Chuong 3

Tich phan duong

3.1 Truong Vecto

3.1.1 Dinh nghia
Pinh nghia 3.1. Cho D c R2. Mot trudng vecto trong R? 13 mot ham F gan cho méi diém
(,y) trong D mdt vectd hai chiéu

F(zy) =Py i+t Q(zy).j=(P(zy),Qy))
Pinh nghia 3.2. Cho E ¢ R3. Mot truong vectd trong R? 12 mot ham F gan cho mdi diém

(z,) trong D mdt vectd ba chiéu

F(x7y7z) :P(‘T7y?z) -/L+Q(:’U7y‘/z) ']+R(l.7y7z) 'k: (P(‘('L“/y”z)?Q(m?y”Z)’(m7y”z))

x F(x.y) ! F(x,y.2)
® (x,)) g o]
A, - I
y S x
l_\
Y
Vector field on R* Vector field on [*

Vidu 3.1. 1. Mot trudng vectd trong R? dudc xdc dinh bsi F (x,y) = —yi +
2. Mot trudng vecto trong R? dudc cho bdi phuong trinh F (z,y, z) = zk

.‘ -
F,3) | N\F(22) l i
I — \\_ A 4 4
//. \‘u l ‘ l
- IS 2
b2 [F.0) i1 14
- l z - g I 0 s
T
p-—s / ¥ I I : 3
. ¥ ‘ [ . :
, \ ;. — ¥ ' [
P v
F(x,y)=—yi+xj Fir,v.z)=zk
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> Truong hap dan.

Vi du 3.2. Dinh luit hip din ctia Newton phat biéu rang luc hip dan giita hai vat c6 khoi

lugng m va M la
m.M.G

’F|: D)

.
trong d6 r 1a khodng cach gitta hai vat, G 1a hing s6 hip dan.
Gia st
Vat M nam tai gbc toa dd.
Vat m co vecto vi tri X = (z,y, 2).
Khi do
- khoang cach r = | X|

A X , A A 2 2y A A 3 CEREN X
- luc hap dan tac dung 1én vat m hudng t6i goc toa do, c6 vecto don vi la |_

X
Vay, luc hap dan tac dung 1én vat m 1a
F(X) = _m../\[:.}G.X
| X
Hay
Floy2) = —m.M.G.x ; —m.M.y.G j —m.M.G.z
T @2 (@222 (@2 22)??

‘. -
__'::---._& 2/ i "

. g v\\xjx~
P e Bl .

3 / £ ?[ “\ \\ . )
5 J \

! 5

> Truong luc tu.

Vi du 3.3. Gid sit mt dién tich Q nim & gbc toa do. Theo dinh luat Coulomb, lyc tit F (X)
tac dung 1én dién tich q nam tai diém (z, y, z) vSi vecto vi tri X = (z,y,2) 1a

~£.q.Q

= X
1X|?

F(X)

trong do
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¢ : hiing s6.
q,Q dién tich. Néu ¢, Q cung dau F 1a luc ddy, néu ¢, Q trai dau, F' 1a luc hut.
Hay
€.q.Q.x i €.q.Q.y y €.q.Q.z Py
(22 + 92 + 22)%? (@2 + 92 + 22)%? (@2 + 92 + 22)%?

F(x,y,2) =

> Truong Gradient. Néu f 12 ham vo hudng hai bién, thi gradient ctia f
V(e y) = fo(z,y)i+ fy(z,y)]
1a mot trudng vecto trong R?, goi 1a trudng vectd Gradient.
Néu f 1a ham vo huéng ba bién, thi gradient ctia f
Vi(zy 2) = fa,y.2)i+ fy(@,y,2) ]+ f:(x,y,2) k
1a mot trudng vecto trong R?.

Vi du 3.4. Tim trudng vecto gradient clia f(z,y) = %y — y>. V& trudng vecto gradient va
ban d6 dudng muc cia f.

Gidi

Trudng vecto gradient cua f

Vf(w,9) = fo(w,9) i+ fy (0,y)j = 2eyi+ (2 = 3y%) j

Hinh ve

3.2 Puong trong mat phezmg - khong gian

x=ux(t)

y=y(t) duong cong C' dudc goi la

Cho duong cong C' : {
- tron, néu
x(t),y(t) c6 dao ham lién tuc, va
2/(t), y'(t) khong dong thdi triét tiu V¢ € [a, b] (nghia 1a (2’ (t))2 + (v (t))2 £ 0)

- tron titng khiic, néu né gdbm mot s6 hitu han cic duong tron.
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- khép kin (hay dong), néu diém dau va diém cudi cda né tring nhau, nghia 1a z(a) =
z(b),y(a) = y(b).

- khéng co diém tw cat (duong cong don), néu véi moi t1,ty € [a,b], t1 # ta déu c6
(l’ (tl) Y (tl)) #+ (l’ (tQ) Y (tQ)) tru truBng hdp ti = a,to = b.

N

don, khdng kin khéng don, khdng kin
dorn, kin khéng don, kin

3.3 Tich phan duong loai I

3.3.1 Dinh nghia

Cho C' 12 mot dudng cong tron trong R? c6 phuong trinh tham sd

{a:z:r(t) t € la,b.

y=y(t)

va ham f(z,y) lién tuc trén [a, b].

Vi

a

- Chia [a, b] thanh n doan [t;_1, t;].

- V6i mdi di€ém t;,i = 0, n, ta c6 diém P; = P (x(t;), y(t;)).
- Céc diém P; chia dudng cong C' thanh n cung nhd P;_ P,
- it A;s 1a chiéu dai cung P, P;.
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- Ta chon diém bat ky P} (z},y]) trong cung P, P;.
- Khi do, tich phian duong caa f doc theo C la

/f (z,y)ds = lim Z f(@i,y7) Asi 3.1
C i=1

neu gidi han nay ton tai.

Chii y: néu C' 1a dudng cong kin, ta ky hiéu 7{ f(z,y)ds.

c
Tinh chit 3.1. .

1./(f:|:g)ds=/fd5:|:/gds.

C c C
2./cf(x,y)ds=c/f(x,y)ds.

C C
3.NéuC:ClLJC'gU...UCnthi/f(x,y)ds:/f(x,y)ds+~--+/f(w,y)ds.

c Ch Ch

4. Néu f = 1thi /ds 1a chiéu dai cta cung C.
c
5. Tich phan dudng loai I khong phu thudc vao chiéu ciia dudng cong.

3.3.2 Cach tinh

A. Trong R?

e NéuCco dang{ = z(t) , t€(a,b],tacd

y — y(t)
b

[r@mas= [ 1o/ oF + [ o] a
C a
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e NéuC cédangy =y (z),z € [a, D], ta cod

/f:ry Z/bfa:y 1+[y/()}2d><-

e NéuC cédang = =z (y),y € [a,b], ta cd

b
/7mw$=/ﬂuwm.1+W@ﬁw.
C a

B. Trong R?
x = z(t)

Ccédang ¢ y=y(t) , t€]la,b],tacd
z=z(t)

/}m%awszmmwmww»JWmf+WuW+kum%t

Vi du 3.5. Tinh / zyds, trong d6 C' ¢6 phuong trinh
c

Gidi

Ta co { _ 2t
Suy ra

2
1
/xde:/ttQ\/P—k (20)%dt = o= (391VIT +1).
c 0

Vi du 3.6. Tinh / (2 + 2”y) ds, trong d6 C la nita trén clia dudng tron z° + y* = 1.
C
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Giai
; 0s o \\
/ D 6 |

/ : \

/ 024 \

-1 -0.5 1} 05 1
Dét{ T=C0SE gy o
Yy =sint
/
. ) 2’ (t) = —sint
Taco { y' (t) = cost
Suy ra

Q\

(2 + ach) ds = / (2 + cos’t. sin t) \/(— sint)? + (cos t)2dt
0

= / (2 + cos’t. sin t) dt
0
2

wl o

Vidu 3.7. Tinh / yds, trong do

C
1. C'1a dudng thang ti diém (-5, —3) tdi (0. 2).

2. C'la parabol z = 4 — ¢/ tit di€ém (-5, —3) t6i (0, 2).

Gidi

{'Sr'3}

Nhic lai: Ta ¢6 phucng trinh dutng thing di tit A(z 4, y4) t6i B(zg,yp) la

r=(1—-t)zs+tap
0<t< 1.
{y=(1—t)yA+tyB ST
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c o~ ) T=5t—-5 ¥ =5
1.TacoC.{y:5t_3, 0§t§1.z>{y,z5.

Suy ra
1

/yds:/(5t—3)\/(5)2+(5)2dt:\/%/1(5t—3)dt:—@.
0

C 0
2.Tac6 C o =4—y% —3<y<2=a' =2

Suy ra
2
/yds = /y (—2y)* + (1)2dy = % (17V/17 — 37V/37) .
-3

C
Vi du 3.8. Tinh / 2xds, trong d6 C gdbm cung C; : y = 22 tif (0,0) dén (1, 1), ndi tiép bsi

C
O 1a dudng thang (1,1) dén (1,2), va Cs 1a dudng thang tii (1,2) dén (0,0).

Gidi

0. 0) X

Vidu 3.9. Tinh / zyzds, trong d6 C 1a mot doan ctia dudng xoin bc
c

T = acost
{y:asint , tel0,2n].
z = bt
Gidi
2’ = —asint
Tacé{ y' = acost
z

b

~

Suy ra
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27
/xyzds = /(a cost.asint.bt) \/(—a sint)? + (acost)? + b2dt
c 0
2w
= a’b\/a? + b2 / (t.sint.cost)dt
0
a’bva? + b2
=7
2
, . 2 P N N N 132 + y2 —+ 22 =1
Vidu 3.10. Tinh [ z*ds, trong d6 C la dudng tron
c r+2=0
Gidi
Nhic lai:

- Giao ctia hai dudng 1a 1 diém.
- Giao cua hai mat 1a mdt duong.
Ta thiy trong vi du trén, dé bai cho C' dudi dang giao clia hai miit, ta lam nhu sau

2 2 2
L)ty + 27 =1
Taco{g:_i_zzO

Suy ra hinh chiéu ctia C' 1én mit Oxy 1a

P4 (—a)? =1
21
$2+—:—
2 2
cost
T =—
bat \/\{ﬁl ,t €10,2m] (x)
=V2—sint
YR t
cos
TMe+2=0=>2=—1=——x
V2
x_cost / sint
- r = ———
\/51 . V2
Viy C:{ y=V2——=sint .te0,27].Suyra{ y/ = cost
Cc}é? / sint
= —— Z = —
V2 V2
Vay
2
2 2
1 sint sint
x°ds = [ zcos“ty|| ——= ] +(cost)"+ | —= | dt
/ /2 \/( \/§> (cost) <\/§>
C
L 9
= — tdt
2cos

[\3| ﬂo\:w‘o

3.3.3 Mot s itng dung

Khoi lugng duong: M = /p (x,y, 2) ds, trong do p (z,y, z) 1a ham méat do.
c
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: A 7 T
Moment tinh so v6i mat toa do:

M,. =/mpds; My, =/ypds; Mwyz/zpds.

c c c

Toa do trong tam: = =

Moment quén tinh so véi truc toa do va dudng thing L

I, = / (y2 + zz) pds; I, = / (x2 + 22) pds;
C C

I, = / ($2 + y2) pds; I = /erds.
C C

A

trong d6 r (x,y, z) = khoang céch tit diém (z, y, z) dén dudng thang L.
Vi du 3.11. Mot sdi diy kim loai c6 dang nita dudng tron 2 + 32 = 1.y > 0, va cang vé

gan chan cang day hon dinh ctia né. Tim khéi tim clia soi day néu mat do tai diém (z, y, 2)

lap(z,y,2) =k(1—y), k= const.

