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Lo noi dau

Gi4o trinh Gidi tich ham nhiéu bién dugc bién soan danh cho sinh vién trong giai
doan dao tao co ban. Tuy nhién, nd cling c6 thé dugc st dung nhu mot tai li¢u tham khao
cho sinh vién mot s6 nhom nganh khéc, cho cac hoc vién cao hoc va cac can bd nghién
ctru trong cac khéi khoa hoc Toan 1y va K§ thuat.

Noi dung cua cudn gido trinh ndy dugc bién soan theo dé cwong chi tiét hoc phan Giai
tich ham nhiéu bién dang dugc dung giang day trong Khoa Toan - Ung dung, trudng Dai
hoc Sai Gon.

Gi4o trinh gom 5 chuwong. Chuong 1 va chuwong 2 gidi thi¢u cac khéi niém co ban vé
giéi han, lién tuc, sy kha vi va vi phan cta ham nhiéu bién. Ung dung cta phép tinh vi
phan ham nhiéu bién duoc trinh bay trong chuong 3. Chuong 4 va chuong 5 dé cap dén
phép tinh tich phan ham nhiéu bién bao gdm: tich phan boi, tich phan dudng va tich phan
mat.

Dic biét, nhiéu bai toan trong linh vuc vat 1y, héa hoc, sinh hoc va kinh té co thé duoc
md ta bang mo hinh toan hoc. Mot khi mo hinh dugc xay dung, ta thudng phai gidi mot
phuong trinh vi phan dé du béo va dinh lugng céc tinh chat dic trung cta bai toan. Diéu
nay cho thdy, phuong trinh vi phan c6 nhiéu ing dung trong thyc té. Chinh vi vay, ching
t6i bién soan thém phan doc thém vé phuong trinh vi phan, nham gitp cho sinh vién c6
thém kién thirc vé phuong trinh nay dé tng dung vé sau.

Trong mdi chuong, chung toi trinh bay day du, ngan gon cac kién thirc co ban cing
véi nhiéu vi du minh hoa cu thé, bai tap chon loc nham giup sinh vién rén luyén k¥ nang
tinh toan va van dung 1y thuyét trong viéc giai cac bai toan.

Mic du di cb ging nhiéu trong qué trinh bién soan, nhung giao trinh khé tranh khoi
sai sot. Chung toi rat mong nhan duoc nhiing ¥ kién dong gop ciia ban doc dé gido trinh
ngay cang hoan thién hon.

TIp. HCM, thang 7 nam 2015
CAC TAC GIA



Chuong 1
GIOI HAN VA SU LIEN TUC CUA HAM NHIEU BIEN

Trong chuong nay, chiing toi gidi thiéu vai nét vé khong gian R”, vé gidi han

va su lién tuc cua ham so nhiéu bién so.

§1. KHONG GIAN R’

I. Pinh nghia khong gian R"
Tich Descartes cua n tap s6 thuc R duoc dinh nghia la tich

RxRx..xR=R"

n

hay R" = {(xl,xz,...,xn)‘xk eR, Vk =1,2,...,n}.

Vay, khéng gian R" la khéng gian tdt cd cdc bo n sé thuwc c6 thir tw

X ).

L RERRRE RAd™

(x,,x

i’
Ky hi€u x =(x,,x,,...,x ) 1a mot diém hay mdt vecto trong R"; x,_la toa do thir
k cta x trong R", véi k =1,2,...,n.
Diém 0(0,0.,...,0) dugc goi la géc toa do.
Vidu 1.1. Vi n=1, tacé R' =R : dudng thang thuc.
Vi du 1.2. V6i n=2, ta c6 R ={(x,,x,)|x,x, e R}: mit phing v6i h¢ toa 0
Descartes.
Vidu1.3. Véi n=3,tacé R’ = {(xl,xz,x3)‘xl,x2,x3 € R}: khong gian 3 chiéu véi
hé toa do Descartes.
I1. Phép toan dai sb trén R”
2.1. Hai vecto bing nhau
Hai vecto x =(x,x,,...,.x )eR", y=(y,,y,,....y,) € R" duoc goi la bﬁng nhau

néu



x, =y,Vk=12,..,n
2.2. Cac phép toan dai sé vé vecto
Cho hai vecto x=(x,x,,....x )eR", y=(y,,y,,...,y )eR", 1 eR. Khi do, ta

dinh nghia

X+y=(x+y, X, +Y,,. X +y),

X=y=(X, =YX, = Yy0eees X = )
va

Ax=Ax, Ax,,..,Ax ).

Tinh chit 2.1. Cho vecto x, v,zeR", a,B eR, ta co
(i) x+y=y+x;
(i) (x+y)+z=x+(+2);
(iii) x+0=x; O0:vecto khong;
(iv) x+(—x)=0, trong do —x =(-1).x;
v) (a.p)x=a.(f.x);
i) (a+p)x=a.x+ p.x;
wii) (a.p).x=a.(f.x);
(viii) 1.x =x.

Vidu 2.1. Cho x=(2,-3,1), y=(-4, 1,—2)6R3. Tinh x+y, y—x, 3x,—-2y.

Giai
x+y=(-2,-2,-1),
y—x=(-6,4,-3),

3x =(6,-9,3),
-2y =(8,-2,4).

2.4. Tich vo6 hudng

Pinh nghia 2.2. Tich v6 huéng cua hai vecto x=(x,x,,...,x)eR",

y=0,y,---»y, ) €R" 1a mot con $0, ky hi¢u la <x,y> , dugc dinh nghia boi
4



(x.y) =23, + X0, +..+x,.,.
Tinh chét 2.3. Cho vecto x,y,ze R", LeR ta cé
(i) (x,y)=(y.%);
(i) (x,y+2)=(x,y)+(x.2);
(iii) (Ax,y)=A(x.y).

2.5. Chuén

Chuan (Euclide) cta x 1a

HxH:\/xf +25 ot
n
Néu xeR thi H)CH:\/X2 =‘x‘.
Néu x= (x,x,) € R* 1a mét vecto thi Hx” :Jxlz + x§ 1a d6 dai cua vecto x. Néu

x=(x,x,) €R* 12 mot diém thi Hx” =,/x +x; la khoang cach tir di€ém x dén goc

toa do O.

Tir dinh nghia chuan va tich v6 hudng ta c6

HxH:\/xf X ot X =\/<x,x> .
n

Pinh ly 2.4. V6i moi x,y,zeR", LeR, ta co

(i) |x|>0.|x| =0 khiva chi khi x=o0;
=l

(i) [+ y]|< ]+

) [x =y <x =2 +[z=>]-
Chirng minh
(i) hién nhién.

@ [ = o] sy e =l



(iif)
s =3, 40,
k=1
=32 12Y iy + 3
k=1 k=1 k=1
3 +2Jix,f .Jiy,f L3y
k=1 k=1 k=1 k=1
2
= (|l +[>1)

suy ra e+ < ]+
(1v) trong (iii), ta thay x bd1 x —z va thay y boi z—y.
2.6. Khoing cach giira hai di¢m

Khoang cach giita hai diém x, y e R" 1a

d(x,y) =[x -y =«/i(xk —y)

Trong R thi d(x,y) =‘x —y‘ :

Trong R" thi d(x,y) 1a khoang cach Euclide hay métric Euclide trong R".
Tinh chéat 2.5. Véi moi x, v,ze€R", 1 eR, ta co
(i) d(x,y)=0,d(x,y)=0 khiva chikhi x=y;
(i) d(x,y) =d(y,x);
(ii)) d(Ax, Ay) =|A].d(x,y)
(iv)d(x,y)<d(x,2)+d(z,y).
Chirng minh

Dé dang ching minh duoc (i), (ii), (iii).

(1v) dugc suy ra tu Dinh 1y 2.4 (iv).
Vi du 2.2. Cho hai diém x =(2,3,-1,5), y=(3,2, 1, 4) e R*.
a) Tinh khoang cach tir x dén gbc toa do O.
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b) Tinh khoang cach tir x dén y.

Giai

8) [lx]|=v4+9+1+25=139.

b) Hx—yH:\/(2—3)2 B2 (== +(5—4) =+7 .
I11. Hoi tu trong R”
Mot anh xa
x:N->R"
m—= x(m)= (xl(m),xz(m),...,xn(m))
duoc goi la mot day trong R”.

Ky hiéu x (m) la toa do thir k cia x(m), v6i k=1,2,...,n. Dy (x (m)) _. duoc
goi 1a ddy thanh phan cta diy (x(m)). Nhu vay, mot diy trong R" duogc xac dinh
gdm n diy sd thyc.

Diy (x(m)) duoc goi 1a hdi tu vé x e R" néu

Ve >0,dm e N:d(x(m),x)<e,Vm=2m,.

Khi d6, x duoc goi la gidi han cua (x(m)) va ta ky hiéu 1a lim x(m)=x hay

m—>0

x(m)— x khi m — .

DZ théy lim x(m) = x <> lim |x(m) - x| = 0. Hon nita, tir déng thirc

m—»

Hx(m) - tz = Zn:(xk (m)—x, )2 ,

VOl x =(x,X,,...,x ), ta dugc
Ménh dé 3.1. Day (x(m)) trong R" héi tu néu va chi néu tdt cd cac day thanh
phdn (x,(m)) déu hoi tu. Khi do

limx(m)=x< limx (m)=x,,Vk=12,...,n.

m—»o0



Vi du 3.1. Trong R”, khdo st su hdi tu cua cac diy sau

a) x(m)z(_—l,m _1}. b) y(m):(2m, lj.

m m*+1 2_"1
Giai
m* —1

) Vi L 50 va

—1 khi m — o nén x(m)—(0,1) khi m — «.
m m”+1

b) Viday 2" la day phan ky nén day y(m) phan ky.

Chu ¥ ring, d¢ don gian ky hiéu, ta c6 thé viét ddy (x ) thay cho (x(m)) khi
khong gay nham Ian.
IV. Topo trong R"

4.1. Qua cau. Vo1 diém x e R" va mot s6 thuc r >0, ta cod

(i) Qua ciu mé: B(x,r)= {y eR"||ly _xH < r} :
(i) Qua chu déng: B'(x,r)= {y R’y -] < r};
(iii) Mt cAu: S(x,r) = {y eR'[|y-x]= r} .

Vi du 4.1. Trong R?*, mit cAu tdm 7, ban kinh 7 1a duong tron tam /7, ban kinh r;
qua cdu md tadm I ban kinh 7 13 tat ca nhitng diém nam trong dudng tron tam 7, ban
kinh r; qua cdu dong tdm 7 ban kinh 7 13 hinh tron tAm 7, ban kinh 7.

4.2. Lan cén trong R". Cho x €R", 1an can cta diém x, 1a tp tat ca cac diém

thudc qua cau m¢ tdm x, ban kinh nho tuy y

B(xo,g):{y eR" y—x0H<e}.

4.3. Cac loai diém ciia mot tip hop trong R”
Xét diem x, € R” va tap hop A < R". Khi d6
(i) Piém x, dugc goi la diém trong cta A néu

dr>0: B(xo,r)cA;
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(i) Piém x, dugc goi la diém dinh cta A néu
Vr>0: B(x,,r)NA#J,
(iii) Diem x, dugc goi la diém tu cta A néu
Vr>0: (Bx,)\{x,}))NA=D;
(iv) Diém x, dugc goi la diém bién ciia A néu x, 1a diém dinh cua 4 va 1a diém
dinh cua R"\ A, nghia la
Vr>0: B(x,,r)NA#J va B(x,,r)Nn(R"\A)=J.

Tap hop tat ca cac diém bién ctia A ky hiéu 1a 9A va goi 14 bién cta tap 4.
Vi du 4.2. Trong R, cho A=(0,1]U{2}. Tim diém trong, diém dinh, diém tu,
diém bién cua 4.

Giai

(i) Tap hop céc diém trong ciia 4 1a {xeRI10<x<1}.
(ii) Tap hop cac diém dinh cua 4 1a {x e RI0<x <1}U{2}.
(iii) Tap hop cac diémtucua 4 1a {xeRI0O<x<1}.
(iv) Tap hop cac diém bién cua 4 1a {0, 1, 2}.
Chirng minh
(1) x, € R théa 0<x, <1 la diém trong cua A. Théat vay, chon r =min{x, 1 - x,},
ta dé dang chirg minh dugc B(x,r)c A.

x, € R\ A khong 1a diém trong ctia 4 vi Vr >0, B(x,,r)Z A.

1 khong 1a diém trong ctia 4 vi Vr>0, BL,r)Z A.

Tuong tu, ta c6 2 khong 1a diém trong cua A.

Churng minh (i1), (ii1), (iv) xem nhu bai tap.
Nhan xét 4.1
(i) Piém tu ctia 4 thi khong nhat thiét phai thudc A.

(ii) Diém trong cta A4 thi phai thudc 4. Chiéu nguogc lai, néi chung khong dung.



(iii) Piém bién ctia 4 thi c6 thé thudc 4 hoic khong thudc A.

(iv) Néu x, la diém tu cta 4 thi x, la diém dinh cua 4. Chiéu nguoc lai, ndi chung
khong dung.

4.4. Tap mé, tap déng, tap bi chian trong R"

Cho Ac R". Tano6i

(i) 4 1a mot tdp mé trong R” néu moi diém cia 4 déu 1a diém trong, nghia 1a
VxeA,Ir>0: B(x,r)CA;

(i) 4 12 mot tdp déng trong R” néu moi diém dinh ctia 4 déu thudc 4;

(iii) 4 1a mot tdp bi chdn néu n6 chira trong mot qua cau, nghia 1a
dxeR",3r>0:Ac B(x,r).

Vi du 4.3. Trong R, (a,b) 1a tdp mo, tdp bi chan, khong la tip dong; (—0,a),

(b,+o0) 1a tap mo; [a,b], (—o,a], [b,+x) la tdp dong.

Trong R?, hinh tron mé, hinh vuong m¢ (khong ké bién) l1a nhirng tdp ma; tap
{(x,y) eR*10<x<1,2<y<3} 1a tAp dong; tap {(x,y)eR*10<x<1,2<y<3}
la tap khong dong cling khong mé.

Ménh dé 4.2. Ac R”" la tdp dong néu va chi néu R"\ A la tdp mé.
Chirng minh

Chiéu /=/. Gia st R"\A khong moé nén IxeR"\A va Vr>0,
B(x,r)zR"\A.Tasuyra B(x,r)NA#= Vr>0.

Vay x 1a diém dinh ctia 4. Vi4 dong nén xe A, vo 1y.

Chiéu /< /. Gia sir 4 khéng dong nén Ix 1a diém dinh ctia 4 nhung x e R" \ A.
Vi R"\A mé nén Ir>0: B(x,r)c R"\ A. Suy ra, AN B(x,r)=. Vay x khéng
1a diém dinh, vo 1y. m
Vi du 4.4. Trong R", chung minh
(i) Qua cau mo 13 tap mo.

(i) Qua cau dong 1a tap dong.
10



Giai

(1)
,
X Y-
'B(‘}'c,.?")

Lay y € B(x,r), chon r'=r—d(x,y) >0.Khi d6 B(y,r")c B(x,r).

(i)

B(x,r)
Ta chung minh R*"\B'(x,r) la tap mo. Léy yeR"\B'(x,r), chon
r'=d(x,y)—r>0.Khiddo, B(y,r')c R"\B'(x,r).

Ménh dé 4.3. AcCR" la tdp dong < (‘v’(x(m)) cAx(m)—>xeR" = xe A).

Vidu4.5.Cho A={(x,y)eR*10<x<1,2<y<3]}.

a) Tim cac diém trong, diém bién cua A.

b) 4 c¢6 1a tap dong khong?

Giai
a) Tap hop cac diém trong ctia 4 1a
{(x,y)eR*10<x<1,2<y<3}.
Tap hop cac diém bién cta A4 1a

((x,2)eR*10<x<1}u{(x,3)eR*10< x <1}
U{(0,y)eR*12<y<3}uU{(l,y)eR*12<y<3}.

Ching minh z, =(x,,y,) € R’ théa 0 < x,<lva2<y <31la diém trong cua 4.

11



Chon r=min{x,,1-x,,3-Y,,y,-2}>0. Ta ching minh B(z,,r)c A. Lay

w=(x,y)€B(z,,r), suy ra

(1.1)

{xo—r<x<r+x0,

Yo —Fr<y<r+y,.

0<x,-r,

r+x,<l1,

(1.2)

Vir:min{xo,l—xo,3—yo,y0—2} nén <y 1
<y, 7,

r+y,<3.

O<x<l,

T (1.1) va (1.2), suy ra { Do db6 we A. Vay, B(z,,r)CA.

2<y<3.

Ching minh z, ¢ A khong la diém trong cta A. That vay, vi 7, €A nén Vr>0:
B(z,,r) £ A.

Ching minh z, =(x,,y,) la diém nam trén 4 canh hinh vuong khong 1a diém

trong ctia 4. Khong mat tinh tong quat, ta xét 7, =(x,,3) thoa 0 <x <I.
Vr>0, ta co diém w :(xo, 3+£jeB(zo,r) nhung weg A, suy ra Vr>0,
2

B(z,,r) £ A. Vay, z, =(x,,3) théa 0 < x, <I khdng la diém trong cua 4.
Ching minh z, =(x,,y,) la diém nam trén 4 canh hinh vuong khong 1a diém
bién cua 4. Khong mét tinh tong quat, ta xét z, =(x,,2) théa 0< x, <1.

Vr>0,taco B(z,,r) NA#J do z, € B(z,,r) NA.
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Laico w:(xo, Z—QJEB(zO,r)m(R”\A) nén B(z,,r)N(R"\A) .

Vay, z, =(x,,2) théa 0<x, <1 1a diém bién ctia 4.

, X =X,
b) Lay day ((x,,y )cCA, (xm,ym)—>(x,y)eR2. Suy ra {m ma
Y, Y

O<x, <1, 0<x<l,
nén Do d9, (x,y)€ A. Vay, A4 la tap dong.
2<y <3 2<y<3.

4.6. Tap lién thong. Tap A c R" duoc goi 1a lién théng néu Vx,y €A, c6 thé ndi
v6i nhau bang mot dudng cong lién tuc ndm hoan toan trong A.

Vi du 4.3. Trong R, moi khodng, doan, ntra khoang la nhitng tap li€n thong. No1
rieng, R 1a t3p lién thong. Trong R?, hinh ellip, hinh tron, cac da giac 161 hodc
16m, nira mat phang 13 nhiing tap lién thong. Trong R’, hinh cau, khdi da dién 1a
nhiing tap lién thong.

4.7. Tap compac. Tap dong va bi chan dugc dugc goi la tap compac.
§2. HAM NHIEU BIEN SO

I. Dinh nghia
Mot ham n bién 14 mot quy tic dit twong tng mdi bd n sd thuc (x1, xa,..., X,)
v6i mot s thue duy nhat, ky hi¢u 1a u = f(x,,x,,...,x ). Hay néi cach khac, 4nh xa

fiDcR">R

(X, X, X ) U= f(X,X),.,X )

1,
duogc goi 1a ham n bién xé4c dinh trén D.
Tap hop D goi 1a mién xdc dinh cta ham s f, nghia 13 tdp cac diém

(X,,X,,...,x ) sao cho bi€u thic f(x,x,,...,x ) cO nghia. Mién gia tri cua f la tap

1°

cac gia tri ma f nhan dugc, nghia la
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{f(xl,xz,...,xn)eR‘(xl,xz,...,xn)eD}.

Truong hop n =2, ta c6 ham hai bién, thuong ky hiéu 1a z= f(x,y).

Truong hop n =3, ta 6 ham ba bién, thudng ky hidu 1a u= £(x,y,2).
Vi du 1.1. Cho ham f(x,y)=In(x+y—1).
a) Tinh f(1,1), f(e,1).
b) Tim va v& mién xac dinh cua f.
¢) Tim mién gia tri cta f.

Giai

a) f(1,L)=In(1+1-1)=In1=0.

f(e,)=In(e+1-1)=Ine=1.
b) f xacdinh & x+y—-1>0&y>1—-x.

Mién xac dinh D = {(x,y) eR*ly>1- x}. D 1a tap hop nhitng diém nam phia

trén duong thang y=1-x.

#
-y

¢) Mién gié tri: R.

Vi du 1.2. Tim mién x4c dinh ciia cac ham so sau

a) f(x,y)=x"+sin(xy). b) f(x,y) =9 - x> —y.
\ 1
c) f(x,y)zﬂ.

d) f(x,y)=yln(x’ - y).
x—1

Giai

a) Mién xac dinh D =R”.

14



b) f xdcdinh < 9—-x> -y’ >0 x* +y° <9.
Mién xac dinh D ={(x,y)eR2 | x> +y° £9}. D 1a tap hop nhitng diém nam

trong hay nam trén dudng tron tam (0,0) ban kinh 3.

_"|' n

+y+12>0, +y+12>0,
c)fxécdinh@{x Y @{x Y

x—1#0 x#=1.
Mién xéc dinh D={(x,y)eR2 |x+y+120,x¢1}. D 1a thp hop nhitng diém

nam phia trén hay thuéc duong thang y=-x—1, bo di nhitng diém thudc dudng

thing x=1.

d) f xdc dinh © x> -y>0< y<x’.

Mién xac dinh D = {(x,y) eR*ly <x2}. D 1a tap hop nhimg diém nam phia
-}: =;Y2

b

dudi cua parabol y = x°.

15



Vidu 1.3. Tim mién xac dinh cua cac ham sb sau
a) f(xayaZ) = 3Zx2 - ey .
b) f(x,y,2)=In(z—y)+xysinz.

X
\/l_xz_yz_zz '

¢) f(x,y,2)=

Giai
a) Mién xac dinh D =R’.
b) f xacdinh < z—y>0&z2>y.

Mién x4c dinh D = {(x,y,z) eR’Iz >y}. D 1a tap hop nhiing diém ndm phia
trén ctia mat phang z=y.
¢) f xacdinh & 1-x" -y’ - >0 X +y +7° <1,

Mién xac dinh D = {(x, yOER|F 4y’ 427 < 1} . D 1 hinh cAu mé (khong ké
bién) tam O ban kinh 1.

I1. P6 thi ciia ham nhiéu bién
D0 thi ctia ham s6 n bién f(x,,x,,...,x ) xac dinh trén D 1a tap
Gf = {(xl,xz,...,xn,u)‘u = (X, %,5000X ), (X,X,,...,X ) € D} .

Trong trudng hop n = 1, do thi cia ham f duoc biéu dién tudng minh trén mat
phang va di dugc nghién ctiu k¥ trong giai tich ham mot bién.

Trong trudng hop n =2, do thi ctia ham hai bién f(x,y) xac dinh trén D 14 tap
hop tat ca cac diém (x,y,z) e R® sao cho z=f(x,y) va (x,y)eD. Do do, viéc
nghién ctru do thi ciia ham £ s& gap khé khan hon vi khong dé biéu dién vat thé ba
chiéu trén mat phﬁng. Khi d0, ta co thé dua vao su trg giip ciia may tinh dé nhan

duoc do thi cia ham hai bién trong khong gian ba chiéu mot cach nhanh chong,
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Pbi v6i trudng hop n >3, ta khong co6 phuong phap nao dé vé do thi mot cach
tryc tiép.
Vi du 2.1. D6 thi cia mot sb ham hai bién

z

flx,y) =6 — 3x — 2y

i I’ £ A
"‘:tl)_ ) ;"{ ?', X
ol

I
o
/4

fix,y) = (¢ + 3y’ fly)=sinx +siny
I11. Pwdong mirc ciia ham hai bién
Pudng mirc ctia ham hai bién z = f{x,y) 1a nhitng dudong cong trong mit phiang
Ouxy ¢6 phuong trinh f(x,y)=C, véi C 1a mot hiang sb (thudc mién gia tri cua f).

Néi cach khac, khi ta iy mat phang z = C song song voi mit phang Oxy cét do thi
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ham s f; ta duoc mot vét, sau d6 chiéu vudng goc vét nay 1én mit phang Oxy cho
ta mot dudng mirc. Pudng murc nay cho biét cao do ctia mit z=C.

Trong ap dung thuc té, cac ban d6 dia 1y va khi twong thudng & dang tip céc
dudong murc.
Vi du 3.1. D6 thi ctia ham s6 f(x,y) = x> + y* va cac duong mic x* + y* =C 1a ho

cac duong tron tam O(0,0), ban kinh C.

Z

Vidu 3.2

Ban doé dia hinh cua vung nui, nhitng duwong muc la nhitng duwong cong chi do cao

50 voi muc nuwoc bién.
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§3. GIOI HAN VA LIEN TUC

I. Gi6i han ham hai bién
Pinh nghia 1.1. Cho ham sé z=f(x,y) xac dinh trén tap D c R* va (x,.y,) 1a
diém tu ciia D. Ta néi ham z= f(x,y) c6 gi6i han la L khi (x,y) tién vé (x,,,)
néu
Ve>0,36 >0:V(x,y)e D, 0 <H(x,y) — (xo,yO)H <o :>‘f(x,y) — L‘ <eé.

Ky hi¢u la (x,y)l_i>I<I)cl(),y()>f(x’y) =L.
Chuy 1.2
@) ‘f(x,y) — L‘ 1a khoang cach tir s6 f(x,y) dén sb L;
(i) [|(x,3) = (x,.¥,)| 12 khodng cach tir diém (x,y) dén diem (x,,y,);

v

(X, ¥)
D 3“‘-.\&\‘ — T
(x,.5,) f \.
= - - - - -
0 x 0 L-e L L+e z

(iii) Gi6i han cua f(x,y) (néu c6) thi duy nhat;

(iv) Giéi han L ctia ham sé f(x,y) khi (x,y) —> (x,,,) khong phu thudc duong di
cia (x,y) tién dén (x,.Y,)- Vi vay, néu chi ra hai duong di cua (x,y) tién dén
(x,,y,) ma f(x,y) tién dén hai gia tri khac nhau thi ham sb khong c6 gidi han tai
(x,,Y,), nghia la néu ta chi ra duoc hai duong C, va C, sao cho

lim fx,y)=L, va lim fx,y)=L,

(x,y )_)(x() Yo )theo Cl (x,y)—)(x() Yo )theo C2

trongdo L, # L, thi  lim : f(x,y) khong ton tai.

(x,y)—>( Xg>Yo
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YA

g
0

X - X

2 7 4
A

Diém tién den (x,,y,) theo nhitng duong khac nhau.

’ | . ~ , . N . 3)62
Vi du 1.1. Dung dinh nghia 1.1, chtng minh rang lim 2—}72 =0.
(x)=(0.0) x* 4y
Giai
2
A s £ .| 3x7y
Cho £>0, can tim 6 >0 sao cho néu H(x,y)—(0,0)H <6 thi | —=-0/<e,
X +y
nghia la tim 6 >0 sao cho
3x° 1yl
NESE S <5:>2—yz<e.
X +y
Ta co
3x7 1yl fa
2 <31yle3yy? <3yYxP+yP <36
il SR
roty i s ’

g
VS
L)
A
i

i
e

2 2

2
Chon 5:£>0 thiM<g.
3 X +y

2

. : 3x
Vay, lim 2_}72 =0.
(x)=0.0) x* +y

2 _ 2
Vi du 1.2. Ching minh rﬁng lim %

khong ton tai.
(x)=00) x* 4y

Ta co
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2.2 2 2
im XY im 2 Chm =Y lim(-1) = -1,

(x3)=0.0) x2 4 y2 >0 2 350 42 >0
J:h)éoxzo X +y y O+y Y y J
2 2 2 2
: X =y . x =0 . x :
Iim ——=lim————=lim—=lim1=1,
(x,y)—(0,0) )CZ + y2 x—0 )CZ +0 x—0 .X'Z x—0
theo y=0
suy ra
2 2 2 2
. X -y . X =y
lim —— 5 # lim —-
(x.3)—>(0.0) (x.)-(0.0)
theo x=0 X+ y theo y=0 X +y
2 2
R ) X -y R A )
Vay, lim — khong ton tai.
(x)=00) x* 4y
F
i
‘f::*:'imm‘l‘ﬁ N T
':':’:‘*.""“#‘iw f s
ik . ‘ //""
-~
-

Pinh nghia 1.3. Cho D cR’, z=f(x,y) xé4c dinh trén D va (x,,y,) la diém tu
cua D. Ta noi1

lim f(x,y)=L

(x,3)=>(x4,Y0)
khi va chi khi v&i moi day ((x ,y )< D\{(x,,y,)}, (x,,y ) —(x,,y,),taco
f(x,.y,)—>L.
Chuy14

(1) Dua vao dinh nghia trén, dé chirng minh )lim : f(x,y) khong ton tai, ta chi
(x,9)=>(x0,¥y

ra hai ddy u =(x,y )—>(x,,y,), v,=(x,y)—>(x,,y,) nhung f(u), f(v)

khong hdi tu vé cung mot so;
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(ii) Pinh nghia gidi han v han twong tu nhu vi ham mot bién.

Vi du 1.3. Dung dinh nghia 1.3, ching minh ring

x—1
im =-1.
(=00 x* 4 y?
Giai
. x—1
bat f(x,y)=—F.
X +Yy

Mién xac dinh: D =R>\{(0,0)}.
V((x,,y )= D\{(0,D)}:(x,y )—>(0,1), tacod

x—1 ) x —1 -1
im > 2:11m 2” > = =—1.
(x,y)=>(0.1) x* + y n—+o0 x4 y 0+1
n n

khong ton tai.

Vi du 1.4. Ching minh rdng  lim >
(13)0.0) x* 4y

2

Giai

Cach 1: Ta co

) 2x ) .
Iim > y2:11m 2:11mO:0,
3)—(0,0 0 0
GO X" +y 200+y” o
. 2x ) 2 )
Iim 5 y2:11m > 2:11m1:1,
(x,y)—(0,0) X+ y x—0 X +x x—0
theo y=x

: 2x . 2x
suyra lim — y2 # lim — yz.
)00 )00
Cheorn X Ty GERSYx +y

Vay, lim khong tdn tai.

(r3)=00) x* 4 y?

Cach 2:

g 2
bat f(x,y)= zxy2.
Xty
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14 1
Ly day u_= (o, —j cR*\{(0,0)}, u —=25(0,0), ta co
n

flu,)= 01 =0—=2 0.

0+

14 1 1
Ly day v = (—, —j cR2\{(0,0)}, v —2*25(0,0) ta co
n n

2/n
V)= =1—51.
f,) s
Vay, lim ~ khong ton tai.

(r3)=00) x* 4y

Dinhly 1.5. Cho  lim f(x,y)=L, eR, lim g(x,y)=L,eR, taco

(x,y)>(xg,Y9) (x,3)>(x4,Y0)

@ lim  (fx)*gny))=L £L,;

(x,y)>(x4,59)

(i) lim k.f(x,y)=k.L, keR;

(x,3)=>(x4,Y0)

(iii)  lim )(f(x,y).g(x,y))=Ll.Lz$

(x,y)=>(x.%,

14 L
(iv) Néu L,#0 thitacé lim Ty L
(x,9)>(x9.¥y) g(x,y) L

2

Pinh 1y 1.6

(@) lim )‘f(x,y)‘:0<:> lim  f(x,y)=0;

(x,3)>(x,¥0 (e y)=>(xg.¥
(ii) Néu g(x,y) < f(x,y)<h(x,y), V(x,y)e D cR* va

lim g(x,y)= lim h(x,y)=L

(x,y)=>(x4,Y) (X, 3)>(x0,¥0)

thi  lim  f(x,y)=L.

(x,3)=>(x4,Y0)
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Vi du 1.5. Tinh

2 2 2 2
: +y +1 : 2+ x4y .
a) lim rry o b) lim #smy :
=012 x4y (x,)-(0,0) 2y
Giai
2 2 2 2
. +y +1 1"+
a) lim alin = 2 +1:2
)12 x+y 1+2
: 2+ x7 4y . . 2+x° 4y si
b) Taco lim #smy = lim X Ty Sy ,
(x,)-(0,0) 2y (x,y)—(0,0) 2 y
ma
: 24X +y i i
lim |22 TV =1, lim SIny =lim Sny
(x,)—(0,0) 2 ()20 y y—0 y
do do
. 24+x7+y* .
lim L#smy}:l.lzl.
(x,9)(0,0) 2y
Vi du 1.6. Tinh
Xy’ e +1
a) lim ————. b) lim —
(x,5)—(0,0) x +y (x,y,z)—)(0,0,0)y +7z
2 2
¢) lim 2FY d lim = — .
(X, )= (+0,+%0) x +y (x,y)—>(1,1) xX—y
Giai
y2
a) Vi ——— <1, V(x,y) #(0,0) nén
X 4y
xy’ ‘ | x1y?
0<|7———|=—F—5<Ix|,V(x,y) #(0,0)
X +y ‘ X +y
xy”
ma lim |xl=0dodé6 Ilim |———=0.
(x,3)-(0,0) x>0 x* +y
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2

R : X
Viay, lim % =0.
(x)=00) x% 4y
2
—X
. e’ +1

b) lim ————=+o0.

(x,y,2)>(0,0,0) y2 + Z2

. : X+ ) X
c) Taco Ilim 2—);2: lim —+ 2y >
(x,y)>(+0,40) x= L y (x,y)>(+0,4+0) | x° 4 y X+ y
Laico
X | x| 1
0< | > 3 < =
‘x +y ‘ x° lxl
. ) 1 ) 1 R . X ,
ma lim —=Ilim—=0nén lim |———=0.Dodo
(xy)>(He+0) | x| x| x| (x,y)>(+00,40) | x4 y
) X
lim ——=0.
(ry)=(o40) % 4 y°
Tuong ty,tacé  lim % =0.
(x,y)>(+00,40) x= 4 y
R ) X+
Vay, Iim 2—)12 =0.
(X)) (Fo40) x4y
: x* =y’ ) (x—y)(x+y) :

d) lim ———= Ilim = lim (x+y)=1+1=2.

=D x—y  )(D X—y (x.y)=>(L1)

II. Tinh lién tuc ciia ham hai bién
2.1. Lién tuc tai mot diém

Hamsd f:D cR® — R dugc goi la lién tuc tai diém (x,,y,) € D néu théa man
(1) f xac dinh tai (x,,y,) e D;

(ii) tdntai lim  f(x,y)=L;

(x,3)>(x4,¥0)

(iii) f(x,,y,)=L.
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Chung ta ciing dinh nghia rang ham f:DcR?*>—>R lién tyc tai diém

(x,,y,)€D,néu  lim  f(x,y) = f(x,.,y,), nghia la

(x,y)>(x4,¥0)

Ve>0,36 >0:V(x,y)e D,

(6, = (%0 3,)|| < 8 = | (e 3) = £ (xpyp)| < &
Néu ham sd J khong lién tuc tai (x,,y,), ta néi f gian doan tai (x,y,) va goi

(x,,y,) la diém gidn doan cua f.

Ménh dé 2.1. Cho hai ham f,g:DcR> >R lién tuc tai (x,5Y,) €D va mot s

thuc k eR thi cac ham kf, f +g, f — &, f.g, ciing lién tuc tai (x,,y,). Ngoai ra,

khi g(x,,y,) #0,Y(x,,y,) € D thi ham i ciing lien tuc tai (x,,y,).
8

Ménh dé 2.2. Néu f: D, c R* —>D,cR lién tuc tai (x,y,)eD, va
g:D,cR—R liéntuc tai f(x,,y,)€D, thi go f lién tuc tai (x,,y,).
Vi du 2.1. Ham f(x,y)=x"*+5x’y* +6xy* =7y +6 lién tuc tai moi diém thudc
R?.
Vidu 2.2. Him f(x,y)= e~ lién tuc tai moi diém thuéc R* vi f 1a hop cua hai
ham lién tuc g(r)=e' va h(x,y)=x>+y".

x* -y’

2 2

X +y

Vi du 2.3. Him f(x,y)=

khong lién tyc tai (0,0) vi f khong xac dinh tai

(0,0). Vay, flién tuc trén R*\ {(0,0)}.

Vi du 2.4. Khao sat tinh lién tuc cia cac ham sb sau tai (0,0)

1+
a) f(x,y)=——2.
24y
xy’
néu (x,y) #(0,0),
b) f(x,y): x2+y2 ( y) ( )
0 néu (x,y)=(0,0).
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2x?
c) flx,y)=9x*+y°
0 néu (x,y)=(0,0).

néu (x,y)#(0,0),

Giai

a) Mién xéc dinh D = {(x, y)eR> |y —2} .

1
0,0)=—.
FO.0=7
L ) I+xy 1+0 1
T 1 V)= 1 = =—=f(0,0).
a0 (x,y)l—r>r<10,0)f(x y) (x,y)l—r>r(10,0)2+y +0 2 f( )

Vay, f lién tuc tai (0,0).
b) 1(0,0)=0.
2

. . xy
Taco lim ,v)= lim =0=1(0,0).
(x,y>%<o,0>f(x ) x)=(00) x* 4 y? 70,0

Vay, f lién tuc tai (0,0).

¢) £(0,0)=0.
2
Xét lim f(x,y)= lim ——— Taco
(x,5)—(0,0) E)=0.0) x* 4y
. 2x? . )
lim — = lim ~= Iim0 =0,
3)—(0,0 —0 -0
oy X YT 00y
. 2x? . 2x? .
Iim =lim =liml=1,
(x,y)—(0,0) x2 + y2 x—0 xz + x2 x—0
theo y=x
. 2x? . 2x?
suyra lim ——# lim ——.
3)—(0.0 3)—(0.0
oo X Y7 GGV X" +y
, . 2)62 " A .
Do d6, Ilim — khong ton tai.

(r.3)=(0.0) x* 4y

Vay, f khong lién tuc tai (0,0).
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2.2. Lién tuc trén mot mién
Ham s0 f:DcR>— R dugc goi 1a lién tuc trén D néu nd lién tuc tai moi
diém (x,,y,)eD.
Vi du 2.5. Xét su lién tuc cua cac ham so sau
2

Xy »
né€u (x,y)=(0,0),
a) f(x,y): x2+y2 ( y) ( )

0 néu (x,y)=(0,0).

x> +2y néu (x,y)#(1,2),
b ,V) =
) %) { néu (x,y)=(1,2).

Giai

a) Tai (x,y,) € R*\{(0,0)}, ta c6

—=J(x057)s

0

2 2
. . X Xy
lim  f(x,y)= lim —2_ =0k
(X,}’)—>(X() ,}’()) (X,y)—>(x0 sy()) X + y x() + y

suy ra f lién tuc tai moi diém (xo,yo)eRz\{(0,0)}. Vay, f lién tuc trén

R*\{(0,0)}.
Tai (0,0),taco
7£(0,0)=0.

2
X

Vi

<1, ¥(x,y) #(0,0) nén
X +y

0<

2 2
[v]
2 2y, V(xy) #(0,0),
XT+y | o xT+y

2

N A : Xy
ma lim |yl=0nén lim |—
(x)>(0,0) (x)=>0.0)| x* 4y

2

B . Xy
=0, do d6 (x’yl)l_r)r(lo’o) . =0=£(0,0).

2

Suy ra f lién tuc tai (0,0).

Vay, f lién tyc trén R”.
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b) Tai (x,,y,) € R*\{(1,2)}, ta c6

lim f(xy)=  lim )(x2+2y)=x§ +2y, = f(x,,5,)

(x,y)>(x4,Y, (x,y)>(xy.¥,
suy ra f lién tyc tai moi diém (xo,yo)eRz\{(lﬂ)}. Vay, f lién tyc trén

R\ {(1,2)}.
Tai (1,2), taco

f(1,2)=0.
I = lim (x*+2y)=5# f(1,2).
(X,y)lg(ll,Z)f(x,y) (x’y)lg(llg)(x + y) 5 * f( ’ )

Suy ra f khong lién tuc tai (1,2).
Vay, f lién tuc trén R*\ {(1,2)}.
2.3. Ham bi chin: Himsd f:D cR* > R duogc goi 1a bi chin trén D néu

M >0,V (x,y)e D,

fey|<M.
2.4. Tinh chit ham lién tuc trén mot mién
Néu ham sé f:D < R* > R lién tyc trén tap D dong va bi chin trong R* thi f
dat duoc gia tri 16n nhat, nhé nhét trén D, nghia la 3(x,y,),(x,,y,) € D sao cho
fx,y)=m< f(x,y)<M=f(x,y,),V(x,y)eD.
2.5. Lién tuc déu
Hamsb f:D cR?>— R duoc goi la lién tuc déu trén D néu

Ve>0,38>0,Y(x,y),(x',y)eD: H(x,y) —(x",y")

L EAVIERIENICRY

<Ee.
Néu f:DcR?>—>R 1a ham lién tuc trén tdp dong va bi chin trén D thi £ lién
tuc déu trén D.
Néu f:DcR>—>R 1a ham lién tyc trén tap lién thong D va c6 (x,,,),
(x,,y,)€D sao cho f(x,y).f(x,,y,)<0 thi tdn tai (x,,y,)€D sao cho

S (xy,9,)=0.
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Vi du 2.8. Chirng minh rang ham sé f(x,y) =2x—3y+5 lién tuc déu trén R”.
Giai

Cho trude &> 0, chon & = % >0, khi do, V(x,y),(x',y") e R?:

! ! 2
[y =y <6,
suy ra
I
‘x —-Xx'|<—=,
6
y-y]<Z
6
Do d6 ‘f(x,y)—f(x',y') SZ‘x—x"+3‘y —y<e.
Vay, ham s6 flién tuc déu trén R”.
I11. Giéi han va lién tuc ciia ham nhiéu bién
Xét ham s
fiDcR">R

X =(X,Xy..,x ) f(x)
f xéac dinh trén D va a =(a,,a,,...,a ) la di€m tu cua D. Ta n6i ham f'¢6 giGi han la
L khi x ti€n vé a néu

Ye>0,36 >0:VxeD,0<Hx—aH<5:>‘f(x)—L‘<8.
Ky hiéu 14 lim f(x)=L.
Ham f duoc goi 1a lién tuc tai @ néu lim f(x) = f(a), nghia 1a

Ve>0,36>0: VxeD,

x—aH<5:>‘f(x)—f(a)‘<g.
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BAI TAP CHUONG 1

Bai 1. Trong R?, cho cac vecto x=(1,1), y=(=1,1), z=(2,1). Tim céc s6 thuc a,
b sao cho z=ax +by.

+ +y, X+
Bai 2. Trong R’, cho x=(x,x,,x,), y=(y),,Y;), 2= (xlzy1 a2 2y2, 2)/3)

Chimg minh ring néu || =] =1 thi || <1.

Bai 3. Cho x, y 1 hai vecto trong R", chimg minh
) Néu (x3)=0 thi a5 = ]+ o[

b e+ [l —5] = 4(x.y)

o) oo sl =2 + )

D [l = <[«

Bai 4. Hay v& hinh minh hoa céc tip hop sau trong mit phang R’
a) {(x,y)eR*1x+2y<4,x>0,y>0}.

b) {(x,y) e R* x> +4y> <4).

¢) {(x,y)eR*1xy<4,0<x<4,0<y<4},

d) {(x,y)eR*ly* =x"}.

e) {(x,y)eR*10<x<1,1<y<4}.

N {(x,y)eR* |1 -4<x<4,—x*<y<x’}).

g) {(x,y)eR* 1<y <2} {(x,y)eR* Iy >x’}.
h) {(x,y)eR* x> +y> =1, x>0}.

) {(x,y)eR*Ix*+y> <1} {(x,y)eR* Iy < x°}.

Bai 5. Tim cic diém trong, di€ém bién va xét xem cac tap hgp duoc cho co 1a tap

dong hay khong
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a) A={(x,y)eR*12<x<4,1<y<3}.

b) B={(x,y)e R*I1<x* +y> <4)}.

c) C={(x,y)eR*I12<x*<5)}.

d) D={(x,y)eR* x> +y*<1}.

e) E={(x,y)eR*10<x<1,y=0}.

Bai 6. Cho f(x,y)=x"—2xy+3y’.

a) Tinh f(-2,3).

b) Tinh f(l,zj.
Xy

f(x’y—i_k)_f(xay)'

c¢) Tinh
k

Bai 7. Tim va v€ mién xac dinh cua cac ham so sau

a) flx,y)=""2. b) F(x,y)=——— .
xX—y X +y
c) f(x,y)=\/4x2+9y2—36. d) f(x,y)=Inxy.
1
0 flxy) =735 ) Oy =yx+y.
3x+5
Q) f(x.y)=1n(9 x> —9y?). h) f(x,y)=— 2
x +y -4

i) f(x.y)=+ly—xIn(y +x). i) fay) =Y

1—x

k) f(x,y)=+x"+y> =1In(4 - x> —y?). 1) f(x,y):arcsiny_l.
x

m) f(x,y)=In[ (16 —x" = y")(x" +y* - 4) |.

Bai 8. Tim mién xac dinh cta cac ham so sau
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XyZ
a) f(x,y,2)=—F—F—-
X +y +2z2

b) £ (x,y,2) = L2

)CZ2

¢) f(x,y.2) =36 —4x> — 9y = |

d) f(x,y,2)=In(16—4x* —4y* - 7°).

Bai 9. Cho f(x,y)=x"e".

a) Tim mién xac dinh cua f.

b) Tinh f(2,0).

¢) Tim mién gia tri cua f.

Bai 10. Cho f(x,y,z)= em.

a) Tim mién xac dinh cua f.

b) Tinh f(2,-1,6).

¢) Tim mién gia tri cta f.

Bai 11. Cho f(x,y,z)=1In(25—-x" —y* —7°).
a) Tim mién xac dinh cua f.

b) Tinh f(2,-2,4).

¢) Tim mién gia tri cta f.

Bai 12. Cho ham f(x,y)=e"cosy, g(x,y) = ¢"siny. Chirng minh rang
a) f6Y).f(x,y)—8(x,y).8(x,y) = f(2x,2y).
b) 2f(x,y).g(x,y) = g(2x,2y).

Bai 13. Bang dinh nghia ¢ — &, chimg minh

li 2 +y7+3)=3. b) lim (2x*—6xy+5y°)=0.
a) (x,y)l—r>r(10,0)(x Y ) ) (x,y)l—I>I(10,0)( * Ly Y )
. N | . y
c) lim |(x+y)sin—sin— [=0. d) lim ———=0.
(x,y)>(0,0) X y (x.9)=0,00 x* 4+ 1

Bai 14. Xét su ton tai giéi han cac ham sd sau tai diém (0,0)
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x2y2
x> 4y

3

¢) f(x,)) =2
y

x*+

a) f(x,y)=

ik

2.2

XY
e) f(x,y)=——7.
) Ty x*+3y*
xy’
X +y

g) f(x,y)=

. _sin(x—Yy)
) flx.y)= prorm—

k) f(x,y)

xt+y*

m) f(x,y)= (x? +y2)sinL.
Xy

Bai 15. Tim cac gi6i han sau

a) lim —2
(r3)>(1L0) x +y —1

_ 2
¢ lim D Inx
(000 (x —1)% + y

: 1+x* +y°
e) lim ————

(x.y)—(0,0) y

. 2.2
lim (x> +y*)"".
(x.)-(0.0)

2 2
: ) X" =2xy+
1) lim yry )
(x.) (LD xX—y

2x —xy

5 -

k) lim
(x)-(12) 47 — y

_ sin(x*) +sin(y*)

(I—-cosy).
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b) fx,y) =2
X +y

d) f(x,y)= xarctanz.
X

3

X
0 fry)=—2.
X +y
(x* =y*)
h) f(x,y)=——22—.
) f(x,y) RE
) sin x
) fxy)=—F—7.
X +Yy
sinx —
D flay)="r—
X—siny
I+x+
n) f(x,y) =—2.
x"=y
2 2 2
b) lim X XY "%

(2.0.0)2(000) x> 4 y* 4 7 '

200 1\2
d) lim %
=00 x% 4 (y —1)
1

. 2
lim (1+xy)" ™.
(x)>(0.1)

h) y2 B zxy
(x)>0.0) y—2x
¥ y4

Iim 5 >
(x.0)=(00) x> 4y

3 3
. X —

D lim =
()LD x? —y




2 2
— +
m) lim X rx-y +y. n) hm x y

o) lim cosh(xy) cos(xy) lm

(x,y)—(0,0) x y p (x,y)—(0,0) 2 /4 + xy

lim sin(xy)

. r) lim
(x,y)—>(0,0) 1-31+ xy (x,y)=(0,0) x2 n yz
21 2 2
s) lim X {1zcosty) ) Y +y)
(x,y)—(0,0) y2 ' (x,y)—(0,0) y2 + (X2 + y2)2
. ) sin x
u) lim x’. v) lim Y
(x,y)—>(07,0) (x,y)=>(0,2) x

Bai 16. Tim cac gidi han sau

X+ . _
a) lim —y' b)  lim  (x*+y)e .
(x,y)—>(—0,—0) x — xy + y (x,y)—>(+00,+0)
2
2 2 .
X"+ by
¢) lim — y : d) lim 5 Y :
(x,y)>(0,0) x* 4 y (x,y)>(+0+0)\ x° 4 y
x2
. 1 x+y 1
e) lim |1+— : f) lim (x*+y*)sin—.
(x,y)—>(0,a) X (x,y)—(0,0) Xy
Bai 17. Xét su lién tuc cta cac ham s sau
4 4
X —)
a) f(x’y) = 4 4 °
X +y
x>+ xy — 2y

b) f(x,y)= JER

3

> néu (x,y) #(0,0),

¢) f(x,y)=1x"+y
0 néu (x,y)=(0,0).
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———— 1éu (x,y)#(0,0),
d) f(x,y)=1x*+y?

0 néu (x,y)=(0,0).

-1

&) flry)={e"”" néuxt+y’ #0,

0 néu x> +y* =0.
2 .
2xy2 néu x> +y* =0,
f) flr,y)=4x"+y
0 néu x> +y” =0.

Bai 18. Cho

X4y
f(x,y)= x2+§2 néu (x,y)#(0,0),
a néu (x,y)=(0,0).
Dinh a dé f lién tuc tai (0,0).
Bai 19. Cho
x+vy)yY
f(x,y)= (xz +);)2 néu (x,y)#(0,0),
a néu (x,y)=(0,0).

Dinh a dé f lién tyc tai (0,0).

Bai 20. Khao sat tinh lién tuc déu cua ham f(x,y) =+/x* +y> trén R>.

: Vs , , o
Bai 21. Him f(x,y)= sin-——— c6 lién tyc déu trong mién x° + y*> <1 khong?

Bai 22. Cho ham sé f(x,y) = arcsin™>.
y

a) Ham so f co lién tyc trong mién xac dinh D cua n6 khong?
b) Ham s f'c6 lién tuc déu trong mién xac dinh D cua né khong?

Bai 23. Cho
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. 1 A
xsin— néu y =0,

fx,y)= y
0 néu y=0.

Chtrng minh rang tap cac diém gian doan cua ham sb / khong phai 14 tap dong.
Bai 24. Chimg minh rang, néu trong mot mién D nao d6 ham f(x,y) lién tuc theo
bién x va thoa min diéu kién Lipschitz theo bién y, tirc 1a

£y = £y <Ly, -y,

trong do (x,y,).(x,y,)eD va L la hang s6 dwong, thi ham sd lién tuc trong mién

da cho.

Bai 25. Gia st ham f(x,y) lién tyc trong mién

D:{(x,y)eRz‘anSA, bSySB},
con diy ham ¢ (x),n=12,... hoi tu déu trén [a,A] va thoa man diéu kién
b<gp (x)<B,n=12,... Chirng minh rﬁng day ham

F(x)=f(x,0 (x),n=12,..

cling hoi tu déu trén doan [a,A] .
Bai 26. Gia st rang
i) ham f(x,y) lién tuc trong mién

D:{(x,y)eRz‘a<x<A, b<y<B};
ii) ham ¢(x) lién tuc trong khoang (a,A) va c6 cac gia tri thudc khoang (b,B).
Chtng minh rang ham F(x)= f(x,@(x)) lién tuc trong khoang (a,A).
Bai 27. Gia st rang
i) ham f(x,y) lién tuc trong mién

D:{(x,y)eRz‘a<x<A,b<y<B};

ii) ham x =@(u,v) va y=w(u,v) lién tuc trong mién
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D' = {(u,v) S Rz‘a' <u<A,b <v< B'}
va c6 gia tri twong rng thudc khoang (a,A) va (b,B).

Chtng minh rang ham F(u,v) = f(¢(u,v),y(u,v)) lién tuc trong mién D’ .
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Chuong 2
SU KHA VI VA VI PHAN HAM NHIEU BIEN

Noi dung cua chuong nay trinh bay vé dao ham riéng, vi phan toan phan, dao
ham riéng va vi phan cip cao, cong thirc Taylor ctia ham nhiéu bién sd.

§1. PAO HAM RIENG

Trong sudt phan nay, mién xac dinh D c R" cta ham nhiéu bién dugc gid dinh
la mién m¢, nghia 1a moi diém x € D déu la di€m trong cua D.
I. Pao ham riéng

Pinh nghia 1.1. Cho f:D cR" - R va diém x = (X5 X500 X )ED. Néu

lim f(xl,xz,...,xi + h,o..,xn) - f(xl,xz...,xn)
h—0 h

ton tai hitu han thi gi61 han d6 duoc goi 1a dao ham riéng ccfp mot theo bién thir i

cia f tai x, ky hiéu (j—f(x) hay f.(x). Trong mot s6 tai li¢u ta con thay c6 ky
" :

higu D, f(x), f, (x), f (x).

Truong hop ham 2 bién 7= f(x,y) thi cic dao ham riéng cap 1 tai diém (x,y)

la
X ()= LLthD= S0
f(x,y)—l f(x9y+k]2_f(-xay).

