Mo-men dong lvong
Angular momentum

Co co dién

L=rXxp [4.95]

Ly = yp; — zpy,
Ly, = zpy — xpy, [4.96]

L, = xpy — ypx



Toa dd cau

2

Lz—h216'96+1 02
= singag \" " 30) " sin2g \ a2

Toa dd cau
= PT Schroedinger: [qua toan tlr L]

h% 1 0% 1
o = 2 f—
[ 2mr6r2r+2mT2L TV =EY
[4.14a]
_ ii(rza_lf’
2m|r?or or
. 1 9/, 851/)
r2sinf 06 - a0

1 <021/J

r2sinZ0 6(1)2)] VY =Ey



Co luvong ti

L=rXp
Ly =yp, — ZPy,
Ly = ZPx — XDz,
L, = xpy — yp«
h o h o h o
- —— - —— - ——
Px = 5 9x Py iay'pz i 0z
L=—-iArxvV
Ly = yp; — zpy,
Ly = ZPx — XDz
L, = xpy — yp«x
[Lx» Ly] — [ypz — ZPy, ZDx — XPZ] 4.97)
= [ypZ: pr] - [YPZ; sz] .
—|zpy, 20| + [2Dy, %D
[Lxr Ly] = YPxlpz 2] + XDy |z, p,] [4.98]
= ih(xpy — ypy) = ihL,
|Ly Ly| = ihL,;
[Ly,L,] = ihLy; [4.99]

[Ly, Lyl = ihLy,.
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02,07, = (S (L)) =L,

h
01,01, =5 (L) [4.100]

12=12+12

+ 12 [4.101]

[L2,L,] =???

[LZ; Lx] = [L?c» Lx] + [L2 ) Lx]"'[ll%: Lx]
= Ly[Ly'Lx] + [Ly' Lx]Ly
+LZ[LZ) Lx] + [LZJ LX]LZ

= Ly(—

ihL,) + (—ihL,)L,

+L,(ihLy) + (ihLy)L,

=0

[LZJL,X‘] — O) [LZ)L

[L?,L] =0

y]=0,[%L,1=0 [4.102]

[4.103]



[L?,L,] =0,|L% L,] =0,[L3 L,] =0 [4.102]
[L2,L] =0  [4.103]

- MObi thanh phan cta L cé cung ham riéng véi L?
(Mbi thanh phan cta L cé thé duoc chéo hda véi L?)

Nhirng thanh phan cha L khéng giao hoan vai
nhau = c6 thé chon CHI 1 thanh phian dé chéo
hoéa véi L?.

Nguoi ta quy wdc chon thanh phan L,

12

Tri riéng cia mo-men dong lugng

Tim ham riéng chung va tri riéng clia L? va L,
L’f =Af va L,f =uf [4.104]

Xét toan ti “bac thang”

Ly =L, +il, [4.105]
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[Lz»Li] = [Lz' Ly x iLy]
— [Lz: Lx] T+ i[Lzr Ly]
= (hL, + i(—ihL,)
= th(Ly £ iL,)

L, Ly] =+hL, [4.106]
12, Ly =2

1%,L4] =0 [4.107]

15

|L2,L.] =0 (> giao hodn véi nhau)

Xét f 1a ham riéng cla L?: L?f = Af

N 4,108]
= 2(Lof) = Lo (1) = 1.0 = 2(Lsf)
9 Y

= [%g=MAg

— fvaLyf [= g] déula HR cla L* v&iclng TR
A

16



|L,, Li| = £hL,  [4.106]

Xét f lahamriéngcta L,: L, f = uf

LZ( = (LyLy — LyL,)f + LyL,f
= (u£ W (Lef)

9
L,g = (.u T+ h)g

LiflaHRcOaL,véiTR (u £ h)

17

L,(Lif) = (u+h)(Lif)

- L, duoc goi la toan tr “tang” vind lam
cho TR cua L, tang thém 7

Ly(L_f) = (u — W) (L_f)

= L_ duoc goi la toan t& “giam” vi ndé lam
cho TR cta L, giam di 7

Moi A = “thang” cac trang thai. Moi nac
thang cach nhau 7.

Leo |1&n bang toadn tlr tdng L. . Leo xudng
bang toan tlr giam L_.

