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Dlnh thl:rc Dinh thdc

Dinh thic 13 cong cu dé:
1.

3. Chidng mét hé céc vecto dbc 1ap tuyén tinh.

. Cho biét sb (trong mot sb trudng hop) nghiém cta hé n

Xéc dinh tinh kh3 nghich ca ma trdn vudng. Xac dinh
ma trn nghich ddo clia ma tran kha nghich.

phuong trinh n 4n. V3 biéu dién nghiém trong trudng
hop ma tran hé sb kha nghich.

Tim tri riéng ma tran vuéng.




Dinh nghia dinh thiic pinh thie

Dinh nghia 1 (Dinh thtc khai trién theo dong 1)

Cho A € Mp(R). Goi A(i|j) la ma trdn A bé di dong i va
cét j. Khi dé dinh thic ma trdn A (ky hiéu det(A) hay |A|)
1a mét sé thuc xdc dinh nhu sau:
= det([a]) = a, vdi A = [a].

» Néu n > 1, dinh thifc duoc xdc dinh béi cbng thic dé
qui sau:

Al = Zal DAL, (1)

Vidul

Khai trién dinh thic c5p 2, 3 tr dinh nghia. Va cdch tinh
nhanh cho dinh thuc c5p 3 (Qui tic Saurrus: mé t3 b5ng 1o,
bang hinh 3nh).




VII d u Dinh thdc

Dinh nghia dinh thic

Nhan xét 1
Khi xét

[" b] ' ta c6 thé vibt I3
c d

a
c df

Bai tap 1

Tim gid tri I6n nh4t (va gid tri nhé nhét) clia cdc dinh
thifc cap 3 ma cdc phan tir chi ¢é thé 13 1 hay 0.

Bai tap 2

Tim gid tri I6n nh4t (va gid tri nhé nhat) cia cac dinh
thifc cap 3 ma cdc phén tir chi ¢é thé 1a 1 hay —1.




VII du Dinh thdc
Bai tép 3
Cho 3 = (a1, a2, a3), b= (b1, b, b3) la hai vecto trong hé
truc toa dé Oxyz, chiing minh rﬁng

Tk
ixb=la a a3l (2)
b1 by b3

Bai tép 4

Cho 3 = (al, an, 33), B: (bl, bz, b3), c= (Cl, 2, C3) la
cdc vecto trong hé truc toa dé Oxyz. Ta bidt r§ng thé tich
ctia hinh hép sinh béi ba vecto 3,b, € 13 V = |3.(b x &)|.
Chiing minh rang

V= (det([s; b; &) .




Dinh thdc

Dinh ly Laplace

Dinh ly 1 (Dinh ly Laplace)

Cho A = (aj) € My(R) va A(i|j) duoc dinh nghia nhu
Dinh nghia 1, va dit c;; = (—1)"* det(A(i|j)) (duoc goi I3
céc phan bii dai sb cia a;). Khi dé

1. det(A) c6 thé khai trién theo dong i. Cu thé
n
det(A) = " ajcy. (3)
j=1
2. det(A) c6 thé khai trién theo cét j. Cu thé

det(A) = Z ajjcj. (4)




Dinh thdc

Dinh ly Laplace

Nhan xét 2

Khi tinh todn, néu a;; = 0 thi ta khéng cin xdc dinh phan
bi dai sé cda né.

Nhan xét 3

Khai trién dinh thic cé thé theo dong hay cét bat ky. Ta
nén chon khai trién theo dong hay c6t nhu thé nao?

Tinh chit 1
Cho A € Mp(R). Khi dé det(AT) = det(A).




Dinh thdc

Dinh thidc mét sb ma tran dic biét

» Ma tran 0,,.

» Ma trdn don vi — Ma trdn dudng chéo — Ma tran tam
giac.

» Ma trdn c6 mdt dong hodc mdt cot bing 0 thi dinh
thitc clia né bang 0.

Bai tap 5
Cho A € M,(R) va c6 nhiéu hon n?> — n hé sé bing 0.
Chiing minh rang det(A) = 0.




Dinh thdc

Duing bién d8i so cAp dé tinh dinh thdc

Dinh Iy 2
Cho A € Mp(R), va o € R. Khi dé

. di<sd;
i, Néu A ZZS A thi det(A') = — det(A).

i, Néu A Z=2% A thy det(A') = o det(A).
Z di:=di+ad;,i#j
i, Néu A SZIDTH pr iy det(A) = det(A).

