PE CUONG ON TAP 2017
D) do xdc suit

1. o do

Pinh nghia. Cho M la mot ho cdc tip con cia tdp X. Ta néi M la mot
o-dai s6 néu M thda

a) X e M,

b) N€u A € M thi A° e M

) Néu A, e Mn=1,2,... thi U2 A, € M.

Khi d6 (X, M) goi 1a mot khdng gian do dugc va phan ti cia M goi la
céc tap do dudc.

Hé qua. Cho (X, M) la mt khéng gian do dugc. Ta cé
a)) e M,
b) Neu A, e Mn=1,2,... thi N°, A, € M.

Bai tap. Ching minh hé qud bing cédch st dung ludt De Morgan

A\ JA =[N A), A\ A=A\ 4.

iel il il i€l

Ménh dé. a) Néu M; (i € I) la mét ho cdc o-dai s6 trén X thi Nie;M; la
mot o-dai s6. Cho F C P(X).

b) Bato(F)={A: Ae M, VF C M}. Khi dd, o(F) la sigma-dai s&
nhé nhdt chita F, nghia la cho sigma-dai sé° M,

FCM=o(F)CM.
Ta néi o(F) la o-dai s6 sinh ra béi F.
Bai tap. a) Chitng minh ba tinh chit clia o-dai s6. b) CM tinh nhd nhit clia
a(F).

Pinh nghia. Cho 7 13 ho cédc tAp md ctia R™. Khi d6 o-dai s6 nhd nhat trén
R" chita 7 goi 1a o-dai s6"Borel va ky hiéu 1a B(R"). Cdc phan t cia B(R")
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goi 1a cdc tdp Borel. Cac tap Borel thong thudng la cdc tip md trong R™, céc
tap déng trong R", giao d€m dudc cdc tip mS, hdi d€m dugc cic tap dong.

DPinh nghia. Cho (X, M) 1a mot khong gian do dugc. Mot dnh xa p: M —
[0, 00] goi 1a mot do do (duong) néu

a) Ton tai A € M sao cho u(A) < oo,

b) Né’u An EM,TL: ]_,2,... va AZﬂAJ :® (’l?é]) thi

H <U An) = ZN(AH)-

Khi d6 (X, M, 1) goi 1a mot khong gian do. Néu p(X) = 1 thi x4 goi 1a mot
do do xdc sudt va (X, M, ) goi 1a mot khdng gian xdc suat.

Ménh @é. Véi mdi ham ting F : R — R tén tai mot do do ky hiéu pp, goi la
do do Stieljes, xdc dinh trén o-dai sé Borel B(R) sao cho vdi moi a < b ta cé

pe(la,b]) = Fi(b) = F_(a),
pr((a,b)) = F_(b) = Fi(a),
pr(la,b)) = F-(b) = F-(a),
pe((a,b]) = Fi(b) — Fi(a),

Pinh nghia. N&u chon F(z) = x thi ur duge goi 1a do do Lebesgue trén R
va ky hiéu 1a m hay m;. VGi do do Lebesgue, ta c6 m({a}) =0, m((a,b)) =
m([a,b)) = m((a,b]) = m([a,b]) =b—a v6i a,b € R, a <b.

DPinh ly. Cho (X, M, p) la mt khéng gian do. Ta cé

a) p(0) =0,
b) Neu Ay e M, n=1,2, ... .mva A;NA; =0 (i # j) thi

H <U An) = ZN(An)-

c) Neu A,Be Mva AC B thi u(A) < u(B).
d) Neu A, e Mva A, C Apiq,, n=1,2,... thi

1
nh_{go 1(An) = p <U An)

[\9)
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e) Neu A, € M, A,y1 C Ap, va pu(Ay) < oo, n=1,2,... thi

lim ji(Ay) = p <ﬂ An>
n=1
) Neu A, e M, n=1,2, .. thi

1 <U An> <> (A

n=1

Bai tap CM tinh chat d) theo cdc budc sau

l) Bét B1 :Al, Bn :An\An_l,’I’L:2,3, CM BZHBJ :(thlZ#]

ii) CM A, = U, B,.

iii) CM A = U, B,

iv) Tinh pu(A,) va p(A) theo u(B;).

v) Suy ra dpcm.

BAI TAP

1. Cho X = {a,b,c}. Tim cdc o-dai s6 chita A = {a}. Pat F = {A}.
o-dai s6 nhd nhat o(F) 1a gi? Chira cic tdp hgp do dugc, cdc tap hgp
khoéng do dugc theo o(F).

2. Cho X = {a,b,c,d}. Tim cdc o-dai s6 chda B = {a,b}. Pit F = {B}.
o-dai s6 nhd nhat o(F) 1a gi? Chira cic tdp hgp do dugc, cdc tap hgp
khoéng do dugc theo o(F).

3. Cho a,b € R,a < b. CMR cdc tap hgp [a,0), (—o0,b],[a,b), (a,b] 1a
cac tdp Borel. Tap hgp {a} v6i a € R ¢6 phai la tdp Borel khong?

4. Cho a,b € R,a < b. Cho Fy={(a,00): a € R}.

(a) CMR o(F,) C B(R).

(b) Cho M la mot o-dai s6 trén R va gid st (a,c0) € M véi moi a €
R. Si dung ding thic [a,00) = ()2, (a — 1,00) CMR [a,00) €
M . Suy ra (—o0,b), (—00,b], (a,b), [a,b),(a,b] la cic tap hgp
trong M. T d6 suy ra o(Fp) cling ¢6 tinh chat nhu M.
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(c) Cho tap hgp U md trong R. Ly thuyét tdp hgp cho biét: tdp hop
cdc khodng I := (a,b) C U (vdi a,b € Q) la dém dugc, do d6, ta
c6 thé viét cdc khodng nay dudi dang day (I,), n = 1,2,... CMR
U=U.2, I, T d6 suy ra U € o(Fp) v6i moi tap mé U C R.

(d) St dung di€u trén CMR o(F,) = B(R).

(e) Tim cédc ho tdp hgp F khéc thdéa o(F) = B(R) .

2. Ham do dugc

Ménh dé. Cho (X, M) la mét khéng gian do duoc va f: X — Y. Khi dé
1ap
Ny={WcCY:fY(W)e M}

la mot o-dai sé trén Y.

Pinh nghia. Cho (X, M), (Y, ) la hai khong gian do dugc. Anh xa
f X — Y goi lado dugc n€u f~H (W) € M véi moi W € N. Né€u
(X, M) = (R*, B(R")), (Y,N) = (R* B(R¥)) thi f dudc goi 1a Borel do
dugc hay goi vdn tit 1a ham Borel.

Pinh ly. Cho (X, M), (R*, B(R¥)) la khéng gian do dugc. Anhxa f : X — R¥
la do dugc néu va chi néu f~1(U) € M vdi moi U la tap mé trong R™.

Bai tdp CM DPinh 1y theo cac budc sau:

i) Pat Ny = {W Cc RF: f71(W) € M}. CM N} 1a mdt o-dai s6 trong
]Rk

ii) CM B(R*) C N;.
Hé qua. Moi dnh xa lién tuc f : R" — RF déu la mét ham Borel do duoc.

Bai
m

tap. S dung tinh chit 4nh ngugc lién tuc clia mot tip mG 1a mot tap
va tinh chat n€u F C o—dai s6 M thi o(F) C M d€ ching minh ménh

(o
> (@) &/

Ménh dé a) Néu X,Y,Z la cdc khong gian do dugcva f- X —Y, g:Y — Z
la do dugc thi go f la do duoc.
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b) Néu X la khéng gian do dugc, f : X — R"™ do dugc va g : R* — RF do
dugc Borel thi go f la do duoc.

Bai tap. a) Chitng minh tinh chat (go f)~%(A4) = f~1 (g7 (A)) véi A C Z.
b) CM ménh dé.

Ménh dé. Ham f : X — [—00, 00| do dugc néu va chi néu mét trong cdc
diéu sau la diing véi moi a € R
a) (f >a):= f([a,oc]) do dugc.

b) (f >a):=f" 1((& o0]) do dugc.

c) (f <a):= fY([—o0,a]) do dugc.

d) (f <a):=f[—o0,a)) do duoc.

e) (f € (a,b):= f'((a,b)) do dugc vdi moi a < .
f(feV):=fV) do duoc véi moi tdp mé V C R.

Bai tdp. Cm ménh dé trén theo cdc budc sau

DCM (f >a)=U2, (f >a+1). T d6 CM a) = b).

ii) CM b) = ¢).

i) CM (f <a) =U2, (f <a—121). Tr d6 CM ¢) = d).

iv) CM (f € [a,b)) = (f <b)\ (f <a). Tk @6 CM (f € [a,b)) do dugc.
CM a—+ 4, <bvéid, =%2va (f € (a,b)) = U, (f € [a+ ,,b). Tix d6
CM d) = e).

v) St dung tinh chat: moi tip m§ V trong R déu c6 thé viét dudi dang
V =02 (an,byn), an < by, CM e) = ).