18
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20

Moi A (*ng véi (T =
“thang” (thang 1)

cac trang thai.
M®&i nac thang
cach nhau h.

Cé thé leo 1én/xudng dén khi nao? vé han?

(12) = (12) + (13) + (12) < A=(L13) + (L}) + u?
(L2) = (FIL2f) = (fLx Ly f) = (Lx f]Lx f) = O
= A= (L%) + (L3) + p? = p?

—> Tririéng i cua L, bi chan.

- Ton tai bac (trang thai) cao nhat f;
L.f,=0 [4.110]

Goi 71l la TR cua L, &ng vdi trang thai f;:

L,ft = hlfs szt = Afy [4.111]



Lils = (Ly +iLy,)(Ly FiLy)
=12+ L3 Fi(LeLy—LyLy)
=L1?>— L2 Fi(ihL,)

I?=L,Lz +I12FhL, [4.112]

L*f, = (L_Ly + L2 + hL,)f;
= (0 + 1212 + A1) f,

= r2l(l + Df f la ham riéng
‘ cha I2: I2f = Af

SA1=r%01+1) [4.113]

21

Ton tai bac (trang thai) thap nhat f;
L f,=0 [4.114]

Goi 711 1a TR cQia L, &ng véi trang thai f;:
Lofy = hify & L*fy =2fy [4.115]

LZsz(L+L_+L%—hLZ)fb -
= (0+ 1P = 0*D)fy, = R*U(I - 1)f,
f la ham riéng

- ? 2.72f
>a=r2(1-1) [4116] CELET=A
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A=r%(l-1) [4.116]
A=h%1(l+1) [4.113]

=[l=—lhoacl=1+1
>[=-1 [4.117]

loai [=1+1

Vi [ < I: bac dudi khong thé cao (16n)
hon bac trén

23

THANG A

L,f = uf.uchaytlr —hl dén hl
theo tirng nac, mdi nac cach nhau
h.Vay u = hm, vaéi
m ditr —1 dén L.

L,f = hmf

- [ 13 s6 nguyén
hoac ban nguyén

24
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LM =210+ D™ L™ = hmf"
[4.118]

e, m=-=[—-l+1,..,1—1,L
[4.119]

[ cho trwdc = 21 + 1 gid tricuam (21 + 1 béac
thang)

N| W

l—O1 1
_)2;)

Vidu:l=2 -> m=-2,-1,0,1,2

25
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H‘(l) = E]I) Viét day dd cac chi s8 lvong t&: Yom = Ru Y™

L% = h?1(1 + 1)y [4.133]

LZIIJ _ flml[) ;Zg:ngzh;r; tca'\écudlc;o:ng lén ham géc quay Y™ = thay
1 3 L?Y = n?I(1 +1)Y,L,Y = hmY

[=0,5,15,; m=—L=l+1.,l-11 [4119]

PT Schroedinger trong toa do cau

L> =F
2mr or? 2mr? V| Y ¢[4_14a]

[=012..,m=--1+1,..,-1,0,1, ..., 1 —1,1

[4.29]

Viét day dd cac chi s6 lvong ti: Yum = Ry Y™

Hy = Ey [4.133]
L>y = n%l(1+ Dy

L, = hmy

HRY = ERY

L?RY = R21(1 + 1DRY

L,RY = hmRY

HRY = ERY

L?Y = r21(1+1)Y

L,Y = AmY

L? va L, chi tac dong 1én ham géc quay Yy

28
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Toa d6 cau + gidi tich

[=012.,m=-—-l+1,..,1—-1,1

Dai s6 (Téng quat hon)

l—0113 =—--l+1,..,1-1,1
- ;2; ;2;"') m = ) VIRRRD )
Bai tap nho

Chirng minh

a) Ly ,Lylacéctodn t&r hermit
b) Lz latodn tl lién hiép hermit cla L4

(fleg> — (fo|g>
(f|lL+g) = (L+flg)

13



Toa dé cau

2
_tot 1 [4.134]

o | L[ 0N, 1 (&
B sing g\ " 36) " sin20 \ 92

31

Ham riéng
it =y"
Bai tap 4.18
Lofi™ = (AMA™ 4120
Tim A"

m=aJI(l+1) —m@m+ 1)
=hJUFm)(I+m+1) [4.121]

