Outline

udc LUONG
DIEM

\Y%:
Thin

UGC LUONG DIEM

Nguyén Van Thin

BO MON THONG KE TOAN HOC
KHOA TOAN - TIN HOC

DAI HOC KHOA HQC TU NHIEN TP.HCM

Thang 2 nam 2016

Outline

udc LUONG
DIEM

Thin

Uéc luong diém

Céc tiéu chuin Udc luong

Cac phuong phap uéc luong diém

Gigi thiéu

UGC LUGNG
DIEM

I'hin

Udc lugng
diém

Uéc luong diém

CuuDuongThanCong.com

UGC LUGNG
DIEM
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I'hin

Udc lugng
diém

m Gid st can kh3o sit mdt dic tinh X thudc mét téng thé
xac dinh.

m Bién ng3u nhién X c6 phan phdi F(x;#), trong d6 tham
s6 0 chua biét.

m Bai toan: tim tham sb 6.
m Chon mét m3u ngiu nhién & n tor X: X1, Xa,..., X,.

m Théng k& © = h(Xy,...,X,) goi 13 mét udc lugng diém
(point estimator) cho 6.

m Véi mdt miu thuc nghiém xi, ..., X, ta goi
0 = h(x1,...,x,) la mdt gid tri uéc lugng diém (point
estimate) cho 6.
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Outline

UGC LUGNG

DIEm m X = Chiéu cao dan sb trong mét khu vuc, X ~ N(u, 02).
BEzy i Ve Phan phdi clia X phu thudc vao ky vong 11 va phuong sai
’ o2. Théng ké trung binh m3u va phuong sai m3u
6c¢ lugng

diém

i=1

13 nhitng uéc lugng diém cho p va o2

m V4i mdt miu thuc nghiém x; = 150, x, = 155, x3 = 167,
gia tri uéc lugng diém cha p va o2 13 x = 157.333,
s? =76.333.

Uéc lugng khdng chéch

UGCLyQNG
DIEM

Nguyén Van
Thin

Cic tiéu
chuan Usc
lugng

Céc tiéu chuin Udc luong

Uéc lugng khdng chéch - Vi du

UGC LUGNG
DIEM

Nguyén Van

Thin Dinh nghia 1

Uéc lugng diém © goi 13 mot uéc luong khong chéch
Cac vien (Unbiased estimator) cho tham s6 6 néu
chuin Usc

E(©) =0 (1)
Néu © 13 wéc lugng chéch cha 6, do sai khac
E(©) -6 (2)

goi la do chéch cua udc lugng, ky hiéu Bias(é).
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I'hin

Céc tieu
chuan Uéc
lugng

X 13 mdt uéc luong khdng chéch cla

- 1< n EX; n
]E(X):]E(nZX,-> :721—,17 _M_
i=1

52 13 mdt uéc lugng khéng chéch clia o2,

E(S%) = ¢® (Tai sao?)
S2 =15 (Xi — X)? Ia udc luong chéch cia o2 vi

E(5?) # o2
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Uéc lugng hiéu qua

Trung binh cda binh phuong sai sb

UGc LUONG Bl Pyinh nghia 2

DIEM
vensen oo IRCH 6 va 6 13 hai uéc luong khéng chéch ctia 0, 6 goi 13 uéc
luong hiéu qud (Efficiency estimator) hon © néu véi mét c3
m3u n cho trudc
Céc tidu Var(®) < Var(6) (3)
chudn Usc

lugng

Dinh nghia 3

N —
>
N 13
N
N
>
>
~
N
’
N

Xét tat ca cic ubc lugng khdng chéch clia 0. Ubc lugng nao cé
phuong sai bé nht dugc goi 13 uéc luong khdng chéch phuong
sai bé nhit (MVUE).

Dinh i

S
~
>
N
5
>
=
y

Trong mét mau ngau nhién cé n: Xy, ..., X, dugc chon tir
X ~ N(p, 02) thi X 1a udc luong hiéu qua nhat cho pu.

Trung binh cda binh phuong sai sb

UGC LUGNG

DIEM e Cho trudc hai uéc lugng, © va ©, tiéu chudn MSE cho phép
NeupyeniVam ta chon © néu, véi ¢cd miu n

I'hin

MSE(8) < MSE(©)

Céc tiéu

chin U e hoic Var(8) — Var(8) > (Bias(©))? — (Bias(©))>2.

ugng , N ~ >
o Néu ca © va © 13 ULKC, tiéu chudn MSE tré thanh tiéu
chuan so sanh dua trén phuong sai mau.

