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Chuong 1

Phép tinh vi phan ham nhiéu bién

1.1 Khéng gian ba chiéu

Pinh nghia 1.1. Hé gom ba truc toa do6 Oz, Oy, Oz ddi mdt vudng goc v6i nhau duge goi
1a hé toa dd vudng gdc trong khong gian.

z)

k =(0.0,1) P

_ j=1(0.1,0)
|

i=(1,0, 27
e )
/ \ x & - )
.‘.

X

Trong do:

Diém O goi 1 gbc toa do, truc Oz goi 1a truc hoanh, truc Oy goi 1a truc tung, truc Oz
goi la truc cao.

Vecto 7 ?, ? goi la vecto don vi.

Mit Ozy, Oxz, Oyz goi la mit phang toa do.

Pinh nghia 1.2. Toa d6 diém P trong khong gian ba chiéu: P = (a, b, ¢)

T (a, b, c)
/

'}
0,0,0 _
( ; Move ¢ units
Move a units ¢ in z-direction.
in x-direction. | ¢
b y

Move b units
in y-direction.
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Vi du 1.1 (Piém trong khong gian). V& cic diém sau trong khong gian Ozyz

1. (3,4,5)
2. (~2,-3,5)
Gidi

1 (3.4,5

©.0,0) |

3,0,0)

( y\‘\&\
/f‘\-u.al. 0) J

X

(—2,0,0)

(0.0,0)—~

Vi du 1.2 (Mit phang trong khong gian ax + by + ¢z + d = 0). .
M:iit phing 2z + y + z = 6 va mit phiang = + = = 6 ¢6 dang sau

Z -\ b4
x=20 -+
(0,0,3)

g\ .
2,0,0 (0,4,0)
y y

Chi y: phuong trinh = = a,y = b hoiic z = ¢ biéu dién cdc dudng thang trong khong gian

hai chiéu.
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Vi du 1.3 (Mt tru). Mit tru 1a mot mit bao gdm tit ca cac dudng thang (dudc goi la dudng
sinh) song song véi dudng thang dudc cho va di qua dudng cong phang cho trudc.

a. Mit z = 22

Phuong trinh dd thi z = 22 khong lién _z
quan téi y, diéu nay cé nghia ring bat ky
mit phang thang ding nao cé phuong trinh
y = k (song song véi mit Oxz) déu cit do
thi theo dudng cong c6 phuong trinh z = 22,

Chiing ta vé dd thi bang cach 13y parabol

z = 2% trong mit phang Ozz va di chuyén

n6 theo phuong cua truc Oy.

b. Mit 22 + y? = 1 vd y* + 2% = 1 ¢6 dd thi nhu sau

i a

A\

XHyr=1

Vi du 1.4 (Mot s& mit bac 2). .
Mt bac hai 13 dd thi cia mdt phuong trinh bac hai theo ba bién s6 z, y. 2

Ax® + By? + C2* + Day+ Eyr + Fzx +Go + Hy+ Lz 4+ J =0

trong d6 A, B, ..., J 1a cic hing s6.
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2 9 2
T R -
Ellipsoid: 2 + 02 + = 1.
Tat c4 nhét cit déu 12 ellipse. Néu a = b = ¢ thi elipsoid 12 mot mit cau.

Elliptical cross-section | N

in the plane z = z; L/

22

The ellipse 5 + = =1
P a> b

in the xy-plane

w
%)
L
~
A~

The ellipse . )

22 The ellipse 25 + &
. < ¢ elpse — -y
St =1 Py T 2

in the yz-plane

2,2
Paraboloid elliptic: E = % + Z—2
Céc nhat cit ngang 1 ellipse. Céc nhat cat diing 14 parabol. Bién s6 liy thita 1 chi truc

paraboloid.
The parabola z = -5 x? 2 2 1
g a? The ellipse %5 + ‘—, =1
in the xz-plane ~ ) a= b
in the plane z = ¢

The parabola z =

in the yz-plane
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2 2
Paraboloid hyperbolic: cor Y
c a2 b?

Céc nat cit ngang 1a hyperbol. Céc nhat cit diing 1a parabol. Hinh bén mé ta cho trudng
hdp ¢ < 0.

The parabola z = 5 y? in the vz-plane Part of the hyperbola .
2 B R z
’ ) YT =
b a”
in the plane z = ¢

-\H/\ERBOLA 7 /\ / y 8 /

Safidle_ﬂ_'_"_,_
point

Part of the hyperbola

The parabola z = —i, x - in the plane z = —¢
a-

in the xz-plane

Mat non
2 2,2
NI T Y
Phuong trn/lh 2= + b_2
Céc nhat cat ngang la eliptic.

Céc nhat cat ding trong mit « = k va y = k 1a huperbolic néu k # 0 nhung 1 cip dudng
thang néu & = 0.

- 2 A ~
The line z = _I%'v N The ellipse % - b =1 “
at b2
in the yz-plane . _ . in the plane z = ¢
FLIPSY
The line z = Sx

‘-\

in the xz-plane
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. e LA 2 y? 22
Hyperbolic mot tang: S +5— 5=
a b c

Céc nhat cit ngang 1a eliptic. C4c nhat cat ding 14 hyperbolic. Truc dbi xing tuong ting
v6i bién sb ma hé s6 cia né Am.

2
Part of the hyperbola r—.) — *5 = linthe xz-plane
2

a
/ : 8 4
=c The ellipse = + -
a2

/’_K = /in the plane z = ¢

Lo | -
[
]
357
————>

22
The ellipse 5 + = = 1
- a= b"

OLA
m
=
=
-
w
b

.~/ 1nthe xy-plane

/

HYPERB

Part of the hyperbola
in the yz-plane x x
ye  z2
poam—
& ELLIPSE

N 2 2 2
Hyperbolic hai tang: —2 e + 2= 1.

Cic nhat cit ngang trong z = k la ellipse néu k& > ¢ hodc k < —c. Nhat cit ding la
hyperbolic. Hai dau trif chi 2 tang.

2y
z The ellipse I—2+ L=

a’> b
in the plane z = ¢V/2

(]

I8

The hyperbola AN \|

-2 2 s The hyperbola
Z_X - AN yp!

2 42 (0,0,¢) 2 2

~

Vertex el b2

in the xz-plane 0
\ in the yz-plane
y

—(0,0,-¢)
Vertex

ELLIPSE
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1.2 Khong gian R"

Pinh nghia 1.3. Tich Descartes ctia n tap so thuc R dugc dinh nghia Ia tich
RxRx..xR=R" (1.1)
hay R" = {(x1, 22, ..., xp) |2 € R,VE =1,2,...,n.}.
Khong gian R” 1a khong gian tit ci cdc bo sb thuc c6 n phan ti
(1,22, ..., xp)

Vidu 1.5. Véin = 1, R' = R dudng thang thuc.
Véin = 2, R? = {(x1, 29) |1, zo € R} mit phang vdi hé toa do Descartes.
Véin = 3,R? = {(x1, 29, 23) |21, 72, 23 € R} khong gian 3 chiéu v6i hé toa do Descartes.

Pinh nghia 1.4. Khoéang cach giia hai diém =,y € R" la

d(z,y) =z —yll =

Vidu 1.6. Trong R, d(z,y) = |z — y|.

Trong B, d(z.y) = \/(z1 — 91)? + (w2 — 1o)"-
Trong R, d(z, ) = \/ (w1 — 11)? + (02 — 10)° + (23 — )
Vidu1.7. Cho z = (5,3,0,2),y = (2,0,1,8) € R%
Khoang céch tli z t6i gbc toa do 1a
d(x,0) = ||lz]| = /5% + 32 + 02 + 22 = V/61.
Khoang cdch giilta hai diém z,y 1a
d(z,y) = ||z —y| = \/(5—2)2+(3—0)2+(0—1)2+(2—8)2=\/%~

Pinh nghia 1.5. Cho 2z, € R", 14an can clia diém =z 12 tp hop tht ca cac diém thudc qua

cAu md tAm g, ban kinh nho tuy y.

B(x0,) = {y € R"[ ly — zo <&}

1.3 Ham nhiéu bién
1.3.1 Pinh nghia

Pinh nghia 1.6. Him n bién 12 mot quy tic dit tuong ting mdi bd sb thuc (z1, zo, ..., z,,)
v6i mot sb thuc duy nhét, ky hiéu u = f(x1, 2o, ..., 2n).

Hay, 4nh xa
f:DCR"—>R
(1,22, ooy Ty) = u = f(T1,22,...,2p) .

dugc goi 12 ham n bién trén D.



1.3 Ham nhiéu bién

Tap D: mién xdc dinh ctia ham f.
(tap tht ca cac diém (w1, a9, ..., 2,) sa0 cho f(x1, 3, ..., 2,,) ¢6 nghia).

Tap Imf = {f (x1, 22, ...,xn) € R| (1,22, ..., x,) € D}: mién gid tri ctia ham f.

