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LOI NOI PAU

Giai tich ham mot bién s6 la mot mon hoc dang gitt mot vi tri quan trong
trong cac linh vuc tng dung va trong hé thong cac mon hoc ctia Hoc vién Cong
nghé Buu chinh Vién thong. Cac kién thic va phuong phdp cta giai tich ham
mot bién s6 da hod tro hiéu qua cac kién thiic nén tang cho cac mon hoc giai tich
ham nhi€u bién, vat 1y, xac suat thong ké, toan ky thuat, todn roi rac va cic mon

chuyén nganh khéc.

Bai giang "Giai tich ham mot bién s6" dugc bién soan lai theo chuong trinh
qui dinh ctia Hoc vién cho hé dai hoc chuyén nganh Dién ti-Vién thong-Cong
nghé thong tin v6i hinh thic dao tao theo tin chi. Do d6i tugng sinh vién rit da
dang vdi trinh do co ban khéac nhau, ching t6i da c6 ging tim cach ti€p can don
gian va hop ly dé trinh bay noi dung theo phuong phdp dé hiéu hon, nham gitp

cho sinh vién nidm duoc céc kién thitc co ban nhat.

Gido trinh duoc chia thanh 4 chuong. Chuong 1 danh cho phan s6 phic va
giGi han ctia day s6. Chuong 2 va 3 bao gom cac ndi dung vé ham lién tuc, phép
tinh vi phan va phép tinh vi phan cia ham mot bién. Chuong 4 trinh bay vé chudi
s, chudi ham, chudi liiy thira va chudi Fourier. Cac khai niém va cong thiic dugc
trinh bay tuong doi don gidn va dugc minh hoa bang nhiéu vi du vé6i cdc hinh
vé sinh dong. Cé4c chitng minh khé dugc luge bét ¢6 chon loc dé gitp cho gido
trinh khong qud cong kénh nhung vin dam bao dugc dé tién cho sinh vién hoc
tap chuyén sau va tra citu phuc vu qué trinh hoc tap cac mon hoc khac. Cudi moi
chuong hoc déu c6 céc bai tap dé sinh vién tu giai nham gidp cdc em hiéu sau sac

hon vé 1y thuyét va rén luyén k¥ nang thuc hanh.

Tac gia hy vong riang gido trinh nay c6 ich cho cdc em sinh vién va cdc ban
dong nghiép trong qua trinh hoc tap va giang day vé mon hoc giai tich ham mot
bién s6. Tac gia cling cdm on moi ¥ ki€n gép ¥ dé gido trinh bai giang nay dugc

hoan thién hon nham nang cao chat lugng day va hoc mon hoc nay.

2/9/2013, Tac gia: PGS. TS. Pham Ngoc Anh



CHUONG 1. SO THUC, SO PHUC VA GIOI HAN CUA DAY SO

1.1. SO thuc
1.1.1. M¢ dau
Nhéc lai mot s6 tap hop quen thuoc
+ Tap céac s6 tu nhién
N={0,1,2,..}.

+ Tap cac s6 nguyén
7 = {0, £1,£2,...}.

+ Tap cac so hitu ty
Q={": peZgeN\{0}}
Taco N C Z C Q.

Trong tap cac so hitu ty Q c6 thé thuc hién cac phép todn cong, trlr, nhan va
chia cho s6 khac 0. Trong Q con c6 quan hé thit tu <, >, =. Theo ngon ngit dai
s0, Q clng v6i cac phép toan va quan hé thi tr da cho 12 mot trudng dugc sip
thit tu.

Tuy nhién, tir lau ngudi ta da thay tap Q chua diy da. Chang han, khong c6
so hitu ty nao biéu dién do dai dudng chéo ciia mot hinh vuong c6 canh bang 1
don vi, biéu dién s6 7 1a ty s6 gifta do dai cia mot dudng tron va duong kinh ctia
no.

Mot s6 hitu ty z, bang cach viét x = 1_; VOi p,q € Z,q # 0 va thuc hién phép

chia p cho g, ta ¢6 thé dong nhat v6i diy ma sau day s& dugc goi 1a s6 thap phan:
T = Ty, L1T9...

trong d6 x¢ € Z va xq1, 29, ... € {0,1,2,...,9}. S6 thap phan nay hoac hitu han,

tirc 1a ton tai s6 k sao cho x, = 0 Vn > k hay
r = Ty, L1792...Tk,
hoac vo han tuan hoan véi chu ky p, tic 1a

r =Ty, 1T9...Tk xklku...xkp xklku...xkp $k1$k2...$kp .
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Ngugc lai, moi s6 thap phan hitu han hay vo han tuin hoan déu duoc bi€u dién
dudi dang mot so hitu ty. Nhu vy, ta c6 thé dong nhét tap cdc s6 hitu ty Q véi
tap cac so thap phan hitu han hay v6 han tuan hoan.

Mot cdch tdng quét, ta coi moi sO thap phan vo han khong tuan hoan 1a mot
sO mdi va goi la s6 vo ty. Tap cac s6 hitu ty va vo ty goi la tdp cdc sé thuc, ky
hiéu 1a R. M6i phan ty cia R duoc goi 1a mot so' thuc.

Cho s6 thuc

T = Xo, T1X3... VO 29 € Z, 21, Lo, ... € {0,1,2,....9}.

Khi dé6
xo dugc goi la phan nguyén cta «, ky hiéu la [z],
x,, duoc goi l1a phan thap phan thi n cia x.

Neéu ton tai s6 nguyén 1 sao cho
m<x<m+l1

thi m duoc goi 1a san cua x, ky hiéu [z].

Néu ton tai s6 nguyén m sao cho
m—1<z<m

thi m duoc goi 1a tran cua z, ky hiéu [z].

Giastrz,y e R
T = To, T1T2... V& Y = Yo, Y1Y2.--

Ta viet © < y néu xy < yo hoac ton tai k£ sao cho o = yg,...,xx = Y Va
Tpi1 < Ypo1. Hai sO bang nhau x = ynéu x; =y; Vi=0,1,...

1.1.2. Cac tinh chat cua tap so thuc

+ Tinh sdp thit tu



Cho hai s0 thuc a, b. Khi d6, a va b so sanh dugc vGi nhau, tic 1a a < b hoac
a > b. That vay, gia st a = ag, a1as..., b = by, b1bs.... N€u a # b khi d6 ton tai
k € N sao cho

ag — bo, ey, A = bk

nhung

apy1 < bpy1 hodc agy1 > brya.

Nhu vay a < b hoac a > b.
+ Tinh tru mdt

Cho 2 s6 thuc a, b va a < b. Ton tai s6 hitu ty » € QQ sao cho a < r < b. That
vay, ta gia st a = ag, a1as..., b = by, bibs..., tir a < b suy ra ton tai k£ € N sao
cho

ag = bo, ..., ar = by, a1 < bpy1.

Khi d6, ta chon s6 hitu ty la

ag, ay...apbg 1 néu b € Q
1 i
5(ao, a1...apa19 + ap, ay...apbr10) néub ¢ Q,

thoa man a < r < b.
+ Tinh day du

Cho A C R. Khi d6
m € R duoc goi la cdn duoi cia A n€u m < a Va € A. Néu m la can duéi 16n
nhat trong cac can dudi cua A thi m duoc goi la cdn duoi dung ciia A, Ky hiéu
m = inf A.
M € R duoc goi la cdn trén cia Anéua < M VYa € A. Néu M la can trén nho
nhat trong cac can trén ciia A thi m dugc goi 1a cdn trén dung cua A, ky hiéu
M = sup A.

Theo tinh sép thit tu cia tap s thuc, nén néu ton tai thi sup A, inf A 1a duy

nhat. Tinh ton tai dugc thira nhan boi nguyén Iy di dudi day.

Pinh 1y 1.1. Moi tdp con khdc rong cuia tdp so thuc R cé it nhdt mot cdn trén
(tuong 1tng mot cdn dudi) thi ton tai duy nhdt cdn trén diing (tuong itng cdn dudi

ding).
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Chi y rang tap cac s6 hitu ty Q khong ¢6 tinh diy di. Vi du trong Q c6 tap
A= {x: x* <2} khong c6 can trén diing trong Q.
+ Cdc tdp so thuc thong dung.
- Doan trén R

la,b] ={z e R: a <z <b}.
- Ntra doan trén R
la,b) ={z eR: a <z <b}, [a,+00)={reR: a<zx}.
- Nua khoang trén R
(a,b] ={x e R: a<z<b}, (—oo,bj={zeR: x <b}.
- Khoang trén R
(a,b) ={x eR: a<z<b},R=(—00,+00).
- Cho a € R va € > 0, khoang
(a—€a+e)={zeR: |xr—a| <e} = Ba)
duoc goi 12 mot ldn cdn cua diém a.

1.2. S6 phiic
1.2.1. M6 dau
Tap so thuc R da rat phong phu, xong néu ta xét phuong trinh bac 2

ar? 4+ bxr +c¢ =0,

6 day a # 0,a,b,c € Rv6i A := b? — 4ac < 0, thi phwong trinh s& vo nghiém
tréen R. D€ md rong 16p nghiém cua phuong trinh nay, ta md rong tap s6 thuc
thanh tap s6 phiic (ky hi¢u: C). Mudn xay dung tap so6 phic, ta quan tam tGi sO ¢
thda man i2 = —1, s6 ¢ khong phéi 1a s6 thuc va duoc goi 1a don vi do.

1.2.2. Pinh nghia va cac phép toan

e T'dp s6 phitc 1a mot tap hop xac dinh bai
Ci={z=a+bi: abcRi=—1}.
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e Cho s6 phiic 2 := a + bi v6i a,b € R (con goi 1a dang chinh tdc cla z), khi d6
a dugc goi 12 phdn thuc cla z, ky hiéu tat boi Rez (Real of z).

b duoc goi 1a phdn do cla z, ky hiéu tat boi Imz (Image of 2).

Va2 + b2 duoc goi 1a médun (con goi 1a do dai) cia z, ky hiéu tat béi |z|.

S6 phitc a — bi dugc goi 1a s6 phic lién hop cua s6 phic z, ky hiéu tat boi Z.

S6 phiic —a — bi duoc goi la so phiic doi cla s6 phic z.

e Cho 2 s6 phiic du6i dang chinh tic z = 1 + x9i,y = y1 + y2i. Cdc phép todn
trén tap so phitc C duoc xdc dinh boi cdc quy tic sau:

-Quy tdc cong: v +y = (x1+ 1) + (2 + yo2)i.

-Quy tdc trie: v — y = (1 — Y1) + (22 — Ya)i.

-Quy tdc nhan: x.y = (x1y1 — T2y2) + (T1Y2 + Tay1 )1

-Quy tdc bdng nhau:

ry =y
T =1y

L2 = Y2
1.2.3. Tinh chat
a) Tinh chat két hgp (v6i phép cong): (z+y)+2 =2+ (y + 2) V,y,z € C.
b) Tinh chat két hop (v6i phép nhan): (zy)z = z(yz) Vz,y,z € C.
c) Tinh chat giao hodn: v +y =y + x Va,y € C.
d) Tinh chat phan phdi clia phép nhan véi phép cong: x(y+z) = xy+xz Vo, y, 2 €
C.
e)x+y=13+y Vr,y € C.
Hrzy=zy Vr,y € C.
g) r.7 = |z|*> Vo € C.
h)@z% Va,y € C,y # 0.
)|z]| >0 Ve eC,|z| =0« 2z =0.
D |zyl < lzfly| Yo,y € C.
k) [z +y| < |z + Jy| Yo,y e C.
Chitng minh Biéu dién céc so phuc dudi dang chinh tic va ding dinh nghia 1.2.

Vi du 1.2. Gidi va bién ludn phuong trinh sau trén tdp cdc so phiic C

ar’ +br+c=0 vdi a#0.

12



Giai
Cé A = b% — 4ac.
-Néu A = 0, thi phuong trinh ¢6 nghiém kép x1 = 22 = .
-Néu A > 0, thi phuong trinh cé 2 nghiém thuc phan biét
_bi\/z
2a
-Néu A < 0, thi A = —(—A) = (iv/—A)2 Khi d6, phuong trinh ¢6 2 nghiém

phtic phan biét

T12 =

—btivV—A

Ti2 =
’ 2a
Vi du 1.3. Cho so phiic z = Z;gz vdi a,b € R b+# 0. Hay tinh Im(z), Re(z), |z|.
Gidi
Nhan ca tir s6 va mau so v6i a — bi, ta ¢b
— b2
L (a bz)‘
a2 — b2i2
B a®— b? — 2abi
a2+

a? — b2 n —2ab
4
a2+ b  a?+b?

Khi d6, Re(z) = 572, Im(z) = 2% va |z| = \/Re2(z) + Im2(z) = 1.

Vi du 1.4. Bdt ddng thicc Cauchy'-Schwarz?

Cho cdc s0 phiic a1, as, ..., a, va by, ba, ..., b,. Khi dé
n n n
Z 2 Z 2 Z 2
i=1 i=1 i=1

Chitng minh
bat

n

n n ~
a = Z |ai|2, b= Z ’bilz, C = Zazbz
1=1 1=1

1=1

121.8.1789-23.5.1857, nha Todn hoc ngudi Phdp Augustin Louis Cauchy sinh ra tai Paris c6 hon 800 cong trinh
nghién citu lién quan dén tat ca cdc linh vuc Toan hoc, dac biét 1a ham chinh hinh, phuong trinh vi phan, 1y thuyét
nhém va dai s6 tuyén tinh. Ong ciing c¢6 nhiing cong trinh vé thién van va vat 1y, trong d6 ong dit co s& todn hoc cho
1y thuyét dan hoi.

225.1.1843-30.11.1921, nha Todn hoc ngudi Pic Hermann Schwarz hoc Todn va Héa & Hoc vién cong nghiép
Berlin, & day ong 1a hoc tro ciia Weierstrass. Cac cong trinh cua ong lién quan dén ham giai tich, 4nh xa bao giéc,

phuong trinh dao ham riéng, 1y thuyét thé€ va mat.
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Néu b = 0 thi by = by = ... = b, thi bat dang thifc luon ding.
Néu b > 0, thi theo tinh chat 1.3.e) va g), ta co

n

0 S Z ]baz — C.bi|2 = Z(bCLZ - cbz)(baz — Cbz>
1=1

1=1

= Z(b,ai —c.by)(b.a; — c.by)

i=1
= b2 Z |CLZ'|2 — bCZ CLZBZ — bCZ C_lel + ’C|2 Z |bl|2
i=1 i=1 i=1 i=1
= b%.a — b|c?
= b(ab — |c|?).
Vib > 0,néna.b— |c|*> > 0. O

1.2.4. Biéu dién hinh hoc cua so phitc

Cho mat phéng toa do Descartes vuong géc (Oxy). Xét mot 4nh xa
f:C— (Oxy)
z=a+bi— f(2) = M(a;0) € (Oxy)
Anh xa f 12 mot su tuong tng 1 — 1 (con goi 1a mot song dnh) gitta tap s6 phic

C va tap céc diém trén mat phang toa do (Ozy). Khi d6, mat phing (Oxy) con

duoc goi 1a mdt phdng phiic.

SH

Hinh 1: Biéu dién hinh hoc clia z = a + bi

14



Vidu 1.5. Cho z € C thoa man Zz—jl € iR. Hay biéu dién hinh hoc cua z trén mdt

phdng phiic (Oxy).

Giai
Gia su z = x + yi, khi d6
2 (2 —1) 1

. N2 e
c+i |2+l _yz+z|2'(“y” (x —yi—i)

Gia thiét cho ZZ—; € iR, di€u d6 c6 nghia rang Re(;—ji) = 0 hay
Re((w-+yi)(z—yi=i) ) = 0 2(a®~y*+2uy(y+1) = 0 & (2’ +y*+2y) = 0.

Hay x = 0 hodc 22 + (y + 1)? = 1. Khi d6, diém M (z, y) ndm trén truc Oy hodc
nam trén dudng tron tam 7(0, —1) ban kinh R = 1. O

Dua vao biéu dién hinh hoc ctia z, ta c6 OM = /a2 + b2 = |z| va
r = |z|.cosp
y = |z|.sin .
Do vay, s6 phiic z ¢6 thé dugc viét lai ring
z = |z|.(cos p +isin ),
¢ goi la Acgumen cua z va duogc ky hiéu boi Arg(z). Nhu vay véi moi z € C
z = |z|.[cos Arg(z) + isin Arg(z)]
biéu thiic nay duogc goi 12 dang lugng gidc cla z.

Arg(z) c6 mot vai tinh chat sau:
1) Néu ¢ la mot Acgumen cua s6 phic z, thi ¢ + k27 (k € Z) cling 1a Acgumen
cia z. Nhu vay Arg(z) c6 thé sai khéc s6 lan 2.
2) Arg(z) = —Arg(z) Vz € C.

Chitng minh Gia st z = |z|.(cos ¢ + isin ¢), theo dinh nghia cta z ta c6
zZ = |z|.(cos @ — isin ) = |z|.[cos(—¢) + isin(—p)].
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Do vay Arg(z) = —p = —Arg(z). O
3) Arg(z1.29) = Arg(z1) + Arg(zs) Vz1, 20 € C.

Dung quy nap toan hoc, ta c6 téng qudt nhu sau:
Arg(z") = n.Arg(z) Vz € C.

Chiing minh Gia stt z; = |z1|.(cos o1 +isin @), 22 = |22].(cos g2+ sin ¢s). Khi
do

21.29 = |21|.|22]-(cos p1 + i 8in p1).(cos o + i sin o)
= |21|.|22|.[cos 1 cOS g — sin py sin o + i(Sin @1 oS Yo + COS Y1 Sin Y9 )]

= [21].[22].[cos(p1 + p2) + isin(p1 + pa)],
ta cO Arg(z1 + 22) = 1 + o. O

Bang cach chitng minh tuong tu nhu tinh chat 3), ta ¢6 cdc tinh chét sau:
4) Arg(1) = —Arg(z) Vz € C.
5) Arg(2) = Arg(z1) — Arg(za) Vz1, 2 € C.
6) |21 + 22| < |21] + |29] V21,22 € C. Ddu '=' xay ra khi va chi khi Arg(z) =
Arg(z9).

Vidu 1.6. Cho a,b,c € C sao cho |a| = |b| = |c¢| = 1,a # ¢,b # c. Chitng minh

rang:
Argz:z = %Argg. (1.1)
Gidi
Tu tinh chat 5), ta co
c—b 1 b c—bya, _

(1.1) & Arg — §Arg— =0« Arg(
a

c—a c—a

b
T nhan xét Arg(z) = 04> z € R > z = z, tadat z = (£2)2.4

_(c—b)Qg_(c—b)Qg_(%—%y _(b—cg>2§_<c—b>2g_z
S VA N b %—% “\a—cb/ a \c—a/ b 7
O

= [

1.2.5. Cong thirc Moivre
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Cho s6 phtic z duoc biéu dién duéi dang lugng gidc z = |z|(cos p + isinyp), ta

c6 cong thiic Moivre?

"= |z|"(cosnp +isinny) ¥Yn € N*, z € C. (1.2)

Chitng minh
-V6in =1, (1.2) luon ding.

-Gia sir (1.2) ding véi n = k, 2* = |z|¥(cos ky + isin k). Khi dé,

= 2k 2 = |2|*(cos ko +isin k). |z|(cos p+ising) = |z|F[cos ki cos o —
sin ko sin o+ (sin kg cos p-+cos kpsin )] = |z|Fcos(k+1)p+isin(k+1)¢].
Diéu nay c6 nghia rang (1.2) diing v6i n = k + 1. Theo quy nap Toén hoc, (1.2)

dugc ching minh. O
Vi du 1.7. Hdy biéu dién sin 10z va cos 10x theo cdc ham sin x, cos x.

Gidi

Ap dung cong thiic Moivre v6i n = 10, |z| = 1, ta dat duoc

) = cos 10z + i sin 10. (1.3)

(cosx + isinx

Mat khdc, theo cong thitc khai trién Newton

n
(a+b)" = E Cra"*p",
k=0
ta co
L 19 10 10
(cosz +isinw)'? =C, cos'’ x 4 iC{, cos’ wsinz + ... +i'°CL) sin' z.
= <C’?0 cos'?x — CFycos® wsin®z + ... — O} sin’ x)
(o9 9 -9
+ 1| Cycos” xsine — ... + Cjycoszsin” z ). (1.4)

Keét hop (1.3), (1.4) v6i nhan xét i?" = (—1)", ta nhan dugc

10 8

sin 10z = C}ycos™ 2 — C%ycos® xsin*x 4 ... — C[§ sin'’

3 Abraham Moivre 13 mot nha Todn hoc ngudi Anh, sinh ngdy 26.5.1667 tai Phap. Cdc cong trinh nghién ctu cla
ong chil yéu lién quan dén 1y thuyét xdc sudt. Ong duoc c6 thé duoc xem nhu 12 ngudi di tién phong trong linh vuc
Todn hoc tai chinh va Todn hoc tng dung vao nghién ctiu dan s6. Ong mat ngay 27.11.1754.
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9 7 9

cos 10z = C}ycos’ xsinz — Cycos” zsin® z + ... + C}, cosz sin’ z.

1.2.6. Can bac n cia mét so6 phirc
Cho s6 phiic 2 biéu dién duéi dang luong gidc z = |z|(cos ¢ + i sin ). Can bac

n cua z duogc xac dinh badi cong thic

k2 k2
{L/sz"/|z|(cosu+isinu) Vi k=0,1,2, .n—1, (L5)
n

n
trong d6 {/|z|] e R" :={z € R: 2 > 0}.
Chiing minh

Gia st zp = /z = |z0](cospo + isin ), tit 2 = 2 suy ra
12| (cos ¢ + isin ) = [|z0|(cos @y + i sin ¢g)]".
Theo cong thiic Moivre,
|2|(cos @ + isin ) = |zo|" (cos nyy + @ sin npy).
Do d6
)

2| = |20

|20] = /121

§ COS (0 = COSNYy
po =2k =0,1,..,n— 1.

sin (p = sin npy
\

Vi du 1.8. Dung céng thiic (1.5), tinh cdn bdc 3 cua —1 trén C.

Gidi
TUr —1 = cosm + ¢ sinw ta c6 cac can bac 3 ciia —1 1a

k2 k2
2 :COSHTW—FZ'SinHTﬂ véi k=0,1,2.

Vay c6 ba can bac 3 khac nhau cta —1 la

7T\/§1,

k=0= S i +
= Zp = COS— +iSin— = — + —¢
! 3 3 2 27
3 3
k:zlizl:cos—WJrisin—?T:—l,
3 3
4 4 3 1
k:2:>22:COS§+iSiD§:—§—§Z'.
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1.2.7. Cong thitc Euler* (Ole)

e™ =cosa+isina Va € R.

Vi du 1.9. Tinh tong

A, = Zcos(a + kb), B, = Zsin(a + kb) vdia,be R, b ¢ 217
k=1

k=1
Giai
Dung cong thiic Euler, ta c6
A, +1B, = Z[cos(a + kb) + isin(a + kb)] = el atkd) — a7 (pibyk
k=1 k=1 k=1

Tur gid thiét b ¢ 277, nén tong cac s6 hang cia mot cap s6 nhan dugc xdc dinh
bai
AN
n (e’b) —1
Z(eib)k A eib

et — 1
k=1

Do do, theo cong thic Euler va Moivre, ta co

() (eib) — 1 (cos(a+b) + isin(a + b))[(cosb + i sinb)" — 1]

A, +iB, = : =
ntibn =e el — 1 cosb+1sinb — 1
b sin 2 b sin
:cos(a+b+n—). . §+z’sin(a+b+n—). —2
2 sin 3 2 sin 5
Vi vay,
b sin b sin™
An:cos(a+b+n—). . i, Bn:sin(a+b+n—). _ 2
2 sin 3 2 sin 3

Nhdn xét. Gia thiét cho b ¢ 277 nén sing # (. Bai todn trén con c6 thé giai bang

cach nhan A,, hoac B,, vdi sin g, sau d6 phan tich "tich— tong".

Vi du 1.10. Tim dnh xa f : C — C thoa man

f(2)+ zf(—2) =1+ 2z vdimoi z € C. (1.6)

4Nha Todn hoc Thuy Si Leonhard Euler sinh ngay 15.4.1707 va mét ngay 18.9.1783, ong nghién citu dén tat céc

c4c linh vic clia Todn hoc. Ong 1am cho gidi tich bay bdng nhd nhiing cong cu mdi clia phép tinh vi phan va tich
phan, ong phit trién hinh hoc vi phan va c¢6 nhing cong trinh hang dau vé 1y thuyét s6. Ong 1a ngudi séng 1ap ra ly

thuyét lién phan s6, cong trinh dugc cong bé vao nam 1737.
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Gidi
Thay z bdi —z vao (1.6), ta c6

f(=2)—zf(z)=1—z. (1.7)
Khtr f(—2) tir (1.7) vao (1.6), ta nhan dugc

(1+28f(2) =1+ 2%

-Néu 2z = 1, thi thay z = ¢ vao phuong trinh trinh (1.6), ta thdy ding véi moi
f(z). Khong mat tinh tong quat, ta dat f(:) = a + i v6i a, B € R.

-Néu z = —i, thi thay z = —¢ vao (1.6), ta nhan dugc
f@O)+if(—)=1+isif(-i)=1+i—a—-pie f(-i)=1—-0+ (a—1)i.

-Néu z # +i, thi f(z) = 1.
Nhu vay, ham f(z) cin tim c6 dang

’

1 néu z # 41,

f(z) =S a+ip néu z = 1,

Il —B+ (a—1)i néuz=—i.
\

Vi du 1.11. Chitng minh rdang: Vi moi so phitc z # 1, |z| = 1 déu ton tai x € R
sao cho z duoc biéu dién duoi dang

r+1
Z:

T —1
Gidi
Dua vao bang bién thién duéi day va

X —0Q0 -1 1 +00
y' - 0O + O -

Hinh 2: Ham s6 y = 3%,

x2 —1\2 2 \2
1) (o) =0
2+ 1 |
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ta c6 z = a + bi v6i gia thiét cho a® 4+ b? = 1, luén ton tai € R sao cho

|

a = 27

Do vay,
-1 . 2 (x+1)?  z+i

T —sz—I—l T 22 r—i
]
Vi du 1.12. Cho z € C thoa man
1
2+ — = 2cosp.
z
Chitng minh rang:
1
2"+ — = 2cosnp. (1.8)
ZTL

Chiing minh
Tacéz+%:2(:0890(:),22—22’cosg0+1:O(:)z:cosgoiisingo.
Truong hop 1. z = cosp +ising = [2| = 1= 22 =1 = % =Z =cCosp —
isinp = Zin = (2)" = cosny — isinng. Mat khac 2" = cosnp + isinny. Do
vay, (1.8) ding.

Truong hop 2. z = cos ¢ — 1s1n ¢, tuong tu nhu truong hop 1. O

Vi du 1.13. Chitng minh rang:

<1+itana>n_ 1 +itanno Vn € N*, noz—ggéﬂz.

1 —itana/ 1 —itanna

Gidi

Tir gid thi€t nov — § ¢ 7Z suy ra cos na # 0. Khi d6, theo cong thiic Moivre,

(1 +itana>n B <Cosa+isina>n B cosno + 1 sinno B 1 +2tanna

1 —7tan« COS (v — 781N « CcoS na — 1 S1n na 1 —itanna

g

Vi du 1.14. Gidi phuong trinh dn z € C, biét phuong trinh cé mot nghiém duoi

dang ix voi x € R (con duoc goi la nghiém thudn do).
2+ (1-20)22 4+ (1—i)z—2i = 0.
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Gidi

Do iz 1a nghiém, nén thay ¢x vao phuong trinh, ta nhan duoc
—ir? = (1 =202 + (1 —i)iz -2 =0 & (=2’ + )+ (—2* + 222 + 2 —2)i =0

—22 4+ 2 =0,
= &S =1
—13 4+ 2202+ —-2=0.
Nhu vay, z = ¢ 1a nghiém. Phan tich thanh nhan tir, phuong trinh duoc viét dudi
dang
(z—i)<z2—|—(1 —i)z+2> = 0.
Nghiém ctia phuong trinh la:

p
lei,

{ 2 = %((—1— \/\/ﬁ—4)+(1+\/ﬁ+4)z‘>,
\zgzg((q— V17— 4) + (1 — \/ﬁ+4)z‘),

1.3. Day so thuc

1.3.1. Cac khai niém co ban

-Mot dnh xa

f:N—=K

n— f(n) =y,

khi K = R, ta s& nhan dugc mot day s6 thuc, goi tat 1a ddy so, thuong duge ky
hiéu boi (x,)2% ; hay (z,,) hay (z,),>0. Trong truong hop K = C, (z,,) dugc goi
la day s6 phic. Khi d6, x,, dugc goi 1a s6 hang téng quat thi n clia day so (z,,).
Vi du: Day so (%) : %, %, - %,

Day s6 ((1+4)") 1+ 5,144,

-Day s6 (x,,) goi la bi chdn dudi, néu ton tai m € R sao chom < z,, Vn.

-Day s6 (x,,) goi la bi chdn trén, néu ton tai M € R sao cho x,, < M Vn.

-Day s6 (x,,) goi la bi chdn, néu day (x,) bi chan trén va bi chan dudi.

-Ta néi day s6 (z,,) ti€n t6i —oo, ky hiéu lim x, = —oo khi va chi khi
n—oo

VM < 0 (nho tuy y), Ing € N sao cho Vn > nyg = z, < M.
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-Ta néi day s6 (z,,) tién t6i +oo, ky hiéu lim z,, = +oo khi va chi khi
n—oo

VM > 0 (I6n tuy y), dng € N sao cho Vn > ng = =z, > M.

-S6 A dugc goi 1a gidi han cua day s6 (z,,) khi n dan ra vo cliing, hay ta con néi

day s (z,,) hoi tu dén A, ky hiéu lim z, = A khi va chi khi:

n—oo
Ve > 0,3ng € N sao chon > ng = |z, — A| <e.

Vi du 1.15. Dang dinh nghia, chiing minh rang lim -~ =0.
n—o0

Chitng minh -Néu a = 0, thi két luan trén ding.
-Néu a # 0, ta dat x,, = £, Ve > 0 va xét
. n

]:vn—O]:M<e<:>n>M$ chonnO:[M]qu.
n € €
Thu lai dinh nghia:
Ve>0§|n0:[m]+1, khidén>n0:>]xn—0|:M<M M_
€ n no M

1.3.2. Tinh chat
1) Tinh duy nhdt

DPinh 1y 1.16. Néu day so (xz,,) hoi tu dén A, thi A la duy nhdt.

Chiing minh Gia su (x,) hoi tu d€n A; va hoi tu dén A, va A; # A, Dat
e =1]4; — Ay > 0.

Vi (x,,) hoi tu dé€n Ay, theo dinh nghia, ton tai s6 n; € N sao cho |z, — 4| <
e Yn > nj.

Tuong tu, (x,,) hoi tu dén As, theo dinh nghia, ton tai s6 ny € N sao cho |z, —
As| < € Vn > ns.

bat ng = max{ny, no}, ta c6

x, — Ay < e
’n 1| Vnzn()a

|z, — Ay| <€
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suy ra |A1—A2| = ]Al—xn+xn—A2| S ’l‘n—All—H%n—Agl < 2e = 2.%’A1—A2|,
mau thuan. a
2) Tinh bi chdn

Pinh ly 1.17. + Néu lim x, = A # oo, thi (x,,) bi chdn.

n—o0
+ Néu lim x,, = +oo, thi (x,) bi chdn dudi.
n—oo
+ Néu lim x,, = —oo, thi (x,,) bi chdn trén.
n—o0

Chitng minh + Gia st lim z,, = A # oo, theo dinh nghia,

n—oo
Ve > 0,3ng € N,Vn > ng = |z, — A| < e.
Khi do,
Pat

xp| = |z, — A+ A| <z, — Al +|A| < e+ |A| Vn > ny.

m = min{xg, 1, ..., Ty, -1, — (€ + |A|)},
M = max{xy, 1, ...;Tp,—1, € + |Al },

suyram < x, <M VnéeN.

+ Gia st lim x,, = +00, theo dinh nghia,
n—oo

VM > 0, dng € N sao cho Vn > ny = z, > M.

bat m = min{xzg, x1, ..., 25,1, M}, tacé x, > m VYn € N. O

3) Tinh thit tw

Dinh ly 1.18. Cho lim x, = Ava lim y, = B.

a) Néua e R, A <n;O;hi dng sao c;lzzo;:n <a Vn > ny.

b) Néu a € R, A > a, thi Ing sao cho z,, > a VYn > ny.

c) Néu a,b e R A € (a,b), thi Ing sao cho z, € (a,b) ¥Yn > ny.

d) Néu ton tai ny sao cho x, <wvy, Yn > nq, thi A < B.

Chitng minh a) Giasta € R, A = lim < a.Pate = a— A > 0, theo dinh nghia,

n—oo

Ve > 0,3ng € N,Vn > ng = |z, — A| <,

suyraxz, < A+e=a.

b) vac) Néu A = lim z,, < a hoac A = lim z,, € (a,b) twong tu nhu ching

n—oo n—oo
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minh trén.
d) Dung phan ching, gia st A > B. Date = A_TB, theo dinh nghia, ton tai no, n3
sao cho

|z, — A| < e Vn > nao,
ly, — B| < € Vn > ng.

bat ny = max{n, ns, ns}, ta c6

.

an < by,
yn<B+€:A+TB B
g |z, — Al <e, VnZ=ng= = y,, < T, mau thuan.
A—e:AJFTB<xn
\|yn—B|<e,

Vidu 1.19. Cho a > 1 va o € N* ¢6 dinh. Chiing minh rdng

an

Iim — = +o00.
n—oo N

a/=n (6%
Chitng minh T lim & = lim (‘f) ,tadat ¢/a = 1+ h. Do a > 1, nén

n—oo ' n—00

h > 0. Khi d6, theo khai trién Newton, ta cé

Ja"'=(1+h)"= E Ckpk > 1+nh+wh2 > Mh?
4 2 2
Vay, Y& > mep2 o iy YO o .
n—oo

DPinh 1y 1.20. (Dinh ly kep) Néu ton tai ng € N sao cho x, <y, < z, Vn > ny
va

lim z, = lim z, = A,
n—o0 n—oo

thi lim y, = A.

n—oo

Chitng minh Gia st ¢ > 0 va lim z, = lim z, = A, theo dinh nghia, ton tai

n—oo n—oo
ni, N9 sao cho

|z, — Al <€ Vn > ny,

12, — Al < € Vn > ns.
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bat ng = max{ny, no}, ta c6

’

|z, — Al <€ Vn > ny,

Vn > ng = 4 |zn — A| < € Vn > na,

\
= —e<r,—-A<y,—A<z,—A<e= |y, — Al <e.

Theo dinh nghia, lim y, = A.
n—o0

Chii y rang: Ta c6 thé chiimg minh dinh 1y kep bing cdch ding tinh chat thit tu

d).

Vi du 1.21. Cho a ¢& dinh. Chitng minh rdang

an

Iim — = 0.
n—oo !

Chitng minh Dat ng = [a] + 1, ttn > ng Vn > ng va ny 6 dinh suy ra

(MQ%H;(EH@,ES( al. gl 'Eb

12 "ng/ \ng+1ny+2" "n

A\

< (M.M...M)M — 0 khin — oc.
2 nyg/ n

Theo dinh 1y kep, ta c6 két luan ding.