Ménh @é. Cho u,v : X — R la cdc ham sé do duge va ® : R?> — R lién tuc
thi h: X — R vdi h(x) = ®(u(x),v(x)) la mdt dnh xa do dugc.

Ménh dé. Cho day ham f, : X — [—00,00] do dugc thi sup f,, inf f,,
limsup f,, liminf f,, la do duoc.

Bai tap. Pat g(x) = sup,, fu(z), h(z) = inf, f,(z). CM
(g>a)=Uy2 (fn>a),(h<a)=U2(fn<a).
T d6 CM ménh dé.

Pinh nghia Cho H la mdt tdp hdp, A C H. Khi d6 ta dinh nghia

)1 (v e A
HA(I)_{O (x € H\ A)
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Ham nay con dudc ky hi€u 1a 4.

Ménh @é Cho X la khong gian do duge, A C X. Khi dé 1, do duwgc khi va
chi khi A do duoc.

Bai tdp. CM ménh @& trén bing cdch tm I'(V) v6i V mé. Xét cdc trudng
hgpa) 1 e V.0Z€V;b) 1V, 0e€V;c)1eV0eV;d)1&V,0&V.

Dinh nghia Cho X la khong gian do dudgc. Cho s : X — R. Ham s goi la
ham don néu s(X) chi ¢6 hitu han gid tri.

Ménh dé. Cho ham s : X — R ¢6 s(X) = {au, ..., an} vdi a; # o vdi i # j.
bdt A; = s «ay), ta c6

a) AiﬂAj :®leZ§£tva U?:lAi = X.

b) s = Z?:l aiHAi’

c) véi moi g: R — Rtacé g(s(z)) =7, g(c)la,

d) ham s do dugc khi va chi khi A; do duoc vdi moi i =1,2, ...

Bai tap. Ching minh ménh dé trén.

Dinh 1y. Vdi moi ham do dugc f : X — [0,00] ton tai cdc ham don do dugc
khong dm s, trén X sao cho

a)0 <53 <s <<

b) sp(x) — f(x) khi n — oo vdi moi x € X.

Bai tap. i) Ky hiéu [a] 1a s6 nguyén 16n nhdt khdng vugt qud o € R. CM
a—1<[a] <avanéua<Bthila] <[]

i) bat ¢, (t) = %L,f] 0<t<n)vap,(t)y=nvéit>n CMt—2""<
on(t) <t véimoi 0 <t <n. Tu dé suy ra lim, . ¢,(t) = t.

i) CM ¢, (t) < @nra(t).

iv) CM

k
Pn(t) = Z —H[%%)(t) + 1lljn00) (1)
v) bit s, (z) = p,(f(x)). CM (s,) thda dinh 1y.
BAI TAP

1. St dyng tinh chit (D): Ham f : X — [—o00, 0] do dugc khi va chi khi
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f((a,]) do dugc v4i moi @ € R CMR ham f(x) = 2z 1a do dugc
Borel trén R. C6 cdch chitng minh nao khac khong?

2. Cho f(z) = 2% H&i f c¢6 do dugc Borel hay khong? hdy kiém tra truc
ti€p bing tinh chit (D).

3. Bai tdp tuong tu véi

@) f(z)=2"2 (xz#0) va f(0) = +oo.
(b) f(z) =2~ (z #0) va f(0) = —oc.
© flz) =27 (z#0)va f(0) =1L

3. Tich phan Lebesgue cua ham khong 4m

Pinh nghia. Cho khong gian do (X, M, u), £ € M. Cho ham don do dugc
s: X = R, s(X)={a1,....,an} v6i o; > 0 (i =1,...,n). Ta dinh nghia

[ @@ = Y euntainm

=1

trong d6 A; = (s = ;) := s (). N€u f: X — R do dudc, ta dinh nghia

/ f(x)dp(z :oi‘i‘;f /E s(z)dp(x)

trong d6 s la cdc ham don do dugc.

Ménh dé. Cho khéng gian do (X, M,p), A,B,Ec M, f,g: X — R la cdc
ham do duoc.

a)néu 0 < f<gth [, fdu< [,gdpu

b)néu AC Bva f>0th [, fdu < [, fdp.

c)néu f>0va0<c<ooth [cfdu=c[,fdu

d)néu f >0 thi [, fdp= [, flpdp.

e) néu f(z) =c>0vdi moi v € E thi [, f(x)dp = cu(E).

) néu p(E) =0, f >0thi [, fdu=0
Bai tap. Ching minh ménh dé theo cdc huéng din sau

a) Lay s don, do dugc va 0 < s < f. CM [, s(x)dp < [, g(x)dp. T d6
suy ra dpcm.
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b) Lay s don, do dugc va 0 < s < f. CM [, s(x)dp < [ s(x)dp. Tir d6
cm ménh dé.

¢) Ldy s > 0 don, do dugc. CM ¢ [, s(x)dp = [, cs(x)dp. Suy ra: néu
0<s<fthlcfE d,u<fch )dju. Tu’doCMcfE z)dp < [, cf (x)dp
va suy ra [,cf(x d,u<cfE Y.

d) Liy s > 0 don, do du’dc CM fE d,u [x s(x)Ig(z)dp. T d6 suy
ranéu 0 < s < f thi fE Ydp < fX Ig(x)dpu. Mat khéc néu s’ don va
0<s < flpthi [, s( d,u< I f( d,u Tu’ dé suy ra dpcm.

e) Ap dung cu d).

f) Lay s don, do dugc va 0 < s < f. CM [, s(x)dp = 0. Suy ra f).

Ménh dé. Cho s,t la hai ham don do dugc khéong am trén (X, M, ), E € M.
Ta co
a) Ham ¢ : M — [0, 00) xdc dinh bdi

o(E) = /E sdp

la mét do do duong trén M.
b) [(s+t)du= [, sdu+ [,tdp.

Bai tap. a) Gid st s = > | a;la, v6i s(X) = {ar,...,an} va A; = s7H ().
Vi€t bi€u thitc cla ¢(E). Tir d6 CM cdc tinh chit clia do do.

b) Gia st them t = S°F Bl v6i t(X) = {51, ..., B} va B; = t7(5;).
CM fEﬂAmBj(s%—t)d,u — fEmAimBj sdu%—fEmAmBj tdp. T d6 suy ra ménh dé.

DPinh 1y hoi tu don diéu. Cho khong gian do (X, M, u), E € M. Cho (f,)
la day cdc ham do dugc trén X sao cho

a) 0 S fn(x) S fn—i—l(x) vai m.Oi n Z No

b) fu(x) — f(x) khi n — oo vdi moi v € X

Khi do f la ham do duoc khong dm va

n—oQ

lim fnd,u / lim fnd,u:/fd,u
E T E
ho

Bai tap. Ching minh dinh 1y hoi tu don di€u theo cdc cau sau:
a) CM L = lim,, o [, fudp ton tai va L < [, fdp.
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b) Cho ¢ € (0,1), s 1a ham don do dugc théa 0 < s < f. Pat A, = {z €
X: fu(z)>ces(z)}. CM A, C Ay va X =7 A,.

c) CM cfEmAn sdp < [, fadp.

d) CM lim,,_o fEmAn sdp = [, sdp.

e) suy ra [, sdy < L. T d6 [, fdu < L.

Ménh dé. Cho f,,g,h : X — [0,00] la cdc ham do dugc khéng am trén

(X, M, n). Ta cé
/(g+h)du=/gdu+/hdu
X X X

/X i Fudp = i /X Fudp

va

Bai tap. Chon hai diy ham don do dudc s,,t, thda 0 < 51 < s9 < ...,
0<t; <ty <...valim,_ s, =g, lim, . t, = h. Dung dinh ly hdi tu don
diéu d€ CM ménh dé.

B6 dé Fatou. Cho f, : X — [0,00] la cdc ham do dugc khong am. Khi do

liminf/ fnd,uE/liminffnd,u.
X x X

n—oQ

Bai tap. bt g, () = infy>, fu(z).
a) M gn S 9n+1-
b) CM [y gndp < [y fudp. ’
¢) St dung dinh 1y hoi tu don diéu suy ra két qua.

Ménh dé. Cho f : X — [0, 00] la ham do dugc, Véi E € M, dat

o(E) = /E Fd.

