TAP PO PUQC - PO PO DUONG
HAM SO PO PUQC

Chung ta d3 can, dong, do, d&m . .., nhung c6 bao
gid ching ta nghi dén cau hdi sau: c6 phai chung ta co
thé can, dong, do, dém duoc moi thir 2 Co phai ching
ta do dugc do dai cua moi tap hop con trong R ?

Ong Lebesgue da chi ra c6 cac tip con trong R khong
thé nao do dugc theo cach do thong thuong.

Ta sé dung chu “do” dé chi viéc can. dong. do. dém . ..
ry 9 9 9

Cho Q 1a mot tap hop khac trong. Dé thuc hién mot
phép do trén Q |, trueoc hét chung ta phar xac dinh cac
do1 tuong do : mot ho tap con cua Q2 .
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P(Q2) 13 ho tat ca cac tap con cua Q , va O 1a mot tap
con cua P(Q).

Gia str 91 1a ho tat ca cac doi twong trong mot phép do.

Ta thay tap rong ¢ do dugce va c6 dd do 1a khong.
Nén ¢ ludn 1a mot phan tir cia oK .

Ta thay tap Q do dugc va co do do 16n nhat trong cac
do do cua cac phén tr trong 9K . Nén Q ludn 1a mot
phan tir ctia M va co thé cd do do 1a co. Thi du do dai
cua R la oo.

PO PO VA XAC SUAT - CH 1 2
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Gia sir 9t 14 ho tat ca cac doi tugng trong mot phép
do. Cho 4 va B trong 91, nghia la 4 va B c6 thé do
duoc. Néu 4 va B roi nhau, ta phai co C = 4 U B
cling c6 thé do duoc.

Néu m(A4) va m(B) la dé do ciia A va B, thi
mAUB) = m(4d) +m(B).

PO PO VA XAC SUAT - CH 1 3
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Cho4,,...,A, lantap ro1 nhau trong 91. Dat

4 = U:lzlAi

Dung qui nap toan hoc ta c6 cong thirc sau

n

m(A) = 3 m(4)

PO PO VA XAC SUAT - CH 1
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Chod,,..., 4, ,...
nhau trong oK. Dat

la mot ho dém dugc cac tap ro1

A=11"4

i=1 !

Ly luan tuong ty nhu trong dinh nghia cua chudi
s0, ta c6 thé chap nhan 4 € 9 va

m(A) = 3 m(4)

PO PO VA XAC SUAT - CH 1 S)
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Nay cho {4}, 1a mot ho cac tap ro1 nhau trong 9K,
va 4 = Uid A. Ta co thé tinh d6 do cua A4 dua trén
cac do do cua A4; hay khong ?

Néul=1[0,1] va 4, = {i} Viel.Tathay do dai
cia moi 4, bang 0, va do daicua 4 bang 1.

Nhu viy van dé tinh do do ctia phan hop mot ho bat
ky cac tap con dua trén cac do0 do cua tung tap con
khong don gian . Ta s& thay su dém dugc cua I rat
c6 ¥ nghia trong 1y thuyét do do.

PO PO VA XAC SUAT - CH 1 6
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Tu cac nhan xet trén chung ta xét cac dinh nghia trong
Iy thuyét d6 do sau.

Dinh nghia. Cho 9 1a mdt ho cac tip con cua mot
tap khac tréng Q . Ta ndéi 9 1a mot o-dai s6 trong Q)
néu 9 co cac tinh chat sau

(D1) Qe 9 .
(D2) Q\A4 € 9 VA € 9 .
(D3) U4, = o V{4 ) e 9.

Luc d6 ta néi (Q,91) 1a mot khong gian do dugc. Néu
A € 9, tanoi 4 la mot tap con A-do dugc trong €.
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Bai toan 1.1. Cho (€, 91) la mot khong gian do
dugc. Cho 4,,4,,...,4,, € 9. Dat

A=)4,
n=l

Chirng minh 4 1a moét tap con 9M-do duogc trong €2 .

o0

D3) U4, € Vid ) e 9.
n=1
m
J4, € M v ,4,,.. . 4.} € 9.
n=1

(D3) UB, =

M V{B,} € 9.

S
Il
(U


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

o0
(D3) UBn e I
vi{B,,B,,..,B_,B_.,B. .,,...} € 9.

m
J4, € M v ,4,,.. . 4.} € 9.
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Bai toan 1.2. Cho (Q, 91) la mét khong gian do
duogc. Cho A4, B € 9. Ching minh AN B 1a mot tap
con 9M-do dugc trong €.

(D1) Qe .
(D2) Q\A4A € 9K VA € 91 .
(D3) U4, < o V{4 } e o .

Bién giao thanh hoi: Q\( AN B)=(Q\ 4) U (Q\ B)

Pé y : AN B =Q\[Q\(AN B) ]

PO PO VA XAC SUAT - CH 1 10
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Pinh nghia. Cho (€2,9%) 1a mo{t khong gian do duoc,
va cho p la moét anh xa tr 91 vao [0, «0]. Ta no1 p
la mot do do duwong trén 9 néu pu ¢o cac tinh sau

(i) (COUNTABLE ADDITIVE) Néu {4, } 1a mot
day cac phan tir r0’1 nhau trong o thi

,U(U 4,) = Zﬂ(An)

(ii) c6 B trong 9 dé cho p (B) < o

Ta thuong dung (Q o, 1) dé chi mot tap hop Q khac
trong, mot o-dai s6 9, trong Q va mot do duong p
trén 9 . Ta cung go1 (€2, 91, u) la mot khong gian do
duoc
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Bai toan 1.3. Cho mot khong gian do duogc (€2, 91, n).
Chirng minh pu(¢) =0

