Dao ddng tlr diéu hoa
Harmonic oscillator

“Coéng viéc” trong Co lugng tu

e Xac dinh bai toan vat ly

e Hamiltonian H = Phwong trinh Schrodinger
e Xac dinh ham séng Y va nang lvong E

D W(x,t) = P(x)e(t) =(x)e E/R

(Ept

YO =) e h

=) (Q(x,p)) = j W(x, £)*Q(x, p)W(x, )




Harmonic Oscillator
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Co cd dién

d?x
F =—kx = mﬁ
x(t) = Asin(wt) + Bcos(wt)
w= |k, .
V = Ekxz
1
V =-mw?x




Co cb dién

1 1
= — 2:— 2,42
%4 ka Zma)x

Diém quay dau cb dién/
classical turning point (CTP)
Xac dinh ?

7

Co cd dién

-a

Classical mechanics: Xac suat tim duoc hat trong mién gitta 2 CTP [—a — a]
1a 1 (chac chan tim duoc hat trong mién nay) = Mién nay goi |a mién duoc
phép (cd dién). Mién ngoai mién dugc phép, tirc 1a mién [—o0 - —a] va

[a = 4], dwoc goi la mién cdm (co dién) vi xdc suat tim dwoc hat & d6
bang 0.

Quantum mechanics: Van cé thé tim duoc hat & mién cam!!



i s V(x) A " ( \ .
* Ham thé co thé phurc tap '

* V(x) ~ thé parabol

trong lan can cuec tiéu /\/’-\ /
\/\/

e Khai trién Taylor V (x)

quanh cuec tiéu: : "
X X

Const. 0 {
V(x) =V(xg) +V'(xg)(x —xp) + EV”(xO)(x —x0)% + ...

1 1 1
V E _V” —_— 2: J— 2 e 2 2
(x) Z(X Xo) > kx S M

N&ng luong toan phan (co cd dién)

2
1
H=T+V =2 + - mwx?
2m 2
Co lugng tur
~2
A A 1
A=T+V =24 - mwx?
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Co lugng t&r 5= —in

H=T V= — _ 2,2 — _ _ 2.2
+ Zm+2ma) X 2mdx2+2mw X

PT Schrédinger khéng phu thudc thoi gian: HY = Ey

W22 1)y g
2m dx? mex Y =Ey

h? d? 1
2.2
—%@¢+Ema) X l/) =Elp [244]
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Giai phuong trinh Schrédinger cho DBTPH
« Cach gidi dai so )Algebraic Method
* Cach giartich / Analytic Method [Read Griffiths book!]

1) Doibién: (x,p) — (a4, a_) (toan tlr bac thang)
2) Viét Hamiltonian H(x,p) theo H(a,,a_)

3) PT Schroedinger HY = EY

4) Xac dinh ham séong Y va nang luvgng E

12
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Bién d6i toa dd suy réng = toan tlr bac thang

I - B
PT Schrédinger KPTTG H=T+V= f—m + > mwia?
Hy = Ey & %[PZ + (mwx)?|yY = EY [2.45]
1
H=— [pi + (mwx)?] [2.46]

2m o, v
SO: u? + v2 = (iu+ v)(—iu +v) =u2+v2+i%7—//)
TTU: u? + v? # (iu + v)(—iu + v) = u? + v? + i(uv — vu)
Toan tr thwong khong giao hoan — uv —vu # 0
Vidu: xp khac px !

Gidi PT Sch. — cach dai sb [todn tr bic thang]

1 .
= @ + o)
m
(iu + vJ)(—iu + v) i(uv — vu)

A_ Ay

(+ip + mwx) [2.47]

2hmw

, 1
(—ip + mwx) a_ = (+ip + mwx)

2hmw V2hmo




Gidi PTS — cach dai sb [todn t bac thang]

(+ip + mwx)

2hmw

A-Qy = o (+ip + mwx)(—ip + mwx)

1
a_a, = o [p? + (mwx)? — ima)
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Giao hoan tr

Giao hoan t cia hai toan t&r Ava B |a

[A,B] = AB — BA [2.48]
Giao hodn t&r bang 0 = hai toan t& nay duoc goi la
giao hodn véi nhau (cé thé déi ché cho nhau):

[A,B] = AB—BA=0 — AB = BA

_ 2 2 _; _
a-ay = [p* + (mwx)* — imw(xp — px)]
i [x,p]
a_a, [p? + (mwx)?] — = [x,p] [2.49]

- 2hmw 2h

16



Xac dinh giao hoan t&
[A,B] =

Tac dong giao hoan tr Ién 1 ham thir: [A4, B]f (x)