YA

z=f(x,y) 3 -
Domain fmaps D to a subset of R.
Off . /f\
¢ D % Range of f
> — | —
(x. y) x z 4

[fassigns to each point
(x, y) in D a real number z.

V6i n = 2, ta cé ham hai bién = = f(x,y).
Véin = 3, ta ¢6 ham ba bién v = f(x,y, 2).

Vi du 1.8. Tinh gid tri ctia hAm s6 f(z,y, z) = /22 + 42 + 22 tai diém (3,0, 4).

Gidi.
£(3,0,4) = /32 4+ 02 +42 = /25 = 5.

Vi du 1.9. Tim mién x4c dinh cda cac ham so sau

Lou(z,y) = \y — 22 D:{(:z:,y)G]R2|y—:c220}
Z.UZ—W. D:{(:c,y)e]R2|:L’+y+1§0,:L’7é1}.

y
+ Interior points, e | =
where y — x> > 0 Xy

w: /7

Outside, The parabola
y - <0 L y— 2=0 -
is the boundary.

> X

1.3.2 Do thi cia ham nhiéu bién
D6 thi cia ham s6 n bién f(zy, z9, ..., z,) x4c dinh trén D 12 tap
G =A{(z1,22, ..., zn,u) |u= f(x1,22, ... 2n) , f (21,22, ...,20)} .

Trudng hop n = 1, dd thi ham f dudc biéu dién trong mit phang, R2. DE ve.
Trudng hop n = 2, dd thi ham f dugc biéu dién trong khong gian 3 chiéu, R?. Khé vé.



1.3 Ham nhiéu bién

/-\ (a, f(a))

|
|
|
|
!
a

(A) Graph of y=f(x) (B) Graphof z=f{(x, y)

Vi du 1.10. D6 thi cia mot s6 ham s6

X

fix ) —6—3x—2y
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1.3.3 Duong mitc ciia ham hai bién

Pinh nghia 1.7. Puong mifc cia ham hai bién f(z,y) 1a nhiing dudng cong trong miit
phang Ozy cé phuong trinh f(z,y) = ¢ vdi ¢ 1a mot hing sd (thude mién gia tri cia f).

N6i cach khac, khi ta 14y mit phang z = C song song véi mit phang Oxy cat do thi
ham sb f, ta dugc mdt vét, sau d6 chiéu vudng géc vét nay 1én mit phang Oxy cho ta mot
dudng muc.

DPudng miic nay cho biét cao do clia mit z = C' .

Trong 4p dung thuc t&, cic ban dd dia ly va khi tuong thudng & dang tip cdc dudng

2,

muc.

Vi du 1.11. C4c dudng miic ciia ham sb f(z,y) = 2 + ¢°.

- =10 1

= X

Contour plot of g(x, y) = x? + y? z=x2+y

Vi du 1.12. Biéu dd chiéu cao

e

Vi du 1.13. Biéu do ap suit khi quyén.
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60°E

40°E

Doc theo dudng mtc, dp suit khi quyén khong déi.

Vi du 1.14. Biéu dd lugng mua do bao Dorian gy ra tir 31/8 dén 4/9.

NASA IMERG Pre.
0600UTC 28 Aug
25 51 76

5
L
12 3

Hurricane
Dorian

1.4 Gidi han va lién tuc
1.4.1 Gidi han ham hai bién

Pinh nghia 1.8. Cho ham sb » = f(z,y) xdc dinh trén tip D C R? va (20, yo) 1a di€m tu

ctia D. Ta néi ham z = f(z,y) c6 gii han 12 L khi (z, ) tién vé (2, yo) néu
Ve>0,30>0: V(z,y) € D, 0 <|(z,y) — (w0, 90)| <= |f(x) - L| <e

Ky hiéu: lim  f(x,y) = L.
(2,y)=(x0,y0)

Chii y:
1. |f () — L|: khoang cach ti f(z,y) t6i L trong R.
2. |[(x,y) = (o, 90)|| = V/(z — x0)% + (y — yo)2: khodng cach tit diém (z,y) téi di€m

(0. yo) trong R,



1.4 Gidi han va lién tuc 12

3. Gi6i han ctia ham f(z,y) néu c6 1a duy nht.
4. Gidi han L ctia ham sb f(x,y) khi (x,y) — (x0,y0) khong phu thudc dudng di cta
(,y) dén (z0,y0) . Do d6, néu ta chi ra dugc hai dudng C/, C théa

° lim x,y) =1L
g Ty | @Y =

theo Cy . .
. lim flz,y) =Ly = lim  f(z,y) = L khong ton tai
(@)= (20,y0) (z,y)—(0,0)
theo Ca
ol # Lo
(3) (1) 3)
2) et @)
| (a, b)
@/ | @)

(D

Pinh nghia 1.9. Cho ham s6 z = f(x,y) x4c dinh trén tip D C R? va (x0,y0) 12 diém tu
cua D. Ta n6i
lim f(x,y)= L.
(l’,y)—>(l’0,y0) ( )
khi va chi khi

V (T, yn) C D\{(z0,%0)} : (Tn,yn) — (20, y0) = f (Tn,Yn) — L.

Chii y: V6i dinh nghia trén, dé€ chiing minh ( )lir(n | f (z,y) khong ton tai, ta can chi
x,Y — Zo,Yo
ra hai day

o (zl.yL) = (zo,y0) = f (ab,y)) = Lu
o (22,92) — (z0,90) = f (22,42) — Lo
oL # Ly

Pinh ly 1.1. Gid su hai ham f, g thoa lim  f(z,y) =L, lim g(z,y) =K, ta
) (z,y)—(x0,0) (z,y)—(@0,50)
co
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13

. lm o [f(z,y) £g(zy]=L+K,
(l’,y)—>($0,y0)

ii. lim  cf(z,y)=cl,ceR,
(,y)=(z0,y0)

ii.  lim  f(x,y).9(z,y) =L.K,
(.’L‘,y)—)(l'o,yo)

iv.  lim f(x’y)ZE,K;AO,

()= (z0.y0) 9 (T,Y) K

V. lim  (f(x, y))r/s =Lirs € L
(a:,y)—)(xo,yg)

Pinh ly 1.2. 7a co
I. lim [f(r,y)|=0« lim  f(z,y)=0
(xsy?*(xoayo) (zy)—=(zo.0)
ii. Néu g (v,y) < f (z,y) < h(z,y),¥(z,y) € D C R* va

lim g(z,y) = lim h(z,y) =1L
(I7y)_>(x07y0) ( ) (:U,y)—}(l‘o,yo) ( )

thi lim  f(z,y) = L.
(ﬂ:‘,y)—)(l’o,yo)

4ayy?

Vi du 1.15. Dung dinh nghia chiing minh rang ~ lim  ——>— =0

(@.y)—(00) 22 + 42
Gidi. 2
Ham £ (z,y) ﬁx—fy? xéc dinh trén R2\{(0,0)}.

Ve > 0, tim § > 0 sao cho: V (z,y) € R? d ((z.y),(0,0)) <6 =

4| zy?
Ve > 0, tim 0 > 0 sao cho: V (z,y) € R%, /a2 + 42 < 0 = x2|+yy|2

Tacody? <2+ yz, suy ra

4 2
1Y | = Va2 < 4y/a2 5 4 < 46

12 + y2 —
4 2
Chonézf: i 0| <4.5=¢
4 2 + 92 4
4 2
(z,y)—=(0,0) T2 + Y

x

Vi du 1.16. Chiing minh gidi han  lim khong ton tai.

(7,9)=(0,0) T =Y

72
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Gidi.
Cdch 1.
T 0
lim v lim — =0
(zy)= (o) T =Y  (zy)—=(zoy) 0 — Y
theo =0 theo =0
lim Y~ lm T
(@y)=>(woy0) T =Y (z)=(z00) T — 0
theo y=0 theo y=0

xr

Tathdy0#£1=73 lim .
yo7 (zy)—= 000y — @

Cdch 2.
21 . P
Chon (z),y) = (T—Z,E),khlneoota c 2
1,1 5 : i . n
0,0 1 = 1 = 2.
(mmyn) - ( , ) va (x,y)lgl(0,0) Ty n—l>r—|r—loc % %
1 2
2 2\ . 4
Chon (z;,y;) = (ﬁ’ E)’ khi n — oo ta c6 1
2 .2 5 . € . n
) —(0,0)va 1 = 1 =—1.
(x5 yn) — (0,0) e Ty B T2
Tathly2#-1=3 lim ——.
(zy)—=(00)Y —
Vi du 1.17. Tinh céc gidi han sau, néu c6
. 24
1. hm PR
(z,y)—(0,0) 1 + 2y + @
2. lim In(1+4€%)
(z,y)—(1,0)
(022
sin (x” +
R e 2
(z,y)—(0,0) T4ty
1
4.  lim 22 + %) sin ——
(x,y)—i((),()) ( Y ) z2 + y2
5. lim (xye_xZ_yQ)
(z,y)—(400,400)
Gidi
. 2+ 240
1.  lim = —9
(z)—(00) L + 2y + 22 14 0.0+ 02
2. lim In(1+e¥) =In(1+e0) =n(2).
(z,y)—(1,0) ( ) ( ) @
3. Pitu =2+ tacd (x,y) — (0,0) = u — 0 nén
sin (332 + y2) sinu

