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Deformations: non-homogeneous

An elastic solid is said to be deformed or This is in contrast to rigid-body motion
strained when the relative displacements where the distance between points
between points in the body are changed. remains the same.

Fig 1. Rigid-body motion Fig 2. Deformed or strained
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Small Deformation Theory

- Consider two neighboring material points P, and P
connected with the relative position vector r as shown

in Fig 3.

- Through a general deformation, these points are
mapped to locations P, and P in the deformed

configuration.

- In linear elasticity, only small deformation theory is

necessary.

Fig 3. General deformation

Taylor series expansion around point P, to express the

components of u as

jfuf+A%)=f(%)+j%(%)Au

,  ou du du
+ r + r + r
ox © dy ' dz°
v v 8v
C+—r 4,
ox ' dy’ 82
ow  odw ow

w=w'+—r+—r+—r.

ox ° By oz
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The change in the
relative position vector r

Ar=r—r
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Small Deformation Theory

1y, +A”i):f(”i)+f,u,. (u,)Au
Ju du ou

U=U’+—71 +—F +—1
ox © dy ' oz
dv dv dv = u=u'+u r

v=V'+—r +—r +—r A Fig 3. General deformation

ox * dy’ dz° between two neighboring points
ow ow ow

w=w’+ o+ ro+ r

, ou  du ou
Ar=r’'—r Ar.=r' —r. =—r+t—r+—r
—u—u’ ox dy 0z
- Ay =t _dv_ dv o
ry_ry_ry_a_xrx_l_gry_'_g el A’G=”i,j’”f
, ow odw  odw
Ar,=r' —r. =—r. +—r +—r
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Small Deformation Theory

- Tensor u;; is called the displacement gradient tensor.

ou Jdu Jdu
e 1 .
ox dy o e. = —(u‘ .+u . .), strain tensor
J L,J J5t
u, . = @ @ ﬁ —l(u +u )+l(u —u. )=e. +@ ) 1
“olox 9y oz | 2 M Mo @, = —(u, ;—u;,), rotation tensor
ow dw Jdw )
| dx dy dz

- Choose 7; = dx;, we can write the general result in the form
u =u. +u, 1, =u/ +e,dx; + w,dx,

- Using a dual vector o, = -1/2 ¢, we have

_ o, o) G [ M, _!
G= 0= (ax BXJ’%_(D” (8x ax]],o%—mﬂ [ax axzj ﬂm—E(VXu)
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Examples of Continuum Motion & Deformation

Consider the common deformational / ~
behavior of a rectangular element. “ %
Rigid-body motion does not ~
contribute to the strain field, and (Undeformed Element)  (Rigid Body Rotation)
hence does not affect the stresses.

We therefore focus our study on the
extensional and shearing N :

r——-—-

—— = —
~
~

deformation. , ,

| e e e =

(Horizontal Extension) (Vertical Extension) (Shearing Deformation)

Fig 4. Typical deformations of a rectangular element
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Consider a 2D deformation of a rectangular element with original dimensions dx by dy
Point A(x,y) with displacement components u(x,y) and v(x,y). Point B has displacement

u(x+dx,y) and v(x+dx,y).

In small deformation theory,
u(x+dx,y) =u(x,y)+(du/dx)dx

The normal strain in x-direction

A'B'- AB
g =
¥ AB
From the geometry
2
4B = e+ P ar | + a"dx
ox ox
=dx 1+a—u o)
ox o

[ ) ongThanCong.com

(Taylor series expansion)

Ju ,
—dy—» — ___-- 4
dy b _e-mT T D'/
/bi '4\ 1
| ]
V) Ao ,'
4 1
1 1
Y 1 ”
1
A y C D ', & B""’"_L
AT o |
dy 7 L v
: : —dx
V) i ; ox
A dx B| | ulxtdry)
i u(x,y)
> X
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Fig 5. Two-dimensional geometric strain deformation
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Using 4B = dx, the normal strain in x - direction reduces to €, = ™
X

Similarly, the normal strain in y - direction €, = o
du

A second type of strain is
shearing deformation, which

involves angles changes.
Shear strain is defined as the

change in angle between two
originally orthogonal directions
in the continuum material.
Measured in radians, shear
strain is positive if the right
angle between the positive
directions of two axes
decreases.