[4,Blf (x) = (AB — BA)f(x) = ABf (x) — BAf (x)

= A(Bf(x)) = B(Af(x)) = Xf(x) -[AB]l=X

17

Xac dinh giao hoan tr [x, p]

h d
idx

h d
[x/%)——(—x)f(x)——x/(%] [2.50]

= —Yf(x) = ihf(x)
[x,p] = ih [2.51]

If(x) = [x (—f(x)) - ——(Xf(X))] r

18



Hamiltoniantheo a_ va a,
i
2 2
[p* + (mwx)?] - 2h[ X, p]

-G+ = 2hmw

1 1
—  _[n2 _—
a-ay =7—- [p? + (mwx)?] Zhlh
1 1 !
= — g4l 2.52
a_a, = - + | ]
H=hw (a_a+ [2.53]
19
Tinh Hamiltonian theoa_ va a.
1
a,a_ =? a, = (+ip + mwx)
. 2hmw
_ 1 1
ara =3 H =7 [2.54]
l[a_,a,] =1 [2.55]
[2.56]

1
H = hw <a+a_ +§>

20



PT Schroedingertheoa_vaa,
1
HY = hw <a+a_ -I-E)l/) = EyY

HY = hw <a_a+ —%)1/) = EyY

hw (aia; + %) Y =EyY [2.57]
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Xac dinh ham séng — buwdrc 1

NEu ham séng 1 thda PT Schroedinger HY = Ey
thia,y thoa PT H(a,y) = (E + hw)(a, )
va a_y théa PTH(a_y) = (E — hw)(a_y)

22



Chirng minh H(a,y) = (E + hw)(a+y)

H=hwla,a +§
hwl|lara_ +=)a
altg)aw @
= hway|a_ay + = |Y=hwa,| a_a; +=
2 —_ 2

a,a_ +1
[a_,a;]=a_a, —aja_=1

= a,hw l(a+a + l + 1)] ()

=a, |hw (a+a + )1/) + Ay | = a,(E + how
. (E + ho) (a,)

23

Xac dinh ham séng — buédc 1

Chirng minh H(a_y) = (E — hw)(a_y)

hw (a_a+ — %) a_y = hw (a_a+a_ — %a_) ()
= hwa_ ( a,a_ — %)1,0 = a_hw (a_a+ —%— 1)1/)

_ lhw (a_a+ — %)w — hwtp] =a_(E — hw)y

a_a;—1

HY=Ey

24
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Xac dinh ham séong — buéc 1

NEu ham séng i thda PT Schroedinger HY = Ey
thia,y thoa PT H(a, ) = (E + hw)(a, )
va a_ythéa PTH(a_y) = (E — hw)(a_y)

Xac dinh ham séng — buwdrc 1

H(a,¥) = (E + hw)(a )

H(a,(asy))
= (F + hw + hw)(a; (a,y))

H(a2y) = (E + 2hw)(a2y)

a, giup tang thém 1 lvgng
hw: leo |én thém 1 bac nang
lwvgng Aw. a,: todn tir tang

H(a}y) = (E + nhw)(a¥y)

a.,:todn tlr tang




Xac dinh ham séong — buwdrc 1

H(a,y) = (E + hw)(ayp) | H(a_y) = (F — hw)(a_y)

H(a,(a ) H(a?y) = (E — 2hw)(a?y)
= (E + hw + hw)(ay(ary))

H(a2y) = (E + 2hw)(a3y)
H(a}y) = (E + nhw)(aly) H(a’y) = (E — nhw)(aly)

a, giup tang thém 1 luong a_ giup giam di 1 lwong hw:
hw: leo 1én thém 1 bidc ndng | leo xudng 1 bac nang lvgng
lwvong hw. a,: todn tlr tang hw . a_:toan tlr giam

a,, a_ duwgc goi la toan tr bac thang (hay toan tlr sinh huy)

30

E+3ho fls _/'afw H(a&/)) — (E + nha)) (a:-ll/))

H(a+1/J) = (E + 2hw)(a+1/))
/ ﬁH(ath,b) = (E + hw)(a4)

Hy = EY
H(a-y) = (E — hw)(a-)
H(a2y) = (E - 2hw)(a2¥) ..

a_ lam giam 1 lvgng hw: cang xudng nang luong
cang thap dan = xudng trang thai trang vdi nang
lwvong nhé hon 0!! (khdng ton tai)

- = Can c6 “nac” (trang thai) thap nhat Y, sao cho

a-Po=0




Xac dinh ham séong — buwéc 2

a_ lam giam di 1 lwgng hw: cang xudng nang luvong cang
thap dan = xuéng trang thai trang v&i nang lwong nhd hon
0!! (khéng ton tai)