e Tiéu chudn MSE tuong duong véi viéc so sdnh ty sb

Eff(8,8) = MSE(©) (5)
MSE(©)
va chon @ néu Eff(6,8) < 1
CuuDuongThanCong.com
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Céc tiéu
chuan Uéc
lugng

m Trong mot sb truong hop, uéc lugng O 13 uéc lugng chéch
(v6i d6 chéch nhd), nhung lai cé phuong sai nhé hon céc
uéc luong khéng chéch © khac. Khi dé, ta c6 thé mubn
chon 8, mic du 13 uéc lugng chéch nhung né c6 doé phan
tan nhd hon nhiéu so véi cic udc luong © khic.

m Mot db do két hop giita d6 chéch (Bias) va phuong sai
mau clia mét uéc lugng 13 trung binh clia binh phuong sai
s6 (Mean Squared Error - MSE)

MSE(©) = E(6 — 6)? (4)
m MSE(O) = Var(©) + (Bias(©))>2.
= Néu © I3 ULKC: MSE(©) = Var(6).

Sai s6 chuan

Dinh nghia 5

>’
14

>y
>
N

>
N
’
>

Sai sb chuan (standard error) clia mét uéc lugng © chinh 13 do
l&ch tiéu chuan cda né, cho béi

og =1/ Var(©) (6)

N&u sai s chuan chifa cic tham sb chua biét c6 thé dusc uéc
lugng, thi khi thay cac gia tri d6 vao oy ta dugc sai s& chuan
udc lugng, ki hiéu 13 &é.

Dbi khi sai s& chudn uéc luong duoc ki hiéu 13 sg hodc se(©).
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Sai so chuan

Uéc luong viing

Mbt s6 vi du

UGC LUGNG UGC LUGNG : ~
DIEM DIEM Dinh nghia 6
Nguyén Van ] Nguyén Van Goi ©, = h(X1,...,X,) la mét udc luong diém cha tham sb 6.
Tham s6 | Udc lugng T Var(ZT) se(ST) Uéc luong ©,, goi 13 bén viing (consistency) néu 6, N 0, tic
" X 7 = B
Ca’cytiét[ n ﬁ Ca’cytiéLL} lim P (’@n — 9| > 6) =0, Ve >0
chuan Usc B D chuan Usc
lugng ¢ N p(l — p) p(l — p I:qng ¢ e
p p
n, n
n—1 n—1

52 13 uéc lugng vitng clia o2,

m Phuong sai ctia $2 & trén chi ding trong trudng hop tng Ui vy, thee BT Chelzyshev, 2o
thé c6 phan phdi chuan N(u, o?). P(1S2 — 02| > ¢) < YE5) TS =% .

Vé6i X ~ B(n,p), b= % la udc lugng viing cho p. (Tai
sao?)

Outline Phucong phap Moment
UGC LUGNG UGC LUONG ¢ » N Ay s s LR R e
i - e Y tudng: dong nhat cdc moment cla téng thé véi cac
Nguyén Van Neuvén Vin moment m§u.
I'hin I'hin
Dinh nghia 8
Gia str tham s6 0 = (01,...,0) c6 k thanh phan. Véi
1 <j < k, moment thit j cla tong thé la
Cs’({: ph.Lamng C:;u{: phle‘dng ! E X‘I _ Jf d 7
Fione i phép ude p =E(X) = [ Xf(x)dx (7)
Cac phuong phap uéc luong diém va moment mau thit j
R
o J
mj=_ X (8)
i=1
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Phuong phdp Moment

Phuong phap Moment - Vi du

UGCLyQNG
DIEM Dinh nghia 9

Nguyén Van

Thin Xét X1, Xo, ..., X, 13 mdt mu ng?}u nhién dugc chon tir mot
phén phoi xac sudt véi k tham s6 0 = (01, ..., 0;) chua biét.
Udc luong diém moment © = (O1,...,0y) thu dudc bdi dong

nhat k moment téng thé v6i k moment mau va gidi hé phuong
trinh thu dugc v8i cdc tham sé chua biét

Céc phuong
phép udc

lugng diém mp; = /_Li(o]_, S 70[()
my = M/2(017 000 70/()

my = ,u;((Hl, coo ,Gk)

Phuong phap Moment - Vi du

UGC LUGNG
DIEM

Nguyén Van
Thin

Céc phuong
phép u'ég
lugng diém

1. Gid st X1, ..., X, 13 m3u ngiu nhién chon tur
X ~ N(p,0?). Tim cac uéc lugng moment cho p va o2.

Moment t8ng thé: 1) = p, pb = E(X?) = p? 4 o2.
Moment m3u: my = 1577 X;, my =157 X2,

Giai hé:

1 < 1 <
i n; , @240 n;,

Ta thu dugc uéc lugng moment cho u va o2 13

h—= X 52 — er',:l(Xf — )_02
’ n

Phuong phédp hop Iy cuc dai (Maximum Likelihood)