Vi du 1.22. Chitng minh rang

lim /n =1

n—oo

Chitng minh Tt n — oo, suy ra n > 1, 4p dung cong thiic khai trién Newton?

n= (V)" = (L4 = 1) = Y Ch(f - 1)
k=0

n

21+Cﬂyﬁ—u2:1+ﬁL§i&Vﬁ—U{

525.12.1642-31.3.1727, Issac Newton 13 mot nha Todn hoc, Co hoc, Thién van hoc va Vat 1y hoc ngudi Anh. Cling

vGi Leibniz, ong dugc xem 12 ngudi sing 1ap ra phép tinh vi phan, cdc cong trinh clia Newton vé Vat 1y 1a co ban.

Ong phat minh ra ban chat ctia 4nh séng tring. Ong thiét 1ap luat van vat hap din. Luat ndy tr& thanh c& s& clia Vat

1y hoc cho t6i nam 1905, nam ma Einstein cong bd 1y thuyét tuong ddi hep.
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suyra0 < {/n—1< \/% Theo dinh 1y kep, ta c6
lim /n = 1.
n—o0

Vi du 1.23. Chitng minh rdang

0 néu |q| < 1,

lim ¢" =<1 néuq=1,
n—oo

+oo néuq > 1.
\

Chitng minh -Néu g > 1, dat ¢ = 1 4+ h = h > 0. Theo khai trién Newton,

¢"=1+h)"=> CIH' >1+nh,
k=0
tacod lim ¢" = +o0.
n—o0
Néulg <1vag£0= L >1= lim(

lql n—00

1

n
|q> = +o00 (theo chitng minh trén)

= lim ¢" = 0.

n—o0
-Néu ¢ = 0, thi lim ¢" = 0.
n—oo
-Néu g = 1, thi lim ¢" = 1. O
n—0oQ

Vidu 1.24. Cho q > —1, tim gioi han

lim z, = lim (14+q¢+ ... + ¢").

n—oo n—oo

Gidi -Néug=1,thiz, =n+ 1= lim x, = +o0.

n—o0
-Néuq#1,thiz, =1+¢+..+¢")latong cian+ 1 s6 hang clia cAp s6 nhan.

qn+1_1

Do vay, z, = = Theo Vi du 1.23, ta c6
lim o, — lim 4=t r; neulel <1,
o e g +o0o néug > 1.
Nhu vay
lim z,, = 1%q néu [q| <1,
n—00

+00 néugq > 1.
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Vidu 1.25. Cho a,b > 0, hday tim gioi han
n
li = li _—.
e ; an? + bk

Giai Tu a,b > 0 suy ra

" an?+bk an?+b an?2+20 7 an?+nb

k=1
< " i n P no n? . 1
~“an?+b an®+b 7 an?4+b an®+b a
n 2
n n n n n
Ty = > = — —.
" ;an2+bk_an2+bn+cm2+bn+ +an2+bn an? + bn a
Theo dinh 1y kep, ta c6 lim z, = l. O
n—oo

1.3.3. Cac phép toan vé gi6i han

Dinh ly 1.26. Cho lim x, = A, lim y, = Bva A, B # oc.
n—00

n—oo

a) lim z, =0 < lim |z,| = 0.
n—o0 n—o0

b) hm x, = 0va (y,) bi chan = lim Tpn = 0.
c) hm (xn+yn) = hm z,+ lim yn

n—oo
d) hm AT, = A hm xn.

e) lim (x,.y,) = lim Ty, lim y,.
n—00 . —00 n—00
Iy _ n—)oo
P lim (22) = 5550 v B £

Chitng minh Gia thiét cho lim z, = A, lim yp, = Bva A, B # oo.

n—oo
a) - Néu lim x,, = 0, thir lai dinh nghia, ta co hm |z, = 0.
n—oo
- Néu lim |z,| = 0, dua vao bat dang thiic —|xn] S x, < |z,| va dinh 1y kep, ta
n—oo
c6 lim z,, = 0.
n—oo

b) Gia sit [y,| < C' Vn, theo dinh nghia, v6i moi € > 0 < & > 0 ton tai ny sao
cho

€ €
|z, | < ot |z,yn| < Cla,| < C.E = €.
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¢) Theo dinh nghia, v6i moi € > 0 < § > 0 ton tai ny, ny sao cho

|z, — Al < § Vn > ng,
Y — Al < § Vn > no.
bat ny = max{ny,na}. Ta co
|xn o Al < %7 6
Vn > ng = |xn+y,—(a+b)| < |z, —al+ |y, —b << 5Ty = ¢
lyn — Al < 3

d) Néu A = 0, thi két luan luon ding. Ta xét truong hop néu A # 0, theo dinh

nghia, v6i moi € > 0 < 5 > 0 ton tai ng sao cho

2] < — = |Awn| = [Nn] < €.

MI

e) Dung tinh chit b), ¢), d) va tinh bi chan cua (y,), ta c6

lim z,y, = lim (z, — a)y, +a hm Yy, = AB = lim x,. lim y,.
n—o0 n—oo n—oo n—o0
f) Tacé lim 2 = lim x,.- = lim a,. lim = = 4 khi va chi khi lim * = L.
n—oo Jn n—o0 nq n—o0 n—oo Jn n—oo Jn
Tu lim y, = B # 0 va bat dang thic | |y,| — | B] | S |z, — B| suy ra
n—oQ
|B| | B|

lim |y,| = |B| > 5 0 = dn; sao cho |y, | > - Vn > ny.
n—oo

s . 2 s .
V0’1m016>0(:>% > () ton tai ny sao cho

eB? 1 |yn |

Yn, —b|<— |———] ]yn B| <€ ¥n > ny,
Tyl 1B]

& day ng = max{nq, ns}. O

1.3.4. Day don diéu

a) Dinh nghia -Day s6 (z,,) duogc goi la day tang, néu =, < x,+1 Vn.
-Day (x,) duoc goi la day giam, néu =, > x,,.1 Vn.

b) Tinh chdt

Pinh ly 1.27. -Néu day s (x,,) tdng va bi chdn trén thi ton tai gidi han hitu han
lim z,, (hay day (x,) hoi tu).

n—o0

-Néu day s6 (z,,) gidm va bi chdn dudi thi dday (x,,) hoi tu.
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Chitng minh Trudc hét ta quan tam tGi khai niém cdn trén diing (supremum) va
cdn duoi ding (infimum) cua mot tap hop M C R.

-SO a dugce goi la can trén ding ctia M, ky hiéu o = sup M, néu « 1a s6 nho nhat
thoaman z < o Vz € M.

-S6 [ duoc goi la can duéi ding ctia M, ky hiéu 8 = inf M, néu § 1a s6 16n nhat
thoa man x > o Vx € M.

Tién dé Néu M bi chan dudi thi ton tai inf M, néu M bi chan trén thi ton tai
sup M.

-Néu (z,,) tang va bi chan trén, theo tién d¢ trén, ton tai A = sup{z,, : n € N}.

VGi moi € > 0, ton tai ng sao cho
Tp, > A —€
Do (z,) tang hay =, < x,.1 < ...,nén x,, <z, Vn > ngy. Khi d6
Ty > Tpy > A —€ VYn 2> ny.
Mat khac, theo dinh nghia ctia A, ta c6 x, < A < A+ €. Do d6
A4+e>x, > A—¢€ Vn>ny.

Vay lim z, = A.

n—oo

-Néu (x,) giam va bi chan dudi, bang cach lam tuong tu, ta dat B = inf{x, :

n € N}, ta cling ching minh duoc rang lim z, = B.

n—o0
Vi du 1.28. Chitng minh ddy so (e,,) sau hoi tu
1\"
en = (1 + —) .
n
Chitng minh- Day (e,,) tang. That vay, dang cong thiic khai trién Newton, ta c6
IR
«=(147)
n
1 1
=Gt Co( )+ Ca(= )+ + GO )
I nn-1)1 nn—1).n—(mn-1)) 1
4 T -
LT T W 123.1 nr
1 1 1 1 2 1 1 n—1
=14+14+=(1—-— —(1—-—=)(1—— e+ —(1—=)...(1— :
T +2!( n)+3!( n)( n)+ +n!( n) ( n )
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Tuong tu

1 n+1
Enil1 = (]. + )

n+1
_1+1+21|(1—%)+ t (nil)!u—nil)...u—nil)
>1+1+;u——£ﬁ+.+%O—5$ﬂmﬂ—219
T (R R N )
(1.10)

Tu (1.9) va (1.10) suy ra e, < €,41.

-Day (e, ) bi chan trén. That vay, cling dung cong thic khai trién Newton, ta ¢6

(42

1 1 1
:CO 01_1 02_ O (="
vty e Lo
1 n(n—l) 1 nin—1)..(n—-(n—-1)) 1
S DI i Sl —
ot T et 1.2.3..1 nn
1 1 1 1 2 1 1 n—1
=141 1 —— — (1 ——=)(1— — i+ — (1 ——=)...(1—
+ +2'( n)+3!( n)( n)+ +n!( n) ( n )
<1+1 ! ! !
A g B
<oty oy
1.2 23 (n—1)n
1 1 1 1 1
2 (c - ) ()4 -
+(1 2)+(2 S)jL +(n—1 n)
1
—3_ =
n
<3

Vay day so (e,) hoi tu. Gidi han nay dugc goi la s6 e = 2,71718.... Khi do, ta
c6 dinh nghia
1
e= lim (1+—)".

n—oo n

Vi du 1.29. Chiing minh rang:
lim 2, = lim >~ =
ngroloxn N nl—r>£lo — ko ¢
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Chitng minh Theo Vi du 1.28, ta c6

en <, Vn (1.11)
va
1 1 1 2 m—1
m=14+1 11— — —(1-——)(1-—)...(1— ———
Fld o= =)+ (1= —)(1 - 2) (1 - B
=2+ —(1 )+ ...+ =1 %u )...(1 n_5+
B 2! m’ 7 nl m m m
1 1 2 n—1
>24 —(1—— o+ —=(1—-—)(1——)...(1— .
+ 5 )t (L= —)(1 = —)..( —)
Cho m — oo, ta c6
€ = Tp. (1.12)
Tur (1.11) va (1.12) suy ra e, < x, < e. Chuyén qua gi6i han khi n — oo cho
lim z,, = e.
n—oo

Vi du 1.30. Chitng minh rang (x,),>1 hoi tu, voi
Vn
n =05 .—.
x 2n 4TL
Chiing minh -Day (x,,) tang. That vay, tir
Tps1 (2n+2)2n+1)Vn+1  n+3

Fa in+1)2 NG \/7 (1+m>5>17

- Day (x,,) bi chan trén. That vay, tlr bit dang thifc trén va bat dang thic In(1+2z) <
xr Yr >0,taco

In Totl _ Inz,,; —Inx,
Tn
In (1+ ! )
n
4(n?+n)
1
=01 (1 )
" +4(7’L2+n)
< 1
~ 8(n?+n)
1.1 1
=G Tart



Cong n bat dang thitc trén lai, ta nhan duoc

n

3

1 1 1 1 1
Inz,.1—1 zg 1 —1 < - —— ) =—(1- < -,
NTpp1 — NIy k:1(nﬂfk+1 nxk) > 8k:1(k k+1) 8( n+1) R
nghia la Inz,, 4 <lnx1+%$xn+1 <xle% Vn. O

1.3.5. Hai day ké nhau
a) Pinh nghia Hai day (x,) va (y,)goi la ké nhau khi va chi khi (z,,) tang, (y,)
giam va lim (y,, — z,,) = 0.

n—oo

b) Tinh chdt

Pinh ly 1.31. Néu hai day (x,,) va (y,) ké nhau, thi cd hai day déu hoi tu vé cing

diém.

Chiing minh Gia st hai day (x,,) va (y,,) ké nhau, theo dinh nghia, day z, = y,—x,
giam va hoi tu vé 0. Do vay z, > 0 Vn < x, < y,. K& hop diéu nay véi (y,)
giam, ta c6 (x,) tang va bi chan trén, day (y,,) giam va bi chan dudi. Theo tinh
chit ctia day don diéu, hai day (z,) va (y,) hoi tu. Vi nh_{{)lo(yn —x,) =0, suy ra

lim z, = lim y,. O
n—o0 n—oo

H¢ qud (dinh ly Cantor®) Néu day doan [x,,, ,] thda man

[xn+17yn+1] C [:Un,yn] Vn

lim (y, — x,) =0,

n—oo

thi ton tai duy nhat s6 A sao cho

M, 5] = {4}

Chitng minh TU [x+1, Ynt1] C [2n,yn] Vn, suy ra (x,) tang va (y,,) giam. Nhu

vay, hai day (z,,) va (y,) ké nhau. Theo dinh 1y trén, ton tai duy nhit A sao cho

lim z, = lim y, = A. O
n—oo n—o0

63.3.1845-6.1.1918, nha Todn hoc ngudi Diic Georg Cantor c6 nguén goc Do Thai ca hai phia noi ngoai. Cdc cong
trinh nghién ctu cta ong cht yéu lién quan dén 1y thuyét so, 1y thuyét tap hop va topo dai s6. Nhan mot chuyén du
lich t6i Interlaken & Thuy Si nam 1872, 6ng gap Richard Dedekind. Tir nhitng cudc trao déi giita hai ong va thu tir
qua lai sau d6, Iy thuyét tdp hop ra doi.
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Vi du 1.32. Chitng minh rang (xz,) va (y,) ké nhau, vdi

n

1 1 1

n  2n?
k=3

n
Chitng minh Tt gia thiét 2, = Y 1, ta c6
k=3

1
n+1)2+1

xn+1—xn:( >0 Vn > 3,

vay day so (z,,) tang.

Theo gia thiét x,, = ZH%, yn::anr%—Q—?llQ n > 3, tacé
k=3

( )+ 1 1 1 1
n — Yn = (T — Iy oy —
Yt Y o n+1 n 2n+1)2 2n?
B —(n—1)2+3
o 2n2(n 4+ 1)2(n2+ 2n + 2)
<0 Vn > 3,
vay day (y,) la day giam.
1
Theo gia thiét y, =z, +— — — n > 3,tacd
n  2n?

lim (y;, — x,) = lim (l — L) = 0.

n—00 n—oo \1 22

Theo dinh nghia, hai day (z,,) va (y,) ké nhau.

1.3.6. Day con

a) Dinh nghia Cho mot day s6 (z,). Day (z,,) dugc goi 1a day con cua day (z,),

néu

ny <no < ...<ng<...

b) Cdc tinh chdt

+ Tinh chdt 1 Néu day (x,,) hoi tu téi 2* thi moi day con (z,,) clia né ciing hoi

tu téi .

Chuing minh Theo gia thi€t lim x,, = x*, theo dinh nghia,

n—oo

Ve > 0 dng sao cho |z, — z*| < e Vn > ny.
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Chon ky thoéa man ny, > ny, ta cé n; > ng Yk > ky. Vay
Ve > 0 3k sao cho |z, — 2" <€ Vk > k.
biéu d6 c6 nghia 1a lim z,, = z*. O
k—o0

+ Tinh chdt 2 Day (x,,) hoi tu téi =* khi va chi khi hai day con (z9,) va (x2,11)
déu hoi tu tGi x*.
Chitng minh (=) Hién nhién theo tinh chat 1.
(<) Gia thiét cho kh—>Holo Top = ¥ = kh_)rgo Zor41, theo dinh nghia, ton tai k1, ks sao
cho

|xo, — 2| < € Vk > ky

|Tori1 — x¥| < € Vk > ko.
bat ny = max{2ky, 2ks + 1}. Khi do,

n22k1
Yn > ny =

-Néu n cédang n = 2k v6i k € N, thi k > ky = |z, — 2*| = |z — %] < e.
-Néuncédangn =2k+1voik € N, thik > ky = |z, —2*| = |xop1 — 2| < e.

Nhu vay, v6i moi n > ny ta cé |z, — z*| < € hay lim x, = z*. O
n—oo

Vi du 1.33. Cho day so (x,,) thoa man

n-+m
Oéxn—i-mé

nm

Chitng minh rang lim z,, = 0.
k—00

Giai Thay m = n ta c6
2n .
0§x2n§—2:> lim zs, = 0.
n k—o0

Thay m =n+1taco

n+(n+1) ,
0<x < —n— 2= limx = 0.
> L2n+1 = n(n n 1) by oo 2n+1
Theo tinh chat trén, lim z,, = 0. O
k—o0
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+ Tinh chdt 3 (dinh ly Bolzano’-Weierstrass®)

Tir moi ddy bi chin ta déu c6 thé rit ra mot ddy con hoi tu.

Chitng minh (phuong phdp chia doi)

Cho (xz,) la mot day bi chan. Ta sé& xay dung bang quy nap hai day ké nhau
(ax), (bg) va day con (z,,) sao cho x,, € |ay;bx] Vk > 1.

Vi (z,,) bi chan nén ton tai ag va by sao cho ag < z,, < by Vn.

Butec 1. Chia [ag; b) thanh 2 doan [ag; “25] va [“t%: by). Xay ra 2 trudng hop:
-Néu [a; “t] chita vo han phén tif ctia ddy (z,), thi dat a; = ag, by = 25 va
chon x,,, € [ay; by].

-Néu [2tb: p) chida vo han phén tlf clia ddy (z,), thi dat a; = 25 by = by va
chon x,,, € [ay; by].

Sau budc 1, ta co

(

[ar; br] C [ao; bo]
bl — a1 = %(bo — CL())

[a1;b1] chita vo han phan ti cua day (z),)

\ Az, € |ay; by

Budc k. Chia [ag_1;by—1] thanh 2 doan [aj_q; Z=5%=1] va [ttt ) Xay

ra 2 truong hop:

-Néu [ay_1; ‘”f‘lTer’H] chita vo han phan tir cua day (z,,), thi dat ay = a1, b =
C”“‘lTJ“b’H va chon x,, € [ay; bi] sao cho ng > ni_1.
-Néu a’HTer’H, bi—1] chita vo han phan tir cia day (z,,), thi dat a;, = WlTer’“‘l, b =

bp—1 va chon x,, € [ay;bi] sao cho ng > ny_.

75.10.1781-18.12.1848, nha To4n hoc va Triét hoc Séc Bernhard Bolzano 13 gifo su cic khoa hoc ton gido trong
thanh phd Praha, 6ng 1a ngudi dau tién nghién cifu bang chan 1y ciia mot ménh dé va dua ra cic dang ménh dé giong
nhu cdc vi tr ngay nay.

$31.10.1815-19.2.1897, nha Toén hoc Dic Karl Weierstrass doi khi dugc ton vinh 1a cha dé cta giai tich hién dai.
Ong 12 ngudi ddu tién dua ra dinh nghia tinh lién tuc bing ngon ngi ¢, 6.
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Sau budc k, ta co

)
Nk—1 < Nk

lag; br] C lag—1; by—1]

7\

bp — ap = 3 (bp—1 — ar_1)

[ax; br] chita vo han phan tlr cha day (z,,)

\Elxnk € [ax; by

Ct ti€p tuc nhu vay, ta s€ c6 mot day cac doan 16ng nhau

[ag; bo] D [a1;01] D ... D [ag; bg] D ...

. . 1
dim (b — ax) = lim ox(By — ao) = 0.

Vay hai day (ay), (bx) ké nhau. Theo tinh chat clia hai day ké nhau, ta c6

lim a;, = lim b, = 2™.
k—00 k—o0

Mat khac a,, < x,, < by Vk > 1, nén

: *
lim z,, ="
k—o00

1.3.7. Day Cauchy
a) Pinh nghia Day (z,) dugc goi la day Cauchy (hay ddy co bdn) néu v6i moi

e > 0 cho trudc, ton tai ny € N sao cho
|z, — | < € Yn,m > ng.

b) Tich chdt Day (x,,) hoi tu khi va chi khi (z,,) la day Cauchy.
Chitng minh (=) Gia thiét cho lim x,, = x*, theo dinh nghia

n—oo

€ €
Ve(:>§ > 0, dng sao cho |z, —z*| < 3 Vn > ny.

Khi do,

|xn—xm]§|xn—x*|+]xm—x*|<%+§:e Vn, m > ny.
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(<) Gia st (z,,) 1a day Cauchy, hay v6i moi € > 0 < § > 0 cho trudc, ton tai
ny € N sao cho

|z, — x| < g Vn,m > ni. (1.13)

Suy ra

|z, — x| <€y, —e< Ty < TYH +€ VN> N4

Vay (x,) bi chan. Theo dinh ly Bolzano-Weierstrass, ton tai mot day con (z,,, )

hoi tu t61 z*. Hay
ko sao cho |z, — *| < % vk > ko, (1.14)
bat ny = max{ny, ny, }. Két hop (1.13) va (1.14), ta c6

|xn—x*|§|xn—xnk]+]xnk—x*|<5+5:e Vn > ny.

2 2
Diéu nay c6 nghia rang lim z, = z*. O
n—o0
) 11 1 ) NN AN
Vidu 1.34. Cho x,, = I + 5 + ...+ — Vn > 1. Chitng minh rang (x,) phdn k.
n

Gidi (Phan ching) Gia st (x,,) hoi tu, suy ra (x,,) phai la diy Cauchy hay véi moi

¢ > 0 cho trudc, ton tai ny € N sao cho

|\, — x| < € Yn,m > ng.

Tach(_)ne:%,m:2n,vé‘im()in2n0tacé
| ]<(:>1+1++ < (1.15)
Tp — Top| < € €= — .
? n+1l n+2 n-+n
Mat khac
1 1 1 1 1
> n. = —. 1.16
n—|—1+n+2+ +n+n nn+n 2 ( )
Tu (1.15) va (1.16), suy ra mau thuan. Vay (x,) phan ky. O
Vi du 1.35. Cho
3
Ty = +2 Vn>1,20=1.

Ln—1

Chitng minh rang (x,,) hoi tu va hdy tim lim z,,.
n—oo
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Giai Gia st lim x, = 2*. Tt x,, > 0 Vn (theo qui nap) suy ra

n—oo

*

3
v =—+2<& 1" =3 hodc 2" = —1 (loai).

x
Ta c6 3 3 3
In
= TR 242 EERPTE R
Khi do6 |
Tna = Tn = gty + 2 — Ty = W’ (1.17)
Tpto — 3 = za;"n:rg?)' |

Ta xét hai day con cua (z,,).

-Day con (x9,), tt xg = 1 va (1.17), suy ra x9, < 3 Vn va z9,.9 > T2, Vn. Vay
(2n) tang va bi chan trén boi 3. Khi d6, lim 25, = 2" = 3.

-Day con (z9,41), thxy = 5va(1.17), suy ra £o, 1 > 3 Vn vaxe, 11 < Top_1 Vn.
Vay (z9,41) giam va bi chan duéi bdi 3. Khi do, T}l_>no10 Topy1 = x* = 3.

Nhu vay lim z,, = 3.

n—oo
Vidu 1.36. Cho a,b € R, tinh s6 hang tong quat cia (x,), biét rang
Tpi1 = axy, +b.
Giai -Néu a = 1, thi (z,,) la mot day s6 cong, do vay x, = xg + nb.
-Néu a # 1, thi dat y, = z,, + A\. Khi d6
Yni1l = Tps1 +A=ax, +b+A=aly, — A\ +b+ X X=ay, +b+ (1 —a)\,

chon \ = a—fl Ta thay (y,,) 1a mot day s6 nhan véi cong boi a. Vay

b b

a—l)a B

yn:yo-an@%:yn—)\:(onr CL—l'

Toém lai

o+ nb néu a =1,

(zo+ -5)a" — -2 néu a # 1.
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Nhan xét 1.37. Cho hai day so6 thuc (z,) va (y,). Khi d6, véi z, = z,, + iy,,
day so (z,) dugc goi 1a ddy so phiic. S6 phitc z° = a + bi dugc goi 1a gidi han
ctua day so phuc z, = z,, + iy,, néu hm T, = ava lim y, = b va dugc ky hiéu

—00 n—r00
0

lim z, = 2".
n—o0

Bai tap chuong 1

Bai tap 1.1. Viét s6 phitc sau du6i dang chinh tac

1+ i—4 —24 33

1)z = ( ) ( , ) Ds:z— 20422
)z = 61 5 +3 %+ 1 S:z s + 52
(1+i)(2—z) 28 6

2)z = Ps:z— 2 _ 9,
)z — AT T4

3) 2 = (a+ bi)? v6i a,b € R. Ps: z = (Va2 + b?)°(cos9a + isin9a) véi

b
Q. = arccos hoac « = arcsin .
/a 2 02 /a2 +D2

Bai tap 1.2. Tinh Im(z), Re(z) cta cac s phic sau: 1)z = “@f@%ﬁ + (1&1\2./)52)015.

Ds : Im(z) =0, Re(z) = 64.

2)z = (1 + cosa —isina)™.

Ds: Re(z) = 2" cos” § cos *, I'm(z) = —2" cos™ § sin &
3)z=(1—10)"

Ds: Re(z) = 22 cos 2%, Im(z) = —2% sin .
Bai tap 1.3. Giai cic phu’o‘ng trinh sau, véi nghiém phiic

1)z —2zcosp+1=0v6ip R, 0 #0,p# 1. Ds: e, e %,

2)2* 4 4iz* +12(1 4 i)z — 45 = 0, mot nghiem:zy = 3i. Ds: 29, —3,2 — i, 1 — 2.

) (2 +i) + (22 4+ 1) + (2 — i)' = 0. Ds: —v3,v3, .

4)(z2 —4z4+5)*+ (2 + 1) =0.
Ds:1—-14¢,1+4,3—2¢,3+ 2.

5)2t =z + Z.

DSO\/_,g( 1 — 1), g5(=1+1).

Bai tap 1.4. Giai hé phuong trinh, v6i nghiém phiic.

D)oy =z,yz =2, 20 =y.

bs: (0,0,0),(1,1,1),(1,-1,-1), (-1, —-1,1),(—1,1,-1).

Nz =y’ y=2%z=a°
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2ittk 8itk dimk 6 }

s:(0,0,0),{(e77 ,e7,e7): k=0,1,...
Bai tap 1.5. Ching minh rang
Dz +y? <@+ ]2+ |yf?) Yo,y €C.
2)z| < s=|(1+i)+iz] <2 VzeC.
3) Mot trong 2 bat dang thiic sau ding |1 + z| > 3 hoac [1 4 2%| > 1 Vz € C.

4) 2129 = i(|z1 + ,Z_2|2 — ’21 — Z_2|2 + i’Zl _}_%’2 — ilZl — EP) Vzl, z9 € C.

5) [Zize — 12 — |21 — )2 = (1 - ]zl|2> (1 . |22|2> V21, 2 € C.

Bai tap 1.6. Tim anh xa f : C — C thoa man:

D flz) =z Vz €R, f(z1+22) = f(21)+[(22), f(2122) = f(21).f(22) V21,20 €
C Ds: f(z) = z hoac f(z) = Z.

) zf(1—2)—(1-32)f(1+2) =22+ 1.

Bai tap 1.7. Khai trién cdc hAm s6 sau theo cdc ham sin z va cos x.

1) A=sinTx.

2) B = cos9z.

3) C' = sinnz.

Ds: C = > apcos" Fxsin® 2, trong d6 b, = 0 néu k € 2N, a = CF(-1)7
k=0
néu k ¢ 2N.

4) D = cosnz.

Ps: D = S by, cos™ ¥ wsin® z, trong d6 by = 0 néu k ¢ 2N, b, = C*(—1)? néu
k=0
k € 2N.

Bai 1.8. Duing dinh nghia, chiing minh rang

. n o
D) liy s =
: 2n—1 __
2 Jim 5 =
2

I

P e =

4) lim 42 =
n—00

5) lim &2 — 10,
)n—>oo 3n—1

Bai 1.9. Tim cic gidi han sau:

1) 11m12+23+ .+

n—00 (n+1)'
Ds: 1.
1 1 1
2) ,}Eglo 23 T 23 Tt e
Ds: 1 1
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3) lim sin(n—2) cos(2n+1).

n—00 n+l

Ds: 0.
4) lim (v4n? +an + 1 — 2n).

n—oo

bs: ¢
5) lim (v/27n% + 3n2 — 5 — 3n).

n—oo
1
Ds: 5

. VAnZ fn—1Yn3—n2+10— 2n
6) lim T

TL—)OO

Ds: 5—6
Bai 1.10. Chiing minh c4c day sau hoi tu
1)513n—23+33+ +(

2) x, = \/3+Smn

n+1)3°

n z (3k+1)

3) v, = +——
> (2k2— 5k)
k=0

4) = Y =
k=1
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CHUONG 2. PHEP TINH VI PHAN CUA HAM MOT BIEN SO

2.1. Cac khai niém co ban
2.1.1. Him mot bién thuc
Cho X C R, Y CR, dnh xa
f: X =Y
x>y = f(x)
duoc goi 1a mot ham s6 mot bién, tap X duoc goi la mién xdc dinh cua ham s6
f. Thong thuong ky hiéu x 1a doi so, y 1a ham so.

2.1.2. Ham soé chan, 1é

’ . - . reD=—-xzeD,
-Ham s6 y = f(z) dugc goi la chan trén mién D &

f(—x) = f(x) Vx € D.
reD=—-zeb,

f(=x)=—f(z) Yx € D.
Vidu fi(z) = |1 — 2|+ |1 + x| la ham s6 chan trén R.

-Ham s6 y = f(x) dugc goi 1a I¢ trén mién D <

fo(x) = x*sin x 1a ham s6 1& rén R,

2.1.3. Ham s6 tuan hoan

Ham s6 y = f(z) dugc goi 1a tudn hoan trén mién D < ton tai T > 0 sao cho
reD=zxz+TeD,
T la s6 duong nho nhat théa man f(z+T) = f(x) Vo € D.

Khi d6 T duogc goi 1a chu ky cua f.

Vi dy Ham s6 y = sin(az + b) v6i a > 0 tuén hoan véi chu ky 7" = 2T trén R.
2.1.4. Ham s6 don diéu (tang hoac giam)

+ Ham s6 y = f(z) duoc goi 1a tdng trén mién D khi va chi khi

Vay,xg € Dyxy < x99 = f(x1) < f(x2).
+ Ham s6 y = f(z) dugc goi 1a tang ngdt (hay con goi 1a dong bién) trén mién
D khi va chi khi

Vry,xg € Dyxy < 29 = f(x1) < f(x2).
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+ Ham s6 y = f(z) duoc goi 1a gidm trén mién D khi va chi khi
V$1,$2 - D,$1 < XT9 = f(.Il) > f(.fg)

+ Ham s6 y = f () duoc goi la gidm ngdt (hay con goi la nghich bién) trén mién
D khi va chi khi

Vi, 29 € D,y < 29 = f(x1) > f(29).

2.1.5. Ham s6 bi chan
+ Ham s6 y = f(x) dugc goi 1a bi chdn trén trén mién D khi va chi khi ton tai
M € R sao cho

f(x) <M VxeD.

+ Ham s6 y = f(x) dugc goi 1a bi chdn dudi trén mién D khi va chi khi ton tai
m € R sao cho

f(x) >m Yz e D.
+ Ham s6 y = f(x) dugc goi la bi ¢hdn trén mién D khi va chi khi f bi chan trén
va bi chédn du6i trén D.
2.1.6. Can trén dung va can dudi dung
+ S6 m duoc goi 1a cdn dudi diing (infimum) cua ham f trén mién D, ky hiéu

m = inlf_) f(x) khi va chi khi /m 1a s6 16n nhat théa man
HAS

f(x) >m Yz € D.
+ S6 M duogc goi la cdn trén ding (supremum) cua ham f trén mién D, Ky hiéu
M = sup f(z)
xeD
khi va chi khi M la s6 nho nhat thoa man

f(x) <M VxeD.

*Hé qud
M 1a can trén ding cua ham f(x) trén D khi va chi khi

M > f(x) Vz € D,
Ve > 0= 3dxg € D saocho M < f(xg) +e.
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m la can dudi ding ctia ham f(z) trén D khi va chi khi

m < f(x) Yx € D,
Ve > 0= Jxg € D saocho m > f(x) +e.

Chitng minh Ta chiing minh v6i can trén ding, con can duéi ding dugc chiing
minh tuong tu.
(=) Gia st M = sup,.p f(x), theo dinh nghia f(z) < M Vx € D. Tacan

chiing minh rang:
Ve > 0= Jxg € D saocho M > f(xg) +e.
Gia su diéu nay khong ding. Hay
de>0: M > f(xg) +€ Vrp e D= f(xg) <M —¢€ Vg€ D.

Diéu nay mau thuan véi gia thiét M 1a can trén dung.

(<) Gia thiét cho M thoéa man

M > f(x) Yo € D,
Ve > 0= FJug € D saocho M < f(xg) +e.

Ta chitng minh bang phéan ching, gia st M khong 1a s6 nho nhat thdéa mén f(x) <
M Yz € D, hay ton tai My < M sao cho f(x) < My Vx € D. bate = M —
My > 0= dxg € D sao cho M < f(xg)+e= f(xg)+M—My < f(xg) > My,
mau thuan. Vay M = sup,.p f(x). O
* Tién dé
- Néu f bi chdn trén trén D, thi ton tai sup f(x).
- Néu f bi chdn duoi trén D, thi ton tai iii% f(x).
* Nhdn xét
Cho ham f ton tai can trén ding va can duéi ding. Khi dé

Sup f(z) = max f(z),

dau ” =" xay ra khi va chi khi ton tai xy € D sao cho f(xg) = sup f(z).
xeD

inf f(z) < min f(z),

zeD zeD
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dau ” =7 xay ra khi va chi khi ton tai 2y € D sao cho f(xz) = inl% f(z).
HAS
* Vi du Cho f ton tai can du6i dung trén D. Chiing minh rang

inf f(z) = —sup{—f(z)}.

zeD veD
Chiing minh bat m = ;Iellf)f(x) = —f(x) < —m VYV € D = itelg{—f(x)} <
—m. Mat khiac —f(z) < sup{—f(x)} = f(z) > sup{—f(z)} Vz € D =
inf f(2) > sup{—f(2)}. Nhu vay m = sup{—f(2)}.
z€D z€D x€D
2.1.7. Ham sé nguoc
Cho X,Y C Rvamotsong dnh f : X — Y. Khidé, anh xanguoe f~1: Y — X
x4c dinh mot ham s6 y = f~*(z) duoc goi 1a ham s6 nguoc chia ham s6 y = f(x).
Vi du Ham s6 y = a” v6i a > 0,a # 1 ¢6 ham s0 nguoc 1a y = log,x v6i
z € (0;+00).
Tinh chdt dé thi D6 thi ham s6 y = f(z) va dé thi ham nguoc y = f~!(z) doi
xting qua dudng thing y = .

1. Ham y = arcsinx

*Pinh nghia
' T =siny
Y = arcsine <
y €[5 5]

Nhu vay, mién xdc dinh clia y = arcsinz 1a D = [—1;1] va tap gid tri la Dy =
=33
*Vi du Tinh arcsin% =7
Giai Dat arcsz’n% =y = % =siny =y =g viy € [5;5]. Vay arcsz’n% = 5-
2. Ham y = arccosx
*Pinh nghia

T = Ccosy

Y = arccosr <

y € [0;m].
Nhu vy, mién xdc dinh clla y = arccosz 1a D = [—1;1] va tap gid tri la D; =
[0; 7].

*Vi dy Chiing minh rang
. m
arcsing + arecost = o Vo e [-1;1].
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Chitng minh Tt arcsinx € [ 5] = § — arcsinz € [0; 7]
= Cos(g — arcsinx) = sin(arcsinx) = x = cos(arccosr) Vr € [—1;1]
= § — QrcsinT = arccost.
3. Ham y = arctanx
*Dinh nghia

r = tany
Yy = arctanx <

ye(—=3:3).
Nhu vay, mién xdc dinh cliay = arctanz 1a D = Rvatap gid trila Dy = (—5; 5).
*Vi du Tinh arctany/3 =?
Gidi bat arctany/3 = y = V3 = tany = y = FViy € (—5:%). Vay
arctany/3 = %
4. Ham y = arccotx
*Pinh nghia

T = coty
Yy = arccotr &
y € (0;m).
Nhu vay, mién xdc dinh ctia y = arccotz 1a D = R va tap gid tri la Dy = (0; 7).

