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8.4 Polar Coordinate Formulation

Airy Stress Function Approach ¢ = ¢(7,0)

Airy Representation
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Plane Elasticity Problem

Strain-Displacement Plane strain Plane stress
_ du, 1 1
“ =5 o.=Ae. +e,))+2ue, e, :E(O—r_vo-‘g) , €, =E(0'9—vo;)
1 du, o, =Ae. +e,)+2ue,
1€, =—|u +—- : v v
0 ( aé’j 0. =AMe, +e)=v(o,+0,) &= pO o) =106 te)
1 al/l au9 u9 Tr0 = Zﬂerﬂ ’ Té?z = Trz =0 1+V
o = 7 80 ar 7 erB - Tfre 2 892 = erz =0

Hooke’s Law
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8.5 General Solutions in Polar Coordinates

8.3.1 General Michell Solution

0’ 1 0o 1 07 0 19 1 9°
b6 V4 o _ — - = O
P, 0)=1(r)e E:> [ar v or ar r* 06* j[arz i v or i r* 06* )(p

1- 2b2f,,+1—2b2f, b2(4+b2)
3

g 2 =0

Solving the equation gives the general Michell solution (restricted to the periodic case)

—

@ =a,+alogr+ayr’+ayr’logr
+(a, +aslogr+ a6r2 +a,r’ logr)6
We will use various

terms from this general

b, solution to solve
+(b,r+b,rlogr+—= r > +b,17 +br@+br@logr)sind - several plane problems

+(a,,r +a,rlogr i ER a,r’ +a,0+a,rlogr)cosd
r

in polar coordinates

2 - 2-
+ Z(anlr” +a r"+a.,r"+a,r" ")cosnb
n=2

+Z(bn1r" +b " +b " +b ") sinnb
n=
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8.5 General Solutions in Polar Coordinates

Navier Equation Approach

. u=u.r)e,

Stress Function Approach (Plane Stress or Plane Strain)_
p=a,+alogr+a,r’+ayr’logr

8.3.2 Axisymmetric Solutions

d’u, +l du, 1

o, 2a3logr+ +a, +2a, ar’  rdr

|:> - |:> ur=C1r+C2%

a
o, =2a,logr ——+3a, +2a,
r

Gives Stress Forms

Trﬁzo A A
o.=—+B, 0, =—r—2+B, 7,=0

r

Displacements - Plane Stress Case r

u = %[— (1+v) a,+2(1-v)a,rlogr—(1+v)a,r +2a,(1 —V)r}
r

+ Asin @+ Bcos @
--------- Underlined terms represent
4r@ .. :
ty = —dy +Acos@—Bsin0+Cr rigid-body motion

* a,term leads to multivalued behavior, and is not found following the displacement

formulation approach
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Example 8.6 Thick-Walled Cylinder Under Uniform Boundary Pressure

!

General Axisymmetric
Stress Solution

Boundary Conditions

O-r(rl):_pl b O-r(r2):_p2

2 2
_hpPThpP

o i p) 1K

Using Strain Displacement
Relations and Hooke’s Law for

plane strain gives the radial

displacement

<

1[(1-2v)B - ﬁz]
r

2.2 2
h VZ (pz_pl)l_i_(l_zv)ri p
r
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8.6 Example Polar Coordinate Solutions

Example 8.6 Cylinder Problem Results Internal Pressure Only

2
r
/)]
[72]
g o
5
/)]
[72]
r; 9
c
S
[72]
c
E O
For the case of only internal pressure &
(p, = 0 and p, = p) with r/r, = 0.5. os} o/
Radial stress decays from —p to zero.
Hoop stress is positive with a Y 08 o7 o8 09 1

| (O = (1 +1) /(15 =) p=(5/3)p
Thin-Walled Tube Case:
t=r—r <<l 7 =(r+n)/2 ::> o =P Matches with Strength

-~

o 4 of Materials Theory
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Special Cases of Example 8-6