UGC LUGNG
DIEM
Nguyén Van
I'hin
2. V6i X ~ B(k, p), tim uéc lugng moment cho cic tham sb
k va p.
3. V&i X ~ Gamma(r, \), tim uéc luong moment cho cac
Céc phuo A N FA
ohdp e tham sé r va A biét
lugng diém

r r
E(X) =1, Var(X) =53
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DIEM

Nguyén Van

I'hin

Céc phuong
phép u'ég
lugng diém

Dinh nghia 10 (Ham hop ly)

Xét Xi,..., X, 12 mbt miu nggu nhién chon tur téng thé cé
ham mat dé xac suit (hay ham xac sut) f(x|0), véi

0 = (01,...,0;) € © chua biét. Ham hop Iy L(#) dugc dinh
nghia bdi

LX) = L(Or, .-, Oty - x0) = [ Fxl61 -, 66)  (9)
=1l

» Ham hop ly L(#) chi phu thubc vao tham b 0.
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Phuong phép hop Iy cuc dai (Maximum Likelihood)

Phuong phap hop ly cuc dai - Vi du

UGC LUGNG
DIEM
1yén Va
Thin
Dinh nghia 11
Uéc lugng hop ly cuc dai (Maximum Likelihood Estimation -
MLE) 0 = (01, ...,0,) |a gid tri ca 0 = (01,...,0x) € © lam
cuc dai ham hgp ly.
Céc phuong
phép u'ég
lugng diém

Nhan xét 12

Bdi vi ham log 1a mét ham tang nén MLE ciing la nhiing gia tri
cta 0 = (01,...,0k) € © lam cuc dai ham log L(61, ..., 0k).

Phuong phép hop ly cuc dai - Vi du

UGCLyQNG
DIEM

Nguyén Van
Thin

Céc phuong
phép u'ég
lugng diém

1. Xét X ~ B(1, p). Ham xac subt clia X I3

px(]- - p)l—x ) X = 0? 1
f(x;p) =
(i p) {0 . nai khéc

Tim wdc luong hop Iy cuc dai cho tham sb p.
Ham hop ly cho miu ngiu nhién ¢& n 13

Lp)=[[fXip) =[P (1 —p)" X =p°(1-p)"
i=1 i=1

véi S = 27:1 X,'.
L4y logarit ham hop Iy MLE khéng thay déi, do dé

InL(p) =SInp+(n—5)In(1—p)

Tinh chit cla Uéc luong hop Iy cuc dai (MLE)

UGC LUGNG
DIEM
S Tacé
B dinL(p) S (n—-9)

dp p l-—p
Gidi phuong trinh trén ta thu dugc MLE cta p la

Céc phuong I’) — E Z Xi

D didm ni=
2. Cho X ~ Exp()), tim udc lugng hop ly cuc dai cho tham
sb .

3. Cho X ~ N(u,0?), tim uéc lugng hop Iy cuc dai cho ky

vong 4 va phuong sai o2.

CuuDuongThanCong.com

UGC LUGNG
DIEM

Céc phuong
phép u'ég
lugng diém

e Goi ©, 13 uéc luong hop ly cuc dai (MLE) cda tham sb 0, ta
c6 cAc tinh chit sau
MLE 13 uéc lugng bén viing: 6, 0.

MLE I3 u8c luong bat bién: Néu &, 13 MLE cla 6 thi

A

g(©p) 1a MLE cia g(0).
MLE hdi tu chuin:
6, -0
SE(©n)

- N(0,1)

MLE 13 uéc luong hdi tu tdi wu: nghia 13, trong sb tht c3
cac udc lugng tot, MLE 13 uéc lugng cé phuong sai bé
nhat, it nhat |a do6i véi trudng hop mau 16n.
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Céc phuong
phép u'ég
lugng diém

Phuong phap Bayes ?

m Dua trén thdng tin vé& phan phdi clia tham sb 6.

m Gia sir tham sb 6 chua biét 13 bién ng3u nhién c6 phan
phdi x4c dinh véi ham mat dé xac suat f(0).

(0) goi 1a ham mat dé xac sult tién nghiém (prior
probability distribution function).

m Ham mat d6 xac sult dong thai clia m3u ngiu nhién
(X1,...,Xn) va 0 dugc biéu dién nhu sau

f(x1y...,Xn,0) = f(x1,...,x,|0)f(0) (10)

1P3y 13 phan doc thém

Phuong phap Bayes ?

m f(0]x1,...,x,) goi 1a ham mat d6 xac sult hau nghiém
ctia 0 (posterior pdf).

m Him mat dé xac sut tién nghiém f(0) cho biét théng tin
vé 6 khi thuc hién quan tric dé 13y m3u ngiu nhién
(X1,..., Xn).

m Ham mat dé xéac sult hau nghiém £(0]xy, ..., x,) cho biét

théng tin vé& 0 sau khi c6 m3u cu thé.