* - Cancd “nac” (trang thai) thap nhat Y, sao cho

a_p, =0 [2.58]
1

Yo=? a_yPy= (ip + mwx) P, hd
2hmw p=-7

a_

1 d
= h + mwx =0
\/thw< dx >¢0
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Xac dinh ham séng — bwdrc 2

" d N 0 dy, mw

— =0 & —=—-——

ax T mex J¥o dx p Vo

fdl/Jo = T2 [ dx = Iy = — =22 4 hing s6
Do ” xdx niypy = th ang so

mw_o»

= YPo= Ae 2" véiAlahangso

34



Tim A tir dk chuin hda:

T me h
1= |A|2j e X dx = A2 |—
o mo
mw\1/4 mo _,
=P 0) = (=) ez 2.59]
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Xac dinh ham séng & nang lwvong — buwdc 3
Nang luvgng E, twong &ng vai trang thai Y, (x)
Ho = Ey 1y
hw (a+a_ + %) o= Ey Y
a- Po=10 =>%hwl/10 = Eo Yo

1
EO — Ehw [260]

36



Xac dinh ham song & nang lvong — buwdc 4

Xac dinh trang thai va nang lvgng thi n: ¢, (x), E,

47

Ey+nhw = E;, Un = Anal Y
E—lh h
n=35 w + nhw . .
L] L]
L] ®

1
E,= (E + n> hw

E0+2h(1) = Ez s 1p2= Aza_zi_ lpo
at

Eyt+hw = E; Y= Ajay Yy
1

49



Xac dinh ham song & nang lvong — buwdc 4

Trang thai ¥,,(x) va nang luvong E,

Yn(x) = Apal Yo () v6i Ey = (n ; %) heo

A, 1a hang s chuin héda

50

Tim trang thai kich thich th& nhat
Y1 (x) =?
P1(x) = Aray Po(x)

1
a, = —ip + mwx
+ tha)( p )
mw\/4 mw ,
bt = (-=) ez

51

[2.61]
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Tim trang thai kich thich th& nhat )< ()

e 2R~

Y1(x) = Ajay Po(x) = Ay (—ip + mwx) Py (x)

V2hmw
d

1
Py(x) = Aq m(—ha + mwx) (

mo\* 2mw _mo_,
1(%) ——xe” 2 [2.62]

mw\/* _mo ,
— ) e 2h
mh

Chuén héa: [| Y;(x)|*dx =1cho4; =1

Nhan xet

« MGi [an tinh ,,(x) can xac dinh hang s6 chuan héa 4,, bang
viéc dung diéu kién chudn hoa [trong dé cé tinh tich phan]
fl gbn(x)lzdx =1

* Sau day sé chirng minh vai tinh chat cia ham riéng, qua do
c6 thé tinh duwoc A,



Ey + nhw = Ey Yn = Apa¥ Yo = Bpay Yn4q

Ys3= A3ai Yo= Bsa, P,

Eyt+2hw = E, n o= Azak Yo = Byay Py

Ey+hw = E; n Y1=4Aja, P
1

56

Xac dinh ham séng & nang lvong — budc 5

Xac dinh hang s chudn héa 4,

Todan tlr a, gidp 1én mot “nac”, tire la a tac dong lén trang
thai thi n thisé choratrang thdaithden+1:a, Y, = ¢, Y41

Toan tl&r a_ gitp xudng mot “nac”, tirc la a_tac dong Ién trang
thadi thi n thisé choratrang thaithdn—1:a_vy,, = d, Y,
V&i ¢y, d,, 1a nhitng gia tri can dwoc xac dinh.

A Pn = i, a_ P, =dyPpy_4

[2.63]

CM duoc: |Cn|2 = (Tl + 1) va |dn|2 = 7 (xem dan ra & trang sau)

2 a P, =Vn+ 1Yy, a P,

— \/ﬁl/)n—l

57

[2.66]



Tim c,, d,, trong cdng thirc [2.63]
aYn = c¥nia, a_ P, =dpPn_q [2.63]

St dung nhitng cong thirc sau trong viéc tim ¢,,, d,;:
oo f*(asg)dx = [ (azf)"g dx [2.64]
vaasa_y, =ny,, a_a Py, = (n+ Dy, [2.65]

“Bai tap nhd”: CM [2.64] va [2.65]!