VA

center of
2 mass

e

daw

= 0 x

3.4 Tich phan duong loai II
3.4.1 Dinh nghia
Ky hiéu
/ f(z,y)dz + g (z,y) dy v6i C 1a dudng cong trong R?,
C
/f (z,y.2)dx + g (z.y,2) dy + h (x,y, z) dz v6i C 1a dudng cong trong R? .
C

DPinh nghia
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Trong dinh nghia tich phan duong loai I, néu ta thay A;s b6i Ajx = x; — z;-1 va
Ay = y; — y;—1 thi ta c6 tich phan duong loai II cua f trén C tuong ing véi x va y nhu

sau .

& i=1
n
/g(fv,y)dy=nlglgozg(%yi)ﬁyi
& i=1
/f(x y)dx + g (z,y)dy = hm Z xi, vy ) Az + g (2. y;) Ayl
C
Chiui y:

Trong tich phan duong loai I, A;s luén duong.
Trong tich phan dudng loai II, A;z va A;y c6 thé am, duong phu thudc vao cach chon

diém dau — cubi cta dudng di.

Tinh chit 3.2. .
L /af(as.,wdxwg(x,y)dy :a/ﬂx,y)dazm/g(w,y)dy, o3 1a hiing sb.
C

c C
2.Néu C = C1 U Cy, thi

/f x,y)dr + g (z,y) dy—/f x,y)dr+ g (z,y) dy—i—/f x,y)dr+ g (x,y)dy
1 Cs

3. Tich phan dudng loai II phu thudc chiéu ctia dudng lay tich phan
/ fry)de+g(z,y)dy = — / f(x,y)de+ g (z,y) dy.

C=AB C—-=BA

.

Chii
- Néu C 1a dudng cong kin, ta quy udc chiéu duong ciia C 1a chiu sao cho mién Q

gi6i han bdi C ludn ndm bén tay trai
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- Mién don lién 12 mién khong c6 16 thing

mién don lién mién khéng don lién

DPinh ly 3.3. (Dinh Iy Green.) Cho C' la duong cong dong, dinh hudng, tron tung khiic trén

mdit phdng va D la mién gidi han bdi C. Néu f, g ¢ dao ham lién tuc trén mién md chita

D thi 5 5
/f(:r,y)dx—l—g(x,y)dyz//D (8—i—a—‘£>dxdy.
C

C,

Chuy:

1. Pinh 1y Green cho ta mbi quan hé giita tich phan trén dudng cong kin va tich phan
hai 16p.

2. Néu Q) 1a mién da lién, ta cé

0 0
jlé fdx + gdy = j{fda: + gdy + %,f'dz: + gdy = // (_g — —f) dxdy
p \Ox 0Oy
Cl CZ

C=ChUC,
3. Khi sit dung din Iy Green ta can kiém tra tiing diéu kién ctia dinh ly d€ tranh di dén

két qud sai...
3.4.2 Cach tinh tich phan duong loai IT trong R>

A. C da biét (da cho hoiic tham sb dugc)

x=uz(t)

l.NeuC’:{y:y(t) , te€la,b],thi
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b

/f(mvy)dwrg(%y)d? =/[f(ﬂf(t),y(t))1’/()+g( (t),1 (f))y/(t)] dt.

c
2.NéuC:y(z), x¢€la,bl,thi
b

[ 1@ o@na= [ 7@y oy @] d
c a
Vi du 3.12. Tinh / zydr + x2dy, trong d6

C
1. C'1a doan thang ti (0,0) t6i (1,1).

2. C'la parabol y = 22 ti (0,0) t&i (1, 1).

Gidi )

. L) x=t =1
l.Cachl.C.{y:t ,te[O,l]:{ =1
Suy ra

1

1
/xydx + 22dy = / (t.t.l + t2 / 22 dt =
0

Cach2 C:y=ux,x€l0, 1] danh cho SV.
2.Ciach 1: C:y =2 2 €[0,1] = 3/ = 22.

Suy ra
1

1
/xydx + 22dy = / (x.x2 + x2.23:) dr = /3$3d1‘ = %
0

c 0
Cach 2: C'1a phuong trinh tham s, danh cho SV.
Vi du 3.13. Tinh / (2* = y?) dz + xdy, trong d6 C : cung tron z° +y* = 4 ndi tix (0, 2) t6i

c
(2,0) ndm phia trén truc Ox.

Gidi /
. =2cost ™ x/ = —2sint
Tac6C: 4 . Jt [0,—]:>
{ y=2sint 'S |V3 y/ = 2cost
Suy ra
3
/ (x2 — y2) dr + xdy = / ((4008275 — 4sin2t) (—2sint) + 2cost.2 cos t) dt
c- 0

. 8
(88111575 — 8sintcos?t + 4C082t) dt = 3 + 7.

[e=)
[ME]

Vay/(T —y)dm-l—xd? :—g—w.
C

Vi du 3.14. Tinh
I:/ (xy+ x4+ y)de + (zy + 2 — y)dy
C
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2 2
trong d6 C' 1a elip % + Z_? = 1 14y theo chiéu duong.
Gidi
g =z+1
Cich 1: Ta thiy C Ta dudng cong kin, va 4 4 (W) =2y +oty ) gy
gz, y)=zy+z—y 99 _ . .4
R

la cac ham lién tuc trén Elip.

Ap dung cong thifc Green ta c6

I=/(zy+x+y)dz+(zy+x—y)dy

C
- [y—|—l—(.17—|—1)]d.17(1y

D
Ny
D
2

. 2y
trong d6 D = (x,y)|¥+b—2§1 .

Tiép tuc tinh todn ta dudc I = / [y — 2] dzdy =0 !!!

D
Cdch 2: tinh truc tiép

= / — — 1
Pit T = a(‘:'ost, te[0,2n] = x/ asint,
Yy = asint, y/ = acost.

Ta co

I=/(xy+m+y)dx+(a:y+:v—y)dy
G
= / [(acost.bsint + acost + bsint) (—asint) + (acost.bsint + acost — bsint) (bcost)]

0
2

= / [—aQbsiHQt cost — (a2 + 62) sintcost + ab (COSQt — sinzt) + ab®cos®t sin t] dt

0
=..=0.

Vidy3.15. Tinh 7 = 7{ f; 1 ‘Zl da — ifg . zg dy, trong d6 C la dudng tron 2 + 3% = o? 1y
c
theo chiéu duong.

Gidi
£ ] (x+y) (r—vy) . . R £ , ,
Ta thay f (z,y) :le—yQ,g (r,y) = 2Ty va cac dao ham riéng cap 1 cua chung
khong lién tuc tai diém O(0,0) nén ta khong dung cong thic Green dudc.
/ — _qgsi
Dit { .7:/ asint,
y’ = acost.

T = acost,

o te0,2n] =
Yy = asint,
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Ta co

B m—i—yd B x—yd
= 2 =5 2%
c?T + 9?2 e +y

/ (acost +asint) (—asint) — (acost — asint)acost

dt
a2cos2t + a2sin’t

0
2w

/ — (aQSinzt + CLQC()SQt)
= dt

a2cos?t + a2sin’t

0
21

[
0

= 2.

Vi du 3.16. Tinh I = / zdy — ydz, biét C 1a bién clia mién gidi han bdi cic dudng y =

C
z,y = 22 theo chiéu duong.

Gidi

GQiClzysz,xG[O,l],vélC’gzyzm,xG[0,1].TaCéC=C'1UCQ_.
Til’y:z:2:>y/:2m,suyra
1

1
1
/mdy —ydr = / (:1"21 — m2) dx = /mzdm = g(*)
0

Ch 0
Tiy=xz=y =1,suyra

1 1
/xdy—ydx = —/xdy—yda: = —/(x.l—xQ)dx — —/(x—xz)dx _
0 0

cy Cs
1
—6.< >

\ N

va (%), suy ra

xdy ydr = /xdy — ydx + /mdy —ydx =
Ch 02’

W =
| =
| =

\

B. C chua biét

Pinh ly 3.4. Gid si cdc ham sé f,g cé dao ham riéng cdp 1 lién tuc trong mién D. Dang
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fdz + gdy dugc goi la dang vi phdn toan phdn néu
o _ %
dy Oz

Pinh nghia 3.3. Him F(z,y) dudc goi 12 ham thé cda (f, ¢) néu

(z,y) € D.

VF=(f9).

V61l VE = <6F 6F>.

9z dy

Pinh Iy 3.5. Cho cdc ham f,g co dao ham riéng lién tuc trén mot mién md, don lién D,
hai diém A, B € D, va C la dwong cong ndi A, B. Khi dé bon ménh dé sau twong dong
i / f(z,y)dx + g (x,y) dy khong phu thudc vao cdch chon duong cong C
C

ii. Ton tai ham thé F cia (f, g) khd vi lién tuc trén D, hon nita

f(xy)de +g(x,y)dy = F(B) — F(A)
C=AB

.. Of 0Og
m.a—y— w,V(:r:,y)eD.

v, ]{f (v,y)dr + g (x,y) dy = 0.
C

0 X

1 1 . N
Vidu 3.17. Cho (f,g) = <4x3y3 + =, 3z%y? — —) xac dinh trén mién z,y > 0
T Yy
1. Kiém tra diéu kien 2L = 29
) oy Ox
2. Tinh ham thé F cua (f, g),

3. Tinh /f (z,y) dz + g (z,y) dy v6i C 1a dudng cong bat ki ndi (1,1) vdi (2,4) trong
C

mién z,y > 0.
Gidi
1. Tacéo L of
330 08 030
=42y +’I:>5y 1227y ﬁ:@
oy Oz

1 0
g=3r"? -~ = 8_9 = 122592
y x
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Viy ton tai ham thé F'(z, ) cta (f, g) kha vi lién tuc .
2. Tim ham thé F(z,y), tacé

F oF 1
_:f7 _T_4Ty +; (*)
%— - %—37“472—1 ()
3y qg. 3y x "
Tu (%), suy ra
Plog) = [ 4 Do = o+ 1n(e) + Co).

LAy dao ham F(z,y) theo y, ta dugc

o =3z "y + C7 (y).
Két hop véi (xx), ta dugc
1
32ty + ¢/ (y) = 3zhy? — ;
& =
& C(y)=—In(y) + C1.

Suy ra
F(z,y) =23 +In(2) —In(y) + C1.
3. Do / f(z,y)dx + g (z,y) dy khong phu thudc vao duong di, ta c
c

/f(a:,y) dr + g (z,y)dy = F (2,4) — F(1,1) = 1023 — In(2).
C

Vi du 3.18. Tinh tich phan / (e* +y)dx + (x4 2y) dy, trong d6 C 1a dudng cong bat ky

c
kha vi tiing khic ni (0,1) va (2,4).

