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Thoi lugng va muc tiéu mén hoc

Thoi lvong:
45 tiét = 30 tiét ly thuyét + 15 tiét bai tap

Muc tiéu:
@ Nam viing cac kién thirc trong yéu vé giai tich phc.
@ Van dung thanh thao cdach tinh tich phan clia ham bién
phuc.
© Ung dung cac phép bién ddi dé gidi cac phuong trinh vi
phan.

GIAI TICH PHUC


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Kién thic can thiét va Tai liéu tham khao

Kién thirc can thiéet
@ Dai cuong vé sb phuic (Toan Dai S6 A1).
@ Giai tich thuc.
Tai liéu tham khao
@ Complex Analysis - Terence Tao.
© Methods of Theoretical Physics (Chapter 4) - Philip M.
Morse, Herman Feshbach.
Q Phuong Phap Toan Cho Vat Ly (tap I) - Lé Van Truc,
Nguyén Van Thda, NXB Dai Hoc Quoc Gia Ha Nbi.
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B6 mén Vat ly ly thuyét
Vo6 Thanh Van - vo.thanh.van.123@gmail.com
Nguyé&n Thi Huyén Nga - nga2912@gmail.com
Truwong Xuan Nhuyt - truongxuannhut@gmail.com
Nguyé&n Hong Son - nhsonau@yahoo.com.au
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Noi dung chinh

@ Chuong I: S6 Phirc va Mat Phang Phirc

3 tiét ly thuyét (1 budi).
@ Chuong ll: Ham Bién Phirc

3 tiét ly thuyét (1 budi).
© Chuong lll: Cac Ham Phirc Co Ban

3 tiét ly thuyét (1 budi)+3 tiét bai tap (1 budi).
Q Chuong IV: Tich Phan Phuc

6 tiét ly thuyét (2 budi)+3 tiét bai tap (1 budi).
© Chuong V: Thuyét Thang S6

6 tiét ly thuyét (2 budi)+3 tiét bai tap (1 budi).
@ Chuong VI: Cac Phép Bién D6i Tich Phan

9 tiét ly thuyét (3 budi)+6 tiét bai tap (2 budi).
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S6 phirc

Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phirc va Mat Phang Phirc Mit phang phirc

Cac phép toan

Téap con trong mat phang phirc

Chuong |: S6 Phirc va Mat Phang Phurc

@ S6 phirc va cac dang biéu dién sb phtic
@ Mat phang phtic

@ Cac phép toan

@ Tap con trong méat phang phic

Churang I: S6 Phirc va Mat Phang Phirc
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S6 phirc

Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phirc va Mat Phang Phirc Mit phang phirc

Cac phép toan

Téap con trong mat phang phirc

.1. Sé phurc

@ Tap s6 nguyén duang (sb tu nhién) N: 0,1,2,3, ...
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S6 phirc

Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phirc va Mat Phang Phirc Mit phang phirc

Cac phép toan

Téap con trong mat phang phirc

.1. Sé phurc

@ Tap s6 nguyén duang (sb tu nhién) N: 0,1,2,3, ...

@ 20+ z =12 = z = —8. Tap N dudc md rong thanh tap sb
nguyén Z, bao gdbm cac sb nguyén am:
s odummng s I

Chirong I: S6 Phirc va Ma


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

S6 phirc

Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phirc va Mat Phang Phirc Mit phang phirc

Cac phép toan

Téap con trong mat phang phirc

.1. Sé phurc

@ Tap s6 nguyén duang (sb tu nhién) N: 0,1,2,3, ...
@ 20+ z =12 = z = —8. Tap N dudc md rong thanh tap sb
nguyén Z, bao gdbm cac sb nguyén am:
cigodnigmng s L
@dr=6=2=3 . Tap Z dudc md rong thanh tap s6 hiu ti
Q, bao gébm cac so khéng nguyen c6 thé duoc biéu dién
duéi dang mét ti sb gilra hai sb nguyén.