58

“la,g] dx :/j(? <_h— + mwx) ]dx = B
_‘[ flag e / 2hmw dx g M
= [ 1 (-nz dx = [ W (L) “)gd

5 — - ) . —00 [e's] d .
ff*fz_idx:[f*g]fg— f%gdxz— f(d—Q gdx = j[(ﬁﬁ+mwx>f] g dx
- [f*g]f£=0dox—>4_:oo thi f 'g_)ofoo —0

1 o1 d
5= [ (n
2hmo _oo[ 2hmw< dx

+ma)x>f] gdx = J[a_ 1*g dx

[ rleglax= [lasrgax

—00
59
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61

paco: [, f(arg) dx = [ (azf) g dx
Xeéttrwong hop: f = asyp,, g =y,

> 7 (astbn) (astpn) dx = [ (azagn) Py dx
Viét tach ra thanh:

[ (asp) (avipy) dx = [ (a_a ) P, dx

[2.644]
Lo @) (actpy) dx = [ (ara_y) h, dx
I @) (@) dx = [, (a—a ) Py, dx
S @) (asipy) dx = [, (ava_ipn) n dx
Dung
a,a_P, =nyp,vaa_a, P, = (n+ 1y, cho VP cua 2.64a,
vaa P, = cpPnit, A, = d P, cho VT cua 2.64a, ta duoc:
Lo @) (asihn) dx = [ (aasn) thn dx
S enl? [0 Wper2de=m+1) [ |p,l2d
lenl? - [Ynsal?dx = (n+ 1) [__[n|* dx 264

[- (ap) (app) dx = [ (aya_py) Py, dx
= |dy|? f_oooollpn—llz dx =n f_oooollpnlz dx
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V&i DK chuan hoa:

(0.0)

| Waaldr=| WaaPdx=| warax=1
2.64b > |c,|* = (m+1)vald,|> =n

= a+¢n =vn+ 1¢n+1r a—lpn = \/ﬁlpn—l [2.66]

CM 2.65
1
hw (aia¢ + §>1/J = EY = hw (aia¢ * E) Yn = Enn

—

1 1
= hw <aiaJ—, + E) Y, = <Tl + E) hwy,

= a,a_ P, =nyY, va a_a, P, = (n+ 1y, [2.65]



1
ayPn, =vn+ 1,44 = YPpy= \/ﬁaﬂ*pn

= = e =¥ = = %21 sy = = (@) o
by = ?mpz 757 (@) = & (@)*o,
= s = == (@) "o = = (@)
= Py = \/%(amt/)o [2.67]

64

Truc chuan cla ham séng

[2 Wb dx = Sy [2.68]

“Bai tap nhd”: CM [2.68]

65



Ham song va mat do xdc suat (sach Griffiths)

Ay, (x) Ay, ]2

3
I
W

I

3
I
N

|
|
3
I
2

Potential
x

@)
67

Bai tap/Vi du

* Tim ham séng & trang thai kich thich th 2.

* Tim gia tri trung binh cia dong nang & trang thai th n
cla dao ddng tir diéu hoa.

* Tim gia trj trung binh clia thé ndng & trang thai th& n cla
dao dong tir diéu hoa.

69



* Ddng nang (c6 dién): T = — 9 Pong nang (luong tr): T = %
* Trung binh cia dong nanO% o’trang thai th n:

<T>n—< > fwn wndx——fwnpwndx

(da tam bo mii noi toan tu’ p)
* Xac dinh todn tl p (va x) qua toan ti bac thang:

1
Ay = e (—ip + mwx) vaa_ \/7 (ip + mwx)

. |h h
2>p=i %(Ch_a—); X = /M(a++a_) [2.69]

Tinh p% = (T),, [khi tinh toan, dung dk truwc chuan 2.68]

72

. |h . |h
p*=pp=i|——(a,—a)i|—>(a; —a)
St dung: a Py, = Vi + 1y, a_ Py = VP4
* Dung diéu kién tryc chuan: fj;o Y hpdx = 8y,

* Hai s6 hang d4au ctia p? = 0, s6 hang thit 3 = n, va s6 hang cudi cho
n+1

>(T),= ihm—(‘)( +n+1)——hw(n+)

Xin lam lai that chi tiét lai bai tip nay!

74



Bai tap/Vi du

* Tim gia tri trung binh cta thé nang & trang thai th& n cla
dao dong tir diéu hoa.
e Théning: V=V = %mwzxz (x 12 toan tir!)
* Trung binh clia dong nang & trang thai th n:

© (P = (Fmote?) = 7 gitmeiaty dx = 2me? [ g xty dx ()
n

. A , / h
Dung cong thirc x = M(a+ +a_) [2.69]

Tinh x? va thé& vao tich phan (*). Tinh twong ty bai todn déng ndng trung binh...
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