The Time — independent
Schroedinger Equation (TISE)

The infinite square well

The infinite square well
(Giéng thé vudng vo han)

co

[ veo

0, x €(0,a)
00, otherwise

V(x)={
0 @ la x

A particle moves freely inside an infinite potential well.

At 0, a: Potential 2 o = An infinite force prevents the
particle from escaping.

The partical is confined in the well 2 “quantum
confinement”
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Quantum dot

x,v,zZ € (0,a)
otherwise
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Quantum dot

=<
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The infinite square well
(Giéng thé vudng v han)

[ V)

0, x €(0,a)
o, otherwise

o.ax'

13

Consider different regions o , V(x) o
Outside the well:

The particle does not exist.

- l/)(X) =0 O a
Insidethewell: 0 <x<a - V(x)=0
h2 d%y
h2 dzl/) _%W-H/w = kY = “V(X) <

dy 2mE

o T YT ®

\2mE [2.21]
vOik = ———

h E=0.
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d?y 2mE
TR TRl [2.21]
Solution: Y(x) = Asin(kx) + Bcos(kx) [2.22]

A and B are arbitrary constants. They are
determined by the boundary conditions of the
problem.

The appropriate boundary conditions for ¥ (x):
Y and dy/dx are continuous.

Y(x)atx=0anda 2> yY(0)=y(a)=0 [2.23]
Y (0) = Asin(0) + Bcos(0) =B - B =0
— YP(x) = Asin(kx) [2.24]
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Y(x) = Asin(kx)
Y(a) = Asin(ka) =0 — A =0 or sin(ka) =0

A =0 - yP(x) = 0:The trivial (non-normalizable)
solution!

sin(ka) =0 - ka =0,+m,+2m, +3m... [2.25]
k =0 - y¥(x) = 0: The trivial solution!

sin(—0) = —sin(8) = “~” can be inserted into A

Sk, ==,n1=1,23,. [2.26]

a
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k =
h
k, = %T,n =1,2,3,.
h’kZ  h?n?m?
2>E, = = [2.27]
Y, (x) = Asin(njf X)
[cM1] A=.2/a__ [2.28]

lW(x, £)|?dx =1
P (x) = Jésmct;@
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Wy (x) I/_\ Wa(x) l/\ ya(x)
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Some properties of P, (x)

1. The functions Y, (x) (eigenfunctions,
eigenstates) are alternatively even and odd, with
respect to the center of the well (a/2): Y is
even, P, is odd, Y is even, and so on.

2. Going up in energy, each successive state has
one more node (zero-crossing): ¥4 has no node,
1), has one, 13 has two, and so on.

3. They are mutually orthogonal (truc giao) and
normal (chuin héa) [= orthonormal: truc chuan]
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+» Xét hé toa d6 descarte 2

chiéu.
7 1 - = \
L2 % Goi 1; va 1, la 2 vectors

> > co s theo truc x va y.
1

+¢ Hai vectors nay truc giao véi nhau va co do dai
|é 1.T&C|é@?1‘i)2 = OVé?l‘?l = 1

o LS (R .o 2 Oif m#n
¢ Hoac (tong quat): i,, - 1, = Oy = 1ifm=n

* Omn duoc goi la delta Kronecker
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% Vector A bat ky déu cé
thé duogc biéu dién qua
hai vectors co s& 1; va
T,.

’:’ A == ali)l + azi)z == Z an i)n

% a; =1, -A (hinh chiéucta Alént,)

- , » > S
va a, =i, - A (hinh chiéu cua A 1én 15)
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Khong gian vector

thong thuvong
Vector
-
In
lm " ln = 5mn

Tich vb hudng
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Khong gian Hilbert
(noi ham séng “séng”)

Ham riéng, vector riéng,
trang thai riéng

P (x)

j_ P ()Y () = Sy
Tich trong



Some properties of P, (x)

3. The eigenstates Y, (x) are orthonormal

f_ V) =8

_|0ifm#n
Smn = {1 if m=n [2.31]

Omn: Kronecker delta.
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Some properties of Y, (x)

4. They are complete: Any other function, , can be
expressed as a linear combination of them:

[Ching day dd: mot vector bat ky (trang thai bat ky
hodc ham bat ky) déu cé thé dugc biéu dién qua hé
CO SO nayl:

& F00) = Tnuthn() = [ cusinEx)

% This is the Fourier series for f(x)
[Pay cling chinh |a chudi (phép bién d6i) Fourier
cta ham f(x) ].