Giai
Ta co of
Feerv=g =t or o
g=w+2y:>@=1 dy Oz
Ox
Viy ton tai ham thé F(z, y) ctia (f, g) kha vi lién tuc, tim ham thé F(z, ), ta c6
oF .
= fa o, — ¢ + v, (*)
gﬁ' - g—ﬁ' =x+2y. (%x)

Tu (x), suy ra
F(z,y) =/(6$+y)dx=em+xy+0(y)-
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LAy dao ham F(z,v) theo y, ta dugc

oF
- /
oy z+ C (y).
Két hop véi (s+), ta dugc
z+C/ (y) =242y
& Oy =2
& C(y) =y* +Cr.

Suy ra
F(z,y) =" +ay+y>+Cy
Vay
/f(x,y)dx-l—g(a:,y)dy:F(QA)—F(O71):ez+22.
c
Vidu 3.19. Tinh I = / M, 6i
c ¢ty

a. C'1a dudng tron tam (O, r) c6 chiéu ngudc chiéu kim ddng ho.
b. C 1a chu tuyén kin, tron bao quanh gbc O c6 chiéu duong.
c. C'la chu tuyén kin, tron khong bao quanh gbc O ¢6 chiéu duong.

Nhan xét: Ta thay
-y &€ < N N £ 5 . A
° = —=; = ——— va cac dao ham riéng cap 1 cua ching khon
J(z,y) $2+y2,g(x,y) Py ] g cap g khong
lién tuc tai diém O(0, 0),
e C trong céu a la dudng cong kin, da biét, bao quanh mién chita O = tham s6 C.
e C trong cau b 1a dudng cong kin, chua biét, bao quanh mién chifa O = khoét 16.

Giai

a D] TIOgpgg  { 7 s
y = rsint, y/ = rcost.
Ta co
B xdy — ydx
Jo 22+ y?
2m

rcost.rcost + rsint.rsint
= = dt
r2cos?t + r2sin“t

0

27

/ "

0
2.

b. Ly C, 1a dudng tron (O, r) v6i r di nhd sao cho C, nim trong mién trong ctia C. C,

c6 chiéu cung chiéu kim dong ho.
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Goi D 1a mién gidi han bsi C va C,.. Ta thiy f, g, C, C, thda dinh ly Green, ta c6

xdy —ydv of Og B
/ 2+ y? _/<8y Ox dady =0
D

CcJC,

xdy — ydx xdy — ydx
= z y2 - Z yz =0

ity 4ty
C C’I‘

rdy —ydr rdy —ydx [ zdy —ydx
= 212 | 22 2 FON =2,
C Cr Cr

. dy—yde ,  , .
trong do / % tinh § cau a.
e +y
o
c. Ta thay mién trong cua C khong chita O, nén ap dung Pl Green ta dudc

xdy — ydv of Og B
/ 2 +y?2 / <8y ox dady = 0.
C D

3.43 Cich tinh tich phan dudng loai II trong R®

x =z (t)
ChoC: < y=y(t) , telab].Taco
z =z (t)

/f<x,y,z>dx+g<m,y,z>dy+h(x,y,zmz=

c
b

[ @@ =@ 0+ 0000 0+ 10,002 0) 0]

a
Vi du 3.20. Cho A(3,—6,0) va B(—2,4,5). Tinh / zy?de + y22dy — zadz v6i
C

a. C'1a doan thang OB.
b. C'la cung tron AB trong khong gian cho bdi phuong trinh

x2+y2+22=45
2r+y =0

Cung tron AB 12 mot phan dudng tron giao tuyén ctia mit cau tim O ban kinh v/45 va mit
phang y = —2.
Gidi
a. Tacéd
x =2t x = —2dt
C:q y=4t = y=4dt
z =5t z = bdt
Suy ra
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/:r,yzdm + y22dy — za’dz = / y2da + / y=2dy — /
c C c
1 1 1
/ 2) dt + / (4) (5t)4dt — / (5¢) (—2t)25dt
0 0 0
=91.
b. Chi y: hinh chiéu ctia C xubng mit Oy 1a doan thang ndi (3, —6) va (—2,4).
= 2rx =-2t
batx =t,t: —2,taco
at x 3— aco{ \/40_x2_y_\/40
dr = dt
Suy ra dy = _th—5t
dz = ———dt
2v/45 — 5t2
Vay
/:Byzda: + y22dy — za’dz = /:Byzdm + /yszy — /zxzdz
c c
/ 43dt + / At (45— %) d / 5t3dt
= —271 25.

Vi du 3.21. Tinh / ydz + 22dy + 2°dz, trong d6 C' 1a dudng tron
C

Pty 2t =4
2=3

c6 huéng ngudc chiéu kim dong hd néu nhin tir diém (0,0, 2).
344 Ijng dung
Pinh ly 3.6. Cho F (x,y,2) = (f (z,y,2),9 (x,y,2),h(z,y, 2)) la mdt truong vecto lién tuc
x=x(t)
C: R y=y(t) , telab].
z =z (t)
Khi do, tich phdn duong cua F (x,y, z) doc theo duong cong C la

va xdc dinh trén duong cong

/f(fl?,?,Z)d.T—Fg(.T,?72)dy+h(.73,y,2)d2’

Pinh Iy tuong tu trong truong hop 2 chiéu.

Vi du 3.22. Tim cong sinh ra bdi trudng luc F (z,y) = 2% — zyj khi di chuyén mot hat doc
theo mot phan tu dudng tron 7 (t) = cost.i + sint.j, 0 <1t < 21
Gidi

Ta co
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F(x,y) = (3:2, —xy)

— T /:— 1
C - x_cpst 0<t<Zo :L’, sint
y—SlIlt 2 Y = cost

Cong cua luc '

/m dx — zydy = / cos’t (—sint) — cost.sint.cost} dt
C 0

[—2cos2t. sin t} dt

Il
wc\wm

3
Vi du 3.23. Trong khong gian cho hé truc toa do Ozyz va dién tich @ > 0 dat tai O.
Mot dién tich diém ¢ > 0 di chuyén doc theo dudng cong ~ xdc dinh bdi phuong trinh
v(t) = (1,t,#%) ,t € Rt di€m M (1,1,1) t6i diém N (1,2,4)
Tinh cong cua luc dién trudng.
Gidi
Ta co
Floy.z) = £.q.Q.x ; €.q.Q.y ; €.q.Q.z
/ (22 + 42 + 22)3/ (22 + 42+ 22)3/2 (22 + 42+ 22)3/2
r=1 =0
vl y=t ;1<t<2=4 o =1
z=t? 2 =2t
Cong ctia luc dién trudng F khi q di chuyén tir diém M dén N 1a
/ €.q.Q.x - i+ £.q.Q.y 3/2.d N €.q.Q.2 -
(224 y2 + 22) (22 4+ y2 + 22) (2242 + 2?)

k

.dz

t t?
= 5.(].@/ 0+ A+ 2t | dt
l L+ 2 +0%2 0 (1424 0%2 (14241432

t+ 13
—EQQ/ i dt
(1+ 82 4 42

1
_”Q(\f \/_>
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Tich phan duong loai I

Bai tap 3.1. Tinh céc tich phan dutng sau
vds, C:oz=1 y=1t 0<t<2

e

=2

zyds, C:z=1t% y=2t 0<t<1

(z — y) ds, C' 1a doan thang ndi hai diém (0, 0) va (4, 3)

o

\Q\Q\Q\

=N

zsinyds, C'1a doan thang ndi hai diém (0. 3) va (4, 6)

)

xyds, C'1a bién cla hinh chit nhat ABCD A(0,0), B(4,0), C(4,2), D(0,2)

=

\Q\Q

(22 + y?)ds, C' 1a bién cla hinh tam giac OAB véi O(0,0), B(1,1), C(—1,1)

g. | xy*ds, C' 1a ndia bén phai clia dudng tron 22 + % = 16
h. [ xyds, C la cung dudng ehp z—z = 1 nam trong géc phan tu thid nhit

V22 4 y2ds, C' 1a ndfa vong tron z2 + y* = 2z, . > 1

—

Q\Q\Q'\ Q'\Q\ Q\Q

2

j. [ aPds, Clacungy—%,ogxgx/ﬁ
k. | xyzds, C:x =2sint, y =1, z=—2cost, 0 <t <7
L[ 2e+92)ds,C:ax=t, y=1t> z=t3, 0<t<1

zyz2ds, C' 1a dudng thang nbi hai diém (—1.5,0) va (1,6,4)

=

=
Q\Q\Q\

ze¥?ds, C la dudng thang ndi hai diém (0,0, 0) va (1,2,3)

e

(332 —|—y2 + zz)ds, C' la dudng x0dn 6¢c z = acost,y = asint,z = bt, 0 < t < 2,

a,b, ¢ 1a céc hing s6 duong
p. /x2ds, C'1a giao xuyén ctia hai mit 22 + ¢ = 22 y* = az ti diém (0,0, 0) t6i diém

c
(a, a,a\/i), a>0
. A . R% | x
qg. /xyzds, C' la giao xuyén ctia hai mit 22 + y? 4+ 22 = R* 2% + 4% = e lay phan
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r<0,y<0,2<0

Bai tap 3.2. Tinh

1. | xyzds, v6i C : x = 2sint,y =t,z = —2cost,0 <t <7

2. [ xyz%ds, véi C 1a doan thang tit (—1,5,0) dén (1.6,4).

ze¥"ds, véi C 1a doan thang tir (0,0,0) dén (1,2, 3).

4. [ 2?2 + > +22ds, v6i C : x =t,y = cos2t,z = snt,0 < t < 2x

\Q\Q\Q\

Q

5. Tich phan ctia ham f(z,y, 2) = z + /y — 2° trén dudng cong C; tir diém (0,0, 0) t6i
(1,1,1) biét

C1:r(t) =tk, 0<t<1; Cy:r(t) =tj+k, 0<t<1

Cy:r(t)=ti+j+k, 0<t<1

Bai tap 3.3. a. Tinh do dai dudng xoan 6¢ hinh nén = = aelcost,y = ae'sint,z = ae’ tit
diém 0(0,0,0) t6i di€ém A(a,0, a)

b. Tinh khdi lugng ciia ddy c6 phuong trinh y = ~ (e +¢7¢) ,0 < 2 < abibt p(z,y) =

NN

y
Tich phan duong loai IT
Bai tap 3.4. Tinh tich phan

a. [ (2% — Vr)dy, C1adudng y = v/ tit diém (1,1) t6i (4,2)

b. [ ze¥dx, C la dudng = = €Y tit di€m (1,0) t6i (e, 1)
zydz + (z — y) dy, C gdm dudng thing tif (0,0) t6i (2,0) va tif (2.0) téi (3,2)

d. [ sinzdz + cosydy, C gdm ntta trén clia dudng tron x2 + > = 1 tif (1,0) ti (—1,0)

Q\Q\Q\Q\'

va dudng thang tir (—1,0) téi (-2, 3)
e /—ydw + zdy, C = y* = 4z tli (1,2) t6i (0,0)
c
f. / (2% — y?) dz + xdy, C la vong tron 2° + y* = 4 tit (0,2) t6i (2,0)