CuuDuongThanCong.com

A dx B| | ulxtdry)

A

A

R

u(x.y)

> X

Fig 5. Two-dimensional geometric strain deformation
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Shear strains in x- and y-directions can be defined as

For small deformations, a=tana and 8 = tanf, and then

ou
avdx 7dy p)
_ Ox N dy _au_l_av Mt e 4
Ve = ou dv 0 ox - ay ————————— Dy
dx+—dx dy+—dy ¥ 5 te :
ox dy >l |
k) o !
By interchange of x & y, u & v : ,'
— A C D ¥ '
Vo = Vi g } _&f{---i
T T T T (U N N ié‘—“"——_——a _____
Similarly, we have & 7 La_vdx
c au &’ e = a_W v(x,p) ox
T ox & dp - oz | ] A dx Bl | ulrtdry)
y au av y = @ n a_W : :
v Jy Bx ¥ 0z dy’ o)
aw ou 7
Vee = N a_Z Fig 5. Two-dimensional geometric strain deformation
13
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Using the strain tensor ¢, the strain-displacement relations can be expressed as
du v ow ou dv 1{dv ow 1(dw au
e =——,e =——e=——@ =—|—+t—|e =—| —+— e, = —
ox y 0z 2( dy ox 2\ dz  dy ox az
Using tensor and matrix notation g—udy—> — - =1
y DL emmT ]
el.j = _(ui,j + uj,i) 5 _, l—_ !
v(x,ytdy) L 1
1 .'
_ 5[Vu +(Vu)' | , j ; l
4y C D ', X- B'/
o : A - o
The strain is a symmetric | g iy S
. dy f i L ov
second-order tensor (e; = ¢;) | dx
]l V(X,y) ! i ax
- ] A dx B| | ulxtdry) |
ex exy exz """"" 5 < >
€= I:elJ:I = eyx ey eyz ‘ u(x,y) -
Xz eyz ez > X
Fig 5. Two-dimensional geometric strain deformation
14
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Example 2-1: Strain and Rotation Examples

Determine the displacement gradient, strain and rotation tensors for the following displacement
field: u = Ax’y, v=Byz, w=Cxz’, where 4, B, and C are arbitrary constants. Also calculate
the dual rotation vector @ = (1/2)(Vxu).

15
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Example 2-1: Strain and Rotation Examples

Determine the displacement gradient, strain and rotation tensors for the following displacement
field: u = Ax’y , v=Byz, w=Cxz’, where 4, B, and C are arbitrary constants. Also calculate
the dual rotation vector @ = (1/2)(Vxu).

o=

0 Bz
Cz’ 0

%(VXU)=

CuuDuongThanCong.com

_2Axy Ax’

1
2

0
By
3Cxz?

[ 2Axy  AXP/2 CZ/2]
Ax* /2 Bz By/?2
Cz/2 Byl/2 3Cxz’

[ o  a/2 -c*/2]
—AX* /20 By/2

cz*/2 -By/2 0
e1 e2 e3
d/ox 9/dy 0oz =%(—Byel _Ce,

Ax’y Byz Cxz’

- Ax2e3)
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B 7 [~ ’ 7]
ex Xy eXZ ex Xy exz
_ ’ _ / / U4
€=1¢, ¢ ¢, €=l 6 vz
U4 ’ ’
_exz eyz ez B | Txz eyz ez |
Fig 6. 3D rotational transformation
’ _ ’
€ = Qinjqepq where QU = Cos(xi’xj)
y A
y' >
K ([ e +te e —e, 20 120
\f/e_ o e = > + 5 cos260+e,  sin
\\ //,, e +e e —e .
\ o For 2D case, prove . = -~ ——-cos20-e,sin20
\\\ /,/’,’ e\ , ey —8
> X €0 =" ~sin260 +e,, cos26
Fig 7. 2D rotational transformation
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sin@ 0]
cos@ 0
0 1
¢ =e cos’ @+e, sin’ @+2e sinfcosl
—> ¢, =e sin’@+e cos’@—2e, sinfcosd
e, =—e sinfcosf+e, sinfcosh+e, (cos’ @ —sin’ )
[ e te, e —e ,
e, =——>+>—2cos20+e_sin26
X 2 Xy
, e te e —e, _
) (€ = - cos26—e_ sin26
y 2 Xy
=2 % in20+ e, cos26
e, = sin e,, Cos
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Strains transformed to
principal directions
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In particular applications it is convenient to decompose the strain
tensor into two parts called spherical and deviatoric strain tensors