Pressurized Hole in an Infinite

Stress Free Hole in an Infinite Medium
Medium

Under Equal Biaxial Loading at Infinity

p,=0 and r, 5o p,=0,p,=-T,r >

/ - e e e T T T = -
\ «— N,
1 \ / \
\ \ I \
\ \ +— —>
‘I 1 \ 1
l 1 <« |
1 1 T
1 ! i
1 1 4—' —
! I
1 ) I i
1 | 1 | —>
\ ‘ 1 !
1
\\ 4 +— \ ’
S __=-"- 7 \\ /
+— ~ ’/  —

r r 1’2 rz
or=t{1-2). er=1[1e2)
u =——-
’ E

0, ax :(O-H)max :O-H(’/i) :2T
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8.6 Example Polar Coordinate Solutions

Example 8.7 Infinite Medium with a Stress Free Hole Under Uniform Far Field Loading

Boundary Conditions

e m T o— o - o.(a,0)= z'e(ae) 0
«— —
/ \ Note: Far-field
— \— 7, (>, 0) = E(HCOS 26) " ondition
! A y |
\ T 1
R /;\ Hr &, (00,0) = L (1 - cos 26) derived from
i . - 2 the law in
I x T . 1
. \J ',' 7 ,(c0,0) = ~sin 20 Exercise 3.3
1 ]
“— \ — Try Stress Function
\ I
. L W — @=a,+alogr+a,r’+a;r’logr
+(a, 7’ +a,rt +a,r +a,,)cos 20
o = a,(1+2logr)+2a, + % — (2a, + 2% 4 2%1) o529 r( @\ T(, 3" 4d’
7 % % O'r—E l—r—2 +5 1+r—4—r—2 cos26
a 6a
o,=a,(3+2logr)+2a, ——++2a,, +12a,,r* + —2)cos 26 > T 2\ 7 4
o Cor B - rt 0(9:5 1+f—2)—— 1+3ri4]cos2t9
, 6ay, B 2a,,

=(2a,, +6a,,r >-)sin 26

T4
r

For finite stresses at infinity =>a, =a,, =0
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8.6 Example Polar Coordinate Solutions

Example 8.7 Stress Results

theta=0:p1/24:2*pi;
sigma=1-2*cos(2*theta);
X=sigma.*cos(theta); /
Y=sigma.*sin(theta),

figure
plOt(X,Y,'—IJ)
axis equal

120

270

0,(a,0)=T(1—2cos20)

6,(a.0)=-T,0,(a,15") = (1-3)T,

0,(a,30°)=0,0,(a,45")=T,
0,(a,60°)=2T,0,(a,90°)=3T

4a’

http://incos.tdt.edu.vn

jcos 20

T a\ T 3a*
o.=— 1——2 +—[ 1+ +—
2 r 2 r r
2 4
0'19:Z 1+a_2 I 1+3L4 cos26
2 r 2 r
T 3a 24 ).
r9:—5[1—7+r—2)51n29

28

2.4 17

Dimensionless Stress |, G/T
N
o

4]
T

=0,(a,tr/2)=3T

r T
6,(—,—)/T
e(a 2)

1 2

I T
3 4 53 G T
Dimensionless Distance, r/a

8

g 10
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Superposition of Example 8.: Biaxial Loading Cases

U S trrtrtT
« = 4_/' T N Kol A
«! —> «! \— i 1
-« — -« - \
i Q > = o« |' Q —> + : O :
T1 i [— - {— ’, /
! > gl \
4_\\ /’\_> <_\\ /)_> \\ I,
L e T, ‘¥ I
T2
Equal Biaxial Tension Case Tension/Compression Case
I,=T,=T T,=7T,T,=-T

3a’ 4a

2 2 o :T[l ———)00529
7 7 r 4 2

:T 1—1—2 , O-HZT 1+1_2 r Vv

d g 3q*

0, =-T|14+— |cos26

O-max - (O-B)max = 0-9 (I/i) - 2T r
T,=—T 1—3i+2izjsm29
r r

0,(a,0)=0,(a,7)=—4T , 0,(a,7/2)=0,(a,37/2)=4T
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8.6 Example Polar Coordinate Solutions