Bai tap 3.5. Tinh
a./zdx+fcdy+ydz, C:z=1, y:tg, =12, 0<t<1
C
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b. / (z + y2) de + 2zdy + ry>dz, C gdbm dudng thing tif (1,0, 1) ti (2,3, 1) vati (2,3, 1)

. C
t6i (2. 5,2)
C

. /x2dx + y%dy + z2dz, C gdm dudng thang tir (0,0,0) téi (1,2, —1) va tir (1,2, —1)
. C
t6i (3,2,0)

Bai tap 3.6. Tinh céc tich phén sau

a. [ (2° —y?)dz + 2zy’dy, C la dudng ngudc chiéu kim dong hd xung quanh hinh

A

vudng tao bdiz =0,y = 0,2 =2,y = 2

b. [ 2%y?dx + 2%ydy, C 1a dudng ngudc chiéu kim dong hd xung quanh hinh vudng

A

taobGiz =0,y =0,z=1,y=1

c. | —ady + ydx, C 1a tam giac vé6i ba dinh (0,0), (0, a), (b, 0) theo chiéu ngugc chiéu

>/Q\

kim dong ho

o

zy?dz, C - 22 + y? = a® thuin chiéu kim dong ho

mz y2 s . N N
C: o) + o 1 thuén chiéu kim dong ho

ol

Q\Q%Q.\
QU

z?y?dx + ry*dy, C 1a dudng ngudc chiéu kim dong hd xung quanh dudng cong

b

Qq

i z = 1 va parabol 4> = z

o
-y
=
(sl
oo
]

dz, C'1a nda trén ctia dudng tron 2% + % = 1 tr (1,0) t6i (—1,0)

aQ

=
SQ\Q\'

<

(e%siny — y) dx + (e" cosy — 1) dy, C 12 ntfa dudi dudng tron 22 + y> = z tif (1,0)
t6i (0,
Bai tap 3.7. Tinh

ydz + xdy, C' 1a bién ca mién Q = {(z,7) |0 <z < 1,0 <y < 2}

b. ¢ e’ cosydx + € sin ydy, C 1a bién clia mién tam giac Q2 c6 dinh (0,0), (0,1), (1,1)

ydx, C'1a bién ctia mién © 12 hinh tron nim trong géc phan tu thii nhat c6 ban kin

Q\e\Q\e\Q\;

bing 1

Bai tap 3.8. Cho (f, g), kiém tra diéu kién d€ fdx + gdy 1a dang vi phan ding va tim ham
thé F trong trudng hop vi phan ding
a. (2my, 2?4 1) b. (4.173 —ye™ tany — memy)
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C. (4:752 — 4y2, —8zxy — In y) d. 23: cos Yy, 2% sin y)
e. (r—ycosz, —sinx) f. ( e’ )
1
g. (ﬁ+y2,2xy> h. (:r +y +1,—:L'y—y)

. 1

i <_F + 4y, siny 4+ /g + x4>
Bai tap 3.9. Trong céc bai tap sau, chiing minh tich phan khong phu thudc vao dudng cong
va tinh tich phan

a. / (e +y) dz + (z + 2y) dy, C 12 dudng cong bit ky kha vi tiing khiic nbi (0,1) dén

C
(2,4)

b. / (2wy® + 1) da + 22°ydy, C 1a dudng cong bat ky kha vi timg khic ndi (—1,2) dén

(y + 2ze¥) dx + (z + z°€¥) dy, C la dudng cong bt ky kha vindi (1,0) dén (2,1n2)

C
C
d. /2chd1: + (2% + 1) dy, C 1a dudng cong bat ky kha vi ndi (0, 1) dén (2,3)
C
/ (42* — 4y°) dz + (Iny — 8ay) dy, C' la dudng cong bét ky khé vi ndi (—1,1) dén
C

(4,e) trong mién y > 0
f. / (zcos (z 4 y) +sin (z + y)) dz + z cos (z + y) dy, C 1a dudng cong bat ky kha vi
C

ndi (0,0) dén (=, )

w3

T
67



Chuong 4

Tich phan mat

4.1 Mat
’ r =2
1. Phuong trinh tham sb mit S c6 dang < y =y (s,t)  (s,t) € D c R
z=z(s,t)
2. Phuong trinh S dang: z = z(z,y), (x,y) € Dyy.
Mat hai phia dinh huéng
> Mat khong kin

Hinh 4.1: a. Mat khong kin, phia trén b. Mt khong kin, phia duéi

> Mit kin

Hinh 4.2: a. Mat kin, phia ngoai b. Mat kin, phia trong

103
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> Dai Mobius

Hinh 4.3: Dai Mobius

Vi du 4.1. Mit parabol z = 2°

Hinh 4.4: Mit khong kin, huéng xubng

Mit phang z +y + 2z = 1

Hinh 4.5: Mt khong kin, huéng 1én

4.2 Tich phan mat loai I

4.2.1 Ky hiéu

//f(x, y, z)do, v6i S 1a mit trong R3.
s
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4.2.2 Cach tinh

e=a(s1),
e NéuScéodang{ y=vy(s,t), (s.t)eDcCR>.
z=2z(s,t),
Tinh
do = \/ EG — F2dsdt,
trong do
B = () + ()} + ()
G = (20)* + () + (=),
F =x5xt + ysyr + 252t
Suy ra

flz,y,z)do = f(z(s,t),y(s,t),2(s,t))V EG — F2dsdt.
[Jrevef

e Néu S c6 dang 2 = z(z,y), (,y) € Dyy. Tinh

dcr—\/1+ zuL + (2y) dxdy

Suy ra

//fl’y, dU—//fl’y, (z,y)) \/1 zx zy dxdy.

e Néu S c6 dang y = y(z, 2), (z, 2) € Dy.. Tinh

do = \/ 1+ (y) + dxdz

Suy ra

//fxy, da—//fa:ywz \/1 yT—I— dxdz.

e Néu S c6 dang = = 2(y, 2), (y, 2) € D,.. Tinh

do = \/ 1+ :Cy ) dydz.

Suy ra

//Sf(f”’yv z)do = //D f(z(y,2),y,2) \/1 + (1) + (2.)*dydz.

Vi du 4.2. Tinh / / (2 + z)do trong d6 S 14 phan mit phang z + y + z = 1 trong géc phin
s

tam thi nhit.

Gidi

Thams6 S: 2 =1—2—vy, (2,y) € Dy ={(z,9)|0<r<1,0<y<1—a}.

Ta co
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dcr—\/l—l— —1)2dady = \/3dxdy.

//:c+z = /(x+1—x—y)\/§dxdy

Dyy

Suy ra
—y

1-
/ y) dydx
0

OO_I »—0\ —

Vidud4.3. Tinh [ = //%da, trong d6 S 1a mit ciu 22 + 42 + 2% = R? nam trong
¢ +vy

gbc phan tam thi nhét.

Gidi

X

x = Rsinfcosp,

Cich 1: (S):{ y=Rsinfsing, (8,0) € D — {(9,@) 0<o<T0<p< f}.
z = Rcosf, 2 2
Ta co
xg = Rcosfcos g, T, = —Rcosfsin g,
yg = Rcosfsin p, Yo = Rsinf cos o,
zg = —Rsinf, 2o = 0.

E = <x9>22+ (y9)22+ (20)22 = R?,
G = (l'so) + (Yp)” + (2p)" = R%sin?0),

do =/ EG — F2dfdp = V Risin*0d0de = | R sin 0| dfdp = R* sin 0d0dep.
I= / / fsinfcos R2 sin 0d0dy
¢ (

Rsinf cos )* + (Rsin fsin o)

/ / sin 6 cos pdfdp
0 0
R?

Cdch 2: (S):z=+/R?— a2 — y2..., danh cho SV.
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Vidu 4.4. Tinh / / zdo, trong d6 S 12 bién ctia hinh khéi gii han bdi mit tru 2% 4+ = 1,
s

mit phang z = 0 va mit phang z = 1 + .

Gidi

Ta cé: S = S; U Sy U Ss, trong do

e Sp:2=0, (v,y)e D= {(:I:,y) 22 + 42 < 1}.
Suy ra

oo

e S3:2=1+u, (m,y) eD= {(J}y) |$2+y2§ 1}
Suy ra

1= [ [ e

// (1+2) vV 1+ 12+ 02dxdy.

y=rsinp

Chuyén sang toa do cuc, dit { — ISP ta duge
z=1+x=14rcosy; trongdd D,, = {(r,¢) |0 <r <1,0< p <27}

Suy ra
1 27

/l-l—rcosgprd'rdgo Vor.

0

Q

0S¢
ing ,trongdd D = {(p,2)]0 <¢ <2m0<2z<14cosp}.

ISINON

E = (2,)" + (yo) + (2)°

G = (xz)2 (yz)2 + (Zz)2
F=z,0, +y,y, + 242,

= do =/ EG — F2dpdz = dpdz

Suy ra

\_/

1,
1,
0.
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27 14cos e

[fo= [foaem [ [ =3
Vay//zda——er\/_w

4.3 Tich phan mat loai IT
4.3.1 Ky hiéu
// f(z.y,2)dydz + g (z.y, z) dedz + h (z,y, 2) dedy, v6i S 12 mot mit trong R3.
S

Tinh chét 4.1. Cho mit S, goi S 1a mit S véi huéng da chon trude, S~ 1a mit S v6i huéng
ngudc lai, khi do ta c6

//fdydz + gdzdz + hdxdy = / fdydz + gdzdxz + hdxdy.
S_

4.3.2 Cach tinh

A. S khong kin:
Céch 1: dua vé tich phan mit loai 1 (c1)
Céch 2: dua vé tich phan boi 2 (c2)
bat ? (f,g9,h
> Néu S ¢6 dang z=z(x,y), taco

/ / Fdydz + gddz + hdzdy 2 / / FiNdo 2 / / Frldzdy,

trong do

o = :l:_()—zx, —2y, 1),

1 ) .
o N = %—: phap vecto don vi,

n
e 1, dudc chon tit 77 dwa vao phia ctia mit S. (trén, dudi).
> Néu S ¢ dang y = y(z, 2), ta cd

/ / fdydz + gdrdz + hdedy & / / FNdo 2 / Frldedz,

trong do
.ﬁ_i_g yl‘»]-a_yz)
N = ik —-: phédp vecto don vi,

o, du’dc chon tit 77 dya vao phia clia mit S. (trai, phai).
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> Néu S c6 dang z = z(y, 2), ta cé

//fdydz + gdxdz + hdzdy d //?ﬁda @ //?ﬂdydz,
S S D,.

iél, — Ty, =),
n
= —: phap vecto don vi,

77|
e n; dudc chon tu 77 dua vao phia cia mat S. (trudc, sau).

. 7 — Ja2 4 a2 4 g2
Nhic lai: cho @ = (a1, a2, a3); T = (b1, ba, bs), khi dé{ |d| = y/aj + a5 + a3

5:[; = a1b1 + agsby + asbs

o

trong do

EL lei

Vidu4.5. Tinh [ = / yzdzd + z2dady, voi S 12 phia trén cta mit 4> 4 22 = 1,z > 0, gidi

5
han béi hai mat z = 0,z = 1.