Churang I: S6 Phirc va Mat Phang Phirc
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S6 phirc

Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phirc va Mat Phang Phirc Mit phang phirc

Cac phép toan

Téap con trong mat phang phirc

.1. Sé phurc

@ Tap s6 nguyén duaong (sb tu nhién) N: 0, 1,2, 3, .

@ 20+x=12=x=-8. Tap N dugc md réng thanh tap s6
nguyén Z bao gém céc sb nguyén am:

CABIE oRbIAME 3, X,

@dr=6=2=3 . Tap Z dudc md rong thanh tap s6 hiu ti
Q, bao gébm cac so khéng nguyen c6 thé duoc biéu dién
du’dl dang mét ti sb gilra hai sb nguyén.

© 22 =2 =z = +/2. Tap Q dugc md rong thanh tap so thuc
R, bao gom céc sb vo ti (nghia 1a cac sb khong nguyén va
khong thé dugc biéu dién dudi dang mot ti s6 gilra hai sb
nguyén.)

Churang I: S6 Phirc va Mat Phang Phirc
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S6 phirc

Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phirc va Mat Phang Phirc Mit phang phirc

Cac phép toan

Téap con trong mat phang phirc

.1. Sé phurc

@ Tap s6 nguyén duaong (sb tu nhién) N: 0, 1,2, 3, .

@ 20+x=12=x=-8. Tap N dugc md réng thanh tap s6
nguyén Z bao gém céc sb nguyén am:

CABIE oRbIAME 3, X,

@dr=6=2=3 . Tap Z dudc md rong thanh tap s6 hiu ti
Q, bao gébm cac so khéng nguyen c6 thé duoc biéu dién
du’dl dang mét ti sb gilra hai sb nguyén.

© 22 =2 =z = +/2. Tap Q dugc md rong thanh tap so thuc
R, bao gom céc sb vo ti (nghia 1a cac sb khong nguyén va
khong thé dugc biéu dién dudi dang mot ti s6 gilra hai sb
nguyén.)

@ 22 = —1 = z =i. Tap R duoc md rong thanh tap sé phuic
C.

Churang I: S6 Phirc va Mat Phang Phirc
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S6 phirc

Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phirc va Mat Phang Phirc Mit phang phirc

Cac phép toan

Téap con trong mat phang phirc

Dang Decartes clia s6 phuc

Trong hé toa do Decartes, mdi sb phuic z cé thé dugc viét dudi
dang z = a + ib, trong do:
@ « dudc goi la phan thuc (real part) clia s phic z. Ky hiéu:
a = Re(z).
@ b dudc goi la phan o (imaginary part) clia sé phuc z. Ky
hiéu: b = Im(z).
© i dugc goi la don vi 0. Tinh chat: i2 = —1.
Dang z = a + ib dugc goi la dang Decartes clia ség phtrc. Trong
dang nay, do I16n (m6édun [modulus], gia tri tuyét doi) ctia s6
phic z dugc dinh nghia la:

2| = Va2 + b2

Churang I: S6 Phirc va Mat Phang Phirc
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S6 phirc

Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phirc va Mat Phang Phirc Mit phang phirc

Cac phép toan

Téap con trong mat phang phirc

Dang mii cla sb phuc

Trong hé toa do cuc, sb phiic c6 dang mi:

VvGi:

@ r = |z| € RT: modulus cua z.

@ 0 = arg (z) € R: argument (pha [phase]) cla .
Trong tai liéu cha Terence Tao, dang mi dugc goi la "polar
form" (dang trong toa dé cuc).

Chirong I: S6 Phirc va Ma


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

S6 phirc
) Biéu dién hinh hoc ciia s6 phiic
Chuaong I: S6 Phirc va Mat Phang Phirc Mat phang phuc

Cac phép toan )
Tap con trong mat phang phirc

Mbi lién hé gilta dang Decartes va dang mi

Méi lién hé nay dudc xac dinh bdi cong thiic Euler:

e = cosf +isin 6. (1)
Cho trudc sb phiic & dang mi, ta tim dugc sé phuic & dang
Decartes: '
z=re' =rcosf+irsind, (2)

so s&nh biéu thiic nay véi z = a + ib, ta co:
a = rcosb, (3)

b=rsind. (4)

