~ T~
0 Ta 2ra 3ra
H.4.4
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2 2
Giai: S = Ia2(l —cost)dt = a* I(l —2cost +cos’ t)a’t =3a’x
0 0

4.4.2. Tinh d9 dai dwdong cong phing
A. Phuong trinh cho trong hé toa d¢ Descartes vuong goc
Gia str dudng cong 4B cho boi phuong trinh
y=f() . Ala.f(@) . Bb.f(®)
Trong d6 f c6 dao ham lién tuc trén [a,b] , (a<b)

Néu goi / 1a do dai cung AB thi / duoc tinh theo cong thirc

b

/= j J1+ 2 (x)dx (4.18)

a

B. Phuong trinh cho trong dang tham 50

{x = o(1)
y=y()

[ = Jl‘w/go'z () +y" (t)dt (4.19)

Vidu 12: Hay tinh d¢ dai cua mot nhip Cycloid cho trong vi du 11.

Giai:

t,St<t. @,y c6 dao ham lién tuc trén [to,t]]

x'(t)=a(l—cost) , y'=asint

[ = 2Na2(1 —cost)’ +a’sin’ tdt = 2\2a[\1-costdt
0 0

T t
= 4aJ.sm£dt = 8acos—‘?Z =8a
)2 2

Vi du 13: Hay tinh d6 dai cua Astroid, phuong trinh tham sb c¢6 dang.
Xx=acos t
y=asin’t, a>0, 0<t<L2rx

hodc trong hé toa d¢ Descartes c6 dang x> + y* =a@?. ( Xem hinh 4.5)
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y
a

<Y

Giai:
[ = 6a|sin2tdt = 3acos2i|? = 6a

O m— V| Y

x'=—3acos’tsint , y'=3asin’tcost.

4.4.3. Tinh thé tich vat thé

A. Cong thirc tdng quat
Gia st vat thé (V) nam giira hai mat phiang vudéng goc véi truc Ox, cac mit phang ny cd
phuong trinh 14 x =ava x=b , a <b. Cac thiét dién cta vat thé (V ) vudng goc véi truc Ox
nam trén mit phang c6 phuong trinh x=x,, x, € [a,b] c6 dién tich tuwong tng S(x,). (Xem

hinh 4.6). Khi d6 thé tich cta vat thé (V ), ki hiéu 13 V, tinh theo cong thirc

Z A

(4.20)
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B. Céng thirc tinh cho vt thé tron xoay

y y=f(x)

!

v
>

H.4.7

Vit thé (V) tron xoay la vat thé dugc tao thanh do mét hinh thang cong gidi han bdi cac

duong: x=a, x=b, (a<b), y=0vay=f(x)>20, xe [a,b] quay xung quanh truc
Ox (xem hinh 4.8). Cy thé hon, phan khong gian bi chiém chd do hinh thang cong quay xung
quanh truc Ox goi la vat thé tron X0ay.

Nhu vay cac thiét dién vuong goc vai truc Ox la cac hinh tron. Dién tich cua thiét dién

nam trén mit phang x = x, s&la z.f?(x,). Tl 6 nhan dugc cong thirc tinh:
b
v =x[f(x)dx (4.20)

Vi du 14: Hay tinh thé tich cua élipxéit véi cac ban tryc a, b, c:

2 2 2

z
— + y—2 + iy <1
a b ¢
Giai:
Thiét dién cua elipx6it vuong goc véi truc Ox 1a mot hinh elip. Thiét dién

nam trén mdt phdng x =x, , Xx, € [— a,a] duoc gidi han boi elip cé cac ban

2 2
truc b\/l—x—g : c\/l—x—g phuong trinh 1a
a a

y' Z X
o =1-—
b c a
X =X,

Theo vi du 1, dién tich thiét dién biéu dién duédi dang

2
S(x,) = nbc(l - %j
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a

a 2 3 4
Vay V:ﬂbcj 1_x_2 dx = 2mbc a—x—zg = —mabc
o 3a 3
Vi du 15: Tinh thé tich vat thé do mot nhip Cycloid quay xung quanh truc Ox

tao ra. Biét Cycloid cho boi phwong trinh tham s6 1a.

{x =a(t —sint)

y =a(l—cost) t € (—00,+00)
Giai:
27ma 2z
V=nx jyzdx =’ j(l—cost)3dt
0 0
2z
= ma’ j(l —3cost+3cos’ t —cos’ t)dt
0
3 2 1 2
=ra’ {272’ —3sint|” +2 I (1+cos 2t)dt — " I (cos3t+3cos tdt)} =51a’
0 0
4.5. TICH PHAN SUY RONG

4.5.1. Tich phan suy rong véi can vé han
A. Dinh nghia
1.Cho f:[a,+0)—>R , aeR,kha tich trén [a,4] , VA >a.

Tich phéan suy rong ctia f* vdican +oo dugc ki hiéu la: j f(x)dx
N6i rang tich phan suy rong I f(x)dx hoituvésd IeR néu
A—>+0

A +00
lim j Ff(x)dx =1 kihiéu j f(x)dx=1

+o0
Néu 7 khong ton tai hodc / = oo, thi ndi rang tich phan suy rong J. f(x)dx phanky.
2.Cho f: (—oo,a] —R , a R, kha tich trén [B,a] , VB<a

Tich phan suy rdng ciia f* vdi can —oo, ki hi¢u 1a j f(x)dx.
Néi rang tich phén suy rong .[ f(x)dx hoituvésd J eR néu

Blimwj‘f(x)dx =J= jf(x)dx
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Néu J khong ton tai hodc J = oo, thi ndi rang tich phan suy rong J. f(x)dx phan ky.

—00

3.Cho f:R—R kha tich trén [A,B], VA, B €R . Tich phan suy rong cua f véi cac can

v6 han duoc ki hidu la: j F(x)dx.

—00

N6i rang tich phan suy rong J. f(x)dx hoi tu khi va chi khi céc tich phan suy rong

—00

a +o0
j f(x)dx va I f(x)dx cung hoi tu, Va eR. Trong truong hop nay ki hiéu

Tf(x)dx= Tf(x)dx+Tf(x)dx . VaeR

RS rang néu £ lién tyc trén tap xac dinh ciia n6, va cd nguyén ham F(x) thi c6 thé

dung ki hi¢u Newton-Leibnitz nhu sau:

+0o0
a

T S(@)dx = lim F(4)~F(a) = F(x)

a
—00

J e = F@ - Jim F(8) = F (o

+00
—00

T f(x)dx = lim F(4)~ lim F(B) = F(x)

Vidu 16: Xét sy hoi ty, phan ky cua cac tich phan suy rong sau:

a. T b. T_%& C +Oosin xdx , aeR d. Mﬂ a €R
J‘1+x2 '[ 1> 4 J- ’ ’ J- x“
0 —o a 1

Giai:
+o0

d.
a. I x2 = arctgx
o L+ x

o, A T
o0 = lim arctgx — arctg0 = —
X—>+0 2

Vay tich phan suy rong da cho hdi tu.

dx
b. = arctgx
J. 1+ x° &

. ) ) T T
= lim arctgx — lim arctgx = —+— =7
X—>+0 X—>—00 2 )

Vay tich phan suy rong trén hoi tu.
+o0

c. J.sinxdx = —COoSX

a

+0 .
. =cosa— lim cosx

X—>+00

Khong ton tai gioi han cta cosx khi x — oo, vay tich phan suy rong da cho phan
ky.
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oo Inx|;” néu a =1
x
d [==1 4 .
(e —— | néua=l
l-a x
A A .1 0 nfua>1
Nhéan thay limInx =+00 , lim o= ;
X—>+00 x40 &7 0 néu a <1
Cdx 1
Vay tich phan hoi tu voi a >1, khi d6 |—= , va phan ky voi a <1 Chu y:
' x“ a-1

Twong ty nhu ¥ nghia hinh hoc ciia tich phan xac dinh, & day ta thiy:
Néu tich phan suy rong hoi tu va f(x) =0 thi mot mién vo han c6 dién tich hitu han, tinh
duoc nho vao tich phan suy réng voi can vo han

B. Dié¢u kién hdi tu ciia tich phin suy rong
Sau day ta xét truong hop tich phan suy rong '[ f(x)dx voi f(x)=0.

Céc truong hop tich phan suy rong khac voi f(x) gilt nguyén dau, ching ta c6 thé suy

din twong tu dé nhan dugc cac két qua tuong tng.
A
it g(4) = [ f(x)dx

Vi f(x)>0 trén [a,+oo), chiing t6 ¢(A) don diéu tang trén [a,+oo). Tir dinh 1i vé gi6i
han ctia ham don diéu (Xem muc 1.2.2) suy ra:

Pinh li 4.15: Cho ham s6 f(x) > 0va kha tich trén [a,A] , VA >a dé tich phin suy réng

j f(x)dx héi tu, diéu kién can va dii la ton tai L € R sao cho ¢(A)< L , VA

Pinh li 4.16:(Tiéu chuén so sanh) Cho cdc ham sé f(x),g(x) kha tich trén [a, A] , VA > a va
0< f(x)<g(x), Vx>b>a khido

Néu I g(x)dx hoi tu thi I f(x)dx hoi tu.

Néu [ f(x)dx phanky thi [ g(x)dx phan ky
Chirng minh:
+00 b +00
Ta c6 thé biéu dién j F(x)dx = j F(x)dx+ j f(x)dx
a a b

Nhu vy su hdi tu hay phan ky cua tich phan suy rong J- £ (x)dx 1a dong thoi voi sy hoi tu

hay phan ky cua tich phan suy rong I f(x)dx
b
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+o0 +00 A
Néu J-g(x)dx hdi tu = J-g(x)dx hdi ty, theo dinh 1i 4.15 suy ra Ig(x)dx <L ,VA.
a b b
A A
Theo tinh chat cta tich phan xéac dinh s& c6 j f(x)dx < j gx)ydx <L, VA
b b
Chting to J. f(x)dx hoi tu
b
+oo A
Neéu I f(x)dx phanky = J. f(x)dx khong bi chan
b b
4, 4, Ay
Tacla VM >0 34, € (b,+oo) sao cho If(x)dx >M = J.g(x)dx > J.f(x)dx >M
b b b

A +00
Chimmg t6 [ g(x)dx khong bi chan theo dinh 1i 4.15 suy ra | g(x)dx phan ky
b b
Pinh li 4.17: Cho cic ham s6 f(x),g(x) khong am va kha tich trén [a,A] , YA > a . Khi dé:

+00
1. Néu lim %:1 , 1R’ thi cac tich phan suy réng j f(x)dx va
xot0 g(x A

+00
.[ g(x)dx cung hoi tu hodc cung phan ky.

2 Néu 1im L9 20 va [g)dxhgi i [ f(x)dx hoi tu
X—>+0 g(x) g A
3. N6 lim 2% — oo va [gCo)dx phan ky thi [ £ (x)dx phan k
X—>+0 g(x) s g
Chirng minh:
1.6>0,3b>0,Vx>b=l—-¢c< S ) <l+¢
g(x)

Vi g(0)2 0= (1= 6)g(x) < £(x) < ( +£)g(x)

Léy & saocho I —& =c¢ > 0. Theo dinh li 4.16: Néu j £(x)dx hoi tu thi
[(1-£)g(x)dx hoitu = [g(x)dx hoi tu.
Néu [g(x)dx hoitu = [(I+2)g(x)dx hoitu = [ f(x)dx hoi tu,

2.Lay e=1,3p>0, Vx>b=0< f(x) < g2(x) = g(x)
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Theo dinh i 4.16 chiung to J- f(x)dx hoi tu

3. VM >0,3b>0 , Vx>b:>&>M, Lay M =1 thi f(x)> g(x), Theo

g(x)

dinh li 2 suy ra J- f(x)dx phan ky
Hé qua 1: Gid sir véi x dii I6n ham sé f(x) ¢é dang:

=" ka0 M= 0. Khids

k s
X

Néuk>1va 0<h<c<+o thi J.f(x)dx hoi tu.

Néu k<1 va h(x)>c>0 thi j F(x)dx phan kp
Trong d6 c la hang sé.

, , |
HE qua 2: Néu f(x)> 0 va la VCB cip k so v6i VCB — tai +00 ( f(x) ~—,c #0) thi
X X

j F(x)dx héi tu khi k >1 va phén ky khi k <1

Hé qua 1 duoc suy ra truc tiép tir dinh 1i 4.16 va vi dy 16d.
Hé qua 2 duoc suy ra tryc tiép tir dinh 1i 4.17 va vi du 16d.
Vidu 17: Xét sy hdi ty, phan ky cua céc tich phan sau

3
+00 0 +00

dx e
a. | ——dx , b | —— c. |——dx
'!1+x2 Jl‘qul-fxz '!‘ xz
Giai:
3
2 1

>~ x? | theo h¢ qua 2, tich phéan suy rong phan ky.

1+x

1 1
b. ———~ — |, tich phan suy rong hdi tu
a1+ x? X J

- . .
c. ¢ > :—2] — 0, theo dinh i 4.17, tich phan suy rong hoi tuy.
X X X=>+®0

Duéi day ta s& dua ra dinh li tong quat vé diéu kién hoi tu cia tich phan suy rong.

+o0
Pinh i 4.18 Dé tich phan suy rong j f(x)dx hoi tu, diéu kién can va dii la:
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Ve>0,34,)>a ,VA> A4, , VA'> 4, = |p(4) - ¢(4)| < ¢

Hay

Dua vio tinh chit ciia tich phan xac dinh

Aj f(x)dx| < /j| f(x)|dx

Ta nhan dugc h¢ qua sau day
400 —+00
Hé qua 3: Néu j |f(0)|dx kit thi j F(x)dx héi tu.
C. S hdi tu tuyét ddi va ban hdi tu ciia tich phan suy rong

+o0
1. Noéi rang tich phan suy rong J. £ (x)dx hoi tu tuyét d6i néu tich phan suy rong

T|f(x)|dx hoi tu.

+00 +00 +00
2. Noi rang tich phan suy rong J. £ (x)dx ban hoi ty néu I f(x)dx hoi tu va J.| f (x)|dx
phan ky.
+00
DPinh li 4.19: Neu tich phdn suy rong I f(x)dx héi tu tuyét doi va ham so g(x) bi chan trén
la,+00) thi [ f(x)g(x)dx hoi tu tuyét doi

Chirng minh:

Gia su

Theo dinh 1i 4.16 suy ra ﬂ o (x).g(x)|dx hdi tu, chiing to I f(x).g(x)dx hoi tu tuyét dbi.

Vidu 18: Xét sy hdi tu cua céac tich phan suy rong:

400

+00
cosax . xdx Inx
J.ﬁdx,aeR,keR ;b I . C. J.—dx
o kT +x 1 xvx’ =1
Giai:
Al 1 |
a. Nhanxet:|c0saoc| <1, Vx; —5—5~—khix >
k“+x X
oo
2 gex cosax cosax cosax
Ta biéu dién I J 5 I
kK +x?
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Tich phén tht nhat 13 tich phan xac dinh, ham dudi ddu tich phén lién tuc nén kha tich vay
hoi tu tuyét dbi. Tich phan thi hai 1a suy rong, theo dinh 1i 4.19, hdi tu tuyét dbi. Vay tich phan
d3 cho hoi tu tuyét doi.

N

b. Vi lm—— = hm— =0;

x—0 x—0 _
Ve’ \/— 1

xdx 250

_[ xdx ]" xdx _[
\/ 2x _ 1 0 2x \/
Tich phan thtr nhit hoi tu (d6 1a tich phan x4c dinh vi ham du6i d4u tich phéan kha tich).

A+1
1 x*

Léy A > 1.00———:— =——— — Okhix — .

[ 1 x er -1

+00
d ) :
Vi J.—f héi tu, a > 0 suy ra tich phan suy rong da cho hdi tu.

Ta co I dxz]i dx+I
1

xx® -1 xx? —
Tich phén thir nht hoi tu (tn tai ) vi ham dudi déu tich phan kha tich trén[1,a] , Va > 1

Liy 1<A<2nhanduoe — X . LM% 1 6 ihixso.

x\/xz_l'xl XZA.\/I_I

2
X

+00d ) )
Taco I—f hoi ty, Va > 0 = tich phan da cho hdi ty.