*Vi du Chitng minh rang
T
arctgx + arccotr = 5
Giai Theo dinh nghia arctgr € (=3, 5), tacé § — arctgz € (0, 7). Do vay

7T 7T
cot(§ — arctgr) = tan(arctgx) < 5 arctgr = arccotz.

2.1.8. Ham hypebolic
1. Ham sinhypebolic: Ky hiéu y = sh(z), dugc xac dinh bdi cong thic:

sh(z) = %(ex —e ).

2. Ham cosinhypebolic Ky hiéu y = ch(z), dugc xac dinh bdi cong thiic:
1 _
ch(zx) = E(ex +e 7).
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Vi du Cho z,y € R, dung dinh nghia, chiing minh rang:

sh(z +y) = sh(z).ch(y) + ch(z).sh(y),
sh(z —y) = sh(z).ch(y) — ch(x).sh(y),

ch(z +y) = ch(z).ch(y) + sh(zx).sh(y),
ch(z — y) ch(z).ch(y) — sh(z).sh(y),

ch?(x) — sh(z) = 1,
(z) =

ch®(z) + sh2 r) = ch(2x),

sh(2z) = 2sh(x).ch(z)

ch(z) + ch(y) = 2ch* 32 .ch*5,
ch(z) — ch(y) = 2sh52.sh*5Y,
sh(z) + sh(y) = 2sh*52 .ch*5Y

sh(z) — sh(y) = 2ch*3.s h%.
3. Ham tanghypebolic Ky hiéu y = th(x), dugc xac dinh boi cong thiic:

V2

h(z)
ch(x)
4. Ham cotanghypebolic Ky hiéu y = coth(z), dugc xac dinh bdi cong thic:

th(x) =

ch(x)
sh(x)
Vi du Cho z,y € R, dung dinh nghia, chilng minh rang:

coth(zx) =

th(z) + th(y)

th(x +y) = T th(2) 2h () voi zy(z +y) # 0,
th(z —y) = ltﬁ( t;&;?gg v6i zy(z —y) # 0,
th(2x) = % voi x # 0.

Gidi

th(x) +th(y) ) )
T () th(y) 14 2] 00

_ sh(z).ch(y) + ch(x).sh(y)  sh(
~ ch(z).ch(y) + sh(x).sh(y)  ch(
Céc ket qua con lai dugc chiing minh tuong tu.

2.2. Gi6i han cua ham mot bién so
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2.2.1. Dinh nghia
+ Cho ham s6 f(x) xé4c dinh trong khoang (a, ), va xo € [a, b]. Ta n6i rang f(x)
c6 gidi han A (hitu han) khi x dan t6i o, ky hiéu la lim f(z) = A khi va chi khi

T—XT0

Ve>035>0 saocho0 < |z — x| <d Vx € (a,b) = |f(x) — A| <e.

+ Cho ham s6 f(x) xdc dinh trong khoang (a,b), va z( € [a, b]. Ta néi rang f(x)

c6 gidi han trdai A (hitu han) khi x dan t6i x¢, ky hiéu la lim f(x) = A khi va
T—Ty

chi khi

Ve >035>0 saocho Vze (a,b): 0>x—x9>—0=|f(x)—A| <e.

+ Cho ham s6 f(x) xdc dinh trong khoang (a,b), va z( € [a, b]. Ta néi rang f(x)

c6 gidi han phdi A (hitu han) khi z dan tGi xy, ky hiéu la lim+ f(x) = A khi va
T

chi khi

Ve > 035 > 0 sao choVz € (a,b): 0 <z—xo <6 Vo € (a,b) = |f(z)—A| <e.

Nhdn xét:
lim f(z)=A
lim f(z)=A& ¢
y 4 lim f(z)=A
T

+ Cho ham s6 f(x) xdc dinh trong khoang (a,b) va xy € [a, b]. Ta néi rang f(x)

c6 gidi han +oo (vo han) khi = dan t6i x, ky hiéu la lim f(x) = 400 khi va
T—Xo

chi khi

VA 36 >0 saocho 0 < |z —x9| <6 Vx € (a,b) = f(z) > A.

+ Cho ham s6 f(z) xdc dinh trong khoang (a,b) va ¢ € [a, b]. Ta néi rang f(x)

c6 gidi han —oo (vo han) khi = dan téi xg, ky hiéu 1a lim f(z) = —oo khi va
T—X(

chi khi

VA 36 >0 saocho 0 < |z — 9| <6 Vx € (a,b) = f(z) < A.

+ Cho ham s6 f(x) xdc dinh trong khoang (a, +00). Ta néi rang f(x) c6 gidi han
A (hitu han) khi = dan t6i +00, ky hiéu la lim f(x) = A khi va chi khi

rT—+00

Ve > 0 dzy sao cho Vz > zy = |f(z) — A| <e.
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+ Cho ham s0 f(x) xac dinh trong khoang (—oo, a). Ta néi rang f(x) c6 gidi han
A (hitu han) khi z din t6i —oo, ky hiéu la lim f(z) = A khi va chi khi

T——00

Ve > 0 Jdzy sao cho Vr < zg = |f(z) — A| <e.

+ Cho ham s6 f(x) xdc dinh trong khoang (a, +00). Ta néi rang f(x) c6 gidi han
+00(—00) (v0 han) khi z dan t6i +o0, ky hieu la lim f(x) = +oo (tuong Gng:

T—+
—00) khi va chi khi
VA 3z saocho Vo > xy = f(z) > A (tuong ing: < A).
+ Cho ham s6 f(x) xdc dinh trong khoang (—oo, a). Ta néi rang f(x) c6 gidi han

+o0o (twong tng: —oo) khi x dan t6i —oo, ky hiéu la lim f(z) = +oo (tuong

T——00

ting: —oo) khi va chi khi
VA Jzy sao cho Vo < xyp = f(x) > A (tuong ing: < A).

Vi du 2.1. Dung dinh nghia chitng minh rdang

1
lim £+ = 2.
z—1 20— 1
Giai Theo dinh nghia,
r+1
lim =2
z—12x — 1
khi va chi khi
1 3
Ve >0, 30 = §(¢) sao choVz : |[z—1| < 0 = |2xxt 1—2| = |x—1|.|2x ] <€

Néu ta chon § < %, thi
Ve:lz—1l|<d<el1-d<z <146 = [22—1|=22—1 > 2(1-)—1 =1-2§ > 0.

Do do, v6i § < %, ta co

v+ 1 3 36
vile—l<o= g~ 2=l ey < 7055
5er3 0 = d(€e) duge xac dinh bai
0<o< { ‘ — 1
mln
2" 2+ 3
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2.2.2. Quan hé giira gi6i han cua day so va gi6i han cia ham so

lim f(z) = A< {Vz, : lim z, = xy = lim f(z,) = A}.

T—X0 n—00 n—00

Chiing minh (=) Gia stt lim f(x) = A va lim x,, = (. Theo dinh nghia, ta c6

T—x0 n—00

Ve>035>0 saocho0 < |z —xo| <d Vx € (a,b) = |f(x) — A| <e.
Ing € NVn > ng = |z, — x| <0

= |f(x,) — A] < ¢, diéu nay c6 nghia la lim f(x,) = A.
n—o0

(<) Gia st rang day (z,) bat ky théa man lim z,, = ¢ va lim f(z,) = A ma
n—oo n—oo
lim f(z) # A. Theo dinh nghia,

T—To

de > 0,9 > 0,3z saochoVr: 0 < |z —zy| <d=|f(x) — Al > e

Tachon ¢ := 1 = 3z, : 0< |z, — x| < dva|f(z,) — A > e Khi d6, ta c6

lim z, =xy va lim f(z,) # A.

Diéu nay mau thuin véi gia thiét trén. Nhu vay li_>m f(x) = A. O
Dua vao moi quan hé nay va tinh chat duy nhat gﬁaxogi(’ri han cua day s0, ta c6 két
qua dudi day.

Nhdn xét: Néu ton tai li_>m f(x) = A, thi A la duy nhat.

2.2.3. Tinh chat \

1. Tinh bi chdn

Pinh ly 2.2. Néu lim f(x) = A va |f(xg)| < +oo, thi f(x) bi chdn trong mot

T—To
ldn cdn cua x.

Chiing minh Gia st xh_)rglo f(x) = A, theo dinh nghia,
Ve > 0 (cho trudc) 39 > 0 sao cho Vz € (a,b) : 0 # |[x—xo| < = |f(z)—A| <.
Hay v6i € > 0 cho trudc, ta c6 0 > 0 cling dugc cho trudc va
A—e< f(x) < A+€ Vo e (xg—0;20) U (x0; 20+ 6).
Khi d6, Vx € (zg — 0; 29+ 9) ta cd
m = min{—|f(z0)], A— e} < f(z) < M := mas{|f(zo)], A-+e}
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2. Tinh thit tw

Pinh ly 2.3. i) Gid su ton tai hitu han lim f(x), lim g(x). Néu f(z) < g(x)
T—XT0

T—XT0

Vo € (xg— 0, kg + 0g) thi lim f(x) < lim g(x).
T—XT0 T—XT0
ii) Néu lim f(x) > m, thi téon tai 6 > 0 sao cho f(zx) > m Vxy # x €

T—X0
(.1?0 — 5, Ty + 5)
iii) Néu f(z) < g(z) Vo € (xg— 6,20+ 9) va lim f(x) = +oo, thi lim g(x) =
T—To Tr—Xo
+00.

Chitng minh i) Gia st nguge lai raing A = lim f(z) > lim g(z) = B. Dat

T—Xo T—Xg
€= A_TB > 0, theo dinh nghia, ton tai ; va d sao cho
Ve: 0<|z—xg| <& = |flz)— Al <e
Ve: 0 < |z —x9| <= |g(z)— B| <e.

Ta dat 6 := min{dy, Jo}. Khi dé6

D—Al<e= flr)>A—e=A— AL = A8
Ve : 0<|z—z0| <6 = ) | f(z) 2 2

A-B _ A+B
’g(x)—B!<6:>g(x)<B+€:B+T:%

= g¢g(x) < f(z). Diéu nay mau thudn véi gia thiét. Nhu vay lim f(z) <

T—XT0
lim g(x).
T—Xo
ii) Gia st A = lim f(z) = A > m, dat e = A — m > 0. Theo dinh nghia,

T—XT0

36 >0 saochoVr: 0 < |z —xo| <d=|f(x)—Al<e= f(z)>A—e=m

iii) Theo dinh nghia cua lim f(z) = 400, VA, 34; > 0 sao cho

T—Xg

Ve : 0<|z— x| <01 = f(z) > A. Dat 6o = min{0, 01 }. Khi d6

flz)> A .
Ve: 0<|z—x9| <= = g(z) > A = lim g(z) = +o0.

flz) < g(x) o
U
Dua vao tinh chat i), ta dé dang c6 két qua sau:
Nguyén ly kep: Néu f(x) < g(x) < h(z) Vo € (xg— I, 20+ 9) va xh_)rglo f(x) =
lim h(z) = A, thi lim g(x) = A.

T—Xo T—XT0
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Vi du 2.4. Chitng minh rdang
1\
lim (1 + —> =e.
Tr—r00 T

Chiing minh Xét truong hgp x — +o00. V6i moi > 1, luon ton tai n € N sao
chon <z <n+1= -1 <1 <1 Khidé,theodinhnghia lim (1+ 1)" =e,

n+l n—00
ta co

Suy ra lim <1 + %) = e.

Tr—+00
Trong trudng hop z — —oo. D6i bién x = —y, ta c6 x — —o0 & y — +00 va

, 1\~ ) 1\ ) Y o\Y
lim <1 + —> = lim (1 + —) — lim (7>
T——00 xT Y—>+00 -y y—+o0 \Y — 1

, 1o\y-! 1
= lim (1—}—7> .(1—}—7>:e.
Yy——+00 y—l y—l

Nhu vay lim (1 + %) =e.
T—00

Ta dé dang c6 céac cong thic dudi day.

Mot so tinh chat vé so e

Tinh chdt I lim (1 + y) V 4
y—0

Tinh chdt 2 lim 20+ — 1
y—0 Y

Tinh chdr 3 lim &= = 1.
y—0 Y

Vi du 2.5. Tim gioi han

lim log; _, 4,3, (cos 42 + z2).
z—0
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Gidi Theo tinh chat 2 va cong thic hn% ST — 1, ta c6
T—
In(cos 4z + 2?)
lim log cosdx + z°) = lim -
750 1— xsm?)x( ) 250 ln(l — r<in 3%’)
In(1—2sin? 2z+22) (%2 28111 2%)
— lim x2—25sin® 2z
2—0 In(1—z sin 3z) ( .fSlIl?).f)
—a:sme
In(1-2sin® 2z+2?) 9 sin? 2z
= lim 2—2sin® 2z - (]‘ 8 422 )
50 In(1—= sin 3x) )

3%2 b1n3a:>

L(-
In(1—2sin? 2x+x (1 sm 2x)
L(-

T —xsin3z

— lim 22—2sin’ 2z 42
7—0 In(1—x sin 3x) 351n3x)
—xsin 3z
7
3

2.2.4. Cac phép toan vé giéi han

Cho cdc gidi han hitu han lim f(2) = A va lim g(z) = B (29 € R). Khi

T—x T—TQ
do, ta c6 cac phép todn gidi han sau:

a) lim [f(z) + g(z)] = lim f(@) 4 lim g(z).

b) hm [f(z) = g(2)] = lim f(z) - lim g(z).
C) xh_gl [k.f(x)] = k:xlgil f( ), v6i moi k € R.
D i [(x).9()) = lim f(2). lim g).
i) Jim 7(0) oy
V) T g 7

2.2.5. Gi6i han cua ham don diéu

Pinh ly 2.6. i) Cho ham 56 f (z) tdang trén (a,xq). Néu f(x) bi chdn trén, thi ton
tai hitu han lim f(x). Néu f(x) khong bi chdn trén, thi lim f(z) = 400,

T—Tg T—xg

e
iit) Cho ham so' f(x) gidm trén (a, xq). Néu f(x) bi chdn dudi, thi ton tai hitu han
lim f(z). Néu f(x) khong bi chdn dudi, thi lim f(z) = —oc.
=y =T
Chitng minh 1) Gia su f(x) tang va bi chan trén trén (a, z). Ton tai hitu han
A= sup f(x). Theo Hé qua cua sup, tacé Ve > 0, dz* € (a,xp) : A—€<

x€(a,xo)

f(z*) < A. Mat khac f(x) tang, nén f(z) > f(z*) Va € (z*, (). Do d6, véi
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0 =x¢9—a" >0, taco
A—e< f(x) <A Vre (zh o) =|f(r)— Al <e Vr: 0>z —12)> —6.

Nhu vay lim f(z) = A.

=T,

Néu f(z) khong bi chan trén, tic la VA, Jz* € (a,z0) : f(z*) > A. Do f(x)
tang trén (a,xo), nén f(z) > f(z*) > A Vo € (z*,29) = f(z) > A Vzx €

(a,z0) 1 © —x9 > —0 V6i 0 = 29 — 2. Nhu vay lim f(x) = +oo.

=T,

ii) Chitng minh tuong tu nhu trong i) hoac 4p dung i) cho ham s6 g(z) = — f(x).
]

2.3. Pai luong vo cung bé va vo cung lon

2.3.1. Dinh nghia

+ Ham s6 a(x) duge goi 1a vo cing bé, viét tat la VCB tai xy néu lim a(z) = 0.
T—XT0

+ Cho a(x), B(x) 1a hai VCB tai zo. Néu lim 55 = 0 thi a(z) duge goi 1a VCB
T—XT0

bdc cao hon ((x) tai xo, ky hiéu la a(z) = O(B(x)) tai x.
+ Cho a(z), B(x) 12 hai VCB tai 4. Néu lim % = m # 0 thi a(z), 8(z) duge

goi 1a hai VCB cuing cdp tai . Dac biét, khi m = 1, ta goi a(x), 8(z) duoc goi

1a hai VCB tuong duong tai xg, ky hieu a(z) ~ [(x) tai z.

Tham khdo cdc dinh nghia duoi dady

+ Ham s6 «a(z) duge goi 1a vo cung lon, viét tat 1a VCL tai xy néu ham s6 ﬁ
duoc goi 1a vo cung bé tai x.

+ Cho a(z), f(x) la hai VCL tai x va a:h—>na:10 % = m. Néu m = oo thi a(z) dugc
goi 1a VCL bdc cao hon B(x) tai xyg. N€u m # 0 thi a(z), B(z) duge goi 1a hai
VCL cung cdp tai x(. Dac biét, khi m = 1, ta goi a(x), f(x) duge goi 1a hai VCL
tuong duong tai x.

H¢ qud: Néu a(x) ~ aq(x) va 5(x) ~ pi(z) tai xg, thi

o 2(0)

m ——= = lim 041(.1:)

i :
vz f(x)  a=wo fi(z)
Vi du 2.7. Dung VCB tuong duong, tim gioi han

sin® 3z

lim — )
r—0 x Sin bx
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sinx
T

Giai Theo cong thic lim = 1, ta ¢6 sin(kx) ~ kz. Tl hé qua trén, suy ra

r—0
) 2

3 3 9

lim Sl? - lim (32) = —.

=0 rsinbr =0 xdx 5

2.3.2. Tinh chat

Dua vao dinh nghia VCB va tinh chat cta giGi han, ta c6 cac tinh chat dai so cta
VCB nhu sau:

1. Néu o;(z) i =1,2,...,nla cic VCB tai z, thi i a;(x) va ﬁ a;(x) cling la
VCB tai . = -

2. Néu o) 1a VCB tai 2 va B(x) bi chan trong 1an can cta diém z, thi o(z). ()
cling 1a VCB tai z,.

3. Cho a(z), B(x) 1a hai VCB tai x, néu a(x) ~ f(x), thi c.a(x) ~ c.5(x).

Vi du 2.8. Cho o # (3, tim gidi han

et _ eba:
lim .

z—0 sin(ax) — sin(fx)

Gidi Theo cong thiic lin% =l acée"—1~zrtail= e —e" ~ (a—b)z.
T—r
Tu sinx ~ x = sin(ax) — sin(bx) ~ (@ — b)x. Do d6
et — b . (a=bzx a—b

alcig(l) sin(ax) — sin(fx) B 91613(1) (v — B)x Ca-f

2.4. Ham lién tuc

2.4.1. Dinh nghia

Cho ham s6 y = f(x) xac dinh trén mién D va xy € D.

+ Ham s6 f(x) dugc goi la lién tuc tai xq khi va chi khi xll_g:lo f(x) = f(xo).
Hay Ve >0, 36 > 0,V : 0 < |z — x| <6 = |f(z) — f(z0)| < e

+ Ham s6 f(z) duoc goi la lién tuc trdi tai x khi va chi khi lim f(x) = f(x).
Hay Ve >0, 30 >0,V : 0>z — 29 > —6 = |f(z) — f(:z:o;]_ioe.

+ Ham s6 f(z) duoc goi la lién tuc phdi tai x( khi va chi khi lim+ f(x) = f(xo).
Hay Ve >0, 30 >0,V : 0 <z — 29 <6 = |f(:1:)—f(xo)|x<_me:(?

Nhdn xét: f(x) lién tuc tai xy khi va chi khi f(z) lién tuc trdi va lién tuc phai tai
.

+ Ham s6 f(x) duoc goi la gidn doan tai x(, néu f(x) khong lién tuc tai xg, khi
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d6 xq dugc goi 1a diém gidn doan cua f(z).

+ Néu z( la di€ém gian doan ctia f(x) va ton tai hitu han cdc gi6i han lim f (z) =
r—xg

f(zg), im f(z) = f(zg), thi h = |f(xg) — f(xy)| dugc goi la do dai ciia budc

T,
nhdy ctia ham f(z) tai x.

+ Ham s6 f(x) duoc goi la lién tuc trén khodng (a,b), néu f(x) lién tuc tai
Vo € (a,b).

+ Ham s6 f(x) duoc goi 1a lién tuc trén doan |a, b], néu f(x) lién tuc trén khoang

(a,b), lién tuc trai tai b va lién tuc phai tai a.

Vidu 2.9. Tim a,b dé ham so6 sau lién tuc trén R

)
ax’? —br+1 néux <1,

f(x)=1S2a—-0 néen 1l <z <2,

br +a—1 néu x > 2.
\

Gidi -Néu x < 1, thi f(x) = az? — bz + 1 lién tuc trén R, suy ra f(x) lién tuc
trén (—oo, 1).

-Néu x € [1,2], thi f(z) = 2a — b lién tuc trén R, suy ra f(z) lién tuc trén [1, 2].
-Néu = > 2, thi f(2) = bx + a — 1 lién tuc trén R, suy ra f(z) lién tuc trén
(2, 400).

Nhu vay f(z) lién tuc trén R khi va chi khi f(x) lién tuc trdi tai 1 va lién tuc phai

tai 2. Tc 1

lim f(z) = f(1), lim (az® — br + 1) = 2a — b,
r—1" = x—1~

1i = f(2 lim (b —1=2a-5b
A S =I@  Bplberast=2am

a—b+1=2a—0,
~
2b+a —1=2a—0.
Vaya=1vab= %, ham s6 f(x) lién tuc trén R.
2.4.2. Tinh chat dai so
Cho f(x), g(x) 1a hai ham s6 lién tuc trén mién D, dung dinh nghia ham lién tuc

va cac dinh ly v€ giGi han ham s, ta c6 cdc tinh chat sau:
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+ Ham s6 f(

+ Ham s6 f(

x) + g(x) lién tuc trén mién D.

x).g(x) lién tuc trén mién D.

+ Ham s6 kg(x) lién tuc trén mién D, v6i k = const.

+ Ham s6 |f(x)| lién tuc trén mién D.

+ Ham s6 % lién tuc trén mién D trir nhitng di€ém x( sao cho g(xg) = 0.

Tir cac tinh chat nay suy ra cic két qua sau:

Hé qud
+ Ham da thic bac n, y = P,(x) lién tuc trén R.
+ Ham phan thiic y = 5”((”; )) lién tuc trén R trir nhitng diém x sao cho @, (zg) = 0.

+ Cac ham s0 luong giac, ham s6 mii, ham so logarit, cic ham hypebolic va cac

ham ngugc lién tuc trén tap xac dinh cta ching.

Vi du 2.10. Cho f(z), g(x) lién tuc trén mién D. Chitng minh rang cdc ham so:
min{ f(x), g(z)} va max{f(z), g(x)} ciing lién tuc trén D.

Gidi Bang cach str dung cac hé thiic

N | —

max{f(z), g(x)} = 5 (f(2) + g() + |f(x) = g(x)|) ¥z € D,

1
2
va cdc tinh cht trén, ta c6 cdac ham s6 min{ f(z), g(x)} va max{ f(z), g(x)} cling

min{f(2), g(e)} = 5 (/(2) + g(x) = |f(x) - g(2)|) Vo€ D

lién tuc trén D.
2.4.3. Cuc tri cua ham lién tuc

Pinh ly 2.11. Néu ham 56 f(x) lién tuc trén [a,b] va f(a).f(b) < 0, thi ton tai
c € (a,b) sao cho f(c) = 0.

Chitng minh (phuong phép chia doi)
Tix f(a).f(b) < 0, khong mat tinh tong quat, ta gia st rang f(a) < 0va f(b) > 0.

Budc 1: Chia doan [a, b] thanh 2 doan [a, ] va [c,b] v6i c = 22, Xdy ra 3 trudng
hop
+Trudong hop 1: Néu f(c) > 0 thi dat a; = a,b; = ¢. Ta ludn c6
. b—a
fla1) <0, f(by) >0, [a1,b1] C [a,b] vaby —a1 = 5
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+Trudong hop 2: Néu f(c) < 0 thi dat a—c, by = b. Ta cling c6

ﬂm)<afwg>a[mmﬂcmw]@b_wh:b;Q

+Trudng hop 3: Néu f(c) = 0 thi dimg.

Bude 2: Chia doan [ay, by thanh 2 doan [a1, ] va [c, by] v6i ¢ = 9. Xay ra 2

truong hop
+Trudong hop 1: Néu f(c) > 0 thi dat as = ay, by = ¢. Ta ludn c6
. b—a
flaz) <0, f(b2) >0, [az,bo] C [a1,b1] vaby—ay = 5

+Truong hop 2: Néu f(c) < 0 thi dat as = ¢, by = by. Ta cling c6

b—a
92

faz) <0, f(b2) >0, [az,bs] C [a1,bi] vaby —ay =

BuGc n: Chia doan [a,, 1, b,,_1] thanh 2 doan [a,,_1, c] va [c, b, 1] v6ic = a”*%b"*l
Xay ra 2 truong hop
+Trudng hop 1: Néu f(c) > 0 thi dat a,, = a,,_1, b, = c. Ta luon c6
Flan) < 0. F(B) > 0 . bu] € lucr,boot] Vi by —a, = 2
+Truong hop 2: Néu f(¢) < 0 thi dat a,, = ¢, b, = b,—;. Ta ciing c6
b—a

f(an) <0, f(bn) > 0, [CLTH bn] C [an—la bn—l] vab, —a, = on

Nhu vay, néu tim duge ¢ s€ ding lai, néu khong tim dugc c¢ thi nhan dugc hai day

ké nhau (a,) va (b,). Khi d6, ton tai duy nhit ¢ sao cho lim a,, = lim b, = c.
n—o0 n—o0

Két hgp di€u nay véi tinh lién tuc cia ham f(x), ta c6

lim f(a,) = f(c¢) <0 va lim f(b,) = f(c) > 0= f(c) =0.

n—oo n—oo

Vi du 2.12. Tim nghiém xdp xi cua phuong trinh
x
sing —

trén [1, 3] dén do chinh xdc 2 chit s6 thdp phdan.
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Giai Dat f(r) = sinz—3,tacé f(x)liéntuc trén [1, 3] va f(1) f(3) ~ 0.34(—1.36) <
0. Dung phuong phap chia doi, suy ra

a ) () (0 (o)
1 3 2 0.34 — 1.36 —0.09
1 2 1.5 0.34 —0.09 0.25
1.5 2 1.75 0.25 —0.09 0.11
1.75 2 1.88 0.11 —0.09 0.02
1.88 2 1.94 0.02 —0.09 —0.04
1.88 1.94 1.91 0.02 —0.04 —0.01
1.88 1.91 1.89 0.02 —0.01 0.00
1.89 1.91 1.90 0.00 —0.01 0.00.

Nhu vay, nghiém x4p xi 1a z¢ ~ 1.90+0.01.

Vi du 2.13. Cho ham s6  f(x) lién tuc trén [a,bl va~y € (f(a), f(b)). Chitng minh
rang ton tai ¢ € (a,b) sao cho f(c) = 1.

Giai bat g(z) = f(z) — v. Do f(x) lién tuc trén [a,b] va f(a) < v < f(b), nén
g(x) ciing lién tuc trén [a, b] va g(a).g(b) < 0. Theo tinh chat tru mat cua f(z),

ta ¢ ton tai ¢ € (a,b) sao cho g(c) =0 = f(c) = 7.
2.4.4. Tinh chat bi chan

Pinh ly 2.14. Néu ham s6 f(x) lién tuc trén [a,b] thi f(x) dat gid tri [on nhdt va

nho nhdt trén |a,b]. Hay ton tai x1, x € |a,b] sao cho

f(@n) = min f(z), f(z2) = max f(z),
Chiing minh + Ham s6 f(x) bi chan trén /[a, b] (phdn chiing).

That vay, gia stt f(z) khong bi chan trén / [a, b], hay Vn € N, Ty, € [a, b]
sao cho f(y,) > n. Day (y,) bi chan, theo Bolzano-Weierstrass, ton tai day
con (y,,) sao cho kll_>lloloynk = y* € [a,b] = kh_glo f(yn,) = f(y*). Mat khéc
f(Yn,) = np = kll_{lolo f(yn,) = +oco. Diéu nay mau thuan. Nhu vay f(x) bi chan
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trén / [a, b].
+ Ham s6 f(x) bi chan duéi /|a, b] (chitng minh tuong tu).
Nhu vay, ham s6 f(x) bi chan /[a, b].
+ Ton tai x1 € [a, b] sao cho f(x1) = xrél[érzl,] f(x).

That vay, do f(z) bi chan du6i / [a, b] nén ton tai can dudi ding cta f(z) trén
la,b]. Dat m = a:ier[zf,b] f(x). Theo dinh nghia, v6i moi € = % > 0, Jy, € [a,b)] :
m < f(y,) <m+ % T y,, € [a, b] va dinh 1y Bolzano-Weierstrass, ton tai mot

day con (y,, ) sao cho

ngyn)_mgr% lim f(yn,) =m

( k k — k—o00 k = m = f(-rl)
lim y,, =z € [CL?b] lim f(ynk) - f(xl)

k—o0 k—o0

Nhu vay f(z1) = min, f(x).
T€la,
+ Ton tai =5 € [a, b] sao cho f(xq) = m[a>§] f(x).
z€la,
Ta dat M = sup f(x) va dugc ching minh tuong tu. O
x€|a,b]

Vi du 2.15. Cho hai ham s¢" f(x) va g(x) lién tuc trén |a,b] thoa man

0<g(x) < f(x) Vo € la,b].

Chitng minh rang: Ton tai A > 0 sao cho (1 + N)g(z) < f(x) Va € [a,].

~

()

Gidi Pat h(x) = (> theo tinh chét cia ham lién tuc, ta ¢6 h(z) lién tuc trén [a, b].

Theo tinh chat bi chan cta h(x), ton tai x; € [a, b] sao cho h(z1) = m[inb] h(zx).
z€la,
Tu 0 < g(x) < f(x) Vo € [a,b] suy ra h(xy) > 1, dat A = h(xz1) — 1 > 0 (const).

Khi do

Q

Vo € la,b]: h(z) > h(x) =1+ = f(z) > (1+ N)g(z).

2.5. Ham lién tuc déu
2.5.1. Pinh nghia
Ham s6 f(x) duoc goi la lién tuc déu trén mién D khi va chi khi
Ve >0, 30 =0(e) >0, Vo, 2’ € D: |z — 2| < d = |f(z) — f(2)] <e.
2.5.2. Quan hé¢ giira tinh lién tuc va lién tuc deu
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Pinh ly 2.16. Néu ham f(z) lién tuc déu trén mién D, thi f(x) lién tuc trén D.
Chitng minh Vi moi zy € D bat ky, theo dinh nghia cua lién tuc déu, chon dac
biét 2’ = x,

Ve > 0,30 > 0,Va: |z — x| <0 = |f(x)— f(zo)] <€
= f(x) lién tuc tai xo. Nhu vay f(z) lién tuc trén D.
Nhan xét 2.17. Néu ham f(x) lién tuc trén D = f(x) lién tuc déu trén D.
Vi dy Ham s6 f(z) = 2? lién tuc trén R, nhung f () khong lién tuc déu trén R.

That vay, theo dinh nghia cua lién tuc déu, f(z) khong lién tuc déu trén R khi va
chi khi

Je > 0,V6 > 0,3z, 2" eR: |z —2'| <d = |f(z) — f(2])] > e

Ta chon € = %,x: %,x’:(s%jtg. Suy ra

5 1 /1 6y
_/:_ 3 J— ,:___ —
-2l =5 <8 V>0 v |f(@) - f()] = | (53+2)y
B I R

Nhu vay, f(z) khong lién tuc déu trén R.

Tuy nhién, néu f(x) lién tuc trén mot doan thi ta c6 dinh ly (Heine') sau:

Pinh ly 2.18. Néu ham f(z) lién tuc trén [a,b], thi f(x) lién tuc déu trén |a,b].
Chitng minh Gia st nguoc lai rang f(x) khong lién tuc déu trén [a, b], hay

Je > 0,V6 > 0,3z,2' € [a,b] : |z — 2| < d = |f(z) — f(2')] > e
Chond =+ Vn>1= z,,a} € [a,b] :

fro— ) < - [F(r) — f()] > e

115.3.1821-24.10.1881, nha Toan hoc ngudi Dic Eduard Heine, cdc cong trinh ctia 6ng cht yéu lién quan dén 1y

thuyét ham, chudi Fourier, topo va 1y thuyét thé. Ong dua ra khdi niém lién tuc déu va ching minh vao nam 1872.
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Tu x,, € [a,b] ¥n > 1, theo Bolzano-Weierstrass, ton tai day con (z,, ) thda man

lim z,, =" € [a,].
k—o00

Két hop diéu nay véi |z, — 2, | < nik, |f(2n,) — f(x),)| > € cho k — oo suy

rax, — x*va|f(z") — f(2")| > ¢, mau thuan véi gid thigt € > 0. O

Vi du 2.19. Chiing minh rang f(x) = \/x lién tuc déu trén [0, +00).

Gidi + Xét ham f(z) trén doan [0, 1], theo dinh 1y 2.18, f(x) lién tuc deu trén
[0,1].
+ Xét ham f(z) trén doan [1,+00), V1,29 € [1,400) : |x1 — 9| < J. Tacod

1) — flan)] = |1 — Vil = % <lo—wl <

Chon § : 0 < § < 2e. Theo dinh nghia, ham f(x) lién tuc déu trén [1, +00). Do
vay, f(z) lién tuc déu /[0, +o0).

Vi du 2.20. Chiing minh rdng f(x) = cos 2* khong lién tuc déu trén [0, +00).

Gidi Theo dinh nghia, f(x) khong lién tuc déu trén D khi va chi khi
de > 0, Vo > 0,3$1,$2 eD: ’%1 — $2’ <= |f($1) — f(.fg)’ > €.

Trong bai nay, chon € € (0,2]. V6i moi § > 0, ta chon

v = V2kr, o, = \/(2k + 1 véi ke N,k > 2%

Khi do,

s s

< <0
V2km+/(2k+ ) V2km

|z, — x| = ]\/Zkﬂ — \/(Qk + 17| =

|f(zx) — f(x})| = | cos 2km — cos(2k + 1)7r| =2 > €.

Nhu vy, ham f(z) = cos 2 khong lién tuc déu trén [0, +00).
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2.6. Pao ham

2.6.1. Pinh nghia

Cho ham s6 f(x) xdc dinh trén khoang (a, b).

+ Ham s6 f(z) duoc goi 1a khd vi (con goi 1a ¢6 dao ham) tai diém zy € (a,b),
néu ton tai hitu han giéi han

T—x0 Tr — Xo A,—0 Ax

Gi6i han nay dugc ky hiéu boi f'(z() hay % (x0) va dugc goi la dao ham cua ham

f(x) tai z.
+ Néu f () kha vi tai moi di€ém z € (a, ) thi f(z) dugc goi 1a kha vi trén (a, b).

Nhan xét 2.21. Néu ham s6” f(x) khd vi tai diém xq thi f(x) lién tuc tai x.
That vay, f(x) kha vi tai diém z hay ton tai giGi han

lim L& = S@0) (f(:z:) ~ f(a:o)) — 0= lim f(z) = f(x).

T—To T — Xy T—To T—T0

Vay f(x) lién tuc tai z.
Vi du 2.22. Dung dinh nghia, tim dao ham ciia ham sé f(x) = sin 2x tai vy = §.