Gidi
y24+22=1 I
n
H“\"\_
R, ; i
(1,-1,0) e
(1.1.0)
X
Tham s6 miit (S) : z = - y2, (z,y) x [-1,1]. Taco
2p = 0,2y = : w=4

Do S 1a phia phan phia trén nén chon ng = | 0,

0,—4 1
\/1— 1 y? )
N
V31-y? )
Talaicé F = (0,92, 2%), suy ra

1 —
P = (0,92 2%). (0,%,1) —1.

1—

11
I = //yzdzdm+22dmd7 = //?ﬁdrdy = //Mydm =2.
D 0 -1

S

A

Vay

Vidu4.6. Tinh / = / ydzdz, v6i S 1a phia dudi clia mit phang = + y + z = 1 nam trong

s
g6c phan tam thi nhét.
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Gidi

Thamsbmit (S):z=1—-2—y, (z,y)eD={(z,9)[0<2x<1,0<y<1-2z}.Ta

co
=1z, =—1=7 =4(1,1,1).
Do S 1a phia phan phia duéi nén chon ng = (—1, -1, —1).
Ta lai co F= (0,y,0), suy ra

Fag=(0,4,0).(=1. —1,-1) = —y.

Vay

X

11—
Iz/ydzdx—/ y)dzdy = — //ydydm——.
0

S 0
B. S kin: ta tich S thanh cac mat khong kin, hodc dung dinh ly sau

Pinh ly 4.2. (Dinh ly Divergence) Néu
1. Q la khéi don, va S la bién clia
2. S dinh hudng duong (hudng ra ngoai),

3. cdc ham f, g, h lién tuc va tat cd cdc dao ham riéng cdp 1 ciia chiing ciing lién tuc

trén mién QU S,

thi ta co

ﬂ)‘dydz + gdxdz + hdxdy = /// <6f @ + 8—};) dxdydz.

Vidu4.7. Tinh [ = / ydzdx, v6i S 1a phia trong ciia mat kin tf dién gidi han bdi cac mat

S
r+y+2z=12z=0,y=0,2=0.

Gidi

Cdch 1: dung dinh ly Divergence. Goi S~ la mat S phia ngoai. Ta c6

o f=0,9=y,h=0,
¢ Q={(,92)0<2<1,0<y<1-2,0<2<1-2—y}
Ap dung dinh 1y Divergence ta c6

rl—z—y

11—

1

//ydzdw = ///1dwdydz = // / ldzdydr = 5
S- Q 0 0

Suyral =——
Cdch 2: tach S thanh 4 mat. Danh cho SV.
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4.3.3 Tinh tich phin duong loai II trong khéng gian bang dinh Iy Stokes

Pinh Iy 4.3. (Dinh ly Stokes) Néu cdc ham f, g, h lién tuc va tdt cd cdc dao ham riéng cdp

1 cua chiing ciing lién tuc trén mdt S thi

fdz + gdy + hdz = @——g dydz+ (2L~ qpaz 1 (29 - 9L guay
0z 0z Ox dr Oy

trong doé C la bién cua S va chiéu ldy tich phdn trén C duoc chon sao cho mot nguoi
diing trén mdt cong S bi phdp tuyén dwong T xuyén tir chdn dén ddu, nhin thdy chiéu trén
C nguoc chiéu kim dong hé.

y ]1 23 \.
[ T -
% j}\ |
g <
0 ;

S T

y

Vi du 4.8. Tinh [ = f—dezx + ady + z%dz, v6i C 1a giao xuyén clia mit y + z = 2 va

c
2% 4 y% = 1 ¢6 chiéu ngugc chiéu kim dong ho khi nhin tif trén xubng.

Gidi

Ta co

eS:z=2—y, (xr,y)eD= {asy|az +y2§1},
8h dg _Of Oh _ 0g Of _
8y 0z =0 0z Oz =0 ox Oy =1+2

Ap dung dinh Iy Stokes, ta cé

I= f—yzdaz + zdy + 2%dz = //(1 + 2y) dzdy.
S

Vidu4.9. Tinh [ = % xzdx + xydy + 3xzdz, trong d6 C 12 bién clia mit phang 2z +y+2 =
c
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2 nam trong géc phan tdm thi nhét, c6 chiéu ngude chiéu kim dong hd néu nhin tir trén

xuong.
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Tich phan mat loai I

Bai tap 4.1. Tinh céc tich phan mat sau day
1.//yzda,tr0ngd65:x=u2, y=wusinv, z=wucosv; 0<u< l,OSng
S

2. //(m2 +y%)do, S 1a mit ciu don vi 2% + 4% + 22 =9
S
3. zdo, S 12 mit parabolic z = 2 — 2% — 42 trong mién z > 0
S
4, //(.772-1—3/2-1- (z—2)%)do, Slamita? + 92 + 22 =4,2>1
S
5. // zydo, S la tam gidc gidi han bdi céc dinh (1,0, 0); (0,2,0); (0,0, 2)
S
6. // 2%2%do, S 1a phan mit nén 22 = 2% + % ndm gitacdcmit 2 = 1,2 =3
S
7. / /S 2%yzdo, S 12 phan mit phang z = 14 2z + 3y nam trén hinh chit nhat [0, 3] x [0, 2.
8. //Syda,smphénmatz: g (1’3/2-1—1/3/2) L, 0<z<1,0<y<l.
0. // zdo, S1amit z =y + 222, 0l1yl11,0 < z < 1.
S

10. / zzdo, S 12 bién cia mién dudc bao quanh bdi mit tru 42 + 22 = 9 va cac mit
=0, x ilg— Y = 9d..

11. // (2 + 1723/) do, S 1a phan mit mit try 2 + 22 = 1 va nam gita cic mit = =
0, ©=3 tiong g6c phan tdm thi nhat.

12. // (2% +y* + 2%) do, S la phan mit tru y* + 2* = 9 va nam giita cdc mit z =

5 Do A ar s 4
0, z =2, cung v4i cac mdt dia tron trén dinh va day.

Tich phan mat loai II

Bai tap 4.2. Tinh céc tich phan sau
1. / / zdydz + ydzdz + zdzdy, S 1a phia trén ctia mit phang = + 22 — 1 ndm giita hai
S
mdt phang y = 0,y = 2 va thudc géc phan tam thui nhat

2. zdxdy, S 12 phia ngoai ctia mit cau P+t +22=1,20>0
g

3. / / ydzdz, S 1a phan dusi ctia mdt phang = +y + z = 3 thudc géc phan tam thii nhat.
g
4. xdydz+y?drdz+dzdy, S 1a phia ngoai clia mét xung quanh ctia khéi tru z2+y% <
22,0 < ZSS 1
5. / wydydz + yzdedz + xzdedy, S 1a phin mat phang Parabol z = 4 — 22 — 42 nam
phia trénShinh vubng 0 <z <1, 0<y <1
6. / / —xdydz —ydedz 4 23dxdy, S 1a phan mit nén z = /22 + 42 gilta cdc mit phang
s

z=1, z=3véidinh huéng xudng.
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7. // xdydz — zdxdz + ydxdy, S 1a phan mit cau 22 + y? + 22 = 4 nim trong géc phan
tam thi Ifhét, v6i dinh huéng t6i gbc toa do.

8. // zzdydz + xdrdz + ydxdy, S 1a nda cau 2 + 32 + 22 = 25, y > 0, dinh huéng
theo hu(ﬁqlg truc Oy.

0. // ydxdz — zdxdy, S chida mét Parabol y = 22 + 22, 0 <y < 1vadiaz®+ 22 <
1, y= 1?

10. // yrdydz + 4z’dedz + yzdedy, Slamit z = 2e¥, 0< 2 < 1,0< y < 1

g

11. / / xdydz+ydrdz+5dzdy, S 12 bién ciia mién dugce bao quanh bsi mit tru 2>+ 2% =
s

lvacicmaty=0vazx+y=2

Bai tap 4.3. Tinh
1. // 22dydz — 2zydrdz + 3zzdrdy, S 12 phia trong ctia mit cau =2 + % + 22 = 4
s

22 2 2
2. / / zdxdy, S 1a phia ngoai ciia mat ellipsoid n + ”y + i 1
s

3. / / 22dydz + y?dedz + 2*dedy, S 12 sdu mit phia ngoai clia hinh hop chit nhat
0,1] % [0.2] x [0,3]

4. zydydz + (y? + €**)dzdz + cos(zy)dydz, S 12 phia ngoai ctia mit gidi gidi han
béimétjz1—x2,z=0,y=0,y+z:2

5. / / vyt dydz + xy?2dedz — ye*dydz, S 1a mit cia hdp dudc bao quanh bdi mit
S
phang toa do va mat phang r = 3,y = 2,z = 1.

6. / / 22yzdydz + vy’ zdedz + xyz2dydz, S 1a mit hop dude bao quanh bdi cac miit
phéng z S: 0,2 =a,y =0,y =b,z=ctrong d6 a, b, c 1a hing s6 duong.

7. / / 3ay?dydz + ve*dvdz + 2°dydz, S 1a mdt hinh khdi bi chan bdi mat try y? + 2% = 1
va cac mseflt phang z = —1,2 = 2.

8. // (2% +9°) dydz + (y° + 2°) dwdz + (2* + 2®) dydz, S 1a mit cdu c6 tam tai gbc
toa va bégﬁ kinh 2.

9. / / zdydz + ydzdz + zodydz, S 1a bé mit ctia khdi ti dién dude bao quanh bdi cac

s
o 2 ANy 2 x z .
mat phang toa d0 va mdt phang — + % + — =1, trong do a, b, ¢ duong.
a C

10. / / (cosz + wy?) dydz + we *dudz + (siny + 2°2) dydz, S 1a mét khdi bi chdn béi
S

mit Parabol z = 22 +¢y®> vaz =4

11. // et dydz—a® 22 dedz+4y? 2dydz, S 1a mit ctia khoi bi chin bdi mit tru 22 +¢? = 1
S
vamdt phang z =z +2, 2z =0.

Bai tap 4.4. Tinh
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1. | 22zdydz + zy?dadz + 22drdy, C 12 dudng giao tuyén cla mit xz +y + 2z = 1 va

C
2% 4+ y? = 9 c6 huéng ngudc chiéu kim dong ho néu nhin tif phia trén xudng

1 < . A o N P
2. / 22ydydz + §x3dxdz + zydzdy, C 12 giao xuyén cla z = y? — 2% va 22 + % = 1¢6
c

hudéng ngudc chiéu kim dong hd néu nhin tir phia trén xubng



Chuong 5

Phuong trinh vi phan va hé phuong trinh vi
phan

5.1 Khai niém co ban
5.1.1 PDinh nghia

Pinh nghia 5.1. Phuong trinh vi phan 14 phuong trinh lién hé giita bién doc 1ap, ham sb
phéi tim va cac dao ham ctia né. Cdp cao nhdt ctia dao ham c¢6 mit trong phuong trinh

dudc goi 12 cdp clia phuong trinh vi phan.

Vidu5.1. .
1 ) <
L.y +-=0, Z—U = 3z + 2 la phuong trinh vi phan cap 1.
X X
"o _ l @ . @ o 2 1 < . ~ A
2.y —2333y Ii, 7n2 5xyda: = x“ la phuong trinh vi phan cap 2.
3. (y")"+ (v") +y = 7« la phuong trinh vi phan cap 3.
d . 4
. % + d—; — 2 + 2y 12 phuong trinh vi phan cép 1.
2
5.% — 2 + 1 1a phuong trinh vi phan cip 2.
T

Phuong trinh vi phan dudc goi la phwong trinh vi phdn dao ham riéng ( partial differ-
ential equation - PDE) néu ham can tim phu thudc vao hai hay nhiéu bién.