Churang I: S6 Phirc va Mat Phang Phirc
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S6 phirc
Biéu dién hinh hoc ciia s6 phiic
Chuaong I: S6 Phirc va Mat Phang Phirc Mat phang phuc

Cac phép toan )
Tap con trong mat phang phirc

Mbi lién hé gilta dang Decartes va dang mi

Nguac lai, néu cho trudc sb phiic & dang Decartes, ta tim duoc
s6 phiic & dang md. T (3) va (4) ta co:

TE |21 &7 + 8% (5)

va :
tanf = —. (6)
a

Churang I: S6 Phirc va Mat Phang Phirc
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S6 phirc

Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phirc va Mat Phang Phirc Mit phang phirc

Cac phép toan

Téap con trong mat phang phirc

Mbi lién hé gilta dang Decartes va dang mi

Vi du: Cho z = 1 + i. Hay biéu dién = dudi dang md.

Churang I: S6 Phirc va Mat Phang Phirc
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S6 phirc
Biéu dién hinh hoc ciia s6 phiic
Chuaong I: S6 Phirc va Mat Phang Phirc Mat phang phuc

Cac phép toan )
Tap con trong mat phang phirc

Mbi lién hé gilta dang Decartes va dang mi

Vi du: Cho z = 1 + i. Hay biéu dién = dudi dang md.

Tu (5), ta co:
r=|z| =124+ 12 = V2.

Churang I: S6 Phirc va Mat Phang Phirc
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S6 phirc
Biéu dién hinh hoc ciia s6 phiic
Chuaong I: S6 Phirc va Mat Phang Phirc Mat phang phuc

Cac phép toan )
Tap con trong mat phang phirc

Mbi lién hé gilta dang Decartes va dang mi

Vi du: Cho z = 1 + i. Hay biéu dién = dudi dang md.
Tu (5), ta co:

r=|z| =124+ 12 = V2.
Tu (6), ta co:

1
tan921:1:>9:z+2k7r.

Churang I: S6 Phirc va Mat Phang Phirc
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S6 phirc
Biéu dién hinh hoc ciia s6 phiic
Chuaong I: S6 Phirc va Mat Phang Phirc Mat phang phuc

Cac phép toan )
Tap con trong mat phang phirc

Mbi lién hé gilta dang Decartes va dang mi

Vi du: Cho z = 1 + i. Hay biéu dién = dudi dang md.

Tu (5), ta co:
r=|z| =124+ 12 = V2.
Tu (6), ta co:

1 T
tan 6 T =0 1 + 2km

A

Vay
2 = ret = /2 (5 +2km)

Churang I: S6 Phirc va Mat Phang Phirc
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S6 phirc
) Biéu dién hinh hoc ciia s6 phiic
Chuaong I: S6 Phirc va Mat Phang Phirc Mat phang phuc

Cac phép toan )
Tap con trong mat phang phirc

Mbi lién hé gilta dang Decartes va dang mi

Vi du: Cho z = 1 + i. Hay biéu dién = dudi dang md.

Tu (5), ta co:
r=|z| =124+ 12 = V2.
Tu (6), ta co:

1 T
tan 6 T =0 1 + 2km
Vay
z = re¥? = /2! (51 2km)

Luu'y quan trong: C6 vo s6 kha nang chon argument 6 cho mot
soO phuc. Nguoi ta quy udc chon 6 € (—x, +7] lam argument
chuén, ky hiéu 1a Arg(z).

Churang I: S6 Phirc va Mat Phang Phirc
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S6 phirc
Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phic va Mat Phang Phirc Mét phang phirc

Cac phép toan )
Tap con trong mat phang phirc

M3t phang phtc (m&t phang Argand)

Mat phang phtic (nhitng tén goi khac: mat phang Argand, mét
phang z) 12 mit phing dugc xac dinh béi hai truc toa do
Decartes vudng goc vai nhau:

@ Truc z 14 truc thuc, biéu dién phan thuc cla sé phuc =.