(i) (COUNTABLE ADDITIVE) Nécu {4, } 1a mot
day cac phan tir ro1 nhau trong 9 thi

ul4) = D u(4)
n=1 n=l1
(ii) c6 B trong 9 dé cho p (B) < o
DétAl =B 9A2:(|)9A3 :(|)9A4:(|), e
u(B)=pu(J4,) =2 1(4,)=1lim > p(4,)
n=1 n=l n=1

= lim[x(B)+(m -1 p(p)] = p(B) + im[(m —1) (9]

m-—»o0
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Bai toan 1.4. Cho (Q, 9,u) la mot khong gian do
dugc. Cho 4,,4,,..., A, lacac tap ro1 nhau trong
oK. Chirng minh = m
wl J4) = D u4,)

n=1 n=1

(i) (COUNTABLE ADDITIVE) Nécu {4, } 1a mot
day cac phan tir ro1 nhau trong 9 thi

,U(O A4,) = iﬂ(An)

bat 4,.,=¢, 4,n=9, -..

PO PO VA XAC SUAT - CH 1 13
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Bai toan 1.5. Cho mot khong gian do dugc (€2, 9, ).
Cho Cva D trong 9. Gia st C < D . Chirng minh

w(C) £ wD).
Pait A=C va B=D\C

cen ©

ANB=¢ AUB=D
(D)= u(AUB) = u(A)+ u(B) = pu(A) = u(C)

PO PO VA XAC SUAT - CH 1 14
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C6 mot o-dai s6 9 va mot dd do duong p trén
khong gian R™ c6 cac tinh chat sau

(i) Céc tap mo va tap dong trong R™ 1a cac phan ti
cua M

(ii) Cho E € 91 sao cho u(£) < co. Luc do vo1 moi

& >0, coO mot tap dong F' va mot tap mo U trong R™ ¢o
cac tinh chatsau: Fc Ec U,vau(U | F)<eg.

PO PO VA XAC SUAT - CH 1
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(iii) Cho £ 1a mdt tap con cua R" sao cho c6 4 va B
trong M saocho: AcEcB,vauB'14)=0.Luc
do £ € 9.

(IV) “([alﬂbl]xmx [anﬂbn]) — (bl - al)>< X (bn - an)

a by

PO PO VA XAC SUAT - CH 1 16
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(v) W& +a) =uE) VEea, aeR".
DRSS ¢

(vi) u(cE) =cu(k) VEeow, ce(0,x).

Pinh nghia 1.1. Ta goi 9% va p lan luot 13 o-dai so
Lebesgue va d0 do Lebesgue tréen R" .

PO PO VA XAC SUAT - CH 1 17


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Bai toan 1.6. Cho Q 1a mot tap hop Lebesgue do
duoc khac trong trong R”. Dat

N={AeM:AcQ}.
Chirng minh 9¢ la mot o-dai s6 trong €.

(D1) Qe 9 .
(D2) Q\A4 € X VA e 9.
(D3) U4, « = V{4 ) e 9.
(D1)’ R € 91 .
(D2)’ R"\A4 € 9% VA € 91 .

(D3 U4, < o V{4 )} e .
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(D) Qe .
(D1 Qe .
(Dl) XedX={AdAeM:4AcQ}.

(D2) Q\A4 e o VA e .

(D2)’ R"\A4 € 9N VA € 91 .
Q\A={x:xeQvaxegAd}=QNR"\4)cQ

PO PO VA XAC SUAT - CH 1 19
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(D3 U4, < o V{4 ) e 9.

(D3) GlAn e N V{d } € 9.

(D3) Cho 4, c Qsaocho A4, € 9, V n eN. Chiung
minh o0 o0
U A < X va U A € 9M

(D3)’Cho4,e I, VneN.Taco
A € 9

n=1

PO PO VA XAC SUAT - CH 1 20
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Bai toan 1.7. Cho Q la mot tap hop Lebesgue do
duoc khac trong trong R™. Dat 9t ={ A4 € M : A < Q}
va v(4)=wAd) V A e 9.

Chirng minh v la m6t do do duong trong khong gian

do duoc (€2, 90).

(i) Néu {4, } 1a mot day cac phan tir roi nhau trong

O taco 2
w4,
n=l1

(i) Néu {4, }1a mot ¢

o chirng minh
cis A

> iu(A,»

Ay cac phan tu ro1 nhau trong

Ja) = Su4)

(ii) co B trong 9 dé cho p (B) <
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Bai toan 1.7. Cho Q la mot tap hop Lebesgue do
duoc khac trong trong R*. BPat 9t = {4 € M : 4 < QQ}
va

v(4) = n(A) VAeN

Ching minh v Ia mét do do duong trong khong gian
do duogc (Q2, 9N) .

Dinh nghia . BP0 do duong v dugc goi la do do
Lebesgue trong khong gian do duogc (€2, 9N) .

PO PO VA XAC SUAT - CH 1 22
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Cho Q 1a mot hinh chir nhat trén d6 ¢ ban do6 thé
2101, I la Lebesgue o-dai so trén .

V61 mo1 £ € 91, ta dat w(E) 1a dd do Lebesgue cua E,
va v(£) 1a dién tich that su phﬁn trén trai dat ma no
duoc ve ra. Ta thay w(4) = uw(B) nhung v(4) = v(B) .
B hogd
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Viéc nay cho thay c6 nhiéu d6 do khac nhau trén o

PO PO VA XAC SUAT - CH 1 23
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