Nhan xét 4

1. Trong (ii.), ta can rang budc o # 0 khéng?

2. Néu xét i = j, (iii.) duoc phat biéu nhu thé nio?
% d,'Z: d,' d‘,. j

3. ChoBER, i+ va Néu A Z=0IPGH iy

det(A") =?det(A).




Dinh thdc

Dung bién d6i so cap dé tinh dinh thiic
Nhan xét 5
Nh& Tinh chat 1 va Dinh ly 2, ta cé dinh ly 2 véi phién
ban bién déi so cap trén cét.
Nhan xét 6
1. Néu mét dong hodc mét cét cia dinh thiic “chia hét” o
thi ta ¢ thé rit o ra ngoai diu dinh thifc.
2. Néu dinh thic cé hai dong hodc hai cét ti 1€ nhau thi
dinh thirc bing 0.

Vidu 2




Duing bién d8i so cAp dé tinh dinh thdc Dinh thie

Tinh chit 2
Néu A, B, C € M,(R) c6 cdc dong gibng nhau trir dong i
vadongicuaA, B, C 13n luot 13 a,b,c; vdic la t6 hop
tuyén tinh cia a, b, nghia I3 c6 \, 8 € R théa ¢ = Aa+ S3b.
Khi dé
det(C) = Adet(A) + B det(B).

Tinh chit 3
Cho A € My(R), a € R. Khi dé

det(aA) = o det(A).
Bai tap 6

Cho n 13 sb tu nhién Ié va A € M,(R) & ma trdn phan déi
xtng. Xdc dinh det(A).




Dinh thic cda tich hai ma tran Dinh thic
Dinh ly 3
Néu A, B 13 hai ma tran vubng ciing c3p thi

det (AB) = det Adet B.
Bai tap 7
Cho A € M,(R). Ching minh ring

det (AT A) = det (AAT) = {det (A)}>.

Hé qua 1
Cho A, A1, Ay, ..., Ay 13 cdc ma trdn vubng cdp n, ta c6
>
det (A™) = (det A)"
>

det (A1A2...Ak) =detAidetA,...detA,.



Dinh thic cda tich hai ma tran Dinh thic
Bai tép 8
Cho det(A) =2, P la ma trén kha nghich, B = P-1ApP.
Tinh det(B), det(B").

Bai tdp 9

Cho A, B € Ma(R) sao cho A = E ﬂ va B 1a ma trén
kh3 nghich.

X3c dinh det (BXAB)".

(Xem lai Bai tap Liy thia 2015 (Bai gidng sb 1).)

Bai tap 10

Cho B la ma trdn kha nghich. Chiing minh ring

det(B) # 0,

1

4B = Gy




Dinh thdc

Phuong phap tinh dinh thdc cp n

Tham khao: My Vinh Quang, Cac phuong phap tinh dinh
thirc cAp n, Bai gidng 6n thi cao hoc, 2005.
http://toantindalat.files.wordpress.com/2009/03/
20041014-thayquang-bai2.pdf.



http://toantindalat.files.wordpress.com/2009/03/20041014-thayquang-bai2.pdf
http://toantindalat.files.wordpress.com/2009/03/20041014-thayquang-bai2.pdf

Phuong phép tinh dinh thdc cip n(tt

DAI SO TUYEN TINH

Tai Tiew on thi cao hoe nfim 2005

Phien bin di chinh sia

PGS. TS My Vinh Qua

Ngay 21 thing 4 nam 2006

Bai 2 : Cac Phuong Phap Tinh Dinh
Thitc Cap n

fuh cic dinl thite cip cao (cip 1on

Dinh thite dge dinh nghia kb phitc tap, do 46 ki
on 3) ngi ta b i kbong sit dung dinh nghia dinh thic w si dung cée tnh chit ciia
din thite v thuong dung cic phiang phip sau.

d6i dinh thitc

1 Phuong phép bié S dang tam g
co) cin ma.tran v cfe tal chit cia dil
Dl thic s cing 9 b tich ci

phip bién déi s cip trin o

e 0 bifn
cie phin 1 thuge d

VI dy 11: Tinh dinh thie cip e (n > 2) san diy

12 2 2
p-|2 2 3 2
B gii: Nhan dong (2) voi (~1) i cong vio dong (3), (4] ., (n). Ta o6
[T 2 1 2
p-|0 0 1 o 20 0 2)(n -2t
(1): nhin don; (1) véi (~2) cong vio dong (2).