4.5.2. Tich phén suy rong véi ham dwéi dau tich phan c6 cuc diém
A. Dinh nghia
1. Cho f:(a,b)\{x,} >R .Noiring x, € (a,b) la cuc diém ciia f néu lim f(x)=o0.

X=X
Ham s ¢6 cuc diém tai @ hodc bnéu f(a*) = oo hodc f(b") =

2. Cho f:[a,b)—>R , f(b")=oo,khatich trén [a,b—¢], Ve >0 dubé. Tich phan suy
b
rong cia f trén [a,b] , ki hiéu j f(x)dx . Noi rang tich phan suy rong hoi tu vé 7 eR néu
b-¢ b
lim [fGodx =1, kihigu T = [f(x)dx

Néu khong ton tai gidi han hitu han (khong c6 I hodc I = o) thi néi rang tich phan suy

b
rong I f(x)dx phan ky.
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3. Cho f:(a,b] >R , f(a")=o0 kha tich trén [a + &,b]

b
N6i rang tich phéan suy rong I f(x)dx hoituvé J néu

b
lving J. f(x)dx =J (hitu han).

Néu khong ton tai J thi néi rang tich phan suy rong phan ky.
4. Cho f: [a,b]\{xo} —R, x, €(a,b) 1a cuc diém cta f

b
N6i rang tich phan suy rong .[ f(x)dx hoi ty khi va chi khi céac tich phan suy rong

X0 b
.[ f(x)dx va j f(x)dx cung hoi ty, khi d6 ki hiéu:

Xo

j.f(x)dx = Tf(x)dx + j.f(x)dx

Cha y: Néu ham f(x) lién tyc trén [a,b] trir ra cac cuc diém cua nd va c6 nguyén ham la

F(x), ta c6 thé dung cong thirc Newton- Leibnitz va viét
b b
[ f(oydx = lim (b~ &)~ F(a) hoge [ fGodx = F(b) - lim(a + &)

Vi du 19: Xét su ton tai ctia cac tich phan suy rong sau:

1 b
d ; b. j o , aeR
(x=a)*

-1 1—x a
Giai:

a. Ham duéi dau tich phéan ¢6 cyc diém 1a +1

a 1
[ vae
2 2 a\/l_xz

_In/l—x ‘Wl-x

= arcsin @ — lim arcsin x + lim arcsin x — arcsin a = 7

x— -1 x—>1

b. Ham dudi dau tich phan c6 cuc diém 1a a

, . In(x-a)” voia =1
1 1 1 .
-I(x—a) . _IZ voia # 1
l-a (x—a)”
. . 1 0 nfu a<l
Vi limn(x—a)=-c , lim - = o
x—a® x—a® (x — Cl)a o néu o >1

Suy ra tich phan da cho héi tu véi @ <1 va phan ky voi o > 1.
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B. Diéu kién hi tu ciia tich phin suy rong

Chung ta gidi han truong hop f(x) gilt nguyén dau trén (a,b). Giast  f(x) >0 trén
[a,b) va f(b7) =0

Pat 4(e) = [ f()dx

RO rang @#(&) la ham so giam ¢ 1an can bén phai ctia diém 0. Tt dinh 1i v€ gidi han cta

ham don di¢u, ching ta nhan dugc dinh 1i sau day:
b
Pinh li 4.20: Dé tich phdin suy réng I f(x)dx héi tu, diéu kién can va dii la ¢(&) bi chidn o lan

cdn bén phai diem € =0, tirc la g(e) <L , Ve >0

Céc dinh li so sdnh & muc 4.5.1 hoan toan dung cho céc truong hop tich phan suy rong
v6i ham dudi dau tich phan ¢ cuc diém. Cac hé qua twong tu véi hé qua 1,2 sé& la:

Hé qua 1’: Gid sirvéi x diigan b va (x <b) ham s6 f(x) c6 dang

f(x):(bg(x))k L k>0, g(x)>0 khido:
—X

b
Néuk<1va 0< g(x)<c<ow thi j F(x)dx héi tu.

b
Néu k>1va g(x)>c>0 thi If(x)dx phan ky trong 6 c la hang sé

, ; |
HE qua 2: Néu f(x) >0 vala VCL edp k s0 v6i VL~ tai b( /(%) ~ﬁ,c £0)
—-X b—x

thi

b
j F(x)dx héi tukhi k <1 va phan kp khi k > 1.

Vidu 20: Xét sy hdi tu cua céc tich phan suy rong sau:

1 dx ¢ dx v do T
a. J. ,|k|<1 ;b I— ; C. j—,O<0S—
0\/(1—x2)(l—k2x2) s Inx 1 4/COS @ —cos & 2
1 dx °
d | —— e. |x? e dx

Giai:

a. Ham dudi dau tich phan c6 mot cuc diem x =1, 1a VCL cap 5 so voi VCL tai

1—-x

x =1. Vay tich phan suy rong hdi tuy.

1
dx .1 A 1 . NS
— . lim—=0,vay ham — cé cuc diémtai x =1
yInx 0" Inx Inx
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(% : LJ — 1, theo h€ qua 2’, tich phan suy rong phan ky.

0<es% , @ = 0 1a cuc diém

6
;[Jcowp cosd

Nhan xét cos—cosd = —2sin 2 sin 2=0 — 25in 249 in 0=

S Sin

2
O-¢
1 o 2 N 1
Jeosp—cos@ \JO—p sin¢+esin6’_(p 00 \/sin 0
2 2
Vay tich phan hdi tu.
1
J. , x=0 1lacuc diém.
03 x(ex—e M)

2
e —e " =2x+o0(x*) =3 x(e" —e ) ~ 2.x3 khi x >0

Theo hé qua 2°, tich phan suy rong hdi tu.

o0 o0

-1 - -1 - -1 -
J‘x” e xdx:'[x” e )‘dx—i-'[x” e “dx
0

(=]

Xét jx” e dx,Néu p >1 tanhan duoc tich phan thong thuong.
Néu p <1, nhéan dugc tich phan suy rong, ham dudi dau tich phan c6 cuc diém taix =0
Nhan thay (x” e x%j = X 1, theo hé qua 2’, tich phan suy rong hoi tu khi
I-p<lhay p>0
Xét Tx”‘le"‘dx . Nhan thiy (x”‘]e‘x %) =x""e™ x;)wO , Vp
1
Vay tich phan suy rong hoi tu khi p > 0. Tich phan suy rong nay phu thugc tham ) p

va duogc goi 1a ham Gama, nguoi takihiéu: T'(p)= I x’ e dx,
0

e Tich phén suy rong co céc tinh chit twong tu nhu tich phan xac dinh

e D¢ tinh tich phan suy rong (truong hop tich phan suy rong hoi tu), ngudi ta cling thuong sir

dung hai phuong phap co ban: Déi bién sb va tich phan tung phﬁn.
TOM TAT NQI DUNG CHUONG IV
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¢ Dinh nghia tich phan xac dinh

[Fde=1imY 12

j.f(x)dx = if(t)a’t, ]if(x)dx = —jif(x)dx, j-f(x)dx =0

e Diéu kién ton tai tich phan xac dinh
A. Piéu kién cin
Néu f kha tich trén [a, b] thi f bi chan trén [a, b]
B. Piéu kién di
Néu f(x)lién tuc trén [a, b] thi kha tich trén doan dé
Néu f(x) don diéu va bi chan trén [a, b] thi kha tich trén doan do.
Néu f(x) lién tuc tieng khiic trén [a, b] thi kha tich trén doan do.
Néu f(x)bi chan trén [a, b] va chi ¢6 hitu han diém gidn doan thi f(x) kha tich
trén [a, b]
e Cac phép tinh
Néu f(x)kha tich trén [a, b] thi | f(x)

,k.f(x) (k =const) ciing kha tich trén [a, b].
Néu f,g kha tich trén [a, b] thi téng, hiéu, tich cua chung cting kha tich trén [a, b]
Néu f kha tich trén [a,b] thi kha tich trén moi doan [a,ﬂ] C [a,b]. Nguoc lai
néu [a, b] duoc tach ra thanh mot $6 doan va trén méi doan dé ham kha tich thi
f kha tich trénfa, b].
e Cic tinh chit cia tich phan xac dinh
Cho f,g kha tich trén [a, b] via<b, A 1a hang sb.

1. j.f(x)dx = j‘f(x)dx + jf(x)dx voi ¢ € (a,b)
2. iﬂf(x)dx = lif(x)dx
3. [(F(0)+g()dx = [ f(x)dx+ [ g(x)dx

N

b
Néu f(x) > 0trén [a, b] thi j F(x)dx =0

W

. Néu f(x) = g(x),Vx €[a,b] thi j F(x)dx > j g(x)dx

)

b
. Néu f >0 trén [a,b], flién tuc tai x, € [a,b] va f(x,)> O thi J.f(x)dx >0
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b

< j | £ ()|l

a

7. jf(x)dx

8. Néu m < f(x) < M,Vx €[a,b] thi m(b—-a)< j F(x)dx < M(b-a)

1
b—a

—m< jf(x)deM.Dat yz%jf(x)dx
a _aa

Goi p la gia tri trung binh ciia f* trén [a, b], khi d6 ta ¢

[ f@)dx = pb~a)

Néu £ (x) lién tuc trén [a, b] thi [ f(x)dx = f(c)(b-a)

e Cong thirc Niuton-Lépnit (Newton-Leibnitz).
A. Ham tich phan cia can trén

o(x) = J- f(t)dt goi la ham tich phan ctia can trén hay tich phan cia ham f(x) theo cén trén

Néu f(x) kha tich trén [a, b] thi ¢(x) la ham lién tuc trén [a, b]
Néu f(x) lién tuc trén [a, b] thi ¢(x) kha vi trén [a, b] va cé
#(x) = f(x),Vxelap].
Néu a(x), B(x) kha vi trén X, f(x)lién tuc trén X va[a(x), B(x)|c X Vxe X thi
B(x)

G(x) = j f@)dt khavitrén X va G'(x) = f(B(x)p'(x) - fla(x))a'(x) (4.6)

a(x)
B. Nguyén ham ciia ham s6 va tich phan bat dinh
Néu f(x) lién tuc trén X thi sé cé nguyén ham trén X va néu F(x) la mét nguyén ham
thi tgp hop cdc nguyén ham cia f la {F(x)+C, CeR}
C. Cong thirc Newton-Leibnitz.
Néu f(x) lién tuc trén [a, b] c6 mot nguyén ham la F(x) trén [a, b] thi

[f@)dx = F(0) - F(a)

Dai lwong F(b)— F(a) dwoc ki hiéu F(x)

» goi la bién phdn tir a dén b ciia F(x).

e Hai phwong phap co ban tinh tich phan xac dinh
A. Phép dbi bién
1. Neu ¢:[a, 1R, @ c6 dao ham lién tuc trén [a, flva o([a, B]) < [a,b].
f:la,b] >R, flién tuc trén [a, b]
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khi do:
o(p)

B
[ 1)@ 0di= | f(x)dx

p(a)
2. Néu o:la, Bl >R véi ¢ don diéu va cé dao ham lién tuc trén [a, []
f:la,b] >R, f lién tuc trén [a, b]
voi t = @(x) ma f(x)dx=g(t)dt,g lién tuc trén [p(a),p(b)]. Khi do:

b »(b)
j F(x)dx = j g(t)dt

@(a)
B. Phép tich phén tirng phin
Néu u,v:[a,b] >R va u,v ¢6 dao ham lién tuc trén [a, b] thi:

b b

ju'(x).v(x)dx = u(x)v(x)" - J.u(x).v'(x)dx

a a

e Bing cac nguyén ham thong dung
e Tinh chat co ban cia tich phan bat dinh.
Cho f,g c6nguyén ham, 4 eR
1. ([f(x)dx)' =f(x), dJ. f(x)dx = f(x)dx
2. [(f(x)+ g())dx = [ f(x)dx + [ g(x)dx
3. j Af(x)dx = A j £ (x)dx
4. Néu f(x) c6 mot nguyén ham la F(x) thi f (u(x))u'(x) c¢6 mot nguyén ham la F (u(x))
khi u c¢6 dao ham lién tuc, tic la
j f(x)dx = F(x)+C = j £ () ' (x)dx = F(u(x))+C
e Hai phwong phép co ban tinh tich phan bat dinh

A. Phuwrong phip tich phén tirng phin
Cho u,v c6 dao ham lién tuc trén X khi d6

'[ u(x)dv(x) = u(x).v(x) - Iv(x)du(x) trén X

B. Phwong phap ddi bién s6

bat x = ¢(t), véi @ don di€u va ¢ c6 dao ham lién tyc trén Y khi do6
[r@dx = [ flo®p 0)dr
bat ¢t = w(x) khidd f(x)dx = g(t)dt

[ f(odx = [ gyt
e Tich phan phan thire hitu ti thuc sw

t=p7" (x)

t=y(x)

A. Tich phan cdc phan thirc tdi gian loai thir nhit

142



Chuong 4. Phép tinh tich phdn

I=I dx , aeR
(x—a)"

Néu n =1 thi I dx :1n|x—a|+C
xX—a
New neN i [—2 - L1 ¢
(x—a)" n—1 (x—a)"

B. Tich phan cac phan thire t("ii giﬁn loai thir hai

J, (1) = J. i+ (bang phuong phép truy toan)

Truéc hét

—=arcigt +C

Tich phan timg phén s& c6

2
J,(0) = —— v o[ L
1+¢°)" A+)""

t
J = +2n(J, —J
n (1+t2)n ( n n+l)

2nJ,,, =2n-1)J, +———
1+ )
e Tich phén ciia ham hiru ti d6i véi sin va cosin
A. Truong hop tong quat.

Xét J R(sinx,cos x)dx trong @6 R 1a <’phan thirc hiru ti hai bién”’

o X ] 2t -7 2dt
Thyc hién phép dbi bién: t =tg— = sinx=—— , coOSx=—— , dx=
He en Paep g2 1+ 1+ 1+
t
Khi d6 tich phan duoc dua vé dang J. E ; dt

B. Truong hop dic biét thir nhit.
1. Néu R(sinx,cosx) = R(—sinx,—cosx) thi d6i bién ¢ = tgx hodc ¢ = cotgx
2. Néu R(sinx,cos8x) = —R(sinx,—cosx) thi d6i bién ¢ =sinx
3. Néu R(sinx,cosx) = —R(—sinx,cosx) thi d6i bién ¢ = cosx
C. Truong hop dac bié€t thir hai.
Khi R(sinx,cosx)=sin" x.cos" x , m,neZ
1. Néu m 1¢ thi d6i bién ¢ = cosx
2. Néu n 18 thi d6i bién ¢ = sinx
3.Néu m,n chin va khong cing duong thi ddi bién ¢ = rgx

4.Néu m,n chin va cung duong thi tuyén tinh hoa sau d6 tinh nguyén ham.
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e Tich phan ham hiru ti ddi véi ™, o R
Xét 1=jf@wyu,umgdéjxx)MhmnhmniTmmh@nmwpd&b@n
: 1 t
t=e™ . dt = ae™dx, khido I:—I&dt
o t
e Mot s6 ing dung hinh hoc ciia tich phan xac dinh
A. Tinh dién tich hinh phing
1. Mién phang gidi han boi cac dudng cong trong toa do Décac(Descartes)
Gia st mién phang D giéi han boi cac dudng:

x=a,x=b,(a<b), y=f(x), y=f,(x) trongdod f,,f, lién tuc tirng khic trén

S = [1£(x) = fu(x)|ax

2. Gia str mién phang D gi6i han boi dudng cong cho dudi dang tham sé:

{x:x(t) f,<t<t,
y=y(1)

s
Khi d6 S:Hﬂﬂqum

B. Tinh d§ dai dwong cong phing
1. Phuong trinh cho trong hé toa d6 Descartes vuong goc
Gia st duong cong 4B cho boi phuong trinh

y=f(x), A(af(@), B(bf(b)

z=j1+f%mw

2. Phuong trinh cho trong dang tham s

{x = (1)

<<
y=w()

/= j 0> (0) +y" ()dt

C. Tinh thé tich vat thé
1. Cong thirc tong quat
Gia st vat thé (V ) nam gitra hai mat phang vudng goc véi truc Ox, cac mit phang ny cd
phuong trinh 1a x =ava x=5b , a <b. Cac thict dién cua vat thé (V ) vuong goc véi truc Ox
nam trén mdt phang c6 phuong trinh x=x, , x, € [a,b] c6 dién tich twong tmg S(x,). Khi

d6 thé tich cuia vat thé (V ), ki hiéu 1a V, tinh theo cong thirc
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b
V= jS(x)dx
2. Cong thire tinh cho vat thé tron xoay

Vit thé (V) tron xoay 13 vat thé dugc tao thanh do mot hinh thang cong gidi han bdi cac
duong: x=a , x=b , (a<b) , y=0vay=f(x)=20 , xe[a,b] quay xung quanh
truc Ox Cu thé hon, phan khong gian bi chiém chd do hinh thang cong quay xung quanh truc Ox
goi la vat the tron xoay.