=1

lim 5 5 = lim
(x,y)—(0,0)  z°+Y u—0 U
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4. Pitu = 2? +y? tacé (z,y) = (0,0) = u — 0O nén

lim (LL’2 + yz) sin —

——3 = lim wu sin -
(z,y)—(0,0) e +y u—0 U

. . 1 .
Tinh lim wsin —, ta co

u—0 U
o —yu<usin— <u,
U
e limu=0,
u—0

. 1
Suy ra lim usin — = 0.
u—0 u

Viy lim (xQ + yz) sin

7 (2.)=(0,0) 224+ y2
5 |zy| z? +y?
5.Taco 0 < e < T
. . 2 + y2 g 9 5 . A
Tinh ( %lm(o 0) ex’+y? bitu = 2" +y”, taco (z,y) = (+00, +00) = u = +oo nén
Yy —(U, “
2,2
i G uwrH ]
lim z—yzz lim — = lim — =0.
(@y)=(oc,00) €7 HY u—+o0 e u—+o0 e¥

1.4.2 Lién tuc

Pinh nghia 1.10. Him s6 f : D ¢ R? — R dugc goi 1a lién tuc tai diém (zo,y0) € D néu
1. f xac dinh tai (9, yo),

2. lim  f(z.y) ton tai,
(l’,y)%(l’o,yo)

3. lim  f(z,y) = f(x0,90)

(z,y)—=(xo,0) )
Ta noi f lién tuc trén D néu f lién tuc tai moi (g, yo) € D.

Ménh dé 1.3. Cho hai ham f,g : D c R* — R lién tuc tai (xo,y0) € D va mot s6 thic
k € R thi cdac ham kf, f + g, f — g, f.g ciing lién tuc tai (xo,yo) va f/g cing lién tuc tai
(0, yo) néu g(x0,y0) # 0, (0. yo) € D.

Ménh dé 1.4. Néu f : D1 c R? — Dy C R lién tuc tai (zo,y0) € D1vag: Do C R - R
lién tuc tai f(xg,y0) € D2 thi g o f lién tuc tai (zo,yo).

Vi du 1.18. Xét tinh lién tuc ctia ham s6 sau tai di€m O(0,0)

2 2
L f (2,y) = ;—+52
ry
2_f(3;7y):{ R (x,y) # (0,0),
07 (.’Ey) = (070)
a:yz
3.f(a:,y):{ oL (z,y) # (0,0),
1, (z.y) = (0,0).

Gidi
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2 2

1. Ta thy f (x,y) = ;—Jrzz khong xac dinh tai (0,0) nén né khong lién tyc tai (0, 0).
2.
i. Taco f(0,0) = 0.
ii. Cho (z,y) — (0,0) theo dudng thang y = x, ta c6
Ty . Tx 1

m = llm @ ——=-
(2.9)—=(0,0) 22 + Y% (zy)—(0,0) 22 + 2% 2

(%)
Cho (z,y) — (0,0) theo dudng thang y = 0, ta c6
Ty z.0

li ———g = i ——— =0.
() (0.0) T2+ 12 (29)(0.0) 72 + 02 (%)

Tt (%) va (+%), ta c6 3 T x;‘f 3+ Vay, f khong lién tuc tai (0,0).

}' ):,
Sy=x
t=b| A
Va f=0 X
3. Taco
zy? (2 +9%)y
[ ] S = y’
ZL’Q + yQ ,1:2 + y2
e Ilm y=0.
(z,y)—(0,0)
Suy ra
im g £ £(0,0). nén f xy?
(2.9)-(00) 2% + 9> o fG9) = 5.
khong lién tuc tai (0,0). x“+y
2
o 2 Y 0 O)
Vidu119. Tima déhamsé f (r,) = 4 21520 &7 00 jien we tai (0, 0).
a® — 4, (z,y) = (0,0).

Pinh nghia 1.11. Him s6 f : D ¢ R? — R dudgc goi 1 bi chin trén D néu
IM > 0,¥(z,y) € D: |f (z.y)| < M.

Tinh chéit 1.5. Néu ham s6 f : D ¢ R? — R lién tuc trén tip D déng va bi chiin trong R?
thi f dat dugc gid tri 16n nhét, nhd nhit trén D, nghia 13, ton tai (z1,11), (z2,12) € D sao
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cho

fler,yr) =m < flz,y) < M = f(x2,52).Y(z,y) € D.
1.5 Dao ham riéng
1.5.1 Dao ham riéng cap 1

Pinh nghia 1.12. Cho f : D C R" = R vax = (a1, 29,...,1,) € R". Gidi han

I f(ﬂ:l—l—hl,JSQ,...,{En)—f(xl,:cg,...7xn)
1m
hl—}O h]_

)

néu c6, dudc goi 12 dao ham riéng theo bién thif nhit cla f tai x, ky hiéu D, f (z) hay
2L () hay £, (@)
6']71 y JT1 . ) o
Tuong tu cho cac dao ham riéng theo cac bién thi i, « = 2,n cua f tai =, ky hiéu
0
Dif () hay 2 (2) bay £, (2).

Véin =2,z = f(z,y) thi dao ham riéng cép 1 tai di€ém (zo, yo) 12

fe(x0, y0) = lim flot h,yz - f(wq,y)’
flay+k) —f(z,y)

fy($07y0) = %E&) k' :

Chii ¥
f»: dao ham ctia f theo bién z, xem y 1 hang sb.
f,: dao ham clia f theo bién y, xem = 12 hing sd.

Véin = 3,u= f(z.y, z) thi dao ham riéng cip 1 tai diém (z, o, 20) 12

fl‘(m07 Yo, ZO) = llzm

3 f(x+h7yaz)_f($,y,z)
—0 h ’
. f(m,y'i'k,Z)—f({]j"?,z)
, —1
fy(fO»yOJfO) klir%) 2 ,
. N f(xvyvz'i_l)_f(lv,y,Z)
fZ($07QOaZO) —}E}(l) ] )

Chu y
f+: dao ham cuia f theo bién z, Xem y va z la hang so.
fy: dao ham cta f theo bién y, xem x va z la hang so.

f.: dao ham ctia f theo bién z, xem z va y 12 hing s6.

Vi du 1.20. Cho ham s6 f (z,y) = 32 + 2%y + 44°. Tinh or (z.y), g
Yy

ox
fy (2,-1).

Vi du 1.21. Tim cac dao ham riéng cua cac ham so sau

(z,y), fo (1,0) va

1. f(z,y) = sin (xcos(y))
2 f(ey) =+ 2
3. f(z,y,2) = xsin(y — 2).
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Vi du 1.22. Phuong trinh Van der Waals ctia mot chét khi nhu sau
nza
P+W (V. —nb) =nRT

trong do

—P : 4p suat khi,

—V : thé tich khi,

—T : nhiét do (Kelvin),

—n : 6 mol khi,

—a, b: hing sb.

orP . oT
m oo (V,T)va - (P, V).

Ti
! op
Vi du 1.23. Cho ham

2z
f(l:vy):{ 1;2—4_yy2’ (I7y)7é(0,0),
0’ (‘Lvy) = (0, 0) .

Tinh 2 (0,0, 9% (0, 0).

Ox "y
Gidi
ox h—0 h
af o f(0,0+h)—f(0,0)_
3y 00 = Jim TS

Chii y: ham trén khong lién tuc tai diém (0,0) !

Pinh Iy 1.6. Néu f(x,y) c6 dao ham tai diém (xo,yo), thi f(z,y) lién tuc tai (xo,yo).

1.5.2 Y nghia ciia dao ham riéng

> Y nghia hinh hoc
Cho ham sb f(z, y) ¢6 b thi S, diém P(a, b, c) € S. Khi d6
fa(a,b) 12 hé sb géc clia tiép tuyén tai P(a,b, c) clia giao tuyén Cy ctia S v6i mit y = b.

fy(a,b) 1a hé sb géc cla tiép tuyén tai P(a,b,c) cla giao tuyén Cy clia S v6i mit 2 = a.

(a, b, 0)



1.5 Dao ham riéng 19

Vidu 1.24. Cho f(z,y) =4 — 22 — 2%, tim f,(1,1) va fy(1,1) va gidi thich.

Gidi

felw,y) = (A—2" =2¢y%) =20 = f.(1,1) = =2

folwy) = (4=a® = 29°) = ~dy = fo(1,1) = —4

Do thi ham f 14 mit paraboloid.