Khi do ¢ la mét do do duong trén M. Hon nita

/gdwzfgfdu
X X
9
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véi moi ham do dugc khong dm g : X — [0, o0l

Luu y D€ chitng minh mot s6 tinh chit cia tich phan Lebesgue ding vdi moi
ham f ching ta c6 thé dung ky thudt 4D: 1) CM cho ham dac trung, 2) CM
cho ham don do dugc, 3) CM cho ham duong do dugc, 4) CM cho ham do
dugc c6 dau bat ky.

Bai tap. Ldy A;, i =1,2,... 1a cdc tap do dudgc rdi nhau trén X.

a) St dung tinh chat Iy 4, = > 0" Ia,, CM (UL, Ai) = >0, @(4).

b) Ap dung dinh 1y hoi tu don diéu suy ra tinh chit cong tinh d€m dugc
cia o.

¢) CM cong thic [, gdp = [, gfdp ding n€u g la ham don, do dugc
khong am.

d) V6i ham g > 0, chon day s, cdc ham don do dugc thda 0 < s; < so...
va limy, .o S, = g. S& dung dinh 1y hoi tu don diéu CM cong thic [, gdp =
[ 9fdp.

DPinh nghia. Cho (X, M) la mot khong gian do dugc. B6 do A : M — [0, <]
goi 12 lién tuc tuyét d6i so v6i do do p: M — [0, 00] n€u véi moi £ € M
va u(E) =0 thi A(F)=0. Ta ky hiéu A\ < p.

DPinh Iy Radon-Nikodym Cho (X, M, i la mdt khéng gian do. Gid sit u la
o-hitu han, nghia la ton tai E; € M véi p(E;) < cova X =J, Ei. Néu \

la mét dé do duong trén M théa \ < pu thi tén tai mét ham do dugc khong
am h sao cho

ANE) = / hdu
E
véi moi E € M. Ta néi h la dao ham Radon-Nikodym ciia X\ d6i vdi i va ky
hiéu h = % hay hdp = d.

4. Tich phan Lebesgue ciia ham tong quat

Pinh nghia. Cho khdng gian do dugc (X, M, pu) va cho f: X — [—o0, 0]
1a do dugc. Ta néi f kha tich Lebesgue véi dd do p néu

/X (@) ldu(z) < 0.

10
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Ta ky hiéu tdp cdc ham kha tich Lebesgue 1a L'(X, M, 1) hay vin tdt L'(p).

Hé qua. Cho f, g do duogc trong (X, M, ). Néu g khd tich va |f(x)| < g(x)
voi moi x € X thi f khd tich.

Bai tap. Ching minh tinh chit nay.

DPinh nghia. Né&u f € L'(p), ta dinh nghia

[ gau= [ rran= [ rau
véi moi £ € M. Trong d6 f* := max{f,0}, f~ = max{—f,0}.

Bai tap. Ching minh céc ding thic
a) f(x) = fH(z) = [~ (2), |f(z )|—f+(if)+f()
b) (=f(2))" = [~ (z), (=f(2))” = [T (2).
) Néu ¢ >0 thi (cf(z ))+—Cf+( ), (cf(x))” =cf ().
d) N&u ¢ <0 thi (cf(z))" = —cf(2), (cf(x))” = —cfT(x).

Pinh Iy. Cho f,g € L'(11). Khi dé
a) af + Bg € LY(p) va

[t +sadu=a [ +5 [ gn

b)néu f <gth [, fdu < [, gdp.
o) | [ fdu| < [y [Fldp.
Baitap. ) Pith=f+g. CMht+f +¢g =h" + ft +4*.
i) CM [((f +g)du = [y fdu+ [y gdu.
iii) Cho c € R. CM [, c¢fdu = c [ fdp.
iv) CM b), c).

Ménh dé. a) Néu f do duoc, g € L'(p) va |f| < g thi f € L'(p).
b) Néu f,ge L*(n)va f<g thl X fdu < [ gdp.
¢) Néu f € L'(p) thi |f] € L*(u) va | [ fduf(< Ix | fldp.

Bai tap. Ching minh ménh dé trén.

DPinh Iy hoi tu bi chian chia Lebesgue. Cho g, (f,) la do dugc trén (X, M, p)
sao cho

11
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a) |fo(x)| < g(x) vdimoi x € X, n=1,2, ...

b) g kha tich,

c¢) f(z) = lim, o fo(x) ton tai véi moi x € X.
Khi dé e L'(u) va

lim fnd,u:/ lim f,du.
X x noee

n—oQ

Bai tap. Chiing minh dinh ly hdi tu bi chidn theo cdc ciu sau
i) bt F,(z) =2g(z) — |fu(z) — f(x)]. CM F,,(x) > 0 v6i moi x € X.
ii) Tim liminf, F,(z).
iii) Cho day sd thyc (a,) va c € R. CM

liminf(c + o) = ¢ + liminf o, liminf(—a,,) = —limsup a,,.

n—oQ n—oo n—oQ n—00

iv) Dung iii) d€ bi€n d6i liminf, [, F,(z)du(x).
V) CM limy oo [ [ fu(2) — f(z)|dp(z) = 0 1i suy ra dinh ly.

5. Tap c6 do do khong
Ménh dé. Cho khéng gian do (X, M, ).

a) Neu A,Be M, AC Bva u(B) =0 thi u(A) =0.
b) Néu A, € M va pu(A,) =0, n=1,2,..., thi p(J,~, An) = 0.

DPinh nghia. Cho (X, M, ;). Ta néi do do p 1a ddy dii n€u véi moi A € M,
wu(A) =0 va cho B C Athi B € M. Trong trudng hgp nay, o-dai s6 M

ciing goi 1a ddy du.

Ménh dé. Cho (X, M, ). Goi M* la ho cdc tdp E C X sao cho ton tai
cic tdp A,B € M sao cho A C E C Bva u(B\ A) = 0. Khi dé dqt
W (E) = u(A). Ta duge M* la mot o-dai s6 ddy di trén X va u* la mét do

do ddy dii trén M*.

Bai tap. Ching minh ménh dé trén theo cdc budc sau

l)Glé st ACEC Bva ,U(B\A):O,A1CEC31 va ,u(Bl\Al):O
v6i A, Ay, B, By € M. CM u(A) = u(Ay). T d6 suy ra dinh nghia cda p*

hoan toan xdc dinh.
ii) CM M* 1a mot o-dai so.

12
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i) CM 1" 1a mot do do.
iv) CM tinh day dd clia (X, M*, u*).

Pinh nghia. Cho tip (X, M, u), cho £ € M thda u(E°) =0. Ham f : E —
R* goi 1a do dugc hdu hét trén X néu f~1 (V)N E € M v6i moi V mé trong
RF.

DPinh nghia. Trén (X, M, ), xét ham ménh dé P(z), x € X. Ta n6i P
ding hau hét trén £ € M néu tdn tai modt tdp hop A € M, u(A) = 0 sao
cho P(z) ding trén E \ A. Ta vi€t P ding hau hét khip ndi (hkn hay a.e.)
trén E. Né&u 12 dd do xdc suit, ta con néi P ding hau chic chin (hcc hay
a.s.) trén E .

Bai tap. Cho (X, M, ). Cho f, g, fu gn : X — R.

1) Né’l’l fi=g, fa=g hknthi fi £ fo =g igZ,,f1f2 = g192 hkn.

ii) Néu f, = ¢, hkn v6i moi n = 1,2,... va néu lim, ., f, = f hkn,
lim,, o g, = g thi f = g hkn.

iii) Néu ton tai M > 0 sao cho |f(x)] < M hkn thi ta n6i f bi chin hkn.
CMR néu f, g bi chin hkn thi f &+ g, fg bi chin hkn.

iv) Néu f bi chin hkn. Dit ||f|le = inf{M : |f(z)] < M hkn}. CM
7)) < [1f]l k.

v) Néu f, g bi chdn hkn thi

f+9lloe < [ fllse + llglle-

Ménh dé. Trén (X, M, ) cho E € M.

a) Néu f,g: X — [0,00] do dugc va f =g h.h. thi [, fdu = [, gdp.

b) Néu f,g : X — [—o0,00], f khd tich va f = g h.h. thi g khd tich va
Je fdu = [y gdp.

c) Néu f : X — [0,00] do dugc va [, fdp = 0 thi f=0 h.h. trén E.

d) Cho f khd tich. Néu [, fdu =0 vdi moi E € M thi f =0 h.h.

e) Cho f khd tich. Néu
‘/ fdu‘ =/ | fldp
X X

thi |f| = f hay |f| = —f h.h. trén X.
Bai tap Chitng minh ménh dé trén

i) CM a) bang cich CM [ f(z)dp = [,. f(x)dp.

ii) Theo gid thi€t, ton tai A € M, u(A) =0, sao cho f(z) = g(z) v6i moi
ze A CM [, fH(z)dp = [,. f(x)dp. T d6 suy ra dpem.