[2.32]
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The coefficients ¢,

o 2 .
() =Y cnbn(x) = \/;Zn cnsm(nfx) [2.32]
¢ Multiply both sides of 2.32 by y;,,(x) and integrate:

[wnor@ar =3 e [vnewnds
_ Z 8, = [2.33]
= [Wiof@ar 3
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Khong gian vector Khong gian Hilbert

thong thuong (noi ham séng “song”)
Vector — Ham riéng, vector riéng,
trang thai riéng
In — Ya ()

LoD =8, — f W () (%) = By

=1

A=) ai, = 9@ =) @

e i‘l — = [ Hrd



States W,,(x,t) va W(x, t)

¢ Wnlx, t) = Pp(x)e n

2 nm .
= \/;Sln (7 x) e—l(nthzfl/ZmaZ)t [2.35]

% The general solution: ¥(x,t) = ),,, ¢, ¥, (x, t) =

— z Ch zsin (Ex) e—i(nznzh/Zmaz)t
n a a [2.36]

Y(0) = ) (o)
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A common problem

Given the initial wave function: ¥(x, 0)
Find W(x, t).

< W(x,0) =Xy cppp(x)
% ey = [ PHOW(, 0) dx

ff sin —x LP(x 0) dx [2.37]

SOV, ) =Y, cn\/; sin (nf x) g~ i(n*mh/2ma®)t

30
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Example

A particle in the infinite square well has the initial

wave function: ¥(x,0) = Ax(a —x),0<x < a
Find: W(x,t).

1= [JW(x,0)|?dx = |A|? [ x?(a — x)? dx

30
a’d

2 a°

% cp = [Pa()¥(x, 0) dx

\/;If sin —x x(a—x)dx

# cp = [Yr(0)¥(x, 0) dx

\/;\/7] sin —x x(a—x)dx

0, neven,
% Cp =1 8V15
n )3 n odd.

L)

22> Y(x,t) =

a
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3
30 /2 1 nrw (2 Zh/Zmaz)t
— sm( x)e inm
( ) Zn 1,3,5.. a
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A common problem

Given the initial wave function: ¥(x, 0)
Find W(x, t).

S W(x,0) = X cpihn ()
% cp = [ r ()W, 0) dx

_ F f sin(”—”x)qJ(x,O)dx [2.37]
a 0 a

<> lp(X, t) = Zn Cn\/% sin (nT:X) e—i(nznzh/Zmaz)t
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Energy E,

< W(x,0) =X cnhn(x)

% c,tells us the amount of Y, (x) that is contained
in W.

% |c,,|? is the probability that a measurement of
the energy would return a value E,, .

¢ The sum of these probabilities should be 1:

[CMI] z lc, |2 =1 [2.38]
n
¢ And the expectation value of the energy [CM!]
()= lealE 2:39]
n
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BT

1. Hat khéi lwvgng m chuyén dong tw do trong giéng thé vo
han (0 < x < a) cé ham séng ban dau:

O_A_nx21.3rcx i . (5mx
Y (x, )—ﬁsm(z)+ gsm< . >+\/§sm< . >,

v&i A la sé thue.

a)TimA.

b) Néu thiyc hién phép do nang lwong thi cé thé tim dugc
nhi*ng gia tri ndng lugng nao va véi xac suat twong &ng
bao nhiéu? Tinh nang lvgng trung binh.

¢) Tim ham séng tai thoi diémt > 0.

36
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