Hinh thire luan
(Formalism)

Hinh thire luan

* M6 hinh todn hoc cé ciu tric “hoan chinh”, “téng quat”
* Pt. Schrédinger cé cau tric phwong trinh tuyén tinh
* 2 Todn t& tuyén tinh va ham séng trong khong gian Hilbert

* QM: Schrodinger (wave mechanics) & Heisenbger (matrix
mechanics)

* = Toan trén co s& lién tuc (sdng) va roi rac (matrix)
* Dai s6 tuyén tinh (Linear algebra)



Ham séng séng trong khéng gian Hilbert!
Khéng gian Hilbert = Tap hgp cac ham séng binh
phuong kha tich (trong mién xac dinh) f(x) thoa man

b
j If(0)2dx < oo

f(x) dugc xem nhu 1 vector trong khong gian Hilbert

Khong gian Hilbert
Tich trong (inner product)  (f|g) = jf(x)*g(x)dx

B4t dang thirc Schwarz
j j oI dz j 9(0)l2dx

j () g()dx| <
(FIf) = f FCOI? dx

glf) = (ng) ;
(f1f) 1a s6 thuc khdng am va bang 0 chi khi f(x) = 0.




Khéng gian vector [nhac lai]
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Khong gian vector
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Khong gian vector
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Cung 1 vector 4, nhwng duoc biéu dién trong

nhitng hé cosd {i;,1,},{l{,15},... khac nhau.

Iy Sy
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Khdng gian vector Khoéng gian Hilbert
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A mmmd) B =04 |B)=10l|a)
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Tich vé huéng A

Tich trong (a|B) = ja(x)*,[?(x)dx

aq aq
> _ | a2 a
A= . Ket: |a) = :2

an an

Bra: (a| = (a; a, .. ayp)
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Khong gian Hilbert

) b
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Khong gian vector

Khong gian Hilbert

* Chun hod: (fi|fm) = 1;

* Try'c giao: (fmlfn) =0,m#*n i

* Truc giao & Chuan hod = Truc chuan: |, |
(Fnlf) = Sn o

°D‘€\y du: f(x) - Zn Cnfn(x) U

(vector bat ky f(x) déu c6 thé biéu dién qua hé >
cac vector co s& {f,}). |f) = XnCn |fn) A= Amlm

'Hé56cnszrik(x)f(x)dx=<fn|f> a =1 4
(xem nhu “toa d&” cla |f) trén truc cla |f,)) a, =1, A
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Pai lwong cd thé quan sat Q

(@) = | aGpuodx
(@) = [wowdx = (wiow)
(Q) ER @ (Q) =(Q) & (PIQ¥P)=(Q¥|¥)

Vay: Cac toan t& biéu thj dai lwvong vat ly (dai lvong ¢ thé quan sat duorc,
do duoc) cd tinh chat dac biét sau:

(F10f) = (Qf|f) v&imoi f(x) .

Cac toan t&r nhu thé goi la toan tlr Hermit.

(f10g) = (Of|g) v&imoi f(x), g(x)

22

Pai lugng cé thé quan sat
(Dai lwong vat ly)
Pai lwgng vat ly (dai lwong c6 thé quan sat dwoc) duorc bidu dién
b&i toan tir 0, dwoc goi la toan tir Hermit thoa diéu kién

(F10f) = (Qf1f) v&imoi £ (x)
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Bai tap nho

* Toan t&r dong lwong cé hermit khong?

* CMR téng cla hai toan tir hermit cling |3 todn t&r hermit

« 013 todn ti hermit. a la s6 phirc. V&i diéu kién nao cla a
thi aQ hermit?

* Khi nao thi tich cta 2 toan t&r hermit cling hermit?

* CMR todn tr vij tri (£ = x) la toan t& hermit.

* CMR toan t&r Hamiltonian hermit.