13
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iii) CM ). Pat B, = {z € X : f(z) > 1}, E={z € X : f(z) > 0}. CM
wE,) =0va E=,", E, Tidé suy ra c).

ivyCM d). Pat E = {z € X : f(z) > 0}. CM [, fH(x)dp = [, f(z)dp.
T d6 suy ra f© =0 hkn. CM f~ = 0 hkn. T d6 suy ra f = 0 hkn.

Pinh ly. Cdc dinh Iy héi tu don diéu, bé dé Fatou, dinh Iy hoi tu bi chdn vin
diing néu cdc tinh chdt duogc thay bdng tinh chdt h.h.

DPinh ly. Gid sit (f,) la mét day ham do dugc xdc dinh h.h. trén X sao cho

Z/ | faldp < oo
n=1 X

Khi dé chudi .
fl@) =" falx)
n=1

hoi tu voi h.h. x va f khd tich. Ngoai ra

/ngndﬂzg/and#

Pinh nghia Cho doan (a,b) va cho zg = a < 27 < ... < x, = b. Tép
P = {xo,...,x,} goi 1a mdt phin hoach cia (a,b]. Cho ham f : (a,b) — R.
Dét mn = inf(mnflyzn) f(x)7 Mn = Sup(mn,h(ﬂn) -f(x)

m; = inf f(z),M; = sup f(x),i=1,...,n— 1.

("Eiflvri] ("Eiflvri]

Tdng

n

L(P, f) = Zmz(xz - l’i_l), U(P, f) = ZMZ(I’Z — 1’@'—1)

i=1

goi 1an lugt 1a tdng dudi va tong trén clia f theo phan hoach P. Ham s6 f
goi 1a khd tich Riemann trén khodng (a,b) n€u

sup L(P, f) = inf U(Q, f).
P Q

14
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DPinh ly. Ham f khd tich Riemann trén (a,b) thi f ciing khd tich Lebesgue
trén (a,b) va

/ fe= [ jaante)

Bai tap Dung cdc ciu gdi y, CM ménh dé trén cho trudng hdp f 1a ham do
dugc Lebesgue trén (a,b] va f > 0. Nhic lai, d0 do Lebesgue m trén R thda
m((a,B)) =0 —a véi o, € R, a < . Ngoai ra m({a}) = 0.
i) V61 moi phdn hoach P: xg=a < 21 < ... <z, = b, dit
m; = inf  f(z),M;= sup f(z).

21 <TLL; 21 <z<z;

Z Millz, 2 (T Z Mil(z; y2(z

CM
/( | oP@)im(@) = L(P. ), /( | Sp(@hm(a) = U(P. )

ii) Cho P, Q 1a hai phan hoach ctia khodng (a,b]. CM sp < f < So.

iii) Suy ra L(P, f) < f(a g [ (@)dm(z) < U(Q, f) va ta 6 dpem.
Phuong phap chitng minh ham f kha tich Riemann

Ham f khd tich Riemann trén R khi va chi khi cdc di€u sau thda:

a) Ton tai khodng (a,b) bi chin sao cho f(z) =0 v6i moi = ¢ (a,b).

b) Tén tai s6 M sao cho |f(z)| < M véi moi = € (a,b).

c) Ham f lién tuc trén (a,b) \ A v6i A C R 1a tap c6 m(A) = 0.
Luu y. Tap A hitu han hay A d€m dudc (A = {21, 79,...}) c6 dd do O trén
R.

Phuong phip chitng minh ham f kha tich Lebesgue bing tich phian Rie-
mann
Ham f kha tich Riemann thi f kha tich Lebesgue va

R) / )z = (0) / " F(w)dm(a)

BAI TAP
Khdo sdt tinh kha tich Lebesgue cia f trén khodng dudc cho
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1. f(z) =222 grén (0,1)
2. f(x) = +/x trén khodng (0, 2)

Phudng phdp chitng minh mot ham f khong kha tich Lebesgue trén (a,b)
Cdch I: CMR |f| > g > 0 va g khong kha tich Lebesgue trén (a,b).
Céch 2: Tim ham f, théa 0 < f, < |f| va limye [ fudz — 0.

Cdch 3: Chiing minh ham f khong kha tich trén khodng (c,d) C (a,b).

Ghi nhé. Ham f(z) = = khong khd tich trén (0,b) (b > 0) néu a > L
Ham f(z) = 25 khéng khd tich trén (b, 00) néu 3 < 1.

BAI TAP

Khdo sdt tinh kha tich Lebesgue cia f trén khodng dudc cho

1. f(z) =1 trén khodng (0, c0)
2. f(z) =z trén khodng (0, c0)
3. f(z) = =5 (@< 1) trén (1,00)
4. f(z) = : trén (1, 00)

5. f(z) =< (a < 1) trén (0,00)
6. f(z) =25 (3>1) trén (0,1)
7. f(z) = L wén (0,1)

8. f(z) =%5 (B>1) trén (0, 00)
9. f(x) = £ trén (0,00)

10. f(x) = =22 trén (0, 00)

xT

Phuong phap chitng minh ham f kha tich bing tich phin Riemann suy
rong
Céch 1 (tryc ti€p): St dung dinh 1y hoi tu don diéu ta c6 th€ CMR néu
a) ham f >0
b) ham f kha tich Riemann trén moi khodng bi chin [c,d] C (a,b)

16
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d
lim / f(z)dr < oo

c—at,d—b—

Thi ham f kha tich Lebesgue trén (a,b) va
b b
| t@yimi@) = [ s

Ghi nhé. Ham
—‘a‘ O<ax<xl
f(f) = {z ( )

5 (@21

khd tich Lebesgue khi va chi khi o < 1 < [3.

Céch 2 (gidn ti€p): Ham f kh3 tich néu

a) f do dugc Lebesgue,

b)|[f] < g va

c) g khd tich Lebesgue (chitng minh bing cich diung cdch 1).

Cdch 3 (chia nhd): Chia khodng (a,b) = AU B sau d6 ching minh f kha
tich trén A va trén B.

BAI TAP
Khéo sit sy kha tich cia
k

1. f(z) =e 2! trén (0,00). HD: ta ¢6 BPT e* > % khi x > 0.
2. f(x) =% wen (0,1).

3. f(zr) =e *lsinz trén R

4. f(x) =e** (k> 0) trén R

Phuong phiap chitng minh tich phan phu thujc lién tuc vao tham sé
Ménh dé Cho ham s6 f : I x (a,b). Gid sit

a) vdi méi \ € (a,b) ham x — f(x,\) do dugc theo x

b) ton tai limy .y, f(x,\) = h(z)

c) ton tai ham g khd tich trén I va khodng [ag, bo] C (a,b) sao cho Ny €
lag, bo] sao cho |f(z,\)| < g(x) vdi moi x € I va X\ € [ag, byl.

17
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bar H(\) = [, f(x, N)dz. Khi dé ta cé

mn/f@Ame/hmf@Amx_Aﬁ@mx

A— Ao I A—=Xo

Néu limy_y, f(x,\) = f(x, o) vdi moi x € I thi limy_, H(X) = H()\),
nghia la F lién tuc tai \.

BAI TAP

1. CM ménh dé trén theo cdc budc sau

i) Cho day t, — to. Pat F,(z) = f(x,t,). S& dung dinh ly hoi tu bi
chin CM

lim Fn(x)da::/ lim F,(z)dz.
I I

n—oo n—oo
ii) Suy ra két qud can CM.
2. Chiéng minh cidc ham sau li€n tuc

[ sin(Af(s))ds v6i f 1a ham do dugc trén (0,1).

(@) F(\)
(b) F(\) = [ sin(\s)f(s)ds vi f 1a ham kha tich trén (0,1).

(
(

() F(\) = [~ cos(As)f(s)ds v6i f 1a ham khd tich trén R.
(

(d) F )\) f(] sm)\sds

e) I'(a) = jﬁt e~'dt, a > 0. HD: Xét ham f(t,a) = t* le~tdt.

Gid st a; > « 2 ag > 0, CM | f(t,a)| < g(t) v6i g(t) = too~!
(0<t<1)vag(t)=t"te" n€ut>1.