Phuong trinh vi phan dugc goi la phuong trinh vi phdn thuong (ordinary differential
equation - ODE) néu ham can tim chi phu thudc vao mot bién duy nhét.

Phuong trinh vi phan thuong c6 dang
F ('CE?y? y/7"‘7y(n/)> :0 (5'1)

trong d6 z 1a bién doc 1ap, y 12 ham can tim, 1/, .., y™ 1a dao ham céc cAp cia y, biu
thuc F (x, TR T y(”)> thuc su chita (™.

Vi du 5.2. Trong vi du 5.1, cic phuong trinh 1,2,3 1a phuong trinh vi phan thudng, cac
phuong trinh 4,5 1a phuong trinh vi phan dao ham riéng.

116
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5.1.2 Nghiém caa phuong trinh vi phin

Pinh nghia 5.2. Nghiém cda phuong trinh vi phan 5.1 trén khoang I ¢ R, laham y = y ()
thda phuong trinh 5.1 tai moi diém = € 1.

Nghiém riéng cua phuong trinh vi phan la mdt trong cac nghiém cuia no.

Nghiém téng qudt ctia phuong trinh vi phan 1a tAp hop tit c4 cdc nghiém clia no.
Vi du 5.3. Ching minh phuong trinh Z—i = ;—2 c6 nghiém tdng quatla y = /23 + C, trong
d6 C 12 hing sb6.

5.2 Phuong trinh vi phan cip 1

Pinh nghia 5.3. Phuong trinh vi phan cip 1 la phuong trinh c6 dang

F(2,5,9) =0 (52)
s vA A 1A s, dy
trong do « la bién doc lap, y 1a ham can tim, y' = T

Thudng ngudi ta cho phuong trinh vi phan cip 1 da gidi ra d6i véi ¢/

y' = f(z.y)

hodc dang
P(z,y)dr+ Q (z,y)dy = 0.

Pinh nghia 5.4. Bai toan Cauchy la bai toan tim nghiém riéng cta phuong trinh

y' = f(z,y)
v6i diéu kién dau

y(wo) = vo.

Pinh Iy 5.1. Nghiém ciia bai todn Cauchy ton tai va duy nhdt néu ham f (z,vy) va dao ham

N 8 .« A A A A 2 2, - A7
riéng 8_f lién tuc trén mot tdp mdé D € R? chita diém (zo,y0)-
Y

Pinh nghia 5.5. Nghiém tong qudt cia phuong trinh 5.2 1a biéu thiic y = f (z, C), trong d6
C 1a hing s6 tity y sao cho v6i mdi hang s6 C, ham sb y = f (z, C') 1a mot nghiém (riéng)
cua phuong trinh 5.2.

Nghiém t&ng quat ctia phuong trinh 5.2 viét dusi dang ham an F (z,y) = C dudc goi
12 tich phén téng quét.

Mot s6 nghiém ctia phuong trinh 5.2 ma tai mdi diém cida né, tinh duy nhat nghiém

cua bai toan Cauchy bi phd vo, dudc goi la nghiém ki di.
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Vi du 5.4. Bai toan Cauchy

c6 nghiém y = v/ 23 + 8.

Puong cong tich phan

Db thi ctia mdi nghiém y = y (z) clia phuong trinh vi phin da cho, vé trén mit phing
Ozy goi la dudng cong tich phan clia phuong trinh nay.

Nhu véy, nghiém tong quit y = y (=) trén mit phang Oxy tucng ng véi mdt ho cic
dudng cong tich phin phu thudc vao mot tham s6 1a hing s6 C' bat ky. Nghiém riéng
théa man diéu kién bao dau y (o) = yo tuong ting v6i dudng cong tich phan di qua di€ém

(x0,yo) cho truée cua ho do.

. . ooad 2 e s -
Vi du 5.5. Phuong trinh vi phin ﬁ = % c6 nghiém téng quatlay = /a3 + C. V6i C =8,

ta c6 nghiém riéng cand 1a y = v/ 23 + 8.

53 Mot so dang phuong trinh vi phan cap 1
5.3.1 Phuong trinh vi phan tich bién
Phuong trinh sau day dudc goi 1a phuong trinh tdch bién
9(y)y' = f(=). (5.3)
Ta c6 thé viét dudi cac dang sau:
g(y)j—'z = f(z); g(y)dy = f(zx)dz; g(y)dy+ f(x)dz =0

Cdch gidi: Néu phuong trinh c6 dang 5.3 13y tich phan hai vé theo bién z, ta dudc

/ oy de = / Fw)ds

/ owdy = [ flz)da
Gly)=F(z)+C

trong d6: G(y) 1a nguyén ham ciia y, F(z) 1a nguyén ham ctia f, C 1a hing sb.
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Néu phuong trinh dang g(y)dy = f(x)dz, lay tich phan hai vé ta dudc

/ g(y)dy = / f(@)ds.

Vi du 5.6. Giai cac phuong trinh vi phan sau
1.y =z — 223
2. y2dy = xda
3.y —x(P—-1)=0
4. e"dx —ydy =0, y(0) =1
Gidi
1. LAy tich phan 2 vé phuong trinh ' = z — 22° theo bién z, ta dudc

2. LAy tich phan 2 vé phuong trinh *dy = zdx, ta dugc

/dey: /xdw
y3 172

2 _Z 4
3 2+

3. Danh cho sinh vién.

4. Danh cho sinh vién.

Vi du 5.7. Thay bing vi du @ng dung khac

Trong 1 phén ting héa hoc tai nhiét do ¢ dinh, ndng do chét [A] phu thudc thsi gian

theo phuong trinh vi phan

d[A] 2
—— = —2k[A]".
o k[A]
Chitng minh ring
1 1
— — —— =2kt
[A] - [Alo

biét rang khi tai thoi diém ban dau ¢ = 0 thi [4] = [A]o.

5.3.2 Phuong trinh déng chp

Phuong trinh vi phan
Y = f(z,y)

dudc goi 1a ddng cdp néu ham f(x,y) c6 thé viét dudc dudi dang

flr,y) = (y)

x
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nghia la

Nhic lai: ham f(z,y) dudc goi 1a ham dang cip bac m néu f(\x, \y) = A" f(x, y).
Cdch gidi:
bat u = g,tacéyzux, y =z + .
Khi do, pgiumng trinh (5.4) trd thanh

' +u = p(u)
' = o(u) —u
1, 1
—_—u = —
o(u) —u iy

LAy tich phan hai vé, ta dugc

du
—=lnx+C
/w(U)—u a

Vi du 5.8. Giai cac phuong trinh vi phan sau

— 2 N
1.y = a;y—y trén mién z > 0.
x= — 27y
2
2.9 = (y) + 244 gy =2
T T
Giai
. 5 o X A 2: s ! Y — y2 2
1. Chia ca tu va mau ve phai cua phuong trinh y* = R — cho 27, ta dudc
T4 — 2xY
2
y/ _ % — (%)
1-24
batu = g,tacéy: wr, o =uz+u.
X
Khi do, phuong trinh tr§ thanh
o +u= u-u’
C1-2y
JIUI = i U2 u
1-2u
JJ"LLI = U2
C1-2u
Truong hdp v = 0 = y = 0 la nghiém.
Truong hdp u # 0, ta co
1—-2u , 1
u = —
u2 T

LAy tich phan hai vé, ta dudc

/1_22udu:/1d1’
U x

—— —2lnjul=Inz+C
U

L oml|?
y x

=lnz+C
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y? x
Inz+h=5+hK=——; (K:ec)
x

5 Yy
m(K£>:_f
xz Yy

LAy e mil hai vé, ta dudc

trong d6 D = K ! 1 hang sb.
2. Danh cho sinh vién.

5.3.3 Phuong trinh vi phan tuyén tinh cép 1

Phuong trinh vi phan
Y +p()y = q(z) (5.5)

dudc goi 1a phuong trinh vi phdn tuyén tinh.
Néu ¢(z) = 0, phuong trinh 5.5 goi 1a phuong trinh vi phan tuyén tinh thuan nhét.
Néu ¢(z) # 0, phuong trinh 5.5 goi 1a phuong trinh vi phan tuyén tinh khong thuan
nhét.
Pinh Iy 5.2. Xét phwong trinh vi phén tuyén tinh cdp 1 thudn nhdt
v +p(a)y=0

trong do p(x) la ham lién tuc trén khodang I C R.
Khi do nghiém tong qudt ciia phuong trinh vi phdn trén khodng I la

y = Ce—fp(a:)dw
vdi C la hdng so tity .

Ching minh
Nhan 2 vé ctia phuong trinh 4/ + p(x)y = 0 cho el iz g dugc

yefp(;c)dw —C
y = Ce™ fp(m)dm7

trong d6 C' 12 hing sb tly y.
Pinh ly 5.3. Xét phuong trinh vi phén tuyén tinh cdp 1 khong thudn nhdt

Y +p(x)y = q(x)
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trong do p(x), q(x) la cdc ham lién tuc trén khodng I C R.
Khi dé nghiém téng qudt cia phwong trinh vi phdn trén khodng I la

y = e~ Jp(@)de (/ e P@)d g )iy 4 C)

trong do C la hang sé tity .

Ching minh
Nhén 2 vé clia phuong trinh ¢ + p(x)y = () cho e/ P#%  ta duge

/
<yefp(x)dx) _ q(x)efp(x)dx
yel P@)de /efp(x)dxq(x)dx +C
y = e Jp@)de (/ e PO () dw + C) :
véi C 12 hing s tay y.
Vi du 5.9. Giai cac phuong trinh vi phan sau
2
1.y +32%y =0 2.y'—;y:0
Gidi
1. Xéty/ + 32%y = 0, ta c6 p(z) = 32°.
Suy ra /p(x)dm = /3x2dx =23+ C.
Nhén 2 vé / + 322y = 0 cho e ta dugc

y’eg63 + 3x26$3y =0

!/
(yemg) =0

y = e_‘”S./Odm = De ™'

trong d6 D 13 hing sé.
2. Danh cho sinh vién.

Vi du 5.10. Giai cac phuong trinh vi phan sau
1.y —y=sinz 2.y - 5y=— 3.y + 2zy = 22°,y(0) = 1
T T

Gidi
1. Taco p(z) = -1, q(z) = sinx.
Suy ra /p(m)dx = /—1dm =—z+C.