Giai Tim gigi han

f(x)— f(x0) ’ sin 2x — sin%

lim = lim —
T—o X — X g T =%
. 2cos(z + §).sin(x — ) T
= lim - =2cos— = 1.
T—F =35 3

Vay f(5) = 1.
+ Ham s6 f () duogc goi 1a khd vi phdi (con goi 1a ¢ dao ham phdi) tai di€ém
xy € (a,b), néu ton tai hitu han giéi han

lim f(@) = f(zo) hay lim flao+ A) - f(xo).

T—rg T — Xo Ay =07 A,

Gidi han nay dugc ky hiéu bai f, (zo) va dugc goi 1a dao ham phdi cha ham f(z)

tai x.
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+ Ham s6 f(x) dugc goi 1a khd vi trdi (con goi 1a ¢6 dao ham trdi) tai di€ém
zo € (a,b), néu ton tai hitu han giéi han

lim f(z) — f(xo) hay lim flxo+ Ay) — f(xo).

Ty T — X Ay—0~ A,

Gi6i han nay dugc ky hiéu boi f’ (xg) va duge goi 1a dao ham trdi cha ham f(x)
tai x.

Nhan xét 2.23. Ham s6 f(x) cé dao ham tai z( khi va chi khi f(x) c6 dao ham
phdi f(zo), dao ham trdi f’ (xo) va f’ (x¢) = f (o).

Vi du 2.24. Chitng minh rang: Ham s¢ f(v) = x|z — 1] ton tai f' (1), f1.(1),
nhung khong ton tai f'(1).

Giai
f(l+A,) — f(1) 1 (14 A)|As T _
fi1) = Amg(lﬁ A, 4 Allg(lﬁ A, B A}Elg(ln(HAx) -
o f(+ A = f(1) T+ A)|A,]
/ _ _ —
o) = Jim A, = m R, Tk

Do dé fi (1) =1+# —1= f"(1). Vay f(x) khong kha vi tai 1.
2.6.2. Cac cong thirc cua dao ham
Cho céc ham so f ) va g( ) kha vi trén (a, b).

+(fa a9 =
() - o0

+ (@) g(@) = fia > < )+ f(2).g(a).

+ (m)’ _ [@)e@)—f@)g'@)
9(x) /
4 <k f(x)) — kf'(2).
+ Pao ham cua ham hop y = f(u),u = u(x). Khi d6 f. = f.ul.
1

+ Dao ham ctia ham ngugc ), = —-.
y

2.6.3. Pao ham cua cac ham so thong dung
y=C(const) =y =0 Vx e R.
y=1(€R)=y =ar*! VzeR,
y=sinz = 3y =cosx Vr € R.
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y=cosr =1y = —sinx VreR.

cos? x

y=cotrx =y =——% Vo R\ {kn: k€Z}.

sin® x

y=e"=1y =e* VreR.

y=a*"(v6il#a>0)=y =a"lna Vr € R.
y=log, v (v6il#a>0)=y =-1 VeeR ={z€R: 2> 0}.

zlna

y=shx =1y =chx VreR.
y=chxz =1y =shx VreR.

y=thr=1vy =% VxR

ch?z
y:cothxéy’:ﬁ Ve € R\ {0}.
2.6.4. Pao ham cua cac ham sé nguoc

+y = arcsinx = ¢ = \/11_7

Chitng minh Theo dinh nghia y = arcsinz <> x =siny vay € [—7, 5]. Tacé

o1 1 1 1

¥y = x_fy a (siny)g] Ccosy  A1— 22

Tuwong tu nhu chiing minh trén, ta ¢6 cic két qua sau:

+y = arccosxt = ¥y = \/1__1? Ve e (—1,1).

+y = arctanz = 3 = 1+1x2 Vo € R.
+y = arccot & = ¢ = 1;1@ Vr € R.

2z+1
Vi du 2.25. Cho ham s f(x) = (x + %) voi x > 0. Tim f'(x).

Gidi In f(z) = (2z + 1) In(z + 1). Dao ham hai V€, ta c6

L oy = xIn(z 1 T B
mf(x)—Ql( +x)+(2 +1)x+%(1 xg)
(2x+1)(x—1).

=2zIn(l +x) +

z(x+1)

, 2z +1)(xz—1)
f(x) = f(x) (2.1:111(1 + )+ 2@+ D) )

- (g; + é)wﬂ (29: In(l +2) + (zx;; )+(x1)_ 1))'
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2.7. Vi phan cua ham so
Cho ham f(z) kha vi tai x, theo dinh nghia

b fE+ 80 = f(@)
Ay;—0 Am

= f'(2).
Diéu nay c6 nghia la
fle+Ag) = f(2) = f/(2) A + o(Ag).
Tich s6 f'(x)A, dugc goi 1a vi phan cua f(z) tai diém x, ky hiéu 1a df (). Hay

df () = f'(x)dx.

Tuong tu nhu dao ham cha ham s6 f(z) tai diém z, ta c6 cac tinh chat cua vi

phan.

+d(f(@) +9(2) = d(f@) + d(g(x))-
+d(f@) = g(0)) =d(f(@)) — d(g(2)).
+d(f(@).9(2)) = g(x)d(f(@)) + f(x)d(g(x)
.\ d(%) _ g(x)d(f(w)BQE:g(x)d (g(w)) .

2.8. Pao ham va vi phan cap cao

2.8.1. Pinh nghia

Cho ham f(z) x4c dinh trén mién D, z € D.

+ Néu f(z) kha vi tai z, thi f'(z) dugc goi 1a dao ham cdp 1 cla f(x).

+ Néu f'(x) kha vi tai x, thi (f'(z))" dugc goi l1a dao ham cdp 2 cua f(z), ky
hiéu 1a f"(x).

+ Néu f”(x) kha vi tai x, thi (f”(z))" duogc goi 1a dao ham cdp 3 cta f(x), ky
hieu 1a f&)(z).

+ Néu "V (x) kha vi tai z, thi (£~ (z)) duoc goi 1a dao ham cdp n cia f(x),
ky hieu 1a ™ ().

Tuong tu nhu vay, mot cdch quy nap, vi phan cip n cia ham f(z), ky hiéu d” f(x)

dugc xac dinh boi cong thic
d'f(z) =d(d"" f(x)) = f")(x)dz".
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2.8.2. Tinh chat
Bing quy nap todn hoc, ta ching minh dugc cac tinh chat sau:
V6i dao ham cap n.

¢ (Fla)+ g@»))i: - (f(a:)): n (g(az))i:.
+(f@)=9@) " = (@) - (o))"

+ <kf(x)>(n) = k:(f(x))w v6i k = const.

+ (uv)™ = 3 CPuFy=F) véi u = u(z), v = v(z), ul® = u,v® = v.
k=0

V6i vi phan cdp n tuong tu nhu dao ham cap n.
Vi du 2.26. Tim dao ham cdp n ciia ham so

f(z) = sin(ax + b) vdi a,b: const.

Gidi f'(x) = acos(ax + b) = asin(ax + b+ 1.3).
f"(xz) = —a®sin(ax + b) = a®sin(az + b+ 2.3).
Bing quy nap toan hoc, dé dang ching minh duoc rang

F"(z) = a"sin(ax + b+ %T)

Vi du 2.27. Tim dao ham cdp n cia ham so

(@)

b voi 0 # a, b : const.
Gidi f(z) = (ax +b)™' = f'(z) = (=1)llal(ax + b) 72
f"(x) = (=1)(=2)a?(ax + b) =3 = (—1)*2!a*(azx + b) 3.
Béng quy nap todn hoc, dé dang chiing minh duoc rang
(n) _ (_1\nr,n —n—1 __ (_1)nn|an

fU(x) = (=1)"a"(ax +b) = lar + byt
Vi du 2.28. Tim dao ham cdp n cua ham sé
2’ +1

fle) = (x —1)3(x + 3)°

Gidi Dong nhat hé s6
2 +1 A B C D

@—1P@+3) 243 (@—1p (@-12 @@=

Ve # 1,2 # —3.
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Ta nhan dugc

S pllodpld
32 2 8 32
Nhu vay, f(z) duogc viét lai dudi dang
1 3 5)
= 3 —DF+ sz -1+ =@ -1)""
flo) = @+ 3 a1 2= 1) (- 1)

Tuong tu nhu vi du 2.27, ta c6
(n)
((g; + 3)—1) = (—=1)"n!(z + 3)"L,
(n+2)(xz — 1),

(tw-7)" =5
(z=1) 2) — (—1)"(n+ (@ — 1),
(-7 -

r—1)" )'nl(z — 1)
Nhu vay
FO ) = = (1)l +3) 4 SV [
21 il - )7 Dy - 1)

Vi du 2.29. Tim dao ham cdp n cia ham so

f(z) = (2* — 3z + 7) cos(37).

Gidi f(z) = (2 —32+7)sin(3z+%). Theo cong thic (uv)™ = 3 CruPy(=F),
ta co .

f(z) = Z CF(2® — 3z + 7)(k)(sin(3x + z)) "

= 2
Tu vi du 2.26, suy ra
(n—k)

(sin(?)x + g)) = 3" Fsin(3x + (n — k + l)g)

Do
(22 =324+7) =62 -3, (a2 =3z +7)"=6,(z> =3z +7)¥ =0 Vk >3,

nén
F(z) = C%2? — 32 4 7)3"sin(3z + (n + )2) +C}H2z — 3)3" !sin(3x + ng)
+2023" 2sin(3x + (n — l)g)
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Hay

f(x) = (2% — 3z + 7)3"sin(3z + ng) +n(2z — 3)3" 'sin(3x + (n — 1)%)

——3"sin(3z + (n - 2)%).

2.8.3. Cac dinh ly vé ham Kkha vi

Cho ham s6 f(x) xdc dinh trén mién D va xy € D.

+

+ f(z) dugc goi l1a dat cuc dai (con goi 1 cuc dai dia phuong) tai diém x(, néu
ton tai (xg — 9, xo + d) C D sao cho
f(z) < f(zo) Vo € (xg— 0,20+ 9).
+ f(x) dugc goi 1a dat cuc tiéu (con goi 1a cuc tiéu dia phuong) tai diém z, néu
ton tai (xg — J,xo + d) C D sao cho
f(x) > f(xg) Vo € (w9 — 0,20+ 0).
+ f(x) duoc goi 1a dat cuc dai toan cuc (con goi 1 gid tri [on nhdb) tai di€ém x,
néu
fla) < f(xg) Vo e D.
+ f(x) dugc goi 1a dat cuc tiéu toan cuc (con goi 1a gid tri nhd nhdt) tai diém x,
néu
f(x) > f(xg) Vx e D.
+ f(x) dat cuc tri tai zg, néu f(z) dat cuc dai hoac cuc tiéu tai .

Dinh 1y 2.30. (Fermat®) Néu f(x) khd vi tai xo va dat cuc tri tai zo, thi f'(zo) = 0.

Chitng minh Gia st f(z) xéac dinh trén D va dat cuc dai tai diém z, ton tai 6 > 0

sao cho
f(z) < f(x0) Vo € (zg— 8,20+ 6) C D.
Suy ra
f'(wo) = fl(wo) = lim+ %ﬁo@o) <0
o = f'(a0) = 0.
f'(@o) = fL(xo) = lim Sl >

217.8.1601-12.1.1665, Luat gia-nha Todn hoc Phép Pierre de Fermat c6 c4c cong trinh nghién citu thuoc cdc linh
vuc: Ly thuyét s6, hinh hoc giai tich, budc dau cta giai tich va 1y thuyét xdc suét, va mot s6 vian dé vé Vat ly nhu

nguyén ly co ban ctia Quang hinh hoc.
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Nhan xét 2.31. 1. Ham s6 f(x) dat cuc tri tai diém xy chua chac da kha vi tai z.
Vi du nhu f(x) = |z| dat cuc tiéu tai xy = 0, nhung f(z) khong kha vi tai x.

2. Nghiém z( cha phuong trinh f'(z) = 0 dugc goi 1a diém ding cha ham so
f(z). Diém z 1a diém dimg ctia ham s6 f(z), nhung o c6 thé khong 1a diém

cuc tri. Vi du nhu f(z) = 23 khong ¢6 diém cuc tri, nhung zy = 0 la diém ding.

Pinh Iy 2.32. ( Rolle®) Cho ham s6 f(x) lién tuc trén |a, b, khd vi trong (a,b) va
f(a) = f(b). Khi do, ton tai ¢ € (a,b) sao cho f'(c) = 0.

Ching minh Do f(z) lién tuc trén [a, b, nén ton tai x1, o € [a, b] sao cho

f(x1) = max f(z) va f(ry) = min [(z) = f(zs) < f(21).

relab) vefab)
Néu f(z1) = f(xq), thi f(x) = f(21)(const) Vx € |a,b] suy ra Ve € (a,b).
Néu f(z2) < f(x1) vat f(a) = f(b) suy ra z; € (a,b) hoac z9 € (a,b). Gia
st 21 € (a,b), ton tai (z1 — 6,21 + ) C (a,b) sao cho f(x1) > f(x) Vx €
(xg — d, 29 + §). Do d6, x1 1a diém cuc dai, theo Fermat, f'(z1) = 0 = ¢ = z;.
Véi 5 € (a,b) bang tuong tu nhu truong hop 1 € (a, b), chon ¢ = xs. O

Vi du 2.33. Cho ham s6 f(x) lién tuc trén |a;b], khd vi trén (a;b) va thoa mdn

’

fla) = f(b) =0
§ fila) >0
f(b) <0.

\

Chitng minh rang: 3 ¢y, 2, c3 € (a,b) sao cho

p
1 <y <cs

fle2) =0
| f'(c1) = f'(es) = 0.

321.4.1652-8.11.1719, nha Todn hoc ngudi Phdp Michel Rolle ¢6 nhiing cong trinh nghién citu vé dai s6 va gidi
tich.

7\
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Giai Theo dinh nghia dao ham, ta c6

> 0
Ay—0t Ax

o
=36, >0: f(z) >0 Vo € (a,a+0y) = fla+—=) > 0.

2
/ T f(b+Ax)_f(b)
f—(b) - A?L%_ Ax

<0

5
=36, >0: f(z) <0 Vxe(b—dg,b):f(b—§)<0.

Nhu vay f(a+2)f(b—%) <0 = 3z € (a,b) : f(c2) = 0 (do f() lién tyc).
Theo dinh 1y Rolle, ton tai ¢; € (a,c2) : f'(c1) =0vacg € (c,b) : f'(c3) = 0.

Vi du duéi day dugc xem nhu 1a mot su mé rong cua dinh 1y Rolle.

Vi du 2.34. Cho ham s6 f(x) lién tuc trén doan |a,b], khd vi phdi va trdi trén
khodng (a,b), va f(a) = f(b). Chitng minh rdng ton tai ¢ € (a,b) sao cho

Fie).f () <.

Gidi Pat
f@)= min f(z), " f(z2) = max f(z).
-Néu f(x1 = f(xg), thi f(x) = const = f' (c).f (c) =0.
-Néu f(z1) < f(z2), tt fa) = f(b) = z1 € (a,b) hoac x5 € (a,b), khong mat
tinh tong quéat, gia st 1 € (a, b). Khi d6
fi(zy) = lim, J@-/w) >

r—2x1 -
T—rTq

= fi(z1).fL(x1) <0 = c=x.
f(zy) = lim &=/ <

Ty T o
Dinh ly 2.35. (Lagrange*) Cho ham f(z) lién tuc trén [a, b] va khd vi trén (a, b).
Chitng minh rang: Ton tai ¢ € (a,b) sao cho

f(0) — f(a)

1 o)

425.1.1736-10.4.1813, nha Todn hoc ngudi Phdp Joseph Louis Lagrange c¢6 cdc cong trinh lién quan dén co hoc,
Iy thuyét s6 va phuong trinh dai s6. Ong cing vé6i Euler duoc xem 13 ngudi sdng 1ap ra phép tinh bién phan. Ong
ciing ¢6 nhiéu cong trinh quan trong vé Vat ly, trudc tién vé su truyén tiéng dong va 1y thuyét day rung, nhung nhat

12 vé co hoc thién thé.
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f(b)

f(a)

Hinh 1: Biéu dién hinh hoc clia dinh 1y Lagrange

Ynghia hinh hoc Tiép tuyén ctia d6 thi ham s6 y = f(z) tai diém c song cong
v6i dudng thang AB, v6i A(a, f(a)), B(b, f(b)).
Chiing minh Dat

o) = (@) - LTy

Do f(x) lién tuc trén [a, b] va kha vi trén (a, b), nén g(x) cling lién tuc trén [a, b
va kha vi trén (a,b). Hon nita g(a) = f(a) = g(b). Theo dinh 1y Rolle, v6i ham
g(x) trén [a, b], ton tai ¢ € (a,b) sao cho ¢'(c) = 0. Ma

f(b>_f(a> jg/(c):Jcl(c)_f(b)_f(cw —0.

g(@) = flay= 12— -

g

Vi du 2.36. Cho ham f(x) lién tuc trén [a,b] va khd vi trén (a,b) triv ra n diém.
Chitng minh rdng ton tai n + 1 s6 duong ay, s, ...;apy van+ 156 ¢ (i =
1,2,...,n+ 1) sao cho

(n+l

Z oy = 1
i=1

Qa<c <cg<..<cCpp1<b
n+1

KO = 57 of(cr).

\ 1=1

Gidi Gia st f(x) khong kha vi tai n di€ém trén khoang (a,b) : a < d; < dy <
... < d, < b. Theo dinh ly Lagrange, trén cic doan |a, dy], [d1,ds], ..., [d,, b], ta
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)

Jer € (a,dy) : D = f(e) = f(dy) = f(a) = (dy — a) f'(c1)
ey € (dy, da) « LB — fr()) = f(do) — f(dy) = (do — d1) f'(c2)

\Elcn—kl € (dna b) : f(b(),:ﬁid") = f,(cn—f—l) = f(b) - f(dn) = (b - dn)f,(cn—i—l)-

Suy ra
f) = f(a) = (di —a)f'(c1) + (do — di) f'(c2) + ... + (b —d) f/(Cnr1)-

Hay
b) - di — d —d b—d, ,,
f( 2_ Z(a) _ bl_ ;f/(cl> + Z_ alf/(cg) + ...+ mf (Cn—|—1>-

d; —d

n+1
= ZOéif/(CZ') VOl do = a, dn+1 = b, ;= jb—j_l V] = ]., ni—i— 1,
—a
1=1

Dinh ly 2.37. (Cauchy)
Cho f(x),g(x) la hai ham so’ lién tuc trén |a,b], khd vi trén khodng (a,b) va
g (z) #0 Vx € (a,b). Khi dé ton tai ¢ € (a,b) sao cho

[(b) = fla) _ [(c)

g(b) —g(a)  g'(c)

Chiing minh Theo dinh ly Lagrange, ton tai ¢y € (a, b) sao cho

=5 _ ) 40 ) # gla)
o £~ fla)
p(x) = f(z) = fla) — m[g(@ — g(a)].

Do f(x),g(x) lién tuc trén [a, b], kha vi trén khoang (a,b) nén p(x) ciing lién
tuc trén [a, b] va kha vi trén khoang (a, b). Ta ¢6 ¢(a) = 0 = ¢(b), theo dinh ly
Rolle, ton tai ¢ € (a, b) sao cho ¢'(c) = 0. Tir

suy ra




Ul
Trong trudng hop dac biét: Néu g(x) = = Vx € [a, b], thi dinh 1y Cauchy trd ve
dinh 1y Lagrange.
Vidu 2.38. Cho ham f(x) khd vi trén [a,b] va 0 < a < b. Chitng minh rang: Ton

tai ¢ € (a,b) sao cho

Giai Ta ¢c6

b—a 1417 90) o)
trong do
1
o) =19, o) <2

la cac ham lién tuc trén [a, b] va kha vi trén (a,b). Vi 0 < a < b, nén cac ham

@o(z) va ¢(x) thoa man tat ca cac dieu kién cla dinh 1y Cauchy trén [a, b]. Boi
vay, ton tai ¢ € (a, b) sao cho

p(b) —p(a) _ ¢'(c)

¢(b) — ¢la) @(c)

U 0]

Duéi day la mot vai ting dung cua cdc dinh ly gid tri trung binh.

— cf'(e) — f(©).

Vay

2.9. Cong thirc Taylor?

2.9.1. Da thac Taylor

Cho ham s6 f(x) kha vi dén cdp n + 1 trong lan can cta di€ém zy. Khi d6, da thic
bac n, P,(z) dugc goi 1a da thitc Taylor bdc n clia ham f(z) tai diém x4 khi va
chi khi

.

P,(wo) = f(o)
Py () = f'(z0)

n

| P (o) = (o).

718.8.1685-29.12.1731, Brook Taylor 1a mot nha Todn hoc ngudi Anh.
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Trong trudng hop dac biét, néu xq = 0 thi P,(z) dugc goi 1a da thiic Maclaurin
cua ham f(x).

Pinh 1y 2.39. Néu P,(x) la da thiic Taylor ciia ham f(x) tai diém x, thi

Pal) = £ (o) /(@) (2= 20) 5 £ () (2 =) 4. O ) (= 0)"
(2.1)

Chiing minh Do P, (z) 1a da thiic bac n, nén P,(x) bao gio ciing biéu dién dugc

duéi dang
Po(z) = Ay + Ay(z — 20)t + Ag(x — m0)* + ... + Ap(x — 30)"

- Thay z = x vao (2.1), ta c6 Ay = P,(x¢). T dinh nghia cta da thic Taylor
P,(x), suy ra Ay = f(z0).

- Dao ham cap 1 hai v€ cua (2.1), ta c6
Pl(z) = Ay + 2A5(x —x0)' + ... + nA, (2 — m)" L.

Thay x = x( vao P/(x), ta c6 A; = 1P/ (zg). Tir dinh nghia cta da thitc Taylor
(o

P, (), suy ra Ay = — o)

- Dao ham cap n hai vé€ ctua (2.1), ta c6

P ()

P™(g) =nlA, = A, =
n!

n

Tu dinh nghia cua da thic Taylor P,(z), suy ra A, = [Wxo),

2.9.2. Phan du Taylor

Cho P,(z) la da thic Taylor bac n tai xy cia ham f(x). Khi d6, phdan du Taylor
bdc n clia ham f(z), ky hiéu R, (z), dugc xac dinh bdi

Pinh 1y 2.40. Néu f(x) khd vi cdp n + 1 trong ldn cdn (xg — §,x9 + 6) va
x € (xg— 0,20+ 0), thi tén tai s6 ¢ nam giita hai s6 x va xq hay ton tai ¢ =

xo + Mz — xg) voi A € (0,1) sao cho

Ral) = ——= [ (e) (@ — o).



Chitng minh Tu f(x) kha vi cAp n + 1, suy ra R, (x) kha vi cAp n + 1 va
R(k)(x) = f(k)(x) — Pygk)(x) Vk=1,2,..,n.

Khi do

n

Dat g(z) = (z — x9)""L. Ta cling c6
g(x0) = ¢'(z0) = ... = ¢"(wo) = 0 vag" V(z) = (n+ 1)L

Theo dinh ly Cauchy, ta c6 ton tai ¢; = x9 + A\ (z — o) v6i A1 € (0, 1) sao cho
Ru(z) _ Bu(z) = Ra(zg) R, (c1)
g(z) — g(x) —glzo)  gler)’
Ton tai co = xg + Ao(c; — xp) V6i A9 € (0, 1) sao cho
Ry (cr) _ Ry(er) — Ry(wg)  Ry(co)
gler)  gla) —glzo)  g'(c2)

Ton tai ¢, 11 = xo + Ap(cn — x0) VOL A, € (0,1) & ¢1 = 2o+ AMx — x9) VOi
A € (0,1) sao cho

R () R ()= R (wo) RV (ewr)  RUV(ean)

g(n)(cn) B g n)(cn) - g(n)(xO) B g(n+1)(cn+1) B (n + 1)'
Nhu vay

Ru(z) Ry (cain) IR T
voi A € (0,1), ¢=cpr1 =20+ Mx — xp). O

2.9.3. Cong thirc khai trién Taylor.
Cho f(x) 1a mot ham kha vi cép n + 1 trong lan can cta diém xy, P,(z) 1a da

thitc Taylor bac n va R, () 1a phan du bac n cia f(z) tai xy. Khi d6
f(x) = Py(z) + Ru(x)

hay

f(z) = f(x0)+f,(19!30) (x—xo)l+%(x—xo)2+...—l—

v6i A € (0,1),c=xo+ ANz —x0), Rp(20) = (nil)!f("“)(c)(x — 20)"! dugc goi

1 khai trién Taylor bdc n cia ham f(z) tai diém .
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Nhan xét 2.41. 1. Trong trudng hop dac biét xy = 0, khai trién Taylor cua f(x)

co dang

/! (n)
fo) = £ + L L0y S0

voi A € (0,1),¢ = A, Ry(0) = gy f" ()2 duoe goi la khai triéh
Maclaurin bdc n cta ham f(x).

2. T R, (xp) = (n+1)!f () (x — 20)"™ = Ry (x0) = o((x — w0)"). Vay khai
trién Taylor ctia f(x) con dugc viét dudi dang

f(0) f"(0)
TR

" + R, (0),

f(z) = f(0) 2+ ... +o((z —x)").

Céc khai trién quan trong nhét theo cong thitc Maclaurin 1a:
n .
Let =1+a+% +..+% +o(z") = > 2 o(a™).
2n—1

: 3 _ n 2%—1
ILsing = z—g+..+(=1)" gy tola™) = 2 (=1)" 1_§k ooz ).

o~
[as}

2N

III.Cosle—g—?—%...—l—(—l)( )|+ (2n—|—2) S (— )

0(x2n+2>.

ol

=0
IV.In(1+2) =2 — & 4+ o (=1)" 120 oz ) = 2 (= 1)k %+0(x"+1).

Vi du 2.42. Khai trién ham sé

f(z) = (z - 2)¢’

theo cong thitc Maclaurin dén s6 hang o(z").

Gidi Ta c6 f(x) = we3® — 2¢**, Sit dung cong thic I, ta thu dugc

n—1 gk ok n_ gk k
f(w)zw(kz_% o ola” )>_2<,§ T+ ola")).
n—1 Skxkﬂ "9 3k k
PR o o)
k=0 k=0
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— n
. ko k1 k-1 R ,
iy i = > (2_1),1:’“, nén ta c6

k=1 k=1
n Sk—l 23k
__2+;((/<;—1)'_ o) ol

Vi du 2.43. Khai trién ham sé
f(z) = In(22 — 2% + 3)

theo cong thiic Taylor tai diém xo = 2 dén s hang o((xz — 2)").
Gidi Ta biéu dién f(z) dudi dang

f()=In3+In(1— (z—2))+In(1+ xT),

va 4p dung cong thirc IV ta thu dugc

2.10. Quy tic L'Hospital6

Pinh ly 2.44. Cho hai ham s6 f(x) va g(x) xdc dinh va khd vi trén mét lan cdn
cua diém xq (c6 thé triv diém ) théa man:
i) lim f(z)= lim g(z) =0
T—Xg T—X0
ii) g'(x) # 0 trong ldn cdn da chi ra (cé thé trix diém x).

iii) Ton tai gidi han lim L&) = A,
T—Xo g ({L‘)

Khi dé, ton tai gioi han lim ACIRY
T—T0 ()
/
- fl) (@)
lim —= = lim :
T—T0 g(x) T—T0 g’(m)
61661-2.2.1704, Guillaume de L'Hospital 14 nha todn hoc nguoi Phap.
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Chitng minh Pat f(xy) = 0 = g(xg). Khi d6, ca f(x) va g(x) lién tuc trén lan
can cua . Theo dinh ly Cauchy ta cé

flx) _ f(@) = flzo) _ f(c)
g(z)  g(x) —g(ze)  ¢'(c)’

vGi ¢ nam gilra x va xy. Mat khac, theo dinh nghia cua lim ch :83 = A,
T—Xg

Ve>0, 30 >0,Vz: 0 < |z — x| <=

@)
e Al <e

Do vay
Ve > 0, 35>0,Vx:0<|x—x0|<5:>’M—A|<e.
9(x)
Hay lim%:A. O
T—Xo

Ta c6 thé dé dang chiing minh duoc nhan xét dudi day.
Nhan xét 2.45. Néu ta thay © — x( bang x — oo hoac gia thiét i) boi
QI

thi két qua cua dinh ly 2.44 khong thay déi.

Vi du 2.46. Tim gioi han

T 1
]1:11111 * .
a—llner +x—1
1, 1 1
IQZIim_( — )

s—0x ‘thx tanx
1
I3 = lim (x—l— x2—|—1)1‘”.

r—400

Gidi Theo cong thitc = e™? Vx > 0 va quy tic L'Hospital, ta c6

xt —1 0
I =1 dang: —
1=l oy (dang: )
ea:lnx_l

= lim
z=1lnxe +x —1

xlnxl 1
iy © 1(nx—|— )
z—1 5—1—1
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1, 1 1
b = lim — —
2 xlg(l)x(thx tanx)

. tanx — th x % O)
= lim ang: —
=0 x. th xr.tanx me 0
1 1
_ cos2x  chlz
- Lr(l) h rtanz z th x
e=20th xtanz + ch?z + cos?x
= 0.
. 1 . In(z++/z2+1)
I3 = lim (x+ x2 + 1)‘” — lim e T,
T—+00 T—+00
Theo quy tac L'Hospital, ta c6
1
o In(z+ /22 +1 , 21 , T
lim ( ): lim xfﬂz lim — = 1.
T—+00 Inx z—+00 = z—+00 2 + 1)

Vﬁy [3 = €.

2.11. Ham 16i (doc thém)
2.11.1. Pinh nghia
Tap D C R dugc goi la tdp [oi khi va chi khi

Vay,x9 € DA € [0,1] = Az + (1 — N)zg € D.
- Ham s6 f(z) duogc goi la ham [6i trén tap 16i D, néu
Vi, 20 € D,VYA € [0,1] = f(Azy + (1 — N)aa) < Mf(z1) + (1= N) f(2).
- Ham s6 f(z) dugc goi 1a ham [6i chdt trén tap 16i D, néu
Vim0 € D,VA € (0,1) = f(Azy 4+ (1 — N)xa) < Af(z1) + (1 — ) f(z2).

- Ham s6 f(z) 1a ham I6m trén mién D, néu — f(x) 1a ham 16i trén D.

- Ham s6 f(z) 1a ham lom chdt trén mién D, néu — f(z) 1a ham 16i chat trén D.

2.11.2. Bat dang thitc Jensen
Cho f(z) la ham 16i trén D, x1, 9, ..., T, € D va A, Ao, ..., Ay € [0,1] 0 A +
Ao+ ...+ A, = 1. Khido
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Hinh 2: Biéu dién hinh hoc clia ham 16i

Chitng minh Quy nap theo n.
+ Vé6in =1= (2.2) ding. Véi n = 2 = (2.2) ding theo dinh nghia ctia ham
16i.
+ Gia su tinh chat trén ding véi n, hay ¥V x1, 29, ..., 2, € D va A, A9, ..., \, €
0,1]: M+ X+ ...+ N\, =1,taco

fA1xy 4+ Ao + oo+ Apxy) < A f(x1) + Aof(z2) + .o+ N f ().

+ Can chitng minh tinh chat trén ding v6i n + 1, hay V Zq, Zo, ..., Ty, Tpy1 € D
VA AL Ao, s A A €0, 1] A+ do 4+ A+ A = 1, tacd

FOUZ1+AaZo+ o+ M Tn+ N1 Zns1) < AF(Z1) + Ao f (Zo) + oo+ M1 f(Zi)-

Néu A\; = Ay = ... = \,, = 0, thi bat ddng thuc trén luon ding.
Néu A2 + A2+ ...+ X2 > 0, thi dat

,LL:5\1+5\2+...+5\71?,LL:1—5\7H_1€[0,1].

Theo gia thi€t quy nap, véi A\, = wVE=1,2,...n
_ _ _ _ L\
FMZ1 4+ AeZo + oo + AT + A1 Tp1) = f(ﬂ(z ;kxk) + (1 — p)xpy1)
k=1
A
< uf (3 ) + (1= 10 f ()
1 M
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< >0 f )+ (1= )i
k=1
n+1

= NS ().

k=1
Theo quy nap Todn hoc, bat diang thitc dugc chiing minh. O
Pac biét: A\ = =... =)\, = %, bat dang thitc Jensen c6 dang:

n ) < n '

I

2.11.3. Piéu kién can va du cia ham loi

Cho ham s6 f(x) xdc dinh trén mién 16i D.
Pinh ly 2.47. Ham so" f (x) 101 trén mién D khi va chi khi
J(x) = f(a)

r—a

Va € D = g(x) =
tang trénmién Dy ={x € D: x<a} vaDy={x € D: x> a}.

Chiing minh (=) V6i moi x1, x5 € Dy, a < 11 < 9, tOn tai

€Ty — T2
A =

0,1): 21 =\ 1—A
(L—ZL’QE(’) x1 CL+( )x2

Khi d6

F(Aa+ (1= XNza) < Af(a) + (1= N)f(z2)

& flo) € D@+ (1 D) fe)

& (a—x9) f(r1) < (z1—22) f(a) + (@ — 21) f(22)

(
& (v —a)f(11) < (22 — 1) f(a) + (21 — a) f(2)
o @)~ 1) _ fla) ~ fla)

T —a Ty — a

Vay g(x) tang trén Dy, tuong tu ta cling c6 f(x) tang trén Ds.
(<:) V6i moi 1,29 € D,z < 29, A E (O, ].), dat r3 = A\x1 + (1 — /\)332 = T <

x3 < To. theo gia thi€t ham s6

tang tréen mien Dy = {x € D : x > x1}.
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Suy ra
fz3) = f(x1) < f(z2) — f($1).

L3 — a1 L2 — I
Theo chiing minh trén, di€u nay tuong duong véi

FOzr+ (1= Nzo) < Af(z1) + (1= N)f(z2).
Nhu vay
FAz1 + (1= Naa) < Af(z1) 4+ (1= N f(z2) Vai,zs € D, X € [0,1].
O
Pinh 1y 2.48. Cho ham s6 f(x) khd vi trén mién loi D. Khi dé f(x) loi trén D

khi va chi khi ham so” f'(x) tdng trén D.

Chiing minh(=-) Gia stt f(x) 16i trén D, véi moi a,b € D,a < b. Theo dinh ly
2.47, ham soO

o) A= 1@
r—a
tang trén D1 = {x € D : x > a} va ham s6
_ ) = f(0)
o) ="y

tang trén mién Dy = {x € D : x < b}. Suy ra
o) — i L= SO = f@) @) = 10
r—a™ r—a b—a x—b~ r—>b
Vay f'(a) < f'(b) hay f'(x) tang trén D.
(<) Gia st f/(x) tang trén D. V6i moi a,b € D,a < b,A € [0,1] va x =

= ['(b).

Aa + (1 — A\)b. Theo dinh 1y Lagrange, ta c6
f(@) = f(a) = (x = a)f'(c) = (L= N)(b— a)f'(¢) V6ic € [a,a],
f(b) = f(z) = (b—2)f(d) = Ab—a)f(d) véicé€ [z,b].
Vi f'(x) tang trén D, nén
f'(e) < fi(d) = A(f(z) = f(a)) < (1 =N (f(b) — f(x))

& f(z) < Af(a) + (1= A)f(b).
Vay f(x) 16i trén D.
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Hé qua 2.49. Cho f(x) cé dao ham cdp 2 trén mién l6i D. Khi do, f(x) l6i trén
mién D khi va chi khi
f"(z) >0 Vo e D.

Chitng minh Theo dinh 1y 2.48, f(x) 16i trén D khi va chi khi f'(z) tang trén D.
Ta d biét f(x) tang trén D khi va chi khi (f'(z)) = f"(z) >0 Vx € D.
2.11.4. Cuc tri cia ham loi

Cho ham s6 f(x) 10i trén mién 16i D.