(f) Cho g kha tich trén R, f y)dy = 1, cho f lién tuc va bi chian
trén R. CMR
lim [ f(z = ey)g(y)dy = f()

(g) Cho g kha tich trén R, [*° g(y)dy = 1, cho f lién tuc va bi chin
trén R. CMR

gg%E/ 0 (I‘t)dt=f<x>-
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3. Tinh cdc gidi han sau

(a) hmn—»oo fO MW

(b) lim,,_ fo (1 + E)ne_zrdx
(©) limpoo [y (1 —2)" e/ ?da

Phuong phap tim dao ham cia tich phian phu thujc tham sé
Ménh dé. Cho f : I x (a,b) — R. Gid sit

a) vdi méi \ € (a,b) ham x +— f(x,\) khd tich theo x

b) véi mbi x € I ham X\ — f(x,\) cé dao ham theo \

W@A‘<g

c) tén tai ham g khd tich sao cho ‘ x) véi moi x € 1

bat F(\) = [, f(x, N)dz. Khi dé
dr Of(x, \)
el B A AT Y
) /, o
BAI TAP

1. CM ménh dé trén theo cic budc
i) Pat F(x,h) = LE2ANZ1@A) gy qung dinh 1y Lagrange CM

|F(, h)| < g(x).

ii) Ding ménh dé vé gidi han cia tich phian theo tham s6 dé CM ménh
dé trén.

2. Tim dao ham cla F(t) = [*_ f(z)sintzdz véi f(z),g(z) = zf(z) 1
cdc ham kha tich trén R

3. Tim dao ham cta F(t fo )sin tzdx v6i f(x) kha tich trén (0,1).

4. Tim dao ham cda I'(«). HD: Chon «vp, 1 sao cho 0 < ap < o < .CM
[te~te~tInt| < g(t) v6i g 1a mot ham kha tich can tim.
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Phuong phéap 14y tich phan cia chudi

Ménh dé. Néu
a) f, la cdc ham do dugc khong am trén (a,b) hay
b) néu f, la cdc ham do duoc trén (a,b) thda

0o b
> [ It < oc

thi ) oo o
/ an(x)dx = Z/ fo(x)dx

Ghi nhé. Mot s khai trién thong dung

T = "

€ = D
n=0

' B i (_1)nl.2n+1

ma = 3oL

n=0

0 —1)"p2n
sz = 3 DT

—~ (2n)!
- g(_lw (o] < 1)

> (=1 n+1,.n
In(1+z) = ; % (lz] < 1).
BAI TAP
1. CM ménh d€ trén bing cdch dit g(x) = > o, | fe(2)].
2. Vi€t dué6i dang chudi
O
(b) [, Sy

xT

20

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

1 gr—1 .ozPTl oo —1(..2 2n+1
©) [y Gaade. HD: 5 = >0 aP~ (@' — 27"

6. Bién ngiu nhién

DPinh nghia. Trén khong gian xdc suit (2, M, P), 4nh xa do dudc X : Q —
R* goi 1a bi€n ngiu nhién.

Ménh dé. Cho bién ngdu nhién X va tdp Borel B C R¥, ta dit Px(B) =
P(X € B). Khi dé, Px la mét dj do xdc sudt trén R*. Hon nita, vdi moi ham
Borel g : R¥ — R sao cho go X € L'(PP) thi

/XGBQ(X(”WW) = / g(x)dPx ().

B
Pé do Px goi la phan phdi cia X.

Bai tap. i) CM Px 1a m6t d6 do trén B(R).

ii) CM ding thic trong ménh dé theo k§ thuit 4D. Truéc hét CM véi
g =Ip trong d6 B € B(R¥). Mudn viy, ta ki€m tra [5(X(w)) = Lx(,)es-

iii) CM dang thifc véi g 12 ham don do dugc trén B € B(R*).

iv) CM véi g 1a ham khong 4m do dugc.

v) St dung phan tich ¢ = g* — g~ dé chitng minh cho trudng hop tong
quét.

DPinh nghia. Ham Fx(z) = P(X < z) goi 1a ham phan phdi tich liy (cdf:
cumulative distributrion function) cia X. Ta ciing quy uéc dFx := dPx.

Ménh dé Cho bién ngdu nhién X : Q — R. Ham Fx théa
a) 0 < Fx(r) <1VzeR,
b) Fx khong gidm, nghia la Fx(z) < Fx(y) khi © <y,
¢) Fx lién tuc bén phdi, nghia la limy_ .+ Fx(t) = Fx(x),
d) lim,_,_ Fx(z) =0, lim,_ o Fx(z) =1

Bai tap. (i) CM a) biing dinh nghia.

(ii) S& dung tinh chdt ting ctia do do (A C B va do dugc thi P(A) < P(B))
dé CM b).

(iii) St dung tinh chdt don diéu lim,_, P(A4,) = P(N>; A,) véi moi A,
do dugc, A, C A, d€ CM o).
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(iv) S& dung tinh chit don diéu va tinh chit P(A°) = 1 —P(A) d€ CM d).

Pinh nghia. Bién ngiu nhién X : Q — RF goi 1a bién ngdu nhién lién
tuc n€u Px < my, nghia 12 v6i moi tip Borel do dugc B trong R* thda

Ménh @é Néu bién ngdu nhién X : Q — R¥ la bién ngdu nhién lién tuc thi
ton tai ham khd tich Lebesgue fx : R¥ — R (goi la ham mdt dé ciia X) sao
cho fx(x) > 0 va vdi moi tdp Borel B € R ta c6

P(X € B) = /BfX(a?)dmk(x).

Ménh dé Xét bién s6" ngdu nhién lién tuc X : Q — R. Khi do
a) fx(x) > 0va [7 fx(z)de =1,
b) Pla < X <b) = [* fx(z)da
c) Fi(z) = fx () tai moi diém lién tuc x cia fx.

Pinh nghia Bién ngiu nhién lién tuc X : Q — R goi 12 ¢6 phdn phéi chudn
vdi trung binh p va dé léch chudn o, ky hiéu la X ~ N(u,0?), néu

1 _(a—p)?
(CETh

fX(I)Z\/We 207 .

Néu = 0,0 =1 ta n6i X c6 phdn phéi Gauss.

Ménh dé Néu X ~ N(u,0?) thi ta c6 P(X > p+a) = P(X < pu— a),
P(X < p) = 0,5. Ngoai ra bién ngdu nhién 7 = % s€ ¢é phan phoi Gauss.

Pinh nghia Cho bi€n ngdu nhién X : O — R ¢6 X(Q) = {z;]| j € J} v6i
J C N. Ta n6i X 1a bién ngdu nhién roi rac. Him s6 fx(x) = P(X = z)
goi 1a ham mdt dé cia X.

Ménh dé Cho X la bién ngdu nhién roi rac 16y cdc gid tri x;, i € I. Khi dé
pi = fx(xi) 2 0va 32 pi = 1.

Phuong phap tim ham mit d ctia bién ngiu nhién lién tuc bing dinh
nghia
Cho X c¢6 ham mit d0 fx. Ta tim ham mat d6 cta Y = h(X).
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Budc 1: v6i mdi y € R ta tim tdp A, = {z : h(z) <y}
Budc 2: Tim Fyx(y) = P(h(X) <y) = fAy fx(x)dz

BAI TAP
1. Cho X : Q) — R la bi€n ngiu nhién. CMR P(X =) = F(z) — F(z7).

2. Cho bi€n ngiu nhién lién tuc X c6 ham mat d6 fx. Tim f.x.q theo

Ix-
3. Cho X ~ N(u,oc?).

(a) Ching t6 cX + d ~ N(cu +d, *o?),
(b) Ching & £ ~ N(0,1),
(c) Cho X ~ N(3,4), tinh P(1 < X < 3),

(d) Cho X ~ N(1,9), tinh a,b d& P(X < a) = 0,506, P(X > b) =
0, 198.

(e) Cho X ~ N(20,4;3,5%). Tim P(X < 18,1), P(X > 17,9), P(X <
18,1|1X > 17,9). Tim t @€ P(X < t) = 0, 444.

(f) Cho X ~ N(5,0%). Cho P(X < 3) = 0,3. Tim P(X > 7),
P(X <T7),PB<X<T).

(2) Cho Y ~ N(12,02) va P(10 <Y < 14) = 0,6. Tim P(Y > 14),
P(Y <10), P(12 <Y < 14), P(Y < 14]Y > 12).

(h) Cho X ~ N(—5,02). Cho P(X < —3) = 0,8 Tim P(X < 7),
P(—-7 < X < =b).

4. Cho bién ngﬁu nhién li€n tuc X c¢6 ham mat d6 fyx. Tim ham mat do
cia Y = e¥ véi

@) fx(z)=e*v6iz >0, fx(z)=0v6i z <.
() X ~ N(0,1).
(¢) X ~ N(u,0?).

5. Cho bi&€n ngiu nhién lién tuc X c¢6 ham mat do fy.

(a) Tim fx2 theo fx,

23

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

10.

(b) Tim fx2 néu X ~ N(0,1),

(c) Cho X ~ Uniform(—1,3). Tim fx-
Cho X c6 ham xdc sudt tich liily Fly.

(a) CM P(X =xz) = Fx(z) — Fx(z7)

(b) Tim Fx+ v6i X+ = max{X,0}.