@ Truc y & truc o, biéu dién phan 4o cla sb phic =.
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S6 phirc

Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phirc va Mat Phang Phirc Mat phang phirc

Cac phép toan

Téap con trong mat phang phirc

Mbt vi du vé& cach s dung mat phang phic

Im
A
m Moi lién hé gitta 2 cach bieu dién: .
16
: ) .e.:A+yi=r::(
r=rcost; y = rsinf. ]
r=+/22 4+ y% tanf = 5 £ -
6 s

Churang I: S6 Phirc va Mat Phang Phirc
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S6 phirc

Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phirc va Mat Phang Phirc Mit phang phirc

Cac phép toan

Téap con trong mat phang phirc

C4c phép toan dai s6 trén C

Phép cong/trlr, nhan, chia trén C tuan theo céc luat dai sb
thong thuong vdi luu y 2 = —1.
@ Phép cong/tru:

(a+bi) £ (c+di) = (axc)+ (b+ d)i. (7)
@ Phép nhan:

(a + bi)(c+ di) = (ac — bd) + (ad + be)i. (8)
@ Phép chia:

ac+bd+ bc — ad .
E+d ErdE”

Chu y: phép chia cho 0 khéng xac dinh (vi khdng dugc
dinh nghia).

9)

(a+ bi)/(c+ di) =

Churang I: S6 Phirc va Mat Phang Phirc
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S6 phirc

Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phirc va Mat Phang Phirc Mit phang phirc

Cac phép toan

Téap con trong mat phang phirc

C4c phép toan dai s6 trén C

D6i vai cac phép nhan/chia, sé tién I0i han néu viét s6 phiic
dudi dang mu:
@ Phép nhan: ‘ ' ‘
(rele)(sem) — rgeifta) (10)

@ Phép chia: ’ ’ ‘
(re’)/(se™®) = (r/s)e =), (11)
Chu y: dang mi rat tién lgi trong da s6 cc tinh toan cd lién
quan dén so phuc.

Churang I: S6 Phirc va Mat Phang Phirc
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S6 phirc

Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phirc va Mat Phang Phirc Mit phang phirc

Cac phép toan

Téap con trong mat phang phirc

Liy thira va can sb

Vi du: Tinh (1 + i)%.

Churang I: S6 Phirc va Mat Phang Phirc
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S6 phirc

Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phirc va Mat Phang Phirc Mit phang phirc

Cac phép toan

Téap con trong mat phang phirc

Liy thira va can sb

Vi du: Tinh (1 + i)%.
Ta viét z = 1 + ¢ dudi dang mu:

i eiOieta [gi(5+2kr),
Khi do:

(1+'L)2 (\/>617+1k27r) 2106i7r = 71024

Churang I: S6 Phirc va Mat Phang Phirc
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S6 phirc

Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phirc va Mat Phang Phirc Mit phang phirc

Cac phép toan

Téap con trong mat phang phirc

Liy thira va can sb

Vi duy: Tinh (1 +4)'/2

Churang I: S6 Phirc va Mat Phang Phirc
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S6 phirc

Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phirc va Mat Phang Phirc Mit phang phirc

Cac phép toan

Téap con trong mat phang phirc

Liy thira va can sb

Vi duy: Tinh (1 +4)'/2

(1+i)1/2 - (\[6 T +2km) )1/2
21/461(§+k7r)

9U/4emi/8  hoge  21/4e9mi/8,

Churang I: S6 Phirc va Mat Phang Phirc
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S6 phirc

Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phirc va Mat Phang Phirc Mit phang phirc

Cac phép toan

Téap con trong mat phang phirc

Liy thira va can sb

Vi duy: Tinh (1 +4)'/2

(1+ )1/2 - (\[6 T +2km) )1/2
21/461(§+k7r)

91/4¢mi/8  hoge  21/49T/8,
Téng quat: Can bac n clia mdt s6 phiic khac 0 cé ding n gia tri.
That vay, xét z = re’?:

- p+k2m

Ve=3ret = ; k=0,1,2,....,n— 1.