Pinh 1y 2.50. i) Néu f(x) dat cuc tiéu toan cuc trén D, thi tdp cdc diém cuc tiéu
toan cuc la mot tap 1oi.

ii) Néu f(x) la l6i chdt va cé cuc tiéu toan cuc trén D, thi cé duy nhdt mot diém
cuc tiéu toan cuc.

iii) Cho f(x) la l0i chdt, khd vi trén D va (xg— 0,20+ ) C D. Khi do, f(x) dat

cuc tiéu toan cuc tai xo khi va chi khi f'(xy) = 0.

Chitng minh 1) Gia st x1, xo € D sao cho
flan) = f(xs) < flz) Vo e D.
Do f(x) 16i trén D, ta c6
VYA€ [0,1] = f(Azi + (1 = Nz2) < Af(z1) + (1= N) f(2) = f(z1).
Vay f(Az1 + (1 = Na) = f(z1) VA €[0,1].
ii) (Phdn chitng) Gia stt ngugc lai rang ton tai x1, xo € D,z # 2 sao cho
f(z1) = f(x2) < f(z) Vo € D.
Do f(x) 16i chat trén D, ta c6
VA€ (0,1) = f(Az1+ (1= N)z2) < Af(21) + (1= A)f(22) = f(z1).

Diéu nay c6 nghia la x; khong phai 1a di€ém cuc ti€u toan cuc, trdi gia thiét. Vay
tap cdc diém cuc tiéu néu ton tai thi tap diém d6 c6 duy nhit mot phan tir.

iii) Phan thuan dé dang duoc suy ra tir dinh Iy Fermat. Dao lai, gia stt cho f’(z()
0. Theo dinh ly 2.48, f'(z) tang trén mién D. Vay f'(z) déiddutd” —" — 7 +7

qua di€ém z(. Vay z 1a di€ém cuc ti€u toan cuc. O
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Vi du 2.51. (Bdt dang thitc Cauchy)
Cho ap, > 0 Vk =1,2,....,n. Chitng minh rdang

> Jajas...a,,.

ai+as+ ...+ ay,
n

Gidi Néu ton tai k : a;, = 0, thi bat dang thifc trén luon ding.

Néu a;, > 0 Vk = 1,2, ..., n, thi bat ding thifc trén c6 dang

a1 +as + ... +ay, 1
n

1 2—(1na1—|—lna2—|—...—|—lnan)

n

1 1
(—Inay) + ﬁ(—lnag) + ..+ —(—Ina,)

1 1 1
& —In (—a1 + —as + ... + —an) <
n n n n

n
1
n
1 1 1 1
2(-1 S(—1 o+ Z(—Inay,
n( nal)—i—n( nas) + ...+ —(—1Ina,)
<

1 1
& —1In (—a1 + —as+ ... + —an) <
n n n n

1 1 1
=4 f(ﬁal + ECLQ + ...+ ﬁan)

voi f(x) = —Inx.
Mat khéc f(z) = —lnz = f"(z) = 5 > 0 Va € (0,+00). Theo h¢ qué 2.49,
f(x) 16i trén (0, +o00). Theo bat dang thic Jensen, bat diang thiic Cauchy duoc

chiing minh.

Vi du 2.52. (Bdt dang thitc Schwartz)
Cho b, >0 Vk =1,2,...,n. Chitng minh rdang

2 2 2 2

a;  a; a, . (a1 4+as+ ...+ ay)
e S R Yai, as, ..., ay.
by | by b, = by +by+ .. +b, b2 n

n

Chiing minh Bat b = > bi. Khi d6

k=1
a_% CL_% a_ﬁ (a1+a2+...+an)2
b1+b2++bn_ by +bo+ ...+ 0,
@bl(%)2+b2(%)2+ +bn(Z—”)2 > b(a”LO”Jbr"'J“a”)2
1 2 n

by ;a1\2 by ,a2\2 by, Q2 biar  byas by ap 2
3([)—1) +3(b—) + +3(E) Z(€b1 b by ba)
a2 asw 2 Qp N 2 a a n\ 2
SN F () MG 2 e e )
S Mf(r1) + X f(@2) + .o 4 A f(xn) > f(/\1$1 + Xowo + ... + /\nxn)a
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trong do

b
k

Do f(x) = x” la ham 16i trén R, nén bét dang thitic Schwartz dugc chiing minh.

Vi du 2.53. (Bdt dang thitc Minkowski’)
Cho ap, > 0,b, >0 Vk =1,2,...,n. Chitng minh rang

Vaias...a, + {’/blbg...bn < (/(al + b1)(az + b2)...(a, + by).

Giai Ta ¢c6

Ja1as...a, + {l/blbgbn < {L/(al + bl (CLQ + bg)(an + bn)

" bl b2 b bl b2 bn
<1+ P a—ng \/(1+a—1)(1+a—2)...(1+a—n)
by bs b, 1 b1 n
@1n(1+,/a1a2 an)Sﬁ(ln(1+a_1)+"'+ln(1+a_n))
I{lnH4. +lnon 1 b b
& In (1+en(1 ot bn)) < E(ln(1+a1>+ 4 In(1 + n))
)) L

< —(ln(1+e a1 )+ A In(1 + e n))

S

~ f()\lxl + Xoxo + ... + )\nxn) < )\1f(£l?1) + )\Qf(xz) + ...+ )\nf(xn),

VOi A, = 1, zln% Vk=1,2,...n, f(z) =In(1 + e*).
Do f"(z) = (HeI)Q >0 Vz € R, nén f(z) 1a ham 16i trén R. Vay bat dang thic

Minkowski dugc chitng minh.

722.6.1864-12.1.1909, nha Toin hoc ngudi Diic Hermann Minkowski quan tam t6i 1y thuyét s6 ngay tir khi con
tré. Nam 18 tudi, ong chia sé ciing J. B. Smith giai thuéng 16n tai Vién Han 1am khoa hoc Phip. Ong 13 ngudi sing

1ap ra hinh hoc s6. Ong ciing quan tam t6i vat 1y toan.
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BAI TAP CHUONG 2

Bai 2.1. Dung dinh nghia, chiing minh rang

2% 47
1) lim(2z + 22) = 3, 2) lim 2L 5,

r—1 z—=—1 1+ 2

3) lim Va2 —xz =0, 4) lim (V2 —z +x) = 2.

z—1+t T—27

Bai 2.2. Tim cac gidi han sau:

Va? = 1+2
D tim Y 3z +1+27+3 .

T——00 X

YT 1
M lim Y= T yGia £ 0,0 > 2 ds :

x—0 X
31 V1+ax — /1 + Bx
. Vltoax/1+pBx—1
4) lim

z—0 €T

—_

véi a.8 # 0,n,m > 2 ds :

319 319 38

+
I|w 3w

voi .8 # 0,n,m > 2 ds :
Bai 2.3. Tim cic giéi han sau

1) lim (V2?2 —=3x+1+x) ds :

T—+—00

2) lim (v/823 + 222 +1 — 2z) ds :

r—400

3) lim (Va3 4422 +1— a2+ —1) ds :

r—400

T DN W

Bai 2.4. Tim cac gidi han sau

sin ax

1) lim ds : a.

z—0 €T

1 — 2
2) lim —— 2% ds: =
x—0 X 2
3) lim 1 - Cosx(30822x... COSNT ds - nn+1)(2n+1)
—0 X 12
V/cos ax — v/cos bx Vi e 40 i 2b21; 3a2.
c

4) lim

7—0 T sin cx
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Bai 2.5. Tim céc gidi han sau

22+ +1 ”13:32‘”
1) 1i <—> ’ ds : 0.
)a:—l>rfoo x?2 —3x—2 ;
2 1\=z
2)1im(x+ ) ds : 2.
z—oo \21r — 3
_ 202 + 1 — 1\ 132 _3
3 Jim (37—, —3) dsie™
1 —a2
4) lim (cos ax ) #=nbz ds:e .
z—0
1 t sil}xa:
5) lim (ﬂ> ds: 1.
r—0\1+sinx
1 1 in3 3
6) limy 2821 T 7sin 37) ds: — .
z—0 220 — 1] In“2
~1
7) lirf zVr(Vr+ 1+ Ve —1—2y/x) dS:T'
T—+00
In(1 2) 4+ In(1 — 2
$) lim n(l+xz+2°)+In(l —x+2°) 4.0
£—0 1 —cosx
arcsinxz — arctanx 1
9) i ds : ——.
):L-IE(I) In(1 + x3) >t T3
. 1,1 1
10) };IE% (E) ds: er.

Bai 2.6. Tim cdc ham s6 f(z) xdc dinh trén R sao cho 1) f(z) f(2*—1) = sinz Vz
HD: Thay x = 0 va z = —1 = Khong ton tai.

af(z)+ f(l—z)=a3+1 Vo

HD: Thay x va 1-x = f(z) = 2% —x + 1.

) f(x+y*) = f(@*) + fly) Yo,y

HD: f(0) =0, f(y*) = f(0+4%), f(0) = f(=¢* +¥°).

4 f(x+y) — flr—y) = 2y(32° + y*) Va,y

HD: f(X)— f(Y) = X3 - Y3 = f(z) =23+ £(0).

Bai 2.7. Chiing minh rang phuong trinh

P .

c6 it nhat mot nghiém x > 0.
HD: Xét ham s6 f(x) = 2! — 2 — 1 = f(0).f(2) < 0 va f(z) lién tuc trén
[0, 2].
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Bai 2.8. Cho hai ham s6 f(x), g(x) lién tuc trén [0, 1] va

Chiing minh rang: Véimoi A € R, A > 0, ton tai = € [0, 1] sao cho f(z) = Ag(z).
HD: St dung dinh 1y 2.11 cho ham s6 ¢(z) = f(z) — A\g(z) trén [0, 1].
Bai 2.9. Chitng minh rang: Ham s6

m

f(z) =sin—

T
lién tuc, nhung khong lién tuc déu trén trén khoang (0, 1).

HD: f(z) khong lién tuc déu: e € (0,1),V6 > 0,k > %,x = ﬁ,x’ = ﬁ.

Bai 2.10. Dung dinh nghia tim dao ham cta cidc ham s6 sau

—3v/2
1) y = sin 3z, tim y'(z) ds : —\/_
4 2

2) y = x|z, tim ¢/ (0) ds : 0.

1cosz  ygi g #£ 0 1
3)y= { v 7 Tim ¢/(0) ds : 3

L0 véi x = 0.

4 2

“ =l y6ig <0 o , ,
4)y = T Tim 3/, (0),%"(0) ds: ¥, (0) =—1,4"(0) = 1.

\xQ —x voix = 0.
5)y = |z —1|e" Tim ¢/, (1),y (1) ds: ¢\ (1) =e,y/ (1) = —e.

Bai 2.11. Tim dao ham ¥/, clia cic ham s6 dudi dang tham s6

r =€ Lol 2.t
1) ds:y, = —3t%€".

y=1t,teR.

r =a(t —sint t
2) ( ) ds : y, = cot =.

y =a(l —cost),t € R. 2
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Bai 2.12. Tim dao ham cua cac ham s6 sau

1)y = (2z + 1)sin® 3z ds : sin® 32 4 3(2z + 1) sin 6z.
2)y =¥ +a ds:e¥'3°In3 + 3%% 1.
222 Inx — (2% + 1) In(z? + 1)
3)y =log, (2> +1), 0 <z #1 ds : .
4)y =a°" x>0 ds:xcosx(ﬂ—lnxsinx).
T
5) y = sin*(cos z) ds : —sinz sin(2 cos ).
1
6) y =In(z + Va2 + o? ds: ——.
Jy=m ) N
1 r—« 1
Ny =o-In|o 2? £ a? ds |
)y 20 7 +a T o2

11 2 cos (arcsin(2z))
8) y = sin (arcsin(2z)), z € (—=, = ds : :
9) y = arctan(tanz), x # g + k7 (k € Z) ds: 1.
10) y = sh?(2? + 1) ds : 2xsh(22? + 2).
Bai 2.13. Tim dao ham cép cao ctia cac ham s0 sau
1) y = 2%e* tim 'Y ds : 16e**(x* + 4a + 3).

1.3.5...17
_ N (10) .
2)y =+ tim y ds : 20,5 /5
233 + 1 R (100) ) 3100'

4)y = f(x* + 1) tim ) ds: 122 f" (2% + 1) + 823 f¥) (22 + 1).

5) y = vax + b tim y™

ds:a"t(X - 1)L =2)..(t = (n+ 1)) (az + b)5 "
6) y = In(ax + b) tim 3™

ds: (—1)"ta"(n — 1)!@ v6i ax + b > 0.

_ 42%48z—3
7) Y= V2zr+1

ds: 2713 —1)(2—2)..C—n+1) 2w+ 1) —2°5(—1 — 1) (-
n—+1)(2x4+1)"2"
8) y = sin®(ax + b) tim y™.

NO[—
|
(\)
SN——
Ay
|
D[ +—
|
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ds : 3sin(az + b+ %) — 1(3a)" sin(3az + 3b + ).

r =acos’t
y = bsin?t

tim y@ ds 1y = —S,ya(;n) =0n>2.

r =1

_ 2%+t
Y= Gamp

tim yg(c)ds Yy =2z + 1,y —2,y§n):0n23.

Bai 2.14. Chiing minh rang

Day?=1+y véi o =11 y=3 +2

2) y/T+ 92 =y voi o=l — In L o L
3) gy = 20y? + 1 v6i x = Lt ) — di2int,

(n) d
4)f( )+f1l)+---+fT!(1):2nV01f(x):

Bai 2.15. Chitng minh ring:

— 1 T
1) arctanx = arcsin m

arcsin x = arctan m.
—%gln(1+x)§x Vo > 0.
n(q:2 +1) < 2zarctanz V.

Bai 2.16. Kiém tra dinh ly Rolle doi v6i ham s6

fl@) = (x = 1)(x = 2)(x = 3)

trén cac doan [1,2], [2,3].
HD: Trén [1,2] = ¢ =2 — f’
Bai 2.17. Cho ham s6 f(z) kha vi cap n trén [z, ;] va

trén (2, 3]$62—2—|—f

f(xo) = f(x1) = ... = fzy) VOizg <21 < ... <yt

Chiing minh ring: Tén tai it nhat mot diém ¢ € (2, ,,) sao cho f(™(c) = 0.
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Bai 2.18. Kiém tra dinh 1y Lagrange doi v6i ham so

3_29”2 nful <z <1
f(x) =

% néux > 1.

trén [0, 2] Xéc dinh di€ém trung binh c.

ds: c; = 2, co = V2.

Bai 2.19. Dung dinh 1y Lagrange, chiing minh c4c bat dang thiic sau:
1) |sinz —siny| < |z —y| Vz,v.

) py? Mo —y) <a? —yP <paP Nz —y) VO<z <y,p>0.

3) |arctanx — arctany| < |x —y| Vz,y.

4)“—‘b<ln%<“7‘b V0<b<a.
5) = e
Bai 2.20. Cho ham f(x) kha vi trén (a, b). Dung dinh 1y Lagrange, chiing minh

<tanz —tany < VOo<y<z<3.

rang: Néu ham s6 f(x) c6 dao ham bi chan trén mién (a, b), thi f(z) lién tuc déu

trén (a, b).

Bai 2.21. Cho ham s6 f(x) lién tuc trén [a,b], kha vi trén (a,b) va f(x) #

mx +n Vm,n. Chiing minh rang: Ton tai it nhét ¢ € (a,b) sao cho
=S e

HD: Chia [a, b] bdi a = xy < x1 < ... < x, = b va dp dung dinh ly Lagrange cho

cac doan [ry_1, 21 VE=1,2,...,n

Bai 2.22.

Khai trién Taylor ctia cdc ham s6 sau:

1) f(x) =1Incosz tai xg= 0 dén so6 hang o(z?).

ds: f(x) = —%2 — f—; + o(z?).

2) f(x) = e tai zg = 0 dén s6 hang o(z?).

ds: f(z) =1+ + 32% — 32° + o(2?).

3) f(x) = arcsinx tai xy = 0 dén s6 hang o(x®).

ds: f(z) =z + 32% + 227 + o(2f).

4) f(x) = (x2 —1)e* tai g = —1 dén s6 hang o((z + 1)").

ds: f(z) = z:: 22k Qk 5) (9:+1)k+0((:13+1)").
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5) f(z) = % tai o = 3 dén s6 hang o((z — 3)").

ds: f(z) =3+ 3 (~ 1)z — 3) + of(z — 3)").

Bai 2.23. Dung la:uoy tac L'Hospital, tim cdc giGi han sau:
V1432t — /122

1) lim ds : —6.
)x—>0 Vi+r—+1+zx

va-+xr—a—x .,

2) lim v6i n € Nya>0 ds :
x—0 X na
1 1
3) lim o ds: =
20+ 1 + 21In(sin x) 2
. Vcos3z — /1 + xsin2x -5
4) lim 5 ds: —.
z—0 e —1 2
1 1
5) lim z7T= ds: —
z—1 €
tan 7 9
6) lim <2 — x) ds:er.
z—1
tan 2z 1
7) lim (tanx) ds: —.
T (&

Bai 2.24. (Tim cuc tiéu toan cuc cua ham so6) Chi phi khi tau chay ca ngay va
dém gom hai phan: Phdn cé dinh bang a dong, phdn bién doi tang ty 1& véi lap
phuong cua toc do. Hoi tau chay véi toc do v nao thi kinh t&€ nhat.

HD: Goi thoi gian tau chay 1a £ ngay dém. Khi d6 chi phi 1a R = at + ktv3 (k 1a
hé sty 1e). Vit = 2, suy ra

v’

S
R:—a+k5v2—>min(:>O:R’<:>v:ﬁ/%,

v
vi ham s6 R 1a 16i trén (0, +00).

Bai 2.25. Cho f(z) = —In(lnz) v6i z € D = (0, +00).
a) Chiing minh rang f(x) 16i trén D.

b) Tir d6, ching minh rang

lnx;y >VInzlny Vr,y > 1.
Bai 2.26. Cho f(z) = zInz véiz € D = (0, +00).
a) Chiing minh rang f(x) 16i trén D.

b) Tir d6, ching minh rang

x Y Tr+vy
In — InZ > |
xna+y nb_(a:—l—y) na+b

Ya,b,z,y > 0.
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CHUONG 3. PHEP TINH TiCH PHAN

3.1. Tich phan xac dinh
3.1.1. Dinh nghia
Cho ham s6 f(x) xac dinh trén [a, b].

+ Phép chia P doan [a, b] (hay con goi 1a phdn hoach) boi n diém
ro=a<x<..<uz,=0>0

bat A, =z;— 2,01 Vi=1,2,...,n, Ap=max{A,,A,,, ..., A, } (dugc goi la
do dai cua phan hoach P)
+ Chon mot diém &; € [z; 1, 2;] Vi=1,2,...,n.

Khi do )
k=1

duoc goi 1a mot tong tich phdn (hay con goi 1a 1ong Riemann) cta f(x) trén [a, b].
Xét gi6i han

I = lim o,.
Ap—>0

Néu I ton tai hitu han, khong phu thudc vao phép chia P va phép chon cdc diém
& i=1,2,...,n,thi [ dugc goi la tich phdn xdc dinh cta f(x) trén [a, b] va dugc
ky hiéu fbf(x)dx. Khi d6 ham s6 f(x) dugc goi 1a khd tich trén [a, b).

Trong trfrb‘ng hop dic biét, phép chia P doan [0, 1] boi n di€ém céch déu nhau

1 2 n
< —<—-—<..<—=1.
n o n n

Véi f(x) kha tich trén [0, 1], ta c6
n—oo 1

lim l(f(%) +f(%) + +f(%)> = /f(x)dx

Y nghid: Dung tich phan dé tinh gidi han.

2
Vidu 3.1. Gid sit I = [ x*dz ton tai. Dung dinh nghia ciia tich phdan dé'tinh I.
-1
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Gidi Chia doan [—1, 2] thanh n phan bang nhau va chon &; 1a mut bén trdi cua

1 =1,2,...,n, ta nhan dugc

n

R )

n n

n—oo

2
I:/xde: lim o, = 3.
~1

3.1.2. Y nghia hinh hoc
Néu f(x) > 0 Vz € [a,b], thi 0, 1a tong dién tich cdc hinh chit nhat ¢6 kich

Hinh 1: Biéu dién hinh hoc cua tich phan

thude 1a A, va f(&) Vi = 1,2,...,n. Khi Ap di nhd, o, xdp xi v6i dién tich
hinh thang cong ABba tao boi cac duong x = a,z = b,Ox vay = f(x).
3.1.3. Téng Darboux trén va du6i
Gia st f () x4c dinh va bi chan trén [a, b]. Khi d6, ton tai
m; = [inf ]f(x), M;= sup f(z) Vi=1,2,...,n.
TE|Ti—1,T; TE[Ti_1,74]

Ta goi
n
Sp = E miA,,
k=1
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14 tong Darboux dudi cia ham f(z) trén [a, b] va

Sp = zn: MA,,

k=1
1a tong Darboux trén clia ham f(x) trén [a, b).
Cho hai phan hoach P, va P,. Khi d6 P, C P, néu moi diém chia cua P, déu
thuoc tap cic diém chia cua . Dat

I = i%f{Sp}, I, = sgp{sP}.

Pinh 1y 3.2. i) sp < op < Sp VP.
ii) P, C P, = sp, < sp,, Sp, > Sp,.
iii) sp, < Sp, Py, P.
iv) I, < I*.

Chiing minh 1) Tu
inf f(z) < f(&) < sup f(x) = mA, < f(&A, < M;A, Yi=1,2,...n

Ti_1,T5 [@5—1,2]

= ZmzAx < Zf(&)ﬁxi < ZMzAa: = sp<op < Sp VP
i=1 i=1 =1
ii) Cho P, C P, khong mat tinh tong quat, gia s P; gébm cac di€ém chia

rp=a<ri<r9<..<xT,=0>
va P, gébm cac diém chia

To=a<T] <Tr<.<xp 1 <2 <ap<..<uxz,=0>.

Pat
Ay, =2 —xp1, Ay, =2 — 2, myy = [ inf ]f(x),m}:2 = [inf]f(x).
TU [xg_1, vk = [T—1, 2% U [2*, 24, ta co
mg. Ay, = inf ]f(x).Axk
= inf f(x).A,, + inf f(x).A,,
[Th—1,Tk) / [Th—1,2k) /
<l J@) D+ il f(0)A
Th—1,T* T*, T

% *
- mk:l'Axm + mk2'AIk2'
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Khi do

n
Sp, = E miA,,
i=1

n

= ) mild, +mpd,
i —
i £k
Z mily, + mi Ay, + mio. Ay,
=1
i £k

=Sp,.

IA

Bing cach chiing minh tuong tu, ta cing c6 Sp, > Sp,.
iii) Pat P = P,UP, (P gom cdc diém chia cha P, va P,), suyra P, C P, P, C P.
Theo 1) va 11), ta co

)
Sp, < Sp

<3P§SP :>5P1§SP2 vP17P2-

Sp < Sp,
\
3.1.4. Cac diéu kién kha tich

Pinh 1y 3.3. Cho ham s6 f(x) xdc dinh trén [a, b|. Khi d6 cdc ménh dé sau tuong
duong.

i) f(x) khd tich trén [a, b).

ii) Al}lgILlO(SP —sp) = 0.

i) I* = 1,

Chiing minhi) = i) Gia st f(x) kha tich trén [a, b]. Hay gi6i han [ sau ton tai
hitu han, khong phu thudc vao phép chia P va phép chon & € [x)_1, x]

I = lim op.
AP—>0
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Theo dinh nghia,

VE>O,E|(5>O,VPZO<AP<5?’O’p—[’<§$[—i<ap<l+i.

Mat khic, sp = > mpA,,,Sp = > MiA,,, theo dinh nghia cua inf, sup va
k=1 k=1
dinh 1y 3.2, ta c6

sp+<>o0p € € € €
4 =>]—=<op—-<sp<Sp<op+-<1+-.

Sp—£ < op. 2 4 - 4 2

Vay
sp—1I| < <, |Sp—I| < < = |Sp—sp| < |sp—I|+|Sp—I| < e = lim (Sp—sp) = 0.
2 2 Ap—0

i1) = 1) Theo dinh 1y 3.2, day (sp) don diéu tang va bi chan trén va day (Sp) don
diéu giam va bi chan dudi, suy ra ton tai hitu han giGi han hmO spva lim Sp.

AP—>0
Theo tinh chat cta day don diéu trong chuong 2, ta c6

lim Sp—lnfSp—[*, hm Sp=supSp =1".
AP—>0 p —0 P

Tur gia thiet lim (Sp —s,) =0 = I* = [.. Theo dinh ly 3.2,
AP—>O

SPSOPSSP? lim O'p:]*.
AP—>0

i) < 4it) Hién nhién. O

Pinh ly 3.4. Néu f(x) lién tuc trén |a,b], thi f(x) khd tich trén [a, b).

Chitng minh Gia thiét cho f(z) lién tuc trén [a, b], nén f(x) lién tuc tai =y € [a, 0]
bat ky. Hay

€
b—a
Gia st P la mot phan hoach bat ky sao cho Ap < §. Do f(x) lién tuc trén

Ve > 0,30 > 0Ve € [a,b] : 0 < |z — T <0 = |f(x) — f(zp)| <

[xk_l, xk], nén

inf f(z)= min f(z)= f(Z)

[Th—1,28] [Th—1,28]

sup f(x) = max f(x) = f(Z).

[xk_l,xk] [$k71,xk]
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Tu

o _ ~ _ € €
Ap <d= |2 — T < 0= |f(Tr) — f(@p)| < —— = M —my, <

—a b—a
Do do6
n n € .
Z(Mk—mk)Axk < Z - ank —e= |Sp—sp|<e= AIIILIO(SP—SP) = 0.
k=1 k=1 r
Theo dinh 1y 3.3, ta c6 f(x) kha tich trén [a, b]. O

Pinh 1y 3.5. Néu f(x) bi chdn va cé hitu han diém gidn doan trén [a,b], thi f(z)
khd tich trén |a, b].

Chitng minh Khong mét tinh tong quadt, ta gia sir ring f(z) ¢6 ding mot di€ém
gian doan x( € [a, b]. Dat
"o I[nibr]lf(x)v M= IF%T{f(x% Aaﬁo - [1130 Y 627x0 + 62]'

1
8(M—m)”?

0 < 6 < e. Tacé f(x)kha tich trén [a, 29— €%] va [zo+€2, b]. Goi P, 1a phan hoach

Vi zg 1a diém gidn doan, suy ra m < M. Véi moi 0 < € < chon
trén [a, xg — €2] va P 1a phan hoach trén [y + €2, b] sao cho Ap, < §, Ap, < 4.
Ta déu c6
lim (Mp, —mp) =0=> (My(P) —mp(P})) < Svyji=12 @G
Ap,—0" ’ s ! ! 2 ’
xét phan hoach P bat ky cla [a, b] sao cho Ap < 0, ta c6

n

Z(Mk — mk)Axk = Z (Mk — mk)Axk + Z (Mk — mk)Axk

k=1 Ay, mAwk:@ AV mAwk;A@

Theo (3.1) ta cé
€

Z (Mk — mk)Axk < 5

Ay NA,, =0
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Mat khéc, do M — mp < M — m, nén

> (M —mp)A, S (M —m) > A,

Ay NAL, #0 Ay, NAL, 70

Vay > p_ (M, — my)A,, = 0. Theo dinh 1y 3.3, f(x) kha tich trén [a, b]. O

Pinh 1y 3.6. Néu ham s6 f(x) don diéu va bi chdn trén [a,b], thi f(x) khd tich

trén [a, b].

Chiing minh Gia stt f(x) don diéu tang trén [a, b]. Khi d6

my = inf f(x) = f(zr-1), Mp = sup flx) = f(ar) = Myp—my = f(zr)—f(21-1).

[Tr—1,2k] [Tp—1,78]

V6i moi € > 0 chon
€

f(b) = f(a)
Khi d6 moi phan hoach P ma |P| < ¢ déu c6

5:

n

> (M —mip)Ag, <0 (flaw) = flarm) = 6(£(b) — f(a) =«

Vay ham s6 f(z) kha tich trén [a, b]. O

3.2. Tinh chat
Cho f(z), g(z) la hai ham s6 kha tich trén [a, b]. Khi d6

+ (f(l’) +g(fv)>dx = [ f(z)dz + [ g(x)d.
ab ab ab
+ [ (£(2) — 9(@))d = [ fla)dz — [ o).

b b
+ f (kf($)>dx =k [ f(z)dx v6i k = const.

Z

+ Néu f(x) < g(z) Vx € [a,b], thi ff(x)dx < fg(x)dx.
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CLb "
+ [ f(x)dx = —{f(x)dx
b b
+| [ f(@)de] < [1f(z)|dx
b b
+ [ f(x)dz = [ f(t)dt (tich phan khong phu thudc vao tén bién).

Dinh ly 3.7. (Dinh ly gid tri trung binh)
Néu f(x) khd tich trén [a,b] va m < f(x) < M Vz € [a,b], thi ton tai s6
p € [m, M] sao cho

Chiing minh Ta co

Vo € [a,b] :m < f(x) < M = m(b—a) S/f(x)deM(b—a).

Hay

b
bat p = - [ f(z)dz, ta c6 s6 p cdn tim. O
a

Vi du 3.8. (Bdt ddng thitc Cauchy-Schwarz)
Néu f(x), g(x) lién tuc trén |a,b], thi

b b b
</f(:v)g(x)d9:>2 < /f2(x)d:v./92(x)dx.
Chitng minh Ta ¢ f (yf )) dr > 0 Yy € R. Hay

Ay? +2By+C >0 Yy,
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g (z)dz.

/f2 d:z:B/f z)dx, C =

Do A = f f?(x)dx > 0, nén ta xét hai truong hop:
Truong th 1:Néu A =0, thi B = 0. That vay
-Néu B > 0,thi 2By +C >0=0< lim (2By + (') = —o0, mau thuan.

Yy——00

-Néu B < 0,thi 2By +C >0=0< lim (2By + (') = —o0, mau thuan.

y—>+00

@\@

Vay bat dang thic trén luon ding.
Truong hop 2: Néu A > 0, thi theo dinh 1y d4u tam thic bac hai, ta c6 A’ =
— AC <0, hay

( /b f(ac)g(as)ci:c)2 < /b F(x)da. /b ¢ (2)da.

3.3. Moi quan hé giira nguyén ham va tich phan xac dinh

Ta nhéc lai mot s6 nét co ban ctia nguyén ham.

3.3.1. Nguyén ham

- Ham s6 F'(z) dugc goi la mot nguyén ham cla f(x), néu F'(z) = f(x).

Nhan xét 3.9. + Néu F(x) la mot nguyén ham cua f(x), thi F(x) + C vdi
C' = const ciing la nguyén ham cua f(x).

+ Néu F(x) va G(x) la hai nguyén ham cua f(x), thi ton tai C = const sao cho
G(x) = F(x)+ C.

- Néu F(x) la mot nguyén ham cta f(x), thi F'(z) + C C = const duoc goi la
mot ho nguyén ham cua f(x) duge ky hieu boi [ f(z)dz (con goi 1a rich phdn

/f (x)+C.

Chd y rang: Vi phan cua ham f(z) 1a df (z) = f/(x)dx.

khong xdc dinh). Hay
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Cdc cong thiic co bdn cua nguyén ham:
1
/xo‘dx = —— 2" 4 O véia# —1,C = const.
a+1

1

—dr =In|z| + C.

T

e’dr =e" + C.
T 1 T iz
a*de = —a* 4+ C v6i 1l #a>0.
Ina
sinxdr = —cosz + C.

cosxdxr = sinx + C.

dr = —cotx + C.

[

dr = tanx + C.
x

Q

@)

n
Do

sh xdx =ch x4+ C.

(@]
=
8
Q.
S
I
w2
=
8
+
Q

dr = —cth x + C.

%2
=

—_ N
8

de =th z + C.

S S S S S S S
=
8

O

=
Do

8

1
/ dx = arctanz + C.
1+ 22

1
—dr=In(z+V1+22)+C.
/\/1+9:2 ( )

/ﬁdx—ln]xjtv 1|+ C.

/ﬁdl’ = arcsinx —+ O

3.3.2. Ham theo can trén
- Cho ham s6 f(x) kha tich trén [a, b]. Ham s6

= jf(t)dt

xdc dinh trén [a, b] duoc goi 1a ham theo cdn trén.
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Pinh ly 3.10. Néu f(x) lién tuc trén [a, b], thi

¢'(x) = f(x) Yz € [a,b].

Chitng minh V6i moi x € [a,b], gia st A, > 0: 2+ A, € [a,b] (A, < 0 ching
minh tuong tu). Khi d6

Ay, =p(z+ A;) — (o)

T+A,
:d/f £)dt — /}
/}@ﬁ+i7}@ﬁ—jf@ﬁ
A, ' '

:!/fwﬁ

Theo dinh 1y gid tri trung binh 3.7 va tinh lién tuc clia ham f(z), ta c6 ton tai

¢y € [z, z+ A,] sao cho

JAVE
—_ — , f— 1 _— pr—
Bo= [ W= fle) A = ¢ la) = Jim T = lim fler) = f(a)
]
3.3.3. Cong thiric Newton-Leibnitz'
V6i méi F'(z) xac dinh trén [a, b], ta ky hiéu
b

Dinh ly 3.11. (Cong thitc Newton-Leibnitz)
Néu f(x) lién tuc trén [a,b] va F(x) la mot nguyén ham cua f(x), thi

jf@MxF@i.

11.7.1646-14.11.1716, nha todn hoc va ciing 13 nha triét hoc, nha sir hoc, nha luat hoc, nha ngoai giao Pitc Gottfried

Leipzig 12 mot trong nhitng thanh vién nudc ngoai diu tién ciia Vién Han 1am khoa hoc Paris. Cong lao quan trong

nhét cia 6ng trong todn hoc 1a phéat minh ra phép tinh vi tich phan, déng thdi va doc 1ap véi Newton.
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Chitng minh Theo dinh 1y 3.10, ¢(x f f(t)dt 1a mot nguyén ham cua f(z).
Theo dinh 1y 3.9, ton tai s6 C sao cho gp(a:) = F(x)+C Vz € [a,b]. Vi

o(la)=F(a)+C=0=C = —F(a),

b
/f(a:)da: — (b)) = F(b) + C = F(b) — Fla).

]
Vi du 3.12. Tinh tich phdn
2
0/ V4 + x2
Giai Ta c6
2 2 2
/ 1 / / 1 x x|2 m
== = | ———=d— = arctan—-| = —.
+a:2 2 1+§ 1+ (%) 2 200 4
0 0 0

3.4. Cac phuong phap tinh tich phan
3.4.1. Phuong phap doi bién
Dang 1: x = p(t).

Pinh ly 3.13. Néu ham f(x) lién tuc trén |a,b] va ham s6 ¢(t) thoa man:
+ pla) =a,(8) =b

+ ¢'(t) lién tuc trén [a, )

+Vt € [a, ] =z = () € |a,b],

thi

Chiing minh Vi f(x) lién tuc, nén theo dinh 1y 3.10, ton tai nguyén ham F'(z), hay
F'(xz) = f(x). Khidé rd rang G(t) = F((t)) lamot nguyén ham cta f(p(t)).¢'(1).
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Theo cong thitc Newton-Leibnitz, ta c6

Vay ta cé cong thitc can ching minh. O

Vi du 3.14. Tinh tich phdn

3
]:/\/9—x2dx.
0

Gidi Dat v = 3sint,x = 0=t = 0,2 = 3 = t = 3,dx = 3costdt. Theo dinh
ly 3.13, ta c6

3 2 3
9
I:/\/9—x2daz:/\/9—9sin2t.3costdt:9/|cost].costdt:£.
0 0 0

Dang 2: t = p(x).