. Mot mdy dong g6i bot mi dong cdc bao cé trong lugng tuin theo phan

phdi chuin c6 trung binh 12 150 kg va do l1éch chuin 1a 0,5 kg. Chon
ngiu nhién mdt bao, tim xdc suit dé€ bao d6 c6 trong luong a) < 149
kg; b) > 151,5 kg; ¢) nim gitta 149 kg va 151 kg.

. Mot nha ndng chd 850 bdp céi di ban. Gid sl trong lugng bip cdi 1a

mot bi€n ngiu nhién c6 phan phdi chuin véi trung binh 1,1 kg va do
léch chuin 150 g. N&u nha ndng nay I1dy ngiu nhién mot bip cai thi
xdc suit d€ né c6 trong lugng nim giita 1,2 kg d&€n 1,3 kg 12 bao nhiéu.
UGc lugng xem ¢6 bao nhiéu bdp cdi ¢6 trong lugng > 1,4 kg?

. Pi€m s8 trong mot ky thi tudn theo phin phdi chuin c6 trung binh p

va @6 léch chuin o. Gia st thang di€m 12 100. N&u 10% thi sinh dat
trén 80 di€m va 20% thi sinh thdp hon 45 di€m. Tim p, 0.

Khdi lugng mdt géi rau ban tai mot siéu thi rau sach 12 bi€n ngiu nhién
c6 phan phdi chuidn véi trung binh 550 g va @6 1éch chuin 20 g.

(a) Chon ngiu nhién mot géi rau. Tim xdc sudt d€ géi rau dé cé
trong lugng trong khodng 500 g dén 600 g.

(b) Trong mot ngay c6 1200 géi rau dugc ban. Tim sO rau ma trong
lugng cla né > 540 g.

(c) Tai mot siéu thi gan d6, 15% géi rau dudc ban cé trong lugng it
nhi't 600 g va khong nhiéu hon 10% rau dugc bdn cé trong lugng
< 540 g. Gia st trong lugng rau M clia cdc géi rau cda siéu thi
ndy tudn theo phan phdi chudn. Tim trung binh va d6 l1éch chuin
ciia M.

7. Véc-to ngiu nhién
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DPinh nghia. Cho bi€n ngiu nhién V = (X1, ..., X). Ham Fy (x4, ...,73) =
P(X) <my,..., Xy < 1) goi 1a ham xdc sut tich lily cda V.

Ménh dé Ta cé
a) 0 < Fy(xy,...,xx) < 1v6i moi (11, ...,13) € RE,

lim  Fy(xy,..,zr) =0, lm Fy(zy, ..,z =1

z;——00,V1i z;——400,Vi

b) Néu X; la cdc bién ngdu nhién roi rac, ddt fy(xy,...,x;) = P(X; =
X1y ey Xk = k), (21, .0,2%) € J thi Z(zhm’mk)e‘, fv(z1,...,xr) =1 va

Fv(l'l,...,l’k) = Z .fV(slw"ask)

51521, 8, <Tg

c) Néu X; la cdc bién ngdu nhién lién tuc thi ham mdt do fi(z1, ..., xy) > 0,

Fv(l’l,...,l’k):/ / fv(sl,...,sk)dsl...dsk

N _ _OFfv
va fV = Ox1..0T)

DPinh nghia. C4c bi€n s6 ngdu nhién X;: Q — R, i = 1,...,n, goi 1a déc ldp
néu v6i moi tip Borel do dugc B; C R, i=1,...,n ho cdc bi€n c6 (X € B;),
1=1,...,n1a doc lap.

Ménh dé Cho cdc bién ngdu nhién (Xi)iz=1,..n ddc ldp va g; : R — R la cdc
ham Borel thi g,(X1), ..., go(X,,) ddc ldp.

Ménh dé Ho cdc bién ngdu nhién (Xi)iz1...n la ddc lap khi vdi moi ho cdc
s6 nguyén 1 < iy < ... <1, <nta co.

FXi1~~~Xik (xi1> ) Ilk) = FXi1 (xl1)FX1k (xlk)
va

Trong do FXi1~~~Xik la ham xdc sudt tich liiy dong thoi ciia ho X;,, ..., X;,

Fx, la ham xdc sudt tich liiy cia X;.

Ménh dé. Cho (X:)i=1,..n la cdc bién ngdu nhién roi rac doc ldp. vdi moi
ho cdc s6 nguyén 1 < i, < ... <1, <nta cé

in1~~~Xik (xi1> 7xlk) = in1 (xl1)szk (Ilk)
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VOl inl"'Xik (l’il, ,l’zk) = P(Xi1 = Ty, ---;Xik = I’Zk)

Ménh d@é Cho X,Y : Q — R la hai bién ngdu nhién déc ldp va lién tuc, khi
do

a) fxiv(z ) fx x fr(2) = 2 fx(z = y) fr(y)dy

b) fxyv(z) = [y yfx(z fY( )

mm&mw
a) néu X ~ N(0,1) thi X? ~ x*(1)
b) néu X ~ N(O ) vaY ~ x%(m) doc lap thi Z = ﬁm cé phan phdi
Student vdi tham sé n
c) néu X ~ x*(n),
d) néu X ~ x*(n),
Snedecor vdi tham sé

Y ~ x%(m) déc lap thi X +Y ~ x*(m +n)
Y ~ x?(m) déc lap thi Z = X/ c6 phan phéi Fisher-
Unn)

Ménh dé Cho X ~ N(ux,0%), Y ~ N(uy,o%) doc ldp. Cho X1, ..., X,, ddc
ldp va cé cung phdn phdi N(u, o). Khi dé

a) cX +d~ N(cux +d,c*o%)

b) (X — px)/ox ~ N(0,1)

C)X+YNN(MX‘|‘,UY>UX‘|'UY)

)X = 5L X~ Nip, o)

e) oz >y (Xi — p)* ~ x*(n).

Phuong phap tim ham mat d cia Z = r(X,Y)
Buéc 1 Tim tap hop B, = {(z,y) : r(z,y) < 2}
Budc 2 Tinh F; = P(Z < 2) = [; fxy(v,y)dvdy
BuGe 3 Tinh f, = F,

BAI TAP
1. Tim ham mat dd cda

(@) Z =X +Y v6i X,Y dodc lap va c6 phan phdi déu trén khodng
(0,1). Nhic lai, Bi€n ngiu nhién X c6 phan phdi déu trén doan
(a,b)(ky hieu X ~ Uniform(a,b)) néu fx(z) = 7 néu z €
(a,b), fx(x) =0néu z & (a,b).

(b) Z = X/Y vé6i X,Y ddc lap va c6 phan phdi déu trén khodng
(0,1).
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(©) Z = max{Xy,..., X, } bi€t X1,..., X,, ddoc 1ap va c6 ciung phin
phdi fx. HD: max{xy,...,7,} < z nghia 1a 7y < z,...,7, < 2.

(d) Z=min{Xy, ..., X,,} bi€t X1, ..., X, ddc 1ap va ¢6 cung phan phdi
Ix.

8. Cac tham so dic trung

Pinh nghia. Cho (Q, M,P) l1a khong gian xdc suidt va X,Y 1a bi€n ngiu
nhién trén Q. N€u X € L'(P) ta dinh nghia

a) Ky vong (expectation, hay trung binh) cia X: pux = EX := [, X (w)dP(w)

b) Phuong sai (variance) cia X: varX := E(X — ux)?

¢) Moément thit n clia X: E(X™)

d) Ham sinh mément (moment generating function) cia X: Mx(t) =
E(eX).

e) Hiép phuong sai (covariance) cia X,Y: cov(X,Y) =E(X — ux)(Y —
[y )-
Pinh ly. (Quy tic Lazy Statistician) Cho X : Q — R* la bién ngdu nhién

c6 ham mdt do fx va g : RF — R la mot ham Borel.
a) Néu X la bién ngdu nhién roi rac, X (Q) = {1, o, ...} thi

E(g(X)) =Y g(@)P(X =x:) = > glw) fx ().
b) Néu X la bién ngdu nhién lién tuc va g(X) > 0 hay g(X) € L}(P) thi

E(g(X)) = / o) fx ()d.

Rk

Bai tap. Dung k§ thuit 4D ching minh dinh ly cho trudng hop bi€én ngiu
nhién lién tuc theo ciac budc sau:

(i) Xét trudng hdp g(x) = Ip(z) v6i B € B(R*¥). CM ¢g(X (w)) = Ixep(w).
Tir d6 suy ra ding thifc.

(i1) Cm cho trudng hgp g 1a ham don.

(ii1)) Cm cho trudng hgp g > 0.

