HAM SO PO PUQC
TICH PHAN LEBESGUE

Dinh nghia. Cho (Q,91,u) la mét khong gian do
duoc. Cho f 1a moét anh xa tir Q2 vao R. Ta no1 f1la mot
anh xa do dugc trén khong gian do duoc (Q,91,1) néu
FY(a,©)) €9 voi moi so thuc a.

Bai toan 2.1. Cho 4 1a mot tap do duoc trong mot
khong gian do dugc (€2,91,u) va ¢ 1a mot so thue. Dat

1 V xed,
\O YV xeQ\ A.

va fix) =c X,(X). Chung minh fdo dugc trén (Q,91, 1)

Lo A AVARS S22 A A

X4(x) =3
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Dinh nghia. Cho 4 1a mot tap do duoc trong mot
khong gian do dugc (QQ,91,u). Dat

1V xed,
\O YV xeQ\ A.

Ta go1 y, la ham dac trung cua 4.

X4(x) =3

DatA,=A,A4,=Q\A4 ,c;,=1 va ¢,=0.Taco 4,
va A, ro1nhau , 4,U 4, =Q va

Xa=CX4 TC X4

PO PO VA XAC SUAT-CH 2 2
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Bai toan 2.2.Cho 4, ,4,, ..., 4, lam tap do dugc
r01 nhau trong mot khong gian do duoc (€2,91,u) va

Ci,Cy,...,c, lamsothuc. Giasu ¢, <c,<...<c,
va &
Q=|J4,
k=1
Dat

f@)=Y ez, @) Vreo
k=1
Chirng minh f do duogc trén (Q2,91,u) .

Ham s6 f¢co dang bén trén dugc goi1 la mot am don.
Néud,,A4,,...,4, vaQlacac hort mot s6 htru han
cac khoang trong R, fdugc go1 ham s6 bdac thang.

PO PO VA XAC SUAT-CH 2 3
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C1<Cy<..

<c, va

(=261, ()

PO PO VA XAC SUAT-CH 2
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=Yz, ()

M@on=1UJ4 e, <a<q
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Bai toan 2.3. Cho 4, ,4,,...,4,,B,,B,,...,B, la
cac tap do dugc ro1 nhau trong mot khong gian do
duogc (QQ,9%,u) va a,,a,,...,a,,b,,b,,...,b 12
cac so thuc. Gid st a,<a,<...<a,, b, <b,<...<

b, va LmJAk =LnJBk =) . bat
k=1 k=1

f=Yaz,(+ Y bz, () ¥ xeO

Chirng minh f do dugc trén (Q2,9%,u) .

PO PO VA XAC SUAT-CH 2 6
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fO=Xaz,+>br, () Vel

Tap {a,+ b 1i=12,...m;j=12,...n } ¢O hitu han phan
tor va co the danh so6 theo tho tu tang {d,, d,,. . ., d_}.

A;NA)YNANA)=4,N (A NA4)=¢ nluj =)’
bit D,= | 4NB, Vs=1,..,r.
al-+bj=ds

Tathay D,, . .., D, rdi nhau , UDS =Q va

f)=Ydz, @) VreO
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Bai toan 2.4. Cho 4, ,4,,...,4,,B,,B,,...,B, la
cac tap do dugc ro1 nhau trong mot khong gian do
duogc (QQ,9%,u) va a,,a,,...,a,,b,,b,,...,b 12
cac so thuc. Gid st a,<a,<...<a,, b, <b,<...<

b, va LmJAk =0Bk =) . bat
k=1 k=1

FO =D a2, Y bz, (] V xe0

Chirng minh f do dugc trén (Q2,9%,u) .