Giao ctia d6 thi ham f v6i mit y = 1 12 parabola z = 2 — 2%, v6i mit = = 1 1a parabola
2 =3— 2>

Trong mit phang y = 1, parabola z = 2 — 22 ¢6 tiép tuyén tai diém (1,1,1) v6i d6 dbc
(hé sb goc) 1a f,.(1,1) = —2.

Trong mit phang = = 1, parabola z = 3 — 232 ¢6 tiép tuyén tai diém (1,1, 1) v6i dd dbc
(hé s6 goc) 1a f,(1,1) = —4.

> Toc dé bién thién
Vi du 1.25. Chi s6 lanh do gi6 lanh dugc mo hinh héa biang tham s

W =13,12 +0,6215T — 11, 37016 + 0, 396570 16

trong d6 7' 12 nhiét d6 °C va v 1a téc do gié km/h. Khi T = —15°C va v = 30km/h, ban du
tinh nhiét do biéu kién gidm bao nhiéu do néu nhiét do6 that giam 1°C'? Piéu gi x4y ra néu

téc do gio ting 1km/h.

1.5.3 Viphén cap 1

Pinh nghia 1.13. Néu f : D ¢ R” — R kha vi tai diém z = (1, ...,z,) € D thi
Vi phan cip 1 (vi phin toan phan) clia f tai z 12
of

_of of
= S (x)dxy + Da (x)dzo +--- + o (x) day,.

df (x)

Vi phan cip 2 clia f tai x 12

d*f (z) = d(df)
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Trong truong hdp ham hai bién

_of of
df (z,y) = %dm + a—ydy.
0*f *f 2f
2 _ 07T 2
Trong trudng hdp ham ba bién
Of 4o 904, OF
df(:c,y,z)—a dz 4—(9 dy +(9 dz.
92 2 2
. o o P, P o f o
d°f(z,y,z) = pe 5 (dz ) +5 (dy)? +8 5 (d2)” + 910y x aM%d(/vdz—I—ZanZdydz.
Vidu 1.26. Cho z = f(z,y) = 2> + 2y — »>. Tinh dz,d=(0,1),d?z
Gidi
Ta co
z 0z
%—2w+y, 8—y—x—2y.
Suy ra:
dz —%dx—ka—d = 2z +y)dr + (z —2y)d

dz (0, 1) = dr — 2dy
Vi du 1.27. Ban kinh ddy va chiéu cao clia hinh nén 12 10cm va 25c¢m, véi sai s6 t6i da clia
mbi phép do 12 0,1cm. St dung vi phan d€ udc tinh sai s tdi da khi tinh thé tich hinh nén.

Gidi
Thé tich hinh nén ban kinh r chiéu cao h: V = %mz.h
Ta co
_of of ., 2mrh 71'7’
dV = o —dr + h dh = 5 dr dh

Vi sai s6 tdi da 0.1 cm, ta c6 |Ar| < 0.1,|AR| <0, 1. De udc tinh sai sb thé tich téi ta,

chon dr = 0.1 vadh = 0.1, ta co

1
dv = 50;” 0,1) + 2297 1) = 207

Do d6, sai s6 thé tich tdi da 1a 207 ~ 63 cm?

1.5.4 Pao ham cép cao

Cho ham s6 z = f(x,y) x4c dinh trén mién D. C4c dao ham riéng cip 2 ctia ham f(z,v)

Ia
_ _ 9 (of\ _9f

x 022

9
dr \ 0
/ o [(0f 0% f
b ()= () -5
" :(f/)’ :é g _ 82f
Y Ty o Oy \ Ox Oyox’
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o (e 2 8_f o 82f
Ty = (fy)m - Ox <8y> - 0x0y’
Chii y: Céc dao ham f,, f,. dugc goi 1a dao ham riéng hoén hop chp 2.

Pinh nghia 1.14. Dao ham riéng cip m(m > 1) clla ham s6 n bién la dao ham riéng cla
dao ham riéng cip m — 1 clia né. Cc dao ham riéng cip m dudc ky hiéu tuong tu nhu dao
ham riéng cip 2. Chang han
O a ((Pf _
dxdz0y  Ox <828y = (Fyz)e = fyzo-
Chii y: ta ¢ fy Va f, n6i chung 1a khéc nhau, tuy nhién ching c6 thé bang nhau néu

thda dinh ly sau

Pinh Iy 1.7. (Dinh ly Schwarz) Néu f : D ¢ R" — R ¢6 cdc dao ham riéng cdp 2 lién tuc

trén D thi
0% f B 0% f

8l’i(9xj N 8:03-8:::,-

trén D, véi moi i,j = 1,n.

Vi du 1.28. Tinh dao ham riéng cap 2 clia cdc ham s6 sau
1. f(z,y) = 23" + 221y,
2. f(z,y) = e*siny.

0’f  O3f

Vidu 1.29. Cho f(z,y) = sin(xy). Tinh g2 9y20x

1.5.5 DPao ham ham hgp

e Cho ham z = f(xz.y), trong d6 = = x(t),y = y(t). Khi d6, dao ham clia z theo bién ¢ 1a
d= _ 0l dv  0)dy
dt Oz dt Oydt
e Cho ham z = f(z,y), trong d6 x = (s, t),y = y(s,t). Khi d6, cac dao ham riéng cua

zla

0: _0fdu 010y
ds Oxds Oyos
0: _0fde  0f0y

ot oz ot Oy ot

Chii y: cac cong thic trén c6 thé mé rong cho ham > 3 bién.

Vidu 1.30. 1. Cho z = 22y + 3z3/°, trong d6 = = cos2t,y = sint. Tinh z.
2. Cho z = ¢%siny, trong d6 = = st>,y = s3t. Tinh z, 2.
3.Cho z = ¢™.In(x* + y*> + 1). Tinh z,, 2,
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Vi du 1.31. Ap suét P (Kilopascal), thé tich V' (lit), va nhiét d6 7' (Kenvin) ctia mot chét
khi 1y tudng c6 mdi lién hé v6i nhau qua phuong trinh PV = 8.317'. Tim tdc do bién thién
ctia 4p suat khi nhiét do 1a 300K va ting vdi toc do 0.1 K/s, va thé tich 1a 100L va ting véi
tbc do 0.2 L/s.

1.6 Coéng thitc Taylor ciia hAm hai bién

Pinh Iy 1.8. Néu ham f(x,y) c6 cdc dao ham riéng lién tuc dén cdp n + 1 trong ldn cdn Q
ciia (g, yo) thi trong ) ta cé céng thicc Taylor cdp n ciia f(x,y) nhu sau

d d? , d"
f (zo,90)  d°f (wo.90)  , d"f (20,%0)
1! 2! n!

Trong do, R, (Ax, Ay) duoc goi la phdn du ciia cong thiic Taylor, ta c6

f(z,y) = f(z0,90) +

+ R, (Azx, Ay)

Phdn tw dang Larange:
n+1 A A
Rn(AJJ,Ay)Zd f(l“o-l-a T,Yo + y)

o€ (0,)z—xg=Ax =dz, y—yo =

(n+1)!
Ay = dy

Phdn du dang Peano: R, (Ax, Ay) = o (p"), trong dop = \/ (Az)? + (Ay)?
Chii y

_9f of .
1' df($07y0) - afE (x07y0)dx + ay (SC()a yO)dy7
2. 2 f(z0,y0) = 2das+3d Qf(:r )

: 0,%0) = | 57 2y y 0, %0
2 0? %
= Qw(h + Qamayd»??d?/ + Wﬂd'y f(zo,90)
) 2 2

_>f 2 o O O 2,
- BCU2 ($07y0)d$ +2a£ay(l07y0)d‘1’dy+ ayQ (1’073/0)dy )

) o \"
n —
3.d" f(zo,y0) = (—axdx + —8ydy> f(xo,v0)

Vi du 1.32. Viét khai trién Taylor cla f(z,y) = sinzsiny xung quanh diém (0.0) dén cip
2.