Pay 13 phan doc thém

CuuDuongThanCong.com
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Nguyén Van

I'hin

Céc phuong
phép u'ég
lugng diém

Phuong phap Bayes !

m Ham mat dé 1€ clia m3u cho bdi
Flxa- o xm) :/ s 0)d8 (11)
Re

v6i Ro la khong gian tham sb (cac gia tri c6 thé nhan
dugc cla 0).

® Ham mat db xdc suat cé diéu kién cla 8 cho trudc
(X1, -y Xn)

f(x1,...,xn|0)f(0)

O, xn) =

(12)

1Pay |13 phan doc thém

Phuong phap Bayes !

m Ky vong c6 diéu kién clia 6, dinh nghia béi
b=, ... x) :/ OF(Olxt, ... x)d0  (13)
Ro
13 mét gid tri uSc lugng Bayes cla 0, va

6 =E0|Xi,...,X,) (14)

goi 13 u6c lugng Bayes cho 6.

P3y |13 phan doc thém
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Phuong phap Bayes ! - Vi du

Phuong phap Bayes ! - Vi du

UGC LUGNG
DIEM
Ng H'|"M‘“H\ an
1. Xét (X1,...,X,) 1a mét m3u nglu nhién chon tir bién

ngau nhién X cé phan phdi Bernoulli, X ~ B(1, p). Ham
mat db xac suat cla X cho bdi

Fri f(x;p)=p*(1—-p)'™*, x=0,1

Fuqnpg diém

véi 0 < p < 1 chua biét. Gia st tham sb p c6 phan phbi
déu trén khoang (0,1). Tim udc lugng Bayes cho p.

1P3y 13 phan doc thém

Phuong phap Bayes ! - Vi du

udc LUONG
DIEM

Nguyén Van
Thin

Céc phuong
phép u'ég
lugng diém

Ta c6
m Ham mit do x4c sult tién nghiém cda tham sb p c6 phan
phdi déu
flp)=1, 0<p<1

m Him mat dé xéc sult hau nghiém cla p cho bdi

f(xl,...,x,,,p)

f(P‘Xl,...,Xn): f(Xl X)

1Pay |13 phan doc thém

Phuong phap Bayes ! - Vi du

UGC LUGNG
DIEM P
S m Ham mit do xac suat dong thsi cda (Xi,...,X,) vap
'hin
(X1, -y Xn, p) = f(x1,...,xn|p)f(P)
n
= (H Pl - p)l_x"> f(p)
i=1

véim=3"", x.

1 1
f(X17"')Xn) :/0 f(Xl,...,Xn,p)dp:A pm(l_p)n_mdp

Pay 13 phan doc thém
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UGC LUGNG
DIEM

Nguyén Van

I'hin

Céc phuong
phép u'ég
lugng diém

St dung két qua: véi cic sb nguyén m va k, ta cé

1 1 k!
M1 — Ve dp — m!k!
/Op( PIdP = (k)
Suy ra
! m n—m m'(n_m)'
f(X17"'7Xn)/O p"(1—p) dp—m

Ham mat dd xdc suat hiu nghiém cla p la

f(X1y .-y Xn, P) _ pm(1—p)"~"(n+1)!
f(x1,.--,Xn) m!(n — m)!

f(plxiy...,xn) =

P3y |13 phan doc thém
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Céc phuong
phép u'ég
lugng diém

Phuong phap Bayes ! - Vi du

Gié tri u6c luong Bayes clia p thu duoc bdi ky vong c6 diéu
kién

1
E(p\xl,...,x,,):/o pf(plx1,...,xn)dp

1
_ (n+1)|)|/0 pm+1(1_p)n—mdp

m!(n — m)!
_ (n+ 1) (m41)Y(n — m)!
~ m!(n—m)! (n+2)!

m+1 1 n
n+2 n+2(§x’+ )

Uéc lugng Bayes la

N 1 1
P=E(plX, -, Xn) = — (Zx,-+1>

1Day E) phén doc thém

CuuDuongThanCong.com

udc LUONG
DIEM

Nguyén Van
Thin

Céc phuong
phép u'ég
lugng diém

Phuong phap Bayes ! - Vi du

2. Xét (Xq,...,X,) 12 mét mAu nglu nhién chon tir bién
ngiu nhién X ~ Exp()\), A chua biét. Biét ring tham sb \
13 bién ngAu nhién c6 phan phéi mii véi tham sb «. Tim
uéc lugng Bayes cho A.

1Pay |13 phan doc thém
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