Dinh thdc

Vi dy 12: Tinh dinh thite cip

o b '
b I
D= b b oa
P o
Bai gidi: Di tien () vio ot (1). Sou 6 nhan dong, (1) v0i (~1)
cong vio cic ddug (2,
N R P '
b v 0 ae 0
a vl=| o 0 e 0
bob o 0 L Phuong phap tinh dinh thiic

cipn

2 Phuong phép qui nap

Ap dun cic tiuh chit cin dinh hitc, bién di. ki trién din ¢

ot d bicw dicn dinh thie cin tinh qua cic diah thic cip bé hon ol
i comg thic truy b
dum cong thite iy 1 v tinh e i cic dinh e ciog dang cip 1, cip 2,

e a dinh thic < .

Vi dy 2.1 Tinh dinh thic

B gz Sit dung tink chit 2.4, tich dinh thit theo et n, ta c6:

Faib 0 |1ah Wby it
a 0 b s, b,
D, +
by
0
. 14 [
n 1

Kt i e i thoo . 1) 0 6
Nbin cot (n) i clinh thic thi hai in lugt vo1




Phuong phép tinh dinh thdc cip n(tt

T duse

Lo
0ol
Du= Dy b,
0o

o
i,

b

Viy ta 06 cong thie truy bii D, = Dy + ayb,. Vi cong thit trén ding ¥0i moi 1 nén ta ci

D, =D, (Dacs + i) + b, Dyt by + gy + -+ by
Vi Dy = ayby + 1 uen cudi cimg ta e
Dy = 1+ by + aaby b+ +
Vi du 2:2: Cho a,b € R,a # b. Tinh dinh thitc cip n
ATAN] 00
1oathoab 00
D,
00 0 aih w
00 o 1ot
B iz Khai tidn dinh e theo don din, ta dig
Low 0 00
0 atb ab o0
Dy= (a4 HDyy — ab)
00 o b
000 at+h
Tiéy e Khai trién dink thite s thea cot (1) ta e6 cong thite
Dy = (@ D,y = abDy v n >3 9
Do ds:
Dy = aDyos = BDyy — aDya)
Cang thite iy ding vdi moi n > 3 nén ta o6
D, - Do = WDy - aD. D) Dy - aby)
Tiuh tain trve (iép ta c6 D; = a” + 6 Dy~ aD; = 1. B3 viy
Tiép tue, ti cong thie () ta lai 66 Dy — bDy1 = a(Dyy — bDy). Do cong thite nay diing

i ok 1 > 3 nén o 0 ubit 1 i 6

Dy D,y = alDy ) 0Dy 2) = a*(D, s~ D,

Vay ta co
D.~0Dus

Khit D, vt trong (1) v (2) ta s due kit
D=t

= (D~ bD,) = " vi Dy Dy = "

@

3 Phudng phap biéu dién dinh thitc thanh téng cic dinh
thite

Nbin dinl thite cip 0 o6 thé tinh duge d din o thite (theo cic dong

blng ek
o e e e 5 g i e i e g e i e iy i

0 hofe tinh dge d6 ding.

Vi du 8.5 Ta st dins thite D, trong Vi du 2.1 bing phicng phip vy

B giis Mai eot cia D, duge viét thinh ting cia 2 cot mi ta k hiew I cot loai (1)
2) nlut s

Lbmb Otab . 0+ab,
b 1+ 0+,

Du-
00 04, 14 b
meoe e

it dung tinh chit 2.4 cia dink thie, ta lin Lot tich e et cia dinh thite, Sou n lin tich ta
<6 D, I 161 e
oo () i ht i i hte b din D,. Ta chia 2* diub thic uay thinh ba da

2" dinh thie cip . Cot thit i cia cic dinh thitc way chinh 1y cot loa (1)

Doy 1 Do
i cie dinh thi

e i i 2t o (2) 9 . V1 e o 2) 1 o

Doy : D o e A e 6 g st <o o (2),co e <o K I o (1), G

S o i T Toni (2) ta o6 dinh thic d6 o
- o o
po| 01 ) 0
00 b 1
6 it cin dinh thit dos L2...,m) v ting cia it

S

ang 3: Do ghm cic dinh thic khong o6 oot oni (2), nen tit i cic oot dén T loa (1) vi
do dé oo ding ot dinh thitc dang 3 1
L 0
0o 0
1
0 1