27

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

(iv) Cm cho trudng hdp tdng quat bing cach ding phin tich g = g+ — ¢~

Ménh dé (vé EX). Cho X, Y la hai bién ngdu nhién xdc dinh trén cing khong
gian xdc sudt. Ta cé

a) neu X,Y c¢6 cung phan phéi va g(X) € LY(P) thi g(Y) € L'(P) va
E(g(X)) = E(g(Y).

b) E(c) = ¢ vdi moi ¢ € R.

c)néu X, Y € L}(P) thi aX+3Y € L'(P) va E(aX+3Y) = aEX +[EY.

d) Néu X <Y hdu chdc chdn thi EX < EY.

e) néu X > 0 hdu chdc chdn va EX = 0 thi X = 0 hdu chdc chdn.

f) néu X € L'(P) thi |X| € L'(P) va |E(X)| < E(|X]).

g)néu Xq,.... X, : Q — R la cdc bién ngdu nhién djc ldp va ¢ : R — R
la cdc ham Borel sao cho g;(X;) € L'(P) thi

E(91(X1).-9n(Xn)) = E(g1(X1))- E(gn(X0)).

Bai tap. Ching minh dinh 1y trén.

(i) Cm E(g(X)) = Eg(Y) bing ky thuat 4D.

(ii)) Cm b) , ¢), d), ) bing cdc tinh chat clia tich phan.

(iii) Cm e) baing cdch xét cdc tiphdp E, = {X > 2} ={w € Q: X(w) > +}.
CMR P(E,) =0va {X >0} =UX,E,. Tx d6 suy ra P(X > 0) = 0.

Ménh dé (vé varX va cov(X,Y)). Cho X,Y € L*(P), a € R. Ta cé X €
LM(P) va

a) var(X + a) = var(X), var(aX) = o?var(X), var(a) =0

b) var(X) = B(X?) ~ (B(X))

c)cov(X,Y)=E(XY)-E(X)E(Y), néu X,Y doc ldp thi cov(X,Y) =0

d) var(aX + BY) = o*varX + f*var(Y) + 2afBcov(X,Y)

e) (cong thitc Biennayme) néu X1, ..., X, : Q@ — R la cdc bién ngdu nhién
doc lap va X; € L*(P) thi

var <i XZ-> = ivarXi
i=1 i=1

Ménh dé (vé ham sinh moment). Cho bién ngdu nhién X,Y,X; : Q@ — R
c6 X ety eXi ¢ LY(P), i = 1,...,n trong mdt khodng mé (ciia bién t) chita
0. Cho X4, ..., X, doc lap .
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a) M (0) = E(X™).

b) néu Mx(t) = My(t) trong mot khodng mé chita 0 thi X,Y c¢6 cing
ham mdt do xdc sudt.

¢) Mxs..x,(t) = Mx, (t)... Mx,(t)

Phuong phap tinh EX, varX, ham moment

Cdch 1. Dung quy tdc Lazy Statistician:

EX =3, 2P(X = ;) hay EX = [, xfx(z)dx,

EX? =3 a?P(X = ;) hay EX? = [, 2*fx(x)dx va cong thitc varX =
EX? — (EX).

Mx(t) =3, e™P(X = 2;) hay Mx(t) = [, e fx(z)dx

Cdch 2. Dung céng thitc EX = M%(0), EX? = M” x(0).

Phuong phiap tim phan phdi cia X + Y biing ham sinh moment

Budc 1: Ta tim Mx(t), My (t)

Budc 2: Tim Mx .y bdng cdch sit dung Mx ,y(t) = Mx(t)My(t) véi X, Y
doc lap

Budc 3: Tie Mx_y xdc dinh phdn phéi cé ham sinh moment nay.

BAI TAP
1. Tim k¥ vong, phudng sai clia cdc bi€n ngiu nhién rdi rac ¢6 phan phdi
(a) Bernoulli(p): X : Q@ — {0,1} véi fx(1) =P(X =1)=p, fx(0) =
P(X=0)=1-np.

(b) nhi thitc Binomial(n,p): fx(k) = P(X = k) = CFp*(1 — p)"* vé6i
k=0,1,....n.

(c) hinh hoc Geom(p): fx(k) = P(X =k)=p(1—p)* 1t k=12, ..
OD<p<]

(d) Poisson(\): fx(k) = P(X =k) = e"\%

2. Tim ky vong, phuong sai cia cdc bi€n ngiu nhién lién tuc c6 phan
phdi (fx(z) = 0 tai cdc gid tri x khong chi ra)

(a) déu Uniform(a,b): fx(z) =+~ v6i z € [a,b].

b—a
(b) chudn N(u,0?): fx(r) = ﬁ@—(z‘éﬁ
(¢) mi Exp(3) (8> 0): fx(x) = 5e 7 (x> 0).
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(d) Gamma(a, ) (o, 8 > 0): fx(z) = %xa_le_ﬁm (x> 0).

© X*(p) 0> 00 [x(2) = grpg e e (2> 0).

(f) Beta(a, ) (a, 3> 0): fx(z) = Flﬂ(g;:(ﬁﬁ))xa‘l(l—x)ﬁ_l (0<z<1)

3. Tim him sinh moment ciia cdc bi€n ngiu nhién sau

(a) Binomial(n,p)
(b) Poisson()\)

(c) Chudn N(u,o?)
(d) Gammal(a, )

4. Cho X,Y doc lap. CMR

(@) n€u X ~ Binomial(n,p), Y ~ Binomial(m,p) thi X +Y ~
Binomial(n + m, p)

(b) n€u X ~ Poisson()\), Y ~ Poisson(u) thi X +Y ~ Poisson(\ +
1)

(©) néu X ~T(a, ), Y ~ (b, #) thi X +Y ~ T(a+b,3)

(d) n€u X ~ N(ux,0%), Y ~ N(uy,0%) thi X +Y ~ N(ux +
Hy s 0’%— + 012/)

9. Cac dinh ly gidi han

Pinh nghia Cho X, X, : Q — R la ddy cdc bi€n s6 ngiu nhién trén
(Q, M,P). Ta néi
a) X, hoi tu theo xdc sudt ti X, ky hieu X,, 2 X néu véi mdi ¢ > 0 ta

z

CcO
lim P(| X, — X| >¢€) = 0.

b) X,, hdi tu theo phan bé, ky hidu X,, ~ X n€u lim, .. Fx, (t) = Fx(¢)

¢) X, hoi tu hdu chic chin, ky hieu X, "5° X néu lim, .o P(X, —
X)=1

Ménh dé Cdc khdng dinh sau la ding
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a) X, 5 X thi X,, ~ X

b) X, S5 X thi X, B X
Ménh dé

a) (Bdt ddng thitc Markov) Néu X la mét bién ngdu nhién khong am thi
vdi moi a,p > 0 ta co
E(XP)

aP

b) (Bdt ddng thitc Chebyshev) Cho X la bién ngdu nhién cé trung binh

va phuong sai o*. Véi moi k > 0 ta cé

P(X >a) <

[\

PX —pl > k) <

=9

Pinh Iy (dang y&u cta luat s6 16n) Cho X1, Xs, ... la mét ddy cdc bién ngdu
nhién déc ldp cé cung trung binh E(X;) = p va phuong sai var(X;) = o

Khi do
1 n
i i=1

Pinh 1y (dang manh cia luit so 16n) Cho X1, X, ... la mdt ddy cdc bién
ngdu nhién doc ldp cé cung phan phdi véi trung binh E(X;) = u . Khi dé

1

Ménh d@é Cho Zy, Zs, ... la mdt day cdc bién ngdu nhién véi ham phdn phdi
tich lity Fyz, va ham sinh moment My, . Cho bién sé ngdu nhién Z cé ham
phén phéi tich lily Fz va ham sinh My. Néu My, (t) — Mz(t) vdi moi t thi
Fy,(2) = Fyz(z) tai moi z € R ma Fy lién tuc.

Dinh Iy gidi han trung tAm Cho X, X, ... la m{t ddy cdc bién ngdu nhién djc
lap c6 cung phdn phéi vdi trung binh E(X;) = p va phuong sai var(X;) = o>
bat S, =Y .. Ta cé ham phdn phéi xdc sudt ciia

S, —E(S,) (Xi+...+X,) —np

var(Sy) ov/n
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c6 thé xdp xi bang phdn phdi Gauss khi n — oo, nghia la, vdi moi a € R,

P((Xl‘l"l‘Xn)_nMSa)_)(b(a):L/ 6_t2/2dt‘
U\/ﬁ V2T J oo

Dinh Iy Moivre-Laplace Xét day phép thit Bernoulli véi xdc sudt thanh cong
la p. Goi X la sé lan thanh cong trong n phép thit. Khi do, véi meoi a € R,

ta co
X —
lim P <7np) < a) — ®(a)
b

Dinh 1y gi¢i han Poisson Xét day phép thit Bernoulli véi xdc sudt thanh cong
la p. Goi X la s6 ldn thanh cong trong n phép thit. Khi dé néu p — 0 va
np — A (0 <\ <o0) thi vai moi k=0,1,2,... ta cé

A\ k
lim P(X = k) = <2

Phuong phap 4p dung luit sé 16n

Bu6c 1: Ki€m tra tinh doc 14p va ciing phdn phdi cla cdc bi€n ngiu
nhién Y3, Y5, .... Ta st dung tinh chat:

-Néu X ~ Y thi g(X) ~ g(Y) va E(g(X)) = E(g(Y)).