Nhan 2 vé ctia i/ — y = sin« cho e~ ta dudc

T T

) — — . —
ye ¥ —e Ty =sinz.e

Y . _
(ye x) = sinz.e” "
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ye " =/3inw.e“”dm
Yy = ex/sin:r.e_xdx

1
y=e". (—Ee_x (cosx +sinx) + C)

1
y=—3 (cosz +sinx) 4+ Ce”

2. Danh cho sinh vién.
3. Danh cho sinh vién.

5.4 Phuong trinh vi phan cip 2
5.4.1 Phueng trinh vi phéan chp 2 giam cip duge

A. Phuong trinh khong chira y va o/

F (m,y”) = 0hayy" = f (z)
Cdch gidi: Liy tich phan 2 vé ctia phuong trinh theo bién  hai lan.
B. Phuong trinh khong chira y

F(z,y'.y") = 0hay y" = f (,9)
Cdch gidi: &t p (x) = 3/, chuyén vé phuong trinh vi phan bic nhat.
C. Phuong trinh khong chira x

F(y.y,y") =0hayy" = f (v,%/)
Cdch gidi:
-Dity =p(y) =y = p-%-
Thay 4/, 4" vao phuong trinZ}Jl ban dau, ta c6 phuong trinh vi phan cép 1.
Giai phuong trinh vi phan clp 1 trén, ta ¢ nghiém p (y) = ¢ (y, C1).
Do y' = p(z), ta c6 phuong trinh

y' =¢(y,C1) (¥

trong d6 y () 1a ham can tim. Gidi phuong trinh (x) ta dugc nghiém ctia phuong trinh ban

dau.

Vi du 5.11. Mot tau hda dang chay trén quing dudng nim ngang v6i van téc 72 km/h.
Dung mdt luc him bing 0,2 trong lugng tau dé ding lai. Hoi tau s& ding lai sau thdi gian
bao lau, va trong thdi gian 4y, tau di di dudc mot quing dudng 12 bao nhiéu.

Gidi

Theo dinh luat Newton: F' = mT, ta ¢c6 phuong trinh chuyén dong ctia tau la

d?s

W = —O, 2mg

m
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trong d6 s 1a quang dudng di dudc trong thdi gian ¢, m 1a khoi luong tau, ¢ 1a gia tbc trong
truong, lvc F = —0, 2mg mang dau trir vi 1a Iuc can.
Day 1a phuong trinh vi phin cip 2 khong chiia s va s’
d*s

a2 =02

Vi du 5.12. Tim nghiém riéng cua phuong trinh

vy = () - ()"
y(1)=1
y' (1) = -1

Gidi

. d
Pity = p(x) =y = p.ot

d_y.
Thay 4/, 3" vao phuong trinh da cho, ta ¢6
dp 2 3
pL=p - (1
ypg =P (1)
Suy ra
dp
p ly-d— —p+p2} =0
Y
Trudng hop 1: p =0 = 3y = 0 = y = C la nghiém clia phuong trinh 1.
Truong hgp 3: p # 0, ta co

p
yom = p+p =0
y

5.4.2 Phuong trinh vi phan tuyén tinh cip 2
Phuong trinh vi phén tuyén tinh cip 2 hé s6 hing c6 dang
ay’ + by +cy = f(z), (5.6)

trong d6 f(z) la ham lién tuc trén khoang
Néu f(z) = 0, ta n6i 5.6 1a phuong trinh vi phan tuyén tinh thuan nhét.
Néu f(x) # 0, ta n6i 5.6 1a phuong trinh vi phan tuyén tinh khong thuan nhét.
A. Giai phuong trinh vi phan tuyén tinh cAp 2 thuin nhét hé s6 hiing

ay” + by 4+ cy =0, (5.7)
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Cdch gidi:

B1: gi4i phuong trinh dic trung ak? + bk 4+ ¢ = 0 (), k 1a an.
B2: Xét cac truong hdp

THI1: PT (x) ¢6 2 nghiém phan biét k1, k2,

=y = 1M 4 Chehe®
TH2: PT (*) c¢6 2 nghiém kép ko,
=y = MT(Craz + Cy)
TH3: PT (*) c6 nghiém phtc lién hop o £ i3,
=y = ¢"(C cos fx 4+ Casin fz)

Vi du 5.13. Giai céc phuong trinh vi phan sau

L.y +4y +3y=0

2.y" — 10y + 25y = 0,y (0) = 1, (0) = 5.

3.9 +2¢y +4y =0

B. Giai phuong trinh vi phan tuyén tinh cip 2 khéng thuan nhét hé ) h?mg

ay” +by' +cy = f(x), (5.8)

Cdch gidi

Cich 1: Phuong phap bién thién hé s6 Larange

Budc 1: giai ptvp thuan nhat ay” + by’ +cy =0

= nghiém tdng quat clia phuong trinh thuin nhit c¢6 dang: 3o = Cy1 + Coyo

Bude 2: tim nghiém riéng cua phuong trinh 5.8 dang y, = C1(z)y1 + Ca(x)yz, trong
do6 Cy(z), Cao(x) thoa

Ci'y1 + Co'ya = 0,
Ci'yi’ + Gy’ = f(x).

Giai hé trén (dn O}, Cy), ta dudc nghiém duy nhét
CY' = pi(x); G = pa(x).
LAy tich phan 2 vé, ta dugc
crta) = [ eyt +

Ca(z) = /@2($)dl’+ K.

bit ¢4(x) = /cpl(:r,)dx, $o(x) = /apg(x)dx, chon K; = K3 =0, ta dugc
Yp = P1(z)y1 + Po(w)y2
Budc 3: vay, nghiém t6ng quat ctia phuong trinh 1a

Y=Y+ Yp
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Vi du 5.14. Tim nghiém cta cic phudng trinh sau
Ly =2y +y= i.
29" +6y +9y = g_?’xcosx.

Gidi.

1. Xét phuong trinh " — 29/ +y = 0.

Phuong trinh dic trung k2 — 2k + 1 =0, suy ra kg = 1.

Vay nghiém phuong tong quat clia trinh thuan nhat 1a

yo = (#C1 + Cz) "
Tim nghiém riéng ctia phuong trinh y” — 2y +y = e; dudi dang
yo = (zC1(z) + Co(x)) €”
trong d6 C4(x), Cy(x) thoa hé

Cl/xe$+026$ =0
Cl/ (e + xe”) +02/ = %

1
c{:z
c)=—1
Ci=Inzr+k
CZ/I—SE-i-kQ

Giai hé trén, ta dudc

Suy ra

Chon k1 = ky = 0, ta dudc

yp = xe' Inx — xe”
Viy, nghiém tng quét cta pt ban dau 1a
y = Crze” + Coe” + ze¥ Inx — xe”

trong d6 Cy, Cs 12 hing s6.
2. Danh cho SV.
B. Phuong phap hé sé bat dinh
Budc 1: Tim nghiém téng quat 1y ctia phuong trinh thuan nhit ay” + by’ + ¢ = 0.
Budc 2: Xét phuong trinh dic trung ak® 4 bk +c¢ =0
Trudng hop 1: f (z) = e’ P, (), A € R va P, (x) da thiic bac n.

Truong hop Dang nghiém riéng y,
A khong trung v6i nghiém cua PT dac trung yp = .Qp (1)
A trung v6i mdt nghiém cia PT déc trung yp = 2.67.Q, ()
A trung véit nghiém kép cua PT dac trung yp, = 22.6M.Qn (2)

trong d6 @, (z) = Apz" + Ay 1z V4o ALz + Ap 1a da thic cung bac véi P, (x)
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Truong hop 2: f (z) = e, [P, (x) cosyx + Qu (z) sinyz], A,y € Rva P, (x), Qp, (2)
da thic bac n, m tuong dng.

Truong hop Dang nghiém riéng y,

\ =+ iy khong tring véi nghiém cta PT dic trung | y, = ¢*. [R; (z) cosyx + S (x) sinya]

A + 47 trung v6i nghiém cua PT déc trung Yp = 2. [R; (x) cosya + S (x) sinyz]

trong do
Ry () = Azt + A2 -+ Apx + Ag
Sy (z) = Bl + B2 ' + -+ Bi.a+ By
1a hai da thic cung bac | = maz {m.n}.
Budc 3: Tinh v, y; thé vo phuong trinh ban dau, suy ra
hé s6 A;, i = I, n clia da thiic Q, (z), hoic
hé s6 A;, i = 1,1va B;, i = 1,1 clia da thic R; (z), S ()
Budc 4: Nghiém y = yg + y,.

Vi du 5.15. Tim nghiém t&ng quat cia phuong trinh vi phan 3" — ¢/ — 2y = 422

Gidi

Xét phuong trinh thuan nhét ¢’ — 3/ — 2y =0

Phuong trinh dic trung k2 — k 4+ 2 = 0 c6 nghiém 2 z 2_1 .

Suy ra nghiém tdng quét ctia phuong trinh thuan nhét 12 yy = C1e*® + Che™®
Ta cé f (z) = 42 c6 dang e* P, (z) v6i o = 0, Py (z) = 4a.

Vi a = 0 khong trung v6i nghiém cia PT déc trung, ta tim nghiém riéng dang

Yp = A() + Alfﬂ + A2x2

Suy ra
yp/ = Al + 2A2$7
Yy = 2A.

Thay vao pt ban dau, ta c6
245 — (A1 + 2497) — 2(Ag + Arz + Aga®) = 422
= (=2A9)2% + (=241 — 249)x 4+ (=249 — A1 + 245) = 4(2%) + 0(z) + 0
Dong nhét cic hé sb tuong ting, ta dudc

—24y =4 Ay =—2
—2A2—2A1:0 <~ A1:2
247 — A1 —2A0=0 Ag=-3

Suy ra
yp = —3+ 2w — 222,

Vay, nghiém tdng quat ctia phuong trinh ban dau 1a
y=1yo+yp=C1e* + Coe ™ — 3 4 2z — 227,

trong d6 1, Cy 1a cac hing sb tuy y.
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Vi du 5.16. Tim nghiém tSng quat ctia phuong trinh vi phan y” — / — 2y = 2%
Gidi
Phuong trinh thuan nhét ¢’ — 3/ — 2y = 0 ¢6 nghiém tdng quét yo = C1e** + Che ™
Tacé f () = €3* c6 dang e** P, (z) véi v = 3, Py (z) = 2.

Vi « = 3 khong trung v6i nghiém cua PT dac trung, ta tim nghiém riéng dang

Yp = A063x

Suy ra
yp = 3A063$7
Y i — 9A063$

Thay vao phuong trinh ban dau, ta c6
9A40e>® — 3A4pe> — 240e3” = 2637
4Ape> = 2677
DPong nhét cic hé sb tuong ting, ta dudc
a-l
Suy ra
1 30

yp:§P .

Vay, nghiém tdng quét clia phuong trinh ban dau 14

. 1.
y:yo—i-yp:C’leZ“‘-i-Cge *+§egl,

trong d6 Cy, Cy 1a cac hang s6.