Pinh ly 3.15. Néu f(x) lién tuc trén [a,b] va ham ¢(t) thoa man cdc diéu kién:
+ tang ngdt trén [a, b]

+ ¢'(z) lién tuc trén [a, b]

+ Néu f(x)dx = g(t)dt, thi g(t) lién tuc trén [p(a), p(b)],

thi
@(b)

/f(a:)dx = [ g(t)dt.

a ¢(a)

Chitng minh Bang cdch chiing minh tuong tu nhu dinh 1y 3.13 véi z = ¢(¢).
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Vi du 3.16. Tinh tich phdn

In3
[:/ etdx .
i V(1 +e¥)3

GidibPatt = V/1+e? = e =t -1 = ede = 2tdt, s = 0 = t = /2,2 =
In3 —>¢t=2

In3 2
912

1_/ /2““ 2 [ Git=—| = va-t
V(14 e¥)3 t1v2

V2
Vi du 3.17. Cho cdc ham trong ddu tich phdn lién tuc.

i) CMR:
f(sinx)dzr = | f(cosx)dx
! /

Tir d6 tinh I, = f i

\/smx—l—\/m
ii) CMR:
. 7T .
/xf(smx)dx = §/f(smx)dx.
0 0
T do tinh Iy = 1ﬁ2102§
Gidi i) Déibiént = T — z, ta c6

0

/f(sinx)dx:/f(cost)(—dt):/f(cost)dt:/f(cosx)dx.
0 z 0 0
Tur do,
I = f Jcosx dr = 21, — sin [ Jcosx

Wcosx + Vsinx s1nx+\/cosx Jecosx + \/smx
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™

Vﬁy2]1:fd£€:§$[1:%
0

ii) Poi bién t = m — x, ta nhan duogc

™ ™

]xf(sinx)dx = ](ﬂ—t)f(sint)dt = ﬂ/f(sint)dt— /tf(sint)dt.

0 0

o
o

™

/xf(sinx)dx: g/f(sinx)dx.

T do
r [ sing . d(cosx) o 2

0

3.4.2. Phuong phap tich phan tung phan
Cho u = u(x),v = v(x) 1a ham sd lién tuc trén [a, b]. Tir cong thic vi phan

d(uv) = udv + vdu,

ta c6 cong thic tich phdn tiing phdan sau

/budv = (uv)

Vi du 3.18. Tinh tich phdn

b
b
— [ vdu.
a
a

3
I = / arcsin * dx.
1+
0

Giai Dung cong thic tich phan timg phan, véi

' T v =dr = !
U = arcsin Vv = ax U= —-—7,01V=2T.
1+ o’ Ve(l+x)
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Khi do

I = in 4 /
x arcsin 1+9: /\f1+93)

3
= 3 arcsin ﬁ / (V) dyz

2 1+ (V)2
0
3 3
=7 — \/5’0 + arctan\/i‘o
47
SN
3

3.5. Tich phan cua ham phan thirc hiru ty
Téng quat, ta xét tich phan

P, : :
I= / 9 ((x)) dx v6i P,(x),Q(x) lahai da thic bac n va m tuong ng.
m x

3.5.1. Céc dang co ban
f ax—i—b )

ax—i—b a#()?fy?él)

%QQ%QQ%QQ

Iy= | =i
I = [ g,
(6%
F d
[5 - f (xz_i_xaQ)»y (’Y 2 277 S N)
(6%
8

[6 = f (ngfZLCQ)’Y (")/ 2 2,’)/ € N)

Phuong phdp giai + Tinh Iy, I, I3, 1.

B B
1 d d b 1 g1 b
h:i/ax :/J%iJZ—MMWMW:—mﬂﬂ+L
a | axr+b ar + b a a a ac + b

« (0%

B B
]_1/ adzx _}/d(am—%b)_ 1 G
*“af) (ax+b)y  a) (ax+b (1—7)(az+b)la

(&% (0%
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p p
7 1 dx 1/ d(%) 1 tan 2 B
- - = — arctan
T2 L+(2)? a) 1+(3)? a ala
1 Bd(x2+a2) 1., 5 5B
14:5/m:51n($ +a)a.
B
+ Phuong phép tinh I; = f(xdT) = J, (dat) (y > 2,7 € N). Patu =
(x2+a2)7,dv—dx Khi doé
—2vzxd
du = Jrer v =x.

(22 + a2)1

Theo cong thic tich phan timg phan, ta cé

Iy = ————

B
+2,Y/ $2+CL2 y+1°

(x2 + a2

Mat khac
B

B B B
e?’de [ (2*+a® —a¥)de dx 5 dx
(22 + a2+l Pray ) @ty ) @ty

(% (0%

Suy ra
B
+2vJ, — 2a2%]7+1.

I = (2% + a?)7 ‘a
Nhu vay
x g 2y—1
Joi1 = —J,.
7 2va?(x? + a?)7 2a2y 77

Theo quy nap toan hoc, ta tinh dugc J, theo qua trinh
Ji—= Jo— o= J,

trong do J; = Is.
3
+Tinh[6:f% (v >2,7v€N).

«

B

1 (2® +a®) 1 5 | ani—n|’
_2/ ray aa— & ta)
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3.5.2. Phuong phap dong nhat hé so
Budc 0. Néu n > m thi ta chia da thic P,(x) cho da thic Q,,(z) sao cho phan
thic (5;((3; )) c6n < m.

Buoc 1. Phan tich P,(x) thanh nhan ti:

Qu(z) = a(z — 21)*...(x — z)™. (2% + by + ¢1)" .. (2% + b + ¢p)"

sao cho A; = b? —4c¢? <0 Vi=1,2,.... h.
Budc 2. Quy tac dong nhét hé so:

P,(x a a a
n( ) _ 11 - + 12 2++ lag .
Qu(z) (z—z)! (v —11) (x —z1)™
+ ...
ar1 ar2 ALay,
+ (x — xk)l + (x — xk)z + ...+ —(ZC y xk)o‘k
biix + c11 biox + €19 blglx + 1,
(2 +bix+a)  (2+ha+a)? T (2 +bhr+a)h
+ ...
bhlx + Chi bhzx -+ Ch2 bwhx + Clﬁh

(2 +bpx +cp)' (22 + b + ¢p)?
Nhan xét 3.19. T

(.IZ + bpx + Ch)ﬁh.

b? pb
2 _
€= ;4 Q+27

pr+4q pt+q ..
= dit=zx+—
(2 +bx+c)* (24 a®) v vy

b
suy ra vigc tinh I = [ g”(("z )) dx dugc chuyén vé viéc tinh cdc tich phdan dang
J Qo

I, .. Is.

Vi du 3.20. Tinh tich phdn

Gidi Dong nhat hé s6
3r+1 _A+Bx+C+Dx+E
r(1+22)2 o 14+22 (14 22)%

Hay
30+1=(A+B)r* +C2® + QA+ B+ D)2* + (C + F)x + A.
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Heé s6 cdc liiy thira hai v€ bang nhau.

4

A+B=0
C=0
V2A+B+D=0

C+F=3
A=1.
\
Tu do
V3 V3 V3 V3
]_/dx /xdm / xdx +3/ dx
) 1+ 22 (1 + x2)? 1+ 22
1 1 1 1
V3 V3
V31 dx
_ 2 2\—2 2
_(lnx——ln(1+x))‘ —5/(1+x) d(1+x)+3/(1+x2)2
1 1
1 In(1+ z° ! . 3J
(e -t 2%+ gl
1
=——-+3J
8+
V3
Tinh J = { (Hd—x) Theo cong thit tinh I, ta c6
V3
7 1 = ‘\/g_l_l/ dx 1+1 ; V3 1+7T
= - — = — + —arctanx| = -+ —.
21+ 2%h 2/ 14+22 8 2 1 8 24
1
A _ 1 _ 1 s
3.6. Tich phan caa ham luong giac
Xét tich phan c6 dang
p
I:/R(sinx,cosx)dx.
Dang 1. (phuong phdp chung) Doi bién t = tan %.
Khi d6
1 1 x 1 2dt
dt = dr = =(1+tan® 2)dzr = (1 +t*)dz = dov = ——
2cos? £ v 2( +tan 2) v 2( +)de Tl e
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_ 2tang 2t _l—tanQ%_l—t2
T T a2z T 142 T T T tan?s 1422
Vi du 3.21. Tinh tich phdn
/ d
1:/ , v .
2sinx — cosx + 5
0
Gidibatt =tan§, 1 =0—-t=0,v=2—t=7.Taco
y 2dt . 1—#2 1 — ¢
r = —— SINxr = COST = .
2’ 1+ ¢2’ 1+ ¢2
Vay
; / dt Lo Bt 1(acta 44 1)
— — r n—— — = r 11l —ar n—>.
3M2+2t+2 /5 5 1o /5 4/ VB

0

Dang 2. R(sinx,cosx) chan d6i v6i sin x, cos z, hay

R(—sinz, —cosx) = R(sinz,cosx) Yo € D (tap xac dinh clia R(sinz, cosx)).

Phuong phdp gidi: Pat ¢ = tanz = dt = ——dz = (1 + *)dz = do =

hoac t = cotx = dt = —Smlgxdx = —(1+t)dr = do = —1ji_tt2-

1+t2

Vi du 3.22. Tinh tich phdn

wly

dx
= ———
sin® x cos® x

dt
142

INE

Giai Dat t = tanr = dr = x—%%tzl,ng—m‘:\/g.l(hidé

juy

3
dx 1+tan?z)® 1
Ry S (EAT S
Sin” x cos® tan’x COS* &

E

wly

ISE

= (——— +3Int+ =t + ~th)

V3

/1+t2 1 3 1, V3
212 2 4"

1
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Vay I =33+ Y

Dang 3 R(sinz,cosx) 1€ d6i véi sin x, hay
R(—sinz,cosx) = —R(sinz, cosz) Yz € D (tap xdc dinh ctia R(sinz, cosz)).
Phuong phép giai: Dat ¢t = cosx = dt = —sinxdz.

Vi du 3.23. Tinh tich phdn

ISE

sin xdx

coszyv 1+ sin® x

[ pu—

PR
— =75,

O\

Gidi Dat cosr =t = dt = —sinzdr,r =0 =t =10 =]

V2

2

/ — sin xdx B / dt
/ cos V2 — cos2 / V2 —t2

/ /

1 t2 1 t2

Theo cong thiic

dax
In|x+Va2+a|l+C,
/m sV

ta co

2+\f

[__ vy
1+f

t_2 _
Dang 4. R(sinx,cosx) 1é d6i véi cos z, hay

R(sinz, — cosx) = —R(sinz, cosz) Yz € D (tap xdc dinh ctia R(sinz, cosz)).
Phuong phép giai: Dat ¢t = sinz = dt = coszdx.

Vi du 3.24. Tinh tich phdn

ol

I_/(sinQ:ercosx)dx
V1+3siny

0
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GidiDat\/1+3Sinx:t:>dt:%,xzo—w:1,x:§—>t:2,ta

co

s s

2 2

2
I / (2sinz + 1) coswdr 2 / (2sinz + 1)3coszdr 2 /(2t2 — 1+1)dt
B VI+3sinz 3 2y/1+3sinz 3 3
0 1
2 / 2,2 2 34
== [ (2t+ Ddt = =(=t* t‘:—.
9/( 1 9(3 * )1 27

1
Muén quan sdt cdc dang tich phdn khdc, ta cé thé tham khdo thém cdc dang trong

phdn bai tdp.

3.7. Mot vai iing dung cua tich phan

3.7.1. Tinh dién tich

Dang 1 Hinh tao bdi cac duong cong trén hé truc toa do Oxy.
+ Néu hinh (H) dugc cho boi:

Hinh 2: Biéu dién hinh (H)
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Vi du 3.25. Tinh dién tich hinh tao boi cdc duong cong

r+y=0

y = 2x — 22,

Gidi Parabol va dudng thang cat nhau tai cic diém c6 hoanh do z; = 0, 25 = 3.

Vi vay, dién tich duoc tinh boi
/ 3 5939
/2:(:—:(: + x) d:c—(—a:z—x—) =3
0

+ Néu hinh (H) dugc cho boi:

[ = ©(y)
=y ;
(1) { =S = [ o)~ vlwldy
y=oa (a<p) J
=17

Hinh 3: Biéu dién hinh (H>)
Vi du 3.26. Hinh tao bdi cdc duong cong parabol y?> = 2x chia dién tich hinh
tron

22 4 y? < 8 theo ty s6 nao?
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Hinh 4: Hinh v€& cta vi du 3.26

Giai it Giai Ky hiéu dién tich hinh tron la Sy, con dién tich phan giGi han bai
parabol va hinh tron (nhu trén hinh v€) 1a S;. RO rang S; = 87. Tim hoanh do

giao diém clia parabol va dudng tron; mudn vay ta gidi phuong trinh
P22 +1=9=0=2=1y =2, = —2.
Tu phuong trinh dudng tron
P4y =8 a?=8—y’ = cung(AB) :x = /8 — 2.

Dua vao d6 thi va cong thic tinh dién tich hinh (Hs), ta c6
2

Sy = /(\/8 —y? - 1?f)dy

2
—2
2

1 2
Z/\/8—y2dy——y3’
6° 1-2
-2

8
—J-2
3

2

Jz/v8—y2dy,
-2
daty:Q\@sint,dy:2\/§cost,y:—2—>t:—%,y:2—>t:

s

i
J:8/lcost|costdt:4/(1+cos2t)dt:27r+4.

ISE
ISE
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Khi dé
4 Sl—SQ 9 — 2
Sy =2 - = = .
2 7T+3 SQ 3m 4+ 2

Dang 2 Hinh tao boi cac duong cong trén hé toa do cuc r = r(ip).

Moi quan hé gitta hé truc toa do Oxy va hé truc toa do cuc la

r=r(p)cosy
y =1(p)sine.
Khi d6 dién tich hinh tao boi

Vi du 3.27. Tinh dién tich tao boi duong cong Cardioid (hinh trdi tim) co phuong
trinh

(H):r=a(l+cosyp).

Giai PDuong Cardioid c6 tinh chét doi xing qua truc Ox, nén ta c6

Sy = /a2(1+cos<p)2dg0 — a? /(1—|—2 cos p+cos® p)dp = a2(7r+§7r) = gma’.
0 0

Dang 3 Hinh tao bdi cac duong cong dang tham so.
Cho hinh (H) duoc tao boi duong cong dang tham s6

Vi du 3.28. Tinh dién tich hinh tao bdi elip co phuong trinh

562 y2
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Hinh 5: Dudng cong Cardioid
Gidi Phuong trinh chinh tac cta (E) duge viét dudi dang tham s6

r = acost
(E) :
y=>bsint 0<t <27
Do (E) c6 tinh chat dé6i xting qua truc Oz, Oy, nén dién tich cta (E) dugc tinh

bai

jus

Sg = 4/ ly(€).2'(t)|dt = 4/absin2 tdt = mab.
0 0
3.7.2. Tinh d6 dai duong cong

Dang I Buong cong trén hé truc toa do Oxy.
Cho duong cong AB c6 phuong trinh

AB: y= f(z) z € [a,b].

Khi d6, do dai duong cong AB duoc xac dinh bai cong thic

b
4B :/\/1+f’ida:.

Dang 2 Buong cong trén hé truc toa do cuc.
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Cho duong cong AB c6 phuong trinh
AB: r=r(p) ¢ €la,p].

Khi d6

B
AB| = / V@) F P (R)dy.

Dang 3 Budng cong dang tham so.

. r=x(t
AB : ()
y=yt) t1 <t <t

Khi d6
ta
|AB| = / 224 ydt.
31
Vi du 3.29. Tinh dé dai duong cong Astroid cho bdi phicong trinh tham sé

. T = acos’t

AB
y=asin®t a>0.

Giai Theo cong thiic dang 3, ta co

Hinh 6: Buong cong Cycloid
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2T
AB| = [ \Jap + ypat
0

2m
1
=5 / \/(—Sa cos?tsint)? + (3asin®t cost)2dt.
0

1
= 6a§/sin 2tdt

0

3]

ol

= —3acos 2t

0
= 6a.

3.7.3. Tinh thé tich cua vat thé

Cho vat thé (H) nam giita hai mat phéng vuong géc véi Oz
(@): x=a,(B): =0b a<b.

Khi d6 v6i moi xg € [a, b], mat phang (v) c6 phwong trinh x = x( cat vat thé (H)
theo thiét dién c6 dién tich S (). Khi d6 thé tich vat thé (H) dugc tinh boi cong

thuc
b

Vg = / S(z)dx.
Trong trudng hop dac biét, () 1a mot vat thé tao boi: Quay hinh

p

y=f(x) >0 Vz € [a,b]

xung quanh truc Oz. Khi do, thé tich duoc xdc dinh boi cong thiic

b
Vg = ﬂ/f2(x)dx.

That vay, do () cat hinh (H) theo thiét dién 1a mot hinh tron ¢6 ban kinh R =
f(x9) nén S(xy) = 7R? = 7w f?(xy).
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Hinh 7: Hinh bi€u dién thé tich cua (H)

Vi du 3.30. Tinh thé tich cua vdt thé

)
Mt tru - 2—2+Zé—2:1,
(H) : 4 (a): 2 =,
\(6): z2=0
z
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Gidi Thiét dién tao boi mat phéng (y) : x = x¢ la mot hinh chit nhat. Tir sy dong

dang cua tam gidc OAB va OCD ta c6

AB 0OA
DC  OD’
tur do
AB.OD  cxg
DC = = —.
OA a
Dién tich S(z) cta thiét dién bat ky vuong géc véi truc Ox s€ bang
2bcx x?
S(x) = 1——.
(2) = — >
Vay
2bc x? 2abc 2? 510 2
/m/l—;dx— —¥)2a—§abc.

3.7.4. Tinh dién tich cua mat tron xoay
Mat tron xoay (H) dugc tao thanh do cung AB qua xung quanh truc Oz.
Dang 1 Cung AB cho bdi phuong trinh dang téng quéat

AB : y=f(r)>0 a<xz<hb.

Khi d6, dién tich mat tron xoay duoc dinh bai cong thic
b
Sy = 27T/f($)\/1 + f?(x)dx.
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O Ta 2ra 4ma

Hinh 8: Hinh v€& cta vi du 3.31
Dang 2 Cung AB cho boéi phuong trinh trong hé toa do cuc
r=r(p) Voi sinp >0 Y € |a, 5].

Khi d6, dién tich mat tron xoay duoc dinh boi cong thic
g
&fZQW/}@ﬁ$n¢v7%w%+W%¢M¢-

(67

Dang 3 Cung AB cho bdi phuong trinh dang tham so

— x=z(t)
AB : th <t <ty

y=y(t) >0

Khi d6, dién tich mat tron xoay duogc dinh boi cong thiic

to
SH:27T/ (t)\/22(t) + y2(t)dL.
tq

Vi du 3.31. Cho duong cong cycloide cho bdi phuong trinh dang tham sé

—— |z =a(t —sint)
AB : 0<t<2m, a>0.
y = a(l — cost)

Tinh dién tich mdt tron xoay khi xoay cung AB xung quanh truc Ox.
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Gidai Theo cong thic tinh dién tich mat tron xoay dang 3, ta c6
to
Su =2 [ y(0)\/70 + PO

3]
2

= 27r/a(1 — cost)\/a2(1 — cost)? + a2 sin® tdt
0

t
= 4a*7 [ (1 — cost)|sin §|dt

t
= 4a*7 [ (1 — cost)sin Edt

2T
0

2w
0

2w

t 3t 64ma’
= 2a27T/(3 sin — — sin —)dt = L
2 2 3

0
3.8. Tich phan véi can vo han
3.8.1. Dinh nghia
+ Cho ham f(z) kha tich trén [a, b] Vb > a. Néu ton tai hitu han gidi han

b——+o0

b
lim /f(x)dx,

thi gidi han nay duoc goi 1a tich phdn suy réng chia ham s6 f(x) véi cn +oo va

+00
/ f(x)dx.
+00 '

Khi d6, ta néi rang tich phan [ f(x)dx hoi tu. Nguge lai tich phan suy rong trén
1a phdn ky.

+ Tuong tu nhu vay, ta dinh nghia tich phan suy rong v6i can —oo

ky hieu la

b b
al_i>r_noo f(x)dx = /f(x)dx

+00
+ Tich phan suy rong ctia ham s6 f () v6i hai can +o0o, —oo, ky hieula [ f(z)dx.
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Tich phan nay hoi tu khi va chi khi ca hai tich phan suy rong

b

/ f(z)dz Va,beR

—00

cung hoi tu. Khi dé

70f(x)dx = 70f(x)dx+ j f(z)dz Va € R.

Vi du 3.32. Cho a > 0, xét su hoi tu hay phdn ky cua cdc tich phdn sau.

+00 p
i) [ =t
0
; d
i) [ 5.
— 00
+o00 p
i) | i
— 00
+00
iv) [ & aeR
1
Gidi
—+00 b
~ dx . dx
i) ‘B 7 lim ——
e+ a bstoo | 24+ a
0 0
: x|b .
= lim —arctan—’ — —  (hoi tu).
b—+oo @ alo  2a
0 ; O
.. xdx ) ) ‘ o
w = —In(z*+a = —00 han ky).
) / r? 4 a? ( ) e (phan ky)
— 00
+o00
iit) = —arctan —‘ + Zarctan —
JJ2 + CL2 a al—oco a alo
— 00
™ e
= —+ — = —(hoi tu).
5. 5. =~ (hoit)
+00 +00 . /
. dx (1_0333(1_1 néu o # 1 ﬁ néu o> 1
iv) = e / _ ,
lnx‘ néu a = 1. phan ki néu a < 1.
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+00 +00

Nhan xét 3.33. Tich phan suy rong [ f(x)dx hoi tukhiva chikhi [ f(x)dz Vb >
a b

a hoi tu. Thdt vay

+/oof(a:)da: = /bf(a:)d:v + +/Oof(x)d9:.
a a b

3.8.2. Cac diéu kién hoi tu caa tich phan suy rong

Ta xét cac di€u kién hoi tu cua tich phan suy rong véi can la +oo.

Pinh ly 3.34. Cho ham s6' f(x) > 0 va khd tich trén [a,b] Vb > a. Khi do

+/Oof(x)alx hoi tu
khi va chi khi ham s6 a
o(x) = /xf(t)dt bi chdn trén
trén [a, b]. a

Chiing minh Theo dinh nghia,

T—+00

7oof(x)dx lim o(x).

Do f(z) > 0, nén ¢(z) don diéu tang. Theo tinh chat clia gigi han ham s don

diéu, gidi han lim () ton tai khi va chi khi ¢(z) bi chan trén trén [a, +00). O

T—00
DPinh ly 3.35. (Ddu hiéu so sdanh)
Cho hai ham s6 f(x), g(x) khd tich trén [a,b] Vb > 0 va

0< f(z) < g(x) Vo € |a,+00).

Khi do,
+00 +00

+ Néu [ g(x)dx hoi tu, thi [ f(x)dx hoi tu.
a 0
+o0o +0o

+ Néu [ f(x)dx phdnky, thi [ g(x)dx phdn ky.
a 0
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Chitng minh
+00 b
+Né&u [ g(x)dz hoi tu, thi theo dinh 1y 3.34, ta c6 [ g(x)dz < M Vb > a. Mat
b b
khéc, tr f(z) < g(z) Vx € [a,+00) suy ra p(b) = [ f(z)dz < [g(x)dx <

a
+00

M Vb > a. Theo dinh ly 3.34, ta ¢6 f f(z)dx hoi tu.

400
+ Néu f f(z)dx phan ky, thi f g(z)dz phan ky. Ta chiing minh béng phén
chiing Va st dung chitng minh tren O

Vi du 3.36. Xét su hoi tu hay phdn ky cua tich phdn
+0o0

/ xdx
200 + 22 —1°

1

Gidi f(z) = 524%— >0 Vo > 1 va f(z) < g(z) = & Vz > 2. Mat khdc

2x°+x2—1

+oo +oo 1 . .
—+00
[ sterte = f e =gl =3
1 1
—+00
Theo dinh 1y 3.35, [ 5=*%— hoi tu.

1

DPinh ly 3.37. (Ddu hiéu gioi han)
Cho hai ham 5o’ f (x), g(x) khd tich trén [a,b] ¥b > 0, f(z) > 0.g(x) > 0 Vx > a

vad
lim @ =M > 0.
b—+oo g()
Khi do,
+00 oo
i) Néu M € (0,400), thi [ f(x)dx hoi tu (phdn ky) khi va chi khi [ g(x)dx

hoi tu (phdn ky).

ii) Néu M = 0 va fg Ydx hoi tu, thi ff Ydx hoi tu.

+00
iii) Néu M = +oo va f g(x)dx phdn ky, thi f f(x)dx phdn ky.

Chitng minh i) Gia stt M € (0, +00), theo dinh nghia,
VM > e >0, 3>0Vx>x:>]M—M|<6:>M—6<®<M+6
g(x) g()
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= (M —€)g(z) < f(z) < (M + €)g().
Theo dinh 1y 3.35, tir JfFf(:v)dx hoi tu, suy ra JfF(M + €)g(x)dr = Tog(a:)da:
a oo a a

+00 0o
hoi tu. Néu [ g(z)dzhoituthi [ (M —e)g(x)dx hoitu, suyra [ f(x)dx hoi
400 +00

tu. Nhu vay [ f(x)dx hoi tu khi va chi khi [ g(x)dx hoi tu. Phan ky dugc
chiing minh tu’cz)‘ng tu’ ’

ii) Gia str M = 0 va f g(x)dz hoi tu. Tir dinh nghia

lim M—O@VE>O b, Vx>b:>]ﬁ]<e:>0<f( ) < eg(x)
b—+oo g() g(x)
+00 00

va f g(x)dzx hoi ty, suy ra f f(z)dz hoi tu.

iii) Gia st M = +oo va f g(x)dz phan ky. Ta ¢6

lim @:+oo<:>VK>O,Hb>O, Ve > b
b—+o0 ()
S 11 Sk L) > Kg(o) o > b
9(x)

+o00 +00

Theo dinh 1y 3.37 va gia thiét [ g(x)dx phanky, tacé [ f(x)dx phanky. O

Vi du 3.38. Xét su hoi tu hay phdn ky cua tich phdn sau

+oo +00
I — / (22% 4 1)dx I — In(x — 2)dx
) a2 1 3rd+ a2+ 1
3
Gidi + Xét I, v6i ham s6 f(z) = xf% >0 Vz > 1. Dat
a? f(z)
gz >0 Vr>1= lim —= =2¢€ (0,400).
)= gy 2 )
400

Mat khéc, theo vi du 3.32, f g(x)dz hoi tu. Do vay I; hoi tu.

+ Xét I, f(x )_%zo Vr >3, g(x) = & >0 Yz > 3. Khi d6, theo
quy tac L'Hospital, ta c6
f(z) , 3 In(z — 2) . lln(z —2)
r—+o00 g(x) T oot 323 12211 Inz aotw3 Inz
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1 -1
= lim -2 =

16 0,+
x—H—oo?)% _g (7 OO)

Mat khac Jrfoo g(x)der = Jrfoox_?’ Inzdx hoi tu (Dung tich phan timg phan vé6i
u=lInx, ’ ’
dv = x73dx). Vay I, hoi tu.
3.8.3. Hoi tu tuyét doi va ban hoi tu
+ Tich phan suy rong Jrfoo f(x)dx dugc goi la hoi tu tuyét doi, néu Jrfool f(x)|dx
hoi tu. ’ ’

+oo +oo

+ Tich phan suy rong [ f(z)dz dugc goi 1a bdn hoi ty, néu [ f(x)dx hoi tu va

a

+00
tich phan [ |f(z)|dz phan ky.

Dinh ly 3.39. (khong chitng minh)
+00 +00
Néu [ |f(x)|dx hoitu, thi [ f(x)dx ciing hoi tu. Diéu nguoc lai co thé khong
dﬂng.a ’
Vi du 3.40. i) Xét su hoi tu ciia tich phan

+o0o

e [
X

ii) Cho tich phdn

Chitng minh rang: Is bdan hoi tu.

Gidi i) Ta c6

|cosz| 1
S -

0="—73 2

X

+00

1

X X
1

Do d6 I, hoi tu (Do dinh 1y 3.39).
i) Iy hoi tu.
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That vay,

+00 +00
sin x 1 cosx +00
I, = / dx = / —d(—cosz) = / — cosxdzx.
x x
1 1
+00
Ma lim icosz=0vatheoi), 1 = [ %dx hoi tu. Do vay I> hoi ty.
X

T—>+00

[t

I khong hoi tu tuyét doi.
That vay, tir bat dang thic

smx‘ LV L
T T
_l’_
ta xét tich phan J = [ sin” (L
1
71— cos2 11 [eos?
— cos 2z cos 2x
J= [ 2T 2 L — dz.
/ 2x ‘ 2/3: \ / 2x ‘
1 1 1

Tuong tu nhu [, ta d& dang chiing minh duoc [ %dw hoi tu. Tu
1

T b—+o00 1

—|—oo1 ;
/—dx = lim lnx‘ = 400
1

sm xT

+00
suy ra JJ = +oo. Hay [ dx phan ky. Vay I, khong hoi tu tuyét doi.
1

3.9. Tich phan suy rong voi can hiru han
3.9.1. Dinh nghia
+ Cho ham s6 f(x) kha tich trén [a, c] Ve € (a,b) va lim f(x) = oo. Khi d6

r—b~
I = lim /f(x)dx
c—b—
b

dugc goi 1a tich phan suy rong vé6i cuc diém b va ky hiéu 1a [ f(x)dz. Néu I ton

b
tai hitu han, thi [ f(z)dz dugc goi 1a hoi tu. Nguoc lai, goi la phan ky.
+ Cho ham s6 f(x) kha tich trén [c,b] Ve € (a,b) va lim f(z) = oco. Khi d6

r—at
b
I = lim /f(x)dx
c—at
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b
dugc goi 1a tich phdn suy réng véi cuc diém a va ky hieu 1a [ f(z)dz. Néu I ton
b
tai hitu han, thi [ f(z)dx dugc goi 1a hoi tu. Nguoc lai, goi 1a phan ky.
+ Cho ham s6 f(x) kha tich trén [c,b] Vc € (z,b), va [a,c] Ve € (a,zp) va
b

lim f(z) = oo. Khi d6 f f(z)dx duoc goi 1a tich phdn suy réng véi cuc diém

T—Xo
i) b
ro. Néu f f(z)dx va f f(z)dz hoi ty, thi [ f(z)dz duge goi 1a hoi tu. Ngugc

lai, goi la phan ky.
+ Cho ham s6 f(z) kha tich trén [c,b] Vb > ¢ > a va lim f(x) = oco. Khi d6

c—at

[ f(z)dx dugc goi la tich phan suy réng vé6i cuc diém xy va can vo han. Néu

b 400 400

[ f(z)dxva [ f(x)dx hoity, thi [ f(x)dx dugc goila hoi tu. Nguge lai, goi
a b a

la phan ky.

Vi du 3.41. Tinh tich phdn suy rong

b

/ (a < b,a € R).
(x —a)®

Giai Néu « > 0, thi $1L]f£1+ ﬁ = 400 = z = a la cuc diém. Ta xét cic trudng
hop sau:
+ Néu a > 1, thi

b

/(xia;)aa/b(x—a)ad(x—a) (1—04)(;—@)04—1 Z:+oo.

a

+ Néu o = 1, thi
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Nhu vay
b
/ dx 400 néu o > 1
(

T —a)® 1

" W néu a < 1.

3.9.2. Quan hé giira hai loai tich phan suy rong

Xét tich phan suy rong vdi can hitu han c¢6 cuc diém a

/bf(x)dx

Déibié’nx:aJri—>a+<:>y—>+oo,tacé

b b o y
. . 1 (—d _ fla+1)
[ rws =t [ s i [ e S0 - i [,
a C y

Nhu vay

b +00 1
[swrte= [ gt s o) =L 0=

3.9.3. Cac dinh ly hoi tu

Tuong tu nhu chitng minh déi véi tich phan suy rong véi can vo han. Ta ¢6 céc

dinh 1y dudi day.

DPinh ly 3.42. (Ddu hiéu so sanh)

Cho cdc ham s6 0 < f(x) < g(z) Vz € [a,b) va lim f(x)= lim g(z) = +oo.
x—bt x—bt

Khi do ,

b
- Néu [ g(x)dx hoi tu, thi [ f(x)dx hoi tu.

b b
- Néu [ f(x)dx phdn kp, thi [ g(x)dx phdn ky.

Vi du 3.43. Khdo sdt su hoi tu cua tich phdn

1
1
/l nx’dm (o € R).
0
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Gidai Truong hop 1. Néu a < 1, Pat e = 1 — a, khi d6 € > 0. Ta c6

|Inz| |lnz| z2|lnz|

T o rl—e o xl—%

Tu lim z2|Inz| = 0 suy ra ton tai o sao cho
x—0t

zi|lnx| <1 Vo € (0,2).

Vay

|lnz| 2%|Inx] 1
o = o <7 Vo € (0, x).

1
Theo vi du 3.41,tacé [ —L_dz hoi tu. Khi d6, theo dinh 1y 3.42, tich phan I hoi
0 x

-3
tu.
DPinh 1y 3.44. (Ddu hiéu gioi han)
Cho cdac ham s6 0 < f(x),0 < g(z) Vz € [a,b), lim f(z) = lim g(x) = +oo.
r—bT z—bT

va

lim M = M > 0.
r—bt g(x)
Khi do

b b
- Néu M € (0,400) thi [ f(x)dx hoi tu khi va chi khi [ g(x)dx hoi tu.
b ‘ b ’
- Néu M = 0va [ g(x)dz hoi tu, thi [ f(x)dx hoi tu.

b b
- Néu M = +oo va [ g(x)da phdn ky, thi [ f(x)dx phdn ky.

Vi du 3.45. Khdo sdt su hoi tu cua cdc tich phdn sau

1
I = dr i |k| < 1.
1 Of IR %]
1
I, = dx
2 g‘ 3/ x(er—e—7)
I; = 2 In(sin x) dx
=
Gidai
- Xét 1.
Do |k] < 1nén1— k*z? >0 Vx € [0, 1]. Xét gidi han
, 1
lim = 400.

1 /=)~ k)
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Vay z = 1 1a cuc diém.

bat 1 1 1
o= =o' S T =

flz) 1

1
= lim ——= = lim = € (0, 400).
v=1- g(x)  a=1m /(1 + z)(1 — k222) 2(1 — k2) ( )

1
Theo vi du 3.41, Of A oi ty. Khi d6, theo dinh Iy 3.4, T; hoi ty.
- Xét Is.

Xét gi6i han

6.13

1
li = lim ¢/— = :
i aler—e ) e Ve —1) T °
bit g(z) = \3/%, suy ra
fle) 1
1 = € (0; +00).
2w - B
1
Ma [ g(x)dz = 3 hoi tu. Vay I hoi tu.
0
- Xét Is.
Dé dang thay x = 0 1a cuc diém. Dat
In(sin z) . 1
fla) = __?JZ?__7g(x):: oy VoL A € (571)-

Theo quy tac L'Hospital, ta c6

. cot x
= lim -
=0 (L — )3
. 23X
= lim —
207 (3 — A) tanz
23 tA

1
Theo vi du 3.41, [ g(z)dz hoi tu, nén I3 hoi tu.
0
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BAI TAP CHUONG 3.