Nhu viy cac thiét dién vudng goc véi truc Ox 13 cac hinh tron. Dién tich cua thiét dién
nam trén mit phang x = x, s&1a z.f7(x,). Tir 4 nhan dugc cong thic tinh:

V= ﬂ.lifz(x)dx

e Tich phan suy rgng véi can vo han
A. Dinh nghia
1.Cho f:[a,+0)—>R , aeR, kha tich trén [a.4] , VA >a.

Tich phan suy rong ciia f vdican +oo dugc ki hiéu la: I f(x)dx

N6i rang tich phéan suy rong .[ f(x)dx hoituvésd I eR néu

A +o0
lim [fGode=1 kihigu [f(x)dx=1

Néu I khong ton tai hodc I = oo, thi néi rang tich phan suy rong _[ f(x)dx phan ky.
2. Cho f:(—oo,a] —R , a eR, kha tich trén [B,a] , VB<a

Tich phan suy rong cda f voi cin —oo, ki hidu la [ f(x)dx.

No6i rang tich phan suy rong J. f(x)dx hoityuvésd JeR néu

—00

Blir?wj.f(x)dx =J= j.f(x)dx

Néu J khong ton tai hodc J = oo, thi ndi rang tich phan suy rong J. f(x)dx phan ky.
3. Cho f:R—R khatich trén [A,B] , VA, B eR . Tich phan suy rong cua f vdi cac can
v6 han, ki hiéu la: j F(x)dx .
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Néi rang tich phéan suy rong J. f(x)dx hoi tu khi va chi khi cac tich phan suy rong

—00

.[ f(x)dx va J. f(x)dx cung hoity, Va eR. Trong truong hop nay ki hiéu

Tf(x)dx = j. f(x)dx+ Tf(x)dx , VaeR
B. DPiéu kién h; tu a
Xét Tf(x)dx voi f(x)=0.
1. Cho cdc ham 56 f(x),g(x) khong dm va kha tich trén [a, A] , YA > a. Khi do:

a. Néu lim &21

, 1 eR’ thi cdc tich phéan suy rong I f(x)dx va
X—>+00 g(x) %

Ig(x)dx cung hoi tu hodc cung phdn ky.

b Néu tim 2% 20 ya j g(x)dx hoi tu thi j F(x)dx héi tu

X—>+0 g(x) / /
e Néu lim 2% _ 4o v j g(x)dx phén ky thi j F(x)dx phdn ky
X—>+w g(X) / /

2 .Gid sirvéi x di lén ham sé f(x) ¢é dang:

f(x)=Lf) , k>0, h(x)>0. Khi do:
X

Néuk>1va 0<h<c<+oo thi jf(x)dx héi tu.
Néu k <1 va h(x)=¢ >0 thi If(x)dx phén ky, trong d6 ¢ la hang so.

3.Gia sir f(x) =0 vala VCB cap k so véi VCB % tai +oo thi Tf(x)dx hoi tu khi
k >1 va phan ky khi k <1 a

4. Néu T|f(x)|dx hoi tu thi +jzof(x)dx hoi tu.

C.Su h:’ji tu tuyét ddi va béna hoi tu cua tich phan suy rong

1. N6i rang tich phén suy rong I f(x)dx hoi tu tuyét d6i néu tich phan ﬂ f (x)|dx hdi ty.
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2. N6i rang tich phan suy rong I £ (x)dx ban hoi ty néu I f(x)dx hoitu va .[ | f (x)|dx phan ky.

a

+00

Néu tich phan suy rong .[ f(x)dx héi tu tuyét doi va ham sé g(x) bi chan trong [a,+00) thi

j F(x)g(x)dx hoi tu tuyét ddi

e Tich phén suy rong véi ham dwéi diu tich phan c6 cwe diém
A. Dinh nghia
1.Cho f:(a,b)\{x } =R .Noiring x, € (a,b) la cuc diém cia f néu lim f(x) = oo. Ham
sO ¢ cuc diém tai @ hodc hnéu f(a*) =00 hodc f(h) =0

2.Cho f:[a,b) >R , f(b") =00, khatichtrén [a,b—¢], Ve >0 dubé. ich phan suy rong

b
cia f trén [a,b] , ki hiéu J. f(x)dx . No6i rang tich phan suy rong hoi tu vé I eR néu

b-¢ b
lim [fGodx =1, kihigu 1= f(x)dx

Néu khong ton tai gioi han hiru han (khéng ¢6 I hodc I = o) thi ndi rang tich phan suy
rong phan ki
3. Cho f:(a,b]—>R , f(a")=c0 kha tich trén [a + &,b]

b b
N6i rang tich phan suy rong I f(x)dx hoituvé J néu l‘ing I f(x)dx =J (hitu han).

Néu khong ton tai J néi rang tich phan suy rong phan ky.
4.Cho f: [a,b] \{x,} >R, x, €(a,b) 1a cuc diém cia f

b R
N6i rang tich phan suy rong I f(x)dx hoi tu khi va chi khi cac tich phan suy rong j f(x)dx

b
va [ f(x)dx ciing hoi tu, Khi do ki higu:

Xo

[£(ax = j f()dx+ [ f(x)

B. Piéu kién hdi tu

1. Gid sirvéi x diigan b va (x <b) ham sé f(x) cé dang

f(x)z(bg(x))k L k>0, g(x)>0 khido:
—X
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b
Néu k <1 va 0< g(x)<c<oo thi [ f(x)dx hoitu.

b
Néu k>1va g(x)=c>0 th .[f(x)dx phan ky trong @6 ¢ la hang sé

2. Néu f(x)=0 valaVCL cap k sovéi VCL tai b thi

b—x

b
j F(x)dx héi tukhi k <1 va phin kp khi k >1.

CAU HOI VA BAI TAP CHUONG IV
4.1. Tich phan bat dinh khong phu thudc vao bién lay tich phan?
Ping L] Sai [
4.2. Tich phan xé4c dinh khong phy thudc vao bién 13y tich phan?
Ping L] Sai [
4.3. Ham sb lién tuc 1a diéu kién can cua ham sd kha tich?
Ping L] Sai [
4.4. Ham s lién tuc 1a diéu kién du cua ham s6 kha tich?
Ping L] Sai [
4.5. Tich phan bat dinh biéu dién ho cic nguyén ham cta ham dudi diu tich phan?
Ping L] Sai [
4.6. Can trén cua tich phan xac dinh phai 16n hon can dudi ctia nd?
Ping L] Sai [ |
4.7. Ham sd kha tich trén doan [a,b] thi tri tuy¢t ddi cua nod cling kha tich trén doan d6?
Pung [ Sai [ |
4.8. Tich phan suy rong ctia f(x) hdi tu thi tich phan suy rong ctia | f (x)| cling hoi tu?
bing [ Sai [ ]
4.9. Téng, tich hai ham s kha tich trén doan [a, b] 12 ham sb cling kha tich trén doan d6?
Pung [ Sai [
4.10. Ham s6 kha tich trén doan [a, b] da dé ap dung cong thirc Newton- Leibnitz tinh tich
phan? Pung [ Sai [
4.11. Dung tich phan xac dinh c6 thé tinh duoc dién tich ctia hinh phang, d6 dai duong cong
phang, thé tich ctia vat thé?
Ping [ Sai [
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4.12. Ung dung phép so sanh cac VCB (VCL) dé xét sy hoi tu ciia tich phan suy rong?
Pung ] Sai [ |

4.13. Dung tich phan suy rong c6 thé tinh dugc dién tich cta hinh phang khéng bi chin?
Pung ] Sai [ |

4.14. Tich phan xac dinh ctia ham s duong 13 mot s6 dwong?
Pung [] Sai [

4.15. Bién d6i vé cac tich phan don gian dé tinh cac tich phan sau:

—x 4
a. J.ax( z/;]dx , b. Ilfxz dx ,

c. ja”.bﬂ“dx ,

d
d | il :
Nx—a++/x-b
4.16. Bién d6i vé cac tich phan don gian dé tinh cac tich phan sau:

J- x*dx b, J-\/1+lnx
X

dx,

C'J. 3x*+2 d~_|. dx

VX +2x —

4.17. Dung phuong phap d6i bién dé tinh cac tich phéan sau:

a. Ix\/Z—Sxdx, b. Ix5(1+2x2)10dx,

xcos’(1+1nx)

N a [
xV1+x? , xxt -1

4.18. Dung phuong phap doi bién dé tinh céc tich phan sau:

. J- dx b J- dx
Y x1-x)] "~ JxInxIn(lnx)’

c. J. xdx 4 d. J. ——dx.
(> + 237 +5 9 -4
4.19. Dung phuong phép tich phan tirng phan tinh céc tich phan:
a. Iarctg«/;dx : b. .[(arcsin x)*dx, C. jxshxdx ,
d. |(Inx)*dx, e. de , f. arcsmx
j( ) J.sinzx J.«/1+x

4.20. Dung phuong phap tich phéan ting phn tinh cac tich phan

Inx XCOSX
a. |cos(Inx)dx, b. |—-dx, c. dx,
J. (Inx) '[ J- sin’ x

laz)

1-x

2
d. I(ln_x) dx , €. jxln1+xdx, ) J‘arctg«/Zx—ldx.
X

149



Chuong 4. Phép tinh tich phdn

4.21. Tich phan cac ham lugng giac:

a. J‘L, b. \./tg_xdx,
cosxA/sin’ x sin2x

o [—H 0 [-&

b
. x 3 x
sin —.[cos” —
2 2

4.22. Su dung cong thirc Newton-Leibniz tinh céc tich phan sau:

2 2
X
a. J;x+ dx, b. £|l—x|dx,
z !
? dx + dx
“ '([azcoszx+b2sin2x’ (@b20), d _-[1/1_)62 '

2

4.23. Tinh cac tich phan sau bang phép doi bién:

In2

T xsin xdx . tarcsin/x
a. J.— b. J.\/e —ldx , c. J.—dx
0 0

* 1+2cos” x x(1-x)
3 1 2 a
dx 1+x dx
d |[———, e. dx f | ———.
£(3+x2)§ e e

2

4.24. Tinh cac tich phan sau bang phuong phap tich phan ting phan:

e; e
a. [cos(Inx)dx, b. [|inxldx,
1 i
e
™ ™
+ xsinx + xdx
C. J. ——dx, d. J. —
1 COS” X zsin”x
4

4.25. Tinh dién tich hinh phang gi6i han boi cac duong cong trong hé toa do Descartes vudng
gbc
a. y=2x—-x" va x+y=0, b. y=2", y=2 va x=0,
2 X’

c. Y =x*@a’-x") , a>0, d y = va x=2a , a>0.
2a—x

4.26. Tinh d¢ dai duong cong cho bdi phuong trinh.

¢ 3
X =-—cos ¢
V4
a. y=Incosx , 0<x<a<—, b.

2 02-3 2 2 2
y=—sint , ¢ =a —b
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{x = a(cost +tsint)
c.

y=a(sint—tcost) , 0<t<2r

4.27. Tinh thé tich cua vat thé tron xoay tao ra khi quay cac mién phing gi6i han béi cac
duong sau day xung quanh truc tuong ung.

a. y= b(fJS , 0<x<a quanh truc Ox.
a
b. y=sinx , y=0 , 0<x<rx quanh truc Oy.

c. X*+(y=b)Y=a*, 0<a<b quanh tryc Ox.

d. y=x> , y=4 quanhduong x=2.
4.28. Tinh céc tich phan suy rong sau
T odx ¢ arctgx
N b [ g
2 =
2 X 1+x 0(1+X2)2
+00 d +00
o [—E_ d. Ie_ﬁdx.

Hxvxt =1 , 0

4.29. Xét sy hdi tu hay phan ki cua céc tich phan sau

p dx ¢ dx p \/;
a. z[m, b. ‘([e&—l’ c. !). dx,
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CHUONG V: PHUONG TRINH VI PHAN

MUC PiCH,YEU CAU

Ciing nhu phép tinh dao ham va vi phéan, phuong trinh vi phan (PTVP) c6 tim quan trong
rat 16m va co ung dung rong rai trong moi linh vyc khoa hoc k¥ thuat va kinh té. Cu thé 1a nhiéu
bai toan kinh té, k¥ thuat dién tur, y hoc.... déu dan dén phuong trinh vi phan. Trong toan hoc,
phuong trinh vi phan 1a mot chuyén nganh rat phat trién. Chuong nay cung cap nhimg kién thic
co ban vé phuong trinh vi phan thudng ( goi vin tit 1a phwong trinh vi phan). D& hoc t6t chuong
nay, yéu cau ngudi hoc phai nhan dang ding ting loai phuong trinh vi phan, qua d6 méi co thé
tich phan duoc (tim dugc nghiém), boi vi khong c6 mdt phuong phap chung nao dé giai phuong
trinh vi phan. Giai PTVP 1a mot qué trinh tinh tich phén, vi thé yéu cau ngudi hoc phai thong thao
phép tinh tich phan va vi phan, d6 13 ndi dung cdt 18i clia toan hoc cao cap.

Mot PTVP 1a mot phuong trinh ¢6 dang F(x, y,y',...,y(”)) =0

dy d*y d"™y
e’ @t g™

)=0 trong d6 x 13 bién s doc lap, con y = y(x) 1a ham

sO phai tim, y',y",..., y(") 1a cac dao ham ctia ham sb phai tim, (trong PTVP nhét thiét phai
c6 mit it nhat dao ham cip k nao d6 ctiia ham phai tim). Cap cao nhét ctia dao ham cua ham
s0 y phai tim c6 mat trong PTVP dugc goi 1a cap cia PTVP, chang han:
y'+x=0 (PTVP cap 1)
»+(3")* =0 (PTVP cép 2)
Ham sé y = y(x) 1a mot nghiém ctia PTVP néu nhu nd thoa man phuong trinh tirc 1a
thay né vao phuong trinh s& nhan dugce dong nhat thirc. Chang han véi phuong trinh y'= x ta

2 2
co nghiém y = % ‘tham chi y = % + C trong d6 C 13 hiing s6 tuy v.

Giai hay tich phan mot PTVP 1a tim tat ca céac nghiém cua no. V& mit hinh hoc, mdi
nghiém ctia PTVP 1a mot dudng cong (d0 thi ctia nghiém), vi thé nguoi ta goi duong cong do
la duong cong tich phan ciia PTVP.

PTVP duoc goi 12 tuyén tinh cAp 7 néu ham sé F 13 bac nhit déi véi y,y',..., y™, tirc 1a
phuong trinh c6 dang:
Y+ a0y ke, (Y, )y = f(2)
trong d6 a;(x),...,a, (x), f(x)1a cic ham s cho trudc.
Néu f(x) =0 thi ngudi ta goi 1a phuong trinh tuyén tinh cap » thuan nhat.
Néu f(x)#0 thi nguoi ta goi 1a phuong trinh tuyén tinh cap n khong thuan nhét.
Trong chwong ndy can nim viing cac ndi dung chinh sau day:

1. Céc phuong trinh vi phan cAp mét thudng gip.
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Chuong 5: Phwong trinh vi phdn

Can phén biét dugc timg dang phuong trinh vi phan va phuong phép tich phan tuong
ung voi ting dang.