Review Stress Concentration Factors Around Stress Free Holes

—
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8.6 Example Polar Coordinate Solutions

Stress Concentration Around - Stress Free Elliptical Hole — Chapter 10
Maximum Stress Field

S M e

a

A
4—] y ’_>
I | ‘\—’
— Cley 0 . 0B
A
1 1 -
*—; 1—> E 20 //
I 1
\ 1 c
\ | 2 15
\ / 5 (Cg)max/S
\\ 7 "!:
\\ ________________ // q:, /
) 2 10 e
°)
o /
@
o 5
% 7 =--+1- Circular Case
0 ! !

0 1 2 3 4 5 6 7 8 9 10

Eccentricity Parameter, b/a
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Stress Concentration Around Stress Free Hole in Orthotropic Material

,—__4—-~~_‘_—_

S~ ="

Non-Dimensional Stress

GX(OIy)/S """"

Orthotropic Case Carbon/Epoxy

Isotropic Case

1.8 2 22
Non-Dimensional Distance y/a

24 26 28

http://incos.tdt.edu.vn

— Chapter 11
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Three Dimensional Stress Concentration Problem — Chapter 13

ITT T SiT}{ Normal Stress on the x,y-plane (z = 0)
--------------------- - 4-5v 9
------ .. o.(r,0)=S| 1+ @ @
| 2(7-5v) 1 2(7 5v) r’
B )\y» Stress Field
27-15v o
________ 0.(a,0)=(0, ) = m v=03= (AN =2.04
EREAEN S
3.5 22
o3 1 _ 2154
%-5 1 é 2.1
; .;_5 i - Two Dimensional Case: 64(r,1/2)/S é 205 |
811 / g
g ? 195
§'5 Three Dimensional Case: 0,(r,0)/S,v=0.3
0 T T \ 1.9 \ \ \ T
1 2 3 4 5 0 0.1 0.2 0.3 0.4 0.5
Dimensionless Distance, r/a Poisson's Ratio
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Wedge Domain Problems

A

y Use general stress function solution to include
terms that are bounded at origin and give
uniform stresses on the boundaries

p=r’(a,+a,0+a, cos26+b, sin26)

o.=2a,+2a,0-2a, cos20—2b, sin260
= o, =2a,+2a,0+2a, cos20+2b, sin20
6 o T, =—a,—2b, cos26+2a, sin26

»
»

X

Quarter Plane Example (0.= 0 and f = n/2)

Ay

7

o =T 20+ 7 cos20—sin26)
o, (r 7/ 2)=0 22 2

7,(rm/2)=8 ° 02£(£—20—%COS20+sin29)

r
/ﬁ TFHZE(I—COSZQ—ESiHZQ)
2 2

0,(r,0)=7,(r,0)=0

—> ——> ——> —» —»

X
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8.6 Example Polar Coordinate Solutions

Example 6: Half-Space Examples Uniform Normal Stress Over x <0

-
-
-
b ——

Boundary Conditions
0,(r,0)=1,,0)=0
T,(r,m)=0,0,(r,7)=-T

Try Airy Stress Function

=

@=a,’0+b,r’sin20

o, =2a,0+2b, sin260
T, =—a,—2b, cos26

Use BC’s To Determine Stress Solution

r

.= —l(sin20+20)
27
o, = I (sin26—26)
27

T,= % (1-cos26)
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Example 7: Half-Space Under Concentrated Surface Force System (Flamant Problem)

Y

The tractions on any semicircular arc C enclosing
the origin must balance the applied concentrated
loadings. Because the area of such an arc is
proportional to the radius r, the stresses must be
of order 1/r to allow such an equilibrium
statement to hold on any radius. The appropriate
terms in the general Michell solution (8.3.6) that
will give stresses of order 1/r are specified by

Boundary Conditions
0,(r,0)=7,(,0)=0
T,(r,7)=0,0,(r,7)=0

J. Forces =—(Xe, +Ye,)

Try Airy Stress Function

¢ = (a,rlogr+a,r@)coso
b,sr@)sin

+ (b, logr +

Use BC’s To Determine Stress Solution

o

7

—i[Xcosl9+Ysin6?]
zr

0,=7,=0
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8.6 Example Polar Coordinate Solutions