-Né&u X doc 1ap v6i Y thi g(X) doc 1ap vé6i h(Y).

Budgc 2: Tinh p = E(Y7)

BuGc 3: Ap dung tinh chat

1 n
lim —» Y, = h.c.c.
S 2 Vs e

J=1

Phuong phap ap dung dinh ly giéi han trung tim

Cho day bi€n ngiu nhién dodc 1ap X, ..., X,, c6 cung trung binh va phuong
sai. Tim xdc sudt P(a < S, < b) v6i S, = >, Xi.

Budc 1: Tim p = EX; va 02 = varX;

Bu6c 2: Chuin héa

Pla < S, <b) = P(a_n“<5"_nu<b_nu)
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Luu y. Néu ta gip tich Y;...Y,, ¥; > 0 ta c6 thé dung cdng thifc

Pla < Y1...Y, <b) =P(lna < Zlan <lInb)
j=1
r6i 4p dung dinh ly gidi han trung tam.
Phuong phap tim xdc suit ctia bi€n ngiu nhién Bernoulli
Xét thi nghiém c6 x4c suat thanh cong 1a p, xdc sudt that bai 1a 1 — p.
Lap lai thi nghi¢m nay n lan doc lap. Ky hiéu X; 1a bi€n ngiu nhién xdc
dinh bdi: X; = 1 n€u thi nghiém thanh cdng, X; = 0 n€u thi nghiém that bai.
bit S, = X; + ...+ X,, thi S,, 12 s6 1an thi nghiém thanh cdng trong n lan

thi nghiém. Ta c6 S, ~ Bernoulli(n,p), E(S,) = np, var(S,) = np(1 — p).
Theo dinh ly gi6i han trung tdm

Pla< S, <b) = < a—np Sn —np b—mnp )

vnp(l—p \/np 1—0p \/np 1—0p
<I>< b—np >—<I>< a—np )
np(l — p) np(l — p)

Sp —np b—np
P(S, <b) = P
Bn <3 (x/npﬁv—p)< vﬂpOr—p)>

o b—np
np(1l —p)

1 1
P(S,=k) = IP’(I{:—§<Sn<k‘—I—§)

@(l{:—l—%—ﬂp)_@(k‘—%—np)
np(l —p) np(l —p)

Néu S, ~ Bernoullz( ,p) V6i A\ = np nhd thi ta c6 thé dung x4p xi
Poisson()). Khi d6 P(S,, = k) o &A"

12

12

12

BAI TAP
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l. Cho Y;, i = 1,2,... 1a i.id. va ¢6 Y; ~ Binomial(l,p). CM X, =
Sy Y ~ Binomial(n,p) va lim, .., 2= = p hiu chdc chin.

2. Cho X, j = 1,2,... 1a iid. v6i E(|X;]) < co. PatY; = ¢%i. CM
(Y1...Y;,)"" hoi tu t6i mot hiing s6 hdu chic chin.

3. Cho bi€n ngdu nhién X;, j = 1,2,... 1a i.id. Gid st E(|X;|*) < oc.
CM

1
lim —
n—oo N,

Y XF=EXf) hce
j=1

o

. Cho X;,j=1,2,...1a iid. vd X; ~ N(1,3). CM

. X+ ...+ X, 1 b
m - = — .C.C.
n—00 X%—I—...—I—X?L 4

)

. (Phudng phiap Monte-Carlo) Cho ham s6 g : (a,b) — R va g kha
tich Riemann trén (a,b). Cho ddy X, cdc bi€n nglu nhién iid. c6
X; ~ Uniform(a,b). CM

1o 1 [
nll_% - Zg(Xj(w)) =3z a/ g(x)dx h.c.c.
=1 a

6. Cho bi€n ngiu nhién X chua bi€t phan phdi va cho cdc quan tric

X1,...,X, 1a cdc bi€n ngiu nhién doc 1ap, c6 cling phan phdi véi X.
Tu Xi,..., X, hay tim cdc xdp xi (con goi 1a wdc lugng) cia cdc tham

s6 v6i gid st
(@) X ~ N(u,0?) véi p, o chua bi€t. Tim xap xi 1,6 (cha p, o).
(b) X ~ Poisson()\) v6i A chua biét. Tim .
(¢) X ~ Uniform(a,b) v6i a,b chua bi€t. Tim a, b.
(d) X ~ Binomial(k,p) véi k,p chua biét. Tim k, p.
(e) X ~ Gammal(a,\) v6i a, A chua bi&t. Tim a, A
(f) X ~ Exp(B) v6i 8 chua biét. Tim £.
Trong cdc bai tip trén, hay diing phdn mém R dé phdt sinh mot bo dif

lieu Xi,...,X, c6 phan phdi di cho va uSc lugng tham s& theo cic
budc md td nhu sau:
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(a) Chon phin phdi va chon tham s& (vi du nhu = 0,0 = 1),

(b) Phdt sinh bo dir liéu X;,...,X, c6 phian phdi di chon (vi du
N(0, 1)),

(c) Tinh w6c lugng cdc tham s6 tr bd Xi,..., X, (vi du tinh /i, 5),

(d) So sdnh két qua tir cong thitc uSc lugng vSi tham s& chon lic ban
dau (vi du: so sinh j1,6 vé6i 0, 1).

7. Cho bi€n ngiu nhién lién tuc X c6 cdc quan tric X,..., X, doc lap
cung phan phdi véi X. Cho a € R, h > 0.

(a) T cdc quan tric hdy tim uGc lugng cho P(a < X < a+ h). HD:
Pla < X <b) =E(Licx<p)

(b) Chitng minh ring n€u ham mat d0 fx lién tuc tai a thi fx(a) =
limy, o+ +P(a < X < a+h). T¥ d6 suy ra mdt udc lugng cho
fx(a).

(c) phdt sinh cdc bd dir liéu trén mdy tinh cam tay va du dodn xem
phan phdi ma mdy cai dit l1a gi?

8. Mot cong ty dinh gid bdo hiém 16¢c xody st dung cdc gid thi€t sau: a)
Mbi nim cé nhiéu nhit 1 con 16¢c xody, b) X4c suit cda mdi con 16¢
xody 1a 0.05, ¢) s6 16c xody hang nim la ddc 14p v6i nhau. Tinh xdc
sudt d€ c6 it hon 3 con 16c xody trong 20 nim.

9. Mot cong ty 1ap ra quy c6 tri gid 120 triéu dong d€ thudng cho nhitng
nhin vién c6 thanh tich cao trong nim. Mdi ngudi sé dugc thudng C
triéu dong. Cong ty c¢6 20 nhan vién va x4c sudt dat thanh tich cao cda
mdi nhan vién 1a 0.02. Xdc dinh s& C dé€ xdc suidt quy bi hét von thap
hon 0.01.

10. Mot ky thi tric nghiém c6 40 ciu, mdi cAu c¢é 5 ddp 4n. Mot sinh vién
cdm thdy khd ning lam mdi cAu ding 13 0.5. Tim x4c suit d€ sinh
vién nay gidi ding dugc it nhat 25 cau.

11. Lai sudt tinh theo nim cida tién diu tu 1a cdc bi€n ngiu nhién doc
lap r; (i = 1,...,n) véi r; = 0.06 v6i xdc suat 0.3; r; = 0.08 vdi xdc
sudt 0.4;r; = 0.10 v6i x4c suat 0.3. Tim ky vong va phudng sai cda
In(1 + ;). Khi dau tu 1$ thi s§ ti€n tich liy dudgc sau n nim sé& 1a
AV, = (1+7ry)...(1+7,) $. St dung dinh 1y gi6i han trung tim d€ tim
x4c sudt tién tich lily dugc cudi nim thit 20 1a nhd hon 5.
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12. Lai sudt tinh theo nim cda tién dau tu 12 cdc bi€n ngiu nhién doc lap
ri(i=1,...,n) véir; = 0.08; 0.12 véi xdc suit 1an lugt 13 0.4; 0.6. Tim
ky vong va phuong sai cda In(1 + ;). Pau tr 10 000$ bay gis. Tim
xdc sudt d€ s tién tich liily dugc cudi nim thit 40 t8i thiu 12 400 000
$.

36

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