24

Pai lugng cé thé quan sat
Toan tir lién hiép hermit ctia 1 toan ti&r Q la toan t&r Q* sao cho

(f1Qg) = (Q*flg) voimoi fva g
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Pai lugng cé thé quan sat
Trang thai xac dinh
0% =((4))?), véi Aj = j — (j)
= ((/' - (M%)
(G =N = G2 =2j4) + () = (%) = 2(0(5) + () = () = ()* = (%) — (j)?
. Trong co lvong tlr, moi phep do (ttrc la quan sat) Q tuvong ng voi toan

tlr Q. Vi vay ta thay j bang O, (]) bang trung binh cta cac [an do Q: (Q).
Goi trung binh (Q) la g thi ta co:

=((Q —(@NH =(Q — ?
*(Q) =(Q) = q = [ W*QW¥ dx (DPai lwgng c6 thé quan sét)
«(Q) = [¥*QW dx = (¥|Q¥) (theo dinh nghia cua tich trong)
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Pai lugng cé thé quan sat
Trang thai xac dinh
*(Q) =(Q) = q = [ W*QVY dx (Pai lwgng c6 thé quan sat)
*(Q) = [¥*Q¥ dx = (¥|Q¥) (theo dinh nghta cua tich trong)
« Ap dung nhitng cong thirc trén cho todn t&r (Q — g)? thi dwoc:
(0*=) Q- q)* =(¥I(Q — *¥)
=(?1Q - q)(Q-q)¥) =(¥IQ - D((Q - )¥))
* Vi (Q — q) cling |a toan tl&r hermit nén

(PIQ - (0 —®) =(Q—¥I(0 —q)¥) (=03?).
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Pai lugng cé thé quan sat
Trang thai xac dinh
« N&u cac Ian do gia tri ¢'ng véi todn t&r Q déu cho cung 1 gia tri
q thi d6 léch chuan ((Q — q)?) (dd léch cla cac an do so Vi
gid tri trung binh) phai bang 0, tiec 13 ((Q — q)‘P|(Q — q)‘P) =
0.

« D3y la tich trong clia ham (Q — q)W¥ véi chinh né.
» Tich trong nay bing 0 thi (Q — q)¥ =0
* Hay @‘P =q¥
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Pai lugng cé thé quan sat

Trang thai xac dinh
Q¥ = q¥

* PT nay la phwong trinh tri riéng cho todn t& Q. ¥ 13 ham riéng cta Q ,
va g la tri riéng tvong ng. LUc nay ham riéng ¥ cling la trang thai xac
dinh vi cac phép do Q trong trang thai nay déu cho clung gia tri q.

* Vay, cac trang thai xac dinh |a cdc ham riéng cta 0.

Pai lwong vat ly (dai lvong cé thé quan sat duwoc) dwoc bidu dién
b&i todn tlr 0, duoc goi la toan tl Hermit thoa diéu kién

(F1Qf) = (QfIf) véimoi f (x)

30
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Trang thai riéng cla toan t& hermit

Phé r&i rac (ndng lwong)
* Cac tri riéng (chia cac ham riéng) la thuec: Qf =qf,q €R
* Cac ham riéng truwc giao
* Cac ham riéng (cha dai lwong quan sat) thi day da
[Xin xem thém muc 3.3.1, trang 101 sach Griffiths]

Chuan hoad: (f,,|fin) = 1; Trwc giao: (fi,|f) = 0,m # n Trwe chuan: (fi,1f,) = Smn
Pay du: f(x) = X, cnfin(x) (vector bat ky f(x) déu cé thé biéu dién qua hé co s& {f,,})
|f> = Zn Cn |fn>

Cn = ffr{k(X)f(x) dx = <fn|f>
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Trang thai riéng cua toan t& hermit
Phé r&i rac (nang lwong)

*{Ifn)}: Viét cach khac *{In)}:
°ﬁ|fn> - Enlfn> 'Hln) — Enln)

{1/}
Trwe chuan: (f|fn) = Smn s

Pay du: f(x) = Zn Cnfn(x) hoac |f> - Zn Cn |fn>

(vector bat ky f(x) déu cé thé biéu dién qua hé co s& {f,})

Cn = ffr;k(x)f(x) dx = <fn|f>

32
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Khong gian Hilbert — Giai thich thong ké

Y nghta cla “tich vé hudng” (tich trong) (f|g):

* Tuong ty tich vo hudng A-B trong khong gian Euclide biéu dién
hinh chiéu cda B 1én /T, tich trong (f|g) cling biéu dién hinh chiéu c
vector |g) l1én |f).

e Vé mat thdng k&, trong trudng hop cdc trang thai d3 duoc chuan
hod (thoa man diéu kién chuan hod cdia ham sdéng), tich trong (f|g)
cho biét thong tin xac suat hat & trang thai |g) sé duoc tim thdy &
trang thai | f) khac sau tac dong nao do (tdc dong cua phép do...):

* |{flg)|?* = Xac suat tim dwoc hat & trang thai |f) ma truéc d6 hat
¢ trang thai | g).