Pinh 1y . Tich va tong cac ham don 1a cac ham don.
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Dinh ly 2.2. Cho f1a m0t ham do dugc trén mot
khong gian do dugc (Q,91,u) . Luc do

(1) Co mot day cac ham don {7} trén (Q,9%, 1) sao cho
limz (x)=f(x) vV xeQ)

(i) Néu f{x) > 0 véi moi x trong Q, ta c6 mot diy cac
ham don {s_} trén (Q,9%,1) sao cho:

O0<s;x)<s,(x)<... <5, (X)<f(x) Vxel

lims (x)=f(x) vV x e

mM—>00

PO PO VA XAC SUAT-CH 2 9
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Bai toan 2.5. Cho f 1a mot ham s6 thue do duoc tr@n
mot khong gian do dugc (Q2,91,u), b, c va dla ba so
thuc sao cho b < ¢ <d. Ching minh cac tap sau day

do dlIQ’C : f_l([b ’ OO)) ’ f-l(('OO ’ b]) ’ f-l(('oo ’ b)) ’
fAb, e, (b, d), (b, d), (b, d]).

£1((a,)) €M vdi moi so thuc a .
b,00)=| Jb—L,00) £ UL =|Jf " (b-S.0)
(—00,b] =R\ (b,0) F(R\(h,0))=Q\ £ ((h,0))
[b,c] = (—o0,c][b, )
f_l ((—OO, C] ﬂ [ba OO)) — f_l ((—OO, C]) ﬂ f_l ([ba OO)) 10
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Bai toan 2.6. Cho f va g 1a hai ham s6 thue do duoc
trén mot khong gian do duoc (€2,91,u). Dat

h(x) = sup {f(x), g(x) } V x e Q.
Chirng minh / do dugc trén (€2,91,1).

Cho mot s6 thuc a . Ta s& chirng minh

i ((a,%)) = f((a,%)) © g"((a,0))
I ((a,%)) < f((a,0)) W g ((a,0))
S ((a,2) U g ((a,%)) < h'((a,0))
[ (a2)={x € Q:f(x)>a} < {x e Q:h(x)>a}
fH@x) chi((@x) g ((@x)chi((@x)

PO PO VA XAC SUAT -CH 2
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Cho mot s6 thuc a .

hl((a,0)) = {x € Q: h(x)>a}
={x € Q: f(x) >ahoac g(x) > a }
cixeQ:f(x)>a}l U {xeQ:gkx)>a}

h'((a,)) < f((a,0) U g'((a,%))
Bai toan 2.7. Cho f va g 1a hai ham s6 thue do duoc
trén mot khong gian do duoc (€2,9%,u). Dat

h(x) = 1nf {f(x) , g(x) } vV x e Q.
Chirng minh /4 do dugc trén (2,91, 1).
Xét f,=-f,g,=-g va h,=-h.Ap dung bai 2.6.
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Bai toan 2.7. Cho f va g 1a hai ham s6 thue do duoc
trén moQt khong gian do duoc (€2,9%,u). Dat

h(x) = 1nf {f(x) , g(x) } VvV x e Q.
Chirng minh /4 do dugc trén (2,91,1).
h'((a,%) = f((a,%) N g'((a,%))

Bai toan 2.8. Cho f 1a mot ham s6 thue do duoc trén
mot khong gian do dugc (€2,91,u). Dat

f(x)=sup {f(x),0} V x e Q,

J(x)=sup {-flx), 0} VxeQ,
Chimng minh /™ va f~ do duogc trén (Q,91,1).
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Bai to4n 2.9. Cho { f, }1a mot ddy ham so thyc do
duoc trén mot khong gian do duoc (2,91,u). Dat

f(x)=sup {f;(x), [L(x),...[,(x),. ..} VxeQ,
Chirng minh f do duogc trén (Q,91, ).
[ (@, ) = £, (a,)) vV xe
Bai toan 2.10. Cho { £, }1a mot ddy ham s6 thuc do
duoc trén mot khong gian do duoc (Q2,91,n). Dat
fx)=mf {f;(x),/Lx),...[.(x),. ..} VxeQ,
Chirng minh f do dugc trén (Q,91, ).