Viy D, bing toug cia 1t ¢ cic dials thite b

Sanit

Dinh thdc

Phuong phap tinh dinh thiic




Dinh thdc

Phuong phép tinh dinh thdc cip n(tt

i n > 2 ta o6

Tit ci cée dinh thic m cée <ot (dong) c6 £hé bidu di dui dau tng 2 ot (2
d6 céic cot loai (2) (dong loai (2)) ti 1¢ voi nhau déu o6 thé tinh duge dé dang bii
phutong phap 3 véi cich trinh iong hét nhar trén, in >'n sinfay + ag) sin(oy +ay)
4 Phuong phap biéu dién dinh thitc thanh tich cdc dinh {‘ var) sinan +a3) sina
thite [ a0 0] [ coson cosa ... cosa
G it i il i hic D cip . T bid i o g 4 e D it = | sinas cosay 0 o [Tt e o
b ma. trbn vudug e&p n don gién hows A = B.C. Khi o ta o6
sina, cwsa, ol W 0
D = det A = det(B.C) - det B.det C y -
Vi cic din thit det 5, det C tinh dugc dé dang nen D tinh dge o
Vi du 4.1 Tinh dinh thic cip n (1 > 2) san D-dea=anpanc={ V502

Lenn a1
po|1+ e .
Liawn 4o o 14 2ut
Bai gidl: Vi 0 > 2 a o
Lty Ltaw oo 1+,
Vhr Uto L
1
Ut 14 2an . 140
Lo IRTREN
Lm0 ol wow
B oo o
) A
L )
B viy
D= det A= det B C { .
N
Vi dy 4.2 Tinh dinh thite cip n (1> 2)
sindar  sinfar+ag) ... sin(oy
po| ety sin2a

o)

sinfaz + )

Tinh eic dinh thite cip n sou
1

ta owm oo
PO R
6| @ a lta
01 1
10 v
1oz o0 v
1 r o« 0
58 0 0
2 5 3 0
slo 2 5 3
00 0 0
N :
b atb
o, | wth b
n by ant by

Bai

1+a,

a+b,
az+b,

au+b

Tap




Phuong phép tinh dinh thdc cip n(tt Dinh thic

cos(ay — B1) cos(ar — ) cos(ar — B,)
1p, | costaz = 8)  cos(ar — 5) coslaz = 8,)
cosa, — B1) cos(a, — ) cos(an — )

Tindh cdc dinh thite eip 20 san

o 0 00 0 b
0o 000 0
|00 b0 0
Tl boa 0 0
0o 00 0
b 0 a
(dumg chéo chinh 1 a, duomg chéo phu 1 b, tt i cic vi tri con lai 1 0)
o 0 0 b0 0 A T e
S o 0 0 b o Phuong phap tinh dinh thic
0o a 00 b,
13 o 0 0 d 0 0
0o 00 d 0
0 0 W 00 4




Dinh thdc

Xéc dinh ma tran nghich ddo bang dinh thic

Dinh nghia 2 (Ma tran phd)

Cho A = (a;) € Mu(R), ¢; = (—1)"* |A(i|j)| 13 phan bi
dai sb cta aj;, vdi moi i,j =1, n. D3t adj(A) = (c;)7.

Khi dé, ta goi adj(A) la ma trdn phé hay ma trdn phu hop
cda A.

’ Xac dinh ma tran
V| d u 3 nghich dao bing
dinh thic

Ma trédn A = c6 ma tran phu hop 1a

N W=
w o N
o N o

adj(A) =7




Dinh thdc

Xéc dinh ma tran nghich ddo bang dinh thic
Dinh Iy 4
Cho A € Mp(R). Khi dé

Aadj(A) = adj(A)A = det(A)l,.

Dinh Iy 5
Cho A € M,(R). Khi dé A kh3 nghich khi va chi khi
det(A) # 0. Hon niia, néu A kh3 nghich thi e e
dinh thic
R adj(A)
= det(A) VY
Bai tap 11

Cho A, B € M,(R). Chiing minh rang: AB kh3 nghich khi
va chi khi A va B kh3 nghich.

Bai tap 12




Hang cla ma tr@n va hang cta ma tran phé oinh thic

Dinh ly 6

Cho A € M,(R). Céc diéu sau tuong duong
1. r(A) =n.

2. A kha nghich.

3. det(A) # 0.

. Xac dinh ma\trén
Tu Dinh ly trén, ta ciing cé nghich déo bing
Dinh ly 7

dinh thic
Cho A € M,(R). Céc diéu sau tuong duong
1. r(A) <n.
2. A suy bién.
3. det(A) =0.




Dinh thdc

Hang cia ma tran va hang cia ma tran phé

Bai tap 13 (Cau 3, Kiém tra I3n 1 16p 14HOH1
(2014-2015))

Chiing minh ring néu hé phuong trinh

ax + by = c,
bx + cy = a,
CcX + a_y - b Xéc dinh ma tran

nghich dao bing
dinh thic

cé nghiém thi a3 + b3 + ¢ = 3abc.