2. Cac tinh chét ciia PTVP tuyén tinh cép hai.

Tur cac tinh chét vé nghiém cta PTVP tuyén tinh c6 thé tich phan duoc khi da biét mot
nghiém cta PTVP tuyén tinh thuan nhat tuong tng, hodc hai nghiém riéng cta phuong trinh
khong thuan nhat da cho, dic biét 1a khai thac nguyén li chong chat nghiém.

3. Phuong trinh vi phéan tuyén tinh cdp hai c¢6 hé s6 hang sb.

Bén canh phuong phép bién thién hang sé Lagrange, can nhan biét dang ham dic biét &
vé phai dé tich phan PTVP bang phuong phap hé sé bit dinh.Van dung, c6 thé giai PTVP
tuyén tinh c6 hé sé hang sé cap n.

NOI DUNG

5.1. Phuong trinh vi phén cép 1

Trudc hét ta xét mot bai toan hinh hoc dan dén PTVP. Hiy tim phuong trinh duong cong L
(v = y(x)) c6 tinh chat: mdi doan cua tiép tuyén véi duong cong C nam giita hai truc toa do déu

bj tiép diém chia thanh hai phan bang nhau.

\

H.5.1

Gia st M (x,y) € L, khi d6 hé sb goc tiép tuyén véi dudng cong tai M 1a:
V'(x)=tga = -2 (xem H.5.1)
PA

Do M 1a trung diém ciia ABnén OP = PA=x,suyra y'= -
X

Nhu vay ham s6 phai tim thoa man PTVP cép 1. Sau nay ching ta s& c6 cach giai phuong

. . Sy g c .. e s

trinh trén, nhung trude hét ta c6 the thir lai rang ham s6 y = — thod man phuong trinh véi C 1a
X

hang s6 tuy ¥. Tém lai, ho cac duong hyperbol c6 tinh chat da dit ra.
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5.1.1. Cac khai niém co ban

Dang tong quat cia PTVP cép 1:

Fop) =0 hay  Fx,r.2)=0 (5.)
X
Néu tir (5.1) giai ra dugc y’ thi ta c6 PTVP cdp 1 da giai ra dbi voi dao ham:
y'=f(x) (5.2)
A. Pinh Iy ton tai duy nhit nghiém Cauchy-Peano
Cho phuong trinh (5.2): y'= f(x,») va (xg,yy) € D (5.3)

Pinh 1y 5.1. Néu fx,y) lién tuc trén mién D trong mdt phang Oxy thi ton tai nghiém: y = y(x)
) .
trong lan can x, thoa man yy = y(xq). Ngoai ra néu al(x,y) cing lién tuc trén mién D thi

nghiém tim dwoc la duy nhat.
Bai toan tim nghiém ctua PTVP thoa man diéu kién (5.3) goi 1a bai toan Cauchy. Diéu kién
(5.3) goi la diéu kién ban dau.
B. Nghiém tong quat, tich phin tong quat
Ta goi nghiém tong quét cia PTVP cdp 1 1a ham s6
y=9(x,C) (5.4)

trong d6 C 12 hang s6 tuy ¥, thoa mén cac diéu kién sau:

a. Thoa min PTVP v&i moi hing sb C.

b. Co thé tim mot gia tri C=C, sao cho y=¢(x,C,)thoa man diéu kién ban dau
yo = ¥(xg) = @(x,Co) v6i (xg, o) thod man dinh 1y ton tai va duy nhat nghiém.

Nghiém téng quat cho dudi dang an:

O(x,y,C)=0 (5.5)

Hé thirc nay goi 1a tich phéan téng quat caa PTVP cip 1. Vé mat hinh hoc, nghiém tong quat
hay tich phan tong quat xac dinh mot ho duong cong trong mat phang khong cat nhau goi 1a cac
duong cong tich phan cua PTVP cap 1.

C. Nghiém riéng, tich phin riéng
Ham s6 y = ¢(x,C,) goi 1a mot nghiém riéng ctia PTVP, tic 1a dugc suy ra tir nghiém tng
quét (5.4) v6i hang s6 C xac dinh C = Cy . Tuong tu ta c6 mot tich phan riéng cia PTVP
D (x,,Co) =0
Chii y: PTVP con c6 cac nghiém khac nita, khong thé nhan dugc tir nghiém tong quét, duge goi
la nghiém ky di.
5.1.2. Cac PTVP cip mdt thwong gip

A. Phuong trinh véi bién s phan li
a. Pinh nghia: Phuong trinh v&i bién s6 phan li (phwong trinh tach bién) 1a PTVP ¢6 dang:
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Si(x)dx + f(y)dy =0 (5.6)
2
Chang han: al d); 4 dy 5= 0 1a phuong trinh véi bién sé phan 1i.
1+ x l+y

b. Phwong phap tich phan
Phuong trinh (5.6) c6 dang:
Si()dx = —fr,(y)dy = = f(y)y' (x)dx

Lay tich phan hai vé ta c6 :
[ fide==[ f(n)yde+C==[ fr(p)dy+C

Vay [ fi)dx+ [ fr(ndy=C (5.7)
D6 1a tich phén tong quat cua (5.6)
Chu y : Phuong trinh dang : M (x)N,(y)dx + M, (x)N,(»)dy = 0 c6 thé dua vé dang tach bién.
That vy, néu M,(x)#0 va N;(¥)# 0 thi chia hai vé clia phuong trinh cho M, (x).N,(») s&
duoc :
M) Ny
M (x) Ni(y)

D6 1a phuong trinh voi bién sé phén 1i.

dy=0

Néu M,(x)=0 tai x=a hoic N;(y)=0tai y=>h thi bang cich thay truc tiép nhan
dugc x =a hoac y =b la nghiém.
Vi du 1 : Tim tich phan tong quét ctia phwong trinh :
X+ Dde+(x* =1)(y—2)dy =0
Gidi: Voi y+1#0va x* 120 taco:

x3

7 dx+y_2dy:0
x =1 y+1

Tich phan tong quat 1a :
4
4 x4 —1 y+1

%ln‘x“ 1+ y=3mly+1=C

Ngoaira y+1=0 hay y=-1 va xt-1=0 hay x = +1 déu la cic nghiém.
Vi du 2 : Tim nghiém cua bai todn Cauchy
y'=cos(x+ y)+cos(x—y)
y(0)=0

Giai : y'=cos(x+ y)+cos(x—y)=2cosxcos y
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cosy # 0 tic y¢%+kﬂ,keZ

Ta co :

dy
cosy

=2cos xdx

J. Cjzj = 2I cosxdx+C
Yy

In

y )
to(=+—)=2sinx+C
g(2 4)|

Tur di€u kién ban dau suy ra : In

tg%‘=€,:>€=0

Vay nghiém cua bai toan Cauchy da cho la In

B.Phwong trinh ding cip cip mot
a. Pinh nghia : Phuong trinh dang cap cip mot 1a PTVP c6 dang

v =f(l), hay y' =f(t), véi t=
X X

b. Phwong phap tich phan
Coi t=Z la ham cua x, t'zi—% X—i
X X x
Thay vao phuong trinh s€ c6 :
t+xt'=f(t) hay xt'=f(t)—t
* Néu f(¢)—t#0 tacé phuong trinh dang (5.6)
dx - dt

X f)~t

* Néu f(1)—t=0tacla f (Z) o Vay ta c6 phuong trinh tach bién dang (5.6)
XN

dy _y
dx x

y J
to(=+—)|=2sinx.
g(2 4)|

(5.8)

* Néu f (t) —t=0 tai 1=ty hay y=ty.x thi bang cach thir truc tiép ta c6 nghiém y =,x

Vi du 3 : Giai phuong trinh
2xyy’—y2 +x2=0
Giai : Chia hai vé cho x? ta duoc :

22—y D2 +1=0
X X
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bat t = Z, y=tx = y'=t+ xt' vao phuong trinh s€ nhan dugc :
X

2Ut'x+1t2 +1=0

2tdt __@
142 X
2
I tdtzz_ @4_(:1
1+¢ X
In(1+£%) = —Inj] + C,
Hay : 1—1—t2:g
X
2
Tr("rvébiéncﬁtacé:1+y—2=g
X X
2 2
C ,» C
g ( 2j YT

D6 14 cac duong tron ¢6 tim nam trén truc Ox
Vidu 4 : Tich phan phuong trinh :
(y—x-Ddx =(x+y+3)dy
Gidi :
dy y—-x-1
dx - x+y+3
Pay chua phai 1 dang (5.8), tuy nhién thuc hién phép d6i bién :

{x=u+x0
y=v+)y

, \ dy d
c6 the dua dugc ve dang (5.8). That vay d_y e va chon (x(, ) sao cho :
x

du

V+yg—u—xp=l=v-u
Uu+xg+v+yp+3=u+v

Hay {Xo—y0+1:0 {on—Z

Xp+ yg+3=0, yo=—1
%
dv v-u L] v
Khido —= =1L __— 1)
du  v+u VvV, u
u

% dv
bitt=—=—=¢t+ut
u du
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dt r—1

U—+t=—o

du t+1

Jdr -1 e

du t+1 t+1

(c+Ddt _ du (+Ddt _ rdu

2 .[ +C
t“+1 2 +1 u

%ln(t2 +1) + arctgt = —ln|u| +C;

C
arctgt = In———
ViZ +1u

Trd veé bién cii s€ co tich phan tong quat :

y+;:ln C

+

* (x+2) 1+ 2"
x+2

arctg

C. Phuong trinh tuyén tinh cép 1
a. Pinh nghia : PTVP c6 dang sau day duoc goi 1a PTVP tuyén tinh cap 1 :
yHp(x)y = q(x) (5.9)
véi p(x),q(x) lién tuc trén (a,b)
Néu ¢(x) # 0trén (a,b) thi goi 1a PTVP tuyén tinh khong thuin nhat.
Néu ¢(x)=0 trén (a,b) thi goi n6 1a PTVP tuyén tinh thudn nhat.
b. Phwong phap tich phan

Cho phuong trinh khong thuan nhét (5.9). Goi phuong trinh vi phan sau ddy 1a PTVP tuyén
tinh thudn nhat trong tng véi (5.9) :

y+p(x).y=0 (5.10)
Trude hét, nhan thay (5.10) 12 PTVP véi bién s6 phan li. Nghiém tong quét ctia n6 c6 dang :
& = —p(x)dx
y

| %y = [ p(x)dx+C,

y = Ce P00 (5.11)

Bay gid ta tim nghiém tong quét cua (5.9) bang phuong phap coi hing s6 C trong (5.11) 1a
ham s va goi d6 1a phuong phap bién thién hang sé Lagrange. Cu thé thay

(x)dx

y=Cel” (5.12)

vao (5.9)taco:
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C'(@)e 7% _ 0 p)e 17O 1 o) p)e TPOF = g()
C'(x) = g)el 7"
C(x)= J.q(x)ejp(x)dxdx +C; (5.13)

Nhu vay ton tai ham sé C(x) phu thudc vao mot hang s6 cong C,tuy y dé (5.12) 1a nghiém
ctia PTVP (5.9). Chimg t6 nghiém tong quat cta (5.9) ¢ dang :

y= Ce_Ip(x)dx + e_fp(x)dqu(x)ejp(x)dxdx (5.14)

Néu trong (5.13) 1dy C =0 ta duoc mdt nghiém riéng cia (5.9). Do d6 ciing c6 thé ndi rang
phuong phép bién thién hing s6 Lagrange 1a phuong phap tim mot nghiém riéng cua phuong trinh
khong thuan nhét khi biét nghiém tong quat ctia phuong trinh thuan nht tuong tmg. Dang nghiém
(5.14) co6 thé mo ta tong quat sau day :

y=y+y (5.15)

trong do ; 1a nghiém tong quat ciia PTVP thudn nhit tuong Gng va y* la mdt nghiém riéng cua
chinh phuong trinh khong thuan nhat.

Dang (5.15) dting cho PTVP tuyén tinh c6 cip bét ky ndi riéng va dung cho cac hé tuyén
tinh n6i chung.
Vidu 5 : Tich phan phuong trinh :

Y
X

y X

1
Giai : Dat vao cong thue (5.14) trong d6 p(x) =——,q(x)=x,tacd:
X

de e g
y:Cex+exIxe * dx

Xeétvoi x>0 :
y=Ce™  + elnxjx.e_lnxdx =Cx+ xI dx=Cx+x°
Xétvoi x <0
y= Ce + eln‘x‘jx.e_ln‘x‘dx = C|X| +|X|Ix.édx

= Cx— XI(—I)dX = —Cx+x".
Vi Ctuy ¥ nén Vx # 0, nghiém téng quat c6 thé viét dudi dang :
y=Cx+x’.
D. Phwong trinh Bernoulli

Pay 1a PTVP khéng tuyén tinh (phi tuyén) tuy nhién c6 thé dwa vé dang PTVP tuyén tinh
bang cach thay d6i bién sb thich hop.
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a. Pinh nghia : PTVP c6 dang y'+p(x)y = y¥q(x) (5.16)
trongdo @ € R va o # 0, #1, cac ham p(x),g(x) cho trudc, lién tuc trén (a,b)
b. Phwong phap tich phan

Chia hai vé cua (5.16) cho y* ta sé& co:

1

1
Lot p)—— =)
y
Dmndx)=—7;T,dodéuf:(l—a)l%. (5.17)
y y

Thay vao phuong trinh trén s& nhan duoc PTVP tuyén tinh cap 1 di voi ham u(x) :

u+(-a)p(x)u =1-a)q(x) (5.18)
Sau khi tich phan phuong trinh (5.18), ta tr& vé bién cii theo (5.17).
Vi du 6: Tich phan phuong trinh:

X
Y+y=e2ily

Giai: Chia hai vé cho \/; s€ co:

X
Y fy=e?
" Jy

1

bat u= \/; ,u'= A phuong trinh duoc dua vé dang:

2y
u'—i—lu =—e5
2 2

_( M

1 X 1

M1 ~ [2a

u=_Ce jz +e Iz J.lezejz
2

X
dx
W _fl
= A g ] o*
\/;—Ce +e .2Ie dx
£ 1 Y
=Ce 2 +—e2
Jr 3

i 1
y=C2% X+Zex+C

E. Phuwong trinh vi phin toan phin
a. Pinh nghia: Phuong trinh vi phan dang:

P(x,y)dx +Q(x,y)dy =0 (5.19)
trong do Y = a—P, Y(x,y)eD (5.20)
ox 0Oy
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goi 1a mot PTVP toan phan.
Piéu kién (5.20) ching to vé trai ctia phuong trinh (5.19) 13 vi phan toan phan cta ham
u(x, y)nao do.
b. Phwong phap tich phan
Diéu kién (5.20) chtng t6 ton tai ham u(x, y) dé du = P(x, y)dx+ O(x, y)dy theo cong
thire (3.24) thi :

u(x, ) = [ PO p)d+ [ Qs )y

Xo Yo
Nhu vay tich phan tong quat c6 dang : u(x,y) =C (5.21)
Vidu 7 : Giai PTVP
3 2 2 3 .
(x” +3xy7)dx+(Bx"y+y )dy=0
Giai: Pat P=x’+3x y>,Q=3x’y+y’

aQ oP oQ &P
X = bxy,— = bxy = —> = — V(X
5 XY 3 XY= = (x,y)

Viay phuong trinh d4 cho 1a PTVP toan phan.

x y
u(x,y) = J.(x3 + 3xy2)dx + '[yz’dy
0 0

:%x“ +%x2y2 +%y4
Tich phan tong quat :  u(x,y)=C
Hay x'+6x’y* +y*=C.
c. Thira so tich phan
Trong mot sd trudng hop diéu kién (5.20) khong thoa méan. Khi d6 PTVP (5.19) chua phai
1a PTVP toan phan. Néu ton tai ham s6 a(x, y) dé phuong trinh :

aPdx + aQdy = 0 (5.19)
1a PTVP toan phan, tirc 1a thoa man diéu kién :

i(OtQ) = i(ocP),‘v’(x, y)yeD (5.22)
ox oy

thi ham s a(x, y) goi 1a thira s6 tich phan ciia PTVP.