Chii y 1.2. Tir dinh nghia trén, ta thay:

A3 a A \ (Y4 \ \ M A
bé tim a—f, ta lay dao ham theo bién x va xem y nhu 1a hang so.
X

of

Pé tim -, ta lay dao ham theo bién y va xem x nhu 13 hing sd.
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Truong hop ham 3 bién u = f(x,y,z) thi cac dao ham riéng cdp 1 tai diém

(x,y,2) la
af _ 1 f(x+h’y’z)_f(xsyaz)
a(x’y,Z)_lhl—l;r(} h 1)
& (ry.p)=lim L& HRD = f (690
ay k—0 k
F (xy.o)=lim L&Y D= (3.9
aZ -0 l

Chii y 1.3. Tir dinh nghia trén, ta thay:

A3 a A \ (Y4 \ \ M A
bé tim a—f, ta lay dao ham theo bién x va xem y, z 1a hang so.
X

A3 a A \ (Y4 \ \ M A
bé tim g , ta lay dao ham theo bi€n y va xem x, z la hang so.

Pé tim % , ta 14y dao ham theo bién z va xem x, y 13 hang sb.
Z

Vi du 1.1. Dung dinh nghia, tim cdc dao ham riéng cép mot cua cac ham sb sau
a) f(x,y)=x"—xy+2y’. b) f(x,y)=+3x-y.
Giai
a) Mién xac dinh: D = R,
V(x,y)e D, taco

@(x y):limf(x+h’y)_f(x’y)
ox 70 h
:hm(x+h)2—(x+h)y+2y2—(x2—xy+2y2)
h—0 h
= lim h(2x _hy”‘) = lim(2x — y + h) =2x -y,
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af f(xay+k)_f(x,y)

—(x,y)=1lim
ay( y) k—0 k
lim x? —x(y+k)+2(y+k)2 —(x* —xy+2y2)
k—0 k
_ im K8y =¥ +26) = lim(4y —x +2k) =4y - x.

k—0

b) Mién xéc dinh: D = {(x, yeR|3x-y> o}.

V(x,y) e {(x,y) € R2‘3x—y > 0}, ta co

of

a—(x,y) = lhlgg

fEh) = fGey) Bt =y —3x—y
X h

h—0 h

3 3
—1i = ;
S0 By +Br—y 23x—y

2 (x,y)=Ilim

5 k—0

fEy+R)=f0ry) 3= (r+k) —3x—y
k

k—0 k

=lim

1 1
-0 \/3x—(y+k)+\/3x—y B 23x—y

Vi du 1.2. Tim cac dao ham riéng cap mot cua cac ham so sau

a) f(x,y):x3y2 +x4y+y4.

b) f(x,y,2)=xy’2" +y’ +4y°* +6x°z.

0) f(x,y):sin( al j
I+y

d) f(x,y,2)=e"Inz.
Giai
a) g 3x%y* +4x’y,
ox

of 3

= =2x"y+x* +4y°.
oy
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b) 8_f = y2z5 +36x°z,
ox

ai = 2xyz5 + 3y2 + 20y4z4 ,
dy

g =5xy°z" +16y°7 +6x°.
0z

!/

8_f_ X X (1 X _
©) 8x_Cos(l+yj'(l+ij_(1+yjcos(l+yj’ (v=-D.

a—f:cos( al ]( o ] — 2cos(i),(y;t—l).
oy I+y)\I+y ), (I+y) I+y

& L yevinz, z>0),
Oox

g _ =xe”Inz, (z>0),
0y
¥ _e

,(2>0).
0z 2z

Vi du 1.3. Cho f(x,y)=¢""" +2xycos(xy) +sin(xy). Tinh af Zf; Zf( j
X

51(2,0)_

oy\ 2

=2xe" " +2ycos(xy)—2xysin(xy) + ycos(xy),

Giai
[
ox
g _ 2ye" ™ +2xcos(xy) — 2x7ysin(xy) + x cos(xy),

dy

af =0+ mcosO— 0+—cos0 7T+£=3—7T,
ox 2 2 2
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al ,0[=0+mcosO— 0+—cos0 7T+£=3—7T.
oy\ 2 2 2 2

Vi du 1.4. Cho

& b i 0’0’
Fa=iaity n€u (x,y)#(0,0)

0 néu (x,y)=(0,0).
h L0.0.2 200,
Giai
f(() O)_lh_>0 f(0+h,02—f(0,0) _0,
f(O 0= f(0,0+h2—f(0,0) 0

Chu ¥ rang, trong vi du 1.4, ham f ¢6 ca hai dao ham riéng cdp 1 theo hai bién
x, y tai (0,0) nhung n6 khong lién tuc tai (0,0).

II. Y nghia hinh hoc ciia dao ham riéng

Goi S 1a dd thi cua ham sb z= f(x,y).

C. la giao tuyén clia S va mit phing y=>b. C, chinh la d thi ctia ham s6 mot
bién sd f(x,b).

C, la giao tuyén cia S va mit phing x =a. C, chinh la d6 thi ctia ham s6 mot

biénsbd f(a,y).
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\ [N a \ A A ’ 5 V4 A 5 . R
Dao ham riéng l(a,b) la h¢ s6 goc cua ti€p tuyén 7, cua C, tai di€m
ox

P(a,b,c). Dao ham riéng Zl(a,b) cling biéu dién véan téc bién thién cta ham sb
X
fix,y) theo hudng x tai (a,b).

of

Pao ham riéng a—y(a,b) la h¢ s6 goc cia tiép tuyén 7, cla C, tai diém

of

P(a,b,c). Dao ham riéng a—(a,b) cling biéu dién véan téc bién thién cta ham sb
y
fix,y) theo hudng y tai (a,b).

§2. SU KHA VI VA VI PHAN

I. Su kha vi
1.1. Vecto gradient

Cho f:DcR"—>R va diém x = (X5 X500 X )ED, ;i la vecto thtr i trong co
s& chinh tic cia R”. Nhéc lai ring ;l, 1a vecto ma moi thanh phin déu bang 0 trir

thanh phan tha i bang 1. Khi f c6 dao ham riéng cip mot theo tat ca cac bién tai x,

gradient cta f taix, ky hidu gradf(x) (hay van tat 13 V£ (x)) 1a vecto

Vf(x)= [—axl (x)’_ax2 (X),...,—aXn (x)]
B af — 6f — af —
= _axl (x)er + _8x2 (x)ex +...+ _8xn (x)en.

Vidu1.1.Cho f(x,y)=x"+y*, khido

a o

2= | =(2x.2y) = 2xe1 + 2ye> = 2x(1,0) + 2y(0,1) = 2xi + 2y,
ox Oy

Vf(x,y) =(

trong do i= (1,0), ; =(0,1) 1a hai vecto don vi tuong ing trén hai truc Ox va Oy.
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Xét VF(1,2)=2i+4;, day 1a vecto vudng goc véi tiép tuyén x+2y=>5 cua

duong tron x* + y* =35 tai diém (1,2). Puong tron nay 1a dudng mirc cia 1 di qua

diém (1,2).

dhY

Vidu 1.2. Cho f(x,y)=sinx+e”. Hay tinh V£(x,y), V£(0,1).

Giai
Vf(x,y)= (2—2’%] = (cosx + ye”, xe® )

V£(0,1) = (coso + e°,0.e°) =(2.0).

Ménh dé 1.1. Cho f,g:DcR" >R va diém x =(x,%,,...,x )eD. Néu f,g c6
dao ham riéng theo moi bién tai x thi
V(f+8)(x)=Vf(x)+Vg(x),
V(f8)(x) = g(x).Vf (x) + f(x)VE(x).
f

Hon nita, néu g(x)#0 va ham — xac dinh trén mot ldn cdn cua x, thi no co
8

dao ham riéng theo moi bién tai x va

V(ij(m: L (V) - F(Ve()).
g g (x)
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Chirng minh. Suy ra tryc tiép tir tinh chat ham mot bién.
1.2. Sw kha vi cia ham nhiéu bién

Ta nhic lai sy kha vi cia ham mét bién. Cho f:(a,b)>R va x,e(a,b). Ta
néi f khd vi tai x, néu

fim L= f(x)

X=X X — )CO

ton tai hitu han. Khi d6 f'(x,) = lim f(x) = fxy)

duoc goi 1a dao ham cua f tai
X=X X — XO

X -

Trong dinh nghia trén, néu dat
h=Ax=x—-x, va Ay= f(x)—f(x,)=f(x,+h)— f(x,)

thi ta co

O T

=0 h

trong do
h: 50 gia cua bien 5o tai di€m x,
Ay: s6 gia cuia ham so Umg v6i sO gia h tai diém x,.
Nhu vay, f khd vitai x, n€uno c6 dao ham f’(x,) hitu han.

Bay gio, néu f'(xy) tdn tai hiru han, ta co

o Ay Ay B
f(xo)—l}lg%?@l}gro{ P —f(xo)}—o

Ay —h.f'(x) _ fx +h) = fx)—h.f'(x)
h h '

Khi do, ta c6 dinh nghia khac vé su kha vi cua ham mét bién nhu sau: f kha vi

el =2 f'(x,) =

tai x, néu
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g(h)=f(x° +h)_f§lx°)_h'fl(x°) — 0 khi > 0.

Pinh nghia 1.2. Cho f:D cR" > R va diém x = (X, Xy...,.x Y€D . Tanoi [ kha

of

Vi tai x néu ton tai cac dao ham riéng a—(x), i=1,2,...,n va
X,
f(x+h)— f(x)—h.Vf(x)
Il

g(h)= —0 khi >0,

voi h=(h,h,,....h ) eR", trong d6
Vf(x) = [fu I (... f()]

HhH: \/hf +h 4.+ R

g(h): ham n bién h,h,,...,h .

Vidu 1.3. Ham f(x,y)=x +2y co6 kha vi tai (1,0) khong?

Giai
Ta co
fA+h0+k)=f(A+hk)=1+h+2k,
fL0)=1,

VF(x,y) _(a—f a—fj (1,2) suy ra V£(1,0) = (1,2).

Xét

fA+hk)—f(1,0)-Vf(1,0)(h,k)
(]

_ 1+h+2k—1—-(h+2k)

g(h,k)=

=0,

suyra lim &(h,k)=0.

(h,k)—>(0,0)
Vay, f kha vi tai (1,0).
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Vidu 1.4. Him f(x,y)=x" + xy® ¢6 kha vi tai (0,0) khong?
Giai
Ta co
fO+h0+k)=f(hk)=h>+hk’,
f(0,0)=0,

of of

o 8] (3x”> +y*,2xy) suy ra V£(0,0) = (0,0).

Vf(x,y)= (
Xét

stk = LOF10+K) = f(0.0) ~Vf (0.0)(h.k) _ I+ hk

|k e

Dé dang chimg minh dugc  lim &(h,k)=0.

(h,k)—>(0,0)
Vay, f kha vi tai (0,0).
Vi du 1.5. Xét sy kha vi tai (0,0) ctia ham sb

2

Xy »
né€u (x,y)=(0,0),
Fa =21y (x,y)#(0,0)
0 néu (x,y) =(0,0).
Giai
Ta co
2
fO+h0+k)=f(hk)= hka,

J(0,0)=0,
V£(0,0) = ( I (o, 0).2 g (o 0)j (0,0).

Xeét
hk*

g(h,k):m.
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D@ dang ching minh dugc  lim  &(h,k) khong ton tai.
(h,k)—>(0,0)

Vay, f khong kha vi tai diém (0,0).

Vi dy 1.6. Ham f(x,y)=|xy| c6 dao ham riéng cép mot theo moi bién tai (0,0)
nhung f khong kha vi tai (0,0).

Ménh dé 1.3. Cho f:DcR" >R la ham c6 dao ham riéng cdp mét theo cdc
bién tai diém x = (X3 Xy500sX YED. Néu tat ca cac dao ham riéng nay déu lién tuc
tai x thi f khd vitai x.

Chirng minh. Pé don gian ky hiéu, ta ching minh cho trudng hop n =2. Trudng

hop n > 2 dugc chirng minh tuwong tu va danh cho doc gia.
Véi x=(x,x,) €D vavéi h=(h,h,)eR* dinhd, ta co
SO +h,x, +h)— f(x,x,)=f(x +h,x, +h)— f(x,x,+h)
FF X, 1) = £, @.1)

Vi f ¢6 dao ham riéng theo cac bién trén D nén ton tai 0,,0, €(0,1) sao cho

0
fx, +h,x,+h)—f(x,x,+h)=h -a—f(x1 +0h

1'1°
xl

x, + h2)
va

0
f(x,x,+h)—f(x,x,)=h, -a—f(xl,x2 +6,h,).

X,

Do d6, (2.1) duoc viét lai thanh

o o
Fx +h,x, +h)—f(x,x,)=h -%(xl,a@)”l2 -é(xpxz) + ||y )
1 2

voi
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s(h )= —h (af(xl+0h

g+ loy

x,+h,)— f(x ,X,)

a ]
2
xl

- h, (éf (x,x, +0,h)— f(x xz)].

1 1

JB+ 2\ 0%, X,
Tur tinh lién tuc cua a—f va a—f tai diém (x,,x,), tasuy ra
ox, Ox,
le(hy.hy)| = ‘ (x, + 6.k ,x, +h2)—§—f(x1,x2
X

+

8—f()cl,)cznté?h) af —(x,,X,)
ox

2 2

khi ||(,,1,)| — 0 va ménh dé duoc chimg minh.

Vi du 1.7. Trong vi du 1.3, Z—f(x, y) =1, Z—f(x, y)=2 trén R’
x Y

nay lién tuc tai (1,0). Vay, f kha vi tai (1,0).
Vi du 1.8. Ham

x’y? .
né€u (x,y)=(0,0),
Fa =21y (x,y)#(0,0)
0 néu (x,y)=(0,0)

c6 kha vi tai moi diém thuoc R? khong?
Giai
Tai (x,,y,) € R*\{(0,0)}, ta c6

of 2xy* o _ 2xty

ax (P+y) dy (Y)Y
Do do6
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: 0 . 2xy* 2x y! 0
lim _f(x,y): lim zxyz 5 — > Oy()2 > :i xo,yo),
(X»Y)H(Xo,yo) ax (X,Y)—>(X0,y0) (x =+ y ) (xo —+ yo) ax
: 0 . 2x" 2xly 0
lim —f(x,y): lim . y2 S= -9 Xy>Yo)s
ot By st (F 4y (Yl Oy

suy ra %, a lién tuc tai moi diém (X,5Y,) € R*\{(0,0)} nén f kha vi tai moi

diém trén R\ {(0,0)}.
Tai (0,0), ta dé dang chirng minh dugc

A of
1 =L _Y _
(x,y>1—r>r<lo,o> Ox (x,y) Ox (0,0)=0,

lim ai(x,y) = a—f(O,O) =0,
(x:)=(0.0) Dy oy

suy ra a—, g lién tyc tai (0,0) nén f kha vi tai (0,0).
ox Oy

Vay, f kha vi tai moi diém thudc R”.

Dinh ly 1.4. Néu f:DcR" >R khavitai x=(x,x,,....x )eD thi flién tuc tqi

X.

Chirng minh. Do tinh khd vi cia f taix,tacoé v61 y=x+he D,

0= =L o, =)+t Lo, —x)+ |y | e -,
ox 0x

1 2

trong 46 y =(y,,¥,,...,y,) va lime(y —x) =0.
y>x

Pat M = \/(g—f(x)] Fot (ji(x)] . Bat ding thuc

X X

1 n

lf0) = o< (M +2(y—2)|y -4

cho thay lim f(y) = f(x) va do d6, flién tuc tai x. u
y>x
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Vi du 1.9. Ham

Xy »
b i 070 b
fy)=qx*+y’ ne ()2 (0.0

0 néu (x,y)=(0,0)

c6 kha vi tai (0,0) khong?

Giai

khong tdn tai nén f khong lién tuc tai

Vi lim f(x,y)= lim —
(x,3)->(0,0) (x3)0.0) x* 4y

2
(0,0). Vay, /' khong kha vi tai (0,0).
II. Vi phian ham nhiéu bién
2.1. Nhic lai vi phan ciia hAm mét bién
Cho ham s6 y = f(x) ¢6 dao ham tai diém x,. Khi d6

oo A
f(xo)_gg})g'

: . CAY L , )
Dang thtrc trén cho thay, néu Ax da nho thi ty so Ey rat gan voi f'(x,), do do

ta c6 the coi rang f'(x,) z%, hay Ay ~ f'(x,)Ax. Khi d¢, tich f'(x,)Ax dugc goi

14 vi phdn cia ham s6 y = f(x) tai diém x, va duoc ky hiéu 1a df(x,), tic la
df (x)) = f'(x,)Ax.

Nhu vay, néu ham s6 f c6 dao ham f’ thi vi phan cua ham s6 y = f(x) la

df (x) = f'(x)Ax . Dic biét, voi ham sd y=x, ta 6
df (x) = f'(x)Ax = Ax,

suy ra dx = Ax. Do d6, df (x) = f'(x)dx hay dy=y'dx.
2.2. Vi phan cua ham nhiéu bién

Néu f:D cR" — R kha vi tai diéem x = (x,,x,,...,x )€ D thi vi phan cap 1 (vi

phdn toan phdn) cta f taix 1a
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df (x)= f(x)dx +§f (xX)dx, +...+ f(x)dxn.

1 2 n
Cu thé, vi phan cap 1 cia ham 2 bién z= f(x,y) 1a

dz= %dx + %dy
ox oy

Viphan cdp 1 ctia ham 3 bién u= f(x,y,2) 1a

du :a—ud +%d +@dz
Ox oy 0z

Vidu 2.1. Cho z=x" +3xy—y’. Tinh dz,dz(0,1).

Giai
dz :%d +%dy (2x +3y)dx +(3x—2y)dy,
ox oy

suy ra dz(0,1)=3dx —2dy.

§3. PAO HAM VA VI PHAN CAP CAO

I. Pao ham riéng cap cao
Dinh nghia 1.1
Nhu ta d3 biét, trong truong hop ham mot bién, dao ham cap hai cua y= f(x)

dugc dinh nghia boi y' =(y").

Tuong tu, gia sir ham s6 z= f(x,y) ¢ cac dao ham riéng cip mot trén

f o
x Oy
mot tip mé D < R” thi ta ¢6 thé dao ham cac biéu thic nay dé duoc cac dao ham
riéng cap hai. Ta c6 cac dinh nghia

(i) Pao ham hai lan theo bién x 1a
oO’f _o(of
ox’ 8 ox

j (f). =S

(ii) Pao ham hai lan theo bién y 1a

53



of _ofof
oy

o o ayj (), =1,

(iii) Pao ham thir tu theo x roi 1éy dao ham theo y 13

o d
L L p) = £
Oyox 8}/ ox
(iv) Pao ham thu ty theo y 1di lay dao ham theo x 1a
o'f o _
0x0y Gx(ﬁ j U= e

Céc ky hiéu tuong tu ciing 4p dung cho ham nhiéu bién, nghia 13 véi n > 2.

Cac dao ham f . f =~ duoc goi la cac dao ham riéng hon hop cdp hai cua ham

hai bién f(x,y).
Pinh nghia 1.2. Pao ham riéng cip m (m >1) ctia ham s » bién 14 dao ham riéng
ctia dao ham riéng cap m—1 cua no.

Cac dao ham riéng cip m dugc ky hiéu tuong ty nhu dao ham riéng cép 2.

Chang han

3

ey~ 1o

Chii y 1.3. Mot ham sb n bién c6 n* dao ham riéng cép k, trong d6 c6 n*-n dao ham
hon hop.

Vidu 1.1. Cho f(x,y)=x’y—y’>x>. Tinh cac dao ham riéng cip mot, cAp hai, cip

ba ctia ham so f .

Giai
a) Cac dao ham riéng cap mot la
f :3352)’—2)’236, fy =x’ —2yx’.
Céc dao ham riéng cap hai 1a
— — — 72 _ _ 2
fxx_(fx)x_6xy 2y’ fyy_(fy)y__zx s
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f,=(f), =3x" —4xy, fo=(f), =3x" —4xy.

Céc dao ham riéng cap ba 1a

fow =), =6V, Joy =), =0,

fow = (f), =6x =4y, [ =), =—4x,
[ =(f,)), =06x—4y, fo =(f,0), =—4x.
[ =(f,), =6x—4y, [y =), =—4x,

Chi § 1.4. Cac dao ham hdn hop f, , f, khac nhau vé thir ty ldy dao ham riéng
theo timg bién va do d6 noi chung chiing khac nhau. Tuy nhién, ching c6 thé bang
nhau theo dinh 1y sau day

Pinh ly 1.5 (Pinh Iy Schwarz). Néu f:D cR" — R c6 cdc dao ham riéng cdp 2

. . .0 o . e .. T
lién tuc trén D thi f = J trén D, voimoi i,j=1,n.
6xi8xj 8xj8xl.

Chirng minh. Khong mit tinh tong quét, ta c6 thé gia st n=2, i=1, j=2. Khi

. 14 . 82 82 .
dof:DcR" >R cocac dao ham riéng cap hai / va / lién tyc trén D.
Ox,0x, 0x,0x,

Vé6i x=(x,,x,)eD bat ky, lap biéu thuc
A=f(x +h,x,+h)— f(x +h,x,)—= f(x,x, +h)+ f(x,x,). (2.2)

Ham ®(7)= f(t,x,+h,)— f(t,x,) kha vi trén mot 14n cdn cua x, eR va do

dinh 1y gia tri trung binh, (2.2) duoc viét lai thanh
A=O(x, +h)-D(x)=hD'(x, +0h)

voi 0<6, <.

Mat khac, do dinh nghia ctia dao ham riéng, ta co

d'(1) =§—){1(t,x2 +h,) —%(t,xz)

va lai do dinh 1y gi4 tri trung binh,
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, 0 0
O'(x, +6h) :8—f(x1 +0,h,x, +h2)—a—f(x1 +6h,x,)

X Xy

82
=h28 f (x, +0h,

x28x1

x, +6,h,)

voi 0< 6, <1 vado do

2
A=nh, 2T (x v 0

h
e Ox,0x, !

X, +6,h). 2.3)

1°

Tuong ty, v6i ham W(t)= f(x, +h,t)— f(x,1), ta tim duoc 6/,0, €(0,1) sao

cho

A=W(x, +h)—P(x,)=h¥(x, +0h)

=h, STf(xl +h,x, +92'hz)—al(xl,x2 +0h,)

2 axZ
o’ f , ,
= h1h2 M(Xl + thl,x2 + 02h2). (24)
1 2
So sanh (2.3) va (2.4), ta suy ra
2 2
o7 (x, +60,h,x,+06,h,)= of (x,+0/h,x,+0h)). (2.5)
Ox,0x, Ox,0x,

2 2
Vi of va of lién tyc trén D nén khi (A ,h,) — (0,0), (2.5) cho

Ox,0x, Ox,0x,
0° 0*
J (x,,X,)= / (x,,x,)
Ox,0x, Ox,0x,
va dinh ly dugc chirng minh. (]

II. Vi phén cép cao
Gia s, ham z=f(x,y) cac dao ham riéng cdp n lién tuc tai moi diém
(x,y) €D, khi @6 vi phan cdp 1 cta vi phan cip n-1 13 vi phan cip n, nghia la
d"f=d@"'f).
Cu thé, vi phan cap 2 ctia ham 2 bién z= f(x,y) 1a
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2 _ i f
d z—d(dz)—d(axdx+ay ]

afd +ldy dx + 9 afd)c+8—fdy dy
8 0 8y ox oy

x | Ox 'y

2 2
a{dx+ fdy dx + afdx+a{dy dy
Ox Ox0y Oyox oy

2 2 2
=azdx2+28fdxdy+a{dy2,
ox 0x0y oy

trong d6 dx” = (dx)’, dy* = (dy)’.
Mot cach hinh thirc, ta c6 thé viét biéu thirc trén dudi dang

2
0 0
d’z=| —dx+—d ,
< (ax * oy y]f

trong do, cac phép toan dugc hiéu theo nghia hinh thirc nhu sau

idx la tich cua i va dx,
Ox Ox

2
idx+idy la Iy thtra 2 cua idx+idy :
0x oy 0x oy

Bang cach quy nap, ta co

n n—k k
(8 b » (8 5 " of
d'z=|—dx+—d = > C'| —dx —d =>C X
: [6}6 Oy y] / [kz(; "(6}6 ] (8}/ y] ]f kz_(; " ox"roy"

Vidu 2.1. Cho z=x’y*. Tinh d’z.

Giai
S—i =2xy*, x 4x2y3,
2 2 2
a—§:2y4, 0z =8xy°, —2=12x2y2,
ox 0x0y 'y

suy ra
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2 2 2
d?z :dez +2 0z dxdy + Qdyz =2y*dx® +16xy’dxdy +12x°y*dy”.
ox’ 0x0y oy’

§4. PAO HAM VA VI PHAN CUA HAM SO HQP

I. Pao ham riéng ciia ham sd hop

Néu ham z= f(u,v), trong @6 u=u(x), v=v(x) 1a nhitng ham s6 cta x thi biéu
thirc

2= f (u(x),v(x))

1a ham sb hop clia x qua cac bién sb trung gian u, v. Pinh 1y sau ddy cho ta quy tic
tinh dao ham ctia ham s6 hop z=f (u(x),v(x)).
Pinh ly 1.1

Cho U la tdgp mé trong R* va ham sé khd vi

fU->R
(u,v)— f(u,v).

Cho V la mét khodng trong R va hai ham s kha vi

u:V-oR
X u(x),

v:VoR
X B v(x).

Néu f(uv)=f(u(x),v(x))=2(x) thi

Z Oz du 0Oz dv
=z U ATV E— b —,
dec % "7 Ou dx Ov dx

Chirng minh. Dt w = w(x) = (u(x),v(x)),v6i x e R.
Do tinh kha vi cia ham f, ta co
FOw+h)= f(w) = hNf(w)+|h].2(h),
trong d6 &£(h) =0 khi h =0, v6i heR’.
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Ap dung véi h=w(x+k)—w(x), ke R\ {0}, ta dugc

f(wx+8) = f(wx)
k

= (W(x + k) = w(x)).Vf W) + [ wix + k) = w(x) £ (h).

Chia hai vé ctia biéu thuc trén cho £, ta dugc

wx+k))— f(w(x _ _
F(We+R)) = f (W) [ wix+k)—w(x) _vf(w)i|w(x+k) el o
k k | k
Khi £ — 0 thi
F(wx+8)= f(wx) N
k dx’
wx+k)—w(x) [u(x+k)—u(x) v(x+k)—v(x) N @ﬂ
k k ’ k dx’dx )
va h—0.
Vi vay,
d_ox du o dv
dx Ou dx 0Ov dx
va dinh ly dugc chirng minh. (]
1 2 2 \ dz
Vidul1l.Cho z=u"+uv, u=x ,v:3x.T1md—.
x

Giai

% =z,.u +z.v. =Qu+v)2x)+u3d= (2x° +3x)2x +3x> =4x> +9x°.
X

Bay gio, xét ham s6 z= f(u,v), trong d6 u=u(x,y), v=v(x,y) la nhitng ham

s6 cua hai bién doc 1ap x, y thi biéu thuc
2= f(u(x,y).v(x.y))

l1a ham s6 hgp cua x, y qua céc bién so trung gian u, v.
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Pé tinh Z—Z, ta xem y khong ddi, khi d6 z=f(u(x,y),v(x,y)) la ham s6 hop
X

ctia mot bién s doc 1ap x thong qua hai bién s6 trung gian u, v. Do dinh 1y 1.1, ta
co

0z 0z Ou Oz OV

_t

ox Ou ox Ov Ox
A 1A n .., 0z S,
Ciing 13p ludn nhu vay khi tinh —, ta dugc dinh 1y sau

Pinh 1y 1.2. Néu ham s6 z= f(u,v) kha vi theo cdc bién sé u va v va u=u(x,y),

v=w(x,y) khd vi theo cdc bién sé x, y thi

Z z Ou 0Oz Ov
— =z .U +z7.V =——F——,
ox 7 "% Ou ox Ov Ox
Z z Ou 0Oz Ov
— =z U ALYt —,
oy “ ' "7V Ou Oy Ov Oy
Chirng minh. Xem nhu bai tap.
Vidu 1.2. Cho z=¢"sinv, u=xy*, v=x"y. Tim %,%
ox Oy
Giai
aZ u s 2 u
a—:zu.ux+zv.vx =(e"sinv).y” +(e" cosv).(2xy)
X

2 2
=y’e™ sin(x’y) + 2xye™ cos(x’y),

oz, 42,9, = (€"5inV).2xy + (¢” cosv).x”

=z, +7,.v, =(e"sinv).2xy +(e" cosv).x

0y
=2xye™ sin(x>y) + x%e” cos(x’y).
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Tuong tu, néu w= f(u,v), u=u(x,y,z), v=v(x,y,z) thi

ow _Ow Ou oOw 0Ov
— =W U WY =— e ——
Ox o YUY Gu ox Ov Ox
ow Ow 8u 8w 8\/
— =W U +w.y =—-—

oy Wy VY T By 8y o 8y
ow ow Oou Ow Ov

——EW U AW Y m
0z ou 0z Ov 07

Néu z=f(u,v,w), u=u(x,y), v=v(x,y), w=w(x,y) thi

0z 07 Ou az ov 0z 8w
—=zu +z.v +z W =—— —

ox “* "' "' Ou oOx 8v ox 8w ax
Z 7z Ou Gz 8v 8z 8w
—=z.u +z.V +7 W =——

0 ey Y du Oy ov 8y 8w 8y

y
Vidul3.Cho z=¢", x=u’, y=uv. Tlm% %
ou’ ov
Giai
aZ _ _ xy Xy _ W’y 2wy _ 2 u’v
a—zx.xu+zy.yu—(ye )2u+(xe”)v=uv.e" " 2u+ue" " v=3uve
aZ _ _ xy xy 3 uwv
—=z.x +z.y =(e”).0+(xe”)u=ue
av x Ty y v
1
Vidu1.4.Cho z=xe™, x=1", y=—. Tim a
t dt
Giai

d |
@ _ 7. X, +z.y, =(e" +xye”)(2t) + xle® —
dt iy t

=(e' +1e")(2t)—t’e' =2te' + €.

0z 07

Vidu 1.5. Cho z= e” In(x* + Tim —, —.
(x> +y%). ox Oy

Giai

Pit u=xy,v=x"+y’. Khido, z=¢"Inv. Tacé
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u
Z e
a= zu_+z.v =(e"lnv).y +7-2x

2 2
:e”(y.lnv+—xj:e”(y.ln(x2+y2)+ > i 2j,

% X +y

0z e"
—=z,u,+zv =(e"Inv).x+—-2y
%

dy

=e" (x.lnv + 2_yj =e" (x.ln(x2 +y°)+ 22—);)

v x> +y°

I1. Vi phan cia ham hop
Ta di biét, néu ham z= f(u,v) kha vi, véi u, v 1a nhitng bién doc lap thi

0z 0z
dz =—du+—dv. 2.6
¢ ou ov 2.6)

Bay gio, xét ham hop z= f(u,v), véi u, v 1a nhitng bién phu thudc
u=u(x,y), v=v(x,y),
va x, y 1a nhitng bién doc lap thi
0z 0z

dz=—2dx +—dy.
0x oy Y

Theo cong thirc dao ham ham hop, ta dugc

dz:(@a_u&@jdﬁ[@%@_v]dy

Ou Ox Ov Ox Ou dy 0Ov Oy
_ % a—udx+a—udy +% @dx+@dy
Oou\ Ox oy ov\ Ox oy
=%du+%dv.
ou ov

Nhu vay, ta quay lai cong thire (2.6). Diéu nay c6 nghia 14 dang ctia vi phan cip
1 13 khéng d6i cho du x, y 1a cac bién doc 1ap hay 13 cac ham sd. Tinh chit nay
dugc goi 1a tinh bdt bién cta dang vi phan cdp 1. Tir d6, ta c6 cac cong thic vi
phéan sau day
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(1) d(utv)=dutdy;
(11) d(uv) =udv £ vdu;

= 5 ;

14 14

(iv) d(z) _vdu—udy

(v) df (u) = f du.

Céc cong thuc trén dang cho u, v 1a bién doc 1ap nén ding cho u, v 1a cac ham
s6 cua cac bién sd doc 1ap khac. Cha ¥ rang, tinh chat bat bién & trén khong con
dung cho vi phén cap cao.

Vi du 2.1. Tinh vi phan cip mot cta cac ham sb sau

2

a) 7= arcsin?—. b) z=arctan(xy’).
X
Giai
y2
a) bat u ==—. Khi do, z=arcsinu. Ta c6
X

dz=zdu=

M 2xydy — yzdx _ Y(=ydx +2xdy)

\/xz—y4 x2 M\/xz_yzt
b) Bit u=xy*. Khi d6, z=arctanu. Ta c6

(ydx + 2xydy).

1
~du= —zd(xyz) =

dz =z du= >
1+u I+ (xy%)

1+ x7y*
§5. HAM AN
I. Khai niém ham an

Pinh nghia 1.1. Néu F(x,y) 1a mot ham theo hai bién x, y, xac dinh trén D c R’

thi phuong trinh
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F(x,y)=0 2.7)
cho ta mot hé thirc lién lac gitta x va y. Néu y = f(x) 1a mot ham sb xac dinh trong
mdt khoang nao d6 sao cho F(x,f(x))=0 thi ta noi ring y= f(x) 13 ham dn xac
dinh bo1 phuong trinh (2.7).

Vi du 1.1. Phuong trinh x> +1—y =0 xac dinh trén R’. D& thdy
X +l-y=0y=x"+1,VxeR.
Nhu vdy, y =x*+1 1a ham an xéac dinh boi phuong trinh x> +1—y=0.
Vi du 1.2. Phuong trinh x? + y> —1=0 xac dinh trén R’. D& thdy
e

y=—1l-x

, Vxe[-1,1].

2

X+y'-1=0

Nhu viy, y=v1-x> va y=—J1—x*, Vxe[-11] 1a cic ham &n xéc dinh b
phuong trinh x> +y> -1=0.
Chay 1.2
(i) Phuong trinh F(x,y)=0 c6 thé xac dinh mdt hay nhiéu ham an y theo bién x.
Khi do, ta c6 ham an mot bién. Tuong tu, phuong trinh F(x,x,,...,x ,y)=0 cb thé
xac dinh mot hay nhiéu ham an y theo céc bién X, X,,...,X . Khi do, ta co ham an n
bién.
(ii) Phuong trinh F(x,y)=0 c6 thé xac dinh ham an ciing ¢é thé khéng. Chang
han, phuong trinh x* + y* +1=0 khong xac dinh ham 4n nao.
(iii) Néu tir phuong trinh F(x,y)=0, ta tim dugc cong thic biéu dién y theo x thi
ham 4n s& tr& thanh ham hién. (Trong vi du 1.1, vi du 1.2, ham y=x*+1,
y=VI—x*, y=—J1—x* 1a chc ham hién).
(iv) Khong phai moi ham an déu c6 thé biéu dién duoc dudi dang y = f(x). Chang

han, ham s6 an xac dinh bd1 phuong trinh
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xy—e +e’ =0
khong thé biéu dién dugc dudi dang y = f(x). Khi d6, ham y = f(x) théa phuong

trinh xy —e* +e¢’ =0 1a ham an thue su.

Vi du 1.3. Tim D piét 1 —y=1.
dx

Giai

x2—y=1:>y=x2—1:>Q:2x.

dx

Co hai cau hoéi duoc dat ra nhu sau
Vi nhirng diéu kién nao thi ton tai ham an xac dinh tir phwong trinh F(x,y)=0?
Trong truong hop khong tim duoc cong thic cu thé cho ham an xac dinh tir
phuong trinh F(x,y) = 0 thi ta c6 thé tinh dao ham cua ham d6 duoc khong?
Pinh 1y 1.3 (Pinh 1y vé sy ton tai ham an mot bién). Cho ham F:D c R*? > R,
(x,,y,)€D. Néu F(x,y) théa man cdc diéu kién
O F(x,,y,)=0,
@ F, F, t6n tai va lién tuc trén D,
©) F (x,,5,)#0,
thi
©® Phuwong trinh F(x,y)=0 xdc dinh duy nhdt mét ham an y = f(x) trong ldn cdn
Q cua x, thoa F(x,f(x))=0, VxeQ,

@ f(x,)=Y,
© [ lién tuc trén Q,
O f(x) c6 dao ham lién tuc trén Q va

Y =f(0)= —= (F20),VxeQ.

Y
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Chirng minh. Khong mét tinh tong quat, ta co thé gia sir F (x,,5,)>0. Do tinh
khé vi lién tuc cua F, tdn tai lan can la,,b]1x[c,d] cua (x,,y,) sao cho F (x,y)>0
trén lan can nay. Ham y+ F(x,,y) tang ngat trén [c,d] va F(x,,y,)=0 voi
c<y,<d nén F(x,,c)<0 va F(x,,d)>O0.

Cac ham x— F(x,c) va x> F(x,d) la cac ham lién tuc trén [a,b],
F(x,,c)<0 va F(x,,d)>0 nén ton tai @, <a<x,<b<b sao cho F(x,c)<0 va
F(x,d)>0, vo1 mo1 x €la,b].

Bay gio, véi mdi x €[a,b], ham y > F(x,y) la ham lién tuc, ting ngit trén
[c,d] va F(x,c)<0, F(x,d)>0 nén ton tai duy nhit y e[c,d], ky hiéu 13 f(x), sao
cho F(x,y)=0.

Pé ching t6 sy lién tuc ctia f tai x €[a,b], xét 1an can [a,b]x[y—¢,y +¢] cua
(x,y) v61 y= f(x) sao cho [y—¢,y+¢&]c]c,d]. Vi F (x,y)>0 trén lan can nay
nén do chiing minh trén, tdn tai 1an can [x—38,x+ 48] cla x, chua trong [a,b] sao
cho phuong trinh F(x,y)=0 xac dinh ham an g:[x—8,x+8]—>[y—¢,y+¢l,
F(x,g(x))=0. Do tinh ton tai duy nhit cia ham an f xéac dinh trén lan cén
[a,b]x[c,d] cua (x,,y,), ta suy ra g(t)=f(t), Vie[x—5,x+05] va do do, ta co
\ (- f(x)\ < ¢ khi \z - x\ < §, nghia la f lién tuc tai x.

Cubi cung, dé chimg minh tinh kha vi cta f; ta cha ¥ rang F 1 ham kha vi trén
D. Do do, vé1 x €(a,b) va h da nhd sao cho x+he(a,b), tacod

O=F(x+h,f(x+h)—-F(x,f(x))
= F,(x. f(0).h+ F (x, f).[ fx+ )= f(x)]

2

+\/h2 +(fx+n) = f(0)) &(hf(x+h) - f(x)),

voi lime(h, fOx+ 1)~ f()) =0.
Tur do, suy ra
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faem- g F(ef@) 1 R - f)
R R(f®) R (fo) h
x&(h, f(x+h)— f(x))

—F (x, f(x
- x( A )) khi h— 0 va do do

F (x.f(x))
, —F (xf(x)
Sw=— CEC))
(. f(0)
Do F,, F, lién tyc tasuy ra f' 1a ham lién tuc. n
Cha y 1.4

(i) Pinh 1y 1.3 chi khang dinh su ton tai ham an y = f(x) dya trén mot sé diéu kién
va khong cho ta mot cong thirc don gian dé tim dugc ham an.

(ii) Néu cac gia thiét ctia dinh 1y duoc thoa thi ta ciing ¢ thé tinh y' bang cach lay
dao ham 2 vé cua F(x,y)=0 theo bién x, ta duoc

Fx°xx+F;v'yx:0:>F;+F;‘yx:O :}yxzy — FX'
y

Vi du 1.4. Cho phuong trinh xy —e* +¢” =0.
a) Ching minh ring phuong trinh trén xac dinh duy nhat mot ham an y= f(x)

trong 1an cén cua 0.

b) Tinh Q
dx

Giai
a) DBat F(x,y)=xy—e" +¢’ xac dinh trén R”.
Ta co F(0,0)=0,
F =x+e, F =y—e" lién tuc trén R>.

F (0,0)=1#0.
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Vay, phuong trinh xy —e* +¢’ =0 xac dinh duy nhat mot ham an y= f(x)
trong 1an cén cua 0.

b) Ta co

d -F —(y-e€'
_y:y': X — (y e,),(x+€y¢0).
dx F x+e

Pinh 1y 1.3 dugc tong quéat hoa thanh
Pinh 1y 1.4 (Pinh 1y vé sw ton tai ham an nhiéu bién). Cho F:D c R™' - R,
(xo,yo) eD, véi x° :(xlo,xg,...,xr?) eR". Néu F(x,,x,,...,x ,y) thoa man cac diéu
kién

@ F(xo,yo):O,

@ F} F ,i=1n t6n tai va lién tuc trén D,

0
©) Fy(x V) %0,
thi
O Phuong trinh F(x,x,,...x ,y)=0 xac dinh duy nhat mot  ham an
y = f(x,,X,,..,x ) trong ldn can Q) cua x° théa
F(xl,xz,...,xn,f(xl,xz,...,xn)):O, VxeQ,
@ f(x")=y,
© [ lién tuc trén Q,

Q@ f(x,x,,....,x ) co cac dao ham riéng lién tuc trén Q) va

¥ _F
ox, Fy

,i=Ln, (F,#0), Vxe Q.

Vi du 1.5. Cho phuong trinh x’z + yz’ + 2xy’ =13.
a) Ching minh ring phuong trinh trén xac dinh duy nhit mot ham an z= f(x,y)

trong lan can cua (1,2).
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b) Tinh 2,52,
Giai
a) bat F(x,y,z)=x"z+yz’ +2xy’ —13 xac dinh trén R°.
Taco F(1,2,-1)=0,

F =2x7+2y’, F =2 +6xy*, F, = x’+5yz" lién tuc trén R°.
F (12,-1)=11=0.

Vay, phuong trinh x’z+ yz’ +2xy° =13 xac dinh duy nhdt mot ham éan

z=f(x,y) trong lan can cua (1,2).

b) Ta co
. —F, _—(2xz+2y3)
X F; x2_+_5yz4 >
_F _ 5+6 2
A W xf) (x2+5yz* #0).

*F x*+5yz

Vi du 1.6. Cho z 1a ham cua x, y thoa

2

X 2 2
—+y +7° =3
167

voi z(4,-1)=1. Tim z_(4,-1).
Giai
x2
bat F(x,y,z2) = 16 +y° +7° -3 x4c dinh trén R*.
Taco F(4,-1,1)=0,

F :%x, F =2y, F,=2z lién tyc trén R°.

F(4,-11)=220.
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2
Vay, phuong trinh f—6 +y® +z° =3 xéac dinh duy nhdt mot ham an z= f(x,y)

trong lan can cua (4,—1) vata co

Do do

4 4 1
2,(4,-1)= ==
16z(4,-1) 16.1 4

Vidu 1.7. Gid sir cac gia thiét trong dinh ly tdn tai ham an duge thoa.
a) Tinh y' biét x° + y* =6xy.
b) Tinh y” biét x* + y* =16.
Giai

a) Cach I

bat F(x,y)=x"+y’ —6xy.

F. =3x"-6y, F =3y’ ~6x.
Ta co

v B —(3x" —6y) _—(x*-2y) _2y—x
F 3y* —6x y:=2x  y*—-2x

(y> =2x#0).

Cdch 2: Lay dao ham 2 vé cta x° + y* = 6xy theo bién x, ta dugc

3x% + 3y2.yx =6y +06x.y
= (3y” — 6x)y =6y— 3x’
6y —3x° _ 2y —x*
3y° —6x y*—2x

=y =y = (y> =2x #0).

b) Tinh y':
Cdch I:

bat F(x,y)=x*+y*-16.
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F =4x°, F, =4y°.

Ta co

—-F  —4x X
== = #=0).
Y= I (y#0)

y

Cdch 2: Lay dao ham 2 vé cta x* + y* =16 theo bién x, ta dugc

4x° + 4y3.yx =0

= 4y’ Y. = —4x°
, —4x> X
=y =y = 4y =— (=0

o (x] =), = (), (=x)
_ y6

352 y° 332;353
Y +3x7y0. .

—3x*.y’ + 3x3y2.yx B
- 6

- 6

y y

1
—3x%y’ —3x° (]
37yt =3x® Bxi(yt+axt)  —48x7
y)_=3x7y _ Ty hx) L),

y° y’ y y

Chu ¥ rang, dao ham cdp 2 ctia ham an duogc tinh tir dao ham cdp 1 theo quan

diém cua ham hop.
I1. H¢ phwong trinh cac ham an
Pinh nghia 2.1. Cho h¢ phuong trinh

{F(x, y,2)=0, 2.8
G(x,v,2)=0. '

Néu v6i x thudc mién nao d6 ma ton tai mot cap ham s6 y=f(x),z=g(x) duy
nhét sao cho
{F(x,f(x),g(x)) =0,

G(x, f(x),8(x))=0
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thi cap ham s6 y=f(x),z=g(x) dugc goi la cadc ham an xac dinh boi hé phuong
trinh (2.8).
Vidu 2.1. H¢
x+y+z=0,
{xz +y +77 =1

x4c dinh hai ham an y=f(x),z=¢g(x), —-1<x<1 vi gidi hé: y, z theo x va thay lai
vao hé ta co cac dong nhat thirc.

V6i nhitng diéu kién nao cho F(x,y,z), G(x,y,z) thi ton tai cdp ham an kha vi

F(x,y,2)=0, 0

lién tuc, xac dinh tir h¢ phuong trinh ?
G(x,y,2)=0
Trong trudong hop khong tim duoc cong thirc cu thé cho cac ham 4n xac dinh tir

F(x,y,2)=0,

thi ta c¢6 thé tinh dao ham cta cac ham do duoc
G(x,y,2)=0

hé phuong trinh {

khong?

Pinh 1y 2.2 (Pinh 1y vé sy ton tai cip ham an mot bién). Cho hai ham
F.G:DcR’ >R, (X402, €D Néu F(x,y,2), G(x,y,2) théa mén cdc diéu
kién

@ F(x,,v,,2,)=0 va G(x,,y,.2,) =0,

@ F, Fy, F.G, Gy, G, ton tai va lién tuc trén D,

F F

y Z

G,
y

o(F,G)
o(y,z)

O(F,G) _
o(y,z)

(Xy,Y,:2,) %0 Vo1 dwoc goi la dinh thirc ham

z
Jacobian cua cac ham F, G doi voi cdc bién y, z,
thi

F(x,y,2)=0,

xac dinh duy nhdat mot cap ham an
G(x,y,2)=0

O H¢é phuwong trinh {

y = f(x),z=g(x) trong ldn can Q cua x,, thoa
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{F(X,f(x),g(x)) =0, VxeQ,

G(x, f(x),8(x))=0,

@ f(x,)=Y, 8(x)) =2,
© f va g lién tuc trén Q,

O f(x), g(x) co dao ham lién tuc trén Q va

,_df _-10(F,G)

Y dc J d(x,7)’

Z,_g_—_lé(F,G)

dc  J 0(y,x)’
voi J_a(F’G)
o0(y,2)

Chi y 2.3. Néu cac gia thiét ctia dinh 1y duoc thoa thi ta cling c6 thé tim ', 7’
bang cach 1dy dao ham hai vé cta hai phuong trinh F(x,y,2)=0, G(x,y,z)=0
theo bién x, ta duoc

{Fx-(x)x +E.(), +F.(2),=0 {Fx VFy4FZ=0 [Fy+F.Z=F

= =
G.(x),+G.(»),+G .(2), =0 G, +Gy.y'+GZ.z':O Gy.y'+GZ.z':—Gx

e I o R T T
-G' G G G G -G G G
:> yl — X Z — X Z , _ y X — y X
F' F F' F' F' F F' F
y Z y Z y Z y Z
G G G G G G G G
y < y < y z y z
Pinh Iy 2.3 (Pinh Iy vé sy ton tai cip ham an hai bién). Xét hé phwong trinh
F(x,y,u,v)=0,
G(x,y,u,v)=0

trong do u=u(x,y),v=v(x,y).
Cho hai ham F,G:DcR'->R, (X5 Yy lty>Vy) ED . Néu F(x,y,u,v),

G(x,y,u,v) thoa man cdc diéu kién
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@ F(x,,y,,uy,v,) =0 va G(x,,y,.u,,v,) =0,

@ F, Fy, F.F .G, Gy,Gu,Gv t6n tai va lién tuc trén D,

.O0(F,G) |F F
©) a(F’G)()co,yo,uo,vo);«r&O voi ( ): u '
o(u,v) ou,v)y |G, G,
thi
F(x,y,u,v)=0

O H¢ phuwong trinh { xdc dinh duy nhdt mét cdp ham an u=u(x,y),

G(x,y,u,v)=0
v=wx,y), trong ldn can Q cua (x,,y,),thoa
{F(x,y,u(x,y),vu,y)) =0 Vi) e,
G(x,y,u(x,y),v(x,y)) =0
O u(x,,y,)=u,v(x,y,) =V,
© uvav lién tuc trén Q,
O u, v co dao ham lién tuc trén Q va

ou _—-10(F,G) ou_—10(F,G)
ox  J Ox,v)’ oy J o(y,v)

ov_-10(F,G) ov_-10(F,G)

ox J ou,x)’ oy J ou,y)
_O(F,G)
o(u,v)

vot J
Vidu 2.2. Cho u,v 1a ham ctua x, ythoa u>0,0<v<27r va

{ucosv—x =0,

usinv—y=0.

V2 V2

b) Khi (x,y) = (7,7) , chiing minh u(x,y)=1, v(x,y) =% . Dua vao do6 tinh
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0x " ox "2
Giai

ucosv—x=0

a) Ta co {

usiny—y=0 "

bat F(x,y,u,v)=ucosv—x, G(x,y,u,v)=usinv—y.

F(ﬁ V2 11)_0 va G(ﬁﬁlfl_o,
4 2 4

2 575 s s 2 R )
Fl=-1, Fy':O, F'=cosv, F'=-usinv,
G =0, G; =-1, G =sinv, G’ =ucosv

f\f}
4

lién tuc trén lan can cua diém (

2
_9(F,G) _|cosy —usiny ) . 2
=ucos v+usin-v=u.
o(u,v) |sinv  ucosv
8(F,G) fxf a0,
o(u,v) T2 4

ucosv—x=0 Lo o 2
xac dinh duy nhat mot cdp ham an

Vay, h¢ phuong trinh _
usinv—y =0

ff]

u=u(x,y), v=v(x,y) trong lan can cta (

Khi do6
ou —-10(F,G) -—1|F  F| -1|-1 —usiny
=— =— = COSV.
ox J ox,v) u|G. G| ul|0 wucosvy
ov_—10(F,G) —1|F,  F| -—ljcosy -1 —sinv
ox J owx) u G, G| wujsinv O u
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b) Ta co

22 2
ucosv—x=0, w=x+y,
usinv—y=0 v = arccos > + k2.

u
. V2 2
Khi (x,y)=| —,— | th
(x,y) (2 2]
u’ =1, u=1v u=-1,
2 A 2
y=arccos—+ k2w y=arccos— + k2.
2u 2u

Viu>0,0<v<27 nén

an

w1, M7 )7t

=

v:% V2 V2) #

V| —,— |=—.

2 2 4

Ta co
—(x,y> cos| v(x,y) | = Z[I []—cos[v[%,% ]:cos%?z.
sin_v[2 2}
@(x )_—sin[v(x,y)} ) f \/7 ] 272 :—sm—:_\/a
Ox = u(x,y) ox ) N D) 1 2
202

§6. CONG THUC TAYLOR CUA HAM NHIEU BIEN

Ciing nhu do1 véi truong hop ham s6 mot bién so, cong thuc Taylor do1 voi
ham nhi€u bi€n s6 cho ta cach biéu dién xap xi mdt ham s6 nhiéu bién s6 da cho

bd1 mot da thire.
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I. Cong thirc Taylor ciia ham mét bién
Ta da biét, d6i v6i ham mot bién f(x) kha vi cdp n+1 trong lan can diém X,
thi trong 14n can nay ta c6 cong thirc Taylor cp n cia f(x) nhu sau

" (n)
GOV AC AT SO . ST

f(””)(x +0(x—x ))
(n+1)!

J)=f(x)+

( _ )n+l

f("”)(x0 +0(x—x,))
(n+1)!

bat x —x, =Ax =dx thi cong thirc nay dugc viét dudi dang

véi 0e(0,1), R (x)= (x— xo)”+1 1a phan du Lagrange.

FOO= Flx)+ df( o) df(X) . a’"f(xo)+d”+f(xo+9AX)’
2! n! (n+1)!

v6i 0 €(0,1). Ta s& mo rong cong thirc ndy cho ham nhiéu bién.

II. Cong thirc Taylor ciia ham n bién

Dinh ly 2.1. Néu ham u = fx)=f(x,x,,....x ) co cac dao ham riéng lién tuc dén
cap m+1 trong lan cgn Q cia x° =(x10,x§,...,x2) thi trong Q ta co cong thirc
Taylor cdp m ciia f(x) nhw sau

df(x ), S

f)=f(x")+ o
LA fGx )+d’"“f(xf+9Axl,x§+9Ax2,...,x2+0Axn)
m! (m+1)! ’

voi 0 €(0,1), x, —xlo =Ax, =dx,, x, —xg =Ax, =dx,,...,x, —xg =Ax =dx .
Liic do

A" f(x) +0Ax,,x) + OAx,,...,x° + OAx )
1 1 2 2 n n
(m+1)!