Bai tap nho
Mot electron khdi lwgng m chuyén ddng trong giéng thé vudng vd han co bé
rong a: V(x) = 0,néu x € (0, a), va ngoai do ra thi V(x) = oo.

Né&u electron tai thoi diém ban dau & trang thai co ban, va néu ta dot ngdt lam
cho giéng thé cd bé rong 4a (doi mot cach tirc thoi thanh bén phai tir a dén
4a), hdy tinh xac suat tim dwoc electron nay &: trang thai co ban trong giéng
thé nang mai.

® v (x) lve @

Py () — 01(0)
0 ‘ a x 0 ‘ 4a  x,




Trang thai riéng cla toan t& hermit
Phé lién tuc: Xét toan tlr ddng lwong [Xem 3.3.2 sach Griffiths]
(Xin xem vi du 3.2)

Hé co s& {|p)} (hodc {f,(x)}) rng v&i todn t&r dong lwgng dugc cho boi:

plp) = plp) hodc pf,(x) = pfp(x) (*)

VoI p = %% , p la tri riéng cla toan ti nay, tire la gia tri dong lugng.
Giai PT (*) (t&c la %%fp(x) = pf,(x)), dugc hé cac ham riéng (hé co s&)
ipx 1 ipx
P)=fy(x) = Ae h = ——e #
2mh

A duogc xac dinh bai diéu kién chuan hoa:

Wl = [ @h@) dr =80 - )
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Trang thai riéng cla toan t& hermit
Phé lién tuc: Xét toan tlr ddng lwong [Xem 3.3.2 sich Griffiths]

p lién tuc nén téng duwoc thay bang tich phan trong tinh day dud (day du:

F(x) =3, c,fn(x)): MOt ham séng (vector) bat ky déu dugc bidu dién
qua hé co s {f,,(x)}

F&) = j ) fy()dp = = f c(p)e T dp

Vi c(@) = (f]f).
Dat ®(p) = c(p). Mét cach téng quat, ham séng phu thudc thoi gian
—> Thay f(x) thanh W(x, t) va ®(p) thanh ®(p, t).

°° ipx @ ipx
c(p,t)e h dpEf d(p,t)e h dp

1
Y(ix,t) = NerT

38
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Trang thai riéng cla toan t& hermit
Pho lién tuc: Xét toan tir toa dd [Xem 3.3.3 sach Griffiths]
(Xin xem vi du 3.3)
Hé co s& {|x)} (hodc {g, (x)}) &ng v&i todn tir toa d6 X duoc cho bai:

X|x) = y|x) hodc %gy,(x) =ygy(x) (%)
X = x (toan tlr nay chi la nhan x vao vector |x)), y (mot s6 c6 dinh) la tri
riéng cla toan tlr X, tire la gia tri vi tri. Giai phuong trinh *, duoc hé cac
ham riéng (hé co s0)
%) = gy(x) = A6(x — y)

A duoc xac dinh bdi dk chuan hoa:
(x'|x) = ffooo g;,(x)gy(x) dx = |A|?6(y —y") .Chon4A =1
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Trang thai riéng cla toan t& hermit
Pho lién tuc: Xét toan tir toa do [Xem 3.3.3 sach Griffiths]
y lién tuc nén téng dugc thay bang tich phan trong tinh day dd
(f (%) = 2, ¢ fn(%)): MOt ham séng (vector) bat ky déu dwoc biéu dién
qua hé co sé {g, (x)}

(0]

F&) = ] cy) g, () dy = j () 8(x — y)dy = c(x)

— 00

c) =({gylf) =)

V0 = | c0.0gydy = | ctr,0 86— ydy = e,

Nhu vay, c(x,t) chinh 13 ham séng theo toa do va thoi gian W(x, t)!

40
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Khdng gian Hilbert — Gidi thich théng ké

Phé r&i rac (ndng lwong)

* W(x) =Xncnfn(x)
* (PI¥) =alenl? =1

* Ch = ffri‘(x)l}’(x) dx = (fnlqj>
* an = Qnfn > (Q) = (LP|Q\LP> =Xn incnlz
e |c,|? = |(fn|‘{1)|2 = Xac suat khi do Q thu duoc q,,

« N&u Q la nang lvong: |c,,|? 1a xac suat khi do E thi thu dwoc gia

41

42

tri £,

Khong gian Hilbert — Giai thich thong ké
Phé lién tuc: Toan tlr déng luong

c®) = (%) = £ (0P O dx = 2 [0 ek W(x, H)dx

lc(p)|?dp: Xéac suat do dong lugng thi thu dugc p trong
khoangp, p + dp .
c(p) la dai lvgng quan trong va duoc ky hiéu ®(p, t).