Ngudi ta chimg minh duge rang nghiém cia PTVP (5.19) ciing 1a nghiém cua PTVP (5.19). Vi
vay dé giai PTVP (5.19) khong thoa man diéu kién (5.20) ngudi ta c6 thé tim mot thira sb tich
phan ou(x,y) va di tich phan PTVP toan phan.

Vi du 8 : Cho phuong trinh :
2sin yzdx+ xycosyzdy =0
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Chung t6 rang a(x, y) = x° 1 thira sé tich phén cia phuong trinh va gidi phuong trinh do.
Giai : Nhan hai vé cta phuong trinh véi x> ta duoc :
2x> sin yzdx + x4ycosy2dy =0
bat
Q

) oQ oP oP
P =2xsin 2, = x*ycos 2,—:4x3 cosy’,—=4x’ycosy’ = — =— , V(x,
y5,Q=x"ycosy o ycosy oy yeosy &7 e (X,y)

Ching t6 a(x,y) = x> 1a thira sb tich phan. Theo cong thirc (3.24.Chuong 3), tich phan
téng quat ciia PTVP la

X
. 1 {
u(x,y)=C, trong d6 u = J‘2x3 sin yzdx =—x*sin y2
0 2
Vay : x4siny2=C.
Trong mot sb truong hop dac biét ta co thé két luan vé su ton tai thura sd tich phan phu
thudc vao mot bién x hodc y. That vay gia st & = a(x) 1a thira s6 tich phan cua PTVP khong toan

phan (5.19). Khi d6 ai[a(x).Q(x,y)] = i[Ot(x).P(x, y)]
X oy

tire 1a a—=a'Q+a—

ox Oy

(5.23)

. o oP L. .
Tuong ty néu F(G_Q —a—j chi Ia ham cua y thi s€ ton tai thura s6 tich phan 1a ham cua
Loy

mot bién y va cong thirc tim:
s
a(y)=e

Vi du 9. Tich phan PTVP :

(5.24)

3
()c2 +y2)dx+ (2xy+xy2 +%)dy =0
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Giai.
x3
Dit P = x> +y2,Q=2xy+xy2 +?

8—Q=2y+yz+x2,a—P=2y

ox
i 1 Suy ra mét thira s tich phan 1a a(y) = eIdy =
ox oy )P

Nhan hai vé ctia phuong trinh trén véi e s& ¢6 :
3
e’ (x% +y)dx + e 2xy + xp? +%)dy =0

Veé trai 1a vi phan toan phan ctia ham so6 :

X y
u(x,y)= Iey (x? + y?)dx + IOdy
0 0

3
u(x,y)=e” (% + ysz
Vay tich phan tong quat cia PTVP 14 :
x2 N ’
e’x . y2 |=C (Clahing sé tuy y).
5.2. TONG QUAN VE SO PHUC

Chung ta da biét rang trong truong s6 thuc R khong thé phan tich thanh thira sé tam thirc
bac hai ax® +bx+c khi A=b* —4ac< 0.Tuy nhién s¢ rat tién loi néu co thé thira sd hoa tam
thirc nay thanh dang a(x —a)(x - ,B) trong d6 «, f R Nhiam myc dich nay thém vao R mot
phﬁn tor mai, ki hiéu 1a i1 (goi 1a don vi 40) két hop véi céac cap sb thuc (x, y) eR? dé tao ra cac sb
phuec.
5.2.1.Dinh nghia va cic dang sb phirc

A. Dinh nghia:
Cho (x, y) eR?, mot s6 biéu dién dudi dang z = x + iy, trong d6 2 =-1
goi 12 mot s6 phire. Tap cac sé phic ki hiéu 1a C.
Goix la phﬁn thuc cua z, ki hiéu Rez = x
y 12 phan 4o cua z, ki hiéu 1a Imz =y

Goi modun cua z, ki hiéu la|z|, xac dinh béi mot sé thyc khong am

|z|: x*+y?=r>0
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Goi Acgumen cua z , ki hi¢u Argz xac dinh bdi mét so thuc

Argz =Argg R va xac dinh tir diéu kién cose = X va sin Q= L v6iz#0

g g
Nhu vy Acgumen cla z sai khac nhau k27, k eZ va Arg0 1a khong xac dinh.
Vay sb phirc z c6 cac dang viét:
1. z=x+1y goi 1a dang chinh tic hay dang dai s6 cta sb phirc z .
2. z=r(cosp+ising) goila dang luong gidc cia s6 phirc z.

B. Biéu dién hinh hoc ciia cac s6 phirc

A Y
M(2)
y
r
0 X X
H.5.2

Xét mat phang Oxy véi hé toa do truc chuan (xem H.5.2)
Anh xa @: C— Oxy dit mdi sé phitc z = x + iy tmg voi diém M c6 toa 46 (x.y) trén mit

phang Oxy. Vay ¢ la song anh. Goi mat phang Oxy 1a mat phang phtc.
Vz eC,p(z) goila anh cua z trén Oxy
i -
VM € Oxy,¢™' (M) goi la toa vi cia M, d6 1a s6 phirc z €C . Ngoai ra OM ciing dugc goi
) N , o e d v d
1a vécto biéu dién so phirc z. Nhu vay ‘OM ‘ =|z| va | Ox,OM |=Argz

Trén mit phang phirc Oxy nhan thay:
Truc Ox biéu dién cac s6 thuc z =x eR, truc nay goi la truc thyuc, con truc Oy biéu dién
céc s6 phiic z =iy, yeR goi 12 cac s6 4o thuan tuy, ngudi ta goi truc Oy 14 truc ao.
5.2.2.Céc phép toan trén tap C
A.Phép so sanh bang nhau
. S X=X
V(x,y,x,y)eR4, X+iy=x +iy <:>{ ,
y=y
B. Phép lay lién hop

Cho z=x+iyeC, lién hgp cua z, ki hiéu la z chobdi z =x—1iy
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C. Phép lay s6 phirc dbi
Choz=x+iye C, sb phuc ddi cua z, ki hiéula —z (doc 1a trir z ) dugce xac dinh:
-Zz=-X -1y
D. Phép cong
Cho z=x +iy, z’= x’+iy’, tong ctia z va z’, ki hiéu 13 z + z’ xac dinh nhu sau:
z+72 =x+x)+i(y+y’)
E. Phép nhan
Cho z=x+1yvaz’=x’+1y’, tich cia z va z’, ki hiéu la z.z’ xac dinh nhu sau:
z.z' = (xx’-yy’) +i(xy’+ xX’y)
F. Phép trir va phép chia

La céac phép tinh ngugc ctua phép cong va phép nhan

Tt cac phép toan trén, nhan dugc cac tinh chét dudi day:

1.Vz eC,;:z.

2.V(z,z')eC2, z+z'=z+72'

3.V(z,z') eC?, zz'=zz'

i _
VneN ,Vz,z,,...,z, €C, & = e,

4. VzeC,Vz'eC’,C" =C\{0}

5k

5.VzeC, 7=z zeR

SH[ENE

z=-z5 zeiR,iR={iy,y eR}
6. VzeC zz= |z|2
G. Phép luy thira, cong thirc Moavro ( Moivre)
Cho z=r(cos@+isinb), Vk eZ

Goi z* 1a luy thira bac k ctia z. Bang qui nap , dé chiing minh dugc
z¥ = r*(cosk@ +isin k0) (5.25)
Goi (5.25) 1a cong thue Moivre.
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H. Phép khai ciin bic n ciia zeC’.

Cho neN',z=r(cosp+ising). Goi ¢ €C’ 1a cin bic n cua z, ki hiu 4z, x4c dinh

nhu
sau: ¢'=z
Lo . L p=r . W QF2kr
Néu goi p =‘g‘ va ® = Argg thi hayla p=r" va o=———
n® =@+2kr n
voi k=0,1,2,...n-1
Viy sb z c6 ding n cin bac n, d6 1a cac sé phirc co dang:
1
- 2kr 2
§=r"[cosu+ P+ kﬁj k=0,1,2,...,n—1 (5.26)
n n
Chu y:

e  Trong ly thuyét chudi [2] , sau khi da c6 cac khai trién cua cac ham sd so cip, ngudi ta s&

nhan duoc dang luy thira cua s6 phtc z:

zZ=re
Khi d6 cong thirc (5.25)sé la: 2z =r"e™?, keZ (5.25)’
1 0+2kn
Con cong thirc (5.26) sé la : 4/;:1””6 & neN,k=0,1,2,...n—1 (5.26)y

. Can bac n cua 1.

Viz=1co |z| =1 =r, Argz =0. Vay can bac n cua 1 1a n sé phirc dang:

2ikm

w, =e", k=0,12,..,n-1

Vi e =1nén cac s6 phirc @, c6 nhitng tinh chat sau:

a. Vke{0,1,2,...,n—1}, 0, =0, ..
b. Vk €{0,1,2,....,n 1}, w, = w{‘ .

n—1 -1 l’l

c. VneN\{0,1}, z Z:a)1
=0

k=

5

=0,
la)

d. Cac s phirc w, biéu dién trén mat phang phirc bai cac dinh cua mot da gidc déu n canh
noi tiép trong duong tron lugng gidc va mot trong cac dinh 1a diém c6 toa vi bang 1. Pa giac nay
nhan Ox lam truc dbi xung, chfmg han v6i n = 2, n = 3, n = 4, biéu dién hinh hoc cac sb @, cho
trén hinh 5.3
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N

- . o i
L N

H.S5.3

=
I
[\
=
I
w2
=
I
N

5.3. Phuong trinh vi phén tuyén tinh cip hai

Trude hét, ta xét mot bai toan dan dén PTVP tuyén tinh cdp hai. Xét mach RLC (hinh 5.4).
L
M VY Y Y Y ]

s/ =

H.5.2

Goi u(t) 14 tong dién ap trén cdc phan tir ciia mach, vay u(t) = 0. i(t) 1a cuong d6 dong dién
trong mach. Trong ky thuat dién tir da biét hi¢u dién thé trén dién tré 1 Ri(t), trén cudn ty cam la

di 1 . , -
Lj; va trén tu la E( J. idt + qOJ trong do6 qo 1a dién lugng ban dau trén tu. Vay ta c6 moi lién h¢
0

. t
sau day: 0=u(t)= Ri(t)+L%+%[J.i(t)dt+qu
0

Lay dao ham 2 vé ta s& o :
. w1
u'(ty=Ri'+ Li"+—
C
Vay nhédn dugc phuong trinh tuyén tinh cip 2 d6i voi ham sb i :

Li"+Ri'+—=0
C
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Phuong trinh vi phan tuyén tinh c4p 2 1a phuong trinh ¢ dang :
Y+ a(x)y' +ay(x)y = f(x) (5.27)
trong d6 a;(x),a,(x), f(x) lién tuc trén (a,b).
Néu f(x)#0 thi (5.27) goi la PTVP tuyén tinh khong thuan nhét.
Néu f(x) =0 thi(5.27) goi la PTVP tuyén tinh thun nht.
Ngudi ta da chimg minh riang véi cac gia thiét trén, PTVP (5.27) ludn ton tai nghiém va
nghiém ciia bai toan Cauchy sau day 1a duy nhét.
Tim nghiém cua PTVP (5.27) thoa man:
{J’(xo) =0 (5.28)
¥'(x0) =0

trong d6 (Xo, Yo, ¥’0) cho trudc. Cac diéu kién (5.28) goi la cac diéu kién ban dau. Bai toan trén goi
la bai toan Cauchy
Nguoi ta goi PTVP (giit nguyén vé trai cta (5.27)) (5.28)
y'+a(x)y' +ay(x)y=0
12 PTVP tuyén tinh thudn nhat twong tng véi PTVP tuyén tinh khong thuan nhét (5.27).

Moi hé tuyén tinh déu co tinh chat chung nén tuong ty nhu PTVP cép mot, nghi€ém cua
PTVP (5.27) ¢6 quan h¢ véi nghiém cua PTVP (5.29). Vi thé trude hét ta xét PTVP (5.29).
5.3.1 Tinh chit nghiém ciia PTVP tuyén tinh thuin nhit.

Xét PTVP tuyén tinh thuan nhat:
Vi+a(x)y' +ay(x)y =0 (5.30)
Pinh 1y 5.2. Néu y; va y, la nghiém ciia PTVP (5.30) thi y;+y; va Cy; (hodc Cys) véi C la hang s6
tuy y, ciing la nghiém cua (5.30).

Chirng minh : That vay thay y = y;+ ya, y = Cy, vao PTVP (5.30) s& nhén thay chung thoa man
PTVP do:

(V1 +32)" + a1 (X)) +¥2)" + ay()(yy + y7)
= [J’1" +a (x)y +ay(x)y ]+ V5 + a1 (x)yh + a3 (%), ]=0
(1) +ay ((C) +ay(R)Cyy = Cyj +a ()] +ay ()1 ]=0

Trudc hét ta xét khai niém hai ham phu tuyén tinh, doc lap tuyén tinh. Cac khai niém nay
ciing tuong ty nhu cac khai niém cua véc to trong khong gian di hoc trong toan cao cap A,.

Céac ham @, (x), ¢, (x) lién tuc trén (a, b) goi 1a phu thudc tuyén tinh trong (a,b) néu ton tai
2 hang s @y, a, khong dong thoi bang 0 sao cho :
a101(x) + a0, (x) =0, Vx € (a,b) (5.31)
Nguoc lai, tirc 1a (5.31) chi xay ra khi a; = a, =0 thi néi rang @, (x),,(x) la doc lap

tuyén tinh trén (a, b). D& dang chi ra ring : Hai ham sé doc lap tuyén tinh khi va chi khi ty sb cua
chung khong phai 1a hang sd. Hai ham s phu thudc tuyén tinh khi va chi khi ching ti 18 véi nhau
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Chinghan: @ (x)=1,¢;(x) =x, ¢3(x) = x°

@4 (x) = sinx, s (x) = cosx, g (x) = €, @7 (x) = e** 1a doc 13p tuyén tinh timg
d6i trén khoang (a, b) bat ky.
Pinh 1y 5.3. Néu cac ham @ (x), ¢, (x) phu thudc tuyén tinh trén (a ,b) thi :

? %)
Wlenel=| 7" |20, Vxe(ab)
? 20}
Goi w[cpl,cpz]=‘$i ol (532)
1 2

la dinh thtrc Wronski cua hai ham ¢, ¢,
Chirng minh :
Ton tai a,a, khong dong thoi bang khong dé oy (x) + a0, (x) =0

Giastr o, =0, vay ¢, (x) = —ﬂ(pl (x) suyra:
a

2

o
D _O(_I(DI(X) o o
a7 1

W, = 2 " =(.
[9-9.] , a ool ¢
D _a_(ﬁl(x)
2

Pinh 1y 5.4. Néu cdc nghiém y,, v, ciia PTVP tuyén tinh thudn nhat (5.30) la déc lap tuyén tinh
trén (a b) thi Wy, v, ]# 0, Vx € (a,b) (5.33)
Chirng minh :
Gia str ngugc lai W[yl (x0), 12 (xo)] =0 v6i a < xy < b. Xét hé phuong trinh dai sé véi cac
an Cy, Cy:
{Clh (x0) + C2y2(x) =0
Ciy(xg) +Cay;3(xp) =0
Hé nay c6 nghiém khong tdm thuong C,, C, (gia st C, #0) vi dinh thirc cua hé bang
khong.
Mit khac ham s6 3 = C;y; + C,y, ciing la nghiém ciia (5.28) (theo dinh 1y 5,2).
Theo trén thi 7(xg) =0, ¥'(xy) = 0. TU tinh duy nhat nghiém suy ra ¥ =0 trén (a, b) tirc
la:
Ciy; +Cyy, =0,Vx e(a,b)
Ma C, # 0 ching to yy, y, phu thudc tuyén tinh, mau thudn véi gia thiét.
Dinh Iy 5.5. Néu y,, v la hai nghiém déc ldp tuyén tinh ciia (5.30) thi nghiém tong qudt cia
PTVP (5.30) c6 dang : y=Ciy1+Cy», (5.34)
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trong do C,,C, la cdac hing sé tuy y
Chirng minh :

Trude hét ta thiy (5.34) 1a nghiém cua (5.30) (theo dinh 1y 5.2) va phu thudc vao 2 hing sd
C, Ctuyy.