R (x)=

la phan dw Lagrange.
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Chirng minh. Dt & = (Ax,,Ax, ..., Ax ). Xét ham s F:[0,1]—> R xdc dinh boi

F(@t)= f(x°+th).
Tir cac gia thiét ctia dinh 1y, ta suy ra ring ham s6 F c6 cac dao ham cho dén
cAp m+1 lién tuc trén [0,1]. Ta c6

n

F'()= Zsi(xo +th)Ax, = df (x° + th),

i=1

F'(t) = ZZ é; (x° + ) Ax Ax, =d* f(x° + th),

lljl

F"(t "L tAx Ax Ax, =d’ F(x° + th),
0= ;;;a e A = 518

n m+l1
F" ()= ZZ 5 . ai / (xo +th)Ax, Ax, ..Ax, =d"" f(x" +1h).
i=li=1 i =1

+1

Theo cong thirc Mac Laurin d6i véi ham mot bién s, ta c¢6

! " (n) (n+1)
F(l):F(())+F(O)+F(0)+..,+F 0 F (9)’
: 2! n! (n+1)!
voi 0(0,1).
Suy ra
m 0 dm+1 0 0]1
f= gy LD AT 700 0D
2! m! (m+1)!
voi 0(0,1). ]

Cu thé, néu ham z= f(x,y) c6 cac dao ham riéng lién tuc dén cdp n+1 trong
lan can Q cua (x,,y,) thi trong Q ta c6 cong thic Taylor cdp n cua f(x,y) nhu

sau
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df(xo,yo)+d2f(x0,y0)Jr L4 Y,)
1! 2! n!
. d"' f(x,+6Ax, y, + OAy)
(n+1)!

Sey)=f(xy,y,)+

9

voi 0€(0,1), x —x =Ax=dx,y—y,=Ay=dy.

d" f(x, +6Ax, y, + OAy)

Y 1a phan du Lagrange.
n+1)!

Lic d6, R (x)=

Nhic lai rang

of

() df (x,y,)=L g
ox

(x()’y())dx +a_y(x0’y0)dy;

o 8 o Y
(i)d” f(x,,y,) = adﬁa_ydy] S (xg,)

2 2 2
= a—d +2 0 dXdy+%dy2}f(-xo7yo)

ox? ox

o f

82 0’
/ (X5 )dx* +2 - / o (X495 Yo )dy’;

a 2

(xo,yo)dxdy +

o 0 o )
(111) df(xo,yo)z(adx+gdy] F(xg:y,)-

Vi du 1.1. Viét khai trién Taylor cia f(x,y)=sinxsiny xung quanh diém (0,0)
dén cép 2.
Giai
df (0, O) d’£(0,0) d3f((9Ax, OAy)
1! 2! 3! ’
vo1 0e€(0,1), Ax=dx=x—-0=x, Ay=dy=y—-0=1y.

Jf(x,y)=f(0,0)+

Ta co

1(0,0)=0,
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df (0,0) = 8f (0 0)dx + f(O 0)dy =x f(O 0)+y 8f (0 0),

d>£(0,0) = (aidx + aidy] £(0,0)
o f

2
o f (O 0)dxdy + (2 {(O, 0)dy’
y

2f 82f 25f
= 2
8 (0 0)+ xya (0,0)+y ay —=(0,0),

3
d’ f(OAx, OAY) = idx+idy f(Ox, 0y)
ox oy

3 3
:‘2_f(0x 0y)(dx)’ +3aa / (0x, 0y)(dx)*dy

3
#3987 _0x, ydx(dyy + ZLiox, y)dyy
oxd oy

xXoy

3

3
3Zf((%c 0y)+3x yaaf (Ox, Oy)

83f 83f
+3xy° Ox, 0y)+ vy’ —=(Ox, Oy).
yaaz( y) yay3( y)

Xoy
Mat khac
a—f:csosxsiny, ai:sinxcosy,
ox oy
0’ ) ) 0’ 0’ ) .
{:—smxsmy, f :cosxcosy,—{:—smxsmy,
Ox 0x0y Oy
3 3 3 3
a—{:—cosxsiny, 2f =—sinxcosYy, f2 :—cosxsiny,—{:—sinxcosy.
ox 0x~0y 0x0y 0
Suy ra
df(0,0)=0,

d’£(0,0)=2xy,
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d’ f(0x, 0y)=—x"cosOxsinOy —3x’ysin Ox cos Oy
—3xy’ cosfxsinfy — y’ sinfx cosby.

Vay, khai trién Taylor cua f(x,y)=sinxsiny xung quanh diém (0,0) dén cap 2

la
1, : 1, .
f(x,y):xy—gx cos@xsm@y—ax ysin@xcosfy

—~ %xy2 cosOxsinfy — éf sin@x cosfy,
voi 0 €(0,1).
Dinh ly 2.2. Gia sir ham u= f(x)= f(x,x,,...,x ) co cac dao ham riéng lién tuc
dén cap m+1 trong lin cin Q cia x° =(x10,x§,...,x2) va r la mét sé6 dwong sao
cho qud cau B(x",r)cQ. Khi dé, véi moi h=(Ax,Ax,,....,Ax )eR" sao cho

HhH <r, ta co

df(x) dzf(XO)Jr _ d” f(x) HhH e(h),

f)=f(x")+ Y

trong do lhm(} e(h)=0.
Liic @6 R, (x)=|h|" £(h) la phan di Peano.

Chirng minh. Theo dinh 1y 2.1, v6i moi h =(Ax,Ax,,...,Ax )€ R" sao cho HhH <r,

ta co
m—1 0 m 0
)= F)+ df(x) AC D PN (C S WAV AC S0}
2! (m—1)! m!
voi 0€(0,1).
Do do6

81



df(x) LGN ARG drG")

fo=fx")+ 20 T m=1) m!
d" f(x° +9h)—d’"f(x°)
" m!
2 0
_ F 4 df(x) df2('x)+ L f(x) HhH
voi
A S Gl Dl 0 (CD)

" [
Ta ching minh
lim d"f(x"+0m)—d"f(x") _
" |

That vay, ta co

d"f(x" +0h)—d" f(x°)

9 0

= 1l21

vai 0 €(0,1).

Cho trudc € > 0. Vi cac dao ham riéng cua ham s6 f déu lién tuc trén Q nén

,. €& X . A X
Vol — >0, ton tai mot 86 6 >0, 6 <r sao cho VxeQ,

n
o"f o"f £
Hh” <= 8xi18xi2 ...8xl.m ()= Gxiléxiz ...le.m ()< n_’"’
voi 1<i,i,....i <n.Do dd
@ £+ 0m)—a” F(x")| < = V3OS ‘ ‘Axl ‘
L - "

1 2

:nim(‘Axl‘ +‘Ax2‘+...+‘Axn‘)m
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< Lo i =i
v6i ]| <.
Suy ra
‘d’” F(x° +0h)—d" f(x°)
Il

wﬁ0<Wﬂ<&
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BAI TAP CHUONG 2

Bai 1. Cho ham s6 f(x,y)=3/x’ +y* . Tinh o (0,0), o (0,0).

a7 oy
Bai 2. Cho ham s
2 2
Xt xy+3y néu x* +y° >0,
fx,y)= xX+Yy
0 néu x=y=0.
Hay tinh £ (0,0), f,(0,0).
Bai 3. Cho ham s
0 néu xy=0,
flx,y)= .
I néu xy=0.

Chtng minh rang ham sd trén c6 dao ham riéng tai (0,0) nhung khong lién tuc tai
diem do.

Bai 4. Cho ham s

(=¥

———~ néu (x,y)#(0,0),
Fa =1 21y (2, ) # (

0 néu (x,y)=(0,0).

Chtrng minh rang [, (x,0)=x, f.(0,y) =—.

Bai 5. Tim cac dao ham riéng cap mot cua cadc ham so6 sau

a) f(x,y)=x"+x"y’ =2y°. b) f(x,y)=4—-x>-2y".
¢) f(x,y)=(5x"y—y*+7). d) f(x,y)=xe”.
e) f(x.y)=ylnx. B flry)="".
X+
g2) f(x,y)= zxy = h) f(x,y):arctanf.
X" +y y

i) f(x,y):e““f. i) f(x,y):ln(xh/x% yz).
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k) f(x,y)=1n[vx ) ‘x]. D) flxy)="22
VX +y +x X

m) f(x,y)=sin(xsiny). n) f(x,y)=x" (x>0).

0) f(x,y)=yzsin§. p) f(x,y)=e" cosxsiny.

q) f(x,y)=arcsin(x —2y). 1) f(x,y)=In(x+Iny).

8) f(x,y)=tan(x+ y)ef‘i’- t) f(x,y)=xyln(xy).

u) flx,y)=0+xy)". V) f(x,y)=e_7x.

Bai 6. Tim cac dao ham riéng cip mot cta cac ham sb sau

a) f(x,y,2)=xy’z’ +3yz. b) f(x,y,z)=xe".

C) f(x,y,20)=x"+y2" +3xy—x+2. d) f(x,y,2)=In(x +2y+32).

e) f(x,y,2)=yx"+y* +2°; f) f(x,y,7) =€),

g) f(x,y,z)=xe’sinz. h) f(x,y,z)=;.
x*+y°

i) f(x,y,2)=x" (x>0). j) f(x,y,2)=x""(x>0).

k) f(x,y,2)=x" (x,y>0). D) f(x,y,2,0) = xy2°1*.

Bai 7. Chiing minh rang

. 1 1 Z
N X 2 2 5 ~ \ _
a) Him s6 z = yIn(x” —y”) thoa man phuong trinh —z +—z =—-.

X y y
. >y 5
b) Ham s6 z =y~ sin= thoa man phuong trinh x°z +xyz =yz.
x

¢) Him s6 u = In(x* + y* + z° —3xyz) théa min phuong trinh

ou Ou Ou 3
—t—t—=—
ox 0Oy 07 x+y+z
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Bai 8. Tim cac dao ham riéng cap mot cua cadc ham so sau tai di€m cho trudce

XCOSYZYCOSX " ai didm (0,0).

a) 7=—— .
I+sinx+siny

b) z=sin(xyy), tai diém (%,4}.

¢) z=sin(xyInz), tai diém (1,0,1).

d) z=xy’7 tai diém (1,2.0).

Bai 9. Tim gradient ciia cac ham s6 sau

a) f(x,y)=2x"—xy+y. b) f(x,y)=sin(xy).
¢) f(x,y,2)=xy —yz+xz. d) f(x,y,2)=In(x* + xy) + x’y’z.
Bai 10. Cho cac ham s
f(x,y)=sinx+e", g(x,y)=+/x"+y°,
u(x,y,z)=x"yz+4xz7’, v(x,y,2)= e sinz.
Tinh
a) V£(0,1).
b) Vg(l,1).

¢) Vu(l,-2,—1).
d) Vv(L17/3).

Bai 11. Xét su kha vi cta cac ham sé sau tai (0,0)

2
x+—2 né&u (x,y)#(0,0),

a) f(x,y)= Jxi+y

0 néu (x,y)=(0,0).

ﬂ néu (x,y) # (0,0),
b) fl,y)= A x32 +y2

0 néu (x,y)=(0,0).
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¢) flx,y)=3x>+y.

d) fx,y) =[]

1 .
x*sin néu (x,y)#(0,0),
o fry={" " xty’ ’

0 néu (x,y)=(0,0).

-1

f) f(x,y)= e néu x*+y° >0,

0 néu x*>+y”>=0.
xy .
n€u y#=tx,
g fry)=1x°+y
0 néu y=x hay y=-x.

Bai 12. Chimg minh ring ham f:R* - R sao cho | £(x)|<|x| kha vi tai 0,0).

Bai 13. Chirng minh rang ham s

3 3
+ 7
flx,y)= ;C2+§2 né€u x2+y2;t0,
0 néu x> +y* =0

c6 dao ham riéng tai diém (0,0) nhung khong kha vi tai diém do.

Bai 14. Tim df (vi phan toan phan) cua cic ham sb sau

a) f(x,y)=x"+y =3xy. b) f(x,y)=xy’.
c) f(x,y)zxz_yz. d) f(x,y)=sinx+cos’y.
x* 4y
e) f(x,y)=In(x"+y?). f) f(x,y):arctanz.
x
g) f(x,y)=xyz. h) f(x,y)=(xy+§] :
i) flx,y)=ye”. ) flxy)=e"sin(x—y).
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k) fx,y,2)=xyy +2". D) f(x,y,2)=xe" +ye" +ze *.

5 2.3
m) f(x,y.9=x"" (x>0). W fr =2t
Bai 15.
a) Tinh dz(1,1) néu z ==
y
b) Tinh du(3,4,5) néu u=——o
Jxi+y?
Bai 16. Tim céc dao ham riéng cap hai cia cdc ham s sau
a) f(x.y)=x"y. b) f(x,y)=3¢"".
¢) f(x,y)=sin(x’ +y°). d) f(x,y)=x"-3xy".
€) f(x,y)=In(3x +5y). B flxy)=——o-
X+y
g) f(x,y)=ytan2x. h) f(x,y)=e"siny.
D) flx,y)=vyx+y>. D) fley)=x"y" —6xy’ +4x.
k) f(x,y)=sin’xcosy. ) f(x,y)=x"In(x+y).
m) f(x,y)=xye’. n) f(x,y)=e” .
0) f(x,y)=e"" +cosx. p) f(x.y)=x" (x>0).
qQ) f(x,y)=cos’(2x —3y). r) f(x,y)=sin(x —y)+cos(x+y).
s) f(x,y,2) =sin(xyz). t) f(x,y,2)=x"yz".
u) f(x,y,2)=2xyz"+ 2_y_£. V) f(x,y,z)=sin(x + yz).
X Z

Bai 17. Him f duoc goi 1a ham diéu hoa hai bién néu

2 2
CIF I
ox* oy’
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trén mién xac dinh cua nd. Ki€ém tra rdng cac ham sau day co la ham diéu hoa

khong?

a) x> —y°. b) x* +3xy’.

¢) In(x*> +y%). d) (e’ +e)sinx.

e) — al > f) sinxcoshy +cosxsinhy.
X" +y

Bai 18. Dit

ou ’ ou ’ ou ’ ’u 0'u oOu
Au=|—|+|—| +H—|,.Au= st —t+t——-
Ox Oy 0z ox~ 0oy~ 0z

Tim Alu va A2u néu u =

VX +y + 7 .
Bai 19.

, 0z 07
— . Tinh x-—+y-—+z.

a) Cho ham s z =
X +y ox oy

\ A « R Ja 2 r A
b) Cho ham s6 u=+/x+y’ +z . Biéu thirc P= u, +u, +u_—— co phu thuoc
u

vao gia tri cua x, y khong?
Bai 20. Muc dich cua bai tap nay la cho mdt vi du dé cho théy dao ham hon hop

f.,-f,. khong phai ludn luén bang nhau. Cho

2 .2
X néu (x,y)#(0,0),
gy =[P 16 )= (0.0
0 néu (x,y)=(0,0).

a) Tinh f,(x,y).f,(x.y) tai (x,y)=(0,0) va tai (x,y)#(0,0). Suy ra biéu thic cua
£.(0.9).£,(x,0).

b) Dung cdu a) dé tinh f, (x,y), f, (x,y) vOi (x,y)#(0,0) va tinh £ (0,0),
[:(0,0). Tirdoé suy ra f_(0,0)# £, _(0,0).
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¢) Gia thiét ndo ciia dinh 1y Schwarz bi vi pham trong vi du nay? Chiig minh
khang dinh ctia ban.
Bai 21. Tinh dao ham dén cip d3 chi ra ctia cac ham sb sau

o' f

a) f(x,y)=cos(xe’), tim
) f(x,y ooy

. . O0f . Of
b) f(x,y)=sin(xy), tim va .
) f(x,y y o " oy’

¢) f(x,y)=2x>y+x’Iny, tim Jos Foy

d) f(x,y)=e"siny. Tinh f (0,0).
ox"oy”

Bai 22. Chirng minh rang, néu ham u = u(x,t) théa man phuong trinh truyén nhiét

ou _ L o’u

5 ¥,6l>0

a1 a’t’ a't

thi ham v = Le‘:‘)’;’u(i L] , >0 cling thda man phuong trinh do.

Bai 23. Tinh d*f cla cac ham s sau

a) flx,y)=x"+y" —4x7y". b) flx,y)=yx".

©) f(x,y)=x"+y’ =3xy(x - y).

Bai 24. Ching minh ring néu u = /x> + y> +z* thi d>u«>0.

Bai 25. Dung quy tic lay dao ham cta ham s6 hop, tinh dao ham cua cac ham s6
hop sau day

a) f(u,v)=u’sin(uv), u=ycosx, v=ysinx.

b) f(u,v)=u’+uv+v>, u=s+t, v=st.

u B
c) fu,v)=—, u=xe’, v=1+xe™.
v

2 2
d) f(u,v)=e“", u=cosx, v=+/x"+y°.
Yy
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e) f(u,v)=ue +ve™, u=e*, v=yx’.

f) f(x,y)=x’Iny, x=%, y=3u-2v.

g) f(x,y)=xe’, x=cost, y=e".

h) f(x’y):x2_3x2y35 x:ueva y=u€7v.

i) f(x,y)=sinxcosy, x=(s—1)°, y=s" —t .
j) fG,y) =€, x=sint, y=¢.

K) fu,v,w)=u’+4uvw, u=x+y, v=3y—x, w=y".

Bai 26. Cho u= f(v,w) v61 v=x—y, w=y—x. Ching minh %+%:O.
ox Oy
Bai 27. Cho
a) z= f(x* +y*). Ching minh y%—x%:O.
ox oy

0.

b) u=F y—x,z—x . Chtirng minh x2%+y2%+z2%:
Xy Xz Ox Oy 0z

C) u= x3F(z,£j. Chtrng minh x%+ y@_u+ z@ =3u.

X X ox ~ o0y 0z
d) z=y f(x*—y*). Ching minh y%+x%:E.
0x oy 'y

e) z=xy+xF A . Chlirng minh x%+y%:xy+z.
X ox Oy

Du=f(r) voir =(x2 +y +7 )1/2. Chirng minh
ou ’ ou ’ ou ’ ou ’
— |+ = |+ =] =|=].
ox oy 0z or
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Bai 28. Cho x =rcos6, y=rsinf, z= f(x,y).Chiing minh
o) (e (o) (&)
or r*\ 00 Ox dy )

X =ucosf —vsinf

Bai 29. Cho

y=usinf + vcosf

v6i 0 1a mot hang sd. Ching minh
2 2 2 2
aY (e (o) (&
ox oy ou ov

’ 172
Bai 30. Néu u = f(r) véi r=(x’+y’+2*) . Ching minh

VOl f(u,v)=g(x,y).

’u o'u *u du 2du
+ + = +——.
ox* oy* 07 dr* rdr

Bai 31. Cho ham F(x,y). Gid st x = f(u,v), y=g(u,v) c6 dao ham riéng cap hai

lién tuc va G(u,v) = F(f(u,v),g(u,v)) . Chtirng minh rﬁng ta co

8¢ &G (o*F &F\ (oY (of )

+ = + - | 4| =

ouw o’ ox* oy’ ou Ov
& 0 o a
ou oOv ov ou

Bai 32. Chiing minh rang néu u=u(x,y) 1a ham diéu hoa thi

V=Uu al Y
x2+y2’x2+y2

cling 1a ham di€u hoa.

Bai 33. Cho




Gia st ham u =u (x,y,2), u, =u,(x,y,z) thoa min phuong trinh Au=0, u, co
dao ham riéng cap 3 lién tyc. Ching minh rang ham

v=u(x,y,z)+ (x> +y* + zz)uz(x,y,z)
thoa man phuong trinh A(Av)=0.

Bai 34. Cho g:R— R la ham lién tuc. Tim dao ham riéng cta

a) fr =] . b) fCx)=[ gt
o) fay)=[" gty d) fy=["" gwdr.
&) fe=[ " ear. D fo =1 g

Bai 35. Cho ham F ¢6 2 bién x, y. Ta néi F 1a ham thudn nhat cip a >1 néu
F(tu,tv)=t"F(u,v)

vO1 moiu, v, t.

Chtng minh rang néu F 13 thuan nhat cip « thi

a) xa—F+ya—F:aF(x,y).
0x oy

2 2 2
0 F+2xy oF -I-y28 F—a(a—l)F(x,y).

b) x* =
) x ox’ 0x0y oy’

Bai 36. Cho ham F 13 ham thudn nhit cip hai. Dt u=r"F(x,y) v6i r* = x* + y*.

Chung minh rang

2 2 2 2
ou, ou_ m(aF aF]+m(m+4)rm2F.

+ =r +
ox*> oy’ ox* oy’
Bai 37. Chiung minh rang ham s6 u = x"(p(zj +x" My [Zj théa méin diéu kién
x x
o’u o’u , 0u

x2—2+2x +y ' —=n(n-1u,

ox Y 0x0y oy

trong d6 @,y 1a cac ham s6 c6 dao ham riéng dén cap 2.
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Bai 38. Cho Au = x? + y?. Tim Au va A’u = A(Au) néu
x 0Oy

a) u= zx . b) u=In+x>+y".

x> +y°

Bai 39. Tim vi phan cap mot va cap hai cua cac ham hop sau

a) u=f(s,t) véi s=x+y,t=x—y.
. X
b) u=f(s,t) véi s=xy, t=—.
y
c) u=f(x,y,2) véi x=t, y=1>, z="1.
d) u=f(x,y,2) v6i x=s"+1*, y=5"—t", 7=2st.
Bai 40. Tim ham u=u(x,y) thoa

2
) T8 12y, ot w(0.0)=1, u(l,))=2.
ox oy

b) %:f +2y, u(x,x*)=1.
Oy

ou
C) 5_2, M(X,O):l, M}V(X,O):X.

5=

Bai 41. Gia su u=u(x,y) 1a ham kha vi va véi y = x> ta c6 u(x,y)=1 va ?zx.
X

. Oou .
Tim — voi y=x".

Oy
. L - . Ou Ou o ax g
Bai 42. Gia st u=u(x,y) théa man phuong trinh =2 o7 =0 va cac diéu kién
X y

u(x,2x)=x, u_(x,2x)=x>. Tim u_(x,2x), u, (x,2x), u, (x,2x).

Bai 43. Tinh dao ham cdp mot cua ham y = y(x) x4c dinh béi cac phuong trinh
a) x’—xy+y’ =8. b) ¥’ +3x°y* +5x* =6.

) cos(x —y)=xe’. d) xcosy+ycosx=1.
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e) sin(xy) —e” —x’y =0. f) xe’ + ye* —e" =0.

Bai 44. Tinh dao ham riéng cip mot cua ham z=2z(x,y) xac dinh boi cic phuong

trinh
a) xy° +yz" +z2x° =3. b) xyz=cos(x+y+7z).
c) xe’ +yx+ze' =0. d) In(x + yz2) =1+ xy’°z’.
e) x*+y> +7° =4xyz. f) e —xyz=0.
Bai 45. Tinh a—”, @, a—”, D pidt u(x,y), v(x,y) xac dinh boi
Ox Ox 0Oy Oy

2

uw —-v=3x+y, x+y+u+v=0,
a) 2 y b) 2 y 2 2 2

u—2v" =x-2y. X +y +u +v =1

—yy =0, e' +usiny = x,

0 Xu—yv d)

yu+xv=1. €' —ucosv=y.

Bai 46. Tinh dao ham cip mot va dao ham cép hai cua ham 4n y=y(x) biét
a) y=x+Iny. b) 1+xy—In(e” +e7)=0.
Bai 47. Tinh cac dao ham riéng cdp hai ctia ham an z=2z(x,y) xéac dinh boi
a) x2+y2+z2=4. b) x+y+z=¢".

Bai 48. Tinh Z—y(()) néu ysinx —cos(x —y)=0 voéi gia thiét ring y(0) = %
X

Bai 49. Tinh = va & néu biét 2 —4xz+y*—4=0 va tinh %(1,—2), %(1,—2)
Ox Oy ox oy

néutai x=1, y=2 thi z=2.

Bai 50. Cac phuong trinh sau c6 thé d6i thanh dang z= f(x,y) tai gan cic diém

(x,,9,-2,) khong? Tinhz (x,,y,), zy(xo, yo)néu c6 biéu dién thanh dang

z=f(x,y)
a) x+y+z—sinxyz=0, (x,,y,.z,)=(0,0,0).
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b) x*+y’+ 2 =3xyz, (X,5Y40%) = (1,—1,0).

c) x* +2xy+z2 -yz=1, (xo,yo,zo)z(0,0,l).

Bai 51. Cho 2= £(x,y) véi £(0,0)=0. Tim Z—f(0,0), 2i(o,0) néu
x y

X+ y+z—sin(xyz)=0.
Bai 52. Cho u= f(x,y), v=g(x,y) thoa f(0,1)=1, g(0,1)=-1 va

u3+xv—y=0,
v +yu—x=0.

Tim 20,1, 20,0, Z 0.1, Z(0,1).
ox oy ox oy
Bai 53. Tim Jacobian trong cac truong hgp sau

a) 8(u,V) SR y v = y ,y>0,0<x<§;

o(x,y) tanx’ sin x

o(u,v) 9(x,y)

) o(x,y)  O(u,v)

Vol u=2x-3y,v=—x+2y.
Bai 54. Cho x va y 1a cdc ham an theo ¢ x4c dinh bai phuong trinh
xX4e =t —1t=0, y +yt—t+y=0,

N x . odz .
va xet ham z=e cosy.Tmhd—Zta_u t=0.
t

Bai 55. Phuong trinh z° + 2 =/y* —7* xac dinh ham an z=2z(x,y). Chimg minh
X
rang

X' —t——=—.
ox yoy 2
Bai 56. Cho ham u(x,y,z) xac dinh béi u’ —3(x +y)u’ + 7z =0. Tinh du.
Bai 57. Cho ham z(x,y) xac dinh bdi

a) Z— Xx = arctan Y . Tinh dz.
—X
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b) xyz=x+y+z. Tinh dz, d°z.

¢) =12 +1. Tinh dz(1,1), d*z(1,1).
Z y

d) z—ye"*=0. Tinh dz(0,1).
Bai 58. Cho u, v 1a ham cua hai bién x, y xac dinh tir hé phuong trinh

{e“v+u+v:x+l,

w+u +v=x+y.
Véi gia thiét rang 1(0,0) =0, v(0,0)=0. Tinh du(0,0), dv(0,0).
Bai 59. Cho
x*+y + 78 =3xyz=0 (1)
Va f(x,y,2)=xy’7.
a) Tinh f (1,1,1) néu z=2z(x,y) 13 ham sb 4n xac dinh boi phuong trinh (1).
b) Tinh f (1,1,1) néu y=y(x,z) 1a ham s an xac dinh bdi phuong trinh (1).
Bai 60. Cho ham an z=2z(x,y) x4c dinh béi phuong trinh
X +2y +377 +xy—2-9=0.
Haytinh z ,z .,z khix=1y=-2z=1.
Bai 61. Viét khai trién Taylor dén cap n cho trude cua f(x,y) quanh (X4Y,)
a) f(x,y)=2x"—xy—y’—6x-3y+5,n=2, (x,,5,)=01,-2).
b) f(x,y)=x"=5x"—xy+y +10x+5y -4, n=2, (x,,¥,)=(2,-1).
¢) f(x,y)=—x"+2xy+3y’ —6x-2y—-4, n=10, (x,,y,)=(-2,1).
d) f(x,y)=cosxcosy, n=2, (x,,y,)=(0,0).
e) f(x,y)=sinxcosy, n=1, (x,,y,)=(0,0).

f) fle.y)=x", n=3, (x,,5,) =(1).

2) f(x,y)%, n=3, (x,,y,)=(1,1).
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h) f(x,y)=e"cosy, n=3, (x,,y,)=(0,7).

D) flry)=In(xy), n=3, (x,,y,) =(LD.
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Chuong 3

UNG DUNG CUA PHEP TiNH VI PHAN HAM NHIEU BIEN
§1. CUC TRI CUA HAM NHIEU BIEN
Twong tu nhu di v6i ham mot bién, nguoi ta co thé tmg dung phép tinh vi

phan dé khao sat bai toan tim cuc dai, cyc ti€u, gid tri 16n nhat, gia tri nho nhat cua

ham nhiéu bién.

I. Cuec tri tu do
Pinh nghia 1.1. Cho ham sb f:DcR"—>R va x’ = (xf,xg,...,xr?) eD.
f duoc goi 1a dat cuc dai dia phwong (cuc dai) tai x° néu ton tai lan cdn Q= D
ciia x° sao cho f(x)< f(x°), VxeQ.
f dugce goi la dat cuc tieu dia phuwong (cuc tiéu) tai x° néu ton tai 14n cén
Qc D cua x° sao cho f(x)> f(x°), VxeQ.
Cuc dai dia phuong hay cuc tiéu dia phuong goi chung 14 cwec tri dia phwong.
Chuy rﬁng, cuc dai dia phuong chua chic 1a cuc dai toan cuc (gia tr1 16n nhét).

Cuc tiéu dia phuong chua chic 14 cuc tiéu toan cuc (gia tri nho nhat).

=% Cuc dai toan cuc

Cure tieu toan cuc
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Ménh dé 1.2 (Piéu kién cin dé ham sé dat cuec tri). Cho f:D cR" > R la ham
co dao ham riéng theo cdc bién trén D. Néu ham sé fdat cuc tri dia phwong tai
x’eD thi

I (=0, Vi=ln. (3.1)
Ox.

Pang thite (3.1) ¢6 thé viét lai dwdi dang vecto la
VFi(x*)=0.

Chirng minh. Ta xét ham
0 0 0 0 .
O(x)=f(X] 500X X, X 5 X)), T=1,0.

D6 12 ham mdt bién thuc x.. Viham f co6 cuc tri dia phuong tai x” nén tai do

ham ¢(x,) ¢o6 cuc tri dia phuong tai x, = x? va do do

op(x? —
900) o il
Ox,
Suy ra
8—f(x0)=0, Vi=1,n. [
ox,

II. Piém dirng, diém t6i han, diém yén ngua

Nhitng diém ma tai 6 cac dao ham riéng bang 0 duoc goi 1a diém ding.

Nhitng diém ma tai d6 cac dao ham riéng bing 0 hodc co it nhat mot trong cac
dao ham riéng khong ton tai duoc goi 1a diém t6i han, 36 1a diém nghi ngd c¢6 cuc
tri.

Piém x° ma tai d6 cac dao ham riéng bang 0 va trong mot 1an can bat ky cua
nd ton tai cac diém y°, z° sao cho f(y°)< f(x")< f(z°), duoc goi 1a diém yén

ngua.
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Chi y 2.1. Tir diéu kién can ¢ trén suy ra rang néu f dat cuc tri tai x° thi x° Ia
diém ding cua f. Diéu nguoc lai khong chic dung, nghia 1a khéng phai moi diém
durng déu 1a cuc tri.

Vidu 2.1. Cho f(x,y)=y>—x".

a) Chung minh ring S—Z(0,0) =2—J;(0,0) =0.

b) Chiing minh f khong dat cuc tri tai (0,0).

Giai
a) Mién xac dinh: D=R’. Ta c6
2 =-2x, 2 =2y,
0x Oy

suy ra

Y 0.0)=(0.0)=
o 00=2-0.0=0.

b) Véi r >0 bit ky, ta c6 hai diém G,o), (o,%] € B((0,0),r) sao cho

2

r —r’ . rl_r o
f(E,Oj—T<O—f(O,O) va f(O,E]— 1 >0=£(0,0).

Vay, f khong dat cuec tri tai (0,0).

x
Chii y 2.2. C6 khi ham f khong ton tai cac dao ham riéng tai x° nhung ham f

van dat cuc tri tai x°.
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Vidu2.2. Cho f(x,y)=+/x>+y’ xédc dinh trén R*. Ta thiy

f(x,y)=0=£(0,0), V(x,y)eR>.
Vay, f datcuc tiéu dia phuong tai (0,0). Nhung

T 0,0)=1im L QOO0 _ 1,

. hl
— lim—
ox h—0 h h—0

h—0 h

Jr -0
— =

khong tdn tai. Tuong tu 2—f(0,0) khong tdn tai.
y

Ciing gidng nhu trudng hop ham mot bién, nguoi ta c6 thé dung cac dao ham
cép hai dé xay dung mdt diéu kién du dé xac dinh cuc tri tai cac diém dung.
Véiham f:DcR" >R c6 cac dao ham riéng lién tuc dén cap hai trén D va

diém dimg x° e D, ta co Vf(x")=0 va do cong thirc Taylor,

O+ h)— f(x")= %ZZ froo GO+ ] e, (3.2)

i=l j=1

thoa v6i h=(,,....h,) = (Ax,,...,Ax,) dinho va lim(h) = 0. Dat

(P(h,k) = iifxixj (xo)hikj :

i=l j=1

Ta co
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o(hky=(h - h)H,(x")| i |,

trong do

Fo &) £ G o f, @)

0 0 0
H (")~ £ &) SO e £,60)

Fo (&) £ () f ()
Do d6, ¢ 1a mot dang toan phuong trén R" xac dinh boi ma tran H, (x°). Ma

tran H, (x°) con dugc goi 13 ma trdn Hesse cia f tai x°. Cht ¥ rang, do dinh 1y

1.5 (chuong 2), H (x°) 1a mot ma tran d6i xtmg. Ta c6

Dinh ly 2.3 (Di¢u ki¢n dii dé ham nhiéu bién dat cuec tri)

i) Néu ¢ la mot dang toan phwong xdc dinh dwong, nghia ld
@(h,h)>0,Vh+0,
thi f dat cuc tiéu dia phuong tai x’;

ii) Néu @ la mot dang toan phuong xdc dinh dm, nghia la @(h,h)<0,Vh =0,
thi f dat cuc dai dia phuong tai x’;

iii) Néu ton tai h,k € R" sao cho ¢(h,h)>0 va @(k,k)<O0 thi x° khéng la cuc
tri dia phuong cua f.
Chii ¥ 2.4. Néu ton tai heR"\{0} sao cho ¢(h,h)=0 thita chua c6 két luan téng

quat.

103



Chirng minh. Khi ¢o(h,h)>0, Vh =0, dit l:%ihnfqo(h,h) do tinh compic cua
=1

\ 1 ,
mat cau S:{heR” thl}, dh, €S sao cho /lza(p(ho,ho)>0. V61 heR" bat

ky, xét k = ta co Hk” =1, do do

h

||
o(k,k)>24,

suy ra

o(h.h) = 22|

va do do6 (3.2) cho
P84 = £ = oty + o] o)

>(A+em)|H] >0

khi 4 du nho va do do, fdat cuc tiéu dia phuong tai x°.

Truong hgp @(h,h) <0, Vh # 0 duge chirng minh tuong tu.

Khi ¢(h,h)>0 va @(k,k)<0, ham g (1)= f(x° +th) va g (t)= f(x" +1k) co
cac dao ham lién tuc dén cap hai trén mot 1an can cia 0eR, g/(0)=g,(0)=0,
2/(0)>0 va g7(0)<0 nén 0 la diém cuyc tiéu dia phuong cta g vala diém cuc dai
dia phuong cua g,. Suy ra x° khong la cyc tri dia phuong cua f. |

Tur tiéu chuan Sylvester trong dai s6 va dinh 1y 2.3, ta ¢6 két qua sau
Dinh ly 2.5. Gid sir ham n bién f(x,,x,,....,x ) co cac dao ham riéng ccfp hai lién

A A A » A \ 0 0 0 0 -
tuc trén lan cdn cua diém dung x~ =(x,x,,...,x ). Dat
1 2 n
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XIXI X, xlxk

A (XX ,,x )= TR Pl k=1n

12

oo Lo o S
la dinh thirc cua ma tran con co dwoc tw ma tran H f(x) bcfng cach ldy cac phdn tw
¢ k dong dau va k cét dau.

i) Neu A(x°)>0,A,(x°)>0,A,(x°)>0,.... A (x°)>0 thi f dat cuc tiéu taix;

ii) Néu Al(xo) <0, Az(xo) >0, A3(x0)< 0,...,(—1)"An(x0) >0 thi [ dat cuc dai tai

0.
X

iiz)Néu Ak(xo) #0, Vk =1,_n nhung khong thoa i) va ii) thi f khong dat cuc tri tai
x’;

iv) Néu 3k e {1,...,n} sao cho A, (x*)=0 thi ta khong co két lugn téng quat.

Cu thé, trong trudng hop ham ba bién f(x,y,z) voi diém ding (X,5Y4:2,)- Ta

co
fxx fxy fxz
Al(x’y"z): fxx :fxx’ AZ(x’y’Z): - xy 2 AB(x’y’Z): f‘yx f‘)) fyz :
" " fzx fz) fzz
A (X)5Y52) >0
1) Néu A, (x,,Y,,2,) >0 thi f dat cuc tiéu tai (X5 Y%y) >
A (x,5Y,52,) >0
A, (X0 p>7) <O

i) Néu < A, (x,,,,2,)>0 thi f dat cuc dai tai (x,,y,,2,);
Ay (x4,%,52)) <0
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A (Xy50,2,) %0
iii)Néu ¢ A, (x,,,.2,) <0 hodc

A3(x0,y0,z0)¢0

thi / khong dat cuc

{Al(xo,yo,Zo).A3(x0,y0,Z0)<0
A (Xy,Y:25) > 0

tri tai (x,¥,.2,);
iv)Néu 3k {1,2,3} sao cho A (x,,,,2,)=0 thi ta khong c6 két luan tong quat.
Trong trudng hop ham hai bién f(x,y) véi diém ding (x,,Y,). Taco

Pinh 1y 2.6 (Piéu kién di dé ham hai bién dat cwc tri). Gid sir ham hai bién
f(x,y) ¢6 cdc dao ham riéng cdp hai lién tuc trén lan cdn ciia diém dirng (X55Y,)-
Dat

fo Sy
foo Sy

A(x,y) =

A(x,.,)> 0

thi f dat cuc tiéu tai (x,,y,);
[ (Xg24) >0

i) Néu {

A(x,,y,)>0

thi [ dat cuc dai tai (x,,y,);
F(%053,) <0 o

ii) Néu {

iii) Néu A(x,,y,) <0 thi | khong dat cuc tri tai (x,,y,);
iv) Néu A(x,,y,) =0 thi ta khong co két ludn tong qudt.
Vi du 2.3. Tim cuc tri cia cac ham sb sau

a) f(x,y)=—x"=y +2x+4y+6.

b) f(x,y)=xy-2x-y.

¢) f(x,y)=x>+3y" +4y’ —12y°.

d) f(x,y)=x"+3xy> +3y° —15x+2.

e) f(x,y)=x"+y".

0 flry)=2i+y’,

g flxy)=2-x-2y.
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Giai
a) Mién x4c dinh: D =R’.
Taco f =-2x+2, f,=-2y+4.

f.=0 —2x+2=0 x=1
< = .
f,=0 —2y+4=0 y=2
Ta duoc 1 diém dumng: (1,2).

Laic f, =-2,f, =-2.f, =f, =0

fXX fx —2
:A(X,y): y: O :4.
fyx fyy 0 -2
Vi A(1,2)=4>0 on £ dat i i (12) -
1 nen at CucC 1ta1 (1,2), = , — .
f.(L2)=-2<0 at cuc dat fa Jep=f(1,2)

b) Mién xac dinh: D =R>.
Tacod f =y-2, f,=x-1.

f,=0 ~-2=0 =2
{fyzO@{Z—I:O @{ﬁ:r
Ta duoc 1 diém dumng: (1,2).
Laico f =0, f, =0,f =1, =1
fo Ty
foo Sy
Vi A(1,2)=-1<0 nén f khong dat cuc tri tai (1,2).

0
1

=-—1.

= A(x,y)= 0

]




¢) Mién x4c dinh: D =R’.
Taco f =2x, f, =12y’ +12y* -24y.

Giai hé¢ {j} ta duoc 3 diém dimg: (0,0); (0,1); (0,-2).

y

Laico fxx =2, fyy :36y2 +24y—24, fxy :fyx =0

Jo Sy
Ju Ty

Tai (0,0): A(0,0)=-48 <0 = f khong dat cuc tri tai (0,0).

2 0
0 36y° +24y—24

= A(x,y)=

A0,1)=72>0

— fdat cuc tiéu tai (0,1), = £(0,1) = -5.
£ 0250 dateueticutai (O.D). fer=f(0.1

Tai (0,1): {

A(0,-2)=144>0

= f dat cuc tiéu tai 0,-2), fer= £(0,-2) = =32.
£ (0-2)=250 — dateuctieutsi02).fer=1(0.2)

Tai (0,-2): {

d) Mién x4c dinh: D =R>.
Taco f, =3x" +3y° —15, f, =06xy+6y.

= \Y .
Ta dugc 4 didm dimg: (=1,2),(=1,-2),(+/5,0),(=/5,0) .

Laico f, =6x, f, =6x+6,f =6y=/f,
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Tai (-1,2): A(-1,2)=—4 <0= f khong dat cyc tri tai (-1,2).
Tai (-1,-2): A(-1,-2)=-4< 0= f khong dat cuc tri tai (—1,-2).

= [ datcuc tiéu tai (\/g ,0),

T (500 {A(\/g,O):5+\/g >0
£.(J5.00>0

fer=f(5,00=2-104/5 ~—20,36.

i (300 {A(—\E,O) =5-J5>0

= [ dat cuc dai tai (—\/g ,0),
£ (5,00<0

fen=f(=5,0)=2+ 1045 ~ 24,36

e) Mién xac dinh: D =R>.
Taco f =2x, f, = 4y’

f.=0 2x=0 x=0
= e .

Ta duoc 1 diém dimng: (0,0).

Laico f =2, f, =12y*, f =0=f_




g)

= A(0,0)=0.
Tacod f(x,y)=x>+y*>0=£(0,0), V(x,y)e R>.
Vay, [ dat cyc tiéu tai (0,0), fer=£(0,0)=0.

Mién xac dinh: D=R".

Taco f, =2x, f, =3y".

f.=0 2x=0 x=0
S AT = :
Ta duoc 1 diém dimng: (0,0).

Lalcé fxx:2’f;y:6y’fx :0:fyx

Jo Sy
Foo Ty

2 0
0 6y

= A(x,y) = _ = A(0,0)=0.

V&ir>0 bat ky, ta c6 hai diém (%,O ,(O,_?rj e B((0,0),r) sao cho

f(L,O) 0= £(0,0) va f(o,_—’"] _ T o= £(0,0).
2 4 2 8

Vay, f khong dat cuec tri tai (0,0).

Mién xac dinh: D=R".

Taco f =-1#0, f, =-2+#0 = f khong c6 diém dung.

Vay, f khong co cuc tri.
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Vi du 2.4. Tim cuyc tri cia ham s6 sau
fx,y,2)=x" +y +27° -3x -2y -4z
Giai

Mién xac dinh: D=R".

Taco: f =3x"=3,f =2y-2, f =4z-4.
f,=0 [3x*-3=0 [x’=1 [|x=t%
fy=()<:> 2y-2=0 <4y=1 <<{y=1 .
£=0 47—-4=0 z=1 z=1

Ta duoc 2 diém dimng: (1,1,1); (-1, 1, 1).

Laico: f =6x,f =2.f =4 f =f.=f.=f.=f,=f, =0.

Ta co
6x 0 6x 0 O
A =|f =6 8,=]" Tl.a=[0 2 0.
0 2 )

Tai(1,1,1): A/ 1,1,)=6>0,A (1,1,1)=12>0,A,(1,1,1)=48>0
= f dat cuc tiéu tai (1,1,1), for=£(1,1,1) = -5.

Tai (-1,1,1): A (-1,LD=-6<0,A,(-11,1)=-12<0, A,(1,1,1)=-48<0
= f khong dat cuc tri tai (-1,1,1).
IIL. Cuec tri c6 diéu kién

Trong muc I, ta da xét bai toan cyc tri cua ham $6 u= f(x,,x,,....,x ) trong do
cac bién doc lap x,x,,...,x khong chiu sy rang budc boi bat ct diéu kién bd sung
nao. Vi vay, nguoi ta con goi do 1a cuc tri tw do hay cuc tri khong diéu kién.

Trong thuc té, nhiéu bai todn doi hoi ching ta tim cuc tri ciia ham sb
u=f(x,x,,...,x ) ma trong do cac bién doc lap x,x,,...,x phai thoa man nhitng
diéu kién rang budc bd sung. Nhitng cuc tri dang nay duoc goi 1a cuee tri ¢é diéu

kiéen.
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Vi du 3.1. Tim diém nam trén mit phang (P): 3x—2y+z=1 gan diém 1(1,—2,0)
nhat.
Giai
Cdch 1 (phwong phap hinh gidi tich)
D& thay: I ¢ (P). Goi M(x,y,z) e (P) 1a diém can tim.

M gin diém 1(1,-2,0) nhit <> M 14 hinh chiéu vudéng goc ctia I xudng mp (P).

1(1,-2,0 ual(1,-2,0)
Goi d {qua ( ) = d {q — c6 phuong trinh

L(P) vicp a, =n, = (3,-2,1)
x—1_y+2_ z
3 2 1

M 1a hinh chiéu vudng goc cua I xudng mp (P) nén M =d N (P). Toa do M

thda hé

-2

XZT

x-1_y+2_z g
3 -2 1<:><y=7.

3x—2y+z=1 3

I=—

7

Vay diém can tim 1a M(_Tz, -8 , _3j .

Cach 2 (cuc tri co diéu kién)
Goi M(x,y,z) e (P) 1a diém can tim.

Khoang cach tu diém 7(1,—2,0) dén diém M 1a

d=\(x—12 +(y+2) +2°.

Vi vay, ta dan dén bai toan: tim cuc ti€u cua ham so

d=+(x—17 +(y+2)’ +2°

trong do cac bién x,y,z théa man di€u kién
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3x-2y+z=1.

Hon nita, d = \/(x —1)* +(y+2)* + 7> dat cuc tiéu khi d* dat cuc tiéu. Vi vay,
ta xét bai toan tim cyc tiéu cua ham sb
fOy,2)=(x—-1)*+(y+2) +7°
voi diéu kién
3x-2y+z=1.
Pinh nghia 3.1. Cho ham s f:D cR" — R véi m diéu kién (voi 1<m <n) sau

8, (x,,x,,..,x )=0,

gz(x13x2,---,xn):()a (33)

\gm(xlaxza---’x ):O.

n
DPiém x° = (xf,xg,...,xf) e D duogc goi la diém cuc tiéu ctia ham s6 f voi diéu
kién (*) néu ton tai 1an cadn Q< D cua x° sao cho f(x)> f(x°), Vx € Q va x thoa
mén diéu kién (3.3).
Piém x° = (xf ,xg ,...,xS) e D duogc goi la diém cuc dai cua ham s f voi diéu

kién (*) néu ton tai 1an cdn Q< D cua x° sao cho f(x)< f(x°), Vx € Q va x thoa
mén diéu kién (3.3).

Ham f goi la dat cuc tiéu (hay cuc dai) co diéu kién tai x° goi chung 1a cuc tri
¢ diéu kién.
IV. Cach tim cwec tri c6 diéu kién

Xét bai toan tim cuc tri cia ham f:D cR" — R théa m diéu kién (3.3) (voi
I<m<n).

Cach 1 (Phwong phap khir bién sd). Néu tir (3.3), ta giai tim duoc X5 Xy X

m

theo x ,x .,x ,nghia la, ta co

m+1° " m+22""
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x _h(merl’ m+2""’xn)
x _h (xm+1’ m+2""’xn)
x _h (merl’ m+2""’xn)

thi khi d6 u= f(x ,x ) lahamcé n—m bién. Khi do, ta tim cuc tri tu do

X e
ctia ham 7 —m bién.
Vi du 4.1. Giai tiép vi du 3.1 bang phuong phéap khir bién sd.
Giai
Nhic lai, bai toan trong vi du 3.1 13: tim cuc tiéu ctia ham sd

fy,n)=(x-1)*+@+2)7+7 (3.4)

véi diéu kién
3x—2y+z=1. 3.5)

Taco (3.5) < z=1-3x+2y. Thé vao (3.4), ta dugc

2 2 2
F(x,y)=(x =17 +(y+2) +(1-3x+2y) .
Bay gio, tim cuc tiéu ctia ham F(x,y) ta dugc F dat cuc tiéu tai (-2/7, -8/7)

=x,=-2/7,y,=-8/7,2,=-3/7.

Viy, diém can tim 1a M —2 =8 _—3
77717

Cach 2 (Phwong phap nhan tir Lagrange)
Dat

L(xl,xz,...,xn,ll,lz,...,ﬂ,m)=f(x)+zlljgj(x)
=

trong d6 x=(x,x,,....,x ), L 1a ham Lagrange, A,4,,..,A4 la cac nhin tu

Lagrange.
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Pinh 1y 4.1 (Piéu kién cin dé ham sé dat cwe tri c6 diéu kién). Giad sit
f:8,:8,5---8, €O cdc dao ham rieng ccfp I tai x° = (xf,xg,...,x,?) va f dat cuc tri
tai x° théa m diéu kién (3.3) (véi 1<m<n) thi Elllo,l;,...,l; € R sao cho

L [
g_(xf,xg,...,xg,zf,z;,...,z;):o, Vk=Ln
X

k

oL . T
a(xo) = gj(xo) =0, Vj=1m.
J

A 0 0 0 0 0 0 \ A A 5 A
Néu (x,,x,,....x , A ,4,,...,A ) la m0t nghi€ém cua hé

a_L(xl,xz,...,xn,ll,lz,..,,lm) —0, Vk=1n

X
oL

a('xla'xzaﬂwvxn):gj(xl,xz,...,xn):(), ijl,m
J

N 0 0 0 0 s 1N < R \ J 7,2 0 0 0
thi x* =(x/,x,,...,x,) duoc goi la diém dung tng voi A,,4,,...,4 .
Dinh ly 4.2 (Diéu ki¢n du dé ham so dat cwec tri co diéu kién). Gia s f co cac
\ A A « Jen A A A 2 A \ 0 0 0 0 ,
dao ham riéng cdp hai lién tuc trén lan can cua diem dung x° = (X, ,X,,...,X, ) Ung
e A0 A0 0 s ;o \ . A A n .0 o
voi A, A, ... A, vd g,8,,...,8, ¢CO cac dao ham riéng cap mot tai x°. Dat

A (X%, 5000X JAL A0 A )

llxlx1 lJ)clx2 o Lxlxk (gl )xl (gZ )xl o (gm )xl
szxl Lx2x2 o szxk (gl )x2 (gZ )x2 o (gm )x2
Lxx Lxx Lxx (gl)x (gZ)x (gm)x
— ! 2 1301 k k k,k:m+1,n.
&), (&), - () 0 0O - 0
(gz)xl (gz)xz (gz)xk 0 0 0
&), (&), - (&) O 0 - 0

115



i) Neu (=1)" A, (x°,x0,.cx0,A0,40,..,A°) > 0, Yk =m+1,n thi ham f dat cuc tiéu

thoa diéu kién (3.3) tai x° = (x!,x,...,x).

i) Neu (—=1)*A (x0,x0,..,x° A0, 00,..,20)> 0, Vk =m+L,n thi ham f dat cuc dai

thoa diéu kién (3.3) tai x° = (x/,x,...,x°).

iii) Néu A (X)X s X0 A0 A ey A) £ 0, Yk =m+ 1,n nhung khong thoa i) va ii)
thi f khong dat cuc tri tai x’ = (xf,xg,...,x,?) .
iv) Néu Tk e {m + 1,...,n} sao cho Ak(xf,xg,...,xs,llo,l;,...,lrg) =0 thi ta khong co
két ludn tong quat.
Cu thé, ta co
4.1. Phwong phap nhan tir Lagrange dé tim cuc tri cé diéu kién céia ham 2
bién théa 1 diéu kién
Xét bai toan tim cuc tri cia ham z = f(x,y) voi diéu kién

g(x,y)=0. (3.6)

Buwdce 1: Lap ham Lagrange
L(x,y,A)= f(x,y)+Ag(x,y).

Budrc 2:

Tinh L, Ly .

L =0

Giai hé phuong trinh L, =0 dé tim cac diém ding (x,,Y,) tng voi 4.
8(x,y)=0
Lxx ny gx

Budc 3: Tinh A(x,y,A)= L. L, gl
8., 8,
Buéc 4: Bién luan

Néu A(x,,,,4,) <0 thi ham £ dat cyc ti€u théa diéu kién (3.6) tai (x,,y,).
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Néu A(x,,Y,,4,) >0 thi ham f dat cuc dai thoa diéu kién (3.6) tai (x,,y,).
Néu A(x,,y,,4,) =0 thita khong cd két luan tong quat.
Vi du 4.2. Tim cuc tri cia ham f(x,y)=6 —4x—3y voi diéu kién x* +y* =1.
Giai
Taco x*+y =1l x* +y° —1=0.
Dit
glx,y)=x"+y" -1,
L=f+Ag=6—-4x-3y+A(x* +y>—1).
Taco L, =—4+2Ax, L, =-3+24y.
L =0 —4+2x=0
L =0 & 9-3+24y=0. (3.7)
gxy)=0 [x+y =1
Néu 1=0 thi 4+2lx=0=-4=0 (v Iy).
Néu A #0 thi

A A 2 2
3 3 4 —4
3.7 = =— SOy =—- & = — =—,
(3.7) VY Y y 2 X 5 vV oX 5
4 9 25 3 -3
— 4+ :1 /12:— = — =
FERPYY s "5 Y=
Ta co
xx Xy gx 21 0 2x
A= g|=10 24 2y|.
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; 5 0 8/5
,yzgthiA: 0 5 6/5=-20<0= f dat cuc tiéu
8/5 6/5 0

Véi lzg, x=
2

wn |

thoa diéu kién x* + y* =1 tai (%%) .

5 , \ -5 0 -8/5
Vi l=_7,x:_?, y:_? thi A=| 0 -5  —6/5=20>0=f dat
—8/5 —6/5 0

cuc dai thoa diéu kién x* +y> =1 tai (%4,?) .

4.2. Phwong phap nhan tir Lagrange dé tim cuc tri cé diéu kién céia ham 3
bién théa 1 diéu kién
Xét bai toan tim cuc tri cia ham u = f(x,y,z) v6i didu kién
g(x,y,2)=0. (3.8)
Buwdce 1: Lap ham Lagrange
L(x,y,z,A) = f(x,y,2) + A1g(x,y,2).
Budc 2:

Tinh L, Ly, L.