Example 8: Flamant Solution Stress Results Normal Force Case

2¥x
0,=0.c08 =- ny“
SR (x"+y°)

=——SIn - :

r or in Cartesian 2743
i mponents :D 0, =0,sin" 6 =——— > 2
c,=7,=0 compo m(x"+y7)

2Yxy’

7, =0,sinfcosf =—

1
1
1

O, = constant’

P

Dimensionless Stress

o,/(Y/a)

______________ 05 - i

-0.6

-0.7

Dimensionless Distance, x/a
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8.6 Example Polar Coordinate Solutions
Example 8: Flamant Solution Stress Results Normal Force Case
_ 1o vo)=—H ing Y
" or E o Er u,=—E[(l—V)(H—%)cosé?—ﬂogrsiné’]
T

0

1u, 1 WY
€=t g S p GV = psine ) =”LE[—@—v)(@—%)sine—zlogrcos0—(1+v)cose]

lau % u_g_lz_ _0
r9 — e T

roe o r u Note unpleasant feature of 2-D model
that displacements become unbounded as
7= o0

ly

T - s~ v g4 T

On Free Surface y=0 1ot | \\ X% %W Mﬁ yf / / / :'
Voo X‘LLHHJH HWLLL”‘l '
‘ by | '

u, (r,0)=u,(r,r7) =—%(1—V)

ug(r,O)z—ug(r,ﬂ'):—ELE[(1+V)+2logr] N ‘ L |

-

-
-
~ -
N _————
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8.6 Example Polar Coordinate Solutions

Comparison of Flamant Results with 3-D Theory-Boussinesq’s Problem

Cartesian Solution

P 2
= u=4§x iz_l—ZV R Py 22 1-2v e P 21— V)+—
v - UR\ R© R+z 4muR\ R R+z 4muR
! (4.2
: o = P2 3x3z_(1_2v) z R +x(2R+zz)
. 27R*| R R R+z R(R+2)
y ! -
vz . 3y2 PN A R y(2R+z)
" 2zR?| R R+z R(R+z)* |
3P I {3xyz _(1=2v)2R+2)xy |
Free Surface Displacements T2k Y 2R R R(R+z)
P(1-v) P 3Pyz’ — 3Pxz’
wRO=" R =TTk T T AR
Corresponding 2-D Results Cylindrical Solution
2
P P [r (-2vp] oo F [_3;» z+(1—2v)R}
u,(r,0)=———(1+v)+2logr = | = _ r 2 3
o (r0) == (1+v)+2logr | T AR\ R R4z 2R R Rz
- 1-2v)P[z R
. . . P 22 o ( |: :l
3-D Solution eliminates th.e = 20_1}”?} s e
unbounded far-field behavior T 3Py APy
u9: O-Z:_—S’Trz:_ 5
2R 2R
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8.6 Example Polar Coordinate Solutions

Example 9: Half-Space Under Uniform Normal Loading a <x <-a

2Y .
0,=0,.c0s’ @ =—"—sinfcos’ O
r
2Y
o, =0, sin?@=—"—sin’ @
r

: 2Y .
7. =0, sinfcos@=—"—sin’ @ cos
o r

do. =—2P cos? 06
T

dO'y = —2—psin2 6de

— ;

dz, =—Lsin6cosdo

T
o = —27”.';2 cos’ 0d6 = —%[2(92 —6))+(sin 26, —sin 286))]
o, = —271’ : sin’ 06 = —%[2(92 )~ (sin 26, —sin 26))]
T, = —27]) ;: sin@cos@dl = %[cos 20, —cos20,]
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8.6 Example Polar Coordinate Solutions
Example 9: Half—Space Under Uniform Normal Loadlng a<x<-a