15



Khong gian Hilbert — Giai thich thong ké

1
O(p,t) = N

®(p, t) chinh la phép bién d6i Fourier ciia ham séng khéng gian toa do
Y(x,t). Vivay @(p, t) cé y nghia la ham séng khéng gian dong lwgng.
@ (p, t) con dworc goi la ham séng trong biéu dién dong lwong.

|®(p, t)|?dp: xac sudt dé phép do déng lwong cho p trong khodng p, p + dp

+00
f e~/ P (x, t)dx [3.54]

Y(x,t) la phép bién déi Fourier ngugc cla ham song khdng gian déng
lvong: 1

Lp(x’t):\/Z_nh

400
j e P*/Mdp(p, t)dp [3.55]

43

Ky hiéu Dirac

lq

1, A :
Cung 1 vector /T, nhung dugc biéu dién trong
nhitng hé cosd {i;,1,},{1{,15},... khdc nhau

~J

48
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Ky hiéu Dirac

Hé vat ly: Trang thai clia hé duoc biéu dién boi
mot vector: |S(t))

Vector |S(t)) cha hé cling co thé duoc
biéu dién trong nhi*rng hé co s& khac nhau,
twa nhu vector A trong cac co so khac nhau.

L7 >/ A’
:ll'A l’l.

- e >/ g

lz'A lz'A

49

Biéu dién trang thai |S(t)) trong cac hé ca sd

{Ix)}: {Ip)}: {lm)}:
X|x) = x|x) plp) = plp) Hn) = En|n)

Wix, t) = (x|S()) @, t) =(p|St)) = n[S(D))

~~__ 1 /

S(¢))

50
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Bai tap

* Xin doc va trinh bay lai mot cach that chi tiét vi du 3.4 (trang 108 sach
cta Griffiths)

* Bai tap 3.12 (sach Griffiths)
* Bai tap 3.27 (sach Griffiths)
* Bai tap 3.30 (sach Griffiths)

55
Nguyén ly bat dinh
* Xét hai dai lwgng cé thé khao sat A va B.
* Toan tlr twong ng la A va B
*Tim of03
56
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CM Nguyén ly bat dinh

o = (A~ @)") = (¥4 - )*w)

= (PI(4 — (ANA - (AN¥) (f109) = (0f19)

= (A= anwI(d - )¥) = (1),
f=(A-ANy

o = (B —(B))") = ((B — (BHY|(B — (BY)¥) = (glg)
g=(B—(B)¥
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CM Nguyén ly bat dinh

aioi = (fIfXglg) = {fIg)? (BDT Schwarz)

2
1zI* = |Re(@)|* + [Im(2)|* = [Im(2)|* = lzll (z —Z*)]
z = (f1g)

1 2
7 {flg) = (glf))]

o = (B (®)") = (B - BNI(B - (B)¥) = (glg)
g=(B-(B)Y¥

ogioh =

58
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CM Nguyén ly bat dinh

az05 = (fIfXglg) = [{flg)I?
1z]? = |Re(2)|? + |[Im(2)|* = [Im(2)|* = [—(z—z )]
z=(flg)

0505 2 l— (flg) - (glf))J
(flg) = (AB) — (AXB) glf) = (BA) — (AXB)

(flg) —(g|f) = (AB) — (BA) = (AB — BA) = (|4, B])

2

59

CM Nguyén ly bat dinh

(glf))]
{flg) - (glf) = (|4, B])

R
2_i<[A'B]>]

[x,pl=ih 0% Op =
B
2

O'AO'B =

cioh >

o -] -()

Oy Op =2

60
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Toan t&

a; Q by
az ‘,\ _| b2
'“*(;) ) = Qla) 'f”(bs)

1) Q )
b, 911 912 . Qin aq
by | —=| 921 Q22 .. Qon a,
bn in CInZ CInn an

61

a, by
|a>=<“f> 8) = 0la) Iﬁ)—<bf>
an b,

@) = ) anlen),tn = {enla) | 18)= ) balen) by = {enlB)

> balen) = ) a0 len)

62
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D baleny = > a0 len)
D bafemlen) = ) anfemlD len)
b = ) anfemlD len) = ) an O

Qumn = {em|0 len)
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