F(oa) =1 (~0a) VY xeQ

14
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Bai to4n 2.11. Cho { £, }1a mot ddy ham so thyc do
duogc trén mot khong gian do duoc (€2,91,u). Dat

f(x)=lmsup f (x) vV xeQ

m—>0

Chirng minh f do duogc trén (Q,91, ).
Dét gm(x) :? Sup {fm(x)afm+l(x)afm+2(x)9 . e } VOl m01 X
tI'OIlg Q. De 5/) — lnf{gl(x)a g2(x)9 g3(x)9 ° . } y

Bai to4n 2.12. Cho { £, }1a mot ddy ham so thyc do
duogc trén mot khong gian do duogc (€2,91,u). Dat

f(x)=lminf f (x) V xeQl.
Chirng minh f do duogc trén (Q,90, ).
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Pinh nghia. Cho mot khong gian do dwoc (QQ,91) va
1 1a mot do do duong trén 9. Cho mot tap con £ €
O va mot ham don khong dm s= ) cx, - Tadat

1<k<m k

j du= Y c,u(E[) 4,)

1<k<m

va gol j s du 14 tich phdn cua s trén E . Tich
phan ne‘lyEc() thé bang o .

[sdu="7 cu4)
O 1<k<m

PO PO VA XAC SUAT-CH 2 16
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Néum=1vas=ry, ,thay “d6 do” cia 4 chinh la
j s du
E :
Day la budc dau cua ly thuyét tich phan, n6 twong
thich vo1 cac khai niém “do dat” ngoai dou.

V6i khai ni¢m tich phan j sdu= Y cu(4,)

9 1<k<m

cua ham don §= Z G X A4 1y thuyét tich phan tiép

1<k<m

can nhitng bai toan thyuc tién tong quat hon cac phép
do dat.

PO PO VA XAC SUAT-CH 2 17
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bat Q 1a tap hop cac mon hang trong mot sicu thi, O
la tap hop tat ca cac tap con ctia Q va p(E) 1a s6 phan
tu trong £, vo1 mo1 tap con E cua Q. Dat 4. 1a tap hop
cac mon hang ban mua c6 cing gid ¢; va s= » ¢ x 4

1<k<m 3

Luc d6 ta dua bai toan tinh tong so tién phai tra vé

dang tich phan J‘ e Z ¢ u(A)

1<k<m

Di nhién ta c6 thé lam bai toan trén ma khong thong
qua 1y thuyét do do va tich phan phirc tap. Nhung
chiing ta s& thay cach tiép can nay cho phép ching ta
khéo sat cac bai toan ma cach tiép can gian don khong
lam duoc.
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Cho mot thanh kim loai khong dong chat c6 chiéu dai
10m va c6 thiét dién la hinh vudng moi1 canh dai 1 cm

4[4, A,
C, C, \ C;
Néu ta chia thanh kim loai nayramkhac4,,..., 4,
vagolic,, ... c, lacactitrong trung binh cua cac

khac 4, , ..., A .Pat s= ZC"ZA

1<k<m

Luc do trong luong cua thanh sat nay chinh 1a

IS du = Z e, 1(4,)

0 1<k<m
Ta phai m¢ rong khai ni€m tich phan deé ti€p can voi
cac bai toan phuc tap hon.
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Pinh nghia. Cho (Q, 91,u) la moét khong gian do
duoc, Ee 9, va f la mdt ham do duoc tor (QQ, 9N)
vao [0, ). PBat &(f) 1a ho cac ham don s trén 2 sao
cho 0 <s<f va dat

fdu= d
I s sesgﬁf)jES g

Ta go1 jE fdu la tich phan Lebesgue cua f trén
E v6idd do . Tich phan cta f c6 thé bang oo .

PO PO VA XAC SUAT-CH 2 20
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Y tudng dung khai niém sup dé dinh nghia tich phan
ciia mot ham s6 do duoc duong f rat hay. Tu thoi
Archimede cho dén maii vé sau ngudi ta thuong dung

mot day {s, ! hdi tu vé f va c6 gang chimg minh dy

{ j wm hoi tu vé mot sd thuc nao d6 va g01 do la
E m
tich phan cua . Pinh nghia tich phan cua Lebesgue
khong thay rd hinh bong ctia khai niém day.

Khai niém sup va inf ctia cac ham so trong tich phan
quan h¢ rat mat thi€t vl khai niém ho1 va hop cua cac
tap hop trong ly thuyét do do.
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Pé trd lai v6i cac phuong phap dung diy thong dung
trong giai tich, Lebesgue da bat dau véi hinh thte hoi
tu diy rat tuong thich vdi khai niém "sup" : su hoi tu
cua cac day tang !