Bai 3.1. Dung dinh nghia, tinh céc tich phan sau:

3) / cos 3zdx
0

Bai 3.2. Dung t6ng tich phan, tim céc gi6i han sau:

1 1
1) lim ( + bt

)

n—soo\n+1 n-+2 n+n
2) . 1( 12 L 22 T n2
im —
nsoon2\n+1 n-+2 n+n
12 222 (n_l) nlnL2
3) lim ((1+ 1+ 5 )2 )
4) 1i ( bt
nl_{go n2+12 n2+22 n2+n2
(142434 .+
5) lim < >
n—00 ‘/714
1 1 1
6 lim< + NI )
) n—00 \\/4n? — 12 4dn? — 22 4n? — n?
7 1 ( Lt o )
im n
nsoo \(n+4+1)2  (n+2)? (n+n)?
2 (n—1)m

9) lim —
n—oo 1

1 1
10) lim sin 7T( _ 4
n—00 2+ cosit 24 cos

Bai 3.3. Tinh cdc nguyén ham sau

22t 4+ 52 — 2
1>/x—|—x dz.
203 —x — 1

2+cos%7T

ds :

ds :

ds :

ds :

ds :

ds :

ds :

ds :

ds :

Dl |0 NI~ W A 5
2 50 A Sl Sl e g
|

ds :

ds: 1.

ds: —

In 2.

w

1
ds : §x2 +1In|z — 1] + In(22* + 22 + 1) + arctan(2z + 1) + C
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(x — 1)( xQ—x—i—l)
vt +1

/
/ ds.
e

dx.

3T+ 5
x2—|—2x+2
2d9:

)3
/ x+\/x27

)/xsm 2+ Inz)
8) 2T~ \/mdx.
V1— a2
dz

it — 1
10) / dx .
(x —1)2Va2+1

9)

. ds:

ds :

ds :

ds :

ds :

ds :

ds :

ds :

ds :

| |x—1’ 10 ; 20 — 1 1 2¢z—1
n — arctan — = .
T 3v3 V3 32 —x+1
1 1 1 1
1 itz —1—-l|r -1+ ——+C.
n|x|—|—x—|—2n|x | 211].7: | + +1+
20 — 1

t 1)+ C.
2T+ 21 D) + arctan(z + 1) +

1 1+ _}_133—2_}_1 ; L
— — —arctanx + C.
2(1+22)? 422+1 4

g(gﬁ V@) —z4C

—cot(2+Inz) + C.

2
— 21— 22— “Varcsin®z + C.

Bai 3.4. Dung phuong phdp déi bién, tinh céc tich phan sau

1)/(\/4i

d
2)/756.
2+ cosx
1

vl

ds:——l.

ds :

ds: ———=

ds :

ds: — — V3.

ds : —.
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ds :

ds :

ds :

ds :

Bai 3.5. Dung phuong phdp tich phan tiing phan, tinh céc tich phan sau

3

1) [ x”arctanzdz.

2) [ e*sinxdz.

3) [ 23e*dx.
arcsin x

4 dx.
) Vit

5) [ In(1 + tanz)dz.

X

6
) 142

arcsin

7) [ (zsinz)*dz.

8) [ cos(Inx)dz.

T T Ty T T T T T T —

dx.

140

ds :

ds :

ds :

ds :

ds :

ds :

ds :

ds :

1

6.
1
§(€7T + 1)

1
5(62 + 3)

7T\/§—4.

mln2

(0]

o] &
|
B

NE



2
9)/xlog2xda:. ds:2—41 5
n
1

2

10) / V4 — 22dx. ds: 7.
0

Bai 3.6. Tinh céc tich phan sau theo cong thiic truy hoi.

2

—1
I, = /sin” xdr. ds: I, ="

I, .

22n(n!)2

1 — 22)"dx. ds: I, = .
(1—a27)dz > 2n + 1)!

T

n . —
cos" x cosnxdz. ds: [, = SnEL

0
1
0/
)1, = /ln” xdx. ds: I, = e(l +n+..+23...(n— 1)n) —nl.
1
0/

Bai 3.7. Choa > 0,b > 0, ¢ > 0, tinh dién tich hinh tao bdi cac duong cong

l)z—j—F'Z—j:l. ds : mab.
2)y? = 2%(4 — 2?). ds : 4%
3)y* = 2px, 27py* = 8(x —p)® (p > 0). ds : 88];2\/5.
4)x = a(2cost — cos2t),y = a(2sint — sin 2t). ds : 6ma’.
5)x = 3%,y = 3t — . ds : 725—\/3
6)r = %ZCOSQt,y: C—;Singt A =a’— b ds : 387;Cb4'
T)r = asin 3p. ds : 7;—6;2.
8)r? + p? = 1. m:%
9)r = acos by. ds : %Cﬂ.
10)r? = a* cos 2. ds : a’.
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Bai 3.8. Tinh do dai cdc dudong cong

1
1)y = 2w O§x§§. ds: V2 +In(1+v2).
2)9y* = 4(3 — %),y > 0. ds:m.
T T a

3)y = Incosx O§x§a<§. ds:lntan(zqti).

2 2 4 3—63
4)xzc—cosgt,y:6—sin3t. & =a?— b ds:u.

a b ab

5)r = cost +tsint,y =sint —tcost 0€[0,2x]. ds:27°

1
6)r = ch®t,y = sh®t 0<t<h. ds:§(7—1>.
8\ \/ch(2b)
7)r =a(l+ cosgp). ds : 8v/2a.
a T T
8)r=—o— << —. d:(2 In(1 2).
i e ;<@sy G:a(V2h(l+ v
. 3¢ 3ma
- ‘. ds: ¢,

9)r = asin 3 St

1 1 1
10)g0:§(7“+—) 1 <p<3. ds:2+§ln3.

r

Bai 3.9. Tinh thé tich ctia vat thé tao bdi cac dudng cong

2 P 22 4

1) + = B —|— — =1. ds : g?TCLbC.
2 .2 2 16 4
2)z® + 5 = a’, 2% + 2F = a’. dszga.
2 2 Arab
3)224—%—1 z—gx,z:(),a,b,c>0. ds : 7T§LC
16
1)z =bla— ), 2> +y* =ax a,b>0. ds : Eaz\/%.
2 g o
5)§+§:1,0<z<a. dS:T'
3
6)r+y+22=1,2=0,9y=02=0. ds:%.
3 3
Ty = b(§> 3, r <z < a, quay xung quanh truc Ozx. ds : ?7TCL52.
a
8
8)y = 2z — 2%,y = 0 quay xung quanh truc Oy. ds : ?ﬂ
4rrab?
9y = b(z)z, y = b[§| quay xung quanh truc Ozx. ds: ¢
a a 15
10)2? + (y — b)*> = a®, 0 < a < b quay xung quanh truc Oz. ds : 27%a?b.
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Bai .10. Tinh c4c tich phan suy rong sau

400
1 2 2 1
| ). ds: =+ -In3.
)/ x2—1+(a:+1)2 g > 3+2n
2
400 J !
rdr
2 —. ds: —.
)/(x2—|—1)3 e
V2
+o0 b
3)/e_axsinbxdx, a > 0. ds:m.
0
"Farctan zd In2
arctan zdx T In
4 . =+ —.
)/ p ds 4+ 5

1

400
dx
5 _— ds : In(1 2).
)1/$\/1+x2 s+ Inf +\[)

1
6)/M, g4s . TAn2
x 2
0
/ In2
7)/xcot:13da:. dszﬂgl :
0
/ In2
8)/1n(cosx)dx. ds : _7211 :
0
+00 | d
xInzdr
9 —. ds : 0.
) / (24 1)? >
0
/ Inzd
nxdr
10 : ds : —4.
) \/E S
0
Bai 3.11. Khao sat su hoi tu ctia cac tich phan sau.
o0 2o
) [ 2 ds - hoi tu.
V2rt—x+1
1
+00 |
2) / dx. ds : phan ky.
: 4x —logy x
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+00

1
3 ——dx.
)/x3ln5x v

2
—+00

4) / (2% — bz + 8)2 "dx.

1
—+00

5) / cosx—;:os 9xd9:.
T

0
+00

1—2xsin3
6>/$d$

/ — arctan dx.
+x

7111% dx.
/ Va2 —1
400
e

“+00

10>/:130‘(x+2)dx
3r+1

8)

0

Bai 3.12. Khao sat su hoi tu ciia cac tich phan sau.

21
Ldx.

In(1 + vx2)dx
Vrsiny/r

144

ds :

ds :

ds :

ds :

ds

ds :

ds :

ds :

ds :

ds :

ds :

ds :

hoi tu.

hoi tu.

hoi tu.

hoi tu.

: phan ky.

hoi tu.

hoi tu.

phan ky.

hoi tu.

hoi tu.

hoi tu.

phan ky.



16 — x4

rdx
1 —z[3]

/ d
x
9 —_—
)/233 — cos 3
0

dx.
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ds :

ds :

ds :

ds :

ds :

ds :

phan ky.

hoi tu.

hoi tu.

phan ky.

phan ky.

hoi tu.



CHUONG 4. CHUOI SO VA CHUOI HAM

4.1. Chuoi so
4.1.1. Pinh nghia
+ Cho day s6 thuc (a,) (hay phtc). Khi d6 téng vo han

ap+ag + ...+ ay + ...

+00
dugc goi 1a chuoi s6 thuc (twong tng: Chudi s6 phic) va dugce ky hiéu boi > a,,
n=1
a, duoc goi la s6 hang thir n cta chudi so.
B . +0o B +00
Vi du: Chuodi diéu hoa: > L chubdi Riemann > L.
. n n
) . +oo
+ Tong riéng thi n cta chudi s6 > a, la
n=1

n
Sn: E apr.
k=1

400
+ Chubi s6 > a, dugc goi 1a hoi tu t6i S, néu lim S, = S. Khi d6

n—1 n—00
R,=5-25,
N +OO
dugc goi 1a phdan du bde n cua | a,,. Nguoc lai, dugc goi la phdn ky.
n=1

Vi du 4.1. Khdo sdt su hoi tu hay phdn ky ciia tong vé han cdp sé nhdn voi cong

boi q
400
> 4" q#0.
n=0

Gidi Xét téng riéng tha n 1a S, tong hitu han cdc s6 hang cia mot cdp s6 nhan

(q#1)

n—1 q"—1 A
1— néuqg+#1
1
Sn - qk = K
=0 n néu g = 1.
Vay
)
1 A
o e néu ¢l < 1,9 #0
) IRRT ko . A . »
nll—>rgo S, = nh_g)lOkz%q = { khong ton tai néu g < —1
+00 néu g > 1.
\
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+00 too
+ Chubi s6 > a, dugc goi 1a hoi tu tuyét doi, néu > |a,| hoi tu.
n=1 n=1
+00 +00
> a, hoituva > |a,| phan ky.

+0o0
+ Chubi s6 > a, dugc goi 1a bdn hoi tu, néu
n=1

4.1.2. Céc diéu kién hoi tu

Dinh ly 4.2. (Cauchy)
+00

Chuoi s6° >, a,, hoi tu khi va chi khi
n=1

Ve > 0,3ng,Vn > ng,Vp € Nt |api1 + ango + ... + angp| < €

Chiing minh. Ton tai gii han lim S, khi va chi khi day (.5,) 1a ddy Cauchy (xem

n—oo

chuong 2, muc 2.7) khi va chi khi
Ve > 0,3ng,Vn > ng, Vp € Nt |S,4,—Sh| < € & |ant1+anio+...+anty| <€
]

Vi du 4.3. Chitng minh rdang chuoi diéu hoa
1 11 1
Y oSl sttt
n 2 3 n

n=1

phdn ky.

Giai V6i moi n € N*, ta c6

Sap — S| = L + L + +1>1+1+ +1—1
Tl T2 " o T on o T o o

+00
Theo dinh 1y 4.2, chudi hicu hoa ) % phan ky.
k=1

+00
Pinh 1y 4.4. Néu chudi " ay, hoi tu, thi
k=1

lim a,, = 0.
n—o0

Chitng minh. Ap dung dinh 1y 4.2 v6i p = 1 hay
Ve > 0,3ng,Vn > ng: |ay1| <e.
Hay lim a, = 0. O
n—o0
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Vi du 4.5. Khdo sadt su hoi tu hay phdn ky ciia chudi sé

Xom?2_3n-1
n2—>5n—3°

n=1

Giai Xét giGi han

on? — 3n — 1
noon T =270,

lim a, = lim
n—00 n? — hn —

Theo dinh 1y 4.4, chudi phan ky.

) _ too ; 400
Pinh 1y 4.6. Néu chuoi > a,, hoi tu tuyét doi, thi > a, hoi tu.

n=1 n=1
Chitng minh. Theo dinh 1y 4.2, day ) |a,| hoi tu khi va chi khi
n=1
Ve > 0, Ing, Vn > ny : ‘|an+1] + |apio]| + ... + |an+p]‘ <e€

(pt1 + Qpyo + .o+ an+p‘ < ‘|an+1\ + |anso| + .. + |an+p" < €.

Do d6, ta c6

Ve > 0,dng, Vn > ng :

Ap+1 + Apio + ... + an+p’ < €.
+00
Vay nzzjl a, hoi tu. O
4.1.3. Cac tinh chat
Dua vao dinh nghia, ta dé dang chiing minh dugc cédc tinh chat sau:
+ Tinh chdt 1 Chubi s6 Jio a, hoi tu hay phan ky khong phu thuoc vao tong hitu

n=1
han cédc s0 hang dau tién. Hay

+oo +00
Zan hoi tu (phan ky) < Z a, VYng > 1.
n=1 n=no

400 +00
+ Tinh chdt 2 Néu chubi 86 ) a,, hoi ty, thi chudi s6 ) Aa, A € R hoi tu.

n=1 n=1

+00 +00
+ Tinh chdt 3 Néu hai chudi s6 ) a, va > b, hoi tu, thi
n=1 n=1
+0o0 400 400
S o) = S+ b
n=1 n=1 n=1
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+ Tinh chdt 4 Chubi s6 phl’rc

Z 2p = Z (Rez, + ilmz,)

n=1

hoi tu khi va chi khi
+00 +00
g Rez, va g Imz, hoi tu.
n=1 n=1

4.2. Chuoi s6 duong
4.2.1. Dinh nghia

+00
Chubi s6 thuc ) a, dugc goi la chudi s6 duong, néu a, > 0 Vn € N*,
n=1

Tu dinh nghia, ta nhan thdy rang diy so (S,,) don diéu taing. Do vay, chubi s¢
400
duong > a, hoi tu khi va chi khi day s6 (S,,) bi chan trén.

n=1
4.2.2. Cac tiéu chudn hoi tu Khio sit su hoi tu clia chubi s6 duong
+00
S
n=1

Dinh ly 4.7. (so sdnh 1)
N +00 (1) 400 (2)
Cho hai chudi sé duong > a, va Y, b, thoa mdn
n=1 =

a, < b, Yn > nyg.
Khi do
+ Néiu (2) hoi tu, thi (1) hoi t.
+ Néu (1) phdn ky, thi (2) phdn ky.

Chiing minh. Dat

Sn:zn:ak, Snzzn:bk

k‘:no k:no
Ta c6 (2) hoi tu khi va chi khi tén tai M sao cho S,, < M Vn > ng. Tir bat dang
thiec,
angb Yn>ng=25S, <M VYn > ny.

Vay Z a, hoi tu hay Z ay, hoi tu.

k= no
Néu (1) phan ky, gia su (2) hdi tu, theo chitng minh trén, ta cé (1) hdi tu, trdi gia
thiét. Vay (2) phan ky. O
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Vi du 4.8. Khdo sadt su hoi tu hay phdn ky ciia chudi sé
+o00

n
2 T

n=1
Gidi Tix bat dang thic e > 3z Vz > 0 suy ra
n n 2

2
—— < S < =< —= YneN :={1,2 ..}
e tn—1-"e? “nd p2 " {12}

Ma
1 1 1 1 1 1 1
S, ==+ —=4+.+t—=<1l+—+—4 . +—=2——< 2
zreT +n2 +1.2+2.3jL +(n—l)n n
+00
Vay day s6 duong (S,) hoi tu. Hay chudi s6 duong ) -5 hoi tu. Theo dinh ly
n=1

+00
4.7, chubi s6 > —"— hdi tu.
=1 e 4+n—1 :
Dinh ly 4.9. (so sdnh 2)

(1) (2)

B i +00 —+00
Cho hai chuoi sé duong > a, va >, b, thoa man
n=1 n=1
a
lim — = M > 0.
n—oo by,

Khi do

+ Néu M € (0,+00), thi (1) hoi tu (phdn ky) khi va chi khi (2) hoi tu (tuong ting:
phdn ky) .

+ Néu M = 0 va (2) héi tu, thi (1) hoi tu.

+ Néu M = +o0 va (2) phdn ky, thi (1) phdn ky.

Chitng minh. + Néu lim ¢ = M € (0, 400), thi

n—oo bn

Ve € (0, M), 3ng, ¥n > np = |% M| <e= (M= )by < ap < (M + €)by,.

Theo dinh 1y 4.7, ta ¢6 (1) hoi tu (phan ky) khi va chi khi (2) hoi tu (tuong tng:
phan ky).
+ Néu lim %= = M =0, thi

n—oo bn

a
Ve > 0, Ing, Vn > ny = |b_n| <e=a, <ceb,.

n

Theo dinh 1y 4.7, néu (2) hoi tu thi (1) hoi tu.

+ Néu lim % = 400 = lim % = 0. Khi d6, ching minh twong tu nhu trén. O

n—yo0 On n—oo dn
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Vi du 4.10. Khdo sdt su hoi tu hay phan ky cua

400
2
Z nsin® =
n=1 n
Gidi Dit
2 1 " sin? 2
a, =nsin? =~ >0 Vn € N, b, = — = lim I im — =4 € (0,+00).
n n n—o0 Oy, n—r00 o
Ma chubi diéu hoa
+00 +00 1
b, = — phan ky.
5= 3L puniy
n=1 n=1
400
Vay > nsin® 2 phan ky.
n=1
Dinh ly 4.11. (D'Alembert ')
400
Cho chudi s6 duong >, ay, thda man
k=1

lim &1 = p > .

n—oo aTL

+00
-Néu D < 1,thi > ai hoi tu.
k=1

400
-Néu D > 1, thi > ay phdn ky.
k=1

+00
-Néu D =1, thi > ay chua két ludn duoc.
k=1

Chitng minh. - Néu lim “>= = D < 1, theo dinh nghia

n—oo @n

Ve € (0,1 — D),3ng,Vn > ng = |an+1 —D|<e=apni1 < (D+¢€)a, = q.ay,
a

n

véig=D+ec (0,1).
Khi dé )
Thay n = ny = Apgt1 < Apoq

Thay n =ng+1 = anyro < Gpgr1q < Anyq

\ Thay n =ng +k = an it < anyq~

116.11.1717-29.10.1783, nha Todn hoc va Triét hoc Phdp Jean Le Rond D'Alembert c6 céc cong trinh nghién ctu
trong Iinh vuc Todn hoc lién quan dén s phic, giai tich va 1y thuyét xac suat. Nam 1754 ong dugc bau vao Vién
Han l1am khoa hoc Phép.
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400 400
Vi chubi s6 z an,q" hoi tu, nén > ay, hoi tu, suy ra Y a; hoi tu.
k=1 k=ng k=1
- Néu lim = = D > 1, theo dinh nghia

n—oo @n

Ve € (0,D —1),3ng,Vn > ng = ’Cln+1 —D|<e=apy1 > (D —é€)a,

n

v6i g = D — € > 1. Nhu vay

Api1 > Ay > Qpy YN > np > 0= lim a, # 0.

n—o0
+00
Theo dinh 1y 4.4, ta c6 > a; phan ky.
k=1

Vi du 4.12. Khdo sat su hoi tu cita chudi sé

Gidi Dat

_qana

| " n 1 1
an:lélimaﬂzlim( n ) = lim —— =-< 1.

n-+1 n—00 (1+%>n o

Theo d4u hiéu D'Alembert, ta c6 Z hoi tu.

Dinh ly 4.13. (Cauchy)
400

Cho chudi sé duong >, aj, thoa man
k=1

lim /a,, =D > 0.
n—oo
i +00
-Néu D < 1,thi > ay hoi tu.
k=1
i +00
-Néu D > 1, thi > ay phdn ky.
k=1

+00
-Néu D =1, thi > ay, chua két lugn duoc.
k=1

Chitng minh. - Néu lim y/a, = D < 1, theo dinh nghia

n—oo

Ve € (0,1 — D),3ng,Vn > ng = |Va, — D| < e = Ja, < D+¢€=a, <",
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v6ig=D+e€e€ (0,1).

Ma chubi
+00 qno
d ¢ = (hoi tw),
l—gq
k:no
+00 +00
nén »_ ay hoitu, suy ra »  ay hoi tu.
kzno k=1
- Néu lim {/a, = D > 1, theo dinh nghia
n—oo

Ve € (0, D—1),3ng,Vn > ny = |Va,—D| < e = a, > D—e>1=a, > 1.

400
Theo dinh 1y 4.4, ta c6 > aj phan ky. O
k=1

400

Vi du 4.14. Cho chudi sé duong > ay ¢6 lim a, = a € (0,+00). Khdo sdt su
k=1 n—oQ

hoi tu hay phdn ky cia chuoi s sau

+00 T
Z(_)k voi x> 0.
k=1

ayg

Giai Ta ¢c6

Theo dinh 1y 4.13, ta ¢6

+ Néu z € (0, a), thi hoi tu.

+ Néu z € (a,+00), thi phan ky.

+ Néu = = a, thi chubi trén cé thé hoi tu va c¢6 thé phan ky. Ta xem cdc trudng
hop dac biét sau.

Truong hop 1: a, = /n = lim a, =1 = a=1= z. Khi dé

n—oo
=Xz =1
Z(a) = Z - phan ky.
k=1 k=1

Truong hop 2: a, = vVn? = lim a, = 1= a =1 = z. Khi d6

n—oo

+00 +00
1

Z_j(f—n)” == hoitw

k=1
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Dinh ly 4.15. (tich phdn)

Cho ham so' f(x) duong, giam trén [1,+o0) tha man
f(n)=a, Vn € N".

~ too oo

Khi dé, chudi so duong >, aj, hoi tu (phdn ky) khi va chi khi [ f(x)dx hoi tu

k= 1

=1
(tuong ung: Phdn ky).

Chitng minh. Do ham f(x) giam trén [1,+00), nén

n<z<n+le f(n+l) < flzx)<f(n)eas < flz)<a,=

n+1 n k+1
i1 < / f(x)dx <a, Yn=1,2,...= Spy1— a1 < Z / f(x)dx < S, =
J k=1 %
n+1

Spt1—ar < / f(z)dz < S,
1
Theo dinh 1y 4.7, ta ¢6 di€u cin chiing minh. O

Vi du 4.16. Khdo sdt su hoi tu hay phan ky cia chudi Riemann

>
no’
k=1
Giai Dat
1
a, =— = f(n) v6i f(x) =— >0 Vo > 1.
« xOé
Theo vi du (5.34),
70031; ﬁ néu o > 1
/ e phanky néu a <1.
Vay
+o0
-Néu o > 1, thi ) - hoi tu.
k=1
; +o0
-Néu a <1, thi )] n% phan ky.

=1
4.3. Chuoi dan dau
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4.3.1. Pinh nghia Cho day s6 duong a4, as, ...

chudi s6 c6 dang

+o0o

.y, .... Khi d6 chuoéi dan ddu la

Z:(—l)k_la;C —a; —ag+ag— ...+ (=1)""ta, + ...

k=1

hoac

400
Z(—l)kak =—a;+ay—ag— ...+ (—=1)"a, + ...

k=1
4.3.2. Dau hiéu hoi tu

Pinh 1y 4.17. (Leibnitz)
Cho chudi dan ddu dang

+00
Z(—l)k_lak =a) —ay+az— ...+

k=1
thoa man diéu kién

+) lim a, =0

n—oo

(—1)"a, + .0

+) Day (a,) don diéu giam.

Khi dé chudi (*) hoi tu.

Chiing minh. Xét hai day con cla day (S,,) 1a (S9,,) va (Sama1). Ta cé

ng = (CL1 — CLQ) + (CL3 — CL4) 4+ ...+ (CLQm_l — agm).

Vi (a,) giam, suy ra ay — a4 >0 VE > 1= Sy, > 0.

Mat khac

Som = a1 — ((CL2 —a3) + (as — a5) + ... + (a2m—2 — G2m—1) + a2m> < aj.

Do d6 day con (.S3,,) don diéu tang va bi chan trén. Khi dé6

m—00

Theo dinh nghia,

Ve > 0,3dny,Vn > ny 1 |Say — S| < g
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Tir gia thiét lim a,, = 0, theo dinh nghia ta c6

n—oo
€
Ve > 0,3ny,Vn > no : |a,| < 5
bat ng = max{n, no}.
- Néu n chan, theo chiing minh trén ta cé |S,, — S| < e.
- Néu n 1€, suy ra n + 1 chan. Khi d6
€

2

€
[Sn = S| = [Snt1 = any1 = S| < [Spp1 = S|+ [ana] < §+ = €.

Theo tinh chat 2 cia muc 2.6, ta cé

lim S, = S.

n—oo

Vi du 4.18. Khdo sdt su hoi tu hay phdn ky cua dan ddu

f (—1)f
k—1Ink
k=1

Gidi Dat
fa)= — o )=

r—Inx

1
— (1 —— 1.
(x—lnx)2( x> <0 vr>

Khi d6 day s6 (a,) thdoa man céc di€u kién cua dinh ly 4.17 véi
1

an:f(n):n_lnnéglrgoanzo.

Vay chubi dan dau

hoi tu.

4.4. Chuéi ham

4.4.1. Pinh nghia Cho mo¢t day cac ham thuc fi(z), fo(x), ..., fu(x), ... xdc dinh
trén (a, b). Khi d6, tong vo han

+00
2 Jilx)?
k=1
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dugc goi 1a mot chudi ham xac dinh trén (a, b).
+ Ham s6 f,(z) dugc goi 1a so hang thit n ctia chudi ham (*).

+ Téng hitu han
Su(x) = fu(x)
k=1

duogc goi 1a tong riéng thir n cua chudi ham (*).
+ Diém x4 duoc goi 1a diém hoi tu (hay phan ky) clia chuéi ham (*), néu chubi

sO ;
> filwo)
k=1

hoi tu (hay phan ky).
+ Tap cdc diém hoi tu ctia chudi ham duoc goi 1a mién hoi tu ctia chudi ham (*).

+ Chubi ham (*) dugc goi 1a hoi tu déu t6i ham s6 f(x) trén mién D, néu
Ve > 0,3ng,Vn > ng : |Sy(z) — S(x)| < e Vx € D.

+ Néu chudi ham (*) hoi tu déu dén f(x), thi ham s6

duoc goi 1a phdn du bdc n cua chudi ham (*).
+ Chudi ham (*) duogc goi 1a Adi tu tuyét doi trén mién D, néu

n

> @)l

k=1
hoi tu trén mién D.
4.4.2. Cac diéu kién hoi tu déu

Cho chu6i ham

Z fk(x)(*)

k=1
xac dinh trén mién D.

Dinh ly 4.19. (Cauchy)

Chuoi ham (*) hoi tu déu trén mién D khi va chi khi
Ve > 0,3ng, Vn > ng,Vp € N 1 |S,4p(x) — Sp(x)| <€ Vo € D.
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400

Chitng minh. (=) Gia stt > fi(x) hoi tu déu trén mién D dén ham s6 f(x). Theo
k=1

dinh nghia,

Ve > 0,3ng,Vp € N : |S,1,(z) — S(z)| < % Vx € D.
Khi d6
Suip(@) = Sul@)] < |Sutpl@) = S(2)| + [Su(w) = S(a)| < 5 +5 =€ Vo € D,
(<) Gia st

Ve > 0,3ng,Vn > ng,Vp € N1 |S,,(z) — Sp(z)| <€ Vo € D.

V6i moi = ¢6 dinh, day s6 (S5,(x)) 1a mot day Cauchy. Theo tinh chat cla day
Cauchy (muc 2.7), ta c6

lim S,(x) =S(x) Ve € D = plgglo |Spip(z) = Sp(x)| = |S(x) — Su(z)].

n—o0
Két hgp diéu nay véi |S,+,(z) — Sp(x)] <€ Vp € Nyjz € D, tacé |S(z) —
Sp(z)| <€ Vn € N,z € D. Vay chudi ham (*) hoi tu déu trén mién D. O

Vi du 4.20. Chiing minh rang cdc chudi ham

2 n’
—~ (2?2 +1)
hoi tu déu trén R.
Gidi i) Dit
" (1)
S, () =
(z) Py 2+ k
Khi do
(_1)n (_1)n+1 (_1)n+p+1

B x2+n+1+x2+n+2 m+x2+n+p'
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Ta xét hai truong hgp cua p.
Truong hop 1: p 18.

’Sm—p(x) - Sn(x)l

1 1 1
x2+n+1_x2+n+2+m+x2—|—n—|—p
! L,
22441 a24n+2
1 1 1
+ ( ) +

P2Hn+p—2 224n+p—1 " 2+n+p

() )+

:x2+n+1 24+ n+2 24+ n+3
+( 1 1 )>
2?2+n+p—1 224n+p
1
- _ 4.1
24+n+1 (4.1

Truong hop 2: p chan.

[Stp() = Sn(2)]

1 1 1
B x2+n+1_x2+n+2+m_x2—|—n—|—p’
1 1 1 1
= ( )+ ( )

224n+1 22+n+2 224+n+p—1 224+n+p

= () )

r2+n+1 2+n+2" x224n+3
o 1 1 ! )

2?>+n+p—2 224+n+p—-1 224n+p

1

< _ 4.2

24+n+1 (4.2)

Tu (4.1) va (4.2) suy ra
1 1

1
|Ship(z) = Sp(z)] < <o <emn>- :>n0—[]
€

24+n+1

Theo dau hiéu Cauchy, ta c6 Z )n

i1) Tuong tu nhu trén, ta cling chu’ng minh duoc rang

5172

Sp10) = Su(2)| < 2y
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Theo cong thitc khai trién Newton
(a+b)" = Z CraFpr,

Ta cod

x 1 1 1
<—<e=>n>-=>ny=[-|+1

14+2%)" =1 N G —
(14+27) +nzt+ nw T <n - -

. . +0 _1\n—1,.2 . «
Theo dau higu Cauchy, ta c6 3~ ‘= hoi tu déu tren R.
n=1

400
binh ly 4.21. Cho |f,(z)| < ¢, Vn € N*, 2 € D va chudi sé duong . ¢, hoi

n=1
tu. Khi dé chuoi ham (*) hoi tu tuyét doi va hoi tu déu trén mién D.

Chitng minh. + Chubi ham (*) hoi tu tuyét doi trén mién D.
That vay, v6i moi xy € D cd dinh, ta c6

+o0
|fu(zo)] < ¢ Vn € N va Z ¢, hoi tu = (x) hoi tu tuyét doi.

n=1
+ Chudi ham (*) hoi tu déu trén mién D.
That vay,

+00
Tu > ¢, hoi tu, suy ra

n=1

Ve > 0,3ng, Vn > ng, Vp : |cot1 + Cps1 + oo + Cnayp| < €
Khi dé

[Snip(2) = Sn(@)| = [fur1(2) + fasa(2) + o+ farp(@)]
< o1 (@) + [frr2(z)[ + o+ [ farp()]
<cCpt1t Cpy1 + .o+ Cn+p
< €.
Theo dinh 1y 4.19, ta c6 chudi ham (*) hoi tu déu trén mién D. O
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Vi du 4.22. Chitng minh rdang chudi ham

+0o0 .

Z SN nox
nd+n—1

n=1

hoi tu déu va hoi tu tuyét doi trén mién R.

Giai Ta c6

+00 +oo |

Do chudi s6 ) | % hoi ty, nén theo dinh 1y 4.21, chudi ) | ~77*% hoi ty tuyét d6i
n=1 n=1

va hoi tu déu trén mién R.

4.4.3. Tinh chat cua chuoi ham hoi tu déu

Cho chudi ham
400
D fala)
n=1
hoi tu déu t6i ham f(z) trén mién D. Ta xét khao sat cac tinh chat cua ham f(x)

trén mién D nhu: Tinh lién tuc, kha vi,...

Pinh 1y 4.23. Néu chuéi ham
+00
> Jal@)
n=1
hoi tu déu toi ham f(x) trén mién D va cdc ham so fi(x) lién tuc trén mién D

vaoi moi k € N, thi ham sé” [ (x) lién tuc trén mién D.

+00
Chitng minh. Tt gia thiét » f,,(x) hoi tu déu t6i ham f(z) trén mién D. Ta c6

n=1

Ve > 0,3ng,Vn > ng : |Su(z) — f(2)] <§ Vo € D.

Do fi(z) lién tuc trén mién D v6i moi k, nén v6i méi n ¢6 dinh, S, (x) 1a mot
ham s06 lién tuc trén D. Hay

Ve>0,30 > 0,Y2 € D : v — x| < 8 = |Su(x) — Su(xo)| < %

Khi d6, v6i méi zy € D, ta c6

[f () = f(@o)| < [Sn(x) — f(@)| +|Su(x) = Sulzo)| + [Sn(wo) — flxo)| Vn = no

<e+e+e
3 3 3

= €.
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Vay ham s6 f(z) lién tuc tai diém (. Hay f(z) lién tuc trén mién D.

Vi du 4.24. Chitng minh rang chudi ham

+o0
Z z(l—x)"
n=1
khong lién tuc déu trén |0, 2).
Giai Xét gidi han
+00
;x(l—x) :JL%OSn( x) —T}l_gloz;l‘ 1— )"
0 néu =0

=z lim Z(l — ) =
n—o0
k=1

1 néu z € (0,2).
Vay ham so

400
= Z (1l —x)"
n=1
khong lién tuc trén [0, 2). Do d6, theo dinh ly 4.23, ta ¢6 chudi ham
+00
Z z(l—x)"
n=1
khong lién tuc déu trén [0, 2).

Pinh ly 4.25. Néu chuéi ham

hoi tu déu téi ham f(x) trén mién [a,b] va cdc ham so fi(x) lién tuc trén mién

[a, b] voi moi k € N, thi ham s6 f(x) khd tich trén tuc trén mién |a,b]. Hon nita

/b Fa)dz =3 / fula)da

Chitng minh. Theo dinh ly 4 23 ham s6 f(x) lién tuc trén [a, b]. Do d6 f(x) kha

tich trén [a, b]. Tl gia thiét Z fn(z) hoi tu déu t6i ham f(z) trén mien D. Ta c6

Ve > 0,3ng,Vn > ng : |S,(z) — f(z)] < %a Vx € D.
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Khi do

]/bsudx—/bf( dxH/b S(w) = flw))dal
s/b sn(x>—f(x)]dx
</bbiadx
Nhu vay b b
nll_)IEO Sn(x)dx:/f(x)dx.

g

Pinh ly 4.26. Néu chudi ham (*) hoi tu vé ham f(x) trén (a,b) va cdc dao ham
fi(z) k € N* thoa man:
i) fi(x) lién tuc trén (a,b),

400

ii) Y fr(x) hoi tu déu (a,b).
n=1

Khi do

+00
=) _filz) x € (ab).
n=1
Chitng minh. Theo dinh 1y 4.25, v6ia < x < xy < b, ta c6

ka vt € (a.b)

lién tuc trén (a,b) va

j (1)t = / if,;@)dt

= filz) = filxo) + fo(z) — falwo) + ...
= f(x) = f(zo).
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Pao ham hai vé€, theo dinh ly 5.10, ta c6

g(z) = f(z) & f(2) =) fi(x)
O

Vi du 4.27. Tim mién hoi tu cia ham f(x) va xét tinh khd vi ciia né trén mién do.