Gidi
df(0,0) d%f(0,0) d3f(AAz, AA
f(a.g) = £(0,0) + LEL, TIOO), TIOC, O00)
Véirx—0=Az=dr, y— 0=Ay=dy
Tg co
%zcosmsiny, 8—y=sinxcosy
82—f——sinmsin 62—f—cosxcos &——sinxsin
o2 Y oxdy v oz Y
83f COS T Sin 63f sin x cos 83f CoS T sin 83f sin x cos
ZJ T Sin —J _ _sing , vy T Sin ZJd _ _gng ,
ox3 Y 0x20y Y Ox0y? Ty, oy Y
_of L of ,
e df(0,0) = 8:%(0’0)d°L + %’y (0,0)dy
= xa—i((L 0) + ya—i(0,0) =z cos0sin0+ ysinOcos0 =0
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) o 0 f 0 f
o f(0,0) = 5~ 2(0 ,0)dz? +2a$28 (0,0)dady +28 2(0,0)dy?
2a°§(00)+2 yag(OO) 0{(00)
= 2% (= sin0sin 0) 4 2zy (cosOcos 0) + 4% (—sin 0sin 0)
= 2xy
; ) o\’
o &’ faAx, aAy) = %das + 8—/dy flazx, ay)
_%f s o OF 2 o f 2, O'f
= ﬁ(a:c,ay)(dm) +3(9 29 (az, ay)(dx) dy—|—30 By 5 (ax, ay)dz(dy)” + 9 3 (az, ay)(dy)?

o3 f Pf P*f 30°f
_ .3
=x —81:3(041: ay) + 322 y8 %oy (azx, ) + 3z 900y ———(az, ay) +o° 9 3 (ax, ay)

= —23 cos Oz sin fy — 3z2y sin bz cos Oy — 3zy? cos Oz sin Oy — ¢ sin Oz cos Oy )
Vay, khi trién Taylor ctia ham f(z,y) = sinzsiny xung quanh diém (0,0) dén cp 2 1a
flz,y) =zy — 6x3 cosazxsinay — %xzy sin ax cos ay — %:}c‘y2 cos ar sin ay — gyg sin ax cos oy,
voia € (0,1).
Ta c6 thé thay phan du R,, bing phan du Peano dé tién hon khi d6
fla,y) = 2y + o(p?) VOip = /(= 0)2 + (y — 0)2.

Vi du 1.33. Viét khai trién Taylor cta f(z,y) = y* xung quanh diém (1, 1) dén cap 2.

1.7 Cuc tri ham nhiéu bién

Pinh nghia 1.15. Cho f 12 ham nhiéu bién x4c dinh trén mot mién D € R™ va 20 =

(:c(l), 29, ... ,:1:2) eD.

f dudc goi la cuc dai dia phuong (cuc dai) tai z° néu ton tai 1an cian U € D cia 2° sao
cho f (z) < f(:ro), Ve eU.

f dudc goi 1a cuc tiéu dia phuong (cuc ti€u) tai 2° néu ton tai 1an can U € D cta z° sao
cho f () > f (2), vz € U.

# absolute
4 Maximum

Chii y.

1. Cuc dai dia phuong hay cuc tiéu dia phuong goi chung 12 cuc tri dia phuong.

2. Cuc dai dia phuong chua chic 1a cuc dai toan cuc (gid tri 16n nhét), cuc tiéu dia
phuong chua chic 1a cuc ti€u toan cuc (gia tri nhé nhét)
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Ménh dé 1.9. (Piéu kién can dé ham sé dat cuc tri ) Cho [ : D ¢ R" — R la ham c6 dao
ham riéng theo cdc bién trén D. Néu ham sé dat cuc tri dia phuong tai 2° € D thi

gi( 0 =0, ¥i=Tn (1.2)

Nhitng diém ma tai d6 cac dao ham riéng bang 0 dudc goi 1a diém dirng.

Nhitng diém ma tai d6 cac dao ham riéng bing 0 hoic c6 it nhit mdt trong cac dao ham
riéng khong ton tai dudc goi 1a diém téi han, d6 1a diém nghi ngd 6 cuc tri.

Diém 2° ma tai d6 cic dao ham riéng bing 0 va trong mot 1an can bét ky clia né ton tai

cic diém °, 2 sao cho f(3°) < f(z°) < f(2°) , dudc goi 12 diém yén ngua.

Chii y. Néu f dat cuc tri tai 2° thi z° 1a diém dung cta f. Diéu ngudc lai khong chic
ding, nghia 1a khong phai moi diém diing déu 1a cuc tri.

Vidu 1.34. Cho f (z,y) = y* — 2%

. ., Of of
1. Chiing minh Pz (0,0) = e (0,0) =0.
2. Chung minh f khong dat cuc tri tai (0, 0).
Gidi
1. Tacéd
OF _ 9,00 9,29 (00y=% 0.0 =
e g, T WG, (0,0) = o (0,0) = 0.
2. Vi moi qua cau B ((0,0), (z,y) [/ 2% + y? <r} 1ay2d1em< > ( ;) €

B ((0,0),r),tacd

Viay [ khong dat cuc tri tai (0,0).



1.7 Cuc tri ham nhiéu bién 25

Chii y: Xay ra truong hop ham f khong ton tai dao ham riéng tai 2, nhung f van dat

cuc tri tai 2.
Vidu 1.35. Him f(z,y) = \/22 + 32 véi D = R? thda
fx,y) > £(0,0),¥(z,y) € R?

Nghia I3, f dat cuc tiéu dia phuong tai diém (0, 0). nhung

_ 2 _
g(0,0) = lim fO+h) = 7(0.,0) = lim —\/h_ 0 = lim m
ox z—0 h z—0 h z—0

khong ton tai.

Pinh Iy 1.10. (Piéu kién dii dé' ham nhiéu bién dat cuc tri) Gid sit ham n bién f(xy, xo, ..., )
6 cdc dao ham riéng cdp hai lién tuc trén ldan cdn cia diém dimmg 1° = (29,29, ..., 20).
Dat

fl’1$1 fxlxz fxlfbk

f$2$1 fx2$2 fx2xk

Ap(x1, 9, 0y Tp) = ,k=1n

Joewr  Sforzs o frpa
la dinh thiic ciia ma trdn con cé dugc tit ma trdn Hy(x) bang cdch Idy cdc phan tit 6 k
dong ddau va k cét dau.
i. Néu A1(2%) >0, Ao(z) >0, Az(a®) >0,..., An(2°) > 01hi f dat cuc tiéu tai 2°.
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ii. Néu Ay (2%) < 0, Ag(2®) > 0, Az(2?) < 0....,(—=1)"Apn(2°) > 0 thi f dat cuc dai tai
0
X .
iii. Néu Ap(z°) # 0, Vk =1, n nhung khong théa i va ii thi f khong dat cuc tri tai z°.

iv. Néu 3k € {1,...,n} sao cho A, (z°) = 0 thi ta khéng co két ludn tong qudt.

Cu thé tiing trudng hop ta 1am nhu sau

1.7.1 Cuc tri tu do

Cdch tim:
> Pbi véi ham hai bién:
Buéc 1: Tinh f,, f,

Buéc 2: gidi hé { fr =0 _ 4 diém ding.

xT
fy =0
Budc 3: Tinh A(z,y) = fou; B(2,Y) = fuy; C(2,9) = fyy; Alz,y) = AC — B2.
Budc 4: Xét A va A clia tiing diém ding, bién luan

A>0 | o
° { A>0 . cuc tieu.

A>0
A<O

e A < 0: khong dat cuc tri.
e A = 0: chua c6 két luan.
> Doi véi ham ba bién:
Budc 1: Tinh f,, f,, f-

o cuc dai.

fx =0
Budc 2: gidi hé { fy =0 = céc diém dimg.
fz =0
Budc 3: tinh frzs fyy7 Jezs f:cya fy:m fyz» fzya frz, [z, SUY TQ

Jrz fl’y fez

fym fyy fyz
ZT 2y fzz-

A = - Ao — fxx fxy
1 |f’7 2 fyx fyy

Budc 4: xét ting diém ding 2°, bién luin
1. Néu A; > 0; Ay > 0; A > 0: thi 2” dat cuc tiéu.
2.Néu A; < 0; Ay > 0; Az < 0: thi z¥ dat cuc dai.
3. Néu Ay # 0, Ay # 0, A3 # 0 nhung khong thda 1 va 2 thi z¥ khong 1a cuc tri.
4, Néu ton tai A;, = 0 : chua c6 két luan.

Az =

Vi du 1.36. Tim cyc tri cia ham s6 z = 22 + 32y — 15z — 12y.
Gidi
Mién x4c dinh D = R
Taco f, = 32° +3y* — 15;  f, = 6wy — 12.
Gidi hé
fr:=0 3224+ 3y —15=0
fy =0 b6ry —12=10
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ta dugc 4 diém ding (1,2), (2,1), (=1, —=2), (=2, —1)!!!
Ta co

A(r,y) = fox = 61 B(xay):fa:y=6y3 C(I7y)=fyy=6xa

suy ra A = 36x% — 36y

Xét
biém | A | A| Kétluan
(1,2) |-108 khong dat cuc tri
(2,1) | 108 | 12 cuc ti€u
(=1,-2) | -108 khong dat cuc tri
(—=2,—-1) | 108 | -12 cuyc dai

Vi du 1.37. Tim cuc tri cia ham f(z,y, 2) = 2% +y? + 222 — 32 — 2y — 42.
Gidi
Tacd fp =322 —3; f,=2y—2 f.=42r—4

fx =0 3.772 —-3=0 )
Gidihé ¢ f,=0 & ¢ 2y—2=0 tadugc?2diémdung M(1,1,1) va N(—1,1,1).