Dung cong thirc [4.112]

32
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|Lig) = (Lzflg)
L? =LiLs + L% F hL, [4.112]

Lt =1?>—-12+hL, - Lyly = 1> — L2 ¥ hl,
(A" |LFLe i) = (fM (L2 = L2 F L) ™)

L&+ D™ L™ = hmf™ [4.118]

= (A"(R*11 + 1) — h2m? F A2m) f")
= h%[l(l + 1) — m@m + D™
=h*[l(l+1) —m@m + 1)]
= (Laf/M|Le ™) = LA PR ) = 1A
T2 = R2[1(L+ 1) — m(m £ 1)]

A" =aJI(l+1) —-mm+1) =haJUFm)I+m+1)

33

Bai tap 4.19

0] = =|pj.ri] = irdij, |1 7] = [popj] = 0

- [4.10]
L] =X)02. T =X,1, =Y,1, =Z

CM:

[Lz» x] = ihy,

[L,,] = —ihx,

[L,,z] =0, [4.122

[Lz, k] = inpy,
[Lzr py] = —ihpy,
[Lz» pz] = 0-]

34
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Todn tir L trong toa d6 cau

Lz(%)(rxV)z(Tf_l)(rf‘xV)

V= g 916 - 4.123
r6_+ r o0 ¢rsin9% [4.123]
h d 1 0
L= r(rxr)—+(r><9)——+(r>< )Sinﬁﬁ

(TXT)=0,(r><9)=¢,(r><¢)=_

L=?[¢%—Qsin9% [4124]

35

= (cos B cos ) i + (cos@sing)j — (sin@)k [4.125]
q3 = —(sin¢)T + (cos ¢p)j [4.126]
L

—E[(—sin<}52+cos<,bj)i
0

—(cosH cos ¢i + cos O sinpj — sin 6 k) Sin6 3¢

h d

0
L, = n (— smcpae cosqbcotH%) [4.127]

7]

h 0 d
L, = n + cos p — 50 — sin ¢ cot0 — | [4.128]

d¢

. _ho
2 i 0d¢

[4.129]

36
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Ly =Ly +il,
P ine 4 tcosd) 2. — (cosdh 4 i sind) ot 2
=3 sin¢g ticos¢ 50 cos¢ *ising)co s

Ly = +heti® i+icou9i [4.130]
7= 0p — 0 '

5 92 0 5 a2 0
L.L_=h W+cot9%+cot 90¢2+la¢
[4.131]

37

TOm tat vé momen dong lugng

L=rXxp
Ly = YDz — ZDy,
Ly = zpx — xpy,
L, = XDy — YDx
h o h 0 h o

Px = =52 Py = T3Pz = T

i 0x iy’ i 0z

38
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P Y 1 92
- sn090\" %% ) T sinz 0392
[4.132]

szlm

I NN A
- smoa0\""%% 51n296¢2 fi"
=h2l(l+1)fl

Lofi™ = S o fi" = hmf™

39

_zacp

H‘(I) E‘(I) Viét day du cac chi s6 luvong tl: Yo = Ru Y™
L*yp = n%1(1 + D [4.133]

L? va L, chi tac dong [én ham géc quay Y™ > thay
ZII) hmll) Y bang ham cau Y:

3 L?Y = R21(1 +1)Y,L,Y = hmY

1
1=0,2,15, i m=—L=l+1,.,1-11 [4119]

PT Schroedinger trong toa do cau

1o + L*+V =E
Zmrarzr 2mr? M| = ¢[4_14a]

[=012..,m=--1+1,..,-1,0,1,..,1 -1,

[4.29]
40
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42

Viét day dd cac chi s6 lvong ti: Yum = Ry Y™

Hy = Ey [4.133]

L2 = h21(L + D

L,y = hrmy

HRY = ERY

L?Y = R2I(l+ 1)Y

LZY = hmY L? va L, chi téc dong |én ham géc quay V"

Toa d6 cau + gidi tich

[=012..m=—-,—-l+1,..,1—-1,1

Daisé  (Téng quét hon)
3

1
[ = 0,5,1,—,...; m=-,—-l+1,..,[—-1,1

2

19
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