0.4

Dimensionless Stress

Dimensionless Distance, x/a

Along y-axis below the
loading, 7,, = 0, and the
x- and y-axes are
principal at these points
and the maximum shear
stress is given by 1
oy - o,

max

p——

—
— /_2.,’.?7""

Dimensionless Maximum Shear Stress

0.45L

0.4

0.35}-

0.3

0.25

0.2

0.15

0.1

0.05

T

)
1
1
1
1
1
1
1
1
1
1
1
1

Concentrated Loading

/ T (V/a)

T

Distributed Loading
Trmax/ P

~
~—
~a
-——
S~
--------
e e ————

Tax - CONtours

5 6 7 8 9 10
Dimensionless Distance, y /a

A plot of this maximum
shear stress versus depth
below the surface is
shown in Figure 8-27.

http://incos.tdt.edu.vn
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8.6 Example Polar Coordinate Solutions

Example 9: Half-Space Under Uniform Normal Loading a <x <-a

Generalized Superposition Method
Half-Space Loading Problems

Gx:_Zy J_a p(s)x=s) 2 I t(s)(x— S)

[(x—s)’ +y] o l(x—s) +y]
S o K ) R i (s)x=s)
T e (x=s) 4] (e =s)"+ 7]

2y (o _p(s)x=s)" 2y J t(s)(x—s)"
w2 [(x=s5)"+y°T “[(x—s5)" +y]
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Example 9: Half-Space Under Uniform Normal Loading a <x <-a

Photoelastic Contact Stress Fields

(oint Loading) (Uniform Loading)

(Flat Punch Loading) (Cylinder Contact Loading)
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8.6 Example Polar Coordinate Solutions
Example 10: Notch/Crack Problems

- Consider the wedge problem for the case ty
where angle a is small and £ is 2n-a.

- We pursue the case where a = 0, and the
notch becomes a crack.

- The boundary surfaces of the notch are
taken to be stress free, and thus the problem
involves only far-field loadings.

- Start with Michell solution, we try the

stress Function in generalized form:

Stress Free Faces

@ =r"[Asin A0+ Bcos 10+ Csin(A—2)0+ Dcos(A—2)0] where / is allowed a non-integer
0, = AA-1)r"?[Asin 1@+ Bcos A0+ Csin(1—2)6+ Dcos(A—2)8]
|:> 7, =—(A—1)r*?[4Acos A6 — BAsin 16+ C(A—2)cos(A—2)8— D(A—2)sin(1—2)6]
Boundary Conditions: 0,(7,0)=7,(r,0)=0,(r,27)=7 ,(r,27)=0 =
sin27(A—1)=0= /1=5+1 . n=0,1,2,---
At Crack Tipr = 0:  Stress = O(+*?), Displacement = O(+*™)
Finite Displacements and Singular Stresses at Crack Tip = 1<1<2 = 1=3/2
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8.6 Example Polar Coordinate Solutions
Example 10: Notch/Crack Problems

o :—%%[A(smzéwﬁm )+B(cos%9+§cos—)}
E—[A(sm 6 —3sin )+B(cos§6’ cos )}
4r
Stressfreefaces ¢ = é—[A(cos—é? oS ) B(sin = 3 H——sm )}
4 23
o.=— 54 0s2(3 coszﬂ)—ism?}(l 3cos?)
202 2r 2
_ o, z—éicosé(l+cosﬁ)+ 35 siné(l+cos19)
Transform to v Variable |:> 2 \/; 2 2\/; 2
» ——éisinlj(l+cosé‘)+icosé(l—3cosﬂ)
2J0r 2 Wr 2

« Note special singular behavior of stress field O(1/Vr)

* A and B coefficients are related to stress intensity factors and are useful in fracture
mechanics theory

* A terms give symmetric stress fields — Opening or Mode I behavior

* B terms give anti-symmetric stress fields — Shearing or Mode II behavior
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8.6 Example Polar Coordinate Solutions
Example 10: Notch/Crack Problems

Crack Problem Results - Contours of Maximum Shear Stress

Mode | (Maximum shear stress Experimental Photoelastic Isochromatics Mode Il (Maximum shear stress
contours) Courtesy of URI Dynamic Photomechanics contours)
Laboratory
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8.6 Example Polar Coordinate Solutions