L =0
. L =0 : 2 :
Giai hé phuong trinh { ° dé tim cac diém dung (x,,y,,z,) ung véi
L =0
g(x,y,2)=0
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Bwoec 3:
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XX Xy Xz
L

XX ny gx
L L L
Tinh H,=|L, L g| H,=

\(
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-
=
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Il

oQ
<

t~
Ah

e~
o

2]

8 8,

oo
=
oo
~
9
o

Budc 4: Bién luan

Né {Hz(xo,yo,zo,ioxo

thi ham f dat cuc tiéu thoa diéu kién (3.8) tai
H (x,,Y,,%,4,) <0

(Xy>Yy52,) -

Né {Hz(xo,yo,zo,/lobo

thi ham f dat cuc dai thoa diéu kién (3.8) tai
H (x,,y,,%4,) <0

(Xy>Yy52,) -

Né {Hz(xo,yo,zo,/lo);ﬁo

thi ham f khong dat cuc tri thoa diéu kién (3.8) tai
H,(x,,Y,,2),4,) >0

(X9 Y9>20) -

Néu 3k €{2,3} sao cho H, (x,,Y,,%,,4,) =0 thi ta khong co6 két luan tong quat.
Vi du 4.3. Giai tiép vi du 3.1 bang phuwong phap nhan tir Lagrange.

Giai
Nhic lai, bai toan trong vi du 3.1 1a: tim cuc tiéu ctia ham sd
fOy,2)=(x—-1)+(y+2) +7°

v6i didu kién 3x -2y +z=1.

Taco 3x-2y+z=1<3x-2y+z-1=0.

Dit

g(x,y,2)=3x-2y+z-1,
L=f+Ag=(x-17+(y+2y+2"+A(3x-2y+z-1).
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Taco L =2(x-1D+34, L =2(y+2)-24, L =2z+1.

-2
X=—
L =0 !
x 8
L =0 }’—7
! < i (3.9
L =0 -3
z 7=—
g(x,y,2)=0 g
A=—
7
Ta co
xx Xy gx 2 0 3
H=IL L  g|=0 2 -=2=-26,
g g ol 3 2 0
Lxx ny sz g 2 O O 3
T 2 0 =2
H=|L L L_g|= =-56.
yx yy yz y O O 2 1
sz Lzy Lzz gZ 3 -2 1 0
g, & & O

Voi Azg, x=_—2, y=_—8, z=_—3 thi H, =-26<0, H, =-56<0.
7 7 7 7

Vay, 1 dat cuc tiéu thoa diéu kién 3x -2y +z=1 tai M(%Z%E;;j .
Vi du 4.4. Tim cyc dai, cyc tiéu cia f(x,y,2)=x+y—z v6i didu kién
X +y +7 =1,
Giai
Taco X’ +y' +7 =l x’+y +7 -1=0.
Dit g(x,y,2)=x"+y +7° -1, L=f+Ag.
Ta co
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L =f +Ag =1+2x,
Ly=fy+/lgy=1+22,y,

L =f+Ag =-1+21z.

ﬂ.:ﬁ Azﬁ
2 2
L =0 -1 1
x=— X=—=
L =0
: B V3
L=0 y=L y=b
g(x,y,z):() \/g \/g
1 -1
Z=—"F I=—
3 NE)

Ta co

L, L, L_g 20 0 2x
10 24 0 2
H=|L L L_g|= gl
om0 0 21 2z
sz Lzy Lzz gZ 2x 2y 2Z 0
g, & & O
-1 -1 1
Véi A= 3,x= , V= , 2= thi
AR SR -

\®]
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<0

ey [
pea I

-2 =2 2

NERENERINA]

.2 A 1A -1 -1
= f dat cuc tiéu thoa dicu kién x* +y* + 2> =1 tai ( j

NERNENNE]
5

Vi l——

=
Il
S
&
o St Sl
A
\.O
=
I
o o &b Bl

1
, 2= thi H,>0, H,<0
CEE R

) A g ) -1
= f dat cuc dai théa diéu kién x> +y* +7° =1 tai ( j

fff

§2. GIA TRI NHO NHAT VA GIA TRI LON NHAT
I. Pinh nghia. Cho ham sb f:DcR"—>R va x’ = (xf,xS,...,xS) eD.
f dat gid tri lon nhat (cuee dai toan cuc) tai x° néu f)< f(x°),VxeD.
f dat gid tri nho nhat (cuc tiéu toan cuc) tai x° néu f(x)=> f(x°),VxeD.
Ky hi¢u mDin f(x) la gia tri nho nhat cia f trén D, max f(x) la gia tr1 16n nhat
cua f trén D.
N1 cach khac, ta co

f(x)2m, VxeD,

"= lenf(x) g {Elxo eD: f(x")=m.

f(x)SM, VxeD,

M =
mSXf(x}@{Elxo eD:f(x")=M.
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Vi du 1.1. Cho f(x,y)=+/x*+y> xac dinh trén D=R’. Ta thiy
f(x,y)=20=f(0,0), V(x,y)eD. Vay, f dat gia tri nhd nhét tai (0,0) va

min f(x,y) = f(0,0)=0.

X
I1. Bai toan tim gi4 tri I6'n nhat va nhé nhat trén mién doéng va bij chin
Cho ham f(x)= f(x,x,,...,x ) lién tyc trén D cR", v6i D 1a mién dong va bi

chan trong R". Tim rr})in f(x), max f(x).

Nhéc lai réng, néu ham sb f lién tuc trén mot mién dong va bi chan D thi f dat
gia tri nho nhat va gid tri 16n nhat trén D.

Tuong tu nhu truong hgp ham mot bién, ta thdy: gia tri 16n nhat va nho nhat
ctia ham s trén mién dong va bi chin c6 thé dat trén bién, c6 thé dat tai diém trong
ma tai d6 it nhat mot dao ham riéng khong tdn tai va c6 thé dat tai diém trong ma
tai d6 tat ca dao ham riéng déu bang 0. Néu gia trj 16n nhit hodc nho nhat dat dugc
& diém trong thi tat nhién do phai la diém cuc tri dia phuong. Do do, dé tim gia tri
16n nhat va nhé nhét ctia ham trén mién dong va bi chin D, ta tim nhiing diém toi
han cuia n6 ¢ trong D, tinh gia tri cia ham s6 tai cac diém éy va so sanh ching vai
nhiing gia tri ctia ham s trén bién cta D.

Cu thé, xét D=UuUD, trong 46 U 1a tap cac diém trong ctia D va

oD = {x eR":g(x)= 0} 14 tap cac diém bién cta D, ta thuc hién theo cac budc nhu

sau

123



Buwéc 1: Tim diém ding cua f trong U bang cach giai hé

Y _o vi=in

Ox,
hodc nhitng diém ma tai d6 dao ham ri€ng khong tdn tai.
Buéc 2: Tim diém dung (c6 diéu kién) ctia f trén 6D bang 2 cach
Cdch 1: Phuong phap khtr bién sd.
Cdch 2: Dung ham Lagrange, cu thé ta giai hé

L _o vi=in
6xl.
g(x)=0

trong d6 L = f + Ag 1a ham Lagrange.
Buéc 3: Tinh gia tri clia f tai tat ca cac diém dung, sé nho nhat trong chung 1a
mDin f(x), s6 16n nhat trong chung 1a max f(x).

Chu ¥ rang néu & budc 2, ta dung cach 1 thi & bude 3, ta phai tinh thém gi tri
clia f tai cac “diém géc” (giao diém cua cac canh hay cung).
Vi du 2.1. Tim gié tri nho nhit va gia tri 1on nhit ctia ham flx,y)=x"+2y" —x
trén mién x* + y><1.

Giai

bat D = {(x,y) eR*:x*+y>< 1} = D dong va bi chdn. Vi f lién tuc trén D nén
f dat gia tri nho nhat va 16n nhat trén D.

Tim diém duing trong U = {(x,y) eR*:x*+y’ < 1} :

£=0 [2x-1=0 |x=L (1
= = 2,1=,0leU

y

= trong U ¢6 1 diém ding; (%,Oj.
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Tim diém dimng trén oD = {(x,y) eR*:x*+y’ = 1} :

Taco x*+y =1l x* +y° —1=0.

bat
gx)=x+y" =1, L=f+Ag=x"+2y" —x+ A(x* +y> =1).
_ A==-2 A==-2 1:__1 12;3
LX—O 9
Ly:O <:><x:_—1v<x:_71 v 3x=1 v x=-1
g(x,y) =0 N IV R R
R
1V3)[-1 -3
= trén 6D c¢6 4 diém dun — | —,—— [,(1,0),(=1,0).
g[z 2}(2 2}( ),(—1,0)
Ta co
1 -1
~0|=—,
l3)-3
143) 9 (-1
(28)22[25)2 a0 a0-
Vay
min f(x,y)=f lO !
D ,}7 2, 49
1 +/3) 9
maxf(x,y) f[— TJ:Z

Vi du 2.2. Tim gia tri nho nhat va gia tri 1on nhat cia ham

fy)=x"y(2-x~Y)
trén mién giéi han boi cac duong x=0,y=0, y=6—1x.

Giai
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}F
6
y=0-X
BN
00 L, 6 «x

Pt D={(x,y)eR’:x>0,y20,y< 6—x} — D déng va bi chan. Vi £ lién tuc
trén D nén f dat gia tri nho nhét va 1on nhat trén D.
Tim diém dung trong U = {(x,y) ceR*: x> 0,y>0,y<6 —x} :

fx=0<:> xy(4—-3x-2y)=0
f,=0  |¥*Q2-x-2y)=0"

‘ . {4—3x—2y=0 {3x+2y:4 x=1
vi x>0,y>0 nén =

= | thoa diéu kién
2-x-2y=0 x+2y=2 y:E

y<6-—x.

= trong U ¢6 1 diém ding; (1,%).

Tim diém ding trén L= {(x,y) eR*:y=0,0<x< 6} :vi y=0 nén f(x,0)=0
Vx. Do d0, trén L; ¢6 vo sb diém dung la tat ca nhirng diém thudc L;.
Tim diém dirng trén L, = {(x,y) eR*:x=0,0<y< 6} :vi x=0 nén f(0,y)=0
Vy. Do d0, trén L, c6 vo sd diém dirng 13 tat ca nhirng diém thudc L,.
Tim diém dung trén L, ={(x,y)eR2 cy=6-x, O<x<6}: vi y=6—-x nén
f(x,6—x)=—4x*(6-x), 0<x<6,
f.=12x(x-4)

x=0¢(0,6)
x=4€(0,6)=>y=2

[,=0=12x(x-4)=0<
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= trén L, ¢6 1 diém dung: (4,2).

Ta co
f(l,%j:%, f(x,y)=0,V(x,y)eL,L,, f(4,2)=-128,
£(00,0)=0, £(0,6)=0, f(6,0)=0.
Vay

min f(x,y) = f(4,2) = -128,

1

1
mgxf(x,y) —f(l,gj =7

Vi du 2.3. Tim gi tri nho nhét va gid tri 1on nhat ctia ham f(x,y) = x> —2xy +2y
trén mién
D:{(x,y)eR2 :0Sx£3,0£y£2}.
Giai

2

L,

4 X

0 L3 3

Tacd D :{(Jc,y)eR2 :0<x<3, OSySZ}:D dong va bi chin. Vi f lién tuc
trén D nén f dat gia tri nho nhét va 1on nhat trén D.

Tim diém ding trong U:{(x,y)eRz:O<x<3,0<y<2}:

f.=0 2x—-2y=0 x=1
& < , (ILD)eU.
f,=0 —2x+2=0 y=1

= trong U co6 1 diém dung: (1,1).
Tim diém dung trén L= {(x,y) eR*:y=2,0<x< 3} :vi y=2 nén

f(x,2)=x"—4x+4, 0<x <3,
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f.=2x-4
f=02x-4=0<x=2€(0,3).
= trén L, cO 1 diém dung: (2,2).
Tim diém ding trén L, :{(x,y)eR2 :x=3,0<y <2} :vi x=3 nén
fB,y)=9-4y, 0<y<2,
fy=—4¢0
= trén L, khong co6 diém ding.
Tim diém ding trén L, :{(x,y)eR2 :y=0,0<x<3} :vi y=0 nén
f(x,0)=x2, 0<x<3,
f.=2x
f=02x=0x=0¢(0,3)
= trén L, khong co diém ding.
Tim diém ding trén L, :{()c,y)eR2 :x=0,0<y <2} :vi x=0 nén
fQ0,y)=2y, 0<y<2,
fy=2¢0
= trén L, khong co diém ding.
Ta co

fA.D=1, f(2,2)=0,
f(0,00=0, f(3,00=9, f(3,2)=1, f(0,2)=4.

min f(x,y) = £(0,0)=(2,2)=0,

max f(x,y)=f(3,0)=9.
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§3. PUONG CONG TRONG MAT PHANG

I. H¢ toa do cuc

Khi biéu dién toa 36 mot diém trong mat phéng, ta thuong biéu dién qua hoanh
do va tung do cua diém d6 trong h¢ toa d§ Descartes cho trude. Trong thuc té,
ching ta con co thé biéu dién toa do cia mot diém trong hé toa do cuc.

Trén mit phing, ta chon mot diém O ¢ dinh goi 13 cire va tia Ox nim ngang
goi la truc cuc.

Khi d6, néu P 1a mot diém nim trong mat phﬁng thi vi tri cia P hoan toan duoc
xac dinh bo1 cap $b (r,p), goi la toa do cuc cua diém P. Trong do, r la khoang
cach tir P dén O, con goi la bdn kinh cuc va ¢ 1a goc cuc tao bdi truc cuc Ox va tia
OP (nhu hinh v&). Ta quy udc goc ¢ duong néu Ox quay theo hudng nguoc chiéu
kim dong hé.

Plr,e)

-

X

Chu y rang, c6 nhiéu hon mot cap gia tri (r,) cung xac dinh vi tri cia mot
¥ , L e X T X , . c Ly PPy
diém P. Vi duy, cac cdp so (3,g + n27rj, n € Z déu xac dinh vi tri caa mot di€ém P

trong hé toa dg cuc.

129



Do d6, néu quy uéc 0<r <+, 0<¢@ <27 thi mdi diém P trong mit phang s&
g vi mot cap sd (r,¢) duy nhat. Pic biét, khi =0 va ¢ lay gia tri tiy y thi P
s& trung voi gde cuc O.

Néu ta chon hé toa do Descartes vudng goc sao cho géc O trung v&1i cuc, truc
Ox trung vo1i tryc cuc thi gitta hé toa d§ Descartes va h¢ toa do cuc c6 cong thirc

lién hé sau

X =rcosQ,
y=rsing.
VA
P(r,e)=P(x,y)
r
y
L3
0] X X

Tur cOng thure trén, ta co thé tim toa dd Descartes cua mot diém khi biét toa do
cuc. Nguoc lai, khi biét toa do cuc, ta co thé tim toa do Descartes bf?tng cong thurc

sau

r=4x"+y’,

tan(p:X.

X

(x#0)

Vi du 1.1. Tim toa d§ Descartes cta diém c6 toa dd cuc 1a (2,7/3).
Giai

Ta co
X=rcosQ = ZCOS%Z 1,
y=rsing = 2sin%= \/g

Vay, toa d§ Descartes cta diém do 1a (1,\/5 ).
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Vi du 1.2. Tim toa d6 cuc cua diém c6 toa do Descartes 1a (1,—1).

Giai

Ta co

r:\/x2+y2:\/12+(—1)2:\/§ r:\/g,

— - 7
tan(z):X:—l:—l z
x 1 4

Vay, toa d§ cuc cua diém do 1a (\/5 ,%) .

Trong nhiéu trudng hop, nhét 1a khi v& dudng cong, ngudi ta hay dung hé foa
do cuc mo rogng —oo<r<+40,—0< @<+, Khi do, diém P voi hé toa do
Descartes s€ khong c6 toa do cuc mé rong duy nhéat.

I1. Pwong cong trong mit phang
2.1. Puong cong dudi dang twong minh (dang hién)
Puong cong C duge biéu dién boi phuong trinh dang
y =y(x) hay x =x(y).
Vi du 2.1. Phuong trinh dudng thang di qua hai diém (-1,0) va (0,1) 1a y=x+1
hay x=y—1.

Vi du 2.2. V& cac dudng cong sau day trong mit phang Oxy

2

a)y:%—l. c) y=+1-x".

b) x =y d) x =—1-y>.

Giai
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2.2. Pwong cong dwéi dang tham s
Pudng cong C trong R duoc biéu dién bdi phuong trinh tham s
c:{x:x(’)’ rel, (3.10)
y=y(),
trong do I 1a mot khodng bi chdn hay khong bi chdn trong R.
Néu x(7), y(t) kha vi (hay kha vi lién tuc), ta n6i C kha vi (hay kha vi lién tuc).
Chu ¥ rang, ban than tap 7 va hé (3.10) duoc goi 1a mdt phép tham sé héa cua C.
Cung mdt duong cong C ¢o thé c¢6 nhiéu phép tham sb hoéa.

Vi du 2.3. Phuong trinh tham sb cua duong thang trong R* di qua diém M (X,5Y,)

va ¢6 vecto chi phuong a =(a,,a,) la

x=x,+at,
teR

y=y,+ azt,
va néu a,.a, # 0 thita c6 phuong trinh chinh tic

X=X, Y=Y,

4, a,

Vi du 2.4. Phuong trinh tham sb ctia dudng tron tim M (x,5Y,) va co ban kinh R la

X=X, + Rcost,
te(0,27].

y =y, + Rsint,
Vi du 2.5. Phuong trinh tham s6 cua duong elip c6 tam tai géc toa dg, hai ban truc

laavabla

tel0,27].

X =acost,
y = bsint,

Vi du 2.6. Néu phuong trinh dudng cong c6 dang y = y(x) thi ta c6 thé tham s

hda nhu sau

{x: ’ teR.
y =y(),
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Tuong tu, néu phuong trinh duong cong c6 dang x = x(y) thi ta c6 thé tham s6

hda nhu sau

=t
Y=hjer
x=x(1),

Vi du 2.7. Cho duong cong C c¢6 phuong trinh y = x?, x €[-1,2]. Ta ¢ thé tham
s6 hoa theo nhiéu cach khac nhau. Chang han

X=t, . x=2-t,

, te[-1,2] hoac ) te[0,3].
y=t, y=(2-1),

Vi du 2.8. Cho duong cong C ¢6 phuong trinh tham s6

=2t-2,
x telR.
y=3t+1,

Ta c6 thé viét phuong trinh ctia C dudi dang y = y(x) nhu sau

1 .
Tw x:2t—2:>t:5x+1,thévélo y =3t +1, ta dugc phuong trinh

3

y= Ex +4.

2.3. Puong cong dudi dang phwong trinh cuwe
Xét ham sd r = r(¢), @ nam trong mién xac dinh (a, ) cta r(p). Khi goc cuc
[0} bién thién tir a dén [ thi diém P véi toa do cuc (r(go),go) vach nén mgt duong
cong C trong mit phang. Ta ndi dudng cong C trong hé toa do cuc c6 phuong trinh

r=r(p).

Vi du 2.9. Phuong trinh r=a (a >0) 1a phuong trinh dudng tron tdim O, ban kinh

a trong h¢ toa do cuc.
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Vi du 2.10. Viét phuong trinh toa do cuc cua duong tron tim I(a,0), ban kinh
r=a(a>0).
Giai
Phuong trinh duong tron tdm I(a,0), ban kinh r=a (a>0) trong hé toa do
Descartes la

(x—a) +y ' =a’.

=7Cos . . . \
bat {x : . (0. Khi do, thay vao phuong trinh dudng tron ta dugc
y=rsing

(rcosg —a)’ +(rsinp)’ =a’> < r=2acosg.
Gid sir cho a =1, ta dugc phuong trinh duong tron tam I(1,0), ban kinh r=1

trong hé toa do cuc la r=2acosp va ta co thé v& duong tron do trong h¢ toa do

cuc nhu sau
@ r=2cose
0 2
/6 V3
/4 J2
/3 I .
/2 0
27/3 -1
3m/4 -2
57/6 -3
T =2

Vi du 2.11. Mt s6 hinh v& dudng cong trong hé toa d6 cuc

Jcoso]
sing + 1.4

r=2 — 2ging + sing-
=2 sin2e

135



2.4. Puong cong duéi dang khong twomg minh (dang an)
Puong cong C trong R* duogc biéu dién boi phuong trinh dang
F(x,y)=0.
O day, F(x,y) 1a ham s lién tuc va co cac dao ham riéng lién tuc.
Vi du 2.12
i) Phuong trinh duong tron tim M (x,,y,) va co ban kinh R la
(x—x,)+(y-y,) =R’
hodc dudi dang khai trién 1a x* + y* — 2x,x—2y,y+c=0, trong do
R:,/x§+y§—c.
ii) Pudng elip c6 tam tai gbc toa do, hai ban truc a va b 1a
x2 y2
?'i'b—z:l, (a,b>0).
1i1) Puong hyperbol c6 tam tai géc toa do, hai ban truc 1a a va b, hai ti€ém can

y:iéx la
a

2
X
)

2
—Z—Z:I, (a,b>0).

Vi du 2.13. V& cic duong cong sau day
a) y=+8-2x>. b) x =241+ y".
Giai

a)
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b)

§4. HAM VECTO VA DPUONG CONG TRONG KHONG GIAN
I. HAm vecto mét bién
Mot ham vecto mot bién 1a mot quy tac dat tuong (rng mot s6 thuc ¢ trong R
v6i mot vecto duy nhat trong R”, ky hiéu 1a
FO=(£0.f,(0eers f,(0))-
Hay ndi cach khac, anh xa
f:DcR—>R"
= fO=(F0f, O f,0))
duoc goi 1a ham vecto mot bién xé4c dinh trén D, trong do

f:DcR—->R
t f(0,i=12,.n

14 cac ham thanh phan.
Ham vecto f hoan toan xac dinh bang cac ham thanh phan va ta viét

F = fornnf)

bac biét, néu n =1 thi ta c6 mdt ham s6 thuc mot bién.
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Vi du 1.1. Tim tip x4c dinh ctia ham vecto mot bién

(t3,1n(3—t),ﬁ).

—

f(=

Giai

Ham vecto f c6 cac ham thanh phan la

- 3—-t>0
f xac dinh< 4 f, xac dinh@{ >0>
tz

i
Vay, tap xac dinh: D =[0,3).

[ =0, f,()=nG~1), f,()=Nr.

= 0<r<3.

Vi du 1.2. D6 thi cia mot s6 ham vecto mot bién trong R

- —. —. @ —s —=

¥

ﬁr:u T 3 f@ Fe

—

JE5 i) fi=3 fi=2) fi=1
S % T 1

7

r

- f(D=(L1)




Vi du 1.3. D6 thi cia mot s6 ham vecto mot bién trong R’

I1. Giéi han va tinh lién tuc cua ham vecto
Pinh nghia 2.1. Xét ham vecto f:Dc R — R", vecto & =(a,a,,...,a )eR" va

i, eR.
i) f 6 gi6ihanla o € R” khi 7 tién vé& 7, ky hi¢u lim £(r) =& néu
VE>O,35>O:VteD,0<Ht—tJ‘<5:>Hf(t)—&H<e;

ii) £ dugc goi 13 lién tuc tai 7, € D néu lim £(£) = f(t,), nghia 1
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Ve>0,36 >0:VteD,

t— tOH <5= H?(r) - f(,)

<¢&.

Bang cach ding cac bat dang thuc

0-a)<ffo-al<Slro-a

b

0= £a)|<|Fo-ra,)

b

S SIACEIAS

vé1moi i =1,m, ta suy ra

Ménh @ 2.2. Cho f:DcR—R" v6i f=(f.fynf) va vecto

—

a=(a,a,,...a)eR". Taco

P)limf(t)=a< limf()=a, voimoi i=1,m,
—>l‘0

=1, t

ii) [ lién tuc tai t, € D < f, lién tuc tai t,, voi moi i=1,m. Suy ra rang, [ lién
tuc trén D néu va chi néu f; lien tuc tren D, voi moi i =1,m.
Vidu 2.1

a) linol(cost,\/4 +1,3¢*) = (lirrol cos t,lirgl V4 + t,liIIOI 3e2’) =(1,2,3);

bylim| —2— 2 350 i 20 im dim| 3+ 30| 2 (2,0.3).
»o| t4+3 ¢ 2t 10 f 43 10 oo 2t

Vi dy 2.2. Ham vecto f(1)=(1,sin?) lién tuc trén R vi f(5)=t, f,(t)=sint lién
tuc trén R.

Ta c6 hé qua sau

H¢ qua 23. Cho f.g:DcR-R" va h:R>R v6i f=(f.fornf.),

g8=(8,,8,8,), taco
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i) Néu f,g,h lién tuc tai t,€D thi af +bg, hf lién tuc tai t,€ D voi moi

a,beR. Suy ranéu f,g,h lién tuc trén D thi af +bg, hf lién tuc trén D véi moi
a,beR.

ii) Néu t, la mot diém tu cua D, f,8 h co gioi han tai 1 thi voi moi a,beR,
af +bg co gidi han tai t, va

yntn(af(z) ; bgm) = a.lim f(1) + b.lim g(0),

-1

lim f(t)g(¢)=1lim f(¢).lim g(z).
l—)l() l—)t() l‘—)l‘()
Tom lai, viéc khdo sat gidi han cling nhu lién tuc cua ham vecto

f=U1f,) duoge quy vé viéc khao sat gi61 han cling nhu lién tuc cia cac ham

thanh phdn f,i=1,n.
I11. Pwong cong trong khong gian

C6 mot mdi lién hé gilta ham vecto lién tyc va duong cong trong khong gian.
Gid st x(1), y(t), z(t) 1a nhitng ham s6 thuc lién tuc trén khoang I — R. Khi do,
tap hop tit ca cac diém (x,y,z) trong khong gian, trong d6

x=x(1),y =y(1),z=z2(1),

voi tel duogc goi la mot dudng cong trong khong gian.

Néu 7 1a doan [a,b] thi duong cong C duoc goi 1a mot cung trong khong gian.
Piém (x(a),y(a).z(a)) duoc goi la diém ddu va diém (x(b),y(b).2(b)) duoc goi la
diém cudi cta cung C. Néu diém dau va diém cubi tring véi nhau thi C dugc goi 1a

mat cung kin.
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=y P(x(t).y(t),z(t))

x / £y = (0, 9 (,2(0)) y

Do d6, mdt duong cong C trong khong gian ¢ thé duge biéu dién bai phuong

trinh tham s

x = x(1),
C:iy=y(), tel cR.
z=12(2),

Ngoai ra, duong cong C trong khong gian con duoc biéu dién dudi dang 1a giao

tuyén cua hai mat

= s s - F s Vs :O,
{z FEDL e { (x,7,2)
z=g(x,y) G(x,y,2)=0.
khi do, hé nay goi 1a phuong trinh khong giai cua duong.
Vi du 3.1. Phuong trinh tham s cia duong thing trong R’ di qua diém
M(x,,y,,z,) va co vecto chi phuong a= (a,a,,a,) la
x=x,+at,
y=y,tat, teR
=23, tajf,

va néu a,.a,.a, #0 thi ta co phuong trinh chinh tac

X=X, Y=Yy 7%

4, a, dy
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X = Cost,
Vidu 3.2. C:{y=sinz, reR xéac dinh mot dudng cong trong R’.
Z=1,

405 02

Vi du 3.3. Viét phuong trinh tham s6 cua dudng cong C 13 giao ctia z=x>—y va
7=2x V61 y<8.
Giai
Ta co
X —y=2xoy=x"-2x.
Diat x=t,suyra y=¢—2t. Vi y<8 nén -2<1<4,

Vay, phuong trinh tham s6 cua C 1a

x=t,
C:{y=t"=2t, te[-2,4].
z7=2t,
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Vi du 3.4. Viét phuong trinh tham sé ctia dudng cong C 1a giao cua y = x* +z* va
Giai

X+ =27 +(z-1)7=1.

= COost, . L, .
bat {x t€[0,2x], ta dugc phuong trinh tham so6 cua C la

z=1+sint,
X = COSt,
y=2(1+sint), t €[0,27].
z=1+sint,

Vi du 3.5. Viét phuong trinh tham s6 cta duong cong C 1a giao cua x* +4y’ =4
vax+y+z=2.
Giai

Ta co

=72cost, . £ \
bat {x . t€[0,2x], ta dugc phuong trinh tham s6 cua C la
y =sint,
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X =2cost,
y =sint, te]0,2x].

z=2—-2cost—sint,
IV. Dao ham cua ham vecto

Dinh nghia 4.1. Cho ham vecto } :DcR—R" v6i 1, € D sao cho ton tai khoang

(a,b) thoa 1, € (a,b) = D. Dao ham cua ham vecto f tai diém 7, la

o f )= ()
(1) = lim

néu giéi han nay ton tai hitu han.

Ménh dé sau ddy cho ta cach tinh dao ham ctia ham vecto ? qua cac ham thanh
phan
Ménh dé 4.2. Cho ham vecto }:D cR—>R" vai ?:(fl,fz,...,fn). Ham vecto ?
co dao ham tai t, khi va chi khi f,f,,...,f, co dao ham tai t, va khi do ta co cong

thire

!

£ @) =) £t £11)).
Hon nita, ta ¢6 thé mé rong cac quy tic tim dao ham cta ham sé thuc cho ham

vecto

Ménh d& 4.3. Cho f,g:D c R —R" ld hai ham vecto ¢ dao ham, h:R —R la

mot ham sé thue cé dao ham va ¢ la mot hcfng 6 thuwe. Khi dé
) [F0+80] = 0+ @)
i) [ ef] =cf ©:

iii) [h(t).}(t)} =W (0).f (1) +h(t).f '(t);
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v) [<?(t>,§<r>>] - <7(r>,§<t)> " <?(t),§(r>>;

v [7(n0)] = f (no).

!

Chuy 4.4. Néu ham vecto }(t) c6 dao ham thi dao ham } (¢) cling la ham vecto.

! "

Néu ham vecto } (t) c6 dao ham thi dao ham cta né dugc ky hi¢u la f (¢) va
duoc goi la dao ham cép hai cua ham }(t). Tuong tu, ta cling co thé dinh nghia

. — —(m)
dao ham cap m cua f(r) vaky hieula f (¢).

V. Tiép tuyén va mit phing phap tuyén ciia dwong cong trong khong gian

Vecto dao ham ? (t,) cua ham vecto }(t) =(x(1),y(2),z(2)), telcR c¢o
phuong tring véi phuong cua tiép tuyén ciia duong cong C cho béi ham vecto d6
tai diém M (x(z,),¥(2,),2(,)). Noi cach khac, néu duong cong C c6 phuong trinh

tham so

x=x(t),y=y(t),z=2z(), te R

thi 1idp tuyén ciia C tai diém M(x(r,),y(1,),2(t,)) nhan J ()= (x'(1,)0y'(1,),2(1,)
lam vecto chi phuong.

Hon nira, mit phang di qua M va vudng goc véi tiép tuyén cta duong cong C
tai diém M duogc goi 13 mdt phang phdp tuyén (hay phdp dién) cua dudng cong C
tai diém M. Khi d6, phuong trinh mit phang phap tuyén cua dudng cong C tai
diem M la

x'(1)(x = x(1,) ) + Y1) (y = y(t)) + 2'(t,) (2 — 2(1,) ) = 0. (3.11)
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d: tiép tuyén; (P): mat phﬁng phap tuyén.
Vi du 5.1. Viét phuong trinh tiép tuyén va mat phang phap tuyén ctia duong cong

C ¢ phuong trinh tham s6

X = COSt,
y =sint, te R
z=1,
tai diém M, ﬁﬁﬁ .
2724
Gii
Vi M, ﬁﬁﬁ eCnénr=2,
2724 4

bat }(t) =(cost,sint,t), t € R.

Ta co } (1) =(—sint,cott,1),

4

4 2 2

Vay, phuong trinh tiép tuyén cua C tai diém M, 1a

x=2/2 _y-2/2_
22 22

va phuong trinh mét phing phap tuyén tai M, 1a

#8484

z—nl4

2 2 2
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§5. MAT CONG TRONG KHONG GIAN

I. H¢ toa do tru

Day la m{t hé toa do trong khong gian ba chiéu. Trong h¢ toa d§ nay, mot diém
P dugc biéu dién boi bd ba sb (r,p,z), trong d6 (r,p) la toa do cuc cua hinh chiéu
vudng goc cua P 1én mit phiang Oxy va z 1a khoang cach tir P dén mat phang Oxy.

Noi1 cach khac, hé toa do tru duoc xem nhu la “hé toa d§ cuc vd1 cao do”.

-

<A

(r.@,0)

Néu quy uéc 0<r <+, 0<@ <27, —0<z<+0 thi mdi diém P trong khong
gian s€ ing vo1 mot cap s6 (r,p,z) duy nhét. Dic biét, chi c6 cac diém trén truc Oz
thi r=0,¢ tuy y, z xac dinh.

Ta c6 cong thurc chuyén ddi tir toa do tru sang toa do Descartes

X =rcose,
y=rsing, 0<r<+4o0w, 0<p<2r.

<=3,

Cong thuc chuyén ddi tir toa d6 Descartes sang toa do tru

r:\/)c2 +y2,
tan(p:Z,

X
Z=2Z.

21

Vi du 1.1. Biéu dién diém (2,? 1] trong h¢ toa d0 tru va tim toa d§ Descartes

cua diém do.
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Ta co

2r
X =rcosQ ZZCOS?Z

z=1.

Vay, toa d§ Descartes cua diém do 1a (—1,\/5,1).

3y :rsin(0:2sin2?ﬂ:\/§,

Vi du 1.2. Tim toa d6 tru cta diém c6 toa do Descartes 1a (3,—3,-7).

Giai

Ta co

r:\/x2 +y° =\/32 +(=3)° =3\/§,

tan(p:X:_—3:—l,

x 3
z=—1

Vay, toa d tru ciia diém do6 1a (36 ,%,—7].

I1. Hé toa dd cu

=

r=3\/5,

iz
Q 1
z=-17.

Trong h¢ toa do nay, mot diém P dugc biéu dién boi bo ba sb (p,@,0) nhu hinh
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p P(P-@s 9)

Ta c6 cong thirc chuyén doi tur toa do cau sang toa do Descartes

X =pcos@sinb,
y=psingsingd, 0<p<+w,0<p<27,0<0<7.

Z=pcoso,

Cong thuc chuyén ddi tir toa d6 Descartes sang toa do cau

p= /x2+y2+z2,

Jcos0 = (x#0).

tang =

trong hé toa do cau va tim toa do Descartes

~— ><|\< u|m

Vi du 2.1. Biéu dién diém (2,% %

cua diém do.
Giai

» (2, /4, 7/3)
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Ta co
X =pcospsinf = 2c0s%sin£: 3/2,

1y = psingsinf = 281n231n§:\/3/2

—pcosz—l
3L

Vay, toa d§ Descartes cua diém do 1a (V3/2,A/3/2,1).
Vidu 2.2. Tim toa do cau cua diém co toa d6 Descartes 1a (—1,1,—\/5 ).
Giai

Ta co

=\x*+y?+27 =V1+1+2=2, p=2,
2 37

COSQ:—, —J0="",
2 4

tangp =—1 3z

¢ 1

Vay, toa d6 cdu cua diém do 1a (2 %T %Tj :

Bay gi0, gia thiét ring moi ham s6 néi dén sau day déu lién tuc va c6 cac dao
ham riéng lién tyc.
II1. Mit cong trong khong gian
Gia sir dd xac dinh mot hé toa d6 vudng goc Oxyz trong khong gian R’. Khi do,
mdt mit cong S ¢ thé dugc biéu dién boi phuong trinh khdng gidi (dang an)
F(x,y,2)=0. (3.12)
Néu tir (3.12) ta giai duoc
z= f(x,y) hodc y = g(x,z) hodc x =h(y,z) (3.13)
thi cac phuong trinh nay goi la giai diwoc (dang hi¢n) cua mat cong S.

Mit cong S con c6 thé biéu dién dudi dang phuong trinh tham so
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x=x(s,1),
S:3y=y(s,1), (s,)eDcR>. (3.14)
z=2(s,1),
Mait cong S dugce goi la mot mat lién tuc néu ham F & (3.12) lién tuc trén S hodc
cac ham ¢ (3.14) lién tyc trén D.
Vi du 3.1. Phuong trinh tong quat ctia mit phang la
Ax+By+Cz+D =0,
trong d6 A>+ B> +C* + D’ #0.

Vi du 3.2. Phuong trinh ctia mét phang di qua diém M (X,5Y,y,2,) Va co vecto phap

tuyén n=(A,B,C)#0 1
Ax—-x)+B(y-y,)+C(z—2)=0.
Vi du 3.3. V& mit phang (P): 2x +3y+4z=12.
Giai
Ta lan luot tim giao diém ctia mit ph:fmg (P) v6i1 céc truc toa do.
Cho y=z=0=x=6= (P)n0Ox=(6,0,0).
Cho x=7z=0=y=4=(P)n0y=(0,4,0).
Cho x=y=0=z=3= (P)n0z=(0,0,3).

(6,0,0)

X

Vi du 3.4. Phuong trinh tham sb ctia mat phang S di qua diém M (X5Yy,2,) Va €O

cap vecto chi phuong a= (a,a,,a,), b= (b,,b,,b,) la
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x=x,+tas+bft,
S:yy=y,ta,s+bit, (s,0) e R*.
2=z, +a,s+bit,
Vi du 3.5. Phuong trinh tham sb ctia mit cau S c6 tim M (X,5Y,5%,) va ban kinh R
la
x=x,+Rcosgsin0,

S:4y=y,+Rsingsinf, 0<¢p<2r,0<0<r.

z=27,+ Rcos0,

IV. Mot 50 mat bac hai quan trong trong R’
4.1. Mat elipsoid
Mat elipsoid tam 0(0,0,0), ba ban truc a, b va c la

2 2 2
X <
—2+y—2+—2:1, (Cl,b,C>O).
a Cc

Mit elipsoid cit cac mit toa do theo céc elip.

2 2
Cho x=0:>z—2+z—2=1,nghia 14 mat elipsoid cit mat Oyz theo giao tuyén 1a
C Z
A
yz e <
elip b—2+—2=1.Tu0’ngtu ____:\
¢ - 0 \'\\ b,
2 2 a I 4
X"z
Cho y=0:>—2+—2:1- //
a c g /
2 2
Cho z=0:>x—2+y—2=1.
a b

Dic biét, khi a = b = ¢, ta dugc mat cau tAm O, ban kinh a.
4.2. Mat paraboloid eliptic
Mat paraboloid eliptic c6 dinh 0(0,0,0) la

2 2

Xy
z=c| —=+=—|{, (a,b>0),
(az b2] ( )

153



trong d6 ¢ > 0: mdt cong hudng 1én trén, ¢ <0 : mit cong hudng xudng dudi.
c o N . TN « .
Cho x=0=¢ :? y®, nghia 1a mit paraboloid eliptic cat mit Oyz theo giao

tuyén 14 parabol z = b—iy2 . Tuong ty, cho y=0 = z= %x2

a

Cho z=0=x=y=0=0(0,0,0).

Cho z—c:>—+y—2—
a b

1= paraboloid eliptic cit mit phing z=c theo giao

Y 4

tuyén 12 elip a_ + FERRE .

4.3. Mt non
Mat non c6 dinh 0(0,0,0) la

2
X
z=*c —2+y—2, (a,b,c>0)
a b
trong d6 z > 0: nén hudng 1én trén, z < 0: nén hudng xudng dudi.

Cho x=0=>z=

c6 phuong trinh z = i%‘y‘. Tuong ty, cho y=0 = z= ig‘x‘.
Cho z=0=x=y=0= 0(0,0,0).

Cho z=c= ~+ y_ =1 = mit nén cit mit phang z=c theo giao tuyén 1a elip

a b’
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4.5. Mat hyperboloid hai t?lng

2 2 2
z—z‘i—z‘i—z:l’ (a,b,c > 0).

4.7. Mat tru

Trong khong gian Oxyz, phuong trinh “ving” bién s6 nao thi d6 1a mat try nhan
phuong trinh ban dau lam dudng chuan trong mit phang “ving” bién sé d6, dwong
sinh song song véi truc cua bién sb “vang”.
Vi du 4.1. Trong khong gian Oxyz, v€ cac mat sau

2

a) x+y=1. b) x2+y?=l. c) z=x.

Giai
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b)

X
V. Tiép dién va phap tuyén ciia mit cong trong khong gian
Tiép dién (miat phang tiép xuc) v6i mat cong tai diém M 1a midt phang chira tat
ca cac tiép tuyén cua cac duong cong di qua diém M va nam trén mit cong.

Phdp tuyén clia mit cong la duong thang di qua diém tiép xtic M va vudng goc
d
ﬂg

(P): tiép dién; d: phap tuyén; n: vecto phap tuyén tai diém M.
157
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5.1. Mat cho béi phwong trinh khong giai
Trong R’, cho mit cong S ¢6 phuong trinh khong giai
F(x,y,z)=0.
Néu ton tai cac dao hamriéng F, Fy , F lién tuc tai diém M (X4,Y9:%,) €S va
FX(M)+F(M)+F(M)#0
thi vecto phdp tuyén cua S tai diém M 1a
n= (F, (M).F, (M).F, (M) (3.15)
va phuong trinh tiép dién cua S tai diém M la
F A (M)(x=x,)+F, (M)(y=y,)+F (M)(z-2z,) =0, (3.16)
trong do x, y, z 1a toa d§ chay cua diém bat ky thudc tiép dién va phap tuyén.
Dic biét, néu mat cong S c6 phuong trinh
2= f(x,y)
< 72— f(x,y)=0,
khi d6, dit F(x,y,z) =z— f(x,y) thi vecto phap tuyén, phuong trinh tiép dién cua

S tai diém M(x,,y,.z,) €S lan luot 1a
n =(—fx (X0, — 1, (xo,yo),l), (3.17)

fo G y))(x = x ) + £, (x4, 9)(y = ¥,) = (2= 2,) =0. (3.18)
Chu ¥ rang, tai diém M € S ta da gia thiét F co cac dao ham riéng lién tyc va it
nhéat mot trong chung khac 0. Khi do, tiép dién hay phap tuyén cua S tai M duoc
hoan toan xac dinh, ta goi M 1a diém binh thuong cia S.
Nguoc lai, néu tai M eS cac dao ham riéng cua F déu triét tiéu hodc it nhat
mdt trong chiing khong ton tai thi ta goi M 1a diém bdt thuwong ciia S.
Néu VM €S déu 1a diém binh thuong thi S goi 1a mot mdt tron. Mit S goi la
tron tirng phan (manh) néu né lién tuc va duoc chia thanh mot sé hitu han phan

tron boi cac duong tron ting phan (doan).
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5.2. Mit cho béi phwong trinh tham s
Trong R’, cho mit cong S ¢6 phuong trinh tham s6

x=x(s,1),
S:qy=y(s,1), (s,t)eDC R?
z=2(s,1),

va mot di€m M(s,t,) € S.

Khi d6, vecto phdp tuyén cia S tai diém 1a

n=(A,B,0), (3.19)
trong do
Z Z X X
a=Ps 5 = S et (3.20)
yz ZzM Zz xtM xt ylM

Vi du 5.1. Viét phuong trinh tiép dién va phap tuyén ctia mit cong S:

3xyz—2 =1
tai di€m M (0,1,-1).
Giai
Ta co
3xyz—2 =1 3xyz—7 —1=0.
bat
F(x,y,2) =3xyz—z3 -1.
Khi do
F, =3yz, F,=3xz, F, =3xy-37,
suy ra

F(M)==-3, F(M)=0, F.(M)=-3.
Vecto phéap tuyén cua S tai diém M 1a

Z:(Fx (M), F, (M),F, (M))=(-3,0,-3).
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Vay, phuong trinh tiép dién cua S tai diém M la
-3(x-0)+0(y-1)-3(z+1)=0<x+z+1=0.
Phép tuyén cta S tai diém M di qua M nhan vecto n= (-3,0,-3) lam vecto chi

phuong c6 phuong trinh tham s

x =-3t,
y=1, teR.
z=-1-73¢,

§6. TRUONG VECTO VA TRUONG VO HUONG

I. Trwdong vecto va trueong vo hudng
Pinh nghia 1.1. Cho D 13 mdt tap con khong rong ciia R”.
1) Mot truong vecto n chiéu trén D 1a mét anh xa

F:D—>R"
X F’(x),
lién két mdi diém x clia D véi vecto F(x).
11) MOt trueong vo huong trén D 1a mot anh xa
f:D->R
x = f(x),
lién két mbi diém x cua D voi sé thue f(x).
Vi du 1.1. Gia sir trén mit phing nim ngang Oxy dugc phi mot 16p nudc mong va
16p nude nay chay xoay quanh diém goc O. Vecto van tdc clia nude tai mdi diém
(x,y) clia mat phang 1a vecto V(x,y). Viy, trong 16p nudc d6 c6 mot trudng vecto
V hai chiéu xac dinh trén R> duoc goi 14 trudng van tdc cua 16p nude chiay quay

diém goc O.
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Vi du 1.2. Trong khoang khong gian gﬁn mot cai nam cham, tai mdi diém (x,,2)
cO6 mdt vecto tur truong ﬁ(x,y,z). Nhu vay, truong vecto ﬁ(x,y,z) (tic tur truong)
d3 duoc xac dinh trong khoang khong gian gan cai nam cham.

Tuong tu, gﬁn mot day dan c6 dién chay, tai moi diém (x,y,z) c6 mot vecto dién
truong E(x, v,z). Nhu vay, truong vecto E(x, v,z) (tac dién truong) da dugc xéc
dinh trong khoang khong gian gan day dan.

Vi du 1.3. Hinh v& mét s truong vecto trong R’

a) F(x,y)=(-y,x)=—yi+xj

WA N
TR

b) f(x,y) =(y,sinx) = y;+ sin x}'

T e e
D T s
NN N w ol oSS

161



Vi du 1.4. Hinh vé mdt s6 trudng vecto trong R’

a) F(x,7,2z)=(0,0,z)=zk

)

A oA AP
(BN 4/'/?”,{?’?/—?

Vi du 1.5. Trong mot khoang khong gian Q, v6i mdi (x,y,z) € Q ¢ tuong Gng

mot nhi¢t do u(x,y,z). Nhu vay, truong vo hudng u(x,y,z) da dugc xac dinh

trong khoang khong gian Q.
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II. Trwong Gradient
Xét ham kha vi
f:DcR" >R
(Xp5ee0X,) = f(X)5e00X)),

ta dinh nghia truwong vecto gradient cia ftrén D nhu sau

0 0
grad f(x,,...,x,) = (l(xl,...,xn),...,i(xl,...,xn)j.
ox, ox,

Néi khac di, tng véi mdi diém M € D, ta lién két voi mot vecto ma thanh phan

la cac dao ham ri€éng cua f tai M.

ve| 2,2
ox,  Ox,

nhu 1a mdt vecto trong R”, gradient cua f dugc ky hi€u nhu 1a tich cua “sd thuc” f

Bang cach xem

vo1 “vecto” V,

grad f(x,,...x )=V.f :(1 1).

ox, ox,

I11. Pao ham theo huwdng

Nhéc lai rang, trong ham hai bién, [ (x0,30), £, (x4, %) biéu dién van toc bién
thién cua ham sb z= f(x,y) tai diém (x,,Y,) theo hudng cua cac truc Ox, Oy,
nghia 14 theo hudng cua vecto don vi i = (1,0), j =(0,1). Bay gio, ta mudn tinh van
tdc bién thién cua ham sb éy tai (x,,y,) theo mot hudng bat ky xac dinh boé1 vecto
u=(u,,u,) khac vecto khong cua no.
Pinh nghia 3.1. Cho vecto ;t:(ul,uz)eR2 khac vecto khong. Dao ham theo
hudng vecto z; cuaf tai (x,,y,) la

J(x, +tu,y, +iu)— f(x,,,)
t

D;f(xoayo) = 12‘1_1;{)1
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néu giéi han nay ton tai hitu han.
Nhu vay, ta thiy rang, néu u =(1,0)=/ thi

f(xo +tay0)_f(xoay0)

D;f(xoayo)zlti_{l(’)l t :fx(xoayo)s
vanéu u=(0,1)=; thi
. (xa +t)_ (-xa )
D f(y.3,) =lim Lot tf 020 = £ (x,0,).

Noi cach khac, khai niém dao ham riéng chi 1a mét truong hop dac biét cua dao

ham theo hudng.
Vi du 3.1. Cho f(x,y)=x’y+y, vecto ;:(1,—2). Tinh dao ham cua f theo

hudng vecto u tai (0,1).

Giai
Xét
J— J— 3 J— J— J—
im f(t,1-21) f(O,l):hnolt(l 20+(1-20-1_
— l’ — l’

Vay D-f(0,1)=-2.
Bay gio, ta dua ra dinh nghia dao ham theo huéng cho trudng hop ham n bién
Pinh nghia 3.2. Cho vecto ;t: (u,u,,...,u )€ R" khac vecto khong. Dao ham theo

r 5 . 0 0 0 \
hwuong vecto u cua f tai (x,x,,...,x,) 1a

O+t x g, x Ftu ) - F(x0, X0, x0)
D—f(xlo,xg,...,xo):hmf 1 1% 2 n )= (x),x, n
“ n t—0 ¢

néu gid1 han nay ton tai hitu han.

—

Trong nhi€u tai li¢u, nguoi ta thém yéu cau ||u||=1.
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Ménh dé 3.3. Cho f,g:DcR" >R, x"eD va u la vecto khic vecto khéng
trong R". Néu f. g c6 dao ham theo huwong vecto u tai x° thi f+g, f.g ciing c6
dao ham theo hudng vecto u tai x° va
D,(f+g)(x")=D, f(x")+D,g(x"),
D,(f.9)(x")=g(x")D f(x")+ f(x")D,g(x").

f

Ngodai ra, néu 2(x)#0 va = xdc dinh trén mot lan cdn cua x° thi i
8 8

co dao

ham theo huwdéng vecto u tai x° va

D ( ! j(xo) _ D)~ F DG
8 g (x")

IV. Divergence cua trudong vecto

Bay gio xét truong vecto F:DcR" - R" xac dinh boi cic ham thanh phin
Jisen [, i D —> R, nghia la

F=(ff)
hay
F=/fei+..+fe,

trong do (e1,....ex) 12 co s& chinh tic ctia R”.

Khi F 13 ham kha vi, cic ham thanh phan cta né c6 dao ham riéng cip 1 tai
moi diém cua D thi divergence ciia F tai xe D (hay dg phdn kp) ky hiéu 1a
divF(x), dugc cho boi

divF(x) =%(x) ros 2
Ox %)

1 n

(x).

V&1 ky hi€u cua “vecto” V, divF(x) chinh 1a tich vo hudng cua “vecto” V véi

“vecto” F,
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diVFEV.F:i_i_.“_l_i

Ox, ox, '

Gia tri cua divf(x) cling khong phu thudc vao hé toa do duoc chon. Ngoai ra,
dai lugng divf(x) con ¢6 nhiéu y nghia vat 1y. Trong co hoc chét long, ndé danh
gia do thay déi mat do tai mot didm. Cu thé, véi F(x,y,z) chi vecto van téc cua
dong chat long va p(x,y,z,t) chi mat d cua chat long tai diém (x, y,Z) vao thoi

diém ¢, ta c6 V = p.F 1a vecto c6 divergence thoa phuong trinh

div\7 =— a—p,
ot

ma ngudi ta con goi 1a phwong trinh lién tuc cua co hoc chat 1ong. Khi chét long
khong nén duoc, nghia 13 ham mat do p 1 hang, ta nhan dugc phuong trinh don
gian hon,
divV =0.
Trong 1y thuyét truong dién tir, divergence cua truong dién E théa phuong

trinh
divE = 41 D,
trong do, p chi mat do dién tich. Do d6, khi khong c6 ngudn dién tich, ta dugc
divE =0.
Vi du 4.1. Cho truong vecto

f(x,y,z) = xzy;+ 2y — yz)} +(2xz - zz)l;, (x,v,2) € R*.

Tim divf(x, v,2).

Giai
s 0 0 0
divF(x,y,2) =—(x*y) +—(2y - y2) +—(2xz~2*)
Ox Oy 0z
=2xy+2—z4+2x-27=2xy+2x-3z+2,(x,y,2) eR’.
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V. Vecto rot cua truong vecto
Xét trudng vecto F: D < R — R* xac dinh boi cac ham thanh phin

fi,fo, fo:D—R. Khi F 1a ham kha vi, cac ham thanh phan ctia n6 c6 dao ham

riéng cip 1 tai moi diém ctia D thi vecto rot ciia F tai x e D (hay vecto xody) ky

P —

hi¢u 1a rotF(x), dugc cho boi

rotF(x)= (f%) f2(>f1(x> f3()f2(x) fl(x)].

—_—

Bﬁng ky hi¢u cua “vecto” V,ta co thé biéu dién rotF(x) nhu la tich c6 huéng

cta hai vecto V va F (V x F ), va bang ky hiéu dinh thitc ma trén khai trién theo

dong 1, ta co

i J l;

rorF)=VxF=| 2 2 0
ox, 0Ox, 8x3

Y/ S

B /PN /FAPINS o N/ RPN o SO O L/ PPN/ RPN
= axz(X) ax3(3€)]l7{&63(36) axl(x)]ﬁ(axl(x) axz(X)]k-

—_— —_—

Truong vecto rotF(x) con dugc ky hi€u 1a curl F(x) va cling doc 1ap véi hé
toa d0 dugc chon va cd y nghia quan trong trong co hoc chét long cling nhu trong

—_

Iy thuyét truong dién tir. Trudng rot c6 thé dung dé danh gid o xoay cua chét
1ong va diéu kién

rotF =0
cho trudng van tbc F dé chi dong chay khong xody. Tuong tu,

rotE =0

cho truong dién E thoa khi chi tdn tai luc dién tur.
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Vi du 5.1. Cho truong vecto
F(x,y,z) — it 3x2yz} +(2y°z+ x)l;, (x,y,2) e R’.
Tim ;if(x,y,z).
Giai

rot;:(x,y,z)
0 0 0 0 0 0
=| —Q2y*z+ x)——3x*yz),—(e*) ——(2y’z+ x),—Bx’yz) - —(e**
(ay( yzZ+x) aZ( yz) aZ( ) ax( yz+x) ax( xX°yz) ay(e )j

= (4yz — 3x2y,—1,6xyz).
VI. Truong thé va trudng solenoidal
6.1. Truwong thé

Xét trudng vecto F: D < R — R* xac dinh boi cac ham thanh phin
fi, o fu: D — R. Néu ton tai mot ham s6 f: D —> R c6 cac dao ham riéng lién tuc
trén D sao cho

Vf(x,y,z)= f(x,y,z), V(x,y,z)e D

thi F dugce goi 1a mot truong thé trén D va ham sb f dugc goi 1a ham thé cua
truong vecto F tén D.