TaCéfwaGxQ fyy:2; fzz:4§ fmy:fym:frz:fzw:fyz:fzyzoasuyra
62 0 6x 0 O
A1 = 6x; Agz‘ 0 2‘=12m; Az3=1] 0 2 0 |=48x.
0 0 4

Xét diém M, tacd Ay =6 > 0,Ay = 12 > 0, Az = 48 > 0 nén M la diém cuc tiéu, suy
ra f(M) = —b5.

Xét di€ém N, tacd Ay = —6 < 0,Ay = —12 < 0, A3 = —48 < 0 nén M khong la di€ém
cuc tri.

1.7.2  Cuc tri 6 diéu kién

Bai todn: Tim cuc tri ctia ham f véi diéu kién g = 0.

> D6i v6i ham hai bién:

Céch 1: Phuong phdp thé

Tir diéu kién g(x,y) = 0 riit y = y(z) hodic 2 = 2(y) thé vao f(z,y) ta dudc bai toan tim
cuc tri ham 1 bién.

Vi du 1.38. Tim cuc tri ctia ham z = f(z,y) = 2% + 242, v6i didu kién = +y = 1.

Cach 2: Phuong phap nhén tit Larange
Budc 1: Lap ham Lagrange L(z,y,\) = f(z,y) + Ag(z,y) .
Budc 2: Tinh L,, L,

L,=0
Giai hé phuong trinh { L, =0 = céc diém ding (2°,4°) tng véi A° .
g(z,y) =0
Ly L;cy gx
Budc 3: Tinh A(z,y,\) = | Lyx Lyy gy
9z gy O
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Budc 4: Bién luan tai diém (2°, %) dng véi \Y

Néu A(zo, yo, Ao) < 0 thi ham f dat cuc tiéu .

Néu A(zg, 40, Ao) > 0 thi ham f dat cuc dai.

Néu A(zg, 1o, Ao) = 0 ta khdng c6 két luan téng quat.

Vi du 1.39. Tim cuc tri ctia ham s6 z = f(z,y) = % + 2¢°, v6i diu kién 22 + ¢ = 1.
Gidi.
Mién xdc dinh: D = R?
glz,y) =2*+y* =1
Lz, y,\) = f+ g =22+ 22 + Na? + 92— 1)

L, =2x+2)\z
L, =4y + 2y
Ly;=0 2+ 2 =0 z(1+X)=0
L, =0 S y+2y=0 o< y(24+X1)=0
g(x,y)=0 2yt =1 4+t =1
Truong hop x =0
r=0 T = z=0
Y24+AN) =0 o{ Ax=-2 vi A=-2
{y2=1 {y= {y=—1
Truong hdp A = —
A=-1 A= A=-1
(2+)\ )=0 < y=0 &< y=0
{:c +yt=1 {x2+y2: {:L‘2=1
A=-1 A=—
@{yzO {yzO
r=1 r=-1
Ta c6 4 diém duing: (0,1, —2); (0, -1, —2); (1,0, —=1); (—1,0, —1)

Ly Liy s 2420 0 2z
Az, y,\)=| Lyz Lyy gy | = 0 442\ 2y
9r gy O 2z 2y 0
-2 0 0
A0,1,-2)=| 0 0 2|=8=(0,1,—2) la di€ém cyc dai.
0 20
-2 0 0
A(0,~1,-2)=] 0 0 -2 |=8= (0,—1,—2)la diém cuc dai.
0 -2 0
00 2
A(1,0,—1)=|0 2 0|=—-8= (1,0,—1) la diém cuc tiéu.
2 0 0
0 0 —2
A(-=1,0,-1)=] 0 2 0 |=-8=(—1,0,—1)ladiém cuc tiéu.
-2 0 0

> Doi v6i ham ba bién:
Budc 1: Lap ham Lagrange L(z,y, 2, \) = f(z,y,2) + A\g(z,y, 2) .
Buéc 2: Tinh L,, L, L,

Giai hé phuong trinh = cdc diém dung (29,4, 2°) tng v6i A .
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Budc 3: Tinh

Lz Lgy L

Loz Loy o o
Hy = Lyﬂ: Lyy 9y |, Hs= LZT Li;y ng gi

o P 0 T Y

9z 9y 9= O

Budc 4: Bién luan tai diém (2°, 4", 2°) ting v6i \°
Néu { 1200020, 201 < 0 ahi ham £ dat e tidu

H3(z0, Y0, 20, Ao) < 0
% Hg(mo,y(),ZO,)\o) >0 s 1 .
Neu { Ha(o. 0. 0. Ao) < 0 thi ham f dat cuc dai.
A H2($07y072'07/\0) 7é 0 N A :
Neu (o, %0, 20, Ao) > 0 thi f khong dat cuc tri.
Néu 3k € {2, 3} sao cho Hj(zq, 50, 20, \o) = 0 ta khong c6 két luin téng quat.

Vi du 1.40. Tim cuc tri ctia ham s6 f(z,y, z) = 2z 4 2y + 2, v6i diéu kién 22 + 3 + 22 = 9.

~

1.8 Gia tri I6n nhét - nhé nhét trén mién déng, bi chiin

Tim GTLN - GTNN ctia ham hai bién f(z, ) trong mién D (déng, bi chiin).
D =D"udD
DY: phan trong ctia D.
0D = {(x,y) |g(x,y) = 0}: bién cia D.
Cdch gidi:
Budce 1: Tim diém ding cda f trong D bing cach giai hé

of

B, () =0, Vi=T,n

hoic nhiing diém ma tai d6 dao ham riéng khong ton tai.
Budc 2: tim diém ding (c6 diéu kién) clia f trén bién D ctia D.
e Céch 1: dung phuong phap thé.
e Cach 2: dung phuong phap Larange.
Budc 3: Tinh gid tri clia f tai cdc di€ém trong buéc 1 va 2, s6 nhd nhit trong ching 12
min, 16n nhét 1a max.
Chii y: néu trong budc 2 ding cach 1, thi trong budc 3 ta tinh thém gid tri ctia f tai giao

di€m cta cdc canh hay cung.
Vidu 1.41. Tim GTNN - GTLN ctia ham f(z,y) = 22 + 2y® — z trén mién 2> + > < 1
Vi du 1.42. Tim GTLN - GTNN ctia f(z.y) = 2 + 2z + 2y — 2> — 4 trén mién

D= {(z,y)lz >0,y >0,z +y <9}

Giai
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1.9 Bai tap chuong 1

Bai tap 1.1. Tim va v& mién x4c dinh clia c4c him s6 sau

l.f(x,y):ii—z 7. f(zy) =Vz+y
Tty 8. f(x,y) = In(9 — 2% — 9y?)

2 flay) = — 3z + 5y

e 9 flxy) =55
3'f(x’y):xz—+y2 0 e+ yc—4
4. f(z.y) = 4z + 9y® — 36 ) = ‘Lxl;(wx)

— T

5. f(z,y) =Inzy 11-f($,y)=%

Iny
6- Sy = gy 12 f(2,5) = V/a? + g2 = Tin(d—2"—?)

Bai tap 1.2. Dudi day 1a do thi dudng miic ctia mot ham f. St dung né dé uéc tinh gid tri
cua f(—3,3) va f(3,-2).

1

../

/

G\_/

AL

=
| n
o=
s
o

{ | ,
T OV,
NN 7Y Vel 5
SNNNSES AL
RSSSEESS et

Bai tap 1.3. Dudi day 1a biéu d6 dudng muic ctia ap suét khi quyén & bic My vao ngay 12
thang 8 nim 2008. Trén cic dudng mitc (dudc goi 1a dudng dang dp), ap suit dudc tinh
bang millibar (mb).

1. Udc tinh dp suét tai C (Chicago), N (Nashville), S (San Francisco), va V (Vancouver).

2. Gi6 manh nhét tai dia diém nao trong s cic dia di€ém nay.
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Bai tap 1.4. Céac duong mic (dudng ding nhiét) biéu dién nhiét d6 nuéc (°C) & Long Lake
(Minnesota) vao nam 1998 nhu mdt ham theo do sau va thoi gian trong nam. Hay uGc tinh

nhiét do trong hd vao ngay 9 thang 6 (ngay 160) tai do sau 10m va ngay 29 thang 6 (ngay

180) tai do sau Sm.
8
= 57
B
= 20
= 16 15
a 10+
15 + 8
120 160 200 240 280

Day of 1998

Bai tap 1.5. Tim gidi han, néu n6 ton tai, hodic ching minh gi6i han khong ton tai

1.
2.