1 1
e.=|e ——e 0. |+=e, 0.
ij i 3 kk ™~ ij 3 kk ™~ ij
R g 9 5K_J
¢ €
The spherical strain e, —e 5 represents only volumetric deformation

1] 3 kk
e . 1 : :
The deviatoric strain ¢, =e, _gekk5,~j accounts for changes in shape of material elements

Note: principal directions of the deviatoric strain are the same as those of the strain tensor

23
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Example 2-2: Determine the principle, spherical,
deviatoric strains of the following state of strain

2 20
e,=|—2 —4 1
0O 1 6

24
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Normally we want continuous single-valued displacements;
I.e. a mesh that fits perfectly together after deformation

Undeformed State Deformed State

26
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Mathematical Concepts Related to Deformation Compatibility

Strain-Displacement Relations

Jdu v ow ( Jou Bv] [ dv awj
e =—.,e =—,e. =—, e =— e..

1(dw a_u
2 dy ox dz dy ox az

Given the Three Displacements:
We have six equations to easily determine the six strains

Given the Six Strains:

We have six equations to determine three displacement
components. This is an over-determined system and in
general will not yield continuous single-valued
displacements unless the strain components satisfy
some additional relations

‘ The strains must satisfy additional relations
called integrability or compatibility equations 27
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/\

Physical Interpretation
of Strain Compatibility

® | @

® | @

(a) Discretized Elastic Solid (b) Undeformed Configuration

® @ @ ©

® | ® © @

(c) Deformed Configuration (d) Deformed Configuration
Continuous Displacements Discontinuous Displacements
28
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1
€ = 5( i TU;, zkl)
1
. — +u
1 € — (”k lij lkz]) _
eyzi(”u"’”n) ) - 21 ) €t Cuy ~ Cu ik —€; 5 =0
€Lk = _(uj,lik +ul,jik) .
% Saint Venant
Compatibility Equations
Cik,ji = 5( z/g1+”kyz) P yEq

81 individual equations, most are either simple
identities or repetitions, and only 6 are meaningful.

d’e. de, _d’e, d’e, O de. Qde,  de,
zx + =—=2— = — + +
These six relations may be ag’ af afay 832’82 ox \ dx dy oz {
determined by letting & = I, d’e, +8 €. _28 e, Jde, _d [ e de,, de,
and in scalar notation, daz> 9y’ oydz dzox dy| dy dz  ox
they become d’e. d’e, 82 d’e. 0 . de,, de. Ode_ \
ox’ 822 aZaX oxdy Oz e ’ ox " dy
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The cylindrical coordinate system

Ax — —_—
3 u= urer + ueee + uZeZ Where €= er6 e@ e@z
A
z ~
e, A _erz e@z ez _
]< )
A Jdu
des & e =—
- > X 1 du
> r
Y . ou,
X
! 0z

1(10u. Ju, u,

¢o=5| "3, T -
2\rod0 or r
1(du, 10u, )

e, = +=

"2l oz ro6
1(0du, Odu,

e, =—| —L+

21 oz ar)
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The spherical coordinate system

L X €k Crp Cro
A | Cro Cpo € |
¢ //'
\ ! é auR
| 1% e, =—=
A /R oR
| 1 du,,
A - X €, =—| Uy +—=
e g . %2 : R 8¢
du
0
+sin @u , + cos Pu
% Rsm¢( 26 ’

1 18uR+8u¢ u,

“®“~51 R 30 oR R

1( 1 ou, L Oy
Y sin ¢ 86? ¢ cos i,

1( 1 Odu, ou, u,
Cor = : T -
2| Rsing 080 OR R
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