Noi cach khac, F la mot truong thé trén D néu ton tai mot ham s f:D->R

c6 cac dao ham riéng lién tuc trén D sao cho

fl(xsysz) = fx9
fz(xaysz):fy, V(x,y,z)eD.
f3(x,y,z) :fza

Vi du 6.1. Truong vecto
I_j(x,y, zZ)= yzz3;+ 2xyz3}' +3x°z° l;, (x,y,z) e R’
14 mot truong thé trén R’ vi ton tai ham thé f(x,y,z) =x°z’ ¢

fi=y'2, f,=2x2", f.=3xy°2
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lién tuc trén R’va
Vf(x,v,2)=F(x,y,2), V(x,y,z) e R
6.2. Truwong solenoidal
Truong vecto F:DcR" > R" duoc go1 la mot truong solenoidal (hay truong
6ng) néu ton tai mot trudng vecto khac G ¢6 cac thanh phan kha vi lién tuc cép hai
trong D va sao cho tai moi diém cua truong, ta co

—

F =rotG.
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BAI TAP CHUONG 3
Bai 1. Tim cuc tri cua cac ham sd sau
a) f(x,y)=x"—xy+y" —2x+y.
b) f(x,y)=—-x"+4xy—10y> —2x+16y.
c) f(x,y)=x"—y" +2x—y+1.
d) fO,y)=x>+y’ +x’y+4.
e) f(x,y)=x"+y" +12xy+1.
) f(x,y)=x>+y’ +3xy.
g) f(x,y)=x +27x+y> +2y+1.
h) f(x,y)=x"+y’ —12x -3y.
D) fxy)=x"y+xy" —xy.
D fuy)=3x"y+y’ =3x* =3y" +2.
k) fley)=(x=y) +(x+y).
D fxy)=xy(l-x-y).
m) f(x,y)=x"+y*' —4xy+1.
n) f(x,y)=x"—y* —4x+32y+8.
0) flx,y)=x"+y" =2(x—y)".

p) f(x,y)=4-3/(x*+y*)*.

qQ fy)=x>+y>—2xy+2x-2y.

Bai 2. Tim cuc tri cua cac ham sd sau
a) f(x,y)=x+2ey—e" —e>.
b) f(x,y)=x°—y’ —cos’x—32y.

c) f(x,y)=-3x"+2¢" —2y+3.
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d) f(x.y)=x"~y~Inly|-2.

2

e) f(x,y):lnx—x+1ny—y7.

) f(x,y)=xe’ +x° +2y° —4y.
g) f(x,y)=x(In"x+y?).

h) f(x,y)=xsiny.

i) f(x,y)=e"cosy.

D) fGy)=(x—y)e”.

K) fOry) = +y7)e

) f(x,y)=x+y—xe.

m) f(x,y)=x>—e".

n) f(x,y)=(—-2)Inxy.

o) f(x,y)=e".

x’y* —8x+y

p) f(x,y)=
qQ) f(x,y)=x>y*(6—x—y) trén mién x>0, y>0.

r) f(x,y):2x2—4x+siny—% trén mién xeR, —r<y<7.

s) f(x,y)=xy+£+@ trén mién x>0, y>0.
XY

t) f(x,y)=sinx.siny.sin(x+ y) trén mién O<x <7, 0<y<r.
Bai 3. Tim cuc tri cua cac ham sd sau

a) f(x,,2)=x"+y +7" —xy+x—2z.

b) f(x,y,20)=x"+xy+y" —2xz+27°+3y—1.

¢) f(x,y,2)=x"+y +27 -3x-2y—4z.
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d) f(x,y,2)=—x* —y’ —%zz $3y24 20+ 40,

2 1
e) f(x,y,z):x+—y+i —
x 2y z
yZ Z2 2 .
) f(x,y,2)=x+-—+—+— trénmién x>0, y>0,z>0.
4 'y z

g) f(x,y,z)=sinx+siny+sinz—sin(x+y+z).
Bai 4. Cho ham s
flx,y)=x"+y* +Cxy.
a) Chtng minh ring (0,0) 1 diém duing cta f.
b) Pinh C dé fdat cuc tiéu tai (0,0).
¢) Pinh C dé fdat cyc dai tai (0,0).
d) Pinh C dé fkhong dat cuc tri tai (0,0).
Bai 5. Tim cuc tri cua cac ham sb sau véi cac diéu kién duoc cho

a) f(x,y)=xy voidiéukién 2x +3y—-5=0.
b) f(x,y)=x>+y voidiéukién x> +y* =1.
) f(x,y)=+1—-x>—y* véidiéukién x+y—1=0.
d) f(x,y)=In(x*-2y) voidiéukién x—y-2=0.

e) f(x,y)=x>(y—1)=3x+2 véi diéu kién x—y+1=0.

3

f) f(X,y)=x?—3x+y v6i diéu kién —x* +y=1.

g) f(x,y)=8x+15y+28 vdi didu kién 2x* +3y* =107.

h) f(x,y)=x>+y véi diéu kién %%: 1.
i) f(x,y)=cos’x +cos’y véi diéu kién y—x:%.

i) f(x,y,2)=2x+y+3z v6i diéu kién x* +4y* +27* =35.
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2 2
K) f(x,y,2)=x"+y* +z* v6i diéu kién %+%+z2 ~1.

) f(x,y,z)=x+y+zvoidiéukienl+l+l=1.
Xy z

m) f(x,y,2) =x+y+z v6i didu kién xyz=38.

n) f(x,y,z)=xy’z voididukién x+y+z=1 (x,y,2>0).
coae X A T
p) f(x,y,z)=sinxsinysinz voi diéu kién x+y+z:E (x,y,z>0).

Bai 6. Tim gia tri nho nhét, gia tri lon nhét cta cac ham sb sau trén tap hop duoc

cho
a) f(x,y)=x> +y* trén mién dong giéi han boi
(x—\/g)2 +(y—\/5)2 =9.
b) f(x,y)=x"+2xy+3y*> trén mién D dong hinh tam gidc c6 cac dinh
A(-11), B2,1), C(-1,-2).
¢) f(x,y)=x"+y trén mién D dong hinh vudng véi cac dinh (£1,+1).
d) f(x,y)=x—-x>+y* trén mién

D:{(x,y)eRz:OSxSZ,OSySI}.

e) f(x,y)=x>—2xy+2y+3 trén mién

D:{(x,y)eRz:0Sx£3,0£y$2}.
f) f(x,y)=1-x>—y* trén mién (x —1)* +(y —1)* <1.
g) f(x,y)=x"+3y*+x—y trén mién dong giéi han boi cac dudng thing
x=Ly=Lx+y=1.
h) f(x,y)=x>+y*+x’y+4 trén mién déng gidi han boi cac dudng thing
x=Lx=-1,y=1y=-1.

i) f(x,y)=1+xy—x—y trén mién dong gidi han badi cac duong y=x?, y=4.
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i) f,y)=x"+2xy+4x+8y trén mién dong giéi han boi cac duong thing
x=0,x=1,y=0,y=2.

K) f(x,y)=5+4x-2x"+3y—y* trén mién dong giéi han bdi cac duong
y=2,y=x,y=—x.

1) f(x,y)=x"y*(1-x—y) trén mién D gii han boi

x20,y>20,x+y<1.

m) f(x,y)= e_(x2+y2)(2x2 +3y%) trén mién x’ + y><1.
n) f(x,y)=sinx+siny+sin(x+y) trén mién dong gidi han boi cac duong théng

T T
x=0, x==. y=0,y=".
2 YTV,

0) f(x,y)=sinx+siny—sin(x+y) trén mién dong gidi han boi cac duong thang
x=0, y=0, x+y=2r.

p) f(x,y,2)=x+y+z trén mién x* +y*> +z* <1.

qQ) f(x,v,2)=x>+2y* +37° trén mién x> +y* +z° <100.

Bai 7. Tim toa d§ Descartes ctua nhitng diém c6 toa d§ cuc sau day

T RY/4 T 21
a)(é,ij. b)(zdi}zrj. c)(—1,§j. d)(Z’ETj'

Bai 8. Tim toa do cuc cta nhitng diém c6 toa do Descartes sau day, trong d6 r >0

va0<gp<2rm

a) (L1). b) (2v3,-2). ¢) (-1,-3). d) (-2.3).
Bai 9. Trong h¢ toa do cuc, vé cac mién thoa diéu kién sau
a) r>1.
V4
b) 0<p<—.
) 0<¢ 1

C)O£r£2,%£(p£ﬂ.
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S T
d 2<r<3—< <—.
) 3 ¢ 3

Bai 10. Tim phuong trinh trong toa d§ Descartes cuia cac duong cong cho boi
phuong trinh trong toa dg cuc

1

a)r=3sin(p. b) rCOS(DZI. C) I’2=Sin2(p. d)r:m.

Bai 11. Tim phuong trinh trong toa d0 cuc cua cac duong cong cho bdi phuong

trinh trong toa d¢ Descartes
a) y=35. b) x* +y* =25. c) y=2x-1. d) x* =4y

e) (x*+y°)’ =2xy. f) x=—y

Bai 12. Tim toa d0 Descartes cua nhirng diém c6 toa dd tru sau day

T /4
a) (3,5,1) b) (4,7,5]

Bai 13. V& cac duong sau trong h¢ toa do Descartes

a)y=%x—3,0£x£6. b) y=1-x>,x>0.

c) x> +y°=1,x>0. d)yzl,x>0.
X

Bai 14. Tim tap xac dinh cua cac ham vecto

2) ?(t):(\/l—t,\/1+t,12—+ttj.
b) ?(t) = (e’,lnt,cott).

c) f(t) cos2tz+ln( j]+\/2t— k.

d) f(t)=sinti+~N* =2 j+In(4— )k .
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Bai 15. Tim gi61 han cua cac ham vecto

a) lim Sl—nt,e’u’,cost .
t—0 2t
b) lim l—tant,ln(“_t),eH .
t—0 3t
) f—1- 1- ~ int -
c) lim ¢ [+— ! Jj+ st k|.
-0 t t"=3t+2 rcost
. = = Int 7
d) lim (t—Vl—t2)1+arCtantJ+1n zkj.
t—>1” —t

Bai 16. Tim dao ham cua cac ham vecto

a) ?(t) = (efz’ cost,e ' sin t,ZInM) .
b) ?(t) = (te’,ﬂ,arcsin tj .
r+2

¢) F(r)=3i+tan2¢j +sin(2¢ + k.
d) f(O)=In(d—12)i+~N2+1 -2k

‘. .d /7 - .
Bai 17. Tim Z<u(t),v(t)> , trong do
a) u(t) = (2,1,~41) va (t) = (cost,sinz, ).
b) u(t) =i+ cost} +sintk va v(t) =i — 27 } +35%k .
Bai 18. Cho ham vecto f(f)=i+7j+ £k va ham sé h(f) = %ﬁ .
Tim i(h(t).z}(t)) va Luny.

dt dt

Bai 19. Tim phuong trinh tham s6 ctia duong cong C 14 giao cua hai mat

a)z:\/x2+y2,z=1+y. b) z=4x"+y*, y=x".
) X’ +y =1, y+z=2. d) x> +y> =4, z=xy.
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Bai 20. Viét phuong trinh tiép tuyén va phuong trinh mit phang phap tuyén cia
cac duong cong C cho trude tai mot diém cho trude

a) C: x=2t,y=1,z=—t tai diém M(-2,1,1).

b) C: x =21, y=1—1t, z7=3+2¢ tai diém M(2,0,5).

c)C: x=t,y :\/Ecost, z:\/gsint tai diém M(%,I,IJ.

. . C 4R, , - T
d) C: x =sin’t, y =sintcost, z =cos’ ¢ tai diém g véi t:Z.

e e'sint y=l.z e cost
2 V2
Bai 21. Tim toa d0 tru cua nhiing diém sau day

a) (1,-1,4). b) (—1,—/3,2). [1 V3 5j 9 (4 x zj

2 36

e) C: tai diém tmg véi £ =0.

Bai 22. Tim toa d0 Descartes ctia nhirng di€ém c6 toa d0 cau sau day

T T T T
)(232) b) (4’?5)

Bai 23. Tim toa d6 ciu cta nhitng diém sau day

a) (3,0,0). b) (0,2,-2). ¢) (—1,1,—2). d) (\E,%,\Ej.
Bai 24. V& cac mat sau trong khong gian Oxyz

a) z=6-2x—3y. b) xz=1.

c) z=x". d) z=4-x>—4y*.

e) z=4x"+y". ) z=y"—x’.

g) y—4z =4x". h) y* +2° =1-4x’.

i)y’ +7° =1. Ny +477 =4,
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k) x2+%2+§=1. 1)%2+%—§=1.
m) 4x° —y* +27° +4=0.

Bai 25. Viét phuong trinh tiép dién va phap tuyén ctia mat
a) x> +4y* +27° =6 tai diém (2,2,3).

b) z=2x7 + 4y’ tai diém (2,1,12).

¢) z=In(2x + y) tai diém (-1,3,0).

d) Vx ++/y +4/z =4 tai diém (4,1,1).
e) x° +y® =3xyz tai diém (1,2,%] .

f) z=sinx +siny +sin(x+ y) tai diém (0,0,0).
g) x=s—1, y=s+2t, z=1> tai diém (0,3,1).
h) x=scost, y=ssint z=s+1 tai diém (1,0,1).
Bai 26. Viét phuong trinh tiép dién cua mat S
X +y*+22°=10
song song v&1i mat (P):x+y—z=0.
Bai 27. Tinh gradient ctia cdc ham s f tai diém P va dao ham cua ham s f theo

hudng vecto u :

a) f(x,y)=x"y" +4xy”, P(1,-1), Zt:@’__:j.

T

b) f(x,y)=e"siny, P(l,zj, u= (_T;,%]

- 1 -1 1
) = 2 31P 1,_251 s =l =77 |
¢) f(x,y)=xy'z, P( ), U (\B\@\@]

d) f(x,y)=x"y+x\1+z, P(1,2,3), u :(%é%ﬂ
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Bai 28. Cho i=(1,0,0), j=(0,1,0), k=(0,0,1), p=(x,y,2). Cho f kha vi, ching
minh

f of

0
a) D.f(p)=——(p), D-f(p)=—(p).
ox J oy

b) D -f(p)=AD-f(p) v6i a=(a,.a,.a,) 1a mt vecto bt ky, 2 R

Bai 29. Chung minh V(f")=nf""Vf.
Bai 30. Tim divergence cua truong vecto

a) F(x,y,z)=(2x,xz -3, yz — 2x) tai diém (1,-1,2).
b) f(x,y,z) = (&"sin ycos z,e* cos ycos z,—e" sin ysinz) tai diém (—2,%,%).

¢) F(x,y,2)=xy’z"i + 2z sinyj +x” cos yk tai diém (1,7,-2).
d) F(x,y,2)=xy"1 +2x*yj —3yz°k tai diém (LL-1).

Bai 31. Tim rof cla truong vecto

a) F(x,y,2) = (x"y,xz,yz) tai diém (4,3,2).

b) F(x,y,2) = +z5,x + 22, x> + %) tai diém (1,-1,1).

c) f(x,y,z) = xe’i + zsin y}' +xyln zk tai diém (3,%,6).

d) F(x,y,z) = (x +sin(yz))i + (y +sin(xz)) j + (z + sin(xy))k tai diém (01%)

Bai 32. Tim truong thé F c6 ham sé thé vi f cho trude

a) f(x,y,2)=x" =3x"y+xp° -2
b) f(x,y,z)=x"ye .

c) f(x,y,2)=~/X"+ )" +2°.
1
2

x*+yi 4z

d) f(x,y,2) =
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Chuong 4
TiCH PHAN BOI

Trong chuong nay, chung ta khdo sat tich phan Riemann cho cac ham bi chan
f:D—>R,véi D 1a mot mién bj chin trong R? hay R®, va khao sat mot s tung
dung hinh hoc trong viéc tinh d¢ dai duong cong, di¢n tich mdt mién D c R?, dién
tich mot mit S < R* va thé tich mot khdi D < R®.

Qua trinh xay dung tich phan Riemann cho ham bi chdn xac dinh trén mién bi
chin D c R? dugc trinh bay tuong dbi chi tiét. Truong hop tich phan Riemann cho
ham bi chan trén mién bi chan Dc R’, hay téng quat la mién bi chan D cR",
n >3, dugc coi nhu mot mé rOng tu nhién nén qua trinh xay dung cling nhu cac
tinh chét chi dugc phat biéu ma khéng ching minh.

Tong quat hoa tich phan Riemann cho ham mét bién f:[a,b] - R, ta lan luot
xdy dung tich phan Riemann cho ham nhiéu bién f:DcR" >R, trong d6 D la
mdt hinh hop trong R", va sau do téng quat hoéa cho mién bi chin D.

Nhéc lai réng mdt hinh hop trong R" c6 dang

D=[a.b |x|a,b,|x..x|a,b,]
va ¢6 thé tich |D|=(b, - a,)(b, ~ a,)...(b, —a,).
§1. TICH PHAN BOQI HAI
Véi ham bi chin f:DcR> >R, trong 46 D =[a,b]x[c,d], ta xét hai phan
hoach bt ky o ={xp, %, %X, |, 0 ={¥0¥,Y,0¥, ) clia [a,b] va [e,d],
nghia 14
a=x,<x <..<x  <x =b,

c=y, <y <..<y <y =d.
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Ta goi c=0_x o, 14 mdt phdn hoach chinh tic cua D. Tap hop tat ca cac phan
hoach chinh tic ctia D dugc ky hiéu 1a P(D). V&i mdi i=1,2,....n, j=12,...m,
dat

D, =[xi_1,xin[yj_1,yj].

Ta goi D, la mt hinh hop con cita phan hoach o, ky hi¢u o = (Dl.j) .

A3
D
d=ym
i
Yi1
Y1
C=y0
a=x; X X X X, =b
bat
M. = sup f(x,y),
(e,
m. = 1nf xX,v),
] (x,y)eD[jf( y)
va xet

Lo =23m,

i=l j=1

V(7o) =Y DM,

i=l j=1

D.
ij

b

D.
ij

L(f,0) va U(f,o) lan luot duoc goi 13 tong Darboux dwéi va téng Darboux
trén cua f trén D Uing v&1 phan hoach o.

Xuét phat tir ddng thic

m
o
ij
=1

D=2y

i=l j=
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ta dugc két qua sau

Ménh dé 1.1. Véi moi ham bi chan f:D—>R, D= [a,b] X [c,d], ta co

m|D|<L(f.0)<U(f.c)<M|D|,
vOi moi o eP(D), trong do m :(in)fo(x,y) va M = sup f(x,y).
xy)e

(x,y)eD

Nhéc lai rﬁng phan hoach o = {xo,xl,...,xn} duogc goi 1a min hon phan hoach
o’ ={x).x,...x\} khi c’co va tmg v6i hai phin hoach bit ky o, o, cua
[a,b] , ta co duy nhét phan hoach, ky hi€u o, Uo,, min hon ca hai phan hoach o,

va &, .

]
1 1.1 1
Xp Xy Zn

Gy
X5 X X

Gl UGQ
Xp %1 Xy

Bédy gio, v6i hai phin hoach (chinh tac) o, =oc!xo. va o,=0.x0’ cua
X y 2 X y
D = [a,b] X [c,d] , tanoi o, min hon o, ky hi€u o, > o, khi cac phan hoach Gi

\ A . 2 \ . ) y
va 0}{ lan lugt min hon o va o-f. Khi do, ta co

L(f.0,)<L(f.0,)<U(f.0,)<U(f.0,).

Hon nita, ta con co

Ménh dé 1.2. Véi moi c,c’eP(D),L(f,G)SU(f,o"). Do do, voi moi ham bi
chan f:D—>R, ta cé

sup L(f,o)ﬁ inf U(f,a).

UEP(D) UEP(D)

Chirng minh.
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Véi o=0 %0, o'=c' xa;, ta c6 phan hoach 0”:(6x UG;)X(Gy UG;) min
hon ca o 1an ¢'. Do d6
L(f.oc)<L(f.0")<U(f.0")<U(f.0").

Bét dang thuc trén cho thiy mdi mot tong Darboux trén 1 mot chin trén ciia tap

tat ca cac tong Darboux dudi va do do

supL(fG) (fa)

UEP( )
voéimoi o' e P(D). Suy ra

supL(fG)< inf U(fa) =

UEP(D) ° EP(D)
Dinh nghia 1.3. Ham bi chan f xac dinh trén mgt hinh hdp D = [a,b] X [c,d] c R?

duoc goi 1a kha tich Riemann néu

sup L(f 0)— inf U(fa)z

UEP( ) UEP(D)
Khi do, gia tri a dugce goi la tich phdn boi hai cta ftrén D, ky hi¢u
Hf(x,y)dxdy.
D

Vidu 1.1. Cho f(x,y)=1,D=0,2]x[0,2]. Him s6 f 6 kha tich trén D khong?
Giai
V&1 moi phan hoach o = (Dl.j) . Taco

M. = sup f( ,y)=,

v (x y)eD

m._ = inf f( ,y)=

v (x y )eD

va xét
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Vay, supL(f,o)=infU(f,0)=4, nén fkha tich va H F(x,y)dxdy =4 .
c ° D

Tur dinh nghia, ta dugc
Pinh ly 1.4. Ham bi chan f:D —>R, voi D :[a,b]x[c,d], kha tich Riemann
néu va chi néu
Ve>0,30eP(D), U(f.0)-L(f.0)<e. (4.1)

Chirng minh. Khi fkha tich Riemann, ta co

Ve>0, Jdo,0,eP(D), I—§<L(f,al) va U(f,02)<l+§
trong do 1 :ij(x,y)dxdy.
D

V6i o la phian hoach min hon o, va o, ta dugc

U(f,c)—L(f,o')SU(f,GZ)—L(f,Gl)<g
Ngugc lai, do

L(f,o)ﬁ sup L(f,a) (f 0) (f 0)

UEP(D) o€

voi moi o € P(D), nén khi (4.1) thoa, ta dugc

inf U(f,o)— sup L(f,0)<8

o<P(D) oep(D)
v6imoi &> 0. Suy ra rang

inf U(f,0)= sup L(f.0)

o<P(D) oep(D)

va do do, f'kha tich Riemann trén D. .
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Vidu 1.2. Cho D =|0,1]x| 0,1] va ham s

0 khi (x,y)e (Q N [0,1})>< (Q N [0,1))

tkhi (e ([o.1]x[0.1])\((@n[o.1])x(@n[o.1)))

Ham s6 f'¢6 kha tich trén D khong?

S ()=

Giai
Pé xét tinh kha tich cua ftrén D, ta 1y o € P(D) bat ky, o = (Dl.j). Do trong

moi D, ludn ton tai nhitng diém sao cho fco gid tri la 1 va 0 nén M, =1 va

m,=0.Suyra
U(f,o):;MU‘DU‘:‘D‘:l

=0.

L(f.0)=) m,|D,
i,j

Vi sup L(f,a) =0=# inf )U(f,a) =1 nén f'khong kha tich Riemann trén D.
UEP(D) oeP(D
Tu Dinh ly 1.4, ta s€ chi ra 16p ham kha tich x4ac dinh trén m{t hinh hop D .
Trude hét, ta cAn mét sd khai niém sau

Pinh nghia 1.5. Cho AcR",f: 4 — R laham bi chin vi ae A. Véi mdi 6 >0,

dat
M(f,a,5)=sup{f(x)|xeAVéle—aH<5},
m(f,a,5)=inf{f(x)|xeAVéHx—aH<5}.
n b
trong do Hx—aH:H(x1 ..... xn)—(al,...,an)H:(Z(xi—al.)z] .
i=1

Dao dgng o( f.a) cia ftai a duge xac dinh boi

o f.a)= gir(}[M(f,a,(S) -m(f.a,5)].
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Cht y rang gi6i han vé phdi luon ton tai vi M(f.a.8)-m(f.a,5)20, V& >0,
va M(f.a.8)-m(f.a.5) la ham gidm theo 5.
B6 @é 1.6. Cho f:A—R la ham bi chdn va AcR" la mét tdp déng. Ye >0, tdp
{x € A‘o(f,x) > 8} la mot tdp dong.
Chirng minh. Dit B:{xeA‘o(f,x)Ze}. Ta s€ ching minh R*\ B 1a mét tap
mo.

Thit vay, voi x € R"\ B bt ky, ta co hodic x ¢ A hojc xe A va o(f.x)<¢.

Néu x ¢ A thi do 4 dong nén ton tai qua cdu md C tAm x sao cho

CcR'\AcCR"\B.

Néu xe A va o(f,x)<g thi ton tai 0 >0 sao cho M(f,x,5)—m(f,x,5)<8.

Goi C 1a qua cdu mé tdm x, ban kinh & .

Ung v6i mdi y eC, ton tai 6, >0 sao cho qua cdu md tdm y ban kinh o, chira
trong C. Tur d6 suy ra

M(f,y,51)—m(f,y,5l)£M(f,x,5)—m(f,x,5)<g

vado d6 o f.y)<e,nghiala yeR"\B vadodo CcR"\B.

Do v6i xeR"\B, ta luén c¢6 qua cdu md C tdm x sao cho CcR"\B nén
R"\ B 1a mét tdp mo va do do B 1a tap dong. =
Pinh nghia 1.7. Tap A cR" duoc goi 1a ¢é dé do khdong néu véi mdi € >0, ton

tai ho dém duogc cac hinh hop dong (md) P, P, P,..saocho

AcDPi va i‘3‘<8
i=1 i=1

Tir dinh nghia, ta suy ra cac tinh chit sau cho tdp c6 d6 do khong ma phin
chirng minh danh cho sinh vién
i) Néu 4 c6 do do khong va B < A thi B ¢6 do do khong.
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if) Tap c6 hitu han diém 1a tap c6 do do khong.

iii) Tap c¢6 vo han dém duoc diém 1a tap c6 d¢ do khong.

iv) Néu A, 6 d do khong, i=1,2,3,..., thi | JA, c6 do do khong.

i=1

Phan chirng minh xem nhu bai tap danh cho sinh vién.
Pinh nghia 1.8. Tap A cR" dugc goi la c6 thé tich khong néu véi mdi € >0, ton

tai ho hiru han cac hinh hop dong (hodc mo) P, P,, ..., P sao cho

AcUPl. va Z‘Pl‘<8
i=1 i=1

Hién nhién tap c6 thé tich khong thi c6 do do khéng. Ngoai ra, ta c6
Ménh dé 1.9.

i) Néu a<b, thi [a,b] khong cé thé tich khéng trong R.

ii) Tong qudt mét hinh hép trong R" khéng thé c6 thé tich khéng.
Chirng minh. Ta chi chirng minh 7). Truong hop ii) dugc ching minh tuong tu.

Ta s& ching minh bang quy nap rang néu ho cac hinh hop P,....P phu [a,b]
thi

f\f;\zb—a. (4.2)

=1

Truong hgp m=1 thi hién nhién. Gia str (4.2) dtng v61 moi ho cac hinh hop
P,...P, phi [a,b|. Xét ho céc hinh hdp Py, Py, .., Pt phi [ a,b|. Khong mét
tinh tong quat, ta co thé gia sir a e P = [a, ﬁ] .

Néu >b thi |B|2b-a.

Néu B <b thi do ho cac hinh hop P,, ..., Pyyy phil [ B ,b] nén theo gia thiét quy

nap, ta dugc



m+1

vadods Y |P|2B-a+b-B=b-a. 2
i=1

Pinh Iy 1.10. Tdp compact A < R" ¢6 dg do khéng thi c6 thé tich khong.
Chirng minh. Vi 4 ¢6 46 do khong nén voi mdi £ >0, ton tai ho hinh hoép mé P,

P, ... sao cho

AcDPi va i‘3‘<8 .
i=1 i=1

Vi A compact nén tdn tai pha htru han P, ...,P,, sao cho

AchJPi va i‘]{ke
i=1 i1
Vay, 4 c6 thé tich khong, =
Tur cac khai ni¢ém trén, ta co dac trung sau cho cac ham kha tich Riemann
Dinh 1y 1.11. Cho A la hinh hép dong trong R* va f:A—>R la ham bi chan. Ta
c6 f kha tich Riemann trén A néu va chi néu tip diém gian doan cia f c6 dé do
khong.
Pé chirng minh Pinh 1y 1.11, ta can bo dé sau
B6 dé 1.12. Cho A R" la hinh hop dongva f:A—>R la ham bi chan sao cho
0(f,x)<8, VxeA.
Khi dé ton tai phdn hoach o cua A sao cho

U(f.0)~L(f.0)<sA|
Chirng minh. Vx e A, ton tai hinh hop dong U_chiraxla diém trong sao cho

sup f(y)— yigUf fy<e.

yeU,

RO rang (Ux )xeA phu 4.
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Vi 4 compact, nén ton tai hitu han U_,U_,...,U_ phi 4. Goi o la phan hoach

(khda min) ctia 4 sao cho moi hinh hdp cua nd déu chua trong mot U_ nao do. Khi

do
sugf(y)—igf(y) <eg,
VPeo,nén U(f,0)—L(f,0)= Z(supf(y)—igf(y)]\P\ <elA|. .

Chirng minh Pinh Iy 1.11. Goi B 1a tap diém gian doan cta f'va xét

B = {x‘o(f,x) > 8}.

Do B=|JB,, nén dé chung minh B ¢6 do do khong, ta chimg minh mdi B, c6

i=1
thé tich khong.
Theo dinh 1y 1.4, tdn tai phan hoach & sao cho U(f,o)—L(f,0)<%. Xét
l

o, <o la ho cac hinh hop c6 phén giao véi B, khong rong. Do o, phu B, nén

v6i moi Peo,, supf(y)—inff(y)zl_.
i

yeP yeP

Do do

INZED) [sup F)- ilgf(y)}\P\ <U(f,0)-L(f,0)< §

l Peo, Peo, yepP Y
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Vi Z ‘P‘ <& va o, phu B, nén B co thé tich khong.

Peo,
Nguogce lai, Ve>0, B, B, nén B_ c6 d6 do khong. Do B_ dong va bi chin

nén B_ la tap compact. Vay B_ ¢co thé tich khong do dinh 1y 1.10.
Vay tdn tai hitu han cac hinh hop dong Py, ...,P, phu B sao cho Z‘PI‘ <¢g.QGol
i=1

o la phan hoach cua 4 (kha min) sao cho mdi hinh hdp cta né chi thudc 2 nhom
0,,0,, trong d6 o, 1a ho cac hinh hop chira trong it nhét mot hinh hop Py, ....P, va
o, la ho cac hinh hop O sao cho OB =0

bat

9

M =sup|f(x)

xeA

M, (f)=sup f(x),

xeQ

my(f)=inf f(x).
Khi Qeo, taco 0(f,x)<8, Vxe(Q.
T bd dé 1.12, ton tai phan hoach o, cua Q sao cho

> [M,()-m, (1) ]P|<zlg).

PEO'Q

Bay gio ta chon phan hoach
oc*=0 U[ U GQ]
Qeo,

(dtng vé mit hinh hoc ta chi cin v& thém cac duong ngang va doc). Ta c6

U(fio®)-L(f.o%)= 2 [MD=mD]{Pl+ 3 [M()=m, ()] {P]

Pec*co, Pec*co,

<oM Y|P+ Y e|P|<2Me+elA|.

Pec*co, Pec*co,

Vay, fkha tich Riemann trén 4. =
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Vi du 1.3. Cho

1 khi (x,y)e(@x@)m([o,l]x[o,l])
0 khi (x,y)e([o,ljx[o,l])\(QxQ)'

Giai

flxy)=

D@ dang chimg minh rang tdp diém gidn doan cua f trén [O,l]x [0,1] la chinh
[0.1]x[0,1]. Do [0,1]x[0,1] khong c6 d do khong, ta suy ra ring fkhong kha
tich Riemann trén [0,1] X [0,1] .

Tir két qua nay, ta co dinh nghia tong quat vé ham kha tich Riemann c6 mién
xac dinh khong nhat thiét 13 mot hinh hop. Cho Q 1a mot tap hop con cua hinh hop

D va f la mot ham bi chan xac dinh trén Q . Dat

B f(x,y) khi (x,y)eQ
fg(x’y)_{o khi (x.y)eD\Q'

Khi 6, néu f,, khd tich Riemann trén D thi ta n6i f kha tich trén Q va dat

J-JQf(x’y)dxdy = ”ng(x,y)dxdy.

Chu y rang dinh nghia trén doc lap véi cach chon hinh hop D chira Q.
Pinh ly 1.13. Cho f,g la cac ham kha tich trén Q va o € R. Ta co
i) Cac ham f +g,af ciing kha tich trén Q va

[, = I s s
j an fdxdy =a j jQ fdxdy .
ii) Neu Q=Q 0Q,U...uQ, véi QNQ =D khi i#j, moi 0Q, la hop mt
$6 hitu han cdc dwong cong kha vi va f kha tich trén méi Q. thi [ kha tich trén
Q va

”Qf(x’y)dx‘iy = gﬂgif(x,y)dxdy.
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iii) Néu f(x,y)ég(x,y),‘v’(xy eQ thi ” f X y)dxdy<” glx,y dxdy

iv) Néu f(x,y)2 0,9 (x,y)eQ hi [[_f(x.y)dxdy=0.
Chitng minh.

i) Khong mat tinh tong quat, ta c6 thé gia st Q 1a mot hinh hop. Voi moi phan
hoach & trong d6 Q duoc phén thanh cac hinh hop D,,i=12,...,n, j=12,....m,
ta co

L(7.0)+L{s.0)SL(f +6.0)<U(f +6.0)<U(1.0)+U(g.0),
L(af.c)=aL(f.c)<aU(f.c)=U(af.0)
khi o >0, va
L(af.0)=-at(f.0)-aL(f.0)=U(uf.0)
khi a <0.
Do d0, tir tinh kha tich ciia f,g, ta suy ra tinh kha tich cia f +g, af va

J[,(7 + )axdy =[] faxay+ [], sy,
[[ ofdrdy=aff, fdvdy.

Céc phan chirg minh khac xem nhu bai tap. =

Bdy gio, cho f 1a mot ham theo hai bién (x,y) xéc dinh trén hinh hop
D=[ab]x[c.d]. V6imdi x trong khoang [ a,b | ta gid sir ham (mot bién)
g(y)=r(xy)
khd tich Riemann trén | c,d |. Khi do, ta 6 thé tinh
J sy =10r (o) ar
Biéu thitc ndy phu thudc vao x €| a,b |. Do d6 n 1a ham theo x. Tinh tich phan

ham nay theo x ta c6 tich phan
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[ (e)arfas
Tich phan nay goi 1a tich phdn Idp va con dugce viét dudi dang
[J (e
Tuong ty ta dinh nghia
I Co)asar= ([ (o) ache
Vi du 1.4.

3 p5
a) Tinh I = L .L (x+2y)dxdy.

b) Tinh J = Jol le(xz + v )dydx .

Giai
5

a)l :J‘;{%2+2xy} dy = j23(12+8y)dy =32.

1

1 3 2
b)sz.{xzyﬁL%} dxz'[;(xz +%]dx=§.
1

0
Ta c6 sy lién hé gitra tich phan bdi va tich phan 1ap sau

Pinh ly 1.14. Cho f kha tich trén D:[a,b]x[c,d]. Gia sw rcfng Vvoi moi
Ee|ab]| ham g(y)=f(&.y) kha tich trén | c,d |. Khi d6, ham
X Ldf(x,y)dy

kha tich trén [a,b] va

.”Df(x’y)dx‘iy:Ldef(an)dydx.

Véi cde gid thiét twong tw, ta c6
f(xyxdy=["[" £ (x.y)drdy.
Q c a
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Chirng minh. Véi o = (Gx,Gy) la mot phan hoach cia D, nghia la
o, ={x0,x1,x2,...,xn_l,xn},
G, = VoV Yarn Y 1oV
Vo1
a=x,<x <x,<..<x  <x =b,

c=y,<y, <y, <.<y <y =d.

Pit D, =| x,_.x, |x[ .y, | va

voii=1,2,...n;j=12,....m. Ta co

]i:mu (yj —yj_l)S Ldf(x,y)dy < ]i:Mu (yj _yi—l)

vo1 mo1 x € [x l,xi],i =1,2,...,n.

i—

bat (p(x) = Ldf(x,y)dy, ta suy ra

va

X SX=X;
voimoi i=1,2,...,n.

Lay tong cac vé theo i, ta dugc
L(f,G)SL(go,Gx) < U((o,ax)s U(f,a)

nén tr tinh kha tich ctia f trén D, ta suy ra tinh kha tich ctia ¢ trén [a,b} .
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Hon ntra, véi I = Lb(p(x)dx = _[:Ldf(x,y ydx, ta suy ra

L(f.c)<I<U(f.0)

v61 moi phan hoach o cua D . Do dé
JI, £ (. Jaxdy =supL(£.0) <1 <infU(f.0) = [], f (3 pbxdy

va dinh ly dugc chirng minh. L]

Pinh 1y nay cho ta phuong phap tinh mét tich phan bdi hai bang cach 1an luot
tinh hai tich phan ham mot bién. Hon thé, ta ciing ap dung dugc phuong phap nay
cho cac ham xac dinh trén mot s& mién bi chin Q dic biét khac.

Cu thé, mién Q duoc goi 1a mién don gian theo chiéu truc Oy néu né co dang
Q={(x.y):a Sbe,gl(x)SySg2(x)}.

Tuong tu Q dugc goi 1a mién don gidn theo chiéu truc Ox néu
Q={(xy):e<y<dn(y)<x Shz(y)}.

Trong cac hinh v€ sau ta s€ minh hoa hai loai mién don gian nay.

M m

y

/A\__/

y= gl(x)
a b

o
g

Mién don gian theo chiéu truc Oy.

i

d

A3

Mién don gian theo chiéu truc Ox.
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Pinh ly 1.15. Cho f lién tuc va bi chan trén Q

i) Néu Q la mién don gian theo huéng Oy,
Qz{(x,y):a stb,gl(x)Syégz(x)},

v6i g,,8, ld hai ham kha vi trén | a,b |, thi f kha tich trén Q va

”Qf(x,y)dxdy = J:U;t;)f(x,y)dyjdx_

ii) Néu © la mién don gidn theo hirdng Ox,
Q:{(x,y):csysd,hl(y)SxShz(y)},

v6i hy,h, la hai ham kha vi trén | c,d |, thi f kha tich trén Q va

I, sy =[ [ [0 () o

Chirng minh.
i) Tacod f kha tich trén Q. Ap dung dinh 1y 1.14 cho ham
B f(x,y) khi (x,y)eQ
fg(x’y)_{ 0 khi (xy)e[ab]x[cd]\Q

Vo1 ¢ < gl(x)s gz(x)é d,Vxe [a,b} ,taco

ﬂyaﬂﬁﬁ@=ﬁuﬁamﬁ@ym

Mat khac

Jfgxydy U +ng +j jfgxy
véi c<y<g (x) va g (x)<y<d thi (x,y)eQ,dods f,(x,y)=0.
Viy, ta suy ra
fkﬁﬂ@=ﬁﬁﬂnﬁ@
Tu do ta co
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_ b gz(x)
”Qf(x,y)dxdy = L Ugl(X) f(x,y)dyjdx.
Phan ii) duoc chirg minh tuong tu. =
Vi du 1.5. Cho mién D gidi han boi y=x+1 va y=x*—1. Tinh H (x> + y)dxdy .
D

Giai

Ta co

” (x* + y*)dxdy = J‘_zl J.:_ll(x2 +y*)dydx

D

:Jz —lx6+£x3+2x2+x+% dx
03 3 3

7
14
3
y=x+1
-1
/\/ 9
yzxgml

Chi y 1.16. Trong trudng hop mién Q tong quat c6 thé chia thanh cac mién
Q,Q,,...,Q 1061 nhau, mdi mién 14 don gian theo hudng Ox hay Oy, ta st dung
tinh chat

| jQ faxdy = | le fexdy+ | jQz fxdy+...+ | ij fdxdy
va két hop v6i dinh 1y trén dé tinh | jQ fdxdy .
Vi du 1.6. Cho mién D niam trong phan tu thi nhat gigi han boi y=x?, y=—x+6
va x+5y—6=0 va nim ngoai y = x*. Tinh dexdy .

D
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Giai
Tac6 D= D, vD,, trong do
D, = {(x,y)

D, ={(x,y)\—§(x—6)3y3—x+6,23x36}.

~Lx-6)sysxlsxsal,

M

4
y=x" y=—x+6
1
\ x+by-6=0 -
1 2 6

Do do

” xdxdy = J xdxdy + ” xdxdy
D

D, D,

of § st T o

~L(x-6) ~1(x-6)

= .2x x2+l(x—6) x+J6x —ix+ﬁ dxzﬁ.
o 5 2 5 5 4

Péi véi ham mot bién, tir cong thirc dao ham ham hop

dF _dF dx

du dx du’

ta nhan duoc ngay cong thire doi bién
X, U, dx
flx x=J f[x u ]—du,
(o= ()] 2
trong do f(x) lién tuc trén x <x<x,; x :x(u) thudc 16p C' trén u<usu,
X, :x(ul), X, = x(uz) va f[x(u)] lién tyc trén u <u<u,.
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Ta c6 mot két qua tuwong tu cho tich phan boi hai

Pinh Iy 1.17. Xét hai mién R .R, < R? sao cho ham (d6i bién) tir R vao R,

(M,V) = (x(u,v),y(u,v)),

A , 1 \ , \ A \ \
thuoc lop C* va co ham nguoc lién tuc tur ny vao R,

(5= (1(ey) v (7).

. __ 6(x,y) & &
Neéu ma trgn Jacobi cua ham doi bién J = p ( =5 g)” luon luon dwong
u,v) P

(hay luon luon am) trén R, thi voi moi ham lién tuc f : R — R, ta co
ol x,y
M dudv .

L P R RIS

Mot chimg minh cta dinh 1y trén dugc trinh bay trong chuong sau bang cach

dung tich phan duong. O day, ta khao sat ¥ nghia ctia cong thiic trén theo khia canh
hinh hoc va xét mét s6 tmg dung ctia nd.

V61 mot phan hoach cua R bang cac dudng song song v4i hai truc toa do va
v6i anh xa d6i bién x = x(u,v),y = y(u,v) ta nhan duoc mot phan hoach cua R
gdm cac mién con AA. Mdi mién con nay c6 dién tich dugc xap xi bang dién tich
hinh binh hanh véi hai vecto canh lan lugt 13 (quu,yuAu) va (vav,yvAv) , nghia

la, AA duoc xép X1 béng tri s6 tuyét dbi cua dinh thuc

xAu xAv| |x x
" o= Y AuAy
yAu yAvl |y y
o[ x,
= MAuAv.

8(14,1/)
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u =L
el -
v=P amiii \)
<" R, R,
0 4 M

Hon ntra, vo1 (x,y)eny la diém twuong Ung voi (u,v)eRw, nghia 1a,
x:x(u,v),y:y(u,v) thi

£ ()= o (x(ev)oy ()

va do do,
8(x,y)

ﬁ(u,v) '

f(x,y)AA ~ f(x(u,v),y(u,v))AuAv

Ngoai ra, cac tong

Zf(x,y)AA va Zf(x(u,v),y(u,v)).

lan luot xap xi cac tich phan

”nyf(x,y)dxdy va ”wa(x(u,v),y(u,v))

va ta nhan dugc cong thie doi bién trong dinh 1y 1.17.

8(x,y)
ﬁ(u,v)

AuAvy

8(x,y)
ﬁ(u,v)

dudv

Vidu 1.7. Xét ham ddi toa do cuc trong R*,

x=rcosf, y=rsinf
thi khi (r,0) thay doi trong hinh hop |r.r, +Ar]x|6,.0,+A0] véi
(rO,Q) IS (0,oo)>< (0,271) va Ar,A@ dua nho, (x,y) thay ddi trén mot mién con A ¢6
dién tich AA duogc xép X1 bﬁng mot hinh chitr nhat ¢6 hai canh 1a Ar va rAGAr.

Dodd AA=rA6AYr.
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........ -

va do 1ap ludn trén, cong thirc doi bién twong ting sé& 1a
”ny f(X,y)dxdy = ”R,g f(rCOSH,rsinH)rdrdH :

That vay, dinh thirc ma tran Jacobi cua ham ddi bién trong truong hop nay la

()

o(r.0)

cos@ -—rsinf

b

sin@ rcos@
va ta nhan dugc két qua phu hop véi dinh 1y. Cu thé hon, véi mién R, 1a hinh chit

nhit o <O < B.r,(0)<r<r,(0), va voi cong thirc tich phan lip, ta c6

”R f(x,y)dxdy = J:Li(:))f(rcosH,rsinH)rdrdH .
Vidu 1.8.

2 1y? ,oe <A 0. vy
a) Tinh ”ex Y dxdy, v&i mién D gigi han bdi x*+y> =1, x> +y* =4 va nim
D

trong phan tu thi nhat.

b) Tinh [[sin 7Y dxdy , v6i midn D gidi han béi cac truc Ox, Oy va x+y=1.
D X+y

Giai

X =rcCoS
PP vsio<p<Z 1<r<2,
y=rsing 2

a)Déibién{ J‘:r,tac()
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Py %o Ir -7
_[;[e ydxdy=_[12_[0 e .rdqodrzgg[e 1 =%(e4—e).

b) Boibién u=x-y va v=x+y, ta dugc xzé(u+v) va y:%(—u+v) va

1
2
L

J(x, y) =

N | =

= =

2

D) giéihanboi u=v, u=-v va v=1 nén

'[;[sinili dxdy %g sin® dudv =%j01 I/ sin duay

= %Jol[—cosl + cos(—l)}vdv =0.

yl‘\ V}

x+y=1

U=y Uu=v

e
M
o

§2. TICH PHAN BOQI BA

Vi cting mdt phuong phap, ta c6 thé xay dung duoc tich phan cho ham bi chin
xé4c dinh trén mot mién bi chin D « R®. Nbi dung chinh cua tich phan bdi ba dugc
phat biéu va cac chimg minh dugc bo qua. Nguoi doc ¢ nhu cau, cd thé ching
minh dua vao cac chirng minh cho tich phan b1 hai.

Pinh nghia 2.1. Ham bi chin f xiac dinh trén mot hinh hop

D= [a,b] X [c,d] X [e,g} c R® duogc goi 13 khd tich Riemann néu
supL(f.o)=infU(f.0).

oeP oeP

Béy gi0, gia tri nay duoc goi la tich phdan cua f trén D , ky hiéu
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1] (e e
trong d6 P 1a tAp hop tit ca cac phan hoach G:(Gx,ay,az) cia D, nghia 1
o, ={xp XX, b, 0 = {320y, | VA 0. ={2,2,.2,} 1An luot 1 cdc phan
hoach ctia [ a,b |, [c,d ] va | e.g].
a=x,<x <..<X_ <X =Db,

c=y, <y <..<y <y =d,

va

voi

Tuong ty nhu trong R*, ta 1an luot nhan duogc cac két qua sau
Ménh dé 2.2. Cho f la ham bi chan trén mot hinh hép D c R’. Ta cé f kha tich
Riemann trén D néu va chi néu

Ve>030eP.U(f.0)-L(f.0)<e.
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Dinh 1y 2.3. Gid sit A la hinh hép dong trong R®, f:A—R la ham bi chéin. Ta
c6 f kha tich Riemann trén A néu va chi néu tip diém gian doan cia f c6 dé do
khong.

Pinh nghia 2.4. Cho Q 1a mot tip con cua hinh hop D voi bién dQ gdm hitu han

cac mat kha vi va f 1a mot ham bi chan xac dinh trén Q. Xét ham

~ f(x,y,z) khi (x,y,z)eQ
fﬂ(x,y,z)—{ 0 khi (x,y,z)eD\Q.

Khi d6, néu f,, kha tich Riemann trén D thitan6i f kha tich Riemann trén Q

va dat
Jjjgf(x,y,z)dxdydz = J”D Jo (x,y,z)dxdydz.

Tu dinh 1y 2.3, ta co
Pinh 1y 2.5. Cho Q la mét tdp hop mé bi chdn véi bién 6Q la hop ciia mét s6
hitu han cac mat kha vi va f la ham bi chan trén Q. Néu f lién tuc tai moi diém
cua Q ngoai trur trén mot s6 hitu han cdc mdat kha vi trong Q thi f kha tich
Riemann trén Q).

Pinh ly 2.6. Cho f,g la cac ham kha tich trén Q va a € R. Khi do
i) f+g.af cingkha tich trén Q va

[[].(f +g)dxdydz=|[[_fdxdydz+ ||| gdrdydz,
] o fxdydz = o [[[ fxdydz.

ii) Néu Q=Q UQ U..UQ Vi QimQj:@ khii# j, moi 0Q, la hop mot

s6 hitu han cdc mat khd vi va f kha tich trén méi Q. thi f kha tich trén Q va

[, (s~ ], (.t

iii) Néu f(x,y,z) < g(x,y,z),‘v’(x,y,z) eQ th
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I, f (x.y.2)dxdydz < [[[_g(x.y,z)dxdydz.
iv) Néu f(x,y,z) > O,V(x,y,z) cQ thi
[[[ £ (x.y,2)dxdydz = 0.

Ta cling c6 su tuong quan gitra tich phan boi va tich phan lap nhu sau

Dinh Iy 2.7. Cho f kha tich trén D =|a,.b, |x| a,.b, |x| a,.b, |. Gid si ring véi
moi (£,n)€| a.b, |x|a,.b, | ham g(z)=f(&.n.2) kha tich orén | a,,b, |. Khi d6,
hém

(x2)i [} (3.2)ae

kha tich trén [al,bl] x[az,bz] va

Iijf (x,y,z)dxdydz = H[% A Ma ,bJJ‘: f (x, y,z)dxdydz.

Vi du 2.1. Cho mién ¥ giéi han bdi x=0, y=0, z=0 va x+y+z=1. Tinh

jlj zdxdydz.

Giai

1-x—y

oo {1 s [ 2]
\%4

0

:%joljol_x(l—x — ) dydx

1-x
1 (d-x-y) 1p 5, 1
‘EL{‘#}O dx‘ﬂo“"” Mo
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Pinh ly 2.8. Xét hai mién R .R, C R® sao cho ham (d6i bién) tir R = vao R .

(u,v,w) = (x(u,v,w),y(u,v,w),z(u,v,w))

A , 1 \ , \ A \ \
thuoc lop C* va co ham nguoc lién tuc tr R vao R
xyz uvw

(1238 (e 2) (1) wl.5)).

. o o(x,y,z
Neéu ma tran Jacobi cua ham doi biéen J = 8(( )) luon luon dwong (hay luon
u,v,w

luon am) trén R_, thi voi moi ham lién tuc f : R . —R, ta co

6(x,y,z)
6(u,v,w)
[WRLESY

. Yxm,v),(y(um)
A

i
~
~
I
I
! :
i 5 ‘
~ | 0 N
~ Y T i
S | v
i
7 e

Hai truong hop quan trong :

”Rmf(x,y,z)dxdydz = ”R f[x(u,v,w),y(u,v,w),z(u,v,w)]

dudvdw.

Trwong hgp 1: voi toa do try,

x=rcos6
y=rsinf , ‘J‘:r,
7=z

ta cO

”_[R ”f(x,y,z)dxdydzzj”R ”f(rcosé?,rsiné?,z)rdrdﬁdz.
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Trwong hgp 2: véi toa do cuc,
x = psingcosf
y=psingsinf ,
7= pcosg

J‘:pzsinqﬁ,

ta co
J”R} f (x,y, Z)dxdydz = _mew f(p sing cos@, psingsind, p cosq)) p’singd pdpdo.
Vidu 2.2.
a) Tinh m Jx* +y* + 2 dxdydz, trong d6 B 1a qua cAu tam O béan kinh 1.

B
b) Tinh ” j (x2 + yz)dxdydz, trong d6 ¥ giéi han béi x> +y> =z, z=4.

\4

Giai
a) Doi bién
x =rsingpcosf

y=rsin@sin®

Z=rCcosQ

ta co ‘J‘:rzsinqo, 0<r<1,¢el0,r], 8€[0,27]. Do do

1] 43P+ 2 dndydz = jol j: | 02” r.r’ sinpdOdodr
B

1

o[ 3 [ _ r L
—272'-.‘01" dr.J.O s1ng0dq0—2ﬂ.{1} [—cosgo}0 —47T.Z—7Z'.
0
z!
b)Taco V= {(x,y,z)‘xz +y°<z< 4} , nén bang cach doi bién )
X =rcosQ
y=rsing
7=z
voi 0<r<2,0<p<2x, r’ <z<4,taduoc < | 3
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[ +y)dvdydz = j;joz j4 P rdzdrde
\%4

23 2 . 70 ’
=27Z"[01’ 4-r)dr=2r|r e
0
32
=—T.
3

§3. PO DAI, DIEN TiCH, THE TiCH

Trong subt phﬁn nay, cac ham dugc khao sat déu 12 ham lién tuc, bi chin xac
dinh trén mot mién c6 bién 13 hoi mot sé hiru han duong cong hay mat kha vi.
I. Dién tich mién D c R’
Cho D c R? 13 mdt mién bi chian véi bién 6D 13 hoi ciia mot sd hiru han cac
duong cong kha vi. Gia tri
S= ”D dxdy
duoc goi la dién tich cua D .