Ngoai ra véi diéu kién dau y(x,) = y,, ¥'(x,) = v, thi s& tim dugc C, C; duy nhat. That vy
hé phuong trinh :

{J’(xo) =C1y1(x9) + Crya(xg) =yo o (x0)  ya(xp)

V'(xg) = Ciyi(x0) +Coyr(xg)=»o  |vi(xg)  »5(xp)

Suy ra nghiém (C;, C,) ton tai duy nhat.
Pinh 1y 5.6 Néu biét y, # 0 la nghiém ciia (5.30) thi c6 thé tim dwoc nghiém y; cia (5.30) déc
Idp tuyén tinh véi y; dang :
¥2 () = 3 (0 —e 19 (535)
yi (x)
Chu ¥ : Trong tich phan trén hing s6 cong cua tich phan bt dinh luon 1ay bang 0.

Chirng minh :
Trudce hét ta co thé tim nghiém y, trong dang v, (x) = y; (x)u(x)
bat vao (5.30) s€ nhan dugc PTVP dbi v6i ham u(x)
yiu+2yiu’+ yu" +ay (0)yiu+ yu'l+ ayyu =0
u(yi +ayy; +axy))+ {”" ok {2);_{ T a (X)}“} =0
Chon u khéc hang sb thoa man phuong trinh :

u"+ {2—y+a1(x)}u' =0
Y1

!

2y +a, (x)}v =0

N
Pay 1a PTVP tuyén tinh cip 1, do 6 :

batv=u' co v’+{

—J.{zy’ﬂzl (x)}dx
v=Ce LN

y’
2| =dx
=Ce e_jal(x)dx

_ Ce_zlnyl e—Ial(x)dx

_o L o
Y1
Liy C =1 do d6 c6 thé chonu 1a :
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u(x) = I;.B_Ial(mdxdx

i (x)
Vi u!(x) — Lze—jal(x)dx

Y

# 0 nén u(x) khong phai 13 hang sd, chung to y,, y, doc lap tuyén

tinh.
Vi du 10 : Tim nghiém téng quat ciia phuong trinh :

sin x

2 o . .
" +=y"+y =0 biét mot nghiém riéng y, =
X

Giai : Tim y, doc lap tuyén tinh véi y, trong dang (5.35)

ES
sinx ¢ x>e " X sinx ¢ x2.e 2Mnx
y= = [
X sm- x X sm- x
sinx ¢ dx sin X COS X
= J. ——= (—cotgx)=— A
X Ysin“ X X
Vay nghiém téng quat :

y =1(C1 sinx +C, cos x).
X

Vi du 11 : Giai phuong trinh
x*(Inx-— 1)y" —xy' + y = 0 biét rang n6 c6 mot nghiém riéng dang y = x*, o € R
Giai : Trudc hét tim «
Dit y; = x% vao phuong trinh s& ¢6 :
(nx-Da(a-)x*2 —ax® +x% =0, Vx € (a,b)

a(lnx—(a—-1)—a+1=0,Vxe(a,b)

ala—-1)=0
suy ra S>a=l=y =x
-a+1=0

Tim y, trong dang (5.33)

,[ xdx
2
cull (lnx—l)d)C
Y2 =X
x2
dlnx
e’ Inx-1 ennx-1)
=X J. 5 dx = xJ-—zdx
X X

Inx-1 1 dx
:xj 5 dxzx{—;(lnx—l)+]‘x—2} =—Inx

Nghiém tong quat y = C;x +C, Inx
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Chi y : Dé biét duge mot nghiém khong tim thuong cia PTVP tuyén tinh thuan nhat 1a rat kho
khan. Vi thé trong qua trinh tich phéan ta phai xem xét dang phuong trinh dé suy doan dugc
nghiém hodc tim nghiém theo sy goi y cta bai toan.

5.3.2 Tinh chit nghiém ciia PTVP tuyén tinh khong thuin nhit

Xét PTVP (5.27) va PTVP thuan nhét tuong tmg(5.29).
Pinh Iy 5.7. Nghiém tong qudt cia PTVP (5.27) bang tong nghiém tong quat ciia PTVP (5.29)
cong voi mot nghiém riéng bat ky cia chinh phirong trinh (5.27)
y=y+y (5.36)
O day nguoi ta ding ky hiéu :
y 1 nghiém tdng quat ctia PTVP (5.29)
y" 1a nghiém riéng cua PTVP (5.27)

Chirng minh : Thay y = ; + y* vao (5.27) ta co:

" "

vy v a0 ) Fa @O +y) = f@)

n

Yy ta()y +a(0)y+y +a(x)y +ay(x)y=[f(x)
0+ f(x)=f(x)

Chuing to y:;+y* 1a nghiém cua (5.27). N6 phu thudc hai hing s6 tuy y C;,C,(c6
trong biéu thirc cﬁa; ) va véi diéu kién dau thi C;,C, sé& tim dwoc duy nhat nhu di chimg minh &
dinh 1y 5.5
Pinh 1y 5.8 (Nguyén ly chong chit nghiém): Néu yl* ) y; lan heot la cdc nghiém riéng cia

phirong trinh khéng thudn nhat
y'+a(x)y'+ay (x)y = fi(x)
y'+ap(x)y'+ay (x)y = f(x)
thi y* = yl* + y; la nghiém riéng cua phuong trinh (5.27) voi vé phai
J)=fi(0)+ f(x)

Chting minh dinh ly nay ciing twong ty nhu trén bang cach thay y* = yl* + y; vao PTVP
(5.27) s& nhan dugc dong nhat thirc.

Y nghia ciia nguyén 1y 1a & chd: vé phai f{x) c6 thé phan tich thanh tong hitu han cac ham
sd, tmg v6i moi ham sd, nghiém riéng thanh phin c6 thé tim dugc d& dang hon va nhu vay
nghiém riéng " s& tim dugc.

Pinh 1y 5.9: Néu biét hai nghiém riéng ciia PTVP (5.25) yf,y; thi ham s6 y = yf - y;
la nghiém cua PTVP (5.29).
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Chimg minh dinh 1y nay bing céch thay y =y, — y, vdo phuong trinh (5.29) va dé y dén
yik , y; 1a cac nghiém riéng ctia (5.27) s& nhan dugc ddng nhat thirc.
Dinh 1y 5.10: Néu biét hai nghiém riéng Y1,Yo doc lap tuyén tinh cia (5.29) thi mot nghiém
riéng ciia (5.27) ¢6 thé tim dwoe bang phwong phdp bién thién hang sé Lagrange.

Nghiém do co dang:
¥ =LY () + Ca (%), (%) (5.37)
Cy, +Chy, =0
trong do: {ny; + C/zy/2 = f(x) (5.38)

Chig minh: Gia st biét hai nghiém doc 1ap tuyén tinh caa PTVP (5.29) 1a y,,y,. Khi do
nghiém téng quat cua (5.29) 1a:

y=Cy1(x)+Cryy(x)
Noi dung ctia phuong phap bién thién hing s6 Lagrange 1a:
Coi y* = C,(x)y;(x) + C5(x)y, (x) 1a nghiém riéng cia (5.27), v6i su ton tai clia
Ci(x),Cy(x).
Thatvady y =Ciy+Cyy +Cy + Gy,
Trude hét dat diéu kién:

Cyy; +Cayy, =0, khido y~=Cyy; +C,y) *)
Bay gi¢ thay y vao (5.27) s& nhan dugc:

Ci +ay +ay) +Co(yvy + a1y, +azy,) + Cryp + Cry,y = f(x)
bé y* la nghiém thi phai c6:
Cin + Gy = /(%) (**)
Céc diéu kién (*) va (**) bay gio la:
{Clh +Chyy =0
Ciy +Caryy = f(x)
H¢ phuong trinh nay hoan toan tim dugc Ci , C'Z do |W/[y,,y,]#0.Tw do6 s& c6 C; (x),Cy(x).
Vi du 12: Tim nghiém tong quat ciia phuong trinh:

2x 1

yH+ y|: .
x?+1 x2+1

Giai: Phuong trinh thuan nhat twong tng 1a:
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n 2x '
Y+ ———y'=0
x°+1

Dé nhén thdy phuong trinh thuan nhat ndy c6 mot nghiém 1a y, =1
Nghiém thir hai doc 1ap tuyén tinh tim theo cong thirc (5.35) sé la:

I—ffx dx dx
yzzje X+l dx:J. >
x“+1

=arctgx

Nghiém riéng ctia PTVP da cho tim trong dang:
yak =C(x)+ Cy(x)arctgx
trong do:

Ci + Cvzarctgx =0

' A 1 1
C,.0+C,. =
1+x? 1+x2
Giai hé nay s€ co:
Cr=1=C,y=x

C 1 =—arctgx = C| =— j arctgxdx = —x.arctgx + %ln(l +x? )
Vay nghiém tong quat 1a:
y =%ln(l + xz) + C, + C,arctgx
5.4. Phwong trinh vi phan tuyén tinh cap 2 ¢6 hé s6 khong doi

5.4.1. Khai niém vé s6 phirc
5.4.2. Cac dang nghiém ciia phwong trinh thuin nhét
Cho phuong trinh:
y't+a,y'+a,y =0 (5.39)
trong d6a,,a, 1a cac hang sé thuc.
Tim nghiém riéng cua (5.39) dudi dang
y =e™, k=const
Vay k thoa man diéu kién:
y'=ke",y"=k’e",e*(k’+ak+a,)=0=k’+ak+a, =0 (5.40)

Phuong trinh (5.40) goi la phuong trinh dac trung cua (5.39). Thong qua phuong trinh nay,
chung ta co thé biét dugc dang nghiém cua chinh (5.39).
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* Néu (5.40) cho 2 nghiém thuc khac nhau k,,k, thi c6 2 nghiém riéng coa (5.39) la

y, =e",y, =e"". Ching doc 1ap tuyén tinh vi Hi_ gtk khong phai 1a hing sd. Vay
V2
nghiém tong quat cua (5.39) sé la:
y=Ce" +Ce™ (5.41)

* Néu (5.40) cho 2 nghiém thyc tring nhau thi (5.39) c6 1 nghiém riéng, y, = e". Nghiém
riéng y, doc lap tuyén tinh v6i y, tim dugc theo cong thirc 5.35
y, =uy, va e*u"+e"™ (a, + 2k)u'=0
vi k 1a nghiém kép cua (5.40) do d6 a, + 2k = 0. Suy ra:
u"=0,u=Ax+ B, léyu =x.
Vay nghiém téng quét ciia (5.39) :
y=(C, +C,x)e” (5.42)
* Néu (5.40) cho 2 nghiém phirc k = @ £if thi hai nghiém riéng dudi dang phic sé& 1a:
y, =e“e™ =e™(cos fx +isin fx)
y, =e“e ™ = e™(cos fx —isin fx)
Do a,,a,la cac sb thuc, vdy cac phan thuc va phan 40 cta y,,y, ciing la nghiém cua
(5.39).
Chung ta liy 2 nghiém 13 e™ cos fx,e™ sin fx . Ching doc 1ap tuyén tinh. Vay nghiém
téng quat cuia (5.39) trong trudng hop nay c6 dang:
y=e*(C, cos fx+ C, sin fx) (5.43)
Vidu 13: V'4+5y'+6y =0
Giai: Phuong trinh dic trung ctia né: k* + 5k +6 = 0 cho nghiém k; = -3,k, = -2. Vay :
y=Ce ™ +Ce™
Vidu 14: y"-2y'+y =0
Giai: Phuong trinh déc trung ciand k> — 2k +1=0 c6 nghiém k;=k,=1. Vay
y=e(C, +C,x)
Vi du 15: Tim nghi€ém cua bai toan Cosi:
Y2y 42y =0,y(0) = »'(0) =1
Gidi: Phuong trinh dédc trung cta no:
k> +2k+2=0k=—1%i
Nghiém téng quat:
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y=¢ (C,cosx+C,sinx)
y'=e¢*((C,-C))cosx—(C, +C,)sinx)
¥(0)=1=C,
y'(0)=1=C,-C,=C,=2

y=e "(cosx+2sinx).

5.4.3. Phuong phap tim nghi¢m riéng ciia phwong trinh khéng thuin nhit

Cho phuong trinh :
y'ray'ta,y = f(x) (5.44)
trong d6 a;,a; la cac héng sb thue.
Nho vao phuong phap bién thién hang sé Lagrange va cac dang nghiém cta phuong trinh
thudn nhat ta c6 thé tim duoc nghiém téng quat cia (5.44) véi f{x) 1a ham lién tuc bit ky.

X

Vidu 16: Tich phan PTVP y"—y =—
e’ +1

Giai: PTVP thuin nhét tuong Ung:
V'=y=0
Phuong trinh déc trung cta no:
k> -1=0=k=+1
Nghiém téng quat ciia PTVP thuan nhit twong tng:

y= Ce " +C,e"
Bay gio tim nghiém riéng cia PTVP dd cho bang phuong phap bién thién hing sé
Lagrange:
¥ =C (e +C,(x)e"
Ce*+Ce* =0
trong do o
—Ce " +C,e* = -
l+e
Suy ra
] N T ™
C=s570="7 x
n 21+e
lp d
C,==[—
29¢" +1
dt

bit e +1=t, dx=—-,
t—1
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¢, =1 dt ZLI(L_l}h
2 ie—y T2
T el S L
: 2 2

2
2x
YRR Y T

276" +1 t

X

et et o
2 2
Vay nghiém téng quat:

e

y= 2 (e +1) - e* +C1]+§[x—ln(ex +1+G)

Dudi day ching ta xét cac dang dac biét cua f(x) tng voi n6, nghi€m riéng cua (5.44) tim
dugc ma khong can phai ding dén phép tinh tich phan.

Truong hop 1: f(x)=e“P,(x)=e“(A,x" + A, _x"" +..+ 4,)

trong 46 a, 4, € R,(i=0,n), 4, #0

Néu o khong phai 1a nghiém cua phuong trinh ddc trung cua phwong trinh thuan nhat
tuong ung vadi (5.44) :

k*+ak+a, =0 (5.45)
thi mét nghiém riéng cua (5.44) tim duoi dang:

y =e”Q, (n)=e“(B,x"+B, x"" +..+B,) véi n+1 h¢ sb B; chua biét.
Thay y" vao (5.42) thi:

0, +Qa+a)Q, +(a’ +aqa+ay)Q0, =P,

Pong nhét cac hé sd cua lily thira ciing bac cia x ta s& c6 hé (n+1) phuong trinh tuyén tinh

v6i voi (n+1) an s6 B; (i = 0,n). Phuong phép tim cac hé sb ciia Q, nhu trén goi 1a phuong phap
hé s6 bat dinh voi hé ham s6 1 x,x%,...,x" ...
Néu a la nghiém don cta (5.43), nghiém riéng tim duéi dang:
vy =xe®Q, (x)=xe™ (B, x" +...+ By)
Néu o 1a nghiém kép ctia (5.43) thi:
¥ =x2e®0,(x)=x*e™(B,x" +..+ By)
Vi du 17: Tim mot nghiém riéng ctia PTVP:  y"+2y'+y = x(= " P, (x))
Giai: Phuong trinh dic trung ctia phuong trinh thuan nhat twong tmg:

k* +2k +1=0 co nghiém kép k = -1

y* :B1x+BO,y*/ :Bl,y’k =0
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2B, +Bix+B,=x

B, =1
{23l v B, =0 Do=2B=
y =x-2.
Vi du 18: Tim mot nghiém riéng ciia PTVP: y' +2)'-3y = e x(= ¢! P, (x))
Giai: Phuong trinh dic trung ciia PTVP thuan nhat:
k> +2k-3=0 conghiemk=1,k=-3
y =xe"(Bx+B,)=e"(B,x’ + B,x)
v =e"(Bx* + (B, +2B,)x + B,)
y" =e"(B,x> + (B, +4B,)x + 2B, +2B,)

Thay vao phuong trinh s€ co:

8B, x+2B, +4B, =x

B, =—
8B, =1 77
2B, +4B, =0 1

. <1 1
=x.e" —(x——).
y gx=2)
Vi du 19: Tim nghi¢m cuia bai toan Cosi:
Y'-4y +dy=e” (x+1),9(0)='(0) =1

Giai: Phuong trinh dic trung cia phuong trinh thudn nhit tuong tmg k° —4k+4=0 cho
nghiém k, =k, =2.