(2y)=(0,0) 22* +y

i 3 .22 L
02 (5" =) 10. lim LY
lim e Yeos(x+y) Y ,
(z,y)—(1,-1) 2y
S 4o . lim Y
- lim 2—3yz (z,)—(0,0) % + 4y
(z,y)—(2,1) T + 3Y 2 5
L+y? 12 lim  —RY
( %lm( )hl ( 2 4 ) (z,y)—(0,0) x° + 2y
,y)— 1,0 X ,fl:y ) )
1 vt 13, lim ks’
' ) 24+ 34 W00 /22 + 2 +1—
(%y)l_)nl(oﬂ) 334 -+ 3y4 (z,y)—(0,0) x4 + Yy +1 1

4
. 2
22 + sin’y 14. lim ﬁ
(z,y)—(0,0) 2% + Yy

r 1 COS Y 15 I 2 4 2y + 322
. im 7= . im -7 7
(z.9)—(0,0) 322 + y? (2.9,2)—(0,0,0) T2 +y* + 22
623 2 2
_ lim 41’ Y . 16. lim Yy +yz* +az
(z.9)-(0,0) 22% +y (2.0.5)(0,00) 2% +y? + 24
. Ty vz
. lim ——— 17. lim v
(@9)—=(0,0) 4 /22 + 42 (2,4,2)—(0,0,0) T2 + 4y% + 922

Bai tap 1.6. Xét su ton tai gidi han clia cic ham s6 sau tai diém (0, 0)

l.f(:L’,y)zIZL_'Z_/Z4 5. f(%y):%
2. f(x.y) = ﬁZT_f;' 6. f(z,y) = xf—i;
3.f(x,y)=x2y—j3/2 7-f($73/)=%
4. flz,y) = %y;ﬂ 8. f(x,y) = %
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sin(z?) + sin(y?)

9. fla.y) =
Vvt +yt
sinz —y
10. f(z,y) = 7 —siny

Bai tap 1.7. Tinh cac giGi han sau

I lim —2
(zy)—»10)xz+y—1
(x — 1)2 Inz

1m T2 5
(z9)=(10) (z — 1) + y2
3. lim —xz(y — 1)2
() —(0.1) 22 + (y — 1)?
1422 +4°

2.

4.  lim 1 — cos
(@y)—00) Y2 ( v)

5. lim 1+2 Tiey
(z,y)—(0,1) ( )

6. lim 22 42 2"y
(ﬂﬁ’y)—>(0,0)( v)

7 I y — 2zy

lim
(z,y)—(0,0) Y — 2x
Bai tap 1.8. Tinh cic giGi han sau

L ohm Y
(2,9)—(—00,~00) T2 — zY + y?

2. lim (a4 yP)e @)
(z,y)—(+00,+00)

:L'2+y2

3 N
(r.9)>(o000) T+ 4

Bai tap 1.9. Xét tinh lién tuc cua cac ham so sau

T
L. f(:c,y) = 3:4—_’_sz1
2?2 + zy — 2y°
2. f(:C*y): 1132+y2
z3 .
3. Sy = g M B9 F 00,
0 néu (z.y) =

0 néu (:1: y) =

(e}

néu 22 +y —0
néu 22 +y>#£0,
Xz

0 néu 2% +4% =0.

33
11, f(z,y) = (2 + ) sin —
fl, -
l+x+y
12. f(z,y) = o2
4_ 4
8. lim TQ—y
(@)—(0,0) 22 + y?

I 222 — 1y

. 1m - e———

(wy)—(1,2) 422 — y?

10. lim %
(zy)—(1,1) ¢ — Y

11.  lim 7ty

(2y)=(0,0) /22 + 92 +1—1

2
12.  lim Ty

(2)=(0.0) 2 — \ /4 1 22

13, lim B
C(wy)—(02) T

14. lim xY
(a,y)—(0+.0)

2

4. lim 2:I:y 5
(2,y)—=(+00,+00) \ T + Y

5. lim <1 + l)m
(z,y)—(00,a) x

néu (z,y) # (0,0),
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Bai tap 1.10. Cho
3 3

f(:L‘,y): ;—152 Iléu (x,y)7é(0,0),
a néu (z,y) = (0,0).

Dinh a d€ ham s6 lién tuc tai (0, 0).

Bai tap 1.11. Cho

2
flz,y) = (;2:—_?2 néu (z,y) # (0,0),
a néu (l‘”[/) = (0,0)

Pinh a dé€ ham s6 lién tuc tai (0, 0).

Bai tap 1.12. Tinh dao ham riéng cip 1 clia cac ham s6 sau tai diém cho trudc
.z = ZCOSY T YCOST i )
1+sinz +siny’
2. z = sin(z+/y), tai ( )
3.z= sm(xy Inz), tai (1,0,
4. z = xy*23 tai (1,2,0)

1)

Bai tap 1.13. Ching minh ring

N 2 , 1 1
1. Ham s6 2 = yIn(2? — ) thda —z, + ~2, = %
y Z Y )
2. Ham s6 » = y= sin = théa 2%z, + zyz, = yz
x
Ju Ou Ou 3

3. Ham s6 u = In(z® + ¢ + 23 _3Iyz)th0a8—+8—y 02 a4yt z

Bai tap 1.14. Xét su kha vi clia cdc ham s6 sau tai (0,0)
2
y %
T+ ——=——= ncu (z,y) # (0,0),
L flz,y) = Va2 +y?
0 neu (x,y) = (0,0).
LW néu () # (0,0),

Zf(l',y)z \/$2+y2

0 néu (x,y) = (0,0).
— Y péu y # *x
3. f(zy) =< 22+y%2 ’
0 néu y=x hay y= —u.

Bai tap 1.15. Tim df (vi phan toan phan) ctia cdc ham s6 sau

L. f(z,y) = 2% +* — 3ay 6. f(z,y) = " sin(z — y)

2. f(z.y) = 7. f(z,y,2) = xyz

3. f(x,y) = x_zJQmQ + g2 8. flw,y,2) = z/y? + 22
4.f(x,y):5:nx+cosy f(z,y, )_pr"'JP +ze”?
5. 1(0.9) = tn(a? + 1) 10, fte.0.2) - 2

Bai tap 1.16. .
1. Tinh dz(1,1), biét z =

X
y2
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2. Tinh du(3, 4,5) bibt u = ———
/22 + 2
Bai tap 1.17. Ham f dudc goi 1a ham diéu hoa 2 bién néu

0? 0?
0x2  Oy?
trén mién x4c dinh cla né. kiém tra cdc him sau diy c6 phai 12 ham diéu hoa khong
1. 22 — o2
2. In(2? 4 )

3. (e + e ¥)sinx

x
Ca? 4 y2
ceon .z . 0 0
Bai tap 1.18. 1. Cho ham 0 z = ———. Tinh x - Z Y- A
: x4y ox Jy
C 2 2 A
2. Cho ham s0 u = /2 4+ y? + 22. Biéu thiic P = ugy + uyy + uz; — — c6 phu thudc
Y1 "

gia tri cua x, y hay khong?

Bai tap 1.19. Tinh dao ham dén cAp da chi ra clia cdc ham sd
Bf
o
FF 5 9
Oy?  Ox0y?
3f(T7 y) = 2'772?/ + x’ Iny, tim fa:y= fxyy
am—f—nf

4, f(SE‘, ’t/) =" siny , t\lmaTTayn(O, 0)

1. f(x,y) = cos(xze?), tim

2. f(x,y) = sin(zy) , im

Bai tap 1.20. Dung quy tac tinh dao ham ctia ham hop, tinh dao ham ctia cic ham sb sau

1. f(u,v) = u®sin(uv), uw=ycosz, v=ysinz
2. flu,v) =u? +uv +0%, u=s+1t, v=st
3f(u,v)=%, u=uxe’, v=14+xe Y
4f(u,v):e’2_2’“27 U = cos T, 112\/:13274-1/2
5. f(u,v) = ue® +ve ™, u=¢€", v=yr’

6. f(z.y) = 2°Iny, z= y=3u—2v
7f(x,y)=xe%, r=cost, y=-et

8. flz.y) =22 — 322>, z=wue’, y=ue "

9. f(x,y) =sinzcosy, z=(s—1)% y=s>—1
10. f(z,y) =e* %, z=sint, y=13

1. f(u,v,w) = v +4wow, u=x+y, v=3y—=z, w=y

Bai tap 1.21. Cho
0z 0z
— 2 2 1 i _ —
l.z=f(z*+y ).Chu’ngmlnhyax x@y 0
20u  90u  40u

Yy—r 22— . .
2.u=F , .Ch nh 2 —
U (wy,IZ>CUngnn ‘L&L-er@y -

=0
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_sSr (Y2 Ou o, 0 _
3u—xF(JJ 1:) Chungmmhyz;a +y6 az—Bu
4. z =y f(2? — ). Chiing minh z = y f(z% — %)
S5,z=ay+aF (g) Chu?ngmmhxa—+y%:xy+z

x Ox dy
6,u= f(r) véir = (3:2+y2+22)1/2.

2 2 2 2
. . ou ou ou ou
Ching minh <%> + (8_y> + (5) = <E>
Bai tap 1.22. Chi s6 lanh do gié dudc mé hinh héa bang ham sb

W =13,12 +0,6215T — 11, 370%16 + 0, 39657016

trong d6 T nhiét d6 °C va v1a van tbc gi6 (km/h). Khi 7 = —15°C va v = 30km/h, ban du
tinh nhiét do biéu kién W giam di bao nhiéu néu nhiét do that giam 1°C? Piéu gi sé xay

ra néu tdc do gi6 ting 1km/h.