Vi du 5.17. Tim nghiém cta phuong trinh

1 y”—5y/—|—6y=62x(x—1)
" w(0) = —1L,y(0) =2
2.9 +y=(z+2)cosz

3.y +y=(a®+1)¢
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Pinh Iy 5.4. Nguyén Iy chong chdt nghiém
Xét phuong trinh y' + ay' + b = fi(z) + fa(x) trong d6 a,b la cdc hang sé thuc,
10, f2 (z) la nhitng ham lién tuc trén I subsetR. Khi do, nghiém riéng y, ciia phuong
trinh trén dugc tim dudi dang
Yp =1+ s

trong do yi la nghiém riéng cua phuong trinh

Y +ay +b=fi(x)
va y; la nghiém riéng cua phuong trinh

y' +ay' +b=f(2)
Vi du 5.18. Tim nghiém t6ng quat ctia phuong trinh

y”%—yz(:10—1—2)cosx—|—(962—1—1)6m

5.5 Hé phuong trinh vi phan tuyén tinh cap 1 hé s6 hang

Hé phuong trinh vi phan tuyén tinh cp 1 hé s hing c6 dang

Y +ay +biz = q (v)
2+ agy + baz = qo ()

trong d6 2 12 bién doc lap, y, ~ 1a ham sb theo bién x, a1, by, az, by 12 cac hang s6, ¢ (z) . ¢o ()

12 ham s6 da biét theo bién x.
Vi du 5.19. Tim nghiém cua hé phuong trinh

y' — 4z — 2y = cosx
2+ 22+ y=sinz

Gidi
DPao ham hai vé phuong trinh thif hai theo x, ta dugc

2+ 22+ = cosx ()

Tu phuong trinh thd hai, ta c6

- !/
Yy =sinxr — 2 — 2z

Thay y vira tim dugc vao phuong trinh thif nhit, ta c6
y = cosx +4z +2 (smx —— 2z) = cosx + 2sinw — 22
Thay 3 vao phuong trinh (*), ta dugc phuong trinh vi phan cp 2
2"+ 22 + cosx + 2sinx — 22’ = cosx

2= —2sinx
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Bai tap

Bai tap 5.1. Giai cac phuong trinh vi phan dang tach bién sau

l@_:}c—i—l
“dr oy
dy
2. — =
dx Y
dy vy
3.%—$2
el
4.4 =22
Yy %
5.2y =2y
6. xdx —yPdy =0
1
7. (x +1)dr — —dy =0
)

1 1
8. —dr ——-dy=0
x y
1

9 de— —— dy—0
T2 —ey+ 137

10. /1 — y2dz + y\/1 — 22dy =0

11.

12.
13.
14.
15.
16.
17.
18.

19.
20.
21.

22.@

£ 4

dy +
w/l—yQy \/1—1‘2

y cosz =1y

dr =20

y'tanz =1—y
tgxsinzydm + cot gycosgmdy =0
y+y=0, y(1)=1
sinzdr + ydy =0, y(0) = —2
zeosz = (e 4+ 2y)y/, y(0) =0
! m
ysink =ylny, y (5) =1
; 77
ytgw=y+a,y(§

y =Y, y(0) =0
dx dy

+
(y—1)  y(x)+2
=kL’Int, L(1)=-1

v
= 0< < —
) GYSTS5

dt

Bai tap 5.2. Giai cdc phuong trinh vi phan dang cip sau

l.y':g—l
T
Z.ylzf—l—g—l-l
y
y—x
3.y =
Y x
2yt
4.4 =
4 x
r+y
5.9 =
) z—y
2
y* + 2z
6.y =
Y Y
7y/:y2—’_m2
’ 2xy

8.y

/ dxy

y2 — a2

9. (x + v y?—ay)dy —ydr =0

10.
11.
12.
13.
14.

15.
16.

y2da + (z/y? — 22 — zy)dy = 0
(z + Vxy)dy = ydx
rdy — ydr = /22 + y3dx
z(y + e%) =y
2ye%d3: + (y — 2336%) dy=20
xy' In <g> =yln (E) +x

z/) T

ydx + xlog gdy —2xdy =0
x

Bai tap 5.3. Giai cac phuong trinh vi phan tuyén tinh cap 1 sau

L.y +32%y =0

2.y =32ty =0
1
3.y + -y =0
x
2

/

5.9 — Ty =14z

6.y +y=sin2z

7.9 —3y=ux

3 1
/
By ——y=—>

2

X

9.y =sinz

10. 4 + 2y = 3¢~

11.

1
y +cosz.y = 3 sin x

12. 2y +y = rsinx
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13. 29/ —y =22 cosx

14,y + 22y = ze "
15. cosay/ +y=1—sinw

/ . .
16.y' — ysinx = sinx. cos

17. 4 — - 2%Intg (g)

sin x
18.y/—|—£=21nx+1
x
2y - 9
19. ¢/ — =" 1
93; ] ez +1)
Yy
20. = =
g§v+50y 0
21.%=k]\/,kléh§ngsé.
dQ 2
22'%+—20—tQ_4

2.y - —L =14z, y0)=0
24,y + 62y =0, y(r) =

1
25.¢ —2y=¢€" —u, y(O)zZ

1
26. 3y + 3ytgdr = sinbz, y(0) = 3
1
COS T
28. 2y +y=e", y(1)=
29. ¢ + 22y =22, y(0) =

30. — + 20 =32, v(0)=
31. Y +qy=4cos2t, ¢(0)=1

32.5 L SN =t, N(2)=8

Bai tap 5.4. Tim nghiém t6ng quat clia cic phuong trinh sau

Y=y +y=0.
=y —2y=0.
.y — 5y = 0.
=y =12y =0.

2y + 6y + 9y = 0.
Ly =25y = 0.

1

2

3

4

59" -2y +y=0.
6

7

8.9y — 25y =0.

9.y" + 16y = 0.

10. y" — 7y + 10y = 0.
11.y" — 4y + 20y = 0.
12. y”—y’—I—iy:O.
13.y" — 2y + 5y = 0.

14. 9" =0.
& d
15. 4d—Tg - 12d—i 9y = 0.
&N _dN

Bai tap 5.5. Tim nghiém cua cac bai toan sau

1.y =0, y(1) =2, /(1) = —1. 5.12¢" + 5y —2y =0, 5(0) =1, ¥/(0) =
2.4y"4+5y'+6y =0, y(0) =1, ¥/(0) = —6. —1.

3. +2y=0, y(3) =0, ¥/ (3) =0. 6. 4y" +4y' +5y =0, y(n) =1, /(7) = 0.
4y =2 +y=09y02)=1,9(2) =2 74" +2y =0, y(3) =0, ¥(3) = 0.

Bai tap 5.6. Tim nghiém tdng quét clia cdc phuong trinh khong thuin nhit sau

1.y" — 3y — 10y = —3.

2.9 + 3y +2y =4

3.y — 3y — 10y = 2z — 3.
4oy -2/ +y=a+1

5.9 +2 +y =2

6.y — 2/ +y=2>—1.

7.4 —y=2%—z+1.
8.y — 6y +9y =222 —x+3.
9.y —y = a3
10. ¢ —y = €”.
1. 9" — 2 +y = 3%

12. 9" + 3y +y = 12e%.
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13. y” + 32/ +y= e, 24. y” + y/ = cos 3x.

14.¢" +3y —dy =e". 25.y" —y — 2y =20cosz.

15. 9" — 2y — 8y = 10e™ 7. 26.y" + 2y +y = 6sin2z.

16.y" + 3y +2y = e 27, 27.y" +y = 4xsin .

17.4" =2y +y = ze”. 28. 4" + 4y = xsin 2z.

18. y" + 8y + 16y = 2ae™®. 29. y" — 3y’ + 2y = x cos .

19. 9" + 4/ — 2y = 3ze”. 30. " +y = (v +2)cosz.

20.y" =2y +y=e"(z+1). 31.y" + 9y = 2% sinz.

21. 9" =3y +2y = (4 — 122)e". 32. y" + 2 + 10y = 2%e 7" cos 3z.
22.y" — 5y + 4y = da?e*. 33.y" — 2y + 2y = ve¥ sinw.
23.y" —y =sinx. 34. 4" — 2y +2y = e (2cosx + 4 sinz).

Bai tap 5.7. Tim nghiém tong quét clia cdc phuong trinh sau

l.y”—y:e‘”+x2. 10. y”+y:sinx+6_m.

9. y”+y:22’,+36$. 11_y”_y’—6y:e_m—7cosx.
3.y +y — 6y =a+ . 12. 4" —y = sinz + cos 2z.
44" — 3y = 3T _ 190, 13. 4" +y = cosx + cos 2z.
5.0/ +2y =2 —e". 14.y" +y = sin’z.

6.y +3y +2y =2 a2 15. 4" +y = sinwsin 2z.

7.y =3y +2y = e — 7. 16. 4" — y = cos’z.

8. Z/” oy = 566230 +1. 17. y” + 4y = COSzl‘.

9.4 +3y +2y=e "+ e — g, 18.y" +y = sinz cos 3z.

Bai tap 5.8. Mot bé chita 1000L nuiée nudi v6i 15 kg mubi hoa tan. Ngudi ta d6 nuée mudi
c6 ndng do 0,03 kg mubi/lit vao bé véi téc dd 10 lit/phiit. Dung dich nuéc mudi tiép tuc
hoa tan va dugc thao ra khoi bé véi tc do bang tde dd nude dd vao. Tinh lugng mudi
trong bé

1. Sau t phut. 2. Sau 20 phut.

Hudng din. Goi y () 1a lugng mudi (kg) sau ¢ phiit, ta c6 y(0) = 15 va

% = (Toc dd mudi db vao bé) — (Téc dd mudi chdy ra khoi bé)
Trong dé
(Téc do mubi d6 vao bé) = (0,03~ ) (101L ) — o 3. X8
lit phut phut
va

POV poa (Y (E) kg lit \  y(t) kg
(Toc d6 muoi chay ra khoi bé) = (—1000 Tt mphﬁt = 100 phuit
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Suy ra

Giai phuong trinh trén, ta dudc y (t) =

Bai tap 5.9. Mot bé nuéc chia 1000 L nuée mudi véi 15 kg mudi hoa tan. Ngudi ta d§
nudc tinh khiét vao bé vdi toe do 10 L/phiit. Dung dich nuéc mudi tiép tuc hoa tan va dugc
thao ra khoi bé véi tde dd bang tdc do d6 nudc vao. Tinh lugng mudi trong bé

1. Sau ¢ phut. 2. Sau 15 phut.

Bai tap 5.10. Mot cdi thung chifa 500 ga-16ng bia c6 pha 4% con (tinh theo thé tich). Ngudi
ta bom bia c6 pha 6% con vao thung véi toc do 5 ga-1ong/phiit, va dung dich hoa tan nay
lai dudc bom ra ngoai véi cing van tdc bom vao. Tinh phan trim nong do cdn sau nifa
gio0.

Bai tap 5.11. Mot bé chita 1000L nudc tinh khiét. Ngudi ta d6 nuéc mudi ¢ chita 0,05 kg
mubi/L nudc vao bé v6i van tde 5 L/phiit, va d6 nuéec mudi c6 chiia 0,04 kg mudi/L nude
vao bé véi van tdc 10 L/phiit. Dung dich nay dugc hoa tan vao nhau va thao ra khdi bé véi
van toc 15 L/phiit. Tinh luong mudi trong bé

1. Sau t phut. 2. Sau 1 gio.

Bai tap 5.12. Gia st C () 1a ndng do thude trong mau. Vi co thé dao thai thudc nén C (1)
giam dan theo tbc do ti 1& véi lugng thude c6 miit trong co thé. Nhu vay, C’ (t) = —kC (t),
trong d6 k 12 hang s dao thai thude (k > 0).

1. Néu Cy 1a nong do thudc tai thdi diém ¢ = 0, tim ndng do thudc tai thai diém t.

2. Néu co thé dao thai nta lugng thude trong 30 gid, sau bao lau thi 90% luong thude
bi dao thai.