Y nghia hinh hoc: Véi o Z(Gx,Gy) la mot phan hoach bat ky cua hinh hop
[a.b]x[c.d] chita D va véi ham

I khi (x,y) eD

f(xy)= {0 khi (xy)e[ab]x[c.d]\D

thi

. 0 khi D @D
m. = 1 X,y =
! <x,y)eD[,~f( Y) I khi D,cD

M. = sup f

T (),

I khi D,NnD#Q
xX,y)=
(x.3) 0 khi D,ND=0
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Do do, L( f ,0) = ZmU ‘DU‘ chinh 1a tong dién tich cac hinh hdp con ciia phan
ivj

hoach o nam hoan toan trong D
A

________________

1 ]

NN N RN AN NN S 8
| . EA I SN =4 PR ¢ T |
t |} L} t i i
[} ) 1 i
1 H 1
B R s |
i i ]
H 1 1 1

v

D,| la tong di¢n tich cic hinh hop con cia o ma hoi cia

va U(f,a) = ZMU
i

chung phu D .

1 1

AN LA

-k s ds
] |

1
A

1
4
e

|}

]

]

)

1

A 4

Mot céch truc giac, dién tich S cua D, néu co, thoa
L(f.c)<S<U(f.0)
v61 moi phan hoach o cua [a,b] x[c,d]. Viy
supL(f,G) <§< infU(f,G)
nén khi f kha tich trén | a,b |x| c,d | (nghia 1a ham 1 khé tich trén D), ta c6
S = ”D dxdy .
Néu ”D dxdy =0 thi D 1a tp hop khong dang ké.
Truong hop dic biét, néu

D= {(x,y)‘a <x< b,l//(x) <y< qo(x)}
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thi dién tich cua D 1a

= Il vt =[] v = ] (o) ()i
Tuong tu, néu
D = {(x,y)‘c <x< d,l//(y) <x< qo(y)}

thi dién tich cua D 1a

= ff, = [ [ sty = [ (o) v ()

Vi du 1.1. Tim dién tich hinh phang gidi han boi y> =4 —x va y> =4 —4x.

Giai
B 2 p4-y? 02 1, B
S_zjo jl_y: dxdy_6j0 (1= y")dy =8,

T ] ¥
2

or,

/

OM X

el

Tuong tu cho truong hop R, ta c6
IL. Thé tich mién D c R’
Tuong tw, véi D < R® 1a mot mién bi chin v&i bién 6D 1a hoi ciia mdt s hitu
han cac mat kha vi. Gia tri
V= j ”D dxdydz
duoc goi la thé tich cua D .

Truong hop didc biét, néu
D = {(x,y,z)‘(x,y) € Q,l//(x,y) <z< go(x,y)}

véi Q 14 mot mién bi chin trong R* co6 bién 1a hdi mdt so6 hitu han cac duong

cong kha vi, thi thé tich cia D la
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V= ”J dxdydz = ” Jq) jdzdxdy ” ( )dxdy.

Tuong tu, néu

D ={(x.y.2)|(32) e Qu (1.2) < x < o(y.2)]

thi
V= J” dxdydz = ” _[W; dxdydz = ” ( )dydz
D = {(x,y,z)‘(x,z) € Q,t//(x,z) <y< go(x,z)}
thi

V= J” dxdydz = ” j dydxdz ” ( t//(x,z))dxdz.

///ﬁx z=o{x.y)
\\—/

\/ z=yixy)

L Q
x e S e e

Vi du 2.1. Tinh thé tich hinh D gi6i han bdi cdc mit z=x"+y° va z=1.

Giai
Ta co

vzjlj)jdxdydz.

Dung toa do tru

X=rcosQ
y=rsing
2=z
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ta duoc

V= Jozn Jol J:z rdzdrde = Jozn(_[olr(l - rz)a’r)dgo = % .

Nz

NI

X

I11. Do dai duwdng cong
Cho

C:{x:x(t), te[a.b],

y=y(7)
1a mot dudong cong kha vi trong R*, nghia 1a x,y 1a cic ham lién tyc trén [a,b] va
thudc 16p C' trén (a,b). Gid tri

L= [\ (e (e e

duoc goi 1a do dai duong cong C.

Ynghia hinh hoc: V61 mét phan hoach bat ky Cf:{to,t1 ..... tk} cua [a,b],
nghia la

a=t,<t <..<t_ <t =b,

lay A :(x(ti),y(ti)). Ta co

=) (o)) + (o0 ()
=) () ()

voi &, e (tH,tl.) .

Khong mat tinh tong quat, ta c6 thé gia st & =n.,nghia la
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A =\x (&) (&) (1)

amtg tl tz tn—l tn xb
Do d6, v6i do dai duong cong C xem nhu 14 giéi han tong do dai cac doan

thang A A, tasuyra

=[x (1) v (r) ar

Vidu 3.1. Tinh 6 dai cung x=¢>, y=1", 0<t<4.
Giai

Ta c6 x'(t)=2t, y'(t)=3t2, nén

[= J;\/4t2 +9rtdr = %(37\/5 ).
Truong hop déc biét, néu

C= {(x,f(x))‘a <x< b}

thi C duoc viét lai thanh phuong trinh tham s6 1a
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Do d6, do dai cua C tré thanh

1= [\ p (e de=[ 14 £ (x) d

c={(r()r)le=y=d}

Tuong tu, néu

thi C duoc viét lai thanh phuong trinh tham s6 1a
xX=7f|t
C: f( ),te[c,d}
y=t

va do dai cua C bay gio 1a

1= [ (o) +1de=["\ 7 (x) +1dy.

Vi du 3.2. Tinh d¢ dai cung cua parabol y = \/; , Vo1 1<x <4,
Giai

Cach 1:taco y' =

/= j,/1+—dx_ 5——1n(2+\/7)+\/77——1n(\/7 4).
Cach 2: v6i x=y*, x'=2y,tacod

l='[12\/1+x'2dy = Lz\/1+4y2dy.

IV. Dién tich mit Q c R’
Cho



13 mot mit kha vi trong R’, nghia 13 x,y,z 13 cic ham thudc 16p C' trén D . Gia

tri

5= j ID\/EG—Fstdt

2 2 2
E — a_x + a_y + % ,
Os Os Os

N

voi

os ot os ot Os ot
axY (oyY (oz)
G=| 2|+ 2|+ & ,
ot ot ot
duoc goi 1a dién tich cia mat §.

Y nghia hinh hoc: X¢ét trudng hop D = [a,b] X [c,d ] V6i mot phan hoach bat

ky o =(0x,0y) cua D véi o, :{s s ,sh},o'y :{to,tl,...,tk},

PELIRALE

a=s,<s <..<s, <s =b,

c=1,<t <..<t_ <t =d.
Tai diém Ml.j (x(sl.,tj),y(si,tj),z(si,tj)), ta cO hai vecto tiép tuyén vol mat S tai

M. la

y
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Phan mit

X 1)
Sl.j 2y =y(s,t), (s,t) eDl.j =[si_1,si}x[tj_l,tj],
Z t

—<(s.1)

dugc xap xi bang hinh binh hanh vdi hai vecto canh

9 0 0
al.lj = (S,- — si_l)(a—i(si,tj),a—i(si,tj),a—i(si,tj) ,

2=(1 _tj_l)(%(si,tj)%(S,.,tj)%(si,tj)],

vo1 dién tich 1a

1 2 1 2
S.. :‘Cl.. xa..‘z‘a.. a..
ij ij ij ij

)

sing,,

.

voi @ 1a goc tao bdi hai vecto a’. va a’.
ij ij ij

s o (i)
=(s, _Si—l)(tj _tj—l)\/E(Si’tj)‘G(si’tj)_Fz(si’tj)
va dién tich mat S, tong dién tich cdc mit S;;, dwoc xap xi bang
Z]:s] :Zj:\/E(Sia’j)-G(Sp’j)—FZ(S,-J]-)-(SZ- =5 )(1,=t.)-
Tur bat ddng thuc

L(\/EG—FZ,G) <Ds, < U(\/EG—FZ,G)

i

Do do

1 2

a.
)

2
.|a..
y

ta suy ra
5= j jD EG - F? dsdt.

Truong hop dac biét néu
S= {(x,y,f(x,y))‘(x,y) € D},
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v6i D 1a mdt mién trong R* c6 bién 1a hoi hitu han cac duong cong kha vi, thi S
duoc viét lai thanh phuong trinh tham s6 1a

X=S
t

S: ,(s,t)eD.

Z=f:(s,t)

Do d0, dién tich cua S tré thanh

5= ”D\/H(fs (5.0)) +(f (5.1)) dsar.

Tuong tu cho cac truong hop khac.

Vi du 4.1. Tinh di¢n tich phﬁn mit cau x* +y' +7° =4a’ nim trong hinh try
x*+y*=2ax=0, a>0.
Giai
Tur phuong trinh mat cau

X +y +7-4a" =0,

ta co
z:\/4a2—x2—y2,
0z _ X
ox \/4a2—x2 —y’ ’
Oz _ y
0y B \/4a2 —x’ =y’ .
Suy ra

2 2
1+ % + % = 2a .
Ox Oy \/4a2 _xt—y?

Chu ¥, phin mit ciu nim trong goc phan tdm thi nhat c6 hinh chiéu 13 nira hinh
tron D gii han boi x* + y* = 2ax va truc Ox. Mit nay nam trong bon goc mot phan

tdm va co tinh do1 xirng nén
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Dung toa do cuc
X =rcosQ
y=rsing

.y J '[Zaco%§0 rdrdqo e ,[ m

ta duoc

2a co%go

=-8a J (2asing —2a)de = 8a*(m —2).

0
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BAI TAP CHUONG 4

Bai 1. Tinh dién tich clia mién Q va tinh | jQ £ (x.y Mxdy véi

a) Q 12 hinh chit nhat | -2,3[x[0,2] ; f(x.y)=2x+y.

b) Q 1a hinh chi nht gi¢i han bdi x=2, x=4, y=1, y=5; f(x,y)=x"y.
¢) Q gidi hanboi y=3x, x=0, y=6; f(x,y):x—y.

1

d) Q=[3,4]x[L2], f(x,y) = 2
(x+y)

e) Q gidi hanbdi x=9-y*, x=0, -3<y<1; f(x,y):xzy.

f) Q 1a hinh gi¢i han boi x=0, y=0, 3x+y=2; f(x,y)=xy

g) Q 1a hinh tam giac giéi han bdi x=0; y=0; 3x+y=2; f(x,y):x+y.

h) Q gi6i hanboi x° —=5<y<4, -3<x<1; f(x,y)=3x-y.

i) Q gi6ihanboi y=x, y=—x+2, x=3; f(x,y)=x+1.

i) Q 13 mién ‘x‘+‘y‘£2; f(x,y):y+x.

k) Q={(x,y)‘0£x£3cosy,—§£ysg}; f(x,y):x2s1n2y

1) Q 1a hinh tron x? + y* <1 nam trong phan tu thi ba; f(x,y):y

m) Q 13 mién nam phia trén dudng y=1 va nam trong vong tron x° +y> =4;

f(x,y) = x4y +1.

n) Q 13 hinh tron C: x* + y* =1 nam trong phan tu th hai; f(x,y) =x" +3y.
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Bai 2. Trong cac tich phan lp sau, hdy v& mién lay tich phan va ddi tht ty 1y tich
phan.

0 2-y 23x

2) 1=j j F(x,y)dxdy . b) j j F(x,y)dydx .

6,24
4

c) f(x,y)dydx .

— C— O

[ FCeyydyasx. d)

o —
=, C—y 1

Bai 3. Trong céc ciu sau, hiy doi thi tu 14y tich phan va tinh tich phan d6

0 2 62
a) I I xydydx + I I xydydx .
0x

-2 -x

22-x

b) j.]i(x+y)dydx+_[ I (x+ y)dydx .
00 10

c) j.afC]i“x ydydx .

0 0
d) j j xy’dydx.
0 2

Bai 4. Tinh
a) :J.S\/az —x*—y*dxdy, S = {(x,y)
a Vo=

b) .- J‘_x Vx> +y dydx.
0

0

2 2
c) | _[S \/@dxdy , v6i S 1a phan trong ellipse % + % <1.

d) .‘J.S(x2 + yz)\/R2 —x"=y'dxdy, S = {(x,y)‘x2 +y° < RZ}.

Bai 5. Trong céc bai tap sau, tim thé tich cua khdi

x2+y23a2,y20}.

a) Tt dién nam trong gocphan tam thr nhat, va tao ra bdi cac mat toa d§ va mat

x+y+z=1.
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b) Nam phia trén mit phang Oxz va dudi mat y=1- x> — 7%,
¢) Nam trong hinh tru x* +4y* =4, trén z=y—5 va dudi z=9—x.
d) Nira khdi ellipsoid x* +y> +2z° <a?, 220, a>0.
e) Tedién voicac matla x=0, z=0, x+2y=6, x—y+3z=0.
f) Nam trong hinh tru x* + y> =9 va giita hai mit phang z=2x+1, z=0 (x>0).
g) Trong hinh try x* +y* =9, giita z=0, z=x"+y".
3 «. A2 2 9 \ 1 2 2
h) Nam trong mdt cdu x” +y“ +z" =16 va hinh try x +(y—2) =1.

i) Gi6i han boi paraboloid z =x* + y* va mit phang z=2y.

Bai 6. Tinh cac tich phan

a) JJJD(xy + z)dxdydz , D= {(x,y,z)‘l <x<2,3<y<4,0<z< 3} )

b) [[[ dxdydz, D :{(x,y,z)‘OSzSZy S3x£3}.

C) ”JD ydxdydz, D giéi han boi hinh try y=x* va cac mit phang y=0, z=0,

xX+z=2.

d) j j jD xdxdydz ; D gi6i han boi paraboloid z=2x>+y? va hinh try z=4—y’.

e) ”JV dxdydz; V gi6i han béi paraboloid 2z> x> +y* va x> +y° +7°<3.

f) Jjjvdxdydz; Vgidihanbdi x* +y* +72° <R* va x* +y> + 7" <2zR.

g) ”_[V\/xz +y° + 2 dxdydz voi V = {(x,y,z)‘x2 +y +7° < 4}.

h) mv(x2 +2)dxdydz; v6i V giéi han boi 2y =x" +2° v y=2.

Bai 7. Cho mét vat rin ¥ ¢ mat dd khoi luong p la ham ba bién p(x,y,z) . Taco

1) Khéi luong M = ”_fvp(x,y,z)dxdydz.

2) Toa d0 trong tam la
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X = iv X p(x, v, z)dxdydz ,
y = i" yp (x,y,z)dxdydz ,
Z= iv zp(x,y,z)dxdydz.

3) Moment quan tinh (hinh hoc) ddi véi cac truc toa do 1a
1= [0 2 e
I, = j_'jv(xz +2 )dxdydz,
I = _'jv(x2 +")dxdydz.

a) Gid st V'la déng chit, p =1, tim moment quan tinh va toa d0 trong tdm cua
hinh V' gi6i han béi x> +y* =a” (a>0), z=0, z=2a.
b) Tim khdi luong ctia qua cau ¥ ¢ ban kinh a, mat do

p(xyz)_;
R

c¢) Tim khdi luong cua hinh 1ap phuong 0<x<2, 0<y<2, 0<z<2 néu
p(x,y,2)=x+y+2.

d) Tim toa do trong tam cua vat gioi han bo1 2x+3y—-12=0, x=0, y=0,

2

zzo,zz% biét p=1.

e) Tim toa d§ trong tim va moment quan tinh ctia V' gidi han boi z=0 va
z=1-x" =2y,

f) Tim trong tdm cua khdi V trong d6 V = {(x,y,z)‘x2 + y2 +7°<4,7> 0} biét

P, y,2) =X+ +7.
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Bai 8. Tinh dién tich

a) phan mit x =zy chua trong hinh tru y* +z° =1.

b) phan mit cau x* + y* + z> = 1chira trong hinh try x* +4y> =4.
¢) phan mit x* + y* = 7> (z>0) chtra trong hinh tru x* + y* =2x.

Bai 9. Tinh d6 dai cung cua

a)y=x2\/x(0£xﬁ9). b) y* =ax (a>0,0<x <a).
c) y’=4x(1<y<2). d) 2lny—y*=x (I1<y<e).
2
X 2
e) —+y =1.
)4 y
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Chuong 5

TiCH PHAN PUONG - TiCH PHAN MAT
Trong chuong 4, ta da xét tich phan cac ham x4c dinh trén mot tap md cd bién
1a ho1 hitu han cac duong (hay mat) kha vi. Nay, ta s€ khao sat khai ni¢m tich phan
ciia mdt ham trén mot duong cong (trong R> hay R’), ma ta goi 1a tich phan
dwong, cling nhu khai niém tich phan cia mdt ham trén mot mit kha vi (trong RY),
ma ta goi la tich phdan mat.

Vé&i C 1a mot duong cong kha vi xéc dinh boi phuong trinh tham s

{x =x(0) , tela,b],
y=y()

va f(x,y) lién tuc trén [a,b].
Chia [a,b] thanh n khoang [¢_,t]. Dat x, =x(t,), y, = y(t.). Cac diem P(x,,y,)
chia C thanh thinh n cung nho c6 chidu dai la A.s va véi diém (x7,y") duoc chon

trong cung thtr i vo1 1<i <n thi néu cod

lim > f(x/,y )As=meR
n— 1
gi61 han d6 dugce goi la tich phan duong cuia f trén C, ky hi¢u la JC f(x,y)ds=m.

Chung ta da khao sat d¢ dai cua C,

b

(= j\/(x'(t))2 () dr

a

va

ds = \/(x'(t))2 +(y'@) dr.

Ta co

jcf<x,y>ds=jff(x(t%y(t))J(x'(r))z +(v o) dr
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Tuong tu néu co
limif(x;,y;)(xi —xi_l) =meR
i1
gi61 han d6 dugce goi 1a tich phan duong cua f trén C tuong ing x, ky hi¢u
Icf(x,y)dx =m.
Tuong tu, véi C 1a mot dudng cong trong R, ta c6 cac tich phan
Icf (x,y,2)ds ; IC P(x,y,z)dx; ICQ(x,y,z)dy ; ICR(x,y,z)dz :
lién két voi gidi han cua cac tong

Y [y, DAs; Y P(x,y,0Ax; Y O(x,y,20Ay; D R(x,y,2)Az.

§1. TiCH PHAN PUONG

I. Pinh nghia tich phan dwong loai mgt
Cho mét duomg cong kha vi C(1) = (x(1),y(1)) v6i a<t<b va fla ham lién tuc

trén C,

Ta dinh nghia

[ feends=[" £ (x00)(¥0) + (o) .

V6i duomg cong trong R?, C(1) =(x(1),y(),2(t)), a<t<b va f1a ham lién tuc
trén C, ta dinh nghia

[ feyads=[" 1 (050,201 (¥ ) +(Y©) +(Z0) dr.
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Pac biét, vo1 C:y=g(x), x €la,b], taco

ff(x,y)ds = Tf(x,g(x))\H + (g'(x))zdx :

V61 C:x=g(y), yelc,d], tacd
[ reeyds=[£(s0).3)\(g'0) +1dy.

Tuong tu cho truong hop R*.

2 2
Vidu 1.1. Tinh J xyds vo1 (C) la cung cua elip f—6 + % =1 nam trong phan tu thi
(©)

nhét hé truc Oxy.

Giai

e et Joz)
y =3sint 2

Cdch 1: Bang cach viét

ta duoc

nyds = j4cost.3 sin t.\/(x'(t))2 + (y'(t))2 dt
C 0

= IZJcostsin t\/16sin2 t+9cos” tdt
0

= 6sin Zt\/ g 7l=c0s2t
) 2
= 3\/§Jsin 21725 — T cos2tdt.
0

2eq oK , . T .
Do1 bién u = cos2t, voi te{O,E}, du = -2sin2tdt , ta dugc
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'C[xyds - 3&}/25 7 (—%) - 3&_}1\/25 —Tu %

3/2 ! !
_ 3\/5 (25—-"Tu) ‘ __ \/5 (25— 7u)3/2
2 GIDED|, T .

_ _@(183/2 _ 323/2) _ &
7 7

2 2

Cdch 2: Do f—6+%:1, tacoy= %\/16—;8 , xe[0,4] va do do

L3 —— | 9 _x Y
xyds = | x=+16—x° 1+—[—] dx
'1 '([ 4 \/ 16\ {16 - x*

4
=ijx 256 — 7x*dx =%
16 7

0
(461 bién u = V256 — 7x?).

2 2

4
Cich 3: Tt o+ =1, tacox=—9—y*,y e [0,3] nén
16 9 3

2
3
nyds=_([yg\/9—y2 1+§( Y 2]dy

c 9—y

3
=g'[y\/81+7y2dy =#
0
(461 bién u = |81+ 7y%).

I1. Pinh nghia tich phan dwdong loai hai
Cho mot duong cong kha vi C(¢) = (x(t), y(t))vé’i a<t<b va flaham lién tuc

trén C ta dinh nghia

[Lreoydx = f(x@.y0)x @,

ch (x,y)dy = J:f (x(),y(0)y' @)t

V6i duong cong trong R, C(t) =(x(1),y(1),2(t)), a<t<b va f1a ham lién tuc

trén (C), ta dinh nghia
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ob

[ £Ceyade = f (50, y(0),20) ' ()ar,

[ rey.ady =] £ (x@.50.20)y @dr,

b
| fyadz=] f(x0).y0.20)2 0
Ngoai ra, véi cac ham f,g lién tuc trén C = R?, ta viét
JC Jdx + gdy = JC J(x,y)dx + JC 8(x,y)dy
va v&i cac ham f,g,h lién tuc trén C < R, ta viét
chdx + gdy + hdz = ch(x,y)dx +ch(x,y)dy + IC hdz.

Tir dinh nghia, ta c6 thé tinh tich phan
1= [ f(x,y)dx +g(x,y)dy
C

tiy theo cach biéu dién duong cong C. Chang han, véi

(C):{x =X abl.
y=y()

ta cO

I =

a'—.w

£ (x0),50))x' () + g (x(0,y0))y (1) |
Véi (C):y=y(x), x elc,d] thi
I= j[ x,9(0)) + (%, (x))y'(x) |dx
Véi (C): x=x(y), yele,g] thi
I= I[ X(3),3)x'()+ (%), ) |dy
Tuong tu cho truong hop R’.

Vi du 2.1. Tinh / :jydx +(x+y)dy, véi (C):x>+y*=4, y>0, di thuan chiéu
kim dong ho.
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Giai
Véi biéu dién
x =2cost
(C): { D
y=2sint
thi vi (C) thuan chiéu kim ddng hd nén ¢ thay doi tir = dén 0, nén
0
I= JZsin t(—2sint)dt + 2(cost +sint)2 costdt
7(; 0
= j(4cos2t +2sin21)dt =| 2sin2¢ —cos2t | =0.

Vé6i cach khac, tir dang thirc x> +y* =4, y>0, ta suy ra y=+4—x>, v6i
X € [—2,2} , va do do

1:2 VA= xPdx + (x + 34— x?)—2 }dx
1[2_ V4 - x?

=j 4—x* —x—z—x]dx=j4_—2xzdx
-2 V4—X2 —2\]4—)62

=2'(\/H— 2 ]dx

) 4 — x*
2
= 2{§\/4 —x* + 2arcsin§ — 2arcsin§} =0.
-2

Ta cling co thé tinhlbéng cach tir x? +y2 =4,y2>0, ta viét (C):x=+4-y".
Nhan xét

i) Mot dudng cong c6 thé biéu dién bang nhiéu phuong trinh tham sb khac
nhau. Tuy nhién gia tri cua tich phan duong khong phu thudc vao cac biéu dién
tham sO cu thé cua duong cong,

(x(0),y(0),2(0)), (u(s),v(s),w(s)),
vol a<t<b,c<s<d.

That vay, tdn tai song anh kha vi ¢ :[c,d] — [a,b] sao cho
(u(s),v(5), w(s)) = (x(0()),3(9(5)).2(0(5)))

229



vo1 ¢(c)=a,p(d)=b.
/ R\é
o T ¢
)
d

P
\x@,y@.z(t)

S

@) v(s)w(s))

c —

Khi do, ta co

e (]

e

chdx = Jb f(x(@),3(0),2(0)) x'(t)dr .
Dél blén tqu(S), qp(c) =a, qD(d) — b, ta c6

b

[ £(x0).3).20)x'0)dr = [ £ (x(0(5). 7(@(5).20(5)) - x'(9(5)) ' (5)ds

a

= [ £ () v(s)wis))u's)ds = [ fdu.
Vay

Lﬁh:Lﬂm.

Tuong tu cho céac tich phan con lai. Vay tich phan duong khong phu thudc vao
bi€u dién tham s6 cua duong cong.

if) Cho duong C ndi tir P dén Q, duong C~ sé& ndi tir Q dén P.
Q Q

Khi d6
Lﬁﬁk+g@+hﬁ=—kﬁh+g@HJﬂz
Thét vy, néu C c6 biéu dién (x(1),y(1),2(t)), a<1<b, thi C" c6 biéu dién

(x(a+b—1).y(a+b—1),2a+b-1)).
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Do do6
b dx
Jffdx:_[ f(xa+b-0,y(a+b-10,2a+b—1))—(a+b—1)dt.
C a dt
Doibién O=a+b—t,v6i O=b khit=a va O=a khi r=b,tacod
j”f(x(a+b—t),y(a+b—t),z(a+b—t))%(a+b—r)dr
=—[" (x(0).5(0),2(0)) x'(O)(~d6)

_ _b f(x(6),(0),2(6)) x'(6)d6

=~ fdx.

JC

Tuong tu

| _edy=—|_gdy,|_ hdz=~| hd:.

iif) Truong hop duong cong C dugc ndi bang cac dudng cong C.C,,..,C  ta
dinh nghia

jcfdxzjc fdx+jc fdx+...+L fdx .

Tuong tu cho JC gdy,jc hdz .

Cy

P

V) Voi  F(x,y)=(P(x,y),0(x,y)) va voi vecto tiép tuyén don vi
a(x,y) =(a,(x.y).a,(x,y)) cing huéng véi C, ta c6

| PCey)dx+QCey)dy = | P(x,y)dx+ [ Q(x.y)dy
= JC F(x,y).a(x,y)ds.

v) Truong hop duong cong C 1a mot dudng cong khép kin trong R* (nghia 1a
P =Q), bao gio chung ta ciing c6 hai tich phan duong theo hai cach di chuyén cua
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diém (x(t), y(t)) trén duong cong theo chiéu kim déng ho hay nguoc chiéu kim
dong ho. Néu goi mot duong 1a C thi dudng kia la C~.
P=Q W P=Q W

II1. Bai toan tim F txr VF
Ta xét bai toan véi ham hai bién. Cho hai ham f(x,y), g(x,y) xac dinh trén

mot tip mé U c R*. Gia sir (f,g) 1a gradient cia mot ham ¢ kha vi lién tuc trén
U nghiala (f,g)=V¢ hay

_0p _0¢
f= g—ay-

ox’
Ham ¢ goi 1a ham thé cua (f,g). Trong trudng hop nay, tich phan duong chi
phu thudc vao diém dau va diém cudi cua duong cong.

Pinh 1y 3.1. Cho ham (f,g) lién tuc trong mot tdp mé lién thong Q. Cho hai diém
P,QeQ va C la mét dwong cong noi Pva Q. Khi dé

IC fdx + gdy

khong phu thuoc vao cdach chon dwong cong C néu va chi néu ton tai mét ham
kha vi lién tuc ¢ trén Q sao cho V¢ =(f,g). Hon nita

[ fix+ gdy =$(Q) - §(P).
Pdc biét néu C la dwong cong kin, nghia la P =Q, thi
jcfdx +gdy=0.
Chirng minh. Trudc hét, ta chirmg minh chiéu dao. Gia sit Vg =(f,g), ta ching to

[ fdx+ gdy = Q) - §(P).
That vy, gia st C kha vi va ¢6 biéu dién tham s6 (x(1),y(1)), v6i a<1<b, ta
co
[ -+ gdy =[] £ (x(0).50)x'0) + g (x(0).y(0))y' ) ]t

Mat khac, ta lai co
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%qﬁ(x(t),y(r))=%(x(t),y<t))x'<t)+%(x<r),y<r>)y’<z)

= £ (x(0),y0)x'0)+ g(x(1),y(1)) Y (2).
Do do6

Jo f+ gdy = _[:%(b(x(f),y(f))dt

= ¢(x(b),y(b)) - ¢(x(a),y(a))

=9(Q)—¢(P).
Nguoc lai, gia su JC fdx + gdy doc 1ap theo dudng véi moi C trong Q. Liy mot

diém P, bat ky trong Q, voi moi Q =(x,,y,) trong €2, ton tai dudng cong C kha

vindi P, va Q. Ta dit
$(x,,y) = [ fde+gdy.
Véi C nbi P, va Q, ta chirng minh
Vo =(f.9).
Tht vy, do Q m& nén ton tai &, >0 sao cho B((x,.y,).8,) = Q. Khi d6, voi
‘h‘ <o,,tacod
[Cey) =y = |7 <5,

nghia la (x,y,) eB((xl,yl),5l)cQ. Ta xet truong hop x, +6, >x>x,. VGi doan
thang C, ndi tr (x,,y,) dén (x,y,), taco

P(x,y,)= Lfdx + gdy + L fdx + gdy

=¢(x,y,)+ _[C fdx + gdy.

V6i C, c6 tham sb (x(1),y(1)) = (t,y,).x, <t <x.Tacd

. fdx+gdy=|" flt.y)adi+ [ gty di

= ff (¢,y,)dt.
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Do dinh ly co ban cua phép tinh vi tich phan,

d d [
E¢(X,yl)—£(Jx1 f(t’yl)dt)_f(x,yl)’

vOi x, < x<x, +0,. Mit khac

Lot =Ly,
Vay
o
a(x,yl) =f(x,9),Vx, Sx<x +9,.
Tuong tu,
o

a(x,yl)zf(x,yl),%c1 -0, <x=<x,.

Ta suy ra ham ¢ c6 dao ham riéng theo x tai (x,y,) va

o

a(xpyl):f(xpyl)-

Tuong tu
%(xl,yl) =g(x.,y).
Tém lai Vg =(f,g) va dinh 1y dugc chirmg minh.
Vidu3.1. Tinh I = j ydx + xdy voi Cnbi (0,1) va (3,4).
c
Giai

Xeét ¢(x,y)=xy,tacd % =y, %: x,Vp=(y,x).
ox oy
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Suy ra I = ¢(3,4)— $(0,1) =12.

Dinh 1y trén cho théiy su trong duong cua viéc tdn tai ham thé cua cap (f,g)
vo1 sy doc lap voi duong léiy tich phan. Ta tim mot diéu kién du dé cap (f,g) cb
ham thé. Néu V¢ =(f,g) thi

o, %

Ox oy &
Néu ¢ c6 dao ham béc hai lién tuc thi theo dinh 1y d6i tht tu 1y dao ham, ta c6
F_0_09 _o
dy 0Oyox 0Ox0Oy Ox
Thém mot sb diéu kién khac, day ciing 1a diéu kién du dé cip (f,g) c6 ham thé

¢ . Dang fdx + gdy voi Z—f = 2_8 goi 1a dang vi phdn toan phan.
y Ox

Ta c6 dinh 1y sau

Pinh 1y 3.2 (diéu kién da dé ton tai ham thé). Cho ham f,g khd vi lién tuc trén
hinh chit nhdt [a,b] % [c,d]. Néu

A_% o [a,b] X [c,d]

oy Ox

thi ton tai ham ¢ sao cho V¢ =(f.,g). Hon nita ta c6 thé viét
p(x.y)= [ f(Xe)axX + [ g(x,¥)dY .

Chirng minh. Ta co

d X
E(L f(t,c)dt) = f(x.0)

(x,y)

R

a X b

Mait khac do ham Z—g kha vi lién tuc V(x,t) €[a,b]x[c,d] nén ta cd
X
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d(p _['% _ra
dx( I g(x,t)a’t)— I . (x,t)dt I . (x,)dt

= f(x.y) = f(x,0).

Vay
0
e = 0+ () - fx0))
= f(xy).
Tuong tu ta co
0
—¢(x,y) =g(x,).
Oy
Vay Vo =(f,8). m
Dung dinh 1y trén, ta thﬁy rﬁng néu cap (f,g) thoa
9 _o8
oy Ox

trén mot hinh chir nhat [a,b] x[c,d] va P,Q €la,b]x[c,d] thi v&é1 moi dudong cong
C nbi tr P dén Q trong hinh chit nhat ta c6

[ fie+ gdy =) - p(P).

Vay, thay vi phai tinh tich phan duong theo mét duong C da cho ta co thé tinh
theo mQt duong D khac dé dé tham s6 hoa hon.

Vi du 3.2. Cho C dudng cong ndi tr A(1,1) &n B(5,5). Tinh
IC yidx +2xydy.
Giai
Taco f(x,y)=y", g(x,y)=2xy va

¥, %
oy ox

Vay fdx + gdy 1a dang vi phin toan phan trén R*, tich phan dudng cong trong
truong hop nay chi phu thude tr A(1,1) dén B(5,5). Thay vi tinh theo C, ta tinh
theo duong théng D nditr A(1,1) dén B(5,5) 1a y=x, 1<x<5.

Khi do
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5 5
J.Cyzdx +2xydy = szdx +2x7dx =J3x2a’x =124.
1

1

of Og

Ngoai ra, néu 8_ :8_ trén mot hinh chit nhat [a,b]x[c,d] va cac dai lugng
y  Ox
nay déu lién tuc, ta c6 thé tim dugc ham thé cua ( f,g) nhu sau:

Do Vo =(f,g),taco

B(x.y)=[ Fx.y)dx+h(y),
vo1 h(y) chua biét. Pao ham déng thue trén theo y, taco

9 _0 :
S [Feeyde+n(y).
hay

H(y)=g(x,y)— %j f(x,y)dx.

Ta suy ra dugc ham 5.
Vidu3.3. Cho f(x,y)=3x"+2xy va g(x,y)=x>+y.
a) Kiém tra fdx + gdy 1a dang vi phan toan phﬁn.
b) Tim ham thé F cua (f,g).
c¢) Tinh J fdx + gdy véi (C) 1a duong cong bat ky ndi (1,0) téi (2,-2).
C
Giai

a) Do 2l =2x= % ,tasuyra fdx+ gdy 1a dang vi phan toan phan.
'y X

b) Ta co a—F:f(x,y). Suy ra
ox
Fx,y)= [ fOy)dx +h(y) ="+ x7y + h(y)
va
oF ,
g(x,y)=—=x"+1(y)
dy

nén h'(y)=x"+y—x" =y, nghiala
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y
h(y)=—+C.
0 5
Tom lai
yZ
Flx,y)=x"+xy + By + C.
¢) j fdx + gdy =F(2,-2)— F(1,0)=1.
C

IV. Dinh ly Green

Cho Q 12 mot mién lién thong bi chan c6 bién 0Q 1a hop cia mot s6 hiru han
duong cong dong kha vi (xem hinh)

Céac dudng cong dugc tham sb hoa theo huéng nhu sau: bién ngoai C ¢o chiéu
nguge kim dong hd, bién trong (C,,C,,C;) c6 chiéu thuan chiéu kim dong ho. Mot
trong nhirng phuong phap nhén ra duoc cach tham s hoa nay nhu sau: khi di
chuyén trén bién theo hudng da cho thi mién Q ludn & phia tay trai. Phuong phap
nay tranh dugc truong hgp sau

Trén hinh v& c6 mét doan dudng cong dudng nhu duge dinh huéng theo chiéu
dong ho.
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Truong hop © chi c6 mdt bén ngoai, ta n6i mién Q don lién (xem hinh). Khi
do tich phan duong theo hudng nhu trén hinh v€ dugce ky hiéu la 4)

Ta s€ phat bleu va ching minh dinh 1y Green vé su tuong quan gilta tich phén
boi trén mot mién véi tich phan duong trén bién cua nd. Trudc hét, mot mién

D c R* duoc goi la don gian khi no 1a mién don gian theo ca hai truc Ox va Oy,
nghia la c6 cac ham f,f,,g,,g, thudc lop C' sao cho
={(r.y):ie<y<d.f;(N<x<f,()]
= {(x,y) ra<x<b,g(x)<y< g2(x)}.
Ta co

Pinh ly Green. Cho mién Q la hoi roi nhau cia mot sé6 hitu han mién don gian.
Voi moi cap ham P,Q kha vi lién tuc trén Q va lién tuc trén QU 0Q, ta co

'”Q((’;—S — 2—5] dxdy = Cj)m Pdx + Qdy.

Chirng minh. Ta lan luot ching minh cho cac mién don gian theo hai truc Ox va
Oy.

Truong hop 1: Mién Q 1a mién don gian theo hudéng Oy,

:{(x,y):anSb,gl(x)Syng(x)}.

Ta ching minh

—” dxdy j Pdx .

That vay, ta co

&) OP
X —_ s
JJ d dy = J U (x y)dy]dx
_J |: x gz(-x) (-xagl(x))]dx
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N i
Yy =8gq (X) d
e - £
T x=hy|(y) x=hy(y)
W
y=g1(x) ¢ >
a b > g

Mat khac
JaQde = JCI Pdx + JQ Pdx

(Do C,:x=a,C,:x=b,taco JCZde:JC4de:O).

C, cothamso héala x=1,y =g (¢),a<t<b,C, cothamsb hoa x =1,y =g, ().
Vay

[ Pdx= jabP(t, g (),
j Pdx = —j Pdx = j P(1.g,(t))tdr.
Viy ta suy ra
-[cl Pdx + _[Q Pdx = Lb[P(t, g,(1)- P(t,gz(t))] dt
= —J‘:P(x,g2 (x)) - P(x,gl(x))dx.
Tur do ta co
” —dxdy = —jaQde .

Trwong hop 2: Mién Q 1a mién don gian theo hudéng Ox. Tuong tu nhu trén
(xem nhu bai tap), ta co

H —Cdxdy = j Ody .

Truong hop 3: Mién Q vira 13 mién don gian theo Ox, vira 1 mién don gian
theo hudng Oy . Khi do, ap dung truong hop mot va hai ta co

—” dxdy j Pdx,
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_H dxdy J Qdy.

Cong hai dang thirc lai ta co

J.J.Q (Z—S — 2—5] dxdy = LQ Pdx + Qdy .

Truong hop 4: D6i v6i mién Q ¢ thé chia thanh nhiéu mién nho c6 tinh chat
nhu truong hop 3 cho tirng mién nhd, sau do ta cong cac két qua lai (xem hinh).

Vo
M
\
%
“
M
\l/ &
Tong cac tich phan dudng & phia trong bang khong. Vay ta c6 két qua can tim.
u
Vidu4.1.
a) Tinh / = J (xy+x+y)dx+(xy+x— y)dy) trong do £ la elip x—+% =1 theo

chiéu duong.

b) Tinh dién tich cta hinh D giéi han béi x=acos’t, y=asin’t (a>0,
0<t<L2x).

Giai
a)Pit P=xy+x+y, Q=xy+x—y vaD la mién duoc gidi han boi E. Ta cd
0 oP
I = de+Qdy ” 99 _op dxdy
< ox Oy

:"[(y+1—x—1)dxdy

D

= J (y — x)dxdy.
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X =arcost
y = brsint
vo1 te[0,2x], re[0,1]. Ta cd J =abr va do do

2z 1

I :abjjrz(bsint—acost)dra’t
00

= %b[—bcost - asint}:r =0.

b) Ta co
S:”w@.
D

Chon Q(x,y)=x, P(x,y)=0.Taco

S = ” 8_Q_8_P dxdszde+Qdy=dey
Oy oD
2 2
Jacos t.a3sin’ tcostdr = 3a* Jsm tcos’ tdt
0 0

“1-cos2t( 1 2 2 2%
:3a2'[ cos t( *cos t] dt :3% sin” 2¢(1+ cos2t)dt

0 2 2 0
2 ( 2x 2
: 17 .
_3@ Jsmz 2tdt + — _[ sin’ 2t(200s2t)dt]
8 0 2 0
3a*| F1 cos4t 1s1n 2t ] 3a° 1 1 i
= J =——|t——sin4t
3|1 3| T8l A
3a2 27r
=—2m)=
( )= 2

§2. TICH PHAN MAT

I. Pinh nghia tich phan mat loai 1

Cho § 1a mdt mat kha vi trong R* xac dinh bai phuong trinh tham )
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x = x(s,1)
S:<y=y(s,1), (s,)e D cR>.

z=2(s,1)

Vi f1a mot ham s6 lién tuc trén S, ta dinh nghia
”S fx.y.2)do = | jD F(x(s.0.5(s,0),2(5,0 )WEG — F*dsd
Cht ¥ ring VEG — F* =l nl, véi
oxY (ay) (oz)
Os Os Os

poOxar Oy G
Os Ot Os Ot Os ot

oxY (ay) (ozY
G= _X + _y + _Z .
ot ot ot
Ménh dé 1.1. Néu mdt (S):z= f(x,y) véi (x,y)e D thi

”f(x,y,z)da = ”f(x,y,z(x,y))« M+22 + zidxdy.

N D

Chi y: | Ldazs la dién tich mat (S).
Vidu 1.1. Cho S la mit x* +y>+7° =4, z>1. Tinh
I:”(x2+y2+(z—2)2)d0.
3
Giai
Tacoz=+4—x"—y* >1 cho

x*+y><3.

Suy ra
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R

X =y 4-x"-y

2

/4_x2_y2°

Xét mién D = {(x,y)/ x*+y? S3}. Taco

I = ”(x +y+z 2 )da

_”{x +y +(\/ )} 2 dxdy
\/4 xt -y

27[\/5

=2 r2+(\/4— 2—2)} rdrdo
0oL V4 -1’
27.r\/.§_

=2 r’+4-r’+4-4 4—r2} drdq)
00" N4-r
223

=8 2— 4—4 =drdgp
0ot V4 -7

B r
=167rj(2 r]dr
0 4—7’2

B
:167{2 4r2%} —8r.

0

Nhén xét: Tuong tu cac phin hoach mat S thanh » mat con §, vo6i dién tich A, o

va v&i mbi k, chon My(xi, yi, zi) €S, thi tich phan mat

HSf (x,y,2)do

duogc coi nhu 1a gi61 han cua tong

Zf(xk,yk,zk)AkG.
k=1

Do d6, néu f1a ham mat do (khéi lugng trén mot don vi dién tich) cia mat S thi

j L fdo chinh 1a khéi luong ctia mit .
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I1. Pinh nghia tich phan mat loai 2
Bay gio, vo1 mot truong phdp vecto don vi N = (n,n,,n,) lién tuc trén § va
F=(f,g,h) la mot truong vecto lién tuc trén §, ta dat

..sfdydz:..sfnlda’

] Sgdxdz =] Sg.nzda,

Jg hdxdy = I h.ndo.

Nhin xét:

i) voi mat (S) cho bo1 phuong trinh tham )

x =x(s,1)
(8):9y=y(s,0)
z=2(s,1)
hai phap vecto don vi cua S cho boi
N=22"%
a xa,

voi

—

e Oy 0z
a = (a(si’tj)’a(si’tj)’a(si’tj)]’

— [ oOx Oy 0z
a,=|—«(s.,t.),—(s,t.),—(s,t.) |
: ((’%(’ ’) 6t(’ ’) 8t(’ ’)]
bac biét vo1 S : G(x,y,z) =0, ta c6 hai phap vecto don vi
N=+29
Vel

ii) Bang cach dat
|| fdydz+ gdzdx + hdxdy = [[ fdydz+ ([ gdzdx+ [ hdxdy,

ta cO

|| fdydz+ gdzdx + hdxdy = [ FNdo ,
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Vo1
fﬁ = fn,+gn,+hn,.
Chu y: Néu (S):z=z(x,y), (x,y) e D, thi

—_—

n= i(_zxa_zyal) ) N =

| =

S|

Chon N hudng ra ngoai mat (), ta co, voi F= (f,g,h),

([ fdydz + gdzdx + hdxdy = [[F.Ndo = [[FN A1+ 22 + 2 dvdy
D

S S
= jj F.jidxdy.
D
Truong hop (S): x = x(y,z) hoac (S):y =y(x,z) dugc tinh toan tuong ty.
Vi du 2.1. Tinh J J zdxdy trong d6 (S) 14 phia ngoai mat cau x> +y> +z> =1.
S
Giai
Xét S, nira mit cau trén z=+/1-x" -y = f(x,y) v6i x> +y* <1 va S,, nira
mit cAu dudi z=—/1— x> —y* = g(x,y) véi x> +y* <1.
Ta cb ﬁS1 =(—f.,— fy ,1); F=(0,0,z) va bang cach dung toa do cuc trén mién

D= {(x,y)‘x2 +y° < 1} , taco
_Uzdxdy = ”ﬁl—xz —y*dxdy = 2?”
S, D

Tuong ty, v6i iig =(f,.f,.~1), ta duge
([ zexdy = [[gCe,dxdy = [[1-x* = y*dxdy = 2% |

Tom lai, ta cSo ! ’

([ zdxdy = 4?”,

S
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I11. Pinh ly Divergence
pé nhan duoc mot két qua tuong tu nhu dinh ly Green, ta dinh nghia cac mién
don gian trong R’ nhu sau

Mot mién D < R® duoc goi 1a don gian khi no6 1a mién don gian theo cé ba truc
Ox, Oy va Oz, nghia la cac ham f,, f,, g,, &,, h,, h, thudc 16p C' sao cho

D:{(x,y,z (y,Z)GDpﬁ(ysZ)<x<fz(y’Z)}
:{(x,y,z (x,z)eDz,gl(xaz)<y<gz(x’z)}

{2y s (x) <2< (w)

trong d6 D,,i=1, 2, 3, 1a cac mién mé trong R>. Ta co

SN N —

Dinh ly Divergence (dinh ly Gauss). Cho F= (f,g,h) la mot truong vecto thuoc

’ ’ . A A . A . > 3 \ \ A . A 5 \ A
l6p C' xdc dinh trén mot mién bi chan Q c R’ va D la mot mién con cua Q la hoi
cua mot s6 hitu han cac mién don gian roi nhau. Néu CQ co bién S la mot mat kha

vi trong €, thi véi phdp vecto don vi ngodi N cia S déi véi D, ta ¢6

11, (af ai ah]dxdydz = [[. fdydz + gdedix + haxdy

hay
([ jDv.Fdxdydz = Sfﬁdo.

Chirng minh. Ta chi can chimg minh rang

[l Dg—ildxdydz = ”S hdxdy .
Céc dang thic

I”D Z—i dxdydz = ”S gdzdx,

([ j  cdudydz = ([, rdvaz

dugc chiing minh tuong tu.
Hon nita, twong ty nhu chimg minh cta dinh 1y Green, ta 1an luot xét truong
hop dac biét khi mién D c6 thé biéu dién dudi dang
P(x,y) <z<y(x,y), (x,y) € ®
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v6i @ 1a mot mién trong R* ¢6 bién 13 mot dudng cong kha vi C.
Khi d6, mit S duoc chia thanh ba phan
i) S = {(x,y,go(x,y))‘(x,y) € a)} vo1 phap vecto
= 1
N = 2 ((Px,(/)y,—l).

J1+(0.) +(o))

ii) §, = {(x,y,l//(x,y))‘(x,y) € a)} vo1 phap vecto

N = ! (—l//x—l//y,l).

D) +(v,)

iii) S, ={(x,y,2]@(x,y) €2 <y (x,y),(x,y) € C} véi phép vecto N= (a.a,,0),

trong do (a,,a,) la vecto phap tuyén don vi ngoai cia C d6i v6i  trong R>.
§, chinh la mét dudi cua §, §, 1a mat trén va §, la mat bén.
Tur dinh nghia, ta suy ra
J.J‘S hdxdy = ”w {h(x,y,l//(x,y)) — h(x,y,(p(x,y))} dxdy .
Mat khac, do dinh ly Fubini, ta co

T, v [] [ e s

:Hw{h x’y’%”(xa”)—h(x,y,qo(x,y))}dxdy
va déng thure dugce chirng minh.

Trirong hop tong quat: Tuong ty nhu d6i v6i chimg minh dinh 1y Green, bang
cach chia mién D thanh nhiéu mién con don gian roi nhau. Tich phan bi trén D
chinh la téng cua cac tich phan trén cac mién con va do két qua trén, duoc viét
thanh tong nhiéu tich phdn mat. Cac mit khong nam trén S dugc xudt hién ting
cdp voi cac phap vecto ngoai d6i nhau nén tong cac tich phan trén cdc mit khong
nam trong S bang 0 va dinh 1y dugc chimg minh.

Vi du 3.1. Tinh J J zdxdy trong d6 (S) 1a phia ngoai mat cau x> +y> +z> =1.
S

Giai
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Véi h(x,y,2)=1z, ?: 1, ta duoc
Z

([ zxdy = [[[ dxdydz

S B

trong d6 B 13 hinh cau tAm O ban kinh 1. Do d6
4

Jsfzdxdy = J_l[_[dxdydz:V(B) -7

IV. Dinh ly Stokes
Gia su S la mot mat dinh huong tron tung manh, bién cua no la dwong cong kin
T tron tirng khiic. Néu P(x,y,z), Q(x,v,2), R(x,y,z) thudc I6p C\(S), ta c6

OR 0Q OP OR
Pdx+Qdy+ Rdz= ||| ——— |dydz +| — —— |dxdz +
'r[ *+Ody © J;J(ay ﬁz]yz [(% 8x)xz
+8—Q—8—dedy
ox Oy

trong dé hwomg T dwoc chon sao cho khi ta di theo hwdng dy mién S nam bén tay
trdi cua ta.

Vi du 4.1. Tinh j (y +2)dx + (x + 2)dy + (x +2y)dz, trong d6 T 1a giao tuyén ciia
I

hai mat x+y+2z=0 va x> +y”> +z> =b* chiéu trén ' 13 nguoc chiéu kim déng hd
néu nhin vé phia truc duong Ox.
Giai

Tacé P:y+z, Q:x+Z9 R:x+2y, Py:Pz :1, QXIQZII, szl, Ry:2.

R rang I 1a dudng tron 16n ciia mat ciu x° +y* +z° =b* boi mit phang qua
tAm mit cdu x+y+z=0. Vay (S) 13 hinh tron d6 c6 ban kinh » (mit phing
X +y+z=0 hudng vé x > 0).

Do do6

I = [Pdx+Qdy + Rdz
r

= [[(R, - Q.)dydz +(P. - R )dxdz +(Q, ~ P, )dxdy
S

= J dydz.
S
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Ngodi ra, do F =(1,0,0), i =(LL), i, = (4.7, ta co
1

I= ”Fn do = (”da — b’

V. Mét chirng minh cho cong thire ddi bién

Bang cach dung cong thirc Green, ta dwa ra mot chimg minh cta coéng thire d6i
bién cho tich phan bdi hai. Truong hgp tich phan bdi ba dugc chirng minh tuong
tu.

Dinh ly. Cong thuc

o(x,y)
o(u,v)

dudy

J.J.ny F(x,y)dxdy =iJ.J.RW x(u,v),y(u, v)}
théa véi cdc diéu kién sau:
(i) Bién cua R, va R lan ot la cdc dwong cong C' tirng khiic C,vacC,.
(i) Ham F thuéc I6p C' trén mot qua cau D, chira R, .

(iii) Cdc ham x = f(u,v), y=g(u,v) thuéc Iép C* trén mdt mién D chira R,
Khi (u,v) thay doi trong D thi (x,y) thay doéi trong D, .

(iv) Khi (u,v) chay trén C_, thi diém (x,y) tuwong ung (x = f(u,v),y =g(u,v))

thay doi trén C,: Néu (u,v) chay trén C theo chiéu dwong thi (x,y) ciing chay

theo chiéu dwong (itng véi ddu + trong cong thirc) va chay theo chiéu am (itng véi
ddu —).

Chirng minh. Dé chimg minh dinh 1y, chi y ring ta ¢ thé biéu dién F(x,y) dudi
dang

a0

F(x,y)= ™

trong D_, véi O thude 16p C' bang cach dat

0= j F(t,y)dt

trong do, (xo,yo) latamcua D .
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yl

Q)

Do dinh ly Green, ta c6
[, Foonti= ], Lt~ 0

Tich phan duong dey c6 thé viét lai 1a

0
9. 0y =2, o[ g v)]( St dv]
Tich phan duong tay phai c6 dang

_0% o _
¢Cuv Pldu+Q1dv, Pl _QE, Q1 - 5

trong d6 P, va Q, thudc 16p C' trén D_ . Lai do dinh ly Green,

(j) Pdu+Q1dv ” (GQ aP}dudv

ov

2 2
_” 9Q g . 58_5_Q@_g Qég dudy
ou 8v 8u8v ov Ou ovou

- 000of 000g\0g (0Qaf 000808 |,
Ox Ou Oy ou)ov \ Ox Ov 0Oy Ov )ou

_J-J- 8Q 8f8g 8f8g dudy
R, ouov 0Ovou

0(x,y) dudv

= [, F(£»,g0)- o)

vi 8Q/8x =F(x,y). Tasuyra
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o(x,y)

Jf, Foeydsy =[], F(xtuyun)Z o dudy.

o(x,y)
o(u,v)

o<V (R, )= ], dtr=s]], 25D g

Ta suy ra rang khi (u,v) di chuyén trén C  theo chiéu dwong thi (x,y) di

o(x,y)
(u,v)

Nhan xét: Khi F=1 va luén luén duong (hay ludn luén am) thi tir dang

thuc

>0 va theo chiéu am khi

chuyén trén C,, theo chiéu duong khi

o(x,y)
o(u,v)

<0. Tir d6, ta nhan dugc cong thirc tong quat

M dudv
o(u,v)

Jf, F(xy)dxdy =[], F(xv)y)

Khi o(x,y)

ludn ludn duong (hay ludn luon am).
o(u,v)
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BAI TAP CHUONG 5

Bai 1. Tinh tich phan duong trén mit phang xOy
[ 3 2 L2 \ Je
a) ).y dx+xdy, C:y" =x tu (0,0) dén (1,1).