Example 11: Curved Beam Under End Moments

o.(a)=0,(0)=0
T.,(a)=17,,(b)=0
J; o,dr=0

Jj o rdr =—M

o

r

Q=a,+alogr+ayr’+ayr’logr |:> o,

Tr@

1.2

b/a=4

°er — Theory of Elasticity i
06} ~ 777 Strength of Materials

0.4+

0.2+

0.2+

Dimensionless Stress. 6aa’*/M

0.4f

-0.6
1

1 1 1 1 1
15 2 25 3 35 4
Dimensionless Distance, rla

ey

1og(9) +57 log(D)+a log(L)]
a b r

212
=D t0g() b7 log(L) +a? log(D) 47 —a]
N r a b 7

=0
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8.6 Example Polar Coordinate Solutions

Example 12: Curved Cantilever Under End Loading

0.(a,0)=0.(0,0)=0
7,(a,0)=7,(,0)=0

' T ,(r,0)dr =P
~b b

o,(r,0)dr =J o,(r,0)rdr =0
" 6, (r, ] 2)dr =—P

" 6, (r, 70/ 2)rdr = P(a+b)/ 2

"z (7l 2)dr =0

2

Dimensionless Stress, oya/P

/ 0=n/2 b/a=4
— Theory of Elasticity
~~ 7" Strength of Materials

1 1 1
1 1.5 2 25

I I
3 35 4

Dimensionless Distance, rla

=(4r’ +§+Cr+Drlogr)sin6?
r

212 2 2
0',,:£(r+alz _axh )sin @
o TN
P a’h® a’+b’
o,=—Q3r- — sin @
6 N( 7”3 » )
2172 2 2
T,,[,:—ﬁ(r+a[; _ath )cos @
r
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8.6 Example Polar Coordinate Solutions

Example 13: Disk Under Diametrical Compression

~N -

~ e =

Flamant Solution (1)

l \

Flamant Solution (2) Radial Tension Solution (3)
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8.6 Example Polar Coordinate Solutions
Example 13: Disk Under Diametrical Compression
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A
Superposition of Stresses y
P

2P .

o) =—"—cos @ sin’ §, >
n <e1/ :
2P

o) =———cos’ §
a X,
2P . oA/ 1

7)) =———cos’ §sin 6, 8,
i

2P :
o =—"—cos@,sin’ G, P

' Tr,
2) _ 2P 3 B 2 2
¥ =—""cos*6, _ 2P[(R=p)x* | (R+p)x _i}
7[]"2 O-x_ 4 + 4
T | r, D

2P
@ _ 4 2 -
Txy = 7[}/'2008 02811182 |:> o =_2P (R_y)3+(R+y)3_l
y T I/i4 r24 D

_ ZP{(R—y)Zx - (R+y)2x}

2P
i TJ(;) =0 xy 4 4
T i r,

G) _ () _
o =0 =
* Y 7mD

r,= \/x2 +(Rmy)’
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8.6 Example Polar Coordinate Solutions

Example 13: Disk Under Diametrical Compression

Superposition of Stresses

yﬂ
p x-axis (y = 0) y-axis (x = 0)
¥ 2P[ D —ax | 2P
n c.(x,0)= 6.(0,y)=——=Constant
0, (0) RD{D2+4x2} D
X 2P 4D* o, (0, y)——z[ 2 2 1}
/s > Gy(x,0)=_TCD (D2+4x2)2_1 D-2y D+2y D
0,/ T_(0,)=0
T,(x,0)=0 &
P

(Theoretical T, Contours) (Photoelastic Contours)
(Courtesy of URI Dynamic Photomechanics Lab)
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8.6 Example Polar Coordinate Solutions

Example 13: Disk Under Diametrical Compression

Applications to Granular Media Modeling

Contact Load Transfer Between Idealized Grains

B

Four-Contact Grain

(Courtesy of URI Dynamic Photomechanics
Lab)
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