Bai tap 1.23. Ap sudit, thé tich, va nhiét do ctia mot mol chit khi ly tudng c6 médi lién hé véi
nhau qua phuong trinh Pv = 8.317, trong d6 P 1a 4p suét (kilopascal), V (lit), T(kenvin).
St dung vi phan d€ tim mtic bién thién 4p suit xap xi néu thé tich ting tir 12 L1én 12,3 L
va nhiét do giam tir 310 K xubng 305 K.

Bai tap 1.24. Ap suét ctia 1 mol chit khi Iy tudng ting vdi tbc dd 0.05 kPa/s va nhiét do
tang véi toc do 0.15 K/s. Dung phuong trinh PV = 8.317 d€ tim tdc do bién thién ctia thé
tich khi 4p suit 12 20 kPa va nhiét do 1a 320 K.

Bai tap 1.25. Mot canh ciia tam gidc ting véi toc dd 3 cm/s, canh thi 2 giam véi tée do 2

cm/s. Néu dién tich hinh tam gidc khong d6i, thi tbc do bién thién clia géc gilta cic canh
N N . X ea N P < N

la bao nhiéu khi canh dau tién dai 20 cm, canh thi 2 dai 30 cm, va goc la r

Bai tap 1.26. Dién dap V trong mot mach dién giam cham khi pin tiéu hao nang lugng.
Dién tr§ R ting cham khi cdi dién tré néng Ién. St dung dinh luat Ohm, V = I.R, d€ tim

d N
toc do bién thién ctia cudng do dong dién khi R = 4000, I = 0,084, — V_ =—0,01V/s va

dt
dR
dt

Bai tap 1.27. Chiéu dai va chiéu rong ctia mot hinh chii nhat dugc do tuong tng 1a 30 cm

=0,03Q/s.

va 24 cm véi sai s6 t6i da 12 0,1 cm. St dung vi phan d€ udc tinh sai sb toi da dién tich
hinh chit nhat.

Bai tap 1.28. St dung vi phan dé€ u6c tinh luong thiéc trong mot hop thiéc khép kin c6
dudng kinh 8cm va cao 12 cm néu hop day 0,04 cm.

Bai tap 1.29. Néu R la téng dién trd ctia ba dén tré mac song song Ry, Ry, R3 thi

L1 1
R R Ry Rs
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Néu dién trd dudc tinh bing Ohm, Ry = 25 Q, Ry = 40 Q va R3 = 50 Q, v6i sai s6 kha
di 0, 5% mdi dién trd, udc tinh sai sb tdi da clia gia tri R tinh dudc.

Bai tap 1.30. Viét khai trién Taylor t6i cAp n ctia ham f(z, y) quanh (zg, o)
1f¢y)—2x —Ly Y2 — 62 —3y+5, n=2, (xo,y0) = (1,—2)
2 gy + P+ 10245y —4,n =2, (z0,0) = (2.—1)

x, (2,
—2? + 2xy + 3y* — 62 — 2y — 4,n = 10, (20, 10) = (—2,1)

x,
x,y) = coszcosy,n = 2, (xg,y0) = (0,0)
=.n=3,(z0,%) = (1,1)
COSZ/,” =3, (z0,90) = (0,7)
( ) n=3, (m07y0) = (17 1)

H

9

€,

(

fla.y) =

[z, y) =

fla.y)

flz,y) = blna:(:()by,n =1, (zo,y0) = (0,0)
flz,y) =

fla,y) =

fla.y) =

X,

Bai tap 1.31. Tim cuc tri ctia cac ham s6 sau

1. f(sc y) =22 —ay+yt -2 +y

f(z,y) = —2? + dzy — 10y> — 2z + 16y

flzy) =2 -y +2c—y+1
flz,y) =2+ >+ 2%y + 4

y) =23+ % + 122y + 1
f(z.y) =2+ >+ 3zy
fay) =a®+27Te + 92 + 2y + 1

f(z,

flay) = 2%y + 2y — zy
flay) =2y + oy —ay

IO.f(x,y) 322y + % — 322 — 3% + 2
1. f(z,y) = (z—y)* + (z+y)°

12. f(z,y) = 2y(l — 2 —y)

13. f(z,y) =2t +y* —day + 1

14. f(z,y) =2 —y" — 4o+ 32y + 8
15. f(,y) = 2* +y' = 2(z —y)°

16. f(2,y) =4 — /(22 +2)°

17. f(z,y) = 2® +y* — 20y + 22 — 2y

Bai tﬁp 1.32. Tim cuc tri ctia cdc ham sb sau

z,y) =+ 2 — e — %

I

f(z,y) = 2% — y® — cos®z — 32y
f(z.y) = =322 +2¢¥ — 2y + 3
flay)=a®—y - Myl =2
flzy) = lnm—x—l—lny—%
flx,y) = xe¥ + 23 + 292
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7. f(z.y) = z(In’z + 4?)

8. f(z,y) = xsiny

9. f(x,y) = €e" cosy

10. f(z,y) = (z — y)e™!

1. f(w,y) = (2% +yP)e "+

12. f(z,y) =2 +y — xe’

13. f(x,y) =a? — e

14. f(z,y) = (y — 2) Inzy

15. f(z,y) =™

16. o) = TN

17. f(z,y) = 22y*(6 —x —y) trén z > 0, y > 0.

18. f(x,y) = 2 2—4L+8111y—1tren1 eER, —m<y<m
19.f(x,y)=$y+5—+—trén:r:>0, y >0

20. f(r,y) =sinz.siny.sin(zr +y)tr€n 0 <z <7, 0 <y <7

Bai tap 1.33. Tim cuc tri ciia cac ham sb sau

L f(zy,2) =22+ 92 + 22—y + 2 — 22

2. f(:L' y,2)=ad +ay+y? —2xz+222+3y—1
f(z,y, )—:E —|—y +22% — 32 — 2y — 4z
3 9
4f($ Y,2) = 3 52 + 3yz + 22 + 40
2y z 1
5. = A T
f@.g,z) =+ x +2y+z
y2 22 2
6. f(r,y,2) =z +—+"—4+"trénz >0 y>0, 2>0
ey oz

7. f(z,y,2z) =sinx + siny + sin z — sin(x + y + 2)

Bai tap 1.34. Cho ham s6 f(z,y) = 2> + y%> + Cay
1. CMR (0,0) la di€ém ding cta f.
2. Tim C dé ham sb dat cuc tiéu tai (0,0).
3. Tim C dé ham s6 dat cuc dat tai (0,0).
4. Tim C dé& ham s6 khong dat cuc tri tai (0,0).

Bai tap 1.35. Tim cuc tri clia cac ham sb sau véi diéu kién dugc cho
1. f x,y) = xy v6i didu kién 22 4+ 3y —5 =0

(

f(z,y) = 22 + y v6i diéu kién 22 + % = 1

flzy) = mvdldleuklenm—i—y—l—o
f(z,y) = In(z? — 2y) véi diukién z —y — 2 =0

flz,y) = (y—1)—3T+2V01dleuklenr—y+1—0
[z, )=%—3¢+yv01dleuklen —?ty=1

f(x,y) = 8z + 15y + 28 V6i diéu kién 222 + 3y = 107
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8. f(z.y) = 2% + y2 véi diéu kién g + g —1

9. f(x.y) = cos’x + cos’y véi dieu kién y — z = il

10. f(z,y,2) = 2z + y + 3z V6i diéu kién z2 + 4> + 222 = 35
ll.f(a:,y,z):x2+y2+z2V6idiéukién§+%+22:1
12.f(w,y,z)=m+y+zV6idiéukiéni+§+%=1

13. f(z,y,2) = +y + z V6i diéu kién zyz = 8

14. f(x,y,2) = xy?2® véi didukién z +y+ 2 = 1,2,,2 > 0

15. f(z,y,2) = sinxsinysin z véi ditu kién z + y + 2z = g,x,y,z >0

Bai tﬁp136 Tim gi4 tri 16n nhét - nho nhit ca cdc ham s6 sau

f(x,y) =1+ 4z — 5y, D 1a mién déng gidi han bdi cac diém (0,0), (2,0), (0, 3).
f(z,y) =3+ xy —x — 2y, D 1a mién déng gidi han bdi cic diém (1,0), (5,0), (1,4).
flay)=2"+y* +a y+4 D ={(z,y)[lz| <1,]y| <1}.
flry) =4z +6y—a?—y> D={(z,y)|0<z<40<y<5}L

flzy)=at+y* —day+2 D={(z,y)[0<2<3,0<y<2}.

(:z,y)—xy2 D:{x,y |z >0,y >0 2%+ SS}.

g. f(:r,y)—% +yt D={(x,y)|2* +y* < 1}.