2 2

b) .C y*dx + x*dy, C 1a nira trén elip x_2 + % =1 nguoc chiéu kim dong hé.
. a

0) _'C(3x+ 2y)dx +dy, C:y=4x-2x" tir (2,0) dén (1,2).

d) .C xdx +y’dy, C1a nira vong tron phia trén ban kinh 1 tr (1,0) dén (—1,0) :

e) :xdx+xydy, Cladoanthing x=1, 1<y<4.

f) jc (x+y)dx, C Ia doan thing ndi (1,2) toi (-2,0).

g) _[xdx+xydy, C la doan thang y=2, —-1<x<1.

h) jc(x2 +3y")dx + xdy , C la vong tron x* +y* =9 ditir (0,3) dén (-3,0).

i) Tinh jc y’dx +x*dy (C) 1a cung y=4—x> nam phia trén Ox thuan chiéu kim
dong ho.

i) Tinh jc(xdy + ydx) trong d6 (C) 1a cung y =+/x nbi tir (0.0) toi (4.2).

Bai 2. Chuyén‘tfx tich phan trén duong cong kin C theo chiéu duong vé tich phan
hai 16p trén mién D trong d6 oD =C.

2) jc(l +x*)ydx + x(1—sin y)dy.

b) Ic2x cos ydx + x” sin ydy.

Bai 3. St dung dinh 1y Green dé tinh tich phan duong

a) Jc(xy +x+y)dx+(xy+x—y)dy voi C 1a dudng tron x” +y* =4 theo chiéu
duong.

b) chx+ e sinydy voi C la bién cia AABC, A(0,0), B(0,2), C(1,0) theo chiéu
am.

c) Ic—xzydx +xy’dy v6i C 1a dudng tron x” +y* =9 theo chiéu duong.
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Bai 4. Tinh c4c tich phan sau
a) .C x*ydx + xy*dy, C: duong nguoc chiéu kim dong hd xung quanh dudng cong
kin tao ra tir dudng x =4 va parabol y’> =4x.

b) (x +y)dx +2xydy, C: duong nguoc chiéu kim déng hd xung quanh hinh chir
nhat taoboi x=0, x=1, y=1, y=3.

c) . dey , Ctao boi x* +y* =4, y=0 trong nira mit phang trén theo chiéu nguoc
chiéu kim dong ho.

d) Tinh JC xdy ,C 1a dudng kin cta tam gic tao boi Ox, Oy, x+y =2 thuan chiéu
kim dong ho.

Bai 5. Cho (f,g). Kiém tra diéu kién dé fdx + gdy 1a dang vi phan dung va tim
ham thé F trong truong hop dang vi phan dung.

a) 2x+3y,3x—4y).
b) (x —ye™,—xe™).

c) (x> —y>,—2xy+Iny).
d) (e”,-2y—xe™).

e) (2x + ycosx,sinx).

3x*+y>  2x’+5y
f) 2 3 '

y y
g)(e” +2xcosy,e” —x’siny).
h) (X’ +y,x* +2).

Bai 6. Trong cac bai tp sau, chirng minh tich phan khong phu thudc duong cong
va tinh tich phan

2) jc(sinx +2y)dx+(2x+3y)dy; C la duong cong bat ky kha vi timg khue ndi
(0.2) dén (3.1).

b) jc(3xy2 +1)dx+(y+3x2y)dy; C la dudng cong bat ky néi tir (~1,-3) dén
(3.5).

0) jc (3x%y —dx +(x* +2)dy; C 1a duong cong kin theo chiéu thuan.
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d) jc(x—lz + 2y2]dx +(4xy +Iny)dy; Cndi tir (1,3) dén (3,1) trong mién x,y>0.

Bai 7. Chting minh ring mién Q thoa dinh 1y Green c6 thé tinh dién tich bang cac
cong thirc

SB@Q xdy , —LQ vdx , %(_’5@0 —ydx + xdy.
Ap dung dé 1am cac bai tap sau
a) Tinh di¢n tich tam gidc Q c6 cac dinh (1,2), (3.4), (-3,-8).
b) Dién tich tir gidc v6i céc dinh (1,2), (2.1), (110}, (6.12).
Bai 8. Tinh
a) ..Czdx +xdy +dz trong d6 C la cung x =asint, y=acost, z=t, -5 <t<Z2.

b) .Cydx+xdy+ydz trongd6 C lacung x=t¢, y=2t+1, z=1", 0<t<2.

c) ~C£dx +(x* +y*+7°)dz, trong d6 cung C la giao ciia x° +y° =1 va z=2x+4
-y
nam trong phﬁn tam thr nhat cta hé truc toa do ndi (O, 1,4) to1 (1,0,6).

d) Tinh jc(z + y)dx + (x + 2)dy + (y + x)dz trong d6 C la duong gap khuc nbi cac
diém (0,0,0), (1,0,0), (1,1,0) va (L,1,1) theo th t do.

e) Tinh Iczzdx biét C la giao ctia x*+y’ -2’ =4 va 4z=y ndi tir (2,0,0) toi

(045 %).
Bai 9.

a) Tinh Icyds trong d6 cung C la x =2cost, y=2sint, z=t, 0<r<2rx.
b) Tinh IC xzds trong d6 C 1a doan thﬁng ndi tir (O, 1,3) to1 (1,2,—4).

c¢) Tinh _[xds trong d6 cung C 1 giao ciia x*+y=4 va z=2x+4 nidm trong

phﬁn tam thr nhit cua hé truc toa do ndi (0,4,4) to1 (1,3,6).
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Bai 10.
a) Tinh ”S xdo , trong d6 mat S cho boi

X =UCoSV
S:<y=usinv, (0<u<3,0<v<m).

=V

b) Tinh j L(x2 +y*)do , trong d6 S 1a mit cAu x> +y*> +7° =9,
c)Cho S la phﬁn mit tru x° +y> =9, 0<z<2. Tinh céc tich phan sau

cl) ”Sdcf; c2) ”Syzda.
d) Tinh ”S(y+xz)da trongdd S 1a x+3y—-z+1=0, 0<x<1, [<y<2.
e) Tinh ”Sxda trong d6 S lamit x+3y+z-1=0, 0<x<1, 2<z<3.
f) Cho Sla mit x> +y* +7z° =9, z>1. Tinh cac tich phan sau

f1) [[ (& +y) zdo: 2) [[ . +y)dos

f3) j Is(x2+y2+(z—l)2)zd6; £4) j stzzda.

g) Cho S 1a phan mat x+y* —z=0, 0<x <1, 0<y<2. Tinh céc tich phan sau

1
gl) stmda; g2) ”S vdo.

h) Cho S 1a phin mat cau x*+y°+7°-8z=0 nam trong hinh tru
(x—4)’ +y” =16 va z>4. Tinh céc tich phan sau

hl) ”Sdcf; h2) ”S\/8z—z2a’0.
Bai 11.

2 2 2

a) Tinh ”S zdxdy trong d6 S 1a mat phia ngoai cua ellipsoid % + y? + 2o,

4
b) Tinh ”S(xzdydz + y’dxdz + zdxdy), trong d6 S 1a phia ngoai cia nira mat cau

x>’ +y' +7=R*, z>0.
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¢) Tinh ”S (yzdydz + xzdxdz + xydxdy), trong d6 S 1a phia ngoai cua tr dién tao
bdi bén mit phang x=0, y=0, z=0, x+y+z=1.
d) Tinh ”S xdydz + ydzdx + zdxdy, véi S 1a phia trén cia phin mit phing
x+2y—-1=0 néudl'mg doc Ox, nﬁmgiﬁa z=0vaz=2,x2>20, y>0.
e) Tinh j L dxdz + zdxdy voéi S 1a phia ngoai ellipsoid 9x> +9y” + 7> =9 va thuge
goc phan tam thir nhat.
f) Tinh

I = ”S xdydz + ydzdx + zdxdy
v6i S 1a phia trén cua phan mat phang x+2z—1=0, nam giira hai mit phang
y=0, y=2 vathudc goc phan tu thir nhat.
Bai 12. Sir dung dinh 1y Divergence (Gauss-Ostrogradski) dé lam cac bai tap sau

a) Tinh ”S(xydxdy + yzdydz + xzdxdz)v6i S 1a phia ngoai miat cau x* +y* + 77 =1.

b) Tinh ”S(xzdydz + y’dxdz + 7°dxdy) véi S 1a 6 mit phia ngoai cua hinh hop chir
nhat [0,1]x[0,2]x[0,3].

+ + . \ . i , e
c¢) Tinh ”S XCOSO zycoiﬂ 2zcos7/ do vo1 a, B,y 1a 3 goc cua vecto phap tuyén
X +y +z

i hudng ra ngoai cua mat S tao voi 5&,07,07 trong hai truong hgp sau

c)voi S:x*+y*+7° =1;

c2)véi S:x° +y* +7 =ay (a=0).
d) Tinh ”S (xdydz + ydxdz + zdxdy) trong d6 S la phia ngoai cua cac mat cua tr
di¢n OABC vdi A(1,0,0), B(0,2,0), €(0,0,3) con O 1a gbc toa do.

2 2 2
e) Tinh ” y’dxdz trong d6 S 1a phia ngoai cua ellipsoid x_2 + y_2 + Z—2 =1.
§ a b c
Bai 13. Cho D <R’ c6 bién oD la cac mit kha vi. Pt 7 =(x,y,2), R=|F|. Goi

i 1a vecto phap tuyén don vi hudng ra ngoai cia 6D . Pat F = R7 . Chitng minh

[[] Rdxdydz = i | LD Fiido .
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Tinh

.”.L? 2, 2 2\/362"'}’—2+Z2dxdydz

'+ <a
bang céach tinh truc tiép va cach ung dung cong thic trén.

Bai 14. Cho S 13 bién cia hinh tru x*+z°=2z, 0<y<l. Tinh
”S(xnl + y3n2 —zn,)do , trong do N = (n,n,,n,) la vecto phap tuyén huéng ra
ngoai cua S.

Bai 15. St dung dinh ly Stokes dé 1am cac bai tap sau

a) Tinh jc(y —2)dx +(z—x)dy +(x—y)dz, trong d6 C 1a ellipse x>+y* =1,
x+z=1 c¢6 chiéu ngugc chiéu kim dong ho néu ta dung theo chi€éu duong ctuia Oz.
b) Tinh jc((y +2)dx + (x +2)dy + (x +y)dz) néu C 1a vong tron x* +y* +7° =R’
va x+y+z=0 c6 chiéu thuin chiéu kim dong ho néu ta ding doc theo chiéu
duong truc Ox.

Bai 16. Cho ham u,v kha vi lién tuc t6i cap hai trén tip dong D trong R* co bién

o’u 0u -

C kha vi lién tuc. Trong bai nay ta st dung ky hiéu Au= Pyl + Pl va n la vecto
X y

don vi phap tuyén cua duong cong hudng ra ngoai tap hop D, 8_2 = D-u la dao
on "

ham theo hudng n .Chirng minh

a) [ Audxdsz. —a? ds.
JJD Can
b) I [uAv+Vqu}dxdy=J. u@ds

JIp ) c a;; )

on On
d) Néu v thoa phuong trinh Laplace Av=0 trén D thi

c) :D(uAv — vAu)dxdy = J.C(ua—K — va—l_d,] ds.

o ..
ICEdS—O

va
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() (3] -t

Bai 17. Cho u,v kha vi lién tuc bac hai trén tdp hop @ — R’ ¢6 bién 13 cac mit kha
vi. Chirng minh rang

a) I (uAv+Vqu)a’xdydz ” u—da
JJ ow an

b) ([ (uV*v + Vu.Vv)dxdydz = ”a uVv.ndo.

c) (uAv—vAu)dxdya’z=” u@—v%a’a
Teee  dn  On

d) [[[ Audxdydz= [ wu%da

e) ‘Vu‘ dxdydz = J.J. u—dG v6i u la nghiém cua Au =0.
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Phin doc thém

PHUONG TRINH VI PHAN

Phuong trinh vi phan 13 mot loai phuong trinh c¢6 nhiéu tng dung trong thuc té,
dung dé nghién clru sy vat trong sy chuyén dong. Pac biét, nod xuat hién nhiéu
trong linh vuc khoa hoc k¥ thuat va kinh té. Phan nay giéi thiéu vé mot s phuong
trinh vi phan cdp mot va phuong phap giai cho cic phwong trinh d6. Tinh chat
nghiém ctia phuong trinh vi phan tuyén tinh cp hai va phuong phép giai phuong

trinh vi phan tuyén tinh cdp hai v6i hé s6 hiang ciing duoc trinh bay chi tiét.

§1. CAC KHAI NIEM CO BAN

I. Pinh nghia phwong trinh vi phan
Pinh nghia 1.1. Phuong trinh vi phan 13 phuong trinh lién hé giira bién doc lap,
ham s6 phai tim va cac dao ham cta né.

Cdp cao nhat cta dao ham c6 mit trong phuong trinh dugc goi 13 cp cua
phuong trinh vi phan.
Vidu 1.1

1 d .
a) y+—=0; d_y = 3x + 21a phuong trinh vi phan cap 1.
X X

1 2
4V s, b

—5 =5 = x” 14 phuong trinh vi phan cap 2.
x° dx

b) y"=3xy—

c) ( y"')z + ( y")4 +y'="7x 1a phuong trinh vi phin cép 3.

d) %2 + 2 = x* + 2y la phuong trinh vi phan cap 1.
Ox Oy

2
e) % = x’ +1 1a phuong trinh vi phan cap 2.
X
Phuong trinh vi phan dugc goi la phwong trinh vi phdan thwong (ordinary
differential equation - ODE) néu ham cin tim chi phu thuéc vao mot bién duy
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nhit. Phuong trinh vi phan duoc goi 13 phwong trinh vi phin dao ham riéng
(partial differential equation - PDE) néu ham can tim phu thudc vao hai hay nhiéu
bién.
Vi du 1.2. Trong vi du 1.1, cac phuong trinh trong cau a, b, ¢ 1a phuong trinh vi
phan thuong, cac phuong trinh trong cau d, e 1a phuong trinh vi phan dao ham
riéng.

Noi dung cudn sach nay chi trinh bay vé phuong trinh vi phan thuong. Ta c6
dinh nghia sau
Pinh nghia 1.2. Phuong trinh vi phan (thudng) cap n ¢ dang

F(x,y,9"...,y")=0, (6.1)

trong d6 x 1a bién doc 1ap, y 12 ham can tim, y,y",...,»" 1a dao ham cac cap cua y,

biéu thic F(x,y,y",...,y™) thuc su chira y™.

I1. Nghiém cta phwong trinh vi phan
Pinh nghia 2.1. Nghiém cua phuong trinh vi phan (6.1) trén khoang / C R, la
ham y = y(x) théa phuong trinh (6.1) tai moi diém x € I .
Nghiém riéng cia phuong trinh vi phan la m{t trong cac nghiém cua nd. Nghiém
téng quat ctia phuong trinh vi phan 1a tap hop tat ca cac nghiém cua né.
Vi du 1.2. Chimg minh cac ham sd sau 1a nghiém cta phuong trinh vi phin
y"+4y=0 trén R
a) y =sin2x.
b) y="Tcos2x.
c) y=asin2x+bcos2x, a,b € R.
Giai
a) Taco y'=2cos2x va y"=—4sin2x, suy ra
y"+4y=—4sin2x+ 4sin2x =0,Vx € R.
Vay, y=sin2x la nghiém cua phuong trinh y"+4y =0 trén R.
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b) Taco y'=—14sin2x va y"=—28cos2x, suy ra
y"+4y =—-28cos2x+4(7cos2x)=0,Vx e R.
Vay, y =7cos2x la nghiém cua phuong trinh y"+4y =0 trén R.
c) Taco y'=2acos2x —2bsin2x va y"=—4asin2x —4bcos2x, suy ra
y"+4y=(—4asin2x —4bcos2x) + 4(asin2x + bcos2x) = 0,Vx € R.
Vay, y =asin2x + bcos2x 1a nghi¢m cua phuong trinh y"+4y =0 trén R.
Vi du 1.3. Trong vi du 1.2, y=sin2x va y=7cos2x la cac nghiém ri€ng,

y = asin2x +bcos2x la nghiém tong quét cua phuong trinh vi phan y"+4y =0,

§2. PHUONG TRINH VI PHAN CAP MOT

I. Phuwong trinh vi phan cép 1
Pinh nghia 1.1. Phuong trinh vi phan cép 1 1a phuong trinh ¢ dang
F(x,y,y)=0, (6.2)

2 ; d
trong do6 x 1a bién doc 1ap, y 1a ham can tim va y'= d_y :
x

Ta thudng gip cho phuong trinh vi phin cap 1 da giai ra d6i v6i y' ¢ dang
y'=rf(xy) (6.3)
hodc dang
P(x,y)dx+ O(x,y)dy =0. (6.4)
D@ dang bién doi phuong trinh vi phan tir dang (6.3) vé dang (6.4) va nguoc lai.
1.1.Bai toan Cauchy
Dinh nghia 1.2. Bai toan tim nghi€ém riéng cua phuong trinh
y'=rf(xy)
thoa mén diéu kién ban dau
y(xg) = ¥y

duogc goi 13 bai todn Cauchy (hay bdi todn gid tri ban dau).
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Dinh 1y sau ddy ma ta thira nhan, khong ching minh, cho ta biét véi didu kién
nao thi bai todn Cauchy c6 nghiém duy nht.

Pinh 1y 1.3 (Pinh 1y Cauchy). Nghiém ciia bai todn Cauchy ton tai va duy nhdt

PR . O A Lz
néu ham f(x,y) va dao ham riéng a—f lién tuc trén mot tap mo D c R* chira diém
o4

(%95 ¥o) -
1.2.Nghiém tong quat va nghiém riéng

Nghiém tong qudt cua phuong trinh vi phan (6.2) 13 biéu thuc y = f(x,C), trong
d6 C 1a hing s tuy ¥ sao cho

i) V&i mdi hing s C tily ¥, ham sé y = f(x,C) 1a mot nghiém cua (6.2).

ii) V&i moi diém (x,,y,) thudc mién chira nghiém, khi thay vao (6.2) thi cé thé
gidi ra dugc C = C, duy nhat.

Nghiém téng quat cua phuong trinh (6.2) duoc viét duéi dang ham an
@(x,y)=C duogc goi 1 tich phin tong qudt cua phuong trinh.

Moi nghiém y = f(x,C,) nhan dugc tur nghiém tong quat y = f(x,C) Gng voi
gid tri cu thé C = C, duoc goi la nghiém riéng.

Mot s6 nghiém cua phuong trinh (6.2) ma tai mdi diém cta no, tinh duy nhat

nghiém cua bai toan Cauchy bi pha v&, dugc goi la nghiém ky di.
1 .
Vi du 1.1. Phuong trinh y':§x2 c6 nghiém tong quat lay = x’ + C. Nghiém

3

y=x; y=x+5; y=x"+13 la cac nghiém riéng.

X

e
2

Vi du 1.2. Phuong trinh y'= c6 tich phan téng quat 1a y* =¢* +C, véi C la

hang sé tiy .
Chu ¥ rang, biéu thirc cho nghiém tong quat va cho tich phan téng quat phai
chtra mot hing sb tiy y. Biéu thirc cho tich phan tong quat c6 thé khong duy nhat.
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I1. Dwong cong tich phan

Pd thi cia mdi nghiém y = o(x) ctia phuong trinh vi phan da cho, v& trén mat
phang Oxy goi 1a dwong cong tich phdn cta phuong trinh nay.

Nhu vay, nghiém tong quat y = (x) trén mit phiang Oxy twong ting v&i mot ho
cac duong cong tich phan phu thudc vao mot tham sb 1a hang sé C bat ky. Nghiém
riéng thoa mén diéu kién bao dau y(x,) =y, tuong ung vo1 duong cong tich phan
di qua diém (xy,»,) cho trude cua ho do.

2

Vi du 2.1. Phuong trinh vi phan ;Z_y X ¢ nghiém tong quat 1a y=3/x’ +C .
X

2

Vé6i C =8, ta c6 nghiém riéng ciand 1a y=<x’ +8 (duong mau do).

I11. Mt s6 dang phwong trinh vi phén cép 1
3.1.Phwong trinh tich bién
Phuong trinh sau day duoc goi 1a phwong trinh tich bién
gy'=r1(x). (6.3)

Ta c6 thé viét (6.3) dudi cac dang sau

g(y)% — /().

g(y)dy = f(x)dkx.
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Phwong phap giai phwong trinh tach bién:
Néu phuong trinh c¢6 dang (6.3), ldy tich phan hai vé theo bién x, ta duoc
[eyiar= [ fx)ax
& [edy= [ fx)ax
S G(y)=FMx)+C,
trong d6 G(y) la nguyén ham ctia g(y), F(x) la nguyén ham cua f(x),va C la
hang sé tiy .
Néu phuong trinh ¢6 dang g(y)dy = f(x)dx, lay tich phan hai vé

[ ey = [ rxdx.
Vi du 3.1. Gidicac phuong trinh sau
a) y'=x—2x". b) y*y'=nx.
Giai
a) Lay tich phan 2 vé theo bién x, ta duoc

fy'dx:f(x—2x3)dx
@fdy:f(x—2x3)dx

2 4
X X

Sy=—-"_%C.
YT

2 4
Vay, nghiém tong quat cua phuong trinh 13 y = % — % +C, v6i C 1a hang sb

tuy y.
b) Lay tich phan 2 vé, ta dugc

fyzy'dx:fxdx
@fyzdy:fxdx
3



2
@y:?/%—l—D, véi D=3C.

2
Vay, nghiém téng quat ciia phuong trinh 13 y = 3 X +3C, v6i D 1a hang s6 tu
g ) g y

y.
Vi du 3.2. Tim nghi€ém cua phuong trinh e*dx — ydy = 0 théoa man y(0)=1.
Giai
e‘dx — ydy =0
< ydy = e“dx.

Lay tich phén hai vé, ta dugc

2
X y X
dy= | e'dx &—=¢"+C.
[vdy=[ .
Tur diéu kién y(0)=1, suy ra
2 —_—
l—zeO—I—C(:)C:—l.
2 2

2
Vay, nghiém y cua phuong trinh théa y? =e — % :

Chii y 3.1. Ta c6 thé dua cac phuong trinh sau vé dang tach bién
i) Phuong trinh c6 dang
M (x)Q(y)dx+ N(x)P(y)dy = 0. (6.4)
Vé6i didu kién N(x)=0 va O(y)=0, Vx,y, chia hai vé ctia phuong trinh (6.4)
cho N(x).Q(y), taduoc

M(x)dx-l— P) dy=0.
N(x) o)

ii) Phuong trinh c6 dang
dy

e S(x)g(). (6.5)
X
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Vé6i diéu kién g(y)=0, Vy, chia hai vé ctua phuong trinh (6.5) cho g(y), ta

duoc
y/
= f(x).
g(y)

iii) Phuong trinh c6 dang

d

—y:f(ax+by+c), (6.6)

dx

trong do a, b, c 1a cac hang so.

14 d d .
bat z=ax+by+c va xem z la ham so cua x, ta co d—Z:a—i—bd—y. Khi do,
x x

phuong trinh tré thanh

%—a:bf(z).

Vi du 3.3. Giai phuong trinh (14+x)y + (1 —y)xy'=0,x > 0.
Giai
Ta thdy, y =0 la mot nghiém ctia phuong trinh.

Xeét y =0, phuong trinh tré thanh

d=yy' I4x
y x

Lay tich phan 2 vé theo bién x, ta dugc

f—(l_j)y'dx:—fl—'_—xdx

@f i—l]dy:—f[%-i—l]dx

(z)ln‘y‘—y:—lnx—x—l—C

(z)ln‘xy‘—i—x—y:C.
Vay, nghiém tong quat y ciia phuong trinh thoa ln‘xy‘ +x—y=C, v61 C la

hang sé tiy .
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Vi du 3.4. Giai phuong trinh y'= x(3° +1).
Giai
Chia 2 vé ctia phuong trinh cho »* +1, ta duoc

'

y p—
y +1

X.

Lay tich phan 2 vé theo bién x, ta dugc
yV
dx = | xdx

@fyzz_ldy:fxdx

2
& arctan y :%—l— C.

Vay, nghiém tong quat cua phuong trinh 1a
2
X
=tan|—+ C|,

v6i C 13 hang sd tuy ¥.

Vi du 3.5. Giai phuong trinh y'= x——y—l

xX—y—2

Giai
y , dz dy o : " s
bat z=x—y—1. Tacé6 —=1——. Khi d6, phuong trinh tré thanh
dx dx

dz .z

dx z—1

dz —1

&F—= .
dx z—1

Lay tich phan 2 vé, ta dugc

f(l—z)dz:fdx
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2
<:>Z—Z—:X+C.
2

Thay z=x—y—1, ta duogc

=x+C

2
x_y_l_%

Sx—y—1)>+2y+2+2C=0.
Vay, nghiém tong quat y clia phuong trinh thoa
(x—y—1)*4+2y+2+2C=0,
v6i C 13 hang sd tuy ¥.
3.2.Phwong trinh ding cap

Phuong trinh vi phan
y'=rf(xy)
duoc goi 1a dang cdp néu ham £ (x,y) co thé viét duoc dudi dang
fxy)= 90[1] :
X
nghia la
y':go[l]. (6.7)
X

Nhic lai rang, ham f'(x,y) duoc goi 1a ham ddng cdp bdc m néu

JOxAY)=A"f(x,9).
Phuong trinh vi phan
P(x,y)dx 4 Q(x, y)dy =0 (6.8)

1a phuong trinh dang cdp néu cac ham P(x,y), O(x,y) 1a cic ham dang cdp clng

N ) _P A e .
bac. That vay, bang cach dua phuong trinh (6.8) vé dang y'= —Pxy) 101 chia tu

O(x,y)

N A ~ .z —P(x, 1 A <X
va mau cho x*, x* = 0 ta s& thay —Pxy) 12 ham s6 theo bién .

O(x,y) X
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Vi du 3.6. Ta co thé viét lai phuong trinh (xy — y*)dx — (x> — 2xy)dy = 0 nhu sau

2
y_[y]
dy  xy—y' _ x |x _<P[Z]
== — — .
dx x"—2xy 1—27Y

x

Phwong phap giai phwong trinh dang cip:
bat u= i ,tacd y=ux va y'=u'x+u. Khi d6, phuong trinh (6.7) tr¢ thanh
X

xu'+u=p(u)
S oxu'=p(u) —u.

Gia st p(u) = u va x =0, ta dua phuong trinh vé dang tach bién nhu sau

'

21
o(u)—u x

Lay tich phén hai vé, ta dugc
f du _ @
o(u)—u X
Tur do, ta thu dugce phuong trinh dang
®(u)=In|x|+ C

@@[Z]:ln‘x‘-l—C.

X
xy —y° ;
Vi du 3.7. Giai phuong trinh y'= 2y—y trén mién x> 0.
x° —2xy
Giai

Phuong trinh dugc viét lai du6i dang
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Dat u:Z, taco y=ux va y'=u'x+u.Khi do, phuong trinh tré thanh
X

xu'—l—u—u_u2
1—2u
' _uz
& xu'= —
1—2u
R S
SU =— .
x1—2u
Truong hop u =0= y =0 la nghiém.
Truong hop u =0, ta co
1-2u , 1
—u'=—.
u X

Lay tich phan hai vé, ta dugc

f4d1;22u u:fidx

<:>_—1—21n‘u‘:1nx+C

u
o2 om=mx+C
y X
2
@ln{Ky—]:—x (v6i K =e°)
x)
2 -x
<:>Ky—:ey
X
X 2 ] 1
e =D, (voi D=—).
X K
x 2 . .
» Y — D, véi D 1a hiing s6 tily

Vay, nghiém tong quét y ciia phuong trinh thoa e
X
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Y

2
Vi du 3.8. Tim nghi¢ém cua phuong trinh y'= [—] + Y

X X

Giai
Dat u = Z, taco y=ux va y'=u'x+u.Khi do, phuong trinh tré thanh
X

u'x+tu=u’+u+4

'

u

1
&—F=—
u +4 x

Lay tich phan 2 vé, ta dugc
1 1
du= | —dx
f u’+4 f X

& larc‘[an[z] = ln‘x‘ +C.
2 2

Thay u = 2 , ta dugc
X

1
—arctan Ay ln‘x‘ +C.
2 2x

Tur diéu kién y(1)=2, suy ra

%arctan(l) = ln‘2‘+ C& ng—lnl

Vay, nghiém cua phuong trinh la y =2x tan[Zln‘x‘ + % —2In 2].

Vi du 3.9. Giai phuong trinh (x + y)dx + (x — y)dy =0.

Giai
Ta co
P(x,y)=x+y,
Ox,y)=x—y

va
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PAx,A\y) = x+\y=\P(x,y),
O(Ax, Ay) = Ax — Ay = AQ(x, y).
Vay, P va O 1a cac ham sé dang cap bac mot nén phuong trinh da cho 14 phuong
trinh dang cap.

Cdch 1: V6i diéu kién x — y =0, phuong trinh vi phan da cho duoc dua vé dang

Xty
x—y'
Chia tir va mau cho x (x=0) ta co
1+
' X
y'=- :
-7
X

Dat u:Z, taco y=ux va y'=u'x+u.Khi do, phuong trinh tré thanh
X

1
u'x+u=-— tu
l—u
\ u’—2u—1
Su'x=—7-—7-—.
l—u

Véi diu kién u® —2u—1=0, ta c6
1—u 1
IS T L
u —2u—1 X
Lay tich phén hai vé, ta dugc
1—u 1
—du—= | —dx
fuz—Zu—l fx
<¢—%m@2—mk4kﬂqﬂ+c
& ‘uz —2u — 1‘ = ‘xfzefzc‘

su'—u—l=+x’e*“=Kx"
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Thay u = 2 , ta dugc
X

y' —2xy—x" =K.

Cdch 2: thay tryc tiép y =ux va dy = xdu +udx vao phuong trinh vi phan da
cho, ta co

(x —ux)(xdu + udx) + (x + ux)dx = 0.

Chia hai vé cho x(x = 0), ta dugc
(1 —u)(xdu +udx)+ (14+u)dx =0

& (1—u)xdu + (—u” 4+ 2u +1)dx = 0.

Véi dieu kién u* —2u—1=0, tacod

l—u .1
—————u :
u —2u—1 X
Céc budc tinh toan tiép theo dugc lam nhu trong cach 1.

Chu y 3.2. Phuong trinh dang

y':f[a1x+b1y+cl ]

(6.9)
a,x+b,y +c,

trong d6 a., b, c, (i=1,2) la cac hang s6, co thé dwa vé phuong trinh dang cap.

That vy, xét hé

ax+by+c =0
a,x+by+c,=0

a |

| 0.hé c6 nghiém (a.3). Dt {x

Truong hgp dinh thue

, taco
a, b

dx=du,dy=dv,v=v(u).

Phuong trinh tr¢ thanh L4 =f aptby 1a phuong trinh dang cap.
du a,u + b,v
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a, b

) |= 0 ton tai hing s6 A€R thoa a, =\a, va
a, b

Truong hop dinh thuc

by=Xb,. Dat z=a,x+b,y, tacod ax+ by = A\z.Khido, phuong trinh tr¢ thanh

d
dx

Az +¢

z+c¢,

b,f

1a phuong trinh dang tach bién.
Vi du 3.10. Gidi phuong trinh (x — y)dx+ (2y —x+1)dy=0.

Giai
Vi didukién 2y —x—1=0, ta co
(- —.X'-|-y
—x+2y+1
ra | X TY=0 NPT
Xét hé . Hé c6 nghiém la (x,y)= (—1,—1).
—x+2y+1=0
x=u—l , s
Da_'lt{ ’ ta cO dx = du, dy = dv. Phuong trinh tr¢ thanh
y=v-
dv _ —u+v
du —u+2v

Ta tim ham v =v(«) théa min phuong trinh trén. Pay 13 phuong trinh dang cap.
Giai tiép, ta duoc nghiém tong quat y ctia phuwong trinh ban dau thoa
x> =2xy+2y° +2y=C,
v6i C 14 hang sb tuy ¥.
Vi du 3.11. Giai phuong trinh (x + y —2)dx +(2x+2y —2)dy =0.
Giai
Véi didu kién 2x+2y—2=0, ta cd

" _x_y+2
4 2x+2y—2
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A |TXYE2=0 ,
Xét hé . H¢ co6 dinh thirc
2x+2y—2=0

—1 —1‘
=0.
2

Dat z=2x+42y, tacO —x—y= _72 Khi d6, phuong trinh tré thanh

%_ z
dx z-—2

1a phuong trinh dang tach bién. Giai tiép, ta dugc nghiém téng quat y cua phuong
trinh ban du thoa
2(x+y—1n‘x+y‘)=x+C,
v6i C 1a hang s6 tly ¥ va y =—x ciing 1a mot nghiém ctia phuong trinh.
3.3.Phwong trinh vi phin toan phén
Phuong trinh vi phan
P(x,y)dx+O(x,y)dy =0 (6.10)
duogc goi 1a phuong trinh vi phdn toan phan néu vé trai ctia n6 13 vi phan toan phan
ctia mot ham hai bién F(x, y) nao do, nghia la
dF (x,y) = P(x,y)dx+ Q(x,y)dy.
Khi do, phuong trinh trén tré thanh
dF (x,y)=0& F(x,y)=C,
v6i C 14 hang sb tuy ¥.
Pinh 1y 3.3. Cho ham P(x,y) va O(x,y) ¢é cdc dao ham riéng cap mot lién tuc

A . A 2 A
tréen mién D C R”. Néu

OP(x,y) _ 00(x,y)
oy = Y(x,y)eD

thi ton tai ham F(x,y) sao cho

OF . OF
_:P(xay) va _:Q(xay)
Ox dy
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Phwong phap giai phwong trinh vi phin toan phan:
Xeét phuong trinh P(x,y)dx + Q(x,y)dy =0.
Buwdc 1: Ching minh phuong trinh vi phan ¢6 dang phuong trinh vi phan toan

phan bang cach ching t6 P va QO c6 cac dao ham riéng cap mot lién tuc va

apg;y )_ anC’y ) , V(x,y)eD.
Do d6, ton tai ham F thoa
dF (x,y) = P(x,y)dx+ Q(x,y)dy.
Khi do, phuong trinh trén tré thanh
dF(x,y)=0& F(x,y)=C,
v6i C 14 hang sb tuy ¥.
Budrc 2: Tim biéu thic cta F dua vao

(OF

ki ]
ox
OF
Oy =0

Buwéc 3: Tir phuong trinh F(x,y) = C, tim biéu thirc ctia y (néu c6 thé).

Vi du 3.12. Giai phuong trinh (3x* + 6xy”)dx + (6x°y +4y°)dy = 0.

Giai
Ta co
P(x,y)=3x>+6x)°,
O(x,y)=6x"y +4)°,
va
6)—P:12xy:a—Q.
Oy Ox
2 ‘ ey T SR . OP 00
Ta thay, P va Q cO6 ciac dao ham riéng cip mot li€n tuc va 8—:8—,
)y X

V(x,y) € R? nén phuong trinh vi phan di cho 1a phuong trinh vi phan toan phan.
g
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Ta tim ham F'(x,y) thoa hé

(OF

e =3x" +6x)°, (6.11)
88—§:6x2y—|—4y3. (6.12)

Tu (6.11) = F(x,y)= f(3x2 +6xy°)dx = x’ +3x°y> + C().
ia—F:6x2y—|—C'(y). (6.13)
Oy

T (6.12) va (6.13), ta duge C'(y)=4y’=C(y)=y*+C, véi C la hing s6

tuy y. Suy ra
F(x,y)=x"+3xy’ +y ' +C.

Vay, nghiém tong quat y ctia phuong trinh ban dau théa x* +3x°y* +y* =C,
v6i C 1a hiang s6 tuy ¥.
Vi du 3.13. Gidi phuong trinh (y 4 e*sin y)dx + (x + e cos y)dy =0.

Giai

Hoan toan tuong tu, ta cling chirng minh dugc phuong trinh da cho la phuong

trinh vi phan toan phan va tim duoc ham
F(x,y)=xy+e'siny+C.

Vay, nghiém tong quat y ctia phuong trinh ban du théa xy+e*siny =C, véi
C 14 hang s6 tuy .
3.4.Phwong trinh vi phan tuyén tinh cap 1

Phuong trinh vi phan

Y+ p(x)y=q(x),

trong d6 p(x) va g(x) la cdc ham lién tuc trén khodng I — R, dugc goi la phuwong

trinh vi phdn tuyén tinh cap 1.
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Néu ¢(x)=0 thi phuong trinh trén dugc goi 1a phuong trinh vi phan tuyén tinh
thuan nhat. Néu g(x)=0 thi phuong trinh trén dugc goi 1a phuong trinh vi phan
tuyén tinh khéng thudn nhat.

Pinh Iy 3.4. Xét phuwong trinh vi phdan tuyén tinh cdp 1 thuan nhat
y'+p(x)y=0,
trong do p(x) la ham lién tuc trén khoang I — R.
Khi d6, nghiém tong qudt ciia phwong trinh vi phdn trén khodng I la

y _ Ce—J.p(x)dx

véi C la hang s6 tiy y.
Chirng minh. Nhéan 2 vé ctia phuong trinh cho eI P , ta dugc

!

(yeI p(x)dxj ~0

ejp(x)dx N

Sy =C

o y=cehon

v6i C 1a hang sb tuy ¥. n
Pinh Iy 3.5. Xét phuwong trinh vi phén tuyén tinh cdp 1

Y+ p(x)y =4q(x),
trong do p(x) va q(x) la cac ham lién tuc trén khodang I — R.

Khi d6, nghiém tong qudt ciia phwong trinh vi phdn trén khodng I la
y= eijp(mx UC](X)er(x)dxdx + Cj,
véi C la hang s6 tiy y.

Chirng minh. Nhéan 2 vé ctia phuong trinh cho eI P , ta dugc

!

(yej‘p(x)dx) _ q(x)e.[p(x)dx
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J.p(x)dx

& yejp(x)dx = Jq(x)e dx +C

S y= eijp(x)dx (Jq(x)ejp(x)dxdx + C) ,

v6i C 14 hang sb tuy ¥. n
Vi du 3.14. Gidi cac phuong trinh sau

2 )
a) y+3x'y=0. b) y'——y=0.

X
Giai
a) Phuong trinh y'+ 3x2y = 0 ¢6 dang tuyén tinh thuan nhat voi p(x)=3x>. Ta c6
fp(x)dx = f3x2dx =x.

Vay, nghiém tong quat ctia phuong trinh 13 y = Ce" ,voi C 1 hing s6 tuy .

2 14 1 14 2
b) Phuong trinh y'——y =0 c6 dang tuyén tinh thuan nhat véi p(x) =——. Ta co
X X

fp(x)dx:f_?zdx:—Zlnx.

—2Inx

: : C . . .
Vay, nghiém tong quat cia phuong trinh 1a y = Ce =—, v0i C la hang s

X
tuy y.
Vi du 3.15. Gidi cac phuong trinh sau
. 3 1
a) y'—7y=sinx. b) y'——y=—.
X X

Giai
a) Phuong trinh y'—7y=sinx c6 dang tuyén tinh khong thuan nhat véi

p(x)=—7,q9(x)=sinx. Ta cod

fp(x)dx = f—7dx: —7x,

va
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fp(x)dx 7y
e —=e .

Tiép theo, ta tinh

fefp(x)dxq(x)dx = fe‘” sinxdx = 1.

Clu=e" du=—"Te "dx ]
Dat _ = ,taco
dv = sin xdx V= —COSX

I =—cosxe " — f7e7x cos xdx

— —cosxe " — 7f e " cos xdx.

,taco

—7x —T7x
Xét f e cosxdx , dat {u ¢ :>{ . ¢ @

dv = cos xdx y=sIinx

f e cosxdx =sinxe " — f —7sinxe *dx
=sinxe *+7 f sinxe “dx
=sinxe * +71.
Suy ra
I =—cosxe " —7(sinxe " +7I)

cosx _,, 7sinx _,,
e .

e
50 50

o [=—

Vay, nghiém tong quat cua phuong trinh 1a

.| cosx .. 7sinx _,,
e

=e’|— e’ — +C|,
g 50 50
v6i C 14 hang sb tuy ¥.
\ 3 1 J A ’ A A A r.e
b) Phuong trinh y'——y=— c6 dang tuyén tinh khong thuidn nhat voi
X X

3 1 )
p(x)=——,q(x)=—.Taco
X X

fp(x)dx:f—%dx:%,
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va

fp(x)dx 3
e =e*.
Tiép theo, ta tinh

3

fp(x)dx |
dx= | e-—dx=1.
fe q(x)dx fe - X

1 1
bitt=—=dt=——dx,taco
X X

3t .
N P ——
f 3 3

Vay, nghiém tong quat cua phuong trinh 1a

3

3 x

y=e* +C|,
v6i C 1a hang sb tuy ¥.
Vi du 3.16. Gidi cic bai toan Cauchy sau
a) y'+6xy=0,y(m)=S5. b) y'+2xy =2x>,y(0)=1.

Giai

a) Phuong trinh y'+ 6xy =0 c6 dang tuyén tinh thuan nhat v6i p(x) = 6x. Ta co
fp(x)dx: f6xdx: 3x°.

Suy ra, nghiém tong quat ciia phuong trinh 13 y = Ce* , voi C 13 hang s tuy y.
Tur diéu kién y(7) =5, suy ra
5=Ce'™ =C=5¢"".
Vay, nghiém ctia phuong trinh ban dau la
y= 5¢77
b) Phuong trinh y'+2xy=2x" c6 dang tuyén tinh khong thuin nhat voi
p(x)=2x,q(x)=2x". Tacod
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fp(x)dx = fodx =x7,

fp(x)dx 2
e —=e .

Ta co
fp(x)dx 2 3
fe q(x)dx:fe 2xdx =1.

bat 1 =x* = dt = 2xdx , ta c6
I= fte’dt —te —¢ =x%" —e".
Vay, nghiém tong quat cta phuong trinh 1a
y= e (xzex2 —e + C) :
Tur diéu kién y(0)=1, ta dugc C =2.

Vay, nghiém cua phuong trinh la

y= e (xzex2 —e' + 2).

3.5.Phwong trinh Bernoulli va phuong trinh Riccati

3.5.1. Phwong trinh Bernoulli: 13 phuong trinh vi phan c6 dang

y'+ p(x)y =q(x)y",

trong d6 p(x) va g(x) la cac ham lién tuc trén khoang I — R va m e R.

Phwong phap giai phwong trinh Bernoulli:

Trudng hop m = 0, phuong trinh trén c¢6 dang tuyén tinh khong thuin nhét.
Trudng hop m =1, phuong trinh trén c6 dang tuyén tinh thuan nhat.

Truong hop m=0 va m=1. RO rang, y =0 la mot nghiém. Xét y #0, chia hai
vé ctia phuong trinh trén cho " ta duoc

1-m

yy'+ p(x)y " = q(x).

Pit u= "™ thi u'=(1—m)y "y'. Tir d6, ta duoc phuwong trinh vi phan cép 1

nhu sau
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u+(1-m)p(x)u=~_1-m)q(x). (6.14)
Phuong trinh (6.14) chinh 13 phuong trinh vi phan cdp 1 ma ta da biét.
Vi du 3.17. Gidi phuong trinh y'+ xy = x)°.
Giai
Ta thiy y =0 1a mot nghiém ctia phuong trinh.
Xét y#0, chia hai vé ctia phuong trinh cho »?, ta duoc
Yyt =
Piat u=y ' = u'=—y’y'. Phuong trinh trén tré thanh
u'—xu=-x. (6.15)
Phuong trinh (6.15) 1a phuong trinh vi phan tuyén tinh khong thuan nhit va

2

nghiém tong quat cta phuong trinh (6.15) 13 u = e?

x2

e 2 +C|, v6i C 1a hing sb
tuy y.
Tir d6, ta tim dugc nghiém tong quat cua phuong trinh ban dau 1a
1
y= ik
1+Ce?
v6i C 1a hang sb tuy ¥.

Vi du 3.18. Giai phuong trinh y'— % y=xp3.

Giai
Ta thiy y =0 la mot nghiém ctia phuong trinh.
1
Xét y#0, chia hai vé ctia phuong trinh cho y3, ta duoc

1 2
y 3y'—%y3 =X.

2 1
bat u=y’ =u'=y *y'. Phuong trinh trén tré thanh
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3
u'——u=x. 6.16
1 (6.16)
Phuong trinh (6.16) phuong trinh vi phin tuyén tinh khéng thuin nhit véi
p(x):—%,q(x):x va nghiém tong quat cua phuong trinh (6.16) 1a

37x 73x

u=e —g(4+3x)e 4 4|, v6i C 1a hang sb tuy ¥.

Tir d6, ta tim dugc nghiém tong quat y ctia phwong trinh ban dau thoa
2 (4 _3x
yi=e* [—5(4+3x)e Y 4+CY,
v6i C 14 hang sb tuy ¥.
2
Vi du 3.19. Tim nghiém cta phuong trinh y'+=y=—x"y", y(—1)=2.
X
Giai
Ta thiy y =0 khong la nghiém ctia phuong trinh.
Xét y#0, chia hai vé ctia phuong trinh cho »°, ta duoc

~5

2 _
yoy+syt=—x
X
biat u =y = u'=y~’y'. Phuong trinh trén tré thanh
2
u'+=u=—x. (6.17)
X

Phuong trinh (6.17) 1 phuong trinh vi phan tuyén tinh khong thuan nhat voi

2 .
p(x)==, q(x) = —x" va nghiém tong quat ctia phuong trinh (6.17) 14
X

12 10
u=x2-—+C :—x—'i‘%,
12

v6i C 1a hang sb tuy ¥.
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10
Tir d6, ta tim dugc nghiém y ctia phuong trinh ban dau thoa % =2 L -~
y 12 48x

3.5.2. Phwong trinh Riccati: 1a phuong trinh vi phan c6 dang
y'=p)y’ +q(x)y +r(),

trong d6 p(x), g(x) va r(x) 1a cac ham lién tuc trén khoang I — R.

Phwong phap giai phwong trinh Riccati:

Gia st da biét mot nghiém ¥, cua phuong trinh, dat u = y — y,. Khi do, phuong
trinh Riccati dugc dwa vé phuong trinh Bernoulli.

That vay, vdi cach dat trén, ta co

U+ yy)'= p(X)u + y,)* + q(xX)(u + y,) +r(x)
suy ra
u'= p(xu’ +(2p(x)y, +q(x)u

la phuong trinh Bernoulli.

Vi du 3.20. Gidi phuong trinh vi phan y'= % — 2Lx :
Giai
Diéu kién x 0.
Ta thdy, y =1 la mot nghiém cuia phuong trinh.

Datu=y—-1=y=u+1,tacod

1 1
u+1)'=—wu+1y ——
(D)=t ===
N P |
Su'=—u +—u.
2x X
1
Ta dugc phuong trinh Bernoulli u'——uzz—uz. Giai phuong trinh nay, ta
X X

dugc nghiém téng quat ciia phuong trinh 1a y =1+ , voi C 1a hang sb tuy

x—1
y.
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3.6. Phwong trinh vi phan khong giai theo '
Xeét truong hop phuong trinh vi phan
F(x,y,y")=0. (6.18)
kho giai theo dao ham y', ta c6 thé viét lai phuong trinh (6.18) dudi dang
F(x,y,t)=0, t=y" (6.19)
Khi do6 chung ta s€ tim nghiém cua phuong trinh (6.19) dudi dang
x=x(1),y = y(1).
3.6.1. Phwong trinh dang x= f(y"),y= f(»y"
Thay ¢ = y' vao phuong trinh x = f(y") ta c6 biéu thirc ctia x ddi voi tham sb
¢ 13 x= f(f). Lay vi phan phuong trinh x = £ (¢) theo ¢, ta dugc
dx= f'(t)dt,
vi dy = y'dx = tdx nén
dy=tf"(t)dt.
Tich phan hai vé, ta dugc
y:ffmw+c

Vay, nghiém ctia phuong trinh x = f(y") duogc viét dudi dang

x=f(t)
y=[1fwd+C.
v6i C 1a hang sb tuy ¥.
Tuong tu, thay ¢ = y' vao phuong trinh y = f(»") ta c6 biéu thirc cua x ddi véi
tham s ¢ 14 y = f(¢). Lay vi phan phuong trinh y = f(¢) theo ¢, ta duoc
dy = f'(t)dt,
vi dy = y'dx =tdx nén
PRAGY

t
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Tich phan hai vé, ta dugc
/'@
x= | —=dt+C.
/=
Vay, nghiém ctia phuong trinh x = f(y") duogc viét dudi dang

AU
x—f ; dt+C
y=f(@®,

v6i C 14 hang sb tuy ¥.
Vi du 3.21. Gidi phuong trinh x = y'cosy'.
Giai
Pit t = y', thé vao phuong trinh x = y'cos y' ta c6
X =1cost.
Lay vi phan phuong trinh trén, ta dugc
dx = (cost — tsint)dt
Vi dy = y'dx =tdx nén
dy = t(cost — tsint)dt .
Lay tich phén hai vé, ta dugc
y= ft(cost —tsint)dt = —cost —tsint +1* cost + C.
Vay, nghiém téng quat ciia phuong trinh duge viét dugi dang
X =tcost
{y — —cost—tsint +1° cost + C,

v6i C 14 hang sb tuy ¥.
Vi du 3.22. Giai phuong trinh y = (y'—1)e” .
Giai
Pit + = y', thé vao phuong trinh y = (y'—1)e’" ta c6
y=(@-1e

Lay vi phan phuong trinh trén, ta dugc
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dy=(t—1)e' =te'
Vi dy = y'dx =tdx nén
dx=é'dt.
Lay tich phén hai vé, ta co
x:fe’a’t:e’ +C.
Vay, nghiém tong quat ctia phuong trinh duoc viét dudi dang
x=e'+4+C
{y =(t—1)e,
v6i C 1a hang sb tuy ¥.
Vi du 3.23. Gidi phuong trinh x=y'+Iny".

Giai
Dat t = y'. Phuong trinh tr¢ thanh
x=t+Int.
Lay vi phan hai vé, ta dugc
dx = [1 + %] dt.

Vi dy = y'dx =tdx nén
1
dy = t[l—k;]dt =(t+1)dt.
Lay tich phén hai vé, ta co
_ _ 1.
y_f(t+1)dt_§t +t+C.
Vay, nghiém tong quat ctia phuong trinh duoc viét dudi dang
x=t+Int
1
y==t"+t+C,
2
v6i C 1a hang sb tuy ¥.
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3.6.2. Phwong trinh Lagrange
Do 1a phuong trinh c6 dang
y=x()+g0, (6.20)
trong d6 f, g la cac ham mot bién.
Phwong phap giai phwong trinh Lagrange:
biat = y'. Phuong trinh (6.20) tré thanh
y=xf()+g().
Lay vi phan phuong trinh trén va thay dy = tdx, ta duoc
tdx = f(t)dx + xf'(t)dt + g'(¢)dt.
Vi didu kién 1 — f(£) =0, suy ra
(¢ '
e RS T
1a phuong trinh vi phan tuyén tinh ctia x theo bién ¢, va ta giai ra duoc
x=F(,C).

Vay, nghiém tong quat ctia phuong trinh duoc viét dudi dang

{x =F(,C)
y=F@C)f()+g@),

v6i C 1a hang sb tuy ¥.
Vi du 3.24. Giai phuong trinh y = 2xy'+ i'
y

Giai

Day la phuong trinh Lagrange. Dat ¢ = y'. Phuong trinh tr& thanh
5
y=2xt+ ; .
Lay vi phan phuong trinh trén va thay dy = tdx, ta duoc

tdx = 2tdx + 2xdt — %dt,
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Vi diéu kién =0, suy ra

w2 3
X+—x= T
t t

Pay la phuong trinh vi phan tuyén tinh cap 1 va ta c6 nghiém la
1
xX= t—z(Sln‘t‘ +O).
Vay, nghiém tong quat ctia phuong trinh ban dau dugc viét duéi dang
1
x= t—2(51n\t\ +0)
2 5
y= 7(51n\t\ +O)+
v6i C 1a hang sb tuy ¥.
Vi du 3.25. Giai phuong trinh y = xy"”+ y"”.
Giai
Day la phuong trinh Lagrange. DBat ¢ = y'. Phuong trinh tr& thanh
y=xt’+1t.
Lay vi phan phuong trinh trén va thay dy = tdx, ta duoc
tdx = t*dx + 2xtdt + 2tdt.

Vé6ididu kién =0, suy ra
(1—t)dx =2(x+1)dt.

Néu t=1= y'=1= y = x khong la nghié¢m.