“+00

f@zzﬁﬁﬂ

n=1

Giai Ta co
|
n2 + $2 n?

va chudi z hoi tu. Do d6 ham f(z) c6 tap xac dinh 1a R.

n=1

Tiép theo, ti€n hanh xét dao ham dang

> sl = S EREE @ o)

n=1

Ta c6, ton tai ny = [2%] + 1 sao cho

9 D 9 9
n-sgnr — x|z n“+x on 2
< =— VYn>n
‘ m2+a22)?2 1= nt — nt n? v

Theo dinh 1y 4.21, chuéi ham ) f/(x) hoi tu déu. Theo dinh ly 4.26, ta c6 f(x)
n=1

kha vi trén R. Hon nita

(.¢]

Zn ’sgnz — x|z Ve € R
(n? + x2)? '

n=1
4.5. Chuoi liy thira
4.5.1. Pinh nghia

Chubi ldy thita 1a mot chudi ham c6 dang

(0. 9] (0. 9]
E a,x" hoac E an(x — )",

trong d6 xg, ay, : const va 2° = 1. Khi d6, cic s6 ag, a1, ... duogc goi 1a cic hé s6

cta chudi liiy thira.
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4.5.2. Tinh chat
Ta khao sat mién hoi tu cia chudi lily thira dang

oo

Z a,x”.*)

n=0
Pinh ly 4.28. (Abel?)
Néu mot chudi lity thita (*) hoi tu tai x, thi né hoi tu tai moi v : |x| < |xo|. Néu
mot chudi lity thiva (*) phdn ky tai x, thi né phdn ky tai moi x : |x| > |xo|. Khi
do

o0

R=sup{fro| - 3 anl hoi )

n=0

duoc goi la ban kinh hoi tu cua (*).

o0
Chitng minh. Giai st chudi s6 Y a,z{ hoi tu. Theo dinh 1y 4.4, ta c6

n=0
lim a,zf =0 < Ve > 0,3ng,Vn > ng: Ja,zf] < e
n—oo
Khi dé
X
Vo |2] < || & g = H e (0,1),
Lo
ta co
|ana”| = ’anxo-($_0> | = |ang] o |anagld” < eq".

S n . S . . ,

Ma chubi s6 ) eq" = ef_oq hoi tu, suy ra Zo |a,z"| hoi tu. Theo dinh 1y 4.7, ta
n=ng n=

¢6 (*) hoi tu tuyét d6i. Vay chudi ham (¥) hoi tu.

Bay gid’ ta xét truong hop (*) phan k¥ tai zo va |2| > |zo|. Gid sir (*) hoi tu tai

x. Theo ching minh trén, v6i xy : |z| > |z¢l|, ta c6 (¥) hoi tu tai xg, trii véi gia

thiét. Vay (¥) phan ky tai z. O
4.5.3. Quy tac tim ban kinh hoi tu

Pinh Iy 4.29. Néu

Qp+1
Qp

lim
n—oo

= p hodc lim 1/|a,| = p.
n—oo

25.8.1802-6.4.1829, Niels Henrik Abel 12 mot nha Todn hoc vi dai ngudi Na Uy, 6ng c6 cdc cong trinh nghién citu
lién quan cht yéu dén phép giai dai s6 ctia phuong trinh tdng quét bac 5 va 1y thuyét ham eliptic. Hermite timg néi:

"Nguoi da dé lai cong viéc cho cdc nha Todn hoc nghién ciiu trong 500 ndm sau".
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thi chudi ham (*) ¢6 ban kinh hoi tu duoc xdc dinh bdi:
+ Néu p € (0,+00), thi R = %.

+ Néu p =0, thi R = +00 va mién hoi tu D = R.

+ Néu p = +oo, thi R =0 va mién hoi tu D = {0}.

Chitng minh. Gia su rang lim
n—o0

anJrl
Qn

= p (trudong hop: lim /a, = p dugc chiing
n—o0

minh tuong tu).

+ Néu p € (0,+00) va |x]| < %, thi

+1

. |an+1xn ’ . Qp+1

lim ———— = lim
n

n—00 |anxn’ n—oo | @

1
lz] < p.— = 1.
P

Theo dau hiéu D'Alembert, chudi (*) hoi tu tuyét doi, suy ra chudi (*) hoi tu.

+ Néu p = 0, thi

. a xn+1 . a
lim [an 1™ = lim | ||z| =0 Vz € R.
n—00 |anxn’ n—o00 | Ay,

Vay chubi (*) hoi tu v6i moi x € R.
+ Néu p = +oo va |z| > %, thi

. a xn+1 . a

lim lan @™ |7 lim ‘ 2zl > 1 Vo e R\ {0}

n—oo lanaj’n’ n—oo a?’L
Theo dau hiéu D'Alembert, ta ¢6 chudi ham (*) phan ky. O

Vi du 4.30. Tim mién hoi tu cua cdc chudi liiy thita sau:

+oo 4

i
i)y .
n=0
+o0
n=1
+00 n

i)y (”fl)”2'

n=1

n

Gidi i) Dat a,, = . Khi d6

An+1
Qp,

= 0.

) 1
= lim
n—xn71+—1

lim

n—oo
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Theo dinh 1y 4.29, ta ¢6 mién hoi tu 1a D = R.
i) Pat a, = n". Khi d6

lim Gntl) _ lim n = 4o00.
n—oo | Ay n—00
Theo dinh 1y 4.29, ta c6 mién hoi tu la D = {0}.
i) bat a,, = (n+1) . Khi dé
n no 1 1
lima+1:lim( o ) =—-=R=—=c¢c
n—oo | @, n—oo \1, + 1 e p
Xét tai x : x = —e, chudi (*) c6 dang
+00 (_1 nen

Z( 1)
Tir vi du 2.8, day (e,,) : e, = (1 + %) don diéu tang dén e, suy ra

lim |1 HOO( ) 1.

n—00 (n+1
Vay chudi (*) khong hoi tu tai 2 = e va © = —e. Theo dinh 1y 4.29, ta ¢6 mién
hoitula D = (—e,e).
4.5.4. Tinh hoéi tu déu ctia chuoi luy thira

Pinh ly 4.31. Néu chudi liy thita (*) ¢é bdn kinh hoi tu R > 0, thi voi moi
R :0 < R < R, ta c6 chudi (*) hoi tu déu trén |—R', R].

Chitng minh. Vi R’ € (0, R), nén chudi s6

400

D lanR"|

n=0
hoi tu. V6i moi x : zg € [—R', R'], ta ¢6 |a,z)| < |a,R™| Vn. Theo dinh ly
4.21, ta c6 chubi (*) hoi tu déu trén [—R', R']. O

Pinh 1y 4.32. Cho chudi liiy thita (*) c¢é bdn kinh héi tu R > 0. Ddt

+00

f(z) = Z anx".

n=0
Khi do
i) Ham 6 f (x) lién tuc trén (—R, R).
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+oo T

i) [ F(0)dt = 3 [ ant"dt = z o ntl iy € (<R, R).
0 =0

n=00
ii) f'(x) = Z na,r" ! Vr € (=R, R).
n=1
Chitng minh. i) Do ham s0 a,x" lién tuc trén R Vn va theo dinh ly 4.31, ta cé
f(x) lién tuc trén (—R, R).
ii) Theo dinh 1y 4.25, v6i ham s6 fr(z) = a,x™ lién tuc trén [0, x| Va € (—R, R)

+00
va chudi > a,z™ hoi tu déu dén ham s6 f(x) trén (—R, R). Do vay, ta c6
n=0
t)dt = rdt =Y 2" Vo € (—R, R).
/f z/an S e e R R
~ +OO N
iii) Ta s& chiing minh chudi lily thita >~ na,2" ! hoi tu déu trén (— R, R).
n=1
That vay, v6i x € (—R, R) \ {0}, ton tai r sao cho |z| < r < R. Tu chubi s6
+0o0
> a,r" hoi ty, suy ra lim a,r" = 0, theo dinh nghia
n=1 n—o0
Ve > 0, dng, V> ng @ |a,r"| < e.
Khi d6
-1 n—1
ina,z" | = nla,|r" ‘ “ <2
roorir
n—1
Véizx: <oz hoi tu (theo d4u hiéu D'Alembert). Vay chudi liy
+o0 . Too
thira > na,z" 1 hoi tu trén [—r, r|. Theo dinh 1y 4.31, chuédi liy thira > na,z" !
n=1 n=1

hoi tu déu trén (— R, R). Vay ham s6 f(x) thda man tit ca cic gia thiét ciia dinh
1y 4.26, ta co ii1) dugc chiing minh. O

Vi du 4.33. Tinh tong

fl@) = -

3 n

Gidi Ta c6 chubi .
n— x"
fla)y=) (-1)"'=

n=1



hoi tu trén (—1,1). Khi d6
1
"()=1-— 2B+ (D)2 + ... = —— Vz| < 1.
f'(z) r+zt—a°+ ...+ (=1)"2" + T+ 2 ||

Lay nguyén ham hai vé&€

f(z) = / 1Cfx =In(l1+2)+C.

Thay = 0 vao f(z), ta nhan duoc
f(0)y=C=0.

Vay f(z) =In(l +2z) Vx € (—1,1).
4.5.5. Khai trién ham so thanh chuoi lily thira
Gia st ham f () c¢6 dao ham moi c4p tai lan can diém zy. Chudi Taylor cha ham

f(z) tai lan can cha di€ém x 12 mot chubi lily thira dang:

(o) f"(xo)

() (
5(a) = flao) + 00 (@ gy LA 2 4y L0

n!

(x—x0)" + ...

Trong trudng hop dac biét, chudi Maclaurin ciia ham f(x) tai lan can cta diém

xo 12 mot chudi liy thira c6 dang

(ORI VNI

F" ) .,

S(x) = f(0) + "+ ..

Vdn dé ma ta quan tam ¢ day la: f(x) = S(x)? Ta xét vi du dudi day.
Vi du 4.34. Cho ham sé

1,
1 e 2 néuzx#0

f(2) = 7= +plz) viip(z) = ;

Chitng minh rang: S(x) # f(x) Vo € (—1,1)\ {0}.

Gidi Ta dé dang chiing minh dugc rang
1 )(’f) k!

- Vk=0,1,2,..

#M(0) =0 va ( T

Khi do, ta cé

1l—2

fR0) =k Vk=0,1,2, ...
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Thay f*)(0) vao biéu thitc S(x), ta nhan dugc S(x) ¢ dang téng vo han céc s6

hang ctia cap s6 nhan 1ui vo han (cong boi ¢ : |g| < 1)

ARSI S| !

5(a) =Y T Wan oy o L L) = f(a) Ve € (~LD\(0),
n=0 ) n=>0

Khi nao thi ddu "=" xdy ra?

Pinh 1y 4.35. Néu f(x) khd vi moi cdp tai ldn cdn cia diém g va

(n+1)
nh—g)lo R,(x) = nh—g)lo ]En%ll(i)(x—xo)"ﬂ =0 voi & = Axg+(1—=N)zx, A€ (0,1),
thi f(x) = S(x). Hay
/ " (n)
£@) = )+ D gy D0 gy (T gy

Chitng minh Theo muc 4.5, ta c6

trong do
_ o S@0) . frE) el _
Bu(x) = (@ 20)”s Ralz) CES (# = o) 0
k=0
VOi & = Azg+ (1 — Nz, A e (0,1).
Khi d6

f(z) = lim R,(x)+ lim P,(x) = lim P,(x).

n—oo n—oo n—oo

g

Pinh 1y 4.36. Néu f(x) c6 dao ham moi cdp tai lan cdn cua diém g va trong
ldn cdn nay co

f®(x)| < M Vk €N,
thi f(x) = S(x). Hay

f'(2o)
1!

(x—xo)l+m(x—xo)2+...+

f(x) = f(xo) + o
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Chiing minh Ta c6

+00 oo

1 1

e n+l _ _ r o n+1 1 ac
nE:O e 1)!(q: x9)"" = (x —xp)(e” — ") = T?:O o 1)!(.7: x)""" hoi tu.
Theo dinh 1y 4.4, ta c6
: 1 n+l __ : 1 n+l __

dm @ TR = 0= lim el = ae[ T =0
Khi do,

lim |R,(z)| = lim |f(n+1)(£) (z — 20)""!| < lim |z — 20|" =0
noo oo (n—}—l)' 0 T n—oo (n—}—]_)' 0 e
Vay lim R, (x) = 0. Theo dinh 1y 4.35, dinh 1y dugc chiing minh. O

n—o0

Vi du 4.37. (Cong thiic Euler)
Chitng minh rang:

e = cosa 4+ isin a.

Gidi Theo cong thiic khai trién Taylor, ta dé dang tinh duoc ring

. $3 565 x2n+1
smx:x—g—i—a—...—i—(—l) 7(2n+1)!+
$2 $4 . :L,2n
cosle—ajtﬂ—...jt(—l) (2n)!+'"
v _ Jh® z? x"
e = —f—ﬂ‘{‘a—i-...—i-a—i—...
Chi y rang 72" = (—1)", ta c6
w o, dr o (ix)? (iz)"
e _1+i+ 9] + ...+ oy + ...
2 gt 20
s
TR Sl T
e I 20+
(=22 e )
tilo gt (D) Gnt 1)l

—=CoSx + ¢sinx.

4.6. Chuéi Fourier?

4.6.1. Chuoi luong giac

321.3.1768-16.5.1830, Joseph Fourier 14 mot nha Toan hoc ngudi Phap. Cic cong trinh cia 6ng vé Vat ly lién

quan dén 1y thuyét nhiét, vé Todn hoc lién quan dén céc phuong trinh vi phan va chubi luong gidc.
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La mot chudi ham sd ¢6 dang

ap

+00
5 + Z(an cosnz + b, sin nx),(*)

n=1

trong d6 ay, b, : const Vk € N.

Xét hé cac ham so
H = {1, cos z,sinz, cos 2z, sin 2z, ... }.

Ta dé dang ching minh duoc rang: Hé H ¢0 tinh truc giao, nghia la

™

/a(m)ﬁ(m)dm =0 Va(z) # B(z) € H.

—T
Ta xét su hoi tu déu cua chudi ham (*).
i B ,+u> +00 . B
Pinh ly 4.38. Néu hai chuéi so" > a, va > b, hoi tu tuyét doi, thi chuoi luong

n=0 n=0
gidc (*) hoi tu déu va hoi tu tuyét doi trén R.

Chitng minh Tu
\a,, cosnz + b, sinnz| < |a,| + |[b,] Vxr €R

va gia thiét cho hai chubi s Jio la,| va Jio |b,,| hoi tu, theo dinh 1y 4.21, suy ra
chudi luong giac (*) hoi tu dé\rilz(\)/é hoi tl_lntTlOyét doi trén R. O
Pinh 1y 4.39. Néu hai day so duong (a,) va (b,) don diéu giam va hoi tu vé 0,
thi chuoi luong gidc (*) hoi tu trén mién D = R\ {k27 : k € Z}.

Chiing minh Dat

n n

S, = Zan coskx, S,= Zan sin k.

k=1 k=1
+ Chitng minh rang: (S,,(x)) hoi tu trén D.

2 sin gSn(x) = a;2sin g coS T + a92 singcos 2¢ + ...+ a,2 singcos nx

= a1<sin(1 + %)x —sin(1 — %)x) + ag(sin(Z + %)x — sin(2 — %)x)

: 1 : 1
+ ...+ an(sm(n + 5).1: — sin(n — 5)1:)
it Dy~ arsind + 3 (s — o sk~ )
= apsin(n + =)x — a; sin = ap+1 — ax) sin(k — =)z
5 LS 5 2 k+1 — Ok 5
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1
|(ax_1 — ag) sin(k — =)x| < |ap_1 — ag| = ap_1 — ap va
2
n
Z(ak_l —ag) = a; — a, — a; khi n — oo,
k=2
theo dau hiéu Weierstrass, suy ra

n

1
Z(ak+1 — ag) sin(k — 5).1: hoi tu t6i Sy(z).
k=2

Két hop diéu nay véi
. . 1
nll_{{)lo a, sin(n + §)x =0,

ta 6 2sin £S5, hoi tu t6i —a; sin § 4 Sp(x). Hay (S,(7)) hoi tu t6i —F + == =
S(z) Vx € D.

+ Béng c4ch chitng minh twong ty, ta ciing chitng minh duoc rang chudi (S, (7))

hoi tu t6i S(z) khi n — co.

Vay chubi (*) hoi tu t6i S(z) + S() trén mién D. O
4.6.2. Khai trién Fourier cia ham so c¢6 chu ky 27

Cho ham f(x) xac dinh trén R va c¢6 chu ky 27. Ham s6 f(z) dugc goi 1a khai

trién duoc thanh chudi lupng gidc, néu ta c6 thé viet

400
flz) = % + Z(ak cos kx + b sinkx) Vo € R.
l=1

Khi do, n€u c6 thé chuyén dau tich phan qua tong vo han (xem dinh ly 4.25 ), thi

ta co

71— 71— 100 ™
/f(x)dx:/%dw—kZ/(ancosnx+bnsinnx)dx
-7 -7 n=1",

= Tay,

™

/f(x) cosnrdr = /an cos® nxdx

—T
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s ™

/f(x) sinnxdr = /an sin® nadz

= 7b,,.
Nhu vay, ta c6
(ao =1 f f(z)dx
(xx) < ap = % f f(x) cos kxdx
by =1 f f(x)sinkzdx Vk € N*.

\

Khi d9, ta goi chudi Fourier cia ham s6 f(x) 1a chubi lugng gidc c6 dang

400
a :
S(z) = EO + kE_l(ak coskx 4 bysinkz) Vr € R,

trong do, cac hé s6 ag, ag, by Vk € N* dugc xac dinh boi (**) goi 1a cac hé so
Fourier clia ham s6 f(x).
Vén d¢ ta quan tam la: Khi nao S(x) = f(x)?

Dinh ly 4.40. (Dirichlet*)

Cho ham so f(x) tuan hoan voi chu ky 2w thoa mdan mét trong hai diéu kién sau
trén [—m, 7|:

i) f(z)va f'(x) lién tuc tirng khiic.

ii) f(x) don diéu ting khiic va bi chdn.

Khi do, néu f(x) lién tuc tai xy, thi

f(l’o) = S(SE()),
néu f(x) gidn doan tai x, thi

S(xg) = %( lim f(z)+ lim f(x))

T2 =T,

(khong chiing minh).

413.2.1805-5.5.1859, Gustav Lejeune Dirichlet 13 nha Todn hoc 16n ngudi Diic, ciing 13 hoc trd va 13 nguoi rdt ham
mo Gauss. Céc cong trinh nghién cttu clia 6ng lién quan dén ly thuyét s6, giai tich, co hoc va vat 1y toan. Sau khi

ong qua doi, bo 6c cua ong duge bao quan tai khoa sinh 1y hoc truong Pai hoc Goéttingen.
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Vi du 4.41. Tim khai trién Fourier ciia ham s6 tudn hoan véi chu ky 2w

flx)=2" véi —7m <z <

Giai Tinh cac hé so6 Fourier, ta c6
Yy

—3r 2 -7 O ™ o2 3

Hinh 1: Biéu dién hinh hoc cta f(x) = 2* x € [—7, 7|, chu ky 27

[ 2 | 272
ao——/x2dx:—/x2dx:i,

s s 3

-7 0

14f 2 4(—1)"
an——/xQCosn:vd:v:—/x2cosna:da:: 2) ,

s s n

0

1
a, = —/x2 sin nzdxr = 0.

s
-7

Vay khai trién Fourier ciia ham f(z) ¢6 dang

4(—=1)"* cosnx
).

2 cos2x  cos3x

S(x):€—4(cosx— 5 T 5 .t 5

Chu y rang f(x) va f'(z) lién tuc ting khic, theo dinh 1y 4.40, tacé f(x) = S(z).

4.6.3. Khai trién Fourier cia ham sé c6 chu ky 27
Cho ham f(z) xé4c dinh trén R va ¢6 chu ky 27'. Béing cdch d6i bién



ta c6, ham s6

T . .
g(t) = f(—t) tuan hoan véi chu ky 2.
7

Nhu vay, theo chitng minh trén, khai trién Fourier ctia ham g(t¢) c6 dang

+o0
% | Z(ak cos kt + by sinkt) Vt € R,
k=1

trong do

~

Q

/
<+~

~—
QU
4~

S
(e

|
3 |

g(t) cos ktdt

S
el
|
=

g(t)sinktdt Vk € N*.

/N
)
kS
|
-
|
3 —al—al—sy

\

Bang cdch déi bién ¢t — z, ta nhan dugc chudi Fourier cia ham f(z) c6 dang:
+Z a cos—+b smi) Vo € R,
k k T

trong do, cac hé soé Fourier ag,ay, b, Yk € N* duoc xac dinh baoi

.

g
=

2T
= 7 bf f(x)da

flz) cos Zedy = 1 [ f(x) cos Edx
0

2

S

I
N~

Z”

S
e
|
N~

s
|
.
Sl g ey

2T
r)sinfZdy = L [ f(z)sin2dz Vk € N,
0

Ve

Vi du 4.42. Tim khai trién Fourier cua ham so tudn hoan véi chu ky 2T = 2
flz)=|z| voi —1<x<1.

Tuw dé tinh tong

S=Lti i Ly
12 3 2n+1)2

Giai Tinh cac hé so Fourier, ta c6

176



Hinh 2: Biéu dién hinh hoc cta f(z) = |z|,z € [-1,1], chu k¥ 2.

T 1
1
aO:T/f(x)dx:Q/xdle,
- 0
T 1 (1)
1 |
R da = 2 do =2 ——~
a T/f(x) cosnmrdx /xcosnm: x o
-
T
1
b, = T / f(z)sinnrrdr = 0.
-
Vay khai trién Fourier cha ham f(z) ¢6 dang
() 1 2 (cos Qg | o8 3rx N cos(2n + 1)mx >
T)=-——
2 w2\ 1?2 32 (2n +1)2

Chy y rang f(z) va f'(z) lién tuc ting khic, theo dinh 1y 4.40, tacé f(x) = S(z).
D€ tinh téng S, thay = = 0 vao f(z), ta ¢

0=1 2(1+1+ TR +>
2 w12 32T (2n+1)2 0 T
Vay
2
.
S=—
1

4.6.4. Khai trién Fourier cia ham sé xac dinh trén [a, b].[a, D), (a, b], hay (a, b)
Gia str cho ham s6 f(x) xdc dinh trén [a, b], ta thdc trién ham f(z) thanh ham so
F(x) xdc dinh trén R va c6 chu ky 27". Khi d6 ta c6 khai trién Fourier cia ham

F(x) va ciing c6 khai trién Fourier ctia ham f(x) v6i = € [a, b]. Théc tri€n ham
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f(x) = F(x) c6 cac dang sau:
Dang 1. Chu ky clia ham s6 F'(z) 1a 27 = b — a.
Vi du 4.43. Cho ham s¢' f (z) xdc dinh trén (0, 2]
r néux € (0,1]
fz) =
1 néux e (1,2].

Tim chudi Fourier ciia ham f(x).

Gidi Théc trién ham f(z) — F(z) xac dinh trén R va ¢6 chu ky 27" = 2. Tinh

cac hé so Fourier, ta c6

T 1 2
1 3
ao:T/F(x)alx:/xalx—I—/ldx:57
- 0 1
T 1 2
1 -1 -1
a, = T/F(x) COs %dm = /xcosnwxdw+/cosn7rxdx = (nl—ﬂ’
- 0 1
T
1
b, = f/F(x) sinn—;xdx
-
1 2
)"+ (=1)" -1 1
:/xsinnwxdx—l—/sinmmdx: (=D + (1) = ——.
nm nm
0 1
Vay khai trién Fourier cia ham F(x) c¢6 dang
Y
1
|
I I | I I I [
I I | | | I I x
=3 —2 -1 0 1 2 3

Hinh 3: D6 thi cia F'(x) trong vi du 4.43.

3 /(-1 —1 1
S(z) = 1 + nz_:l <% COS NTLT — %sinmrx)
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Chy y rang F'(x) va F'(z) lién tuc ting khic, theo dinh 1y 4.40, ta c6 F(x) =
S(z). Hay

3 —1)" =1 1
F(z)= 1 +Z (()— COSNTL — —sinmrx).

n2m? nm
n=1

Thu gon ham F'(x) trén (0, 2] cho khai trién Fourier ctia ham f(x)

3 = /(-D)"—1 1
f(z) = i nz::l <% coSNTT — Esinnm:).
Dang 2. Ham s6 F'(z) chan (d6 thi d6i xding qua truc Oy).
Vi du 4.44. Cho ham s¢' f(x) xdc dinh trén (0, 2]

r néux € (0,1]
flz) =

1 néuze(l,2].

Hay khai trién Fourier ham so" f(x) thanh c¢dc ham cosin.

Gidi Théc trién ham f(z) — F(z) xdc dinh boi

x| néu|z| <1
F(z) =
I néuze|[-2,-1)U(L,2].

va tuan hoan véi chu ky 27" = 4. Tinh cac hé s6 Fourier, ta c

T 1 2
1 3
ao—T/F(x)dx:/xdij/ldx:?
- 0 1
T 1 2
1
an:T/F(x) cosn—;xdx:/xcosn—gxdan/COS?daz
- 0 1
1 nm 2 . nw
= n27r2(6087 —1)— —sin—-,
T
1
bn:T/F(x)sin$dx:O.
-

Vay khai trién Fourier cia ham F'(x) ¢6 dang
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1Y

Hinh 4: D6 thi cua F'(x) trong vi du 4.44.

nmwx
= —+ g ancos—

Chy y rang F'(x) va F’'(x) lién tuc timg khiic, theo dinh ly 4.40, ta c6 F(z) =

S(x). Thu gon ham F'(z) trén (0, 2] cho khai trién Fourier clia ham f(x)

e.¢]

3 2 . nm nwx
:Z+Z<n27r2 cos——l)—E&n?)cosT.

Dang 3. Ham s6 F'(x) 1é (d6 thi d6i xing qua tam O)
Vi du 4.45. Cho ham 5o’ f (z) xdc dinh trén (0, 2]

l—a néuxe(0,1]
Foh= ,
0 néu x € (1,2].

Hay khai trién Fourier ham so' f(x) thanh cdc ham sin.

Gidi Théc trién ham f(z) — F(z) xdc dinh boi

)
1—=x nful <z <1

F(z)=4q—(z+1) néu —1<z<0

0 néu x € [—2,—1)U (1,2].
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va tuan hoan véi chu ky 27" = 4. Tinh cac hé s6 Fourier, ta c

T

0 1
1
CL():T/F(JJ)d /1+xdx+/1—x 0,
“1 0

1
an:T/F( )cosn—;xdx—()

T 1
1 2  4sinfF
bn:T/F(m)sin%dm-2/(1—x)smn2ﬂdx——— v

nm n2m?

=T 0

Vay khai trién Fourier cia ham F'(x) ¢6 dang

Hinh 5: D6 thi cia F'(x) trong vi du 4.45.

Bt 1 2Sin% . nrx
S@) =43 (om = ) sy
n=1

Chy y rang F'(x) va F'(zx) lién tuc ting khic, theo dinh 1y 4.40, ta c6 F(x) =
S(x). Thu gon ham F(x) trén (0, 2] cho Kkhai trién Fourier cia ham f(z) dang

2 sin & nmwx
DR .
42(%‘ i) s
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BAI TAP CHUONG 4

Bai 4.1. Tinh céc tong sau:

400 1
1) Z on—1 ds : 2.
n=1
400
(=" 3
2) Z 3n—1 ds : _Z
n=1
+
1 23
3 ds: —.
) ; 4n? — 9 R
400
1 1
4) ds: —.
;n(n+2)(n+4) 2
+00
5) Y (Vn+2-2Vn+1+/n) ds:1— /2.
n=1
+00
2n+1
6 — ds: 1.
) ; n2(n+ 1)2 >
400 n
7)Zlnn+1 ds : —oo0.
n=1
400 (_1)n +1 A .
8) Z o ds : phan ky.
n=1
+00
9) Y (Vn+2-2vVn+1+n) ds:1— 2.
n=2
10) WLE.ologQ”+1 2 ds : log—32.
n=0 ’ 1— 1Og§ 2
Bai 4.2. Dung dinh ly Cauchy, xét su hoi tu cua cac chudi sau:
400
— 1
1) Z COS N.x C;)S(n + 1)z s : hoi tu.
n=1
<X cos 2" .
2) Z — ds : hoi tu.
n=1
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3) Z ds : phan ky, xét: |Sg, — S5,/
n
n=1
+00 1
4 _ ds : phan ky, xét: |Sy,, — S,,|.
) n; T phan k¥, xét: | S, |

Bai 4.3. Dung ddu hiéu so sanh, xét su hoi tu cta cac chudi sau:

+00
2
i) Ppans ds : hoi tu.

nn

n=1

+00
1
2 ds : phan ky.
) n§::1 logy(n? + 1) > PHan kY

+00

n—+1
3yt ds - hoi tu.
)z:l(n+4)2” 0 4

+00
2
1) nt ds : hoi tu.
— \/(n2 +1)(n*+3n—1)

<X Inn
5) — ds : phan ky.
n

n=1

2
2
6) > " - ds - hoi tu.

Dy — ds : hoi tu.

. n+2 .
8) Zsm — ds : hoi tu.

1 1 1
9)Zarcsin3ﬁ,p>0 ds:p>§—>hoitu,p§§—>phﬁnky

+00
1 1 1
10) Z(l—cosﬁ),p>0 ds:p>§—>h©itu,p§§—>phanky

n=1
Bai 4.4. Dung d4u hiéu D'alembert, xét su hoi tu cta cdc chudi sau:

+00

4.7.10...3n + 1) .
1 ds : hoi tu.
) ;2.6.10...(471—2) S+ hothy
+00
1
2) Z”; ds : hoi tu.
n=1
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3n+1n!

8) Z(nLH)n—i—l

n=1
+00

2" +n? -1
N2 3o

£ 3"+ 90 +3

1 /20 + 1\n*+!
R Creety
)Zzn 2n — 1
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ds :

ds :

ds :

ds :

ds :

ds

ds :

ds :

hoi tu.

hoi tu.

hoi tu.

hoi tu.

phan ky.

: phan ky.

ds :

ds :

ds :

ds :

ds :

ds :

hoi tu.

hoi tu.

hoi tu.

hoi tu.

hoi tu.

hoi tu.

hoi tu.

hoi tu.



+00
7) Z 3(—1)"’+2n
n=1

400
8) 23(—1)"—271
n=1
400
2n + (—1)" 2045
) > (T )
) Z 3n—4

n=1

10) f arccos?! 1
— 2n+3

Bai 4.6. Dung ddu hiéu tich phan, xét su hoi tu cua cac chudi sau:

+o00

Y anh
=

2) ann5n
=

3) annnln(lnn)
R 1

4 nz::l\/1+n{‘71+n2

5)Zm

2
— 1+n
h nlnn
6) _—
; /(1 +n2)3
+oo
7) ane_”, meN
n=1
= Inn
8
) nz:; nvn? —1
+00 n
9
) ; eSn 4
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ds :

ds :

ds :

ds :

ds :

ds :

ds :

ds :

ds

ds :

ds :

ds :

ds :

ds :

phan ky.

hoi tu.

hoi tu.

hoi tu.

phan ky.

hoi tu.

phan ky.

hoi tu.

: phan ky.

hoi tu.

phan ky.

hoi tu.

hoi tu.

hoi tu.



Bai 4.7. Dung d4u hiéu Leibniz, xét su hoi tu clia cadc chudi sau:

1)

2)

6)

7)

8)

400 n
>
— 2n+4
"i’i (_1)n+1
o nin’n
§3 (-1 logym
n=3 n
—+00
S (ape
= n?—n+1
+00
> (=1)"(V3-1)
n=0
+00 n
Z (=1)"/n
n—1
n=2
+ n
>
—~/n+(=1)"
i’f (—=1)"(2n + 19)
~ 3n2+n+1
+00 )
> (-1
n=1
—+00

COS N
10) Z nsin 2

Bai 4.8. Khao sat su hoi tu déu cua cdc ham s6 sau:

n=1 n

11
tréen D = [—=, -]

22
tréen D = [0, 1]

trén D = [0, +00)

tréen D = [0, +00)
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ds : hoi tu.

ds : hoi tu.

ds : hoi tu.

ds : phan ky.

ds : hoi tu.

ds : hoi tu.

ds : phan ky.

ds : hoi tu.

ds : hoi tu.

ds : phan ky.

: hoi tu déu.

: hoi tu déu.

: hoi tu déu.

: khong hoi tu déu.



5) Zln(l S tren D = [0, 2]

nin®*(n +1)
—+00
6) > —— tren D = [0, +00)
n=1
+o00
1
7 trén D = |0,
) nZ:; (x+2n)(x +2n + 2) ren 0, +00)
—+00
(—=1)"
8 _ tren D =R
) nZ:; 2n + cosnx ren
9) f S ten D =R
V2rt+nt+1
+00
1
10 trén D = [0, 400
) ; 2"/1 4+ 3nx | )

Bai 4.9. Tim mién hoi tu cta cdc chubi liy thira sau:

1)§M ds: D =R,

: hoi tu déu.

: hoi tu déu.

: hoi tu déu.

: hoi tu déu.

: hoi tu déu.

: hoi tu déu.

2) Z(i)nw ds: D = _B’%.

3)2% ds: D =

12
1) S B (a1 ds: D =

0 on
5> (324 4)" ds: D =
n=1
+o00
21 +1)"
6)ZM ds: D —

n=1
+00 _
on 2n—1
7) Z T ds: D =
=1
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n=1
+00
(—1)”(33 . 1)6n+3
d 0,2
SD%; 2n + 1 > 0,2
+00
(=1)"(x +1)**! D
m)zjs%ﬂen+u ds: D =[-2,4].
n=1

Bai 4.10. Khai trién Fourier cac ham so sau:

1) f(z ) L v6i x € (0,27) theo sin.
ds : Z blnnnx.

n=1
2)f(x) = cos § v6i x € (—m, ), chuky 2m.
+00 oo
ds:cosE:%Jrlz(—QW.

2 T —-n
n=1
3) f(x)=
6 néu 0<zxz<?2

3z néu 2 <z <4.

ds:ag= 15 , Gy =
ﬁ%iQ néu n ¢ 2N
0 néu n € 2N,
R
4)f(x) = cos 5 x € (0,27, chu ky 27" = 4.
ds:ap=0, a, =0,0, = &n

m(2n—1)(2n+1)"
5)f(x) =xsinx =z € [—m, 7.

ds:ay = —2, alz—%,an: 221 (n>2),b,=0.

6)f(x) =xzcosz x € (0,7) theo cosin. T d6 tinh téng S = Z %.

ds : ——+—Cosx %z fz 1200827’L$,S:%2+
n=1
7 f(x) =xcosx x (0, ) theo sin.
ds : ——smx+22( 1)" " sinna.
n=2

D[ —

0 nu —3<a<2 - 1
8)f(.f13) = ; Tu do tinh tong S = E m
r néu 2<zx<3. =1
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L
=
=
o
=
>,
NJE
IA
(VAN

cosr néu |r| < 3.

trén [—7‘(‘7 7'('].
00

dS:%WL%Sinx—nz_:lmcost:
! (
x ntu 0<zx<1
10)f(z) = §1 néu 1<z <2.
\3—x néu 2 <z < 3.
theo cac hém cosin.
ds : —+ z cos 3”— Zn?zrx.
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