Trudce hét tim mot nghiém riéng:
y =x’e™(Bx+ B,)=e>*(B,x" + Byx")
v =e*[2Bx* + (2B, +3B,)x> + 2B,x]
v = (4B,x’ + (4B, +12B,)x> + (8B, + 6B,)x + 2B,
6B x+2B,=x+1

6B, =1 1
=B7=—,B, =
2B, =1 6

Nghiém tong quat:

1
2
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y=e"(C, +C,x) +éx2e2* (x+3)

y =e™(2C, +C, +C2x)+ée2x(2x3 +9%x” 4 6x)

y(0)=C, =1
y'(0)=2C, +C, =1
C =LC,=-1

y=e”* (1—x)+%xzezx(x +3).

Trudng hop 2: f(x) =e™ [P, (x)cos fx + O, (x)sin fx]
trong d6 a, B R, P,(x), 0, (x) 1a cac da thiic bac n,m cho trudc voi cac hé s thyc.
Néu a +if khong phai 1a nghiém cua (5.43) thi mot nghiém riéng cua (5.42) dugc tim
dudi dang:
y" =e™[R,(x)cos fix + S, (x)sin fx]
trong 46 R, (x),S,(x) 1a cic da thiic bac [ = max(n, m) c6 cac hé sé dugc tim bang phuong phap
hé sb bat dinh v6i cac hé ham: 1, x, x> ,...,sin fx, cos Bx
Néu o +if 1a nghiém cua (5.43) thi tim nghiém trong dang:
y" = e®x[R, (x)cos fix + S, (x)sin fx]
Vi du 20: Tim nghiém tong quat: y" + y =xcosx
Giai: Phuong trinh dic trung twong tng k° + k =0 cho nghiém & = 0,k = -1
Nhan thiy +i khong phai 1 nghiém ciia phuong trinh dic trung. Vay
y" =(Ax+ A,)cosx +(B,x + B,)sin x
y*l =(Bx+ A4, +B,)cosx+(-A4,x+ B, — 4,)sinx
v =(=Ax+2B, — A,)cosx + (~B,x — 24, — B,)sin x
Vay  ((B,—4)x+A4,+2B +B,— A4))cosx+(—(4, +B)x+ B, —24 — 4, — B, )sinx = xcos x
B,-A =LA +2B,+B,-A,=0
B,+A,=0,-2A, +B,-B,-A,=0
B, :%,Al :—%,AO =1B, = !

X

. 1 1 .
Nghi¢m tong quat: y=C, +C,e™" — E(x —2)cosx + E(x +1)sin x

Vi du 21: Tim mot nghi¢m riéng ctia phuong trinh:
V'+2y' 2y =e (1 +sinx)

Giai: Dya vao nguyén ly chong chat nghi¢m, ta tim cac nghiém riéng cia cac phuong trinh sau:
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V'+2y'+2y=e "sinx
YV'2y2y=e"
Phuong trinh dic trung twong tng k> + 2k + 2 =0 cho nghiém k=—-1+i

y; =xe " (4y cos x + By sin x)
yi = ((Byx — Agx + Ay) cos x + (By — Byx — Ayx)sin x)

y; =e*((2By —24y — 2Byx)cos x + (—2B, — 24, + 24yx)sin x)
2B,cosx —24,sinx=sinx
I . xe "
B,=0,4, =——,y, =— cos x
0 0 ) Vi )

y; =Coe_x,y; =—Coe_x,y; =Cpe”

X

X

C,=1y,=e
Nghiémriéng y" =y, +y, =e (1 —%cos X)

Céc phuong phap trinh bay trén ciing dwoc ap dung cho phuong trinh vi phan tuyén tinh cip
cao ¢ hé sb héng $b, chéng han xét bai toan Cosi sau:
Vi du 22: Giai PTVP:

Y2y 2y'=y =x7, p(0) =0, y'(0) = y"(0) =1
Giai: Phuong trinh ddc trung cia PTVP thuan nhat tuong tng:
kK =2k +2k-1=0

(k=D(k* —k+1)=0,k =Lk, :%(1@\/5)

Nghiém téng quat ctia phuong trinh thuan nhat twong tng:
5 x %x 3 : \/5 N1y Aon o
y=Ce" +e? (C, cosTx + C, sme) C;C,C; 1a cac hang so tuy y.

Mot nghiém riéng tim dudi dang:

y* :A2X2 +A1X+A0
V" =24,x + 4

n
*

y =24,

Y =0, —Ayx? +(44y — A)X+24; — Ay — 44, =x°
Ay =—1
44, — A4, =0 A =—4
24, — Ay —44, =0, Ay=—4
Nghiém téng quat :
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1
—X
y=Cie* +e? (C, cos73x+C3 singx)—x2 —4x—-4

1

y'=Cie* +%e2x[(C2 +C3\/§)cosgx+(C3 —sz/g)sinng—2x—4
1

y'=Cie* +%e2x[(C3\/§—Cz)cosgx—(CZ\/§+C3)sin§xJ—2

C,+C,—4=0

Cl+%(C2+C3\/§)—4=—1

Tur diéu kién ban dau co:

C, +%(C3\/§—C2)—2=—1

C =C,=2,C,=0
1,
Vay nghiém cuta bai toan Cosi la: y =2e" + 2e? COSTX

TOM TAT NOI DUNG CHUONG V.

e Phuong trinh c6 bién sb phan ly. Dang phuong trinh: £, (x)dx + £, (y)dy = 0

Tich phan tong quat: I S (x)dx + j fr(»dy=C
® Phuong trinh dang cdp cip mot. Dang phuwong trinh: ~ y* = f (Z), hay y> = f(¢),t = X
X X

Phuong phép tich phan: Coi t 1a ham s cia x, thay vao phuong trinh sé dua vé

, A d dt
dang c6 bién s0 phan ly %

x  ft)-t
® Phuong trinh tuyén tinh cip mot. Dang phuong trinh: '+ p(x)y = g(x)

Nghiém tong quat:
y= Ce—jp(x)dx + e—jp(x)dx J’ q(x)ejp(x)dxdx

® Phuong trinh Bernoulli. Dang phuong trinh: '+ p(x)y = y“g(x)

Phuong phap tich phan: Pat u(x) = —

y
Thay vao phuong trinh trén s& nhan dugc PTVP tuyén tinh cdp 1 d6i v6i ham wu(x) :
u+(I=-a)p(xu = (1-a)q(x)
® Phuong trinh vi phin toan phan. Dang phuong trinh: P(x, y)dx + O(x, y)dy =0

0 _op

trong do ,V(x,y)eD
oy
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X y
Tich phén tong quat: J- P(x,y)dx+ J- O(xg,y)dy=C

X0 Yo

x Y
hoti: | P(x,y)dx + [ O(xo. y)dy=C

X0 Yo
® Phuong trinh vi phan tuyén tinh cdp hai thuan nhat:
y'+ap(x)y' +ay(x)y=0 (*)

Tinh chit nghiém:

1. Néu y; va y, la nghiém ctua PTVP(*) thi y,+y, va Cy, (hodc Cy,) voi C 1a hang sb tuy ¥,
cling l1a nghiém cua(*)

2. Néu V1, V2 12 hai nghiém doc lap tuyén tinh ctua (*) thi nghiém téng quat n6 co6 dang :
y=Cy+Cyyy

trong 46 C;,C, 1a cac hang s tuy ¥

3. Néu biét 1 # 0 1a nghiém cua (*) thi co thé tim duoc nghiém y, cua né doc lap tuyén

tinh véiy; dang :
I Jad
$2 () = 7 () 5—e T4
yi(x

Chu y : Trong tich phén trén hang sb cong cua tich phan bat dinh luén 13y bang 0
e Phuong trinh vi phan tuyén tinh cdp hai khong thuan nhat

V'+a(x)y' +a,(x)y = f(x) (**)
Tinh chit nghiém :

1. Nghiém tong quat cia PTVP (**) bang tong nghiém tong quat ciia PTVP (*) cong véi
mot nghiém riéng bat ky cua chinh phuong trinh (**)

y=y+y
O day nguoi ta ding ky hiéu :
y 1a nghiém tdng quat ciia PTVP (*)
y* la nghi¢m riéng cua PTVP (**)
2. (Nguyén ly chong chit nghiém): Néu yl* , y; lan luot 13 cac nghiém riéng cua phuong
trinh khong thuan nhét
y'ra (x)y'tay (x)y = f1(x)
y'+ay(x)y'+ay (x)y = f5(x)
thi y* = yf + y; 1a nghiém riéng cia phuong trinh (**) véi vé phai f(x) = £, (x) + f5 (%)

3. Néu biét hai nghiém riéng V1,¥, doc lap tuyén tinh cua (*) thi mot nghiém riéng cua

(**) ¢6 thé tim dugc bang phuong phéap bién thién hing sé Lagrange. Nghiém d6 ¢ dang:
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¥ =Cr(0)y(0) + Cy (x)y, (%)

Gy +Cy, =0

Gy +Coyy = f(x)

4. Néu biét hai nghiém riéng ctia PTVP (**) yf , y; thi ham s y = yik i y; la nghiém cua

PTVP (*)
e Phuong trinh vi phan tuyén tinh cip 2 thuan nhét c6 hé s6 khong déi

y'+a y'+a,y=0, (1) a,,a, la cac hang sé thue

trong do:

Kk + ak +a,=0 (2) goila phuong trinh dic trung cua (1)
Dang nghiém tong quat:
Néu (2) cho 2 nghiém thuc khic nhau k,,k, thi nghiém tong quat ctia (1) s& la:
y= Clek'x + Czekzx
Néu (2) cho 2 nghiém thyc tring nhau thi nghiém tong quat cua (1) s& Ia
y=(C, +C,x)e"™
Néu (2) cho 2 nghiém phic k=a*if thi nghiém tong quat coa (1) s& la
y =e“(C, cos fx +C,sin fx)
® Phuong trinh vi phan tuyén tinh cap 2 khong thudn nhat c6 hé sé khong doi
y'+a,y'+a,y = f(x), 3) a;,a; 1a cac hang s6 thuc

Truong hop 1: f(x)=e“P,(x)=e™ (A x" + A, _x"" +..+ 4,)

trong d6 a, 4, € R,(i =0,n),4, #0
Néu «a khong phai 1a nghiém cia phuong trinh ddc trung cta phuong trinh thuan nhat
twong Uing vaéi (3) thi mot nghiém riéng cia (3) tim dudi dang
y =e”Q, (n)=e“(B,x" +B, x"" +..+B,)
Truwong hop 2: f(x)=e™ [Pn (x)cos px + Q,, (x)sin ,Bx]
trong d6 o, B € R, P,(x),0, (x) 1a cac da thiic bac n,m cho trudc véi cac hé s thyec.
Néu a + il khong phai 1a nghiém cia (2) thi mot nghiém riéng cta (3) dugc tim dudi
dang:
y =e” [Rl (x)cos fx + S,(x)sin ﬁx]
trong d6 R, (x),S,(x) 1a cac da thirc bac / = max(n, m) co cic hé s dugc tim bang phuong
phap hé sb bat dinh v&i cac hé ham: 1, x, x>,...,sin B, cos Bx

Néu a +if 1a nghiém cua (2) thi tim nghiém riéng trong dang:

y" =e®x[R, (x)cos fix + S, (x)sin fx]
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CAU HOI VA BAI TAP CHUONG 5

5.1. Nghiém tong quat cia PTVP cap n phu thudc vao n hang s tuy y.
Ping [ Sai [ |
5.2. Nghiém ciia bai toan Cauchy ludn duy nhit nghiém
Ping [ Sai [ |
5.3. Phuong phap bién thién hang sé Lagrange ap dung chi cho PTVP tuyén tinh.
Ping [ Sai [ |
5.4. Phuong trinh Bernoulli 1a PTVP tuyén tinh
Ping [ Sai [ |

5.5. PTVP toan phan 13 phuong trinh vi phan tuyén tinh thuan nhét.

Ping L] Sai [
5.6. PTVP tuyén tinh thun nhat ludn luén c6 nghiém
Ping L] Sai [
5.7. Biét 2 nghiém y, va y, ctia PTVP tuyén tinh thuin nhét thi biét dugc nghiém tong quat caa
phuong trinh do.
Pun[ ][] Sai [

5.8. Biét 2 nghiém cua PTVP tuyén tinh khong thuan nhét thi c6 thé biét duoc nghiém tong quat

cua phuong trinh do.

Pung [ Sai [ |
5.9. Giai PTVP tuyén tinh c6 hé s6 hang s6 khong can dung dén phép tinh tich phan
Pung [ Sai [ ]
5.10. PTVP tuyén tinh c6 tinh chit chdng chat nghiém.
Ping L] Sai [
5.11. Giai cac phuong trinh:
' 1 b. y'=x’e"
a. y =
1+ \/;
d d
C. y'cosxzi o X Y
e. y+sin(x + y)=sin(x — ) f. y'=cos(x—y)

5.12. Giai céac bai toan Cauchy:
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dx N dy
x(y=1)  y(x+2)
b. (1+e*)y*dy=e*dx, y(0)=0

=0,y =1

c. sinxdy—ylnydx =0, y(0)=1
d (xX*+Dy'=y>+4,y(1)=2
5.13. Giai cac phuong trinh:

a. xdy — ydx=+/x" + y*dx, b. xpy'+x> =2y’ =0,
c.,xcosl(ydx+xdy):ysinl(xdy—ydx),d. (y—x)dx+(y+x)dy=0.
X X

5.14. Giai cac phuong trinh vi phan tuyén tinh cép 1:
a. x(1+x*)y'—(x> =)y +2x=0
b. y4+2xy= xe ™
c. 1+x*)y'2xy=(1+x>)"
d. 2ydx +(y*> = 6x)dy =0

5.15. Giai cac bai toan Cauchy:
2 1
a Y- (x4 ) n(0) =
x+1 2
b. A+x*)y+xy=1 y(0)=0

5.16. Chimg minh ham sé y = x I e dtla mot nghi€ém cia phuong trinh xy'-y = xle" . Hay tim
1

nghiém ctia phuong trinh thoa man diéu kién y(1)=1
5.17. Giai cac phuong trinh:
a. y+xy=x’y’

b. Q(xzf +xy)=1
dx

c. (yInx—2)ydx=xdy
d. ydx+(x+x’y)dy=0

5.18. Giai cac phuong trinh vi phan toan phan:

a. |:y—22_l:|dx+|:l_L2:|dy:0
(x—y)" x y (x=y)

b, xdx + (2x + y)dy _0
(x+)°
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Chuong 5: Phuong trinh vi phdn

C. (lsinﬁ—lcos1+ljdx+(lcosz—%sin£+%jdy =0

y oy x x x x oyl oy vy

3

d. 3x%(1+1n y)dx — (2)/ —x—]dy =0
y

5.19. Giai cac phuong trinh sau day bang cach tim thira s tich phan &

a. 2y +xy)dx +2xdy =0, a(x)
3
b. {2xy +xy+ %de +(x* +yH)dy =0, a(x)

c. y(I+xy)dx—xdy=0,a(y)

d. xdy + ydx — xy’ In xdx =0, a(xy)
5.20. Giai cac phuong trinh vi phan sau:

a. x’(Inx-1)y"—xy'+ y =0, biét rang n6 c6 mot nghiém riéng dang y, =x“, @ € R

b. 2x+1)y"+(4x —2)y'-8y =0, biét rang n6 c6 mot nghiém riéng dang

y,=e“,aeR

c. (x> =1)y"—6y=0, biét rang n6 c6 mot nghiém riéng y;(x) c6 dang da thirc.

d. (2x-x%)y"+2(x —1)y'-2y =2 biét ring n6 c6 hai nghiém riéng y, =1, y, = x

5.21. Giai cac phuong trinh sau khi biét mot nghiém riéng cta phuong trinh thun nhat twong tng.

a. x°y"—2xy'2y=2x",y, =x

x o, 1 L
y-——y=x-Ly =e
l-x l—x

b. y"+

" 1 2
c. y'+— y=e'|—+Inx |y =lnx
x“Inx X

5.22. Giai cac phuong trinh:

X

n e
a y'—y=—
e’ +1
b. y"+2y+y=3e "Ax+1
c. Y'+y=tgx

1

d y'"+y=——n—-—
COS 2Xx+/COS 2x

5.23. Giai cac phuong trinh:
a. y"—=7y+6y =sinx
b. y"—3y'=2-06x

c. yV'=2y+3y=e"cosx
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Chuong 5: Phwong trinh vi phdn

d y"+2y+y=4e™”
e. " —9y'+20y =x’e*
f. y"+y=x"cos’x
5.24. Giai cac bai toan Cauchy
a. y"=2y+2y=>5cosx, y(0)=1,y'(0)=0

b.y"+ y=cos’ x, y(0)=y'(0)=0
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Huéng ddn va ddp dn
HUONG DAN VA PAP AN

HUONG DAN VA PAP AN BAI TAP CHUONG I
1.16. r; z ;0
2

117.a. R, b R, c (—00]Ufli+0), d (—o;2]

1.18. a. Ham chin, b. Him khong chan, khong 1¢, c. Him chan, d. Ham khéong chan, khong 18.
. 2r .
1.19. a.Tuanhoan, T = ? , b. Tuan hoan, 7' =7,

c. Tuan hoan, 7' = 77, d. Khong tuan hoan.