Pé lam duoc viée nay, Lebesgue dd dung mot so k¥
thuat rat hay va dep. Tronng khudn gido trinh nay,
chting t6i khong du thoi gior dé trinh bay cac ¥ toan d6
cung chi tiét ching minh dinh 1y sau. Phan chi tiét nay
s& dugc trinh bay trong mon hoc "Ly thuyét d6 do".

PO PO VA XAC SUAT-CH 2 22
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Dinh ly hoi tu don diéu Lebesgue.

Cho (€2,91,1). 1a mot khong gian do duge va {f}
la mot day anh xa do dugc tr Q2 vao [0, ], f la
mot anh xa tr X vao [0, oo] va gia su

1 fi(x) £ f,(x) £ f(x) < - Vx e Q

) f(x) = lmf (x) Vx e Q)
Luc do f do dugc va
[ fdn = [plmpdu = lm[, r.dn

PO PO VA XAC SUAT-CH 2 23
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Thi du. Cho (€2,91,u) 1a khong gian do dugc R v61 d6
do Lebesgue. Dat

fn - Z[O,Z—n_l]
S = Z10.2]

Ta thay cac diéu kién va két luan ctia dinh 1y hoi tu
don diéu déu xay ra. Nhung {f,} khong hoi tu déu vé f.
Hién tugng nay ludn ludn xay ra khi ching ta xap xi
dién tich cac hinh cong bang cac phan hop cua cac
hinh chir nhat.

Viéc két hop gitra su ho1 tu va sup va inf, cho ta khai
niem lim sup liminf. Ta co két qua sau.
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Bo dé Fatou. Cho (Q, 91, 1) la mot khong gian do
dugc, £ € 9, va {g, } la diy anh xa do dugc tu
QA vao [0,00] . Taco

J.Ehmmfgmd,u < 11m1nijgmd,u

m-—0 m-—0

/. (x) = mf g, (x) f (x) = lminf g (x)

k>m n—>00

f(x)=lminf g (x)=Im(@nf g,(x)) = hm f (x)

- m—o k>m

0L fi <frL,<..2 . —>f
thminf g dy= jE fdu=lim jE f. d = liminf jE f.du

[ tdu< |, g,du liminf [ f,du <limin [ _g,du

PO PO VA XAC SUAT-CH 2 25
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Dinh nghia. Cho (€, 9K, n) la mot khong gian do
duoc. Cho f1a mot anh xa do dugc tur €2 vao R sao

cho
jX\f\dx <

Luc do tano1 f 1a mot ham kha tich trén Q theo do do
.

Néu f 12 mot ham kha tich Lebesgue trén X theo do
dopuvaf =u—v vo1u vavlacac ham s6 do dugc
khong am, ta dat

ijdﬂ = qud,u —ijdy

PO PO VA XAC SUAT-CH 2 26
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Dinh ly hoi tu bi chan Lebesgue .

Cho (€, 91, u) la mot khong gian do dugc va
{f.} 1a motdidy ham so kha tich trén Q, f 13 mot
ham s trén X va gia st ¢c6 mot ham so g kha tich trén
(2 sao cho

i) |f ()] < gx) VxeQ, Vme N
i) f(x) = limf (x) VxeQ
Luc do f kha tich ’:;éo:l (2 va

.[Qfdﬂ - ,}qii?ojgfmd“ va

lim |1 f,~fdp = 0.

PO PO VA XAC SUAT-CH 2 27
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MOT SO PO PO DUONG THONG DUNG

Cho Q= {1,2,....,m}, 9 = AQ) (ho tat ca cac tap con
ciia Q) va w(E) 1a s phan tir ctia E voi moi E € 9K .
Cho f 1a mot anh xa tr Q2 vao R. Lac do f do duoc va
kha tich va

jgfdﬂ: Zai
i=1
oday a, =f(i) voimoii € {1,2,.....m}.

