Phuong trinh Schrodinger
3 chiéu (3D)

Giai phuong trinh
bang phuong phap tach bién
Toa dé cau

Toa d6 Descartes (x, y, z)

Phuwong trinh Schrédinger téng quat
2

'haqj—Htp— h V2W + V(r, t)¥
' ot  2m (r, )

Xét thé nang cé dang V(r) = V(x,y, 2).
PT Schrodinger khong phu thudc thoi gian

2

h
Hy = —%\721/; + V(x,y,2)yp = EyY

Nghiém: Y (x,y, z)



Toa d6 cau (r, 6, @)

» Thé nang V chi phu thudc vao khoang cach
tlr 1 goc (tam): V(r) = V(|r|)
= - Thuong dung toa do cau (1,0, ¢)
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Toa dd cau
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Toa dd cau
= Toan tlr Laplacian trong toa d6 cau cé dang

VZ
~1a(,0 N 1 d/( 0 0
 r29r r or r2sin@ 06 > 00

1 02
+rzsin29 d¢p? [4.13]
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Toa dé cau

= PT Schroedinger:
h’[1 0 ( 261/))
— — ’r‘ —

2m |12 or ar
1 a( oy
T r2sinf 06 (sm 0 %)
1 0%y
r2sin?6 \ d¢?

+ )] + V()Y = EY

[4.14]
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Toa dd cau

= 12 [4.134]

o | L[ 0N, 1 (&
B singag \° " 38) " sin20 \ 92

L? 13 toan tlr chi lién quan dén cac gdc quay.
Va né chinh [a toan t&* mémen dong luong.
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Toa dé cau
» PT Schroedinger viét theo toan tir L? :

h? 1 92 1
! r+ L>+V(r)

2mr?

Y =EyY
[4.14a]
- Phuong trinh trén cé dang cé thé tach bién

" 2mr Or?

PT Schroedinger viét theo toa d6 cau

h2[10 (L op\, 1 o( oy
om|rzar\" or) Tr2sino oo \>" Y B0

1 <021p

r2sin20 6¢2>] VY = EY
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Toa dd cau
= PT Schroedinger viét theo toan tlr L? :

A2 1 92 1 ]
r+ L>+Vvm)|y=Eyp [4.14q]

" 2mr 0r2 2mr?2

dang nhu sau

02 1 2mr r?
rﬁr—ﬁ V(T)]l/)_— flz 1/J
02 2mr? 1 )
—rarzr— Y [V(r)—E]ﬁL(H,q)) Y=0
Ham chi phu thudcr Hém'(B,(p)

- Phuwong trinh trén cé dang c6 thé tach bién
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Toa dé cau

= Dung phuong phdp tach bién

Y(r,0,¢) = R(r)Y(6, ¢) [4.15]
= PT Schroedinger: 2mr?
2y o (  oR [RY (=)
2m |r2 or re or

N R 0 Nas aY R [0%Y
r?sinf 06 sin 00 rzsinZH d¢p?
+V(r)RY = ERY

17



Toa d6 cau
= PT Schroedinger:

d d 2
B ()22 e a0

1(1 0 . oY 1 o2y .
Y |sin6 06 sin EY:) szg e —
B(6,¢)

A(r) +B(0,¢$) =0
— A(r) = c = const,B(0,¢p) = —
c=1ll+1) lecC
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Toa do cau
> A(r) =11+ 1),B(0,¢) = —1(l+1)
> Hé phuong trinh
Ban kinh (Radial)

ld (7‘2 dR) B 2mr? V) — E]

R dr dr #2

=l(l+1) [4.16]
Géc (angular)

110 aY 1 92y
Y |sin6 06 sind 00 51n29 dp?

= —1(l+ 1) 4.17]
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Toa dd ciu — Ph. trinh goc

1(1 9 ( v\ 1 o%
vy |sin6 a6 \>"" 96 T sin%0 92

= —I(l+1) [4.17]

* Ysin20

'96('06Y> oY [(l + 1)Ysin?6
SINU — | SIN0U — - = — Sin
Tach bién: Y (6, ¢) = 0(0)D(¢) [4.19]
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Toa dd ciu — Ph. trinh goc

'Ha 'Hay azy_ [(l + 1)Ysin?6
sinf =7 sinf — Y ( )Y'sin

Y(6,9) =0(0)P(¢)
chia cho ()P ()

[4.18]

. 'ed 'ea@ + I(l + 1)sin?6
0 Sin d@ Sin 69 Sin

+1d2c1>_
ddpz
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Toa dd c‘é\u — Ph. trinh gdc

1
g[mnH — smH— ‘ + I(l + 1)sin?

1 d2
@ dop?

[4.20]

00
sin6 %>] + I(l + 1)sin?6 = m?

[4.21]
Toa do cau — Ph. trinh goc ¢
1d*® )
EW = —m [421]
d?d .
o —m?d = d(¢p) = e™?  [4.22]

Pung ra cé 2 nghiém: e™® va e ~i™m® nhungta chon m
chay ca + va — nén nghiém d3au bao cd nghiém sau. Con
hang s6 thi dwoc gép vao nghiém cla 0 .