1
1.20. a.yzg(x—3), b.y=—x+1,c y=¥1-x, d y=2.10".

10
1.21. a. E ; b. n(n+1) ; c. ZL; d. Ma”_z.
2 2 24 2
1.22. a. 1; b. Q
2
a_ B a B
1.23. a.. m n. b. m n |
1 _1
1.24. a. cosa . b. 4 . c. 14; d. 12,
1 1
1.25. a. 12 ; b. 3
1
1.26. a.0; b.1; c.e’; d.e?.
1.27. a.l; b.0; c.1; d.Inx .
1.28. a.e; b.1; C. i .
2
1.29. a. lién tuc trén R ;

b. lién tuc trén R vdi A =4, lién tuc trén R\ {2} voi A#4;
1.30. f(ﬁj = % .
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Huong ddan va dap dn

HUONG DAN VA PAP AN BAI TAP CHUONG II

2.16.

2.17.

2.18.

2.19.

2.20.

1 1
/ /
a. f'(x)= b () =1-—,
N2x+1 x°
1 1 1
/ /
c ff(X)=m———F,d xX)=——,x#0.
2 3o d 1) N
2x?
1 1 1 sin’—
a. y = - by/: R c.y/:——e s —,
sin x x2 +1 X X
2
4x 1 1 1
/ / /
d y = S e~ j,f -
1+x* x\/;( 3x x*+1
2(Inx +1 _
a. /2—2(11;6 ), b.y/= *— 4 .
x“In"x-1 J(2ax = x?)*
2 20sin4x
/ /
. = d. =
“ x—ax>’ 4 (1+cos4x)®
sin 2 I-vx
y/ 1+\/; " y/ x2_1
a.y = 3 . = ,
1+ +/x)?
\/;( \/;) 2x? cos2(x + 1j\/l + tg(x + 1)
X X

1 / 1
. , doy' = :
(1+ x)4/2x(1—x) Y xlogs x.log;(logs x)In2.In3.In5

a vy =x""2Inx+1),

/
C.

COS2 X

b.y’ =(sinx)*| =
sin nx

— sin x In sin x}

;57x% =302x+361 (x+1)°Yx-2

20(x —2)(x —3) ' 5’()6—3)2 ’
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Hudng ddn va dép dn

) )
d. y' = + In .
x+1 x+1 x+1

2xsin x

e.y/ :(x2 +1)Sinx|:
x°+1

;oxtoex? 41 [x(x® +1)
Ly = i A2 2
3x(I-x") V(x~ =1

+cosxIn(x” + 1)}

2.21.
/ l-Inx
a. Yy =y——;
X
/ 2
b. ¥y =y(In2+—-1-Inx)
X
/ 1 x+1
c. ¥y =—x" Inx(Inx-1).
e
/ 1 ;
d. y =—5——(cotgxIncosx +#gxInsinx).
In” cos x
222. a dy=- .d’z‘ . b AF()=Ax +3(Ax) + (Ax)?, df (1) = Ax.
sin” x

e. dy(1)=0,3466.

223. a y" = [2x +(—1)”2—X]1n" 290 b — (=)™ (n=Dla"
(ax +b)"
y" = nl(ad ~ b 'S d y"= =D @n-3)
(cx +d)""! : 21 fx2

2.24.
a. y®Y = (x? =379)sin x — 40x cos x.
(10) X & nn n!
by =e" Y (-D)"CY nil
_ X
1 ) kx
c. y"W=e">Ck s1n(x + —j
5=0 2

d y™ = % {(a —B)" cos[(a —b)x+ %} —(a+b)" cos[(a +b)x+ %}}
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2.25.

2.26.

2.27.

2.28.

2.29.

o

o

o

&~

o

. min (0;3/4), min (2;3/4),

1 n?
0, b. 0o, ¢. 1, d oo, e—, f 7

1
I, b1 ¢ e, d e’ ec.e, f

. Tang [0,4+00) khong c6 cuc tri.

1 |
. Tang (0,—:| , glam {—,—I—ooj , Xcp = l .
e e e

. Giam (— oo;—l], ting [1;+OO).
Giam (—00;0),(0;1), tang [I;+0), x.p =1.

Gia 3a'a ta O'3a X 3a
1am | —a;a |, tan —a |, =—aq.
4 il o

. min(0;0), max 231/£;§3 4 .
49 7 \7

4

. min(0;0), max(-L1).

(-t | a1

. max(L3]).

Huong ddan va dap dn

max (1;2).

e

1
—(In*a=In*b
2( a )

. min|:12(k - %)7[;—5 cosﬂ, min[6(2k + 1)51]

max (12k7;5), max|:12(k + %)7[;5 cos 2?7[}
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Hudng ddn va dép dn

HUONG DAN VA PAP AN BAI TAP CHUONG III
3.11.

) {(x,y),x>0,y>0hoaic x<0,y<0}

o

b. Vanh tron dong gidi han boi 2 dudng tron tim gdc toa dd ban kinh 1 va 3.
c. Mién mé& nam trong 2 dudng y = x va y = -x, nam bén phai truc Oy

d. Toan mit phéang trir dudng parabol y = x’

3.12.
a. z' ——1 z! = Y
Y T U E S M
b. z! = ycosi, z, = 2ysin£—xcos£
Y y
c. z =y3xy3_',z'y =x" Inx
! y ! X
d z/ =- ,Z =
x xZ +y2 y xZ +y2
3.14.
a. 2l =—e 20N (5in 2 4 4x), 2 =~ 2N 4y,
2 20y* -1
b. z;=—,z;=%v4—))
X Wy +1
3.15.
o dr— 2(xdy - ydx)
sin 22
X
b. dz =e*[(xcosy —sin y)dy + (sin y + cos y + xsin y)dx]
3.16.
_ 3% =) __a
a. = b =
Y xi3y2—x2; g (x+ )’
1
c. z\=z'\=5——5——
X +y +z' -1
i 2 __xz—yz S __yz—xz
Y Zexy’ Y ey
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Huong ddan va dap dn

38 -2
3
3.19. 6_u22_u khia=b=c
or r
320, Qo €U e tieukni 7 L7
ol r
3.21.

a.  Diémdimg: (-2,2),(-4,2),

2
Az "o _

SZyy TZxxZyy 4(2_y)32x +2(X2 —y2 +8x+4y+10)e2x

A(-22)=4e" >0, A(-2,2)=-4e® <0,2),(-4,2) = -2¢* <0,

Viy zp. =2(-4,2)=4e™
b.  Diémdung: (0,0),(L1), A(x,»)=9-36xy, A(0,0)=9>0,
ALD)=-27<0, z/(11)=6>0, vay z;, =z(L1)=—-1

c.  Co65diém dimg: (0,0),(0,20),(2a,0),(2a,2b),(a,b),
A(x,y)=16(a—x>)(b=y)* - 4xp(2a - x)(2b - y),

A(0,0) = A(0,25) = A(2a,0) = A(2a,2b) > 0, A(a,b) = —4a*b* <0

Z)/c/x(aab):_zbz <0, Véy Zmax :Z(a’b):azbz.

q 2
d  Piémdimg (12), A(x,y)=1-401+-)1+ iz), A(1,2) =-26 <0
X y

20.(1,2)=6>0, viy zpn =2(1,2)=7-101n2

N 1
e. Ton tai 4 diém dung: (r—,£t—), A(x,y)=-36xy,

1
373
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Hudng din va ddg an

A(%, j_)—lz >0, A(- [ [—12>o,
(—%,—%)=—12<0,A(%,%):—12<0, zj{x(—%,—%yo,
50

VA 2 =2 )= e =2 ) =

f. Tdn tai 3 diém dimg: (0,0),(—/2,+/2),(v/2,—/2),
A(x,y)=16-16(3x> = 1)(3y* - 1),

A(—V2,4/2) = A(2,-2) =-384 <0,

2 (V2,2) = 2 (V2,42) =205 0, 2, = 2(—V2,42) = 2(§2,2) = -8.
Ngoai ra  2(0,0)=0,z(x,x)=2x* >0,Vx#0,z(x,0) = x* —2x? <0,khi x du bé.

Vay ham s6 khong dat cyc tri tai (0,0)

. 4000
g. biém dung: (5,2). A(x,y)=1- gl A(5,2)=-3<0
XY

! (52) = % >0, zmin =2(5,2) = 30.

h.  Diémdimg: (0,0), A(x,y)=4x> —12y(3x—y), A(0,0)=0,
Nhan xét: z(0,0)=0, z(x, x) = x>, d6i ddu khi x déi déu, ching t6 ham s6 khong

dat cuec tri.

322. d=1

4 3
3.23. x=t—, y=1+—
NN
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Huéng din va dip dn
HUONG DAN VA PAP AN BAI TAP CHUONG IV

4.15.
x 1
a. = —i+C, b. —x’ —x+arctgx+C,
na /x 3
o fi
(. 9T e q ! {\/(x—a)3—\/(x—b)3}+C.
alna+ flnb 3(b—a)
416.  a %ln‘x5+\/x1°—l‘+C, b. %J(Hlnxf +C,
c. 20X’ +2x-1+C, d. tg(l+Inx)+C.

4.17 a. — 8+30x1/(2—5x)2 +C, (Pat V2-5x=1)

375

b. L{%(H 2x2)% —é(l +2x%)"° +%}(l +2x)" +C, Pat t = (1+2x%)"")

16 |1
X
al )

+C, (Bién dbi =

2
x\/1+x \/1+1

1++/1+x?

X

c. —In

d - arcsini +C.
B

4.18. a.. 2arcsin\/; +C,

b. Infin(inx)|+ C , (Pat In(Inx) =17)

c. arctgN3x> +5+C , (Pat t =3x>+5)

3X_2)C
342

d. L In
2(In3—-1In2)

+C.

4.19. a —+x+(1+ x)arctg\/;+ C,

b. x(arcsinx)® +2+v1—x” arcsinx —2x+C,

c. xchx—shx+C, d. x{(ln|x|—1)2+1}+C,
e. —xcotgx+ln|sinx|+C, f. 241+ xarcsinx+441-x+C.
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Hudng ddn va dép dn

X X 1n|x|+1
4.20. a. E(coslnx+smlnx)+C , b. ———+C,
X
1 X |
c. ——|—5—+cotgx [+C, d ——(n"x+2Inx+2)+C.
2\sin” x X
2 /
e. x—l al lnr—erC, f. xarctgN2x—-1- 2; 1+C.
-Xx
1, I+ +1t-1
4.21. a. —ln( +t)2(t2+t )+£arctg \/gtz +C, Véit=3sinx
4 (A-0)"@t —t+1) 2 1—1¢
b. tgx +C, Datt=1gx
/ X
4 . 1+ cosg 4
c. +2arctg1/cos——ln—+C, Dat 1 = cos—
X 2 X 2
wfcos— 1—.[cos—
2 2
1. 1+ 3 217 -1
d. —In———+—arct. +C. Dbat t =3/tgx
4 r vl 27Tl ‘ i
4.22. a. Slnd—In6-1, b. 1, e ——, d 2.
2|ab 3
2
iarctg\/E 2_1 [
4.23. a V2 , b. 2, c. 4,
d. ﬁ, e. Larctgi Ppatt=x-—), f* z
24 V2 22 4
2 _
4.24. 2 & —La b. 2(1-eV),
2
o o 7 T, g FO-H3) 13
3 12 36 2 2
3
4.25. a. 2, b. 2—L, c. 41, d. 37a’.
2 In2 3
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Huong ddan va dap dn

3723
4.26. a. Intg £+£ , b. M , c. 27%a.
4 2 ab
4.27. a. 3—”ab2, b. 272, c. 27°a’h, d. ﬁﬂ'.
7 3
4
428, a MRy %—1, c. %, d 2.
a

4.29. a Phanki, b. Hoity, f Hoitu.

HUONG DAN VA PAP AN BAI TAP CHUONG V
5.11.

a. y=2Wx—In(Wx + D]+ C

b. y=e'(x* =2x+2)+C

1., X
c. —In“y=Inte| —+—|+C
Y g(z 4}

d. (I—Jl—xZXI—\/l—yz)=ny

e. 2sinx+1n

Y
gXl=C
2

f. x+cotg%=€

5.12.
a. x+y+2lnx—-Iny=2

3
b. y® =3arctge* _Tﬂ

c. Moi nghiém déu théa man

_2(x7 —1)+4x
1-x* +2x

o

5.13.
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Hudng ddn va dép dn

a. 1+2Cy-C’x* =0
b. y=+xv1+C’x’

C. xycosZ =C
X

d. y*+2xy—-x=C"°

5.14.

a. y:Cx+(l+C)%

2 x2
b. y=e " | C+—
y=er(evs

c. y=(I1+x>)(x+0C)
d. y* —2x=Cy’ (giaix theo y)

5.15.
a. y=(x+1)’ £+x+l
Y 2 2

_ ln()c+\/x2 +1)
g Vx® +1

5.17.
2,02 X
a. Y (x " +1+Ce" )=1

1>

b, Loce — 2 +2 (sisiktheod)
X

1 1
c. —Inx+—+Cx*) =1
y(2 p )

1
. X= iai X th
d. x y1n|y|+C (giai x theo y)
5.18.

Nd
X

_ Y _c
X=Yy

X

b. 1n|x+y|—x+y—
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Huong ddan va dap dn

) X 1
c. s1nl—cos—+x——:C

X Y y
d. x*(I+Iny)-y*=C

5.19.

5.20.

a. y=Cx+0C, 1n|x|

2
b y=Ce ™ +C, [% - 2x}

s 3, 3x(xr-D  [x+]
c. y=C,(x x)—i-C{l 2x + 3 '1n|x—l|

d y=Cx* +C,(x-1)+1
5.21.
a. y=Cx+C,x> +x’

b. y=Ce* +C,x—(x" +1)
dx
c. y=lnx|C, +C,|—+e"
Y ( 1 2'[11’12)6 j

5.22.

e

; [x-Ine* +n+c,]-£

a y= [x-In(e* +1+C, |

2

5
b. y:e{C1 +C2x+§(x+1)2}
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Hudng ddn va dép dn

5.23.

5.24.

. y=C,cosx+C,sinx—cosxlIn

. y=Cie* +Cre™ +

L y= e"(C1 cos~/2x + C, sin \/E.X)-i-

. y=C,cosx+C, sinx—i—%—l—

eI
27 %

. y=C,cosx+C, sinx —+/cos2x

5sinx + 7 cos x
74

. y=C, +C,e™ +x’

¢ (5cosx —4sinx)
41

. y=(C, +C,x)e™ +2x%

1
. y=Ce™ +Ce" —(§x3 +x° +2xje4x

2 x% cos2x £ 4xsin2x i 13cos2x

6 9 27

. y=cosx+2(e’ —1)sinx

—L(cosx—cos3x)+3—xsinx
SR 3
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