Pat v(E)=m'W(E) voimoi £ € 9. Taco v(Q) =1
va B
jQ fdu= m ;ai

PO PO VA XAC SUAT-CH 2 28


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Cho Q 1a tap cac SO nguyeén duong {1,2,.....m,. ..}, 9N
= Q) (ho tat ca cac tap con ctiia Q) va u(E) la so
phan tir ctia E vdi moi E € 9 (co thé bang ). Cho f
la mot anh xa tir Q vao R. Ta thay f do duogc va f kha

tich khi 0
la, | <o
i=1

Luc do j fdp = Za

o day a; = f(i) voimo1 i € {1 2, ..M, , ...},

PO PO VA XAC SUAT-CH 2 29
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Cho a va b 1a hai so thuc, a < b, va u1a do do
Lebesgue tréen R. Cho ¢= (¢, ¢, , ;) la mot don
anh kha vi lién tuc tir (a,b) vao R3. Pat Q = o((a,b)) .

Ta noi Q la mot duong cong thudc lop C.

((e 7= 2
a (P,\ E’ b
Dat 91 1a ho cac tap con E cua €2 sao cho co mot tap

Lebesgue do dugc E' trong (a,b) dé cho E = o(E") va
vE)=[ INIg] +| 0, P +| ¢} Pdu

PO PO VA XAC SUAT-CH 2 30
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((e 7= 2

a (P’\ E’ b

Dat 91 1a ho cac tap con £ cua € sao cho co mot tap
Lebesgue do dugc E' trong (a,b) dé cho E = o(E") va

vE)=[ INI[[ + @5 [ +| @} Pd

Luc do (€2, 91, v) la mot khong gian do dugce va v
chinh la do dai1 thuc su trén duong cong €2 . Phan
chirng minh viéc nay xin xem trong sach "Duong
Minh Dtrc - Lam quen toan dai hoc cung may tinh II,
NXB G140 duc, 1998."
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(( e = 2

A (P’\ E’ b

bat 91t 1a ho cac tap con E cua Q2 sao cho co mot tap
Lebesgue do dugc E' trong (a,b) dé cho E = o(E") va

v(E)=[ [\NIo P+ +] i Fdu

Cho f 1a mot ham so6 kha tich trén (Q, 91 ,V), ta co
cong thirc tich phan duong nhu sau :

[ fav=[  rpNoF +10iF + ¢ Fd

— " F @A P+ 1 gl P+ () [
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Khi ta d1 xe dap trong luc co g10 1on trén mot con
duong quanh co ngoin ngoco , ta chic thay tac dong
ctia gi6 tuy thudc vao hudéng di cua chiéc xe dap . Ta
thir dién ta su kién nay bang toan hoc .

Cho mot duong cong Q = ¢ ((a, b)) trongR3 va O

la mot tap mo trong R3 va O chira Q va mot anh xa F
tr O vao R3. Tai mdi diémx € O ta coi F(x) nhu 1a
mot vecto (F,(x), F,(x),F;(x)) chi chiéu va cudng do
ctia mot luc F (thi du nhu luc thoi ctia gid) , & day
cuong do cua F(x) chinh la

IE@) | = | EE) P+ Fy(x) [ +] Fy(x)

PO PO VA XAC SUAT-CH 2 33
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Cho mot diém x € Q, ta ¢ ¢ € (a,b) sao cho x = (7).
Ta1 diém x do0 hudng chuyén dOong cua ta dugc xac
dinh bo1 ¢'(1) = (¢, (1), @, (1), @;1(2)) .

Ta thay luc F(x) chi tac dong thue su Ién su di
chuyén cia ta theo thanh phan A
f(x) ctia F(x) chiéu 1én trén
vecto @ '(1).

Vo1 <., >latich vo
hudng trong R, ta

cO cong thirc

<F(x),p't)> <I'(p@),e()>

T =T O=== o~ e
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Vay cong cua luc F tac dong 1én vat di chuyén trén
duong Q chinh la

[, fav =] fe) o ®lldi = < Fp(e), ') > dr

= [ [E (@), (1) + E(9(t)p, (1) + F(9(0)p, (1))t

Trong co hoc, ta dung cac ky hieusau: M=F,, N =

F,, O=F;,x(t) = ¢/1), y(t) = @,(0) , z(¢) = ¢5(). Vay
a _, dy , dz |,
ar v g e g T

hay ¢, ()dt = dx, @', ()t = dy ,¢'()dt = dz , va cong

thtre trén viét ra dang cong thuc tich phan duong loai 2

[ fdv =] Mdx+Ndy+Qdsx
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Cho D la mét tap mé trong R?, va i 1a d6 do
Lebesgue trén R%. Cho ¢p= (@, ¢, , @) 1a mot don
anh kha vi lién tuc tir D vao R* . Pat Q= (D) .