Néu t=1,taco

Pay la phuong trinh vi phan tuyén tinh cap 1 va ta c6 nghiém la

C
xX= 2—1.
(-1
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Truong hop t=0= y'=0 va thay vao phuong trinh ban dau, ta c6 y=0 Ia

nghiém ky di.
Vay, nghiém tong quat ctia phuong trinh ban dau dugc viét duéi dang
X = ¢ -—1
(t=1)
e
‘)’ —(t e

v6i C 1a hang s6 tly y va nghiém ky dila y =0.
Chu ¥, tir nghiém tong quét cua phuong trinh trén, ta c6 thé dua vé dang
Wy +x+1)?=C

3.6.3. Phuwong trinh Clairaut
Do 1a phuong trinh c6 dang
y=xy+g»), (6.21)
trong d6 g 12 ham mot bién. Day 1a trudng hop riéng ctia phuong trinh Lagrange.
Phwong phap giai phwong trinh Clairaut:
bit = y'. Phuong trinh (6.21) tré thanh
y=xt+ g(2).
Lay vi phan phuong trinh trén va thay dy = tdx, ta dugc
(x+g'(¢))dt=0.
Truong hop dt =0=t=C, véi C 1a hang sb tuy ¥, ta dugc nghiém tong quat
cua phuong trinh la
y=xC+g(C).
Truong hop x+ g'(¢) =0, ta dugcx =—g'(¢). Khi do, ta c6 nghiém ky di cua
phuong trinh (6.21) 1a

{x =—g'(t)
y=—1g't)+ g().
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Chu y rang, nghiém tong quat ctia phuong trinh Clairaut chinh 14 ho céc tiép
tuyén cua nghiém ky di. Phuong trinh Lagrange ciing ¢ thé ¢6 nghiém ky di, dong
thoi cac nghiém ky di ctia phuong trinh (néu ton tai) 13 cac tiép tuyén chung voi tat
ca cac duong cong tich phin xac dinh boi nghiém tong quat.

Vi du 3.26. Gidi phuong trinh y =xy'—Iny'.
Giai

Day la phuong trinh Clairaut. Bat 1 = y'. Phuong trinh tré thanh

y=xt—Int.

Lay vi phan phuong trinh trén va thay dy = tdx, ta duoc
1
tdx = tdx + xdt — ;dt,

suy ra

[x—l]dt:O.
t

Truong hgp dt = 0=t = C va thay vao phuong trinh y = x¢ —In¢ ta c6 nghiém
tong quat 1a
y=xC—InC,
v6i C 1a hang sb tuy ¥.

1 1
Truong hop x — P =0=x= P va thay vao phuong trinh y=xt—In¢ ta co

nghiém ky di cua phuong trinh la
1

X=-
t
y=1—Int.
Vi du 3.27. Giai phuong trinh y = xy'—e”".
Giai
Day la phuong trinh Clairaut. Bat 1 = y'. Phuong trinh tré thanh

y=xt—e.
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Lay vi phan phuong trinh trén va thay dy = tdx, ta duoc
tdx = tdx + xdt — €'dt,
suy ra
(x — e’)dt =0.
Truong hop dt = 0=t = C va thay vao phuong trinh y = xt — &' ta c6 nghiém
tong quat 1a
y=xC—e°,
v6i C 14 hang sb tuy ¥.
Trudng hgp x—e' =0=x=¢' va thay vao phuong trinh y=xr—e' ta co
nghiém ky di cua phuong trinh la
x=¢'
y=(—-1e.
Khir tham s6 7, ta ¢6 nghiém ky dj dang
y=(Inx—-1)x.
Sau cung, ta kiém tra lai dé thay tdp hop cac dudng thing duoc xac dinh boi
nghiém téng quat chinh 13 ho cac tiép tuyén ctia dudng cong tich phan ky di.
Nhu d3 biét, phuong trinh tiép tuyén cua ham y = f(x) tai diém M (xy,»,) cho
bdi
Y=Y = (X)X = X,).
Ap dung cho ham y = (Inx—1)x, véi y'=Inx tacod

y—(Inx, —Dx, =Inx,(x —x,)

& y=xlnx, —x,.
bit C =Inx,, ta dugc y = xC — €. Dy chinh la cong thirc nghiém tong quat.
Chu y, qua trinh giai phuong trinh vi phan kho giai ra d6i voi y' s& dan vé cac

phuong trinh da biét nhu tach bién, tuyén tinh ... nén ta can dé y dang dé giai bai.
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§3. PHUONG TRINH VI PHAN TUYEN TiNH CAP HAI

I. Pai cwong vé phwong trinh vi phan tuyén tinh cip 2

Pinh nghia 1.1. Phuong trinh vi phan tuyén tinh cép 2 14 phuong trinh c6 dang
y'+p(x)y'+q(x)y = f(x), (6.22)

trong d6 p(x), g(x) va f(x) l1a cac ham xac dinh trén khoang I c R.

Phuong trinh (6.22) duoc goi 1a phwong trinh vi phdn tuyén tinh khéng thudn
nhdt. Néu f(x)=0 thi phuwong trinh (6.22) dwoc goi 1 phuwong trinh vi phdn tuyén
tinh thuan nhat. Phuong trinh thuan nhét c¢6 cing vé trai nhu phuong trinh khong
thuan nhét da cho duoc goi 1a phwong trinh thudan nhdt twong ing. Néu p(x) va
g(x) 13 cac hang sé thi phwong trinh (6.22) dugc goi 1a phwrong trinh vi phdn tuyén
tinh cdp 2 véi hé s6 hang.

Bai toan Cauchy ddi voi phuong trinh tuyén tinh (6.22) 1a bai toan tim nghiém
ctia phuong trinh (6.22) thoa cac diéu kién ban dau

Y(xg) = Yo, ¥'(x) = ¥y (6.23)

Pinh 1y sau day cho ta mot két qua vé sy ton tai duy nhit nghiém cua bai toan
Cauchy ddi v6i phuong trinh tuyén tinh (6.22) trén toan bd khoang 1.

Pinh 1y 1.2. Néu cdc ham p(x), q(x) va fix) lién tuc trén khodng mé I — R va néu
x,€l, y, vay' lahai s6 bdt ky thi bai todn Cauchy déi véi phirong trinh tuyén
tinh (6.22) ¢6 nghiém duy nhdt xdc dinh trén toan bg khodng I.

1.1.Sw doc 1ap tuyén tinh

Pinh nghia 1.3. Cac ham sb y,(x), »,(x),..., y,(x) dugc goi la phu thuoc tuyén
tinh trén khoang I néu ton tai cac hang sb C,,Cy,...,C, kKhOng d6ng thoi bang 0 sao
cho

ey (xX)+e,y,(xX)+4cy (x)=0, Vxel. (6.24)
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Céac ham s6 y (x), y,(x),..., v,(x) duoc goi 1a dic ldp tuyén tinh néu ching
khong phu thudc tuyén tinh, nghia 1 chi ton tai duy nhat cic hang sd
¢, =c¢,=..=c, =0 thoa (6.24).

Vi du 1.1. Cac ham s6 y,(x)=x, y,(x)=3x, y,(x)=sinx, y,(x)=cosx phu
thuoc tuyén tinh trén [—1,1] do ton tai ¢ =-3,c,=lc,=c,=0 thoa
—3.x+1.3x+0.sinx+0.cosx=0.
Vi du 1.2. Cac ham s y,(x)=x", y,(x)=x(p=¢q) doc lap tuyén tinh trén
I =TR\{0}. That vay, gia sit x”, x’ phu thudc tuyén tinh trén 7, nghia la ton tai
cac hing sb ¢;,¢, khong d6ng thoi bang 0 thoa

cx’ +c, x*=0.

Gia sur ¢, = 0, chia hai vé cua phuong trinh trén cho ¢,x?, ta dugc

diéu nay vo 1y do vé trai cta phuong trinh trén 1a ham sd, nhung vé phai 14 hang
sO. Vay, x”, x? (p = q) doc lap tuyén tinh trén 7 =R \ {0} .
Dinh ly 1.4. Gia sir y,(x),y,(x) la hai nghiém cua phwong trinh vi phdn tuyén tinh
thudn nhat
y'+ p(x)y+q(x)y =0. (6.25)

Khi do y=cy,(x)+c,y,(x) ciing la nghiém cua phwong trinh (6.25).

Chirng minh. Do y, va y, 1a hai nghiém cua phuong trinh, ta c6
W'+ p(x)y, +q(x)y, =0
{y2 "+ p(x)y, "+ q(x)y, =0

Nhan hai vé ctia phuong trinh trén cho c¢,, hai vé ctia phuong trinh duéi cho c,

roi cong lai, ta dugc

oy "+ oy, "+ p(x)(ey, '+ ey, )+ q(x)(c,y, +¢,p,)=0.
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bat y,=cy, +c¢c,»,, taco y,"+ p(x)y,'+q(x)y,=0. Vay, y, cing la nghiém
ctia phuong trinh thuan nhat. ]

1.2.Dinh thirc Wronski
Dinh nghia 1.5. Gia st y,,y, 1a cac ham kha vi trén khoang /. Dinh thirc Wronski

cua y,,y, dugc cho boi cong thire

Vo W

] ]
W

Wly,y,)(x)=

Pinh 1y 1.6. Néu hai ham sé y,(x), v,(x) phu thuoc tuyén tinh trén I thi
Wiy,y,1(x)=0 trén I.

Chirng minh. Do y,(x), y,(x) phu thudc tuyén tinh nén ton tai cac hing sb C;»C,
sao cho

oy +¢,y,=0.

Gid stt ¢, = 0, dit k=—-, ta co y,(x) = ky,(x), suy ra y,'(x) = ky, '(x). Ta cb

)

vk
n'oky!
Dinh ly 1.7 (Dinh ly Abel). Gia s y,, y, la hai nghiém cua phwong trinh vi phan

Yo N

'

»n oy

Yo )

] ]
)

:k =0. |

Wly,»,1(x)=

tuyén tinh thuan nhat (6.25) véi p(x), q(x) lién tuc trén mét khoding méo I, x,€l.

Khi do, dinh thirc Wronski cua y,,y, duwoc cho boi

ff p(t)dt

Wiy, 1(x)=W[y,»,1(x,)e , Vxel. (6.26)
Nguoi ta goi cong thirc (6.26) 1a cong thire Abel.
Chirng minh. Vi y,, y, 1a hai nghiém cua phuong trinh (6.25) nén
n'"+ p()n'+q(x)y, =0,
Y, "+ p()y,'+q(x)y, =0.

Nhan déng thirc trén vo1 —y,, nhan déng thirc dud1 vo1 —y, roi cong lai, ta dugc
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(ylyl "— ) ")+ p(x)(ylyz '— ) N=0. (6.27)

W[yl’yZ](x) =W, '— Yol ,
W'[ylaJ’z](X): Wy, "+ yl'yz '_yzyl "— yl'yz': BZR2) "_yzy1"-

Do d6, dang thic (6.27) ¢6 thé viét 1a

W'+ p(x)W =0= dWW = —p(x)dx.

Tich phan hai vé, ta dugc

W X
In E‘ - —xj p(t)dt,
v6i C 14 hing s6 tuy ¥, do d6
*]‘p(t)dt
Wiy,ylx)==Ce © . (6.28)
Thé x = X, vao hai vé, ta duogc W(x,)=C. Vay
*]‘p(t)dt
W[ypyz](x):W[ypyg](xo)e 0 , Vx€el. m

H¢ qua 1.8. Hoac W(y,,y,](x) bang 0 trén toan b 1, hodc Wiy, y,1(x) khac 0
trén toan bo 1.
Chirng minh. Tir (6.26) suy ra néu W[y, y,1(x,)=0 thi W[y, »,]1(x)=0, Vx<1,
con néu W[y, y,1(x,) =0 thi W[y, y,1(x,)=0, VxeI. n
Dinh ly 1.9. Gia svr y,,y, la hai nghiém cua phwong trinh vi phdn tuyén tinh thudn
nhat y"+ p(x)y'+ q(x)=0 trén I. Khi d6, y,,y, ddc ldp tuyén tinh trén I khi va
chi khi W{y,»,](x)=0, Vx €&l
Chirng minh.

Chiéu ngugc: Do Wiy,»,1(x)=0,Vx&l nén theo dinh ly 1.6 ta co y,,y,

doc 1ap tuyén tinh.
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Chiéu thudn: Gia sat Ix, € I sao cho W[y,,,1(x,)=0.

Xét hé phuong trinh
{Clyl(xo) +¢,0,(x)) =0
oy, '(x) +¢,9,'(x) =0,
Ta co
Nn(x)  ya(x)
D= 1, ’ 2, ’ =Wy, »,1(x)=0,
W '(x)  »,'(x,)
va
0 0
Dq :‘ J’2' :OZDCZ _ y1' ‘
0 y, »n o

Suy ra hé phuong trinh ¢6 nghiém khong tim thuong C[Cy -
Do y,,y, la nghiém cua phuong trinh vi phan tuyén tinh thudn nhat, nén theo
dinh Iy 1.4 ta co
y(x) = ¢y, (x) + ¢, 3,(x)
cling 1a nghiém ctia phuong trinh vi phan tuyén tinh thudn nhat. Hon nita, ta con c6

y(xy) =y (%) +¢,»,(x) =0,
y'(Xo) =on '(Xl) TG, '(XO) =0.
Vay, y(x)=cy,(x)+c,y,(x) 1a nghiém cta bai todn Cauchy

{y'”r p(x)y'+q(x)=0
¥(x)) =0, y'(x)) =0.

Ngoai ra, ta d& dang kiém tra y(x) =0 ciing 13 nghiém cua bai toan Cauchy trén
nén theo dinh 1y 1.2 ta c6
) () 4,0, (x) =0,
nghia la y,,y, 1a hai ham phu thudc tuyén tinh. Piéu ndy mau thuin véi tinh doc

lap tuyén tinh cta Vi, ¥,. Vay, Wiy, »,](x)=0, Vx € 1. ]
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Vi du 1.3. Cac ham sé y,(x)=1, y,(x)=x, y,(x)=x" doc lap tuyén tinh trén
(a,b) bat ky. That vy, ta co

2

1 x x
W=0 1 2x|=2=0.
0O 0 2

Vi du 1.4. Xét hai ham s6 y,(x) = x, y,(x)= x>, tacd

x x
1 2x

2

W = =Xx".

Ta thay hai ham s y,(x) = x, y,(x)= x> doc lap tuyén tinh Vx € R\ {0}.

Vi du 1.5. Xét cac ham sé y,(x) =1, y,(x)=x>, y,(x)=5x"+7,tacod

1 x* 5x*+7
W=\0 2x 10x |=20x—20x=0.
0o 2 10

Vay, cac ham s6 y,(x)=1, y,(x)=x?, y,(x)=5x"+7 phu thuc tuyén tinh.
Ta c6 thé d& dang thﬁy rﬁng, Vo1l ¢, =—1,c,=—5,c,=1,taco
—1.7-5x"+1(5x> +7)=0,
hay
5x° +7=5x*)+1(7).
Cha y, néu y,,y,,...,y, 1a cic ham sé phu thudc tuyén tinh thi ta c6 thé biéu dién
v, theo cac ham sO A
1.3.Cong thirc nghiém tong quat ctia phwong trinh vi phin tuyén tinh
Pinh nghia 1.10. Tap gém hai nghiém y,,», doc lap tuyén tinh cua phuong trinh

thuan nhét (6.25) dugc goi 14 tdp nghiém co ban ctia phuong trinh (6.25).
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Dinh ly 1.11. Gia sw y,,y, la mot tdp nghiém co ban cua phwong trinh vi phan
thuan nhdt (6.25). Khi dé, nghiém tong qudt ciia phwong trinh thudn nhat (6.25)
co dang
y=cn(x)+c,p,(x), (6.29)
trong dé c,,c, la cdc hang so.
Chirng minh. Ta can chimg minh moi nghiém cia phuong trinh (6.25) déu c6
dang nhu trong (6.29). Gia st u(x) 1la mot nghi€ém cua phuong trinh (6.25), thoa
diéu kién
u(xy)=u,, u'(x,)=u,', x, 1. (6.30)
Xét hé phuong trinh tuyén tinh an c,,c, nhu sau
ey (%) + €0, () =
{cly1 '(x,) 4+ ¢, '(x,) =u,"

Vi y,,y, la hai nghiém doc lap tuyén tinh ctia phuong trinh thuin nhat nén theo
dinh 1y 1.9, ta c6 W (x,) = 0, suy ra hé c6 nghiém duy nhat 1a ¢, ¢} .

Vay, ta ¢6 ¢y, (x)+cyy,(x) cling 1a nghiém cta phuong trinh (6.25) voi diéu
kién ban dau (6.30). Theo dinh 1y 1.2, ta duoc ey (x)+ iy, (x) =u(x) vata co
diéu phai chirng minh. m
Pinh 1y 1.12. Xét phuong trinh khéong thuan nhat (6.22) c6 phwong trinh thudn
nhat twong g (6.25), véi p(x), q(x) va f(x) la cic ham sé lién tuc trén 1. Gida
sw y,(x) la nghiém téng quat cua phuong trinh (6.25) va y,(x) la mot nghiém
riéng ciia phwong trinh (6.22). Khi d6, nghiém tong qudt ciia phwong trinh khéong
thuan nhdt (6.22) c6 dang

y(x)=yy(x)+ y,(x).
Chirng minh. Gia sit y(x) 1a mot nghiém ctia phuong trinh (6.22). Theo gia thiét

y,(x) la mot nghi€ém ri€ng cua phuong trinh (6.22) nén ta c6
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y'+ p(x)y'+q(x) = f(x),
y,"+ p(X)y,"+q(x)= f(x).

Suy ra
"=y, +pX)»'=y,") +q(x)=0.
bat u(x) = y(x) — y,(x), ta dugc u(x) la nghiém cua phuong trinh thudn nhat
u"+ p(x)u'+q(x)=0.

Theo dinh 1y 1.11, ton tai ¢, ¢ sao cho

u(x) = ¢y, (x) + €1, (x).
Vay, taco y(x)=c,y,(x) +c,3,(x) + y,(x) = yo(x) + y,(x). u
I1. Phwrong trinh vi phan tuyén tinh cip 2 v6i hé s6 hiang
2.1. Phuwong trinh thuin nhit
Xeét phuong trinh vi phan
y'+ay'+by=0, (6.31)
trong d6 a va b 1a cac hang so thuc.
Phurong trinh dic trung cta phuong trinh (6.31) 1a phuong trinh bac 2 theo an &

nhu sau

k* +ak +b=0. (6.32)
Vidu 2.1.
a) Phuong trinh dic trung cua phuong trinh y"+5y'+2y=01a k> +5k+2=0.
b) Phuong trinh ddc trung cua phuong trinh y"—2y'+y=01a k> =2k +1=0.
Dinh ly 1.13. Nghiém cua phwong trinh vi phan (6.31) duoc xac dinh thong qua
nghiém cua phuwong trinh dac trung (6.32) nhu sau
i) Néu phwong trinh (6.32) ¢6 2 nghiém thiec phén biét k., k, thi nghiém tong qudt
cua phwong trinh (6.31) co dang

y = C,e"™ + C,e,

voi C,,C, la cac hang so tuy y.
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ii) Néu phieong trinh (6.32) c6 nghiém kép k, thi nghiém tong qudt ciia phirong
trinh (6.31) co dang

y=é"(Cx +C)),
voi C,,C, la cac hang s6 tiy ¥.
iii) Néu phwong trinh (6.32) ¢é hai nghiém phitc lién hop o +i83 thi nghiém tong
quat cua phuwong trinh (6.31) co dang

y=e""(C,cos Bx + C, sin Bx),
voi C,,C, la cac hang s6 tiy ¥.
Chirng minh. Xem trong [].
Vi du 2.2. Tim nghiém tong quét ctia cac phuong trinh vi phan sau
a) y'—y'—=2y=0.
b) y"-8y'+16y =0.
c) y"=3y'+4y=0.
Giai
a) Phuong trinh dic trung 1a k> —k—2=0,suyra ? iz .
,=—
Vay, nghiém tong quat cta phuong trinh 1a

y=Ce”" +Ce ™,
véi C,,C, 1a céc hiang s6 tuy .
b) Phuong trinh ddc trung 1a k> —8k +16 =0, suyra k =4.

Vay, nghiém tong quat cta phuong trinh 1a
y=e"(Cx+C)),

voi C,,C, la cac hang so tuy y.

NG

¢) Phuong trinh dic trung 12 k* —3k+4=0,suyra k= —%:I:Ti.

Vay, nghiém tong quat cta phuong trinh 1a
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y= e%x G cosgx +C, singx ,

v6i C,,C, 1a cac hang sé tly ¥.
2.2.Phwong trinh khong thuin nhit

Xeét phuong trinh vi phan

y'"+ay'+ by = f(x), (6.33)

trong d6 a va b 14 cac hang so thuc.

Ta s& tim nghiém ctia phuong trinh (6.33) bang hai phuong phap: phwong phdp
hé s6 bat dinh va phwong phdp Lagrange.
2.2.1. Phwong phap hé s bat dinh

Bwéc 1: Tim nghiém téng quat ¥, cua phuong trinh thuan nhat (6.31) tuong
ung v&i phuong trinh (6.33).

Buéc 2: Néu f(x) c6 dang dic biét ta c6 thé tim mot nghiém riéng y, cua
phuong trinh (6.33) bang phuong phap hé sé bat dinh, s& dugc trinh bay sau déy.

Khi d6, nghiém tong quat ctia phuong trinh (6.33) 1a Y=Y+,

Phwong phap hé so bat dinh: xét phuong trinh dic trung ak® + bk +c¢=0.

Dang 1:

f(x)=e™P,(x), trong 36 AeR; P (x) la da thic bac n.

Truwong hop Dang nghiém riéng

A khong trung v6i nghiém I
: N y, =€ Q,(x)
cua phuong trinh ddc trung

A trung v61 mot nghiém don I
2 3\ - yp = xe Qn (x)
cua phuong trinh ddc trung

A trung véi nghiém kép i
7 o Y, =x"e"0,(x)
cua phuong trinh ddc trung
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trong 46 Q, (x)=A, +Ax+...+ A x" 1a mot da thic cling bac v6i P, (x). Cac hé sb
A;,i=0,n dugc tim bang cach tinh y,» Y, »sau do thay tat ca vao phuong trinh

ban dau (6.33), ddng nhét cac hé sé twong ung, ta dugc hé phuong trinh dé xéc
dinh ching.
Dang 2:

f(x)=e"[P,(x)cosyx+Q, (x)sinyx],

trongdo A,y eR; P (x), O (x) la cac da thirc bac m, n tuong ng.

Truwong hop Dang nghiém riéng

A iy khong trung v41 nghiém
y, =€ [R(x)cosyx+S,(x)sinyx]
cua phuong trinh ddc trung

A £iy trung voi nghiém
s y, = xe"[R/(x)cosyx +S,(x)sinyx]
cua phuong trinh ddc trung

trong d6 R/(x)=A, + Ax+...+ Ax', S,(x)=B, +Bx+...+ Bx', 13 hai da thuc co

cung bac / =max{m,n}. Cac h¢ s6 A, B.,i=0,/ dugc tim twong ty nhu Dang 1.
Vi du 2.3. Giai phuong trinh y"— y'— 2y = 4x”.
Giai
Xét phuong trinh thuan nhat y"—y'—2y=0.

Phuong trinh dic trung 1 k> —k—2=0, suy ra ? iz .
,=—
Vay, nghiém tong quat ctia phuong trinh thuin nhat 1a
y, =Ce™ +Ce ™,
voi C,, C, lacac hang s tiy .
Ta thiy f(x) = 4x” suy ra A =0 khong tring véi nghiém cua phuong trinh dic
trung va P,(x)=4x" 1a da thirc bac hai. Do do, ta tim nghiém riéng cua phuong

trinh khong thuan nhat ban dau dudi dang
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y,= A, + Ax+ Azxz,
suy ra
y,' =4 +24,x,
Y, =24,
thay vao phuong trinh ban dau, ta c6
—2A4,x" + (=24, —24)x + (=24, — A +24,)=4x" +0.x+0.
Podng nhét cac hé sb tuong tng, ta dugc
—24,=4 4, =-2
—24,-24 =0 &4 =2
24,— 4, —24,=0 A, =-3
Suy ra
y,= —342x—2x".
Vay, nghiém tong quat ctia phuong trinh ban dau 1a
y=y,ty,= Ce™ +Ce ™ —3+2x—2x7,
voi C,, C, lacac hang s6 tiy y.
Vi du 2.4. Giai phuong trinh y"—4y'+3y=¢"(x +2).
Giai
Xét phuong trinh thuan nhat y" —4y' +3y=0.

k=1,
Phuong trinh ddc trung 1a k> —4k +3=0, suy ra L 3
Vay, nghiém tong quat ctia phuong trinh thuin nhat 1a
y, =Ce* +C,e™,
voi C,, C, lacac hang s6 tiy y.
Ta thiy f(x)=e“(x+2) suy ra A =1 tring voi mot nghiém don cua phuong

trinh dac trung va P (x)=x+2 la da thirc bac nhit. Do d6, ta tim nghiém cua

phuong trinh khéng thuan nhat ban dau dudi dang
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y,=xe" (Ax+B)= e*(Ax” + Bx),
suy ra
y, =¢'| AX’ +(B+2A)x+B |,
y, =¢'[AxX’ +(B+4A)x+2A+2B |,
thay vao phuong trinh ban dau, ta c¢6
ex(—4Ax+2A—ZB):ex(x+2).

Podng nhét cac hé sb tuong tng, ta dugc

.
—4A=1, A=
24A-28=2"1_ _5

B B:T

Suy ra

o x> +5x
y,=—¢ 1 :

Vay, nghiém tong quat ctia phuong trinh ban dau 1a

2
+5
y:y0+yp:Clex+Cze3x—ex(x 1 x}

véi C,, C, 14 cac hang sb tuy ¥.
Vi du 2.5. Tim nghi€ém cua bai toan sau

{y" -3y +2y=2sinx,
¥(0)=0,y'(0)=1.

Giai
Xét phuwong trinh thuan nhit y" —3y +2y=0.

k=1,

Phuong trinh ddc trung 14 k> -3k +2=0, suy ra L )

Vay, nghiém tong quat ctia phuong trinh thuin nhat 1a
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y, =Ce* +C,e™",
voi C,, C, lacac hang s6 tiy .
Ta thiy f(x)=2sinx=e"*(0.cosx +2sinx),suyra A =0, y=1va Atiy=d=i
khong trung véi nghiém cua phuong trinh dac trung. Hon nita P,(x)=0,
Q,(x)=2, suy ra / =max{0,0} =0. Do do, ta tim nghiém riéng cua phuong trinh
khong thuan nhat ban dau dudi dang
y, = Acosx + Bsinx,
suy ra
yp' =—Asinx + Bcosx,

"

y, =—Acosx—Bsinx,

thay vao phuong trinh ban dau ta c6
(A-3B)cosx+(3A+ B)sinx =2sinx.

Podng nhét cac hé sb tuong tng, ta dugc

_3
A-3B=0, ~ 5
p—
3A+B=2 1

5

Suy ra
3 cosx +lsinx
s 500
Vay, nghiém tong quat ctia phuong trinh ban dau 1a
X 2x 3 1 .
y=y,+ty,=Ce +C,e +§cosx +§smx,
véi C,, C, 14 cac hang sb tuy ¥.
Tur do, suy ra

3. 1
y' =Ce* +2C,e* —gsmx +§cosx,
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ma

-3
C,+C,=—
{ym) 0 TS
' 1
7O c,+2¢,=2.
5
C, =-2,
Giai hé trén, ta dugc 7
2 = 3

Vay, nghiém cua bai toan ban dau la

X 7 2x 3 1 .
y=—2e +§e +§cosx+—s1nx.

2.2.2. Phwong phap bién thién hé s6 Lagrange
Bwéc 1: Tim nghiém tong quat y, cua phuong trinh thuan nhit (6.31) tuong
mg v6i (6.33). Gia str nghiém tong quat cta (6.31) 1a
Yo =Cy + Gy,
trong d6 C,, C, 14 hai hang s6 tuy ¥; y, =y,(x) va y, =y,(x).
Buéc 2: Tim nghiém riéng ctia phuong trinh tuyén tinh khong thuan nhat (6.33)
dudi dang

y, =C(x)y, + C,(x)y,,

Ciy, +Cyy, =0,

trong d6 C,(x), C,(x) thoa hé { ,
1 ’ Coy + Gy, = f(x).

C = J(pl (x)dx +k,,

. Cl= (x) ®,(x)
Giai hé trén, ta duoc c 1
C=g(x) C, = [p,(x)dx + k,.

| —
D, (x)

Chon k =k, =0, tadugc y, =@ (x)y, + D,(x)y,.
Vay, nghiém tong quat ctia phuong trinh khong thuan nhat (6.33) 1a
Y=y tY,-
309



X

Vi du 2.6. Giai phuong trinh y"—4y'+3y =

e +1
Giai
Xét phuong trinh thuan nhat y"—4y'+ 3y =0.
Phuong trinh ddc trung 13 k* —4k +3=0, suy ra ]]? il?, :
=
Vay, nghiém téng quat ciia phuong trinh thuan nhat 1a
y,=Ce" +C,e.
Ta tim nghiém riéng dudi dang
v, =C (e’ + G (x)e™,
trong d6 C,(x), C,(x)thoa h¢
C/'e" +C,'e" =0,

X

C'e" +3C,'e" =

e +1
Giai hé trén ta duoc
11
2 417
L1
Po2eM (e 4]

'

1

Suy ra
C (x)—lln(ex —i—l)—lx—l—k
: 2 2 v
1 1 1 _ 1 .,
C(x)=—x——In(e" +1)+—e " ——e " +k,.
,(x) 573 ( ) 5 1 )

Chon k, =k, =0, ta dugc

2x X

1 1 X 3x X e e
yp:[gx—gln(e —|—1)]<e —e )—l— 3

-
Vay, nghiém tong quat ctia phuong trinh ban dau 1a
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y=Yy+y,=Ce" +C,e* +

1 1 e
—x——In(e" + D[ —e* |+
2 2 ( )]< ) 2

voi C,, C, lacac hang s6 tiy .
Pinh Iy 2.1 (Nguyén Iy chéng chit nghi¢m)

Xét phuong trinh y"+ay'+by = f,(x)+ f,(x), trong @ a, b la cdc hang s6
thuc, f,(x), f,(x) la nhitng ham lién tuc trén khoang I c R. Khi do, nghiém riéng
y, cua phuong trinh trén duoc tim dudi dang

Y, =Y+
trong dé y, la mot nghiém riéng cia phuwong trinh
y'+ay'+ by = f(x),
con y, la mot nghiém riéng ctia phwong trinh
y"+ay'+ by = f,(x).
Chirng minh.
Ta co
v, "tay, '+ by, =0y + 1) "+ a(y + )+ by + ;)

= "tay, '+ by) + (¥, "+ ay, "+ by,)
= f(x)+ f,(x).

Vay, vy, = yf + yz la nghiém riéng ctia phuong trinh da cho. |
Vi du 2.7. Gidi phuong trinh y" —3y' +2y =3¢ + 2sinx.
Giai
Xét phuong trinh thuan nhat y" —3y +2y=0.

k=1,

Phuong trinh ddc trung 14 k> -3k +2=0, suy ra L 5

Vay, nghiém tong quat ctia phuong trinh thuin nhat 1a

v, =Ce" + Czezx,
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voi C,, C, lacac hang s tiy y.
Ta tim nghiém riéng cua phuong trinh y” -3y’ + 2y =3¢** dudi dang
yf = xe"A,
tuong ty vi du 2.4, ta dugc A=3,suyra y, =3xe™".
Tiép theo, theo vi du 2.5, nghiém riéng ciia phuong trinh
y' =3y +2y=2sinx
la

: —icosx +lsinx
Ap) 5 5 .

Vay, nghiém tong quat ctia phuong trinh ban dau 1a

* * 3 1 .
y=y,+y +y,=Ce" +Czezx + 3xe™ +§cosx +§s1nx,

voi C,, C, lacac hang s6 tiy y.
2.3.Phwong trinh Euler

Phuong trinh Euler thuan nhat trén 7\ {0} 13 phuong trinh vi phan c6 dang

2. n

xy"+axy'+by=0, (6.34)
trong d6 a, b, ¢ 1a cac hﬁng s6 thue.
Phuong trinh dic trung cua (6.34) 1a phuong trinh bac 2 theo 4n k nhu sau
k*+(a—Dk+b=0. (6.35)
Dinh ly 2.2. Nghiém cua phwong trinh vi phdn (6.34) dwoc xdac dinh thong qua
nghiém cua phuwong trinh dac trung (6.35) nhu sau
i) Néu phwrong trinh (6.35) c6 hai nghiém phdn biét k,, k, thi phwong trinh (6.34)
c6 nghiém tong quat la
y=Cx" +Cx",

voi C,, C, la cdc hang so tuy y.
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it) Néu phwong trinh (6.35) ¢6 nghiém kép k, thi phuong trinh (6.34) co nghiém
tong quat la
y=(C +C, ln‘x‘)ek",
voi C,, C, la cac hang s6 tiy ¥.
iii) Néu phwong trinh (6.35) ¢6 nghiém phirc lién hop a=+iB thi phwong trinh
(6.34) ¢6 nghiém tong qudt la
y = x"[¢, cos(B1In|x|) + ¢, sin(S1n|x

)l
voi C,, C, la cac hang s6 tiy ¥.
Chirng minh. Xem [].
Vi du 2.8. Giai phuong trinh x*y"+2xy —12y =0, x = 0.
Giai
Phuong trinh ddc trung 1a k> +k —12=0, suy ra ? i?’ n
,=—
Vay, nghiém tong quat cta phuong trinh 1a
y=Cx’+Cx*,
voi C,, C, lacac hang s tiy y.
Vi du 2.9. Gidi phuong trinh x*y” —3xy' +4y=0, x> 0.
Giai
Phuong trinh ddc trung la k* —4k+4=0,suyra k=2.
Vay, nghiém tong quat cta phuong trinh 1a
y=(C,Inx+C,)x’,
voi C,, C, lacac hang s tiy .
Chii y 2.3. Ta c6 thé giai phuong trinh Euler bang cach dua phuong trinh Euler vé
phuong trinh tuyén tinh cap hai c6 hé s6 hing bang cach dbi bién x = ¢'. That vay,

v6icach doibién x =¢' = ¢t=1Inx, tacod
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_dy _dy dr _dy 1
dx dt dx dt x’

__() d dyl —ldy 1d(dy\d _ i_ﬂ
dt x) x*dt xdt dr Jdx dar’ dt
Thay vao phuong trinh (6.34), ta dugc
dZ
dZ

1a phuong trinh tuyén tinh cdp hai c6 hé s hing ma bién doc lap 1a «.

€Y (a- 1)—+by 0,

Vi du 2.10. Giai phuong trinh x*y"—xy'+y =cos(Ilnx), x> 0.
Giai
bit x = ¢’ = ¢ = Inx. Phuong trinh tré thanh
2
dy ,dy

— 3 COSt
i Car

va c6 nghiém tong quat 1a
y=e (Ct+C )——smt

Vay, nghiém tong quat ctia phuong trinh ban dau 1a

y=x(C/Inx+C,) - %sin(lnx).
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BAI TAP PHAN PQC THEM

Bai 1. Giai cac phuong trinh vi phan co dang tach bién sau

1) x-l—l. 2) 1—22x.
dx y dx y
dy
3 V. 4) —=5y+2.
) dx ) dx 4
dy y 2.2
S)—==. 6 yox©.
)dx x° ) dx
7 y== 8) y'=e*
2y
9) xy'=2y. 10) (x+1)y'+xy=0.
11) xdx— y*dy = 0. 12) (x* +3)dx +(2y* + y)dy = 0.
1
13) (x—l—l)dx—%dy:O. 14) —dx+dy=0.
y X
15) la’x—la’y:O.
X y
1
17) dx —— dy=0. 18) (14 y*)xdx + (1 + x*)dy = 0.
y —6y+13

19) \1—y*dx+ yV1—x*dy =0. 20) x+/1+ y*dx 4+ yy1+x*dy =0.

21) ———dy +——=——dx =0. 22) (o —x)dx + (3 +y)dy =0.
NIESY l—x
23) y'cosx = y. 24) y'cosx =— 24
Iny
25) y'tanx=1—y. 26) Incos ydx + xtan ydy = 0.

27) tanxsin® ydx +cot ycos’ xdy =0.  28) "' tan ydx + cos ydy = 0.

29) y+y=0, y(H=1 30) y'=e"", »(0)=0.

315



dy _ ycosx

31) sinxdx + ydy =0, y(0)=—2. 32 ,
) ydy ¥(0) ) o1y

1(0)=1.

33) xcosx = (¢ +2y)y", w0)=0. 34) Ly+e' =0, p(1)=0.
X

35) y'sinx=ylny, y[g]zl.

36) y'tanx =y +a, y[g]:a,0<x<g.

37) y'=e"" +e"7, y(0)=0.
D g =1

x(y—=1D  y(x)+2

39) (xy2 +x)dx—|—(x2y—y)dy: 0, y0)=I.

38)

mﬂ%:Mﬂm,Lm:—L

Bai 2. Giai cac phuong trinh vi phan dang cip sau

Ny =21 ) y=24241
X y o x
\ —X . 2y+x
3) y'=2 = 4) y="211
X X
, X+ \ >+ 2x
5)y'=""2, 6) y'=2— .
I Xy
2 2
' X \ 4
7)y=2 " 8) y'=— .
2xy y =X
9) (x ++/y* —xy)dy — ydx = 0. 10) y’dx + (x4 y> — x> — xy)dy = 0.
11) (x+\/g)dy: ydx. 12) xdy — ydx = +Jx* + y’dbx.
v x x
13) x| y'+e* |=y. 14) 2ye’dx +|y —2xe” |dy = 0.
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15) xy'ln[l]:yln X]—kx. 16) ydx+xlogldy—2xdy:O.
X X X
17) xy'—y—xsin[l]:Q 18) Xcoszdx—[fsinl—l—cosl]dy: 0.
X X X y X X

Yy
19) [xex —ysinl dx—l—xsinldy =0. 20) xdy—ycoslnldx:O.
X X X

21) (x> +y)dx =2xydy, y(—=1)=0. 22) (xy—y)dx—x’dy=0, yl)=]1.

Y
23) xy'=xe* +y, y(1)=0. 24) xy'—y:xtan[l], y(l):g.
X
25) (x* +6x°y* + yHdx +2xp(x* + y)dy =0, y(1)=0.
\ — 6x
26) y'=2—=, »()=0.
Iy —
Bai 3. Giai cac phuong trinh dang y'= f axtbyte sau day
a,x+by+c,
., x+y-—3 , 2x—4y+2
—x+y+l1 S5x—y—4
, 3x+2 +1 , x_|_2
3) yl=m X 4y y'=-21122
3x+2y—1 y—I1

5) (x+2y—4)dx—(2x—4y)dy =0. 6) (x+y+Ddx+2x+2y+2)dy=0.
Nx—2y+9Ndx—Bx—6y+19)dy=0.8)(x—2y+3)dx+ 2x+ y—1)dy = 0.
9) (7Tx—3)dx+ (2x +1)dy = 0. 10) (x—y+4)dx+ (x+y—2)dy=0.
1) (x+y—1’dy —2(y+2)’dx=0.
12) Bx+3y—1Ddx+2(x+ y)dy =0, y(0)=2.
13) Bx+2y+3)dx—(x+2y—1)dy=0, y(-2)=I1.
14) (x+y+2)dx—(x—y—4)dy=0, y(1)=0.
Bai 4. Giai cac phuong trinh vi phan sau néu né c6 dang vi phan toan phan
1) (xy+1)dx + (xy —1)dy =0. 2) (x—=y)dx+(x+y)dy=0.
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3) (y+1)dx—xdy=0. 4) ydx+(1—x)dy =0.

5) (y —3x%)dx — (4y — x)dy = 0.

6) 3x” + 6xy —2y")dx + (3x* —4xy —3y*)dy = 0.

7) Bx’y — x*)dx +dy =0. 8) 2(xy* + y*)dx + (2x*y + y*)dy = 0.
9 (y+x’y)dx + xdy = 0. 10) y(y + x*y*)dx + xdy = 0.

1) (x’y* — y)dx + (x*y* — x)dy = 0. 12) 3x*y’dx + 2x’y + x*y*)dy = 0.

2 2 2x° 2y’
13) y+—2]dx+[x—%]dy:o. 14) X 1Y g A OFIY 4,
X y ¥ y
2y +1 -
15) 2xy2+%]dx+4x2ydy:o. 16) [ﬂ]dwr[y 2x]dy:o.
Y Y y
17) sinxcos ydx + sin y cos xdy = 0. 18) cos ydx — (xsin y — y*)dy = 0.

19) (2x+ ycosx)dx + (2y +sinx —sin y)dy = 0.

20) (xy + siny)dx + (0,5x> + xcos y)dy = 0.

21) (siny —(1— y)cosx)dx + ((1+ x)cos y +sinx)dy = 0.
22) (3x’y +sinx)dx + (x° —cos y)dy = 0.

23) (cosy + ycosx)dx + (sinx — xsin y)dy = 0.

24) (e'siny+e ")dx — (xe” —e*cos y)dy = 0.

25) ye'dx+ (y +e")dy =0.

26) (e*siny+ x)dx+ (1+ e"cos y)dy =0.

2
X

27) (y—l—xlny)dx—l—[z——l-x-l—l dy =0.
y

dx + x—l—%— 4

y /xz . yz

29) sinxcos ydx + cosxsin ydy =0, y[g] =

28) [%er dy =0,
x'—y

T
T
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30) (x> + 1y + »)dx+Qxy+x+e’)dy=0, y(0)=0.

31) (e 4+ 3x)dx+ (" + 4y )dy =0, y(0)=0.

32) e'(y’ +xp° + Ddx +3y*(xe* —6)dy =0, p(0)=1.

33) (yze)‘y2 +4x>)dx + (2xyexy2 —3y)dy=0, y(1)=0.

34) (Iny—5y”sin5x)dx + [i +2ycos Sx]dy =0, y0)=e.
y

35) (2xyex2 +1In y)dx + [exz + £] dy=0, y0)=1.
y

Bai 5. Giai cac phuong trinh vi phan tuyén tinh c4p 1 sau

1) y'+3x°y=0.

o1
3) y'+—y=0.

X

5) y'—T7y=14x.
7 y'—3y=x".
9) y'=sinux.

, 1 .
11) y—|—cosx.y:§s1nx.

13) xy'— y = x"cosx.

15) cosx.y'+ y=1—sinux.

17) y'——2—= ¥ lntan[g].

sin x

2y 2
19) y'———=¢"(x+1).
)y x+1 ( )

dN

21) —=
)

kN, k 13 hing sd.

2) y'—3x'y=0.
)
X

6) y'+ y =sin2x.

, 3 1
8) y——=y=—3.
x x
10) y'+2y=3e"".
12) xy'+ y = xsinx.

14) y'4+2xy = xe .

16) y'— ysinx =sin x.cosx.

18) y'+ L =2Inx+1.
X

dy
20)—=+ 50y =0.
)dt Y

2
20—t

22)0;—?+ 0=4.
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Y

23)y'+6xy =0, y(m)=3. 24) y'—l_ >=1+x, y(0)=0.
x 1 : 1
25) y'—=2y=e" —ux, y(O):Z. 26) y'+3ytan3x =sin6x, y(O)zE.
1

27) y'—tanx.y = , y(0)=0. 28) xy'+y=e', y()=2.

COSX

3 dv
29) y'+2xy=2x", y(0)=1. 30) E+2V:32’ v(0)=0.

1

31)%+qy:4cos2t, q(0)=1. 32)62—];[+;N:t, N(2)=8.

Xem x la ham theo y, hay giai cac phuong trinh

33)(2xy + 3)dy — y’dx = 0. 34) (y* +2x)y'=y.
35) (x +y*)y'= y. 36) ydx + (x + x*y*)dy = 0.
37) ydx —(x + y*sin y)dy = 0. 38) (1+ y*)dx = (yJ14 y* sin y — xy)dy.
Bai 6. Giai cac phuong trinh Bernoulli sau
Dy+y=y" 2) xy'+y=xp".
3) y+y=ye. 4) y'+xy=2xy.
2
5) y'+y=y_3. 6) yv_ y — y )
x—1 x-—1
7) xy'+y =y’ logx. &) y'42xy = e,
o) 4
9) 4xy'+ 3y = —e'x*y’. 10) y'+=y=3x"y3.
X
1 2
11) y'+—y:L);. 12) 2y'—|—y:x—.
X cos” x ¥
13) y':y<y3 cosx—i—tanx). 14) xy'+y=2x"ylny.y"
3 . ' 2 9.5
15) y'x’siny+2y=xy'. 16) y+—y=—xy", y(—1)=2.
X
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17) y'+y=e2\y, p(0)=1.
: : 4 7
18) 3y'+ ysinx =—3sinx.)", y[g]zl.

19) 2cosx.dy = (ysinx — y’)dx, y(0)=1.
20) (y* +2y+xH)y'+2x=0, y()=0.
Bai 7. Giai cac phuong trinh Riccati sau
Dy'=y'—y-2.

2
' Y —1
2 = .
)Y x*+1

3) 2xy'=y* —1.

. 1
4) x*y'—xy+x*y? +1=0, voi y,(x) =——.
X

"V 1 2 2 3 , . . 2
S5)y'=—y " +—y+x, Vo1 y,(x) =—x".
X X

2

6) y'=—25+2
X

=+1, v6i y,(x)=x.
x

1 1
Ny'=—y —1+—2, Vo1 Yy (x) =—.
X X X

Bai 8. Giai cac phuong trinh dang x = f ("), y= f (")

1) x=—2y+2Iny". D x=3y"+2y".
3 x=yp"—y'+2. 4) x=2y'—-Iny".
5) x=y'+e". 6) x=e"'(2y"—2y'+1).
1 1
y yoy
/ 1 o \
9 x= [1+—. 10) x =sin y'+cosy'.
Y
11) y=4y"4 ", 12)y=yp"—y”-2.
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13) y=¢"(y'- D).
15) y=y"tany".
17) y=y'"J1+y".

12

19) y:yT+2xy'—|— x’.

14) y=y'Iny".

16) y=4/1—y".

18) y= Y

NESD

20) y=w'+2xp".

Bai 9. Giai cac phuong trinh Lagrange va phuong trinh Clairaut sau

1
Yy

1 1
3 =—xy'+—y'Iny".
)y S Eoyiny
5) y=xp"+y".

2

7) y=2xy'+%+y'2.
1 ' 12

9) y=x|—+y'|+y".
X

11) y=xy'+5.

13) y=xy'+e’.

15) y=xp'+ y'— »".

17) y=xy'+ y'—y'ln‘y".

19) y'=In(xy'=y).

2) y=xp"4y".

I+
2y '

4 y=x
6) xy'+y—y”=0.

8) y=x(1+y)+y".
10) 2y(y'+1) = xp".

12) y:xy'—ziy'.

14) y=xy'+cosy".
16) y=xy'+J1—p".
18) xy'—y—Iny'=0.

1 1

NS

20) y

Bai 10. Trong ciac phuong trinh sau, phwong trinh nao la phuong trinh vi phéan

tuyén tinh (thudn nhét, khong thuan nhat, c6 hé s6 hang)

D) y"+xy'+2y=0.

3) Yty +yi=er.

2) y"+sinxy'+4xy =0.

4) y"+ ' =x
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5) y'+ 2+ y=4x”. 6) '+ y'+yy'=x".

7) y"+e" =0. 8) y"+e =0.
Bai 11. Tap cac ham s6 nao sau day doc lap tuyén tinh.

1) {x,3x}. 2) {5,x7}.

3) {x,x°}. 4) {e*,e™}.

5) {x,3x +1}. 6) {e’*,e ).

7) {Inx,Inx*}. 8) {sinx,2cosx}.
9) {Vx,A/x+a}.

Bai 12. C6 thé 1ap nghiém tong quat ctia cac phuong trinh vi phan sau, néu biét hai
nghiém y,,y, cua chung khong ?

1) y"+16y =0, y, =sindx, y, = cos4x.

2) y"+y'=0,y,=1Ly,=4.

3) y"—8y'=0,y, =", y, =1.

4) "y '+1—L_0 _Sinx __cosx
y .X'y 4x3 9y1 \/; 9y2 \/—7

Bai 13.Tim nghiém tong quét cua cac phuong trinh sau

) y'=y'+y=0. 2) y'=y'=2y=0.

3) y"-5y=0. 4) y"—y'—12y=0.
5) y"+y=0. 6) y"—y'=0.

7) y"—2y'+y=0. 8) ¥y"+6y'+9y=0.
9) y"+2y'-3y=0. 10) y"—2y'+2y=0.
11) y"—25y'=0. 12) y"—25y=0.

13) y"+16y =0. 14) y"=7y'+10y =0.
15) y"+y'+2y=0. 16) y"+8y'+16y =0.
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1
17) y"—4y'+20y=0. 18) y"—y'—I—Zy:O.

19) y"=2y'+5y =0. 20) y"=0.
d’y dy d°N _dN
21) 4 —12—=+9y=0. 22 —5—+7N=0.
Vhae PRt Var

Bai 14. Tim nghi€m cua cac bai todn sau

D y"'=0,y)=2,y'1)=—1.

2) y'=y=0,y(0)=2, y'(0)=0.

3) y"+5y+6y=0, y(0)=1, y'(0)=—6.

4) y"—10y+25y=0, y(0)=0, y'(0)=1.

5) y"+2y=0,y3)=0,y'3)=0.

6) y"+3y'=0,y(0)=1, y'(0)=2.

N y'=2y+y=0,y2)=1y(2)=2.

8) 4y"=4y'+y=0,y(0)=—-1'0)=2.

9 12y"+5y'—2y=0, y(0)=1, y'(0)=—1.
10) 3y"+y—142y =0, y(0)=2, y'(0)=—1.
11) 4y"+4y'+5y=0, y(m)=1, y'(w) =0.
12) y"+2y=0,y(3)=0, »'(3)=0.

13) y"+2y=0,y(3)=0, »'(3)=0.

14) y"—4y'+20y =0, y(n/2)=0, y'(r/2)=1.

Bai 15. Tim nghiém téng quat cua cic phuong trinh khong thuin nhét sau

1) y"—3y'—10y = —3. 2) y"+3y'+2y=4.
3) y"=3y'—10y =2x—3. 4) y"-2y+y=x+1.

5) y"+2y'+y=x. 6) y"—2y'+y=x"—1.

7 y'—y=x>—x+1. 8) ¥"—6y'+9y =2x" —x +3.
9) y"—y'=x’. 10) y"—y=e".
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11) y"—2y'+ y=3e™".
13) y"+3y'+ y=e".

15) y"—2y'—8y=10e".
17) y"=2y'+y=xe".

19) y"+ y'—2y =3xe".
21) y"-3y'+2y=(4—12x)e".
23) y"—y'=sinx.

25) y"—y'=2y =20cosx.
27) y"+ y =4xsinx.

29) y"-3y'+ 2y =xcosx.
31) y"+9y=x"sinx.

33) y"—2y'+2y=xe’sinx.

12) y"+3y'+ y=12¢".

14) y"+3y'—4y=e¢".

16) y"+3y'+2y=¢"".
18) y"+8y'+16y = 2xe*".
20) y"-2y+y=e'(x+1).
22) y"—5y'+4y =4x’e™.
24) y"+ y'=cos3x.

26) y"+2y'+ y = 65sin2x.
28) y"+4y = xsin2x.

30) y"+ y=(x+2)cosx.
32) y"+2y'+10y = x’e *cos3x.

34) y"—2y'+2y=e€"(2cosx + 4xsinx).

Bai 16. Tim nghiém tong quat ctia cic phuong trinh sau

1) y'—y=e" +x.

3) Y+ y'— 6y =x+e*.

5) y'+2y'=x"—¢€".

7) y"=3y42y=e" —e*.

9) Y"+3y+2y=eF+e > —x
11) y"—y'—6y=¢e " —7cosx.
13) y"+ y=cosx + cos2x.

15) y"+ y =sinxsin2x.

17) y"+4y =cos’ x.

2) y"+y=2x+3e".

4) y"—3y'=¢e> —12x.

6) Y"+3y'+2y=e " 4+ x°.
8) y"—y=uxe* +1.

10) y"+ y=sinx+e .
12) y"— y=sinx + cos2x.
14) y"+ y =sin’ x.

16) y"—y =cos’ x.

18) y"+ y =sinxcos3x.
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Bai 17. Tim nghiém tong quat ctia cic phuong trinh sau

2
Dy'=y=—
X

b

xx’

3) y'-y=4x+

5) y"—y'=2"

" ' €
7 y"=2y -I—y:;.

X

e

9) y'—y=—.

)y e +1

1) y"4 3yt 2y ——
Y g - +1

13) y"+2y'+y=e "logx.

15) y"4 y =tanx.

17) y"—y =sin’x.

19) y'+y=

COSX

21) y'+4y=

CcOS2x

2
" \ X +2x+2
2)y —2y+y=—x3 :

4) y"+2y'+y=3e "Vx+1.

6) y"+2y'+y=e".

X

n 1 e
8)y—2y+y=;-

" 1 2—x x
10) y"=y'=—=—¢€".
X

12) y"—2y'+ y=¢e"logx.

14) y"—3y'+2y=cos(e ).

16) y"+ y =cotx.

18) y'+y=—".
SIn x

20) y"+ y=tan’x.

1

sin 2x+/sin 2x '

22) y'+ty=-

Bai 18. Tim nghiém tong quat ctia cic phuong trinh sau

1) X*y"4+2xy'—12y=0,x =0.
3) X*y"+ 5xp'+13y =0, x = 0.

5) x*y"—2xy'— 4y =0, x =0.

7) 4x*y"+y=0,x=0.

2) X*y"—xp'—3y=0,x=0.
4) X*y"=3xy'+4y =0, x =0.
6) X’y"+xy'+4y=0,x=0.

' 2
8) yn_L_f_lz:—,xiO.
X X X
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Bai 19. Giai cac bai toan sau

1) y"—y'=2y=e", y(0)=2,y'(0)=1.

2) y"=5y+6y=e"(2x—3), y(0)=1, y'(0)=3.

)y +y=xyDH)=0,y D=1

4) y"+4y =sin’2x, y(r)=0, y'(7) =0.

5) y"—2y'+2y=2sin2x +cos2x, y(0)=0, »'(0)=1.
6) 9y"+y'=3x+e ", y(0)=1y'(0)=2.

7) y"=2y'+2y=4e cos2x, y(m)=¢e", y'(m)=¢e".

8) x’y"—xy'+4y=0, y(1)=0, y(2)=1.

9) x*y"+3xp'+y=1/x, y(1)=1,y'(1)=0.
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