O(¢p + 2m) = O(P) [4.23]
- eim(e+2m)— pime _, pim2m — 1
- m=0,+1,+2,... [4.24]
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Toa dd cau — Ph. trinh géc 0

L 'ed '906 + I(l + 1)sin?8 = m?
5 [sinf —5 | siné — sin?6 = m
d (.00
sing —- | sinf —
+I(l + 1)[sin?0 —m?]® = 0 [4.25]

Nghiém: 0(0) = AP/"(cos8) [4.26]

vdi P (x) 1a ham Legendre lién két
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Toa dd cau — Ph. trinh géc 0
Ham Legendre lién két P, (x) cho bai

P"(x) = (1—x2%)2 <—> P(x) [4-27]
dx
P;(x) la da thirc Legendre thi |,
dinh nghia b&i cong thirc Rodrigues
1

d l
P,(x) = ﬂ(ﬁ) (x2-1)"  [4.28]
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po=1 -
P, = %(33(2 _ 1) P; = %(5x3 ~ Bx)
P, = 5(35x" = 3027 +3)

Py = 1(63x5 — 7023 + 15x)

Po

P
2 P3 Py~
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A: fif\
P“’)(H) W Pll(H)

P() .
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- [=01,2..;
e m=-[,-1+1,..,-1,0,1,...,1 — 1,1

[4.29]

* V@il dachothico 2l + 1gidtricham
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(D

d3r =r2sinOdrdfdp  [4.30]
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Chuén héa: [|¥|?d*r =1

j |y |?r2sind dr d6 d¢

= [ |RI?r?dr |Y|?sin d6 d¢ = 1

= j |R|27‘2d7‘f |Y|%sinf d8 d¢ = 1

j |IR|?r?%dr =1
0
[4.31]

27T T
f j |Y|%sin6 dfd¢ =1
_Jo Jo
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2L+ 1 (1 = |m])!
4 (I + |m])!

e P (cos 9)

Y"(6,9) = 6\/

[4.32]
e=(—1)"™ nfum=0vae=1néum<0.

Tryc giao:

j ’ f n[Yz’"(H, )" [ T, qb)] sin 6 dOd¢
S - S S mam! [4.33]
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l dx
1 (d
P,(x) = Tu(ﬂ) (x2-1)"  [4.28]

2L+ 1 — |m])!
4w (I + |m])!

Im| |m|
P (x) = (1 — xz)T <i> P(x) [4.27]

e™m® P (cos 6)

) \ ) [4.32]
e=(—1)" néum=0vae=1néum<0.

Y6, ¢) = Ej

Tinh Yy va Y3

35

Toa dé cau — Ph. trinh ban kinh

d (,dR\ 2mr?
(r —) — [V(r) —E]R =1(l+ 1)R

dr h?
[4.35]
u(r) =rR(r) [4.36]

du
_udR T Tu d( dR) d?u

R =—, =
r dr

36
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Toa dd cau — Ph. trinh ban kinh

A2 11+ 1)
2m  r?

Diéu kién chuan hoda: fooolulzdu =1

Biét thé nangV 2> u

h? 1(1+1)
2m r?2

s6 hang ly tdm
37
Bai tap (Vidu 4.1)
V(r) = {O n?,ur <a
conéur > a

Tim ham song va nang lvgng

Xin trinh bay chi tiét!

38
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Bén ngoai giéng: Ham séng=0

n2 11+ 1)

Bén trong giéng: V =0 — V= 5

2 g2, 2m r

Zm dr Y -I-Veffu =Fu

2

du:l(l+1)—k2u 2:2mE

dr? r2 h?
Xét trvong hop l = 0

d?u N .

——=—k%y Nghiém & nang lugng?

dr?

39

Xét truong hopl = 0
u(r) = Asin(kr) + Bcos(kr) R(r) = @
cos(kr)/r - o khi r - 0nénchon B =0

Twong tu truong hop giéng thé vo har;: )

2 . nm hzn 1T
u(r) = |=sin(—r) E.o = Sy
Nhw vay u phu thuéc so luvgng t&r n va [(= 0)

—>Can viét day da la u,,y. Clingthé choR va E.
Y§(0,¢) = 1/Van
Ynoo = Rno (T)YOO 6,¢) =

1 sin(nnr/a)

21Ta r
40
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Xét trwvong hop [ > 0

d*u
dr?

I(L+1)

2mkE
r2 -

le

— kzl u=~Fu k2

Xin xem sach!

41

SO nguyén tuy y [
Uy (1) = Arj(kr) + Brny(kr) R(r) = @
j1(x) 1a ham Bessel cau bac [,

n;(x ) 1a ham Neumann cau bac [:

i) = (—x)l <1 d >l sin(x)

x dx , X
n(x) = —(—x)* G :x) Co‘l(x) [4.46]

1
Ynim = Rnl(T‘)Ylm(Q, ¢) = ;unl(r)Ylm(H, o)

42
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43

S6 nguyén tuy y |

Uy (r) = Arj,(kr) + Brn;(kr)

x = 0: jj(x)httuhan, n;(x) » oo —loaiB
2 Uy (r) = Aprji(kr), Ry (r) = Apyji(kr)
2B

k=Bula  Eny=—1

B 1a di€m 0 th& n cha ham Bessel cau béc [

Ynim = Anii (ﬁnlr/a)ylm(el ¢)

A,,; dugc xac dinh bdi diéu kién chuan hda.
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