Chirong I: S6 Phirc va
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S6 phirc
Biéu dién hinh hoc clia s6 phirc
Chuaong I: S6 Phirc va Mat Phang Phirc Mat phang phuc

Cac phép toan )
Tap con trong mat phang phirc

Cac phép toan trén modulus

o [zu] = |2l[uwl.
|2/w] = |2]/|w]-
|27 = |2|™.

@ Bat dang thic tam giac:
|z + w| < |z| + |w].
Téng quat:

|l2] = || < [z +w] < [2] + |w].

Churang I: S6 Phirc va Mat Phang Phirc
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S6 phirc

Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phirc va Mat Phang Phirc Mit phang phirc

Cac phép toan

Téap con trong mat phang phirc

Lién hiép phuc

Lién hiép phurc clia s6 phiic z = z + iy 1a mot sb phiic dugc
ky hiéu la z hoac z* va dugc dinh nghia:

Chirong I: S6 Phirc va Ma
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S6 phirc

Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phirc va Mat Phang Phirc Mit phang phirc

Cac phép toan

Téap con trong mat phang phirc

Lién hiép phuc

Dudi dang mu:

rel = re . (12)

(z + wei®) (w — ize™"?) = (z + we™ ) (w + ize™¥). (13)

Churang I: S6 Phirc va Mat Phang Phirc
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S6 phirc

Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phirc va Mat Phang Phirc Mit phang phirc

Cac phép toan

Téap con trong mat phang phirc

Mét sb hé thiic quan trong

Goi z va w |a céc sb phuc. Ta c6 cac hé thirc:
G = ]z|2 (14)
efe¥ = et (15)

Bai tap: hay chiing minh hai hé thiic trén bang cach viét sb
phuc dudi dang ma.

Chirong I: S6 Phirc va
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S6 phirc

Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phirc va Mat Phang Phirc Mit phang phirc

Cac phép toan

Téap con trong mat phang phirc

Tap con trong mit phang phic

@ Vung lan can: cho z 1a mot diém trong C, tap V gdm cac

phan t{:
z: |z — 2| <¢,

trong d6 ¢ € R, duodc goi la ving 1an can diém z,. Vi du:
{z:]z2—2| <1},{z:2+1i| < 2},{z: |z| < 8} lan Iuot |a lan
can clia cac diém 2, —i, 0.

@ Phan trong (interior) - Cho S 12 mét tap con trong C.
Piém z, dugc goi 1a thudc "phan trong" cla S khi va chi khi:

Ve >0,{z:|z— 20| <e} CS.

° Tép m& - Tap dong - Néu moi diém trong tap S déu thudc
phan trong cla S, khi dé S dudc goi la tap mé. Nguac lai,
S la tap dong.

Churang I: S6 Phirc va Mat Phang Phirc
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S6 phirc

Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phirc va Mat Phang Phirc Mit phang phirc

Cac phép toan

Téap con trong mat phang phirc

Tap con trong mit phang phic

e Buong cong - M6t dudng (hay dudng cong) trong mat
phang phuc la mét anh xa:

v : [a,b] = C.

(tr doan [a, b] cla duong théng thuc vao C.)
Pudng cong v goi la lién tuc néu x va y lién tuc.

@ Tap lién théng - Tap con S cua C dugc goi la lién thong
theo nghia néu hai diém bét ky trong S déu noi dugc Vai
nhau bang mét dudng cong lién tuc nam hoan toan trong
S.

Churang I: S6 Phirc va Mat Phang Phirc
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S6 phirc

Biéu dién hinh hoc clia s6 phirc
Chuong I: S6 Phirc va Mat Phang Phirc Mit phang phirc

Cac phép toan

Téap con trong mat phang phirc

Tap con trong mit phang phic

Vi du vé céc tap con trong C:

@ {z:|z| < 1}: hinh tron m& daon vi.

@ {z:|z| < 1}: hinh tron déng daon vi.

@ {z:Im(z) > 0}: nlta mat phang trén.

@ {z: Re(z) < 0}: nlra mét phang trai.

@ {z:0< Re(z) <1,0 < Im(z) < 1}:hinh vubng don vi.
Qui udc: tap rong 0 va C la céc tap md.

Churang I: S6 Phirc va Mat Phang Phirc
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