Dinh ly 8
Cho A € M(R). Chiing minh ring
(i) Néun>1var(A)=n—1 thir(adj(A))=1.
(i) Néu r(A) = n thi r(adj(A)) = n.
(iii) Néu r(A) < n—1 thi adj(A) = 0.




Dinh thdc

Hang cia ma tran va hang cia ma tran phé

Bai tap 14

Cho A I3 ma trdn vudng cap n thda A%> = 0. Ching minh
A+ I, kh3d nghich.

Huéng din 2

“Tinh” dinh thiic cda ma trin A2 — I,? bé“ng hai cdch.

Xéac dinh ma tran
nghich dao bing

Bél tép 15 dinh thic
Cho A 13 ma trdn vubng cap n liiy linh cap k, nghia I3
théa Ak = 0 # A=Y, Ching minh A — I, kh3 nghich.

Huéng dan 3
"Phan tich” da thic ma tran AK — I.X thanh nhan ti.




Dinh thdc

Gidi va bién ludn phuong trinh bing pp Cramer
Dinh ly 9 (Cramer)
Xét hé phuong trinh AX = b, trong dé
A€ My(R), b € R". Dat A; la ma tran dugc tao ra tir ma
trdn A bing cdch thay cét thit j bing cot b. Khi dé néu
X = [al, s, ...,04,,] 13 mét nghiém cda hé thi

det(AJ-) = qQ;j det(A). (5)

Hon nita, néu det(A) # 0 thi hé phuong trinh cé nghiém duy

nhat thda
- det(Aj)

YT det(A)”

(6)

Nhan xét 7

1. Néu det(A) # 0 thi hé c6 nghiém duy nhit.
2. Néu det(A) = 0 va tén tai j sao cho det(A;) # 0 thi hé
v6 nghiém.




Dinh thdc

Gidi va bién ludn phuong trinh bing pp Cramer

Céc buéc giai hé bing phuong phap Cramer
1.
2.

Vidu 4

Gidi lai bai tap 1.33 trang 63 [?]. Sau dé déi chiéu két qua
va phan tich dé chon lua phuong phdp gidi quyét.

Bai tap 16 (Kiém tra lan 1- 15CNSH1-2016)

Giai va bién ludn theo m hé phuong trinh sau

X + my + 2z =38,
2x + y + 5z =8, (7)
mx + 2y 4+ z =8.




Dinh thdc

Gidi va bién ludn phuong trinh bing pp Cramer

Bai tap 17 (Kiém tra 14n 1- 15CNSH2-2016)

Giai va bién ludn theo m hé phuong trinh sau

2x 4+ y + mz =T,
X + my + 2z =T, (8)
mx + 2y + z =T.

Bai tap 18 (Kiém tra Ian 1- 15HOH1-2016)
Gidi va bién ludn theo m hé phuong trinh sau

mx + y + 2z =1,
X + 2y + 4z =1, (9)
2x + my + z =T.




Dinh thdc

Gidi va bién ludn phuong trinh bing pp Cramer

Bai tap 19 (Kiém tra 14n 1- 15HOH2-2016)

Giai va bién ludn theo m hé phuong trinh sau

mx + y 4+ 2z =38§,
x + 2y + 5z =8, (10)
2x + my + z =8.

Vidub (Béi tap 2.13(d) )
Gidi va bién ludn theo m hé phuong trinh sau

xx + x 4+ 2x3 =1,
xx1 — mxx + 3x3 =2, ( 11 )
x1 + 3x — mx3 =0.




Dinh thdc

» Phuong phdp Cramer chi gidi dugc trong trudng hop hé

» Han ché clia phuong phap Cramer |3 khéng gidi dugc
h& Khi «oevvvvnennn

» Tréi lai, phuong phdp khi Gauss cho ta cach gidi cho
hé phuong trinh téng quit. Hon nita xét géc d6 vé& do
phtic tap tinh toan, phuong phap --- c6 dd phic tap
cao hon phucng phép ---. Do dé trong cac tinh todn
khoa hoc, phuang phap - -- khéng dugc va chudng. Tuy
nhién phuong phap khit Gauss ciing ¢6 mdt han ché I3
khéng cung cAp théng tin vé& nghiém khi hoan thanh
viéc gidi hé phuong trinh (nghia la sau khi hoan thanh
buéc thé ngugc).
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