Ta no6i Q2 1a mot mat cong thudc 16p C'.

N B
b B

T

Dat 91 1a ho cac tap con £ cua Q2 sao cho co mot tap
Lebesgue do duogc E' trong D dé cho E = o(E"). Luc d6

o 1a mot o- dai s trong Q.

PO PO VA XAC SUAT-CH 2 36
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e =SB N
B

Dat 91 1a ho cac tap con £ cua Q2 sao cho co mot tap
Lebesgue do duogc E' trong D dé cho E = o(E"). Luc d6

o1 1a mot o- dai sd trong €2. Ta dat
v(E)=[ [\ P+ w, P+ w Pdu

vOl

ops
OX

op;
Oy

op
OxX
op
)Y

op, 0@,
OX OX
op, 0o,
oy 0Oy
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Luc do (€2, 91, v) la mot khong gian do dugce va v
chinh 1a d§ do di€n thuc su trén mat cong Q .

Cho f 1a mot ham s6 kha tich trén (Q2, 9L ,v), ta co
cong thurc tich phan mat nhu sau :

[ fdo={  F@OWw F+w F o+ w, Pdu
= Lbf (co(t))J W () [P+ w,(0) [ +]| wy(2) [ dt
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Cho mdt mat cong Q= ¢ (D) trongR3va O 1a mot
tap mo trong [R3 va O chtra 2 va mot anh xa F tor O
vao R3. Tai mdi diém x € QO ta coi F(x) nhu 1a mot
vecto (F(x), I5(x),F5(x)) (thi du nhu luc thoi cua gid)

Ta théy luc F(x) chitac dong thuc su Ién QQ 1a thanh
phan f{x) ciia F(x) chiéu 1én
trén vecto phap tuyén n(x) () NG f 70
Vo1 <., >latich 8 \Q Ny = (¢
vO hu()’ng trong R, ) NP
ta cO cong thirc D ) | ™

< F(x),n(x)> _ < F(p(t)),n(p(t)) >
[ ()| | (o) |

fo@) = f(x)=
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Tathdy o - 50w (0.0 ()
Jm@ P+ wy @) P+ wy(0)

f(X) — f((D(t)) _ E((D(t))\/\ﬁ (t) +}272((0(1))W22(t) + E (gp(z))w3 (t)
\/| w (@) "+ w, (@) |+ wy(2) ]

Do do6 cong cua luc F trén mat Q 1a tich phan

[ fdo={ F@@OWIw@OF +[w,0)F +|w,(0) [
= ,.D [E (0())w (1) + E, (0())w, (1) + E, ((1))w, (¢)]dt

= | Fdydz + Fydxdz + Fydxdy

Day la tich phan mat loai hai.
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Ly thuyét dd do va tich phan con cho phép ching ta
ti€p can nhtrng thir rat phirc tap.

ey

Cho ¢ va d & trén mit Q. Ctr moi dudng cong S thude
16p C! nam trén Q nodi ¢ va d , ta tinh duoc d6 dai ca
ctia S. Chin dudi 1on nhat cac do dai nay, duoc goi la
khoang cach o(c,d) (metric) gitra ¢ va d.

Trong mot s6 trudng hop c6 mot dudng cong S ¢d dd
dai bang dung metric 8(c,d). Luc d6 S duoc goi 1a
duong egodic trén Q noi ¢ va d. Pay 1a dinh nghia
hién dai vé "duone thine"
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Neéu Q la mat cau don vi trong R?, cac "duong thang"
trén (2 1a cac vong tron giao tuyén gitra {2 va cac mat
phang d1 qua tam qua cau don vi.

Vi Q=R3{(0,0)}, x = (1,0) vay = (-1,0). Khoang
cach (trong do do Lebesgue) 1a 2 nhung khong co
duong thiang nao trong O chira ca x va .

¢ <
=
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