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ChChChCh­¬­¬­¬­¬ngngngng 3333
ttttÝÝÝÝnhnhnhnh ttttÊÊÊÊmmmmbbbb»»»»ngngngng PhPhPhPh­¬­¬­¬­¬ngngngng phphphph¸̧̧̧pppp phphphphÇÇÇÇnnnn ttttöööö hhhh÷÷÷÷uuuuhhhh¹¹¹¹nnnn

Ph­¬ng ph¸p phÇn tö h÷u h¹n (PP PTHH) lµ ph­¬ng ph¸p sè víi viÖc rêi r¹c
hãa kÕt cÊu thùc thµnh mét sè h÷u h¹n c¸c phÇn tö cã kÝch th­íc h÷u h¹n liªn kÕt
víi nhau t¹i c¸c ®iÓm nót. PP PTHH m« h×nh chuyÓn vÞ, Èn sè cÇn t×m lµ chuyÓn
vÞ nót. Néi lùc cña phÇn tö ®­îc x¸c ®Þnh qua chuyÓn vÞ nót.

Trong ch­¬ng nµy tr×nh bµy PP PTHH gi¶i bµi to¸n tÊm chÞu uèn víi c¸c
kiÓu phÇn tö:

- PhÇn tö tÊm kh«ng t­¬ng thÝch tam gi¸c 03 nót, 09 chuyÓn vÞ nót.
- PhÇn tö tÊm kh«ng t­¬ng thÝch ch÷ nhËt 04 nót, 12 chuyÓn vÞ nót.
- PhÇn tö tÊm ®ång tham sè tø gi¸c 04 nót, 12 chuyÓn vÞ nót.
- PhÇn tö tÊm ch÷ nhËt 04 nót, 16 chuyÓn vÞ nót trªn nÒn biÕn d¹ng ®µn håi

côc bé 02 hÖ sè.

3.1.3.1.3.1.3.1. phphphphÇÇÇÇnnnn ttttöööö ttttÊÊÊÊmmmmkhkhkhkh««««ngngngng tttt­¬­¬­¬­¬ngngngng ththththÝÝÝÝchchchchkikikikiÓÓÓÓuuuu tamtamtamtamgigigigi¸̧̧̧cccc 03030303 nnnnóóóótttt
XÐt phÇn tö tÊm máng kh«ng t­¬ng thÝch kiÓu tam gi¸c 03 nót theo gi¶ thiÕt

Kirchhoff, h×nh 3-1. T¹i mçi nót cã 03 thµnh phÇn chuyÓn vÞ, vÝ dô t¹i nót i
( 1 3i = ÷ ): chuyÓn vÞ ph¸p tuyÕn iw vµ c¸c chuyÓn vÞ xoay quanh trôc x vµ y

θxi
i

w
y

⎛ ⎞∂
= ⎜ ⎟∂⎝ ⎠

, yi
i

w
x

∂⎛ ⎞θ = −⎜ ⎟∂⎝ ⎠
nªn vÐc t¬ chuyÓn vÞ nót { }eq vµ vÐc t¬ lùc nót qui ®æi

{ }eR cña phÇn tö trong hÖ täa ®é ®Þa ph­¬ng cã d¹ng:

{ } 1 2 3
1 2 31 2 3

T

e

w w w w w wq w w w
y x y x y x

⎧ ⎫⎛ ⎞ ⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂ ∂ ∂⎪ ⎪⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − − −⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎪ ⎪⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎩ ⎭

{ } { }1 2 3 4 5 6 7 8 9
T

eq q q q q q q q q q= (3.1)

{ } { }1 2 3 4 5 6 7 8 9
T

eR R R R R R R R R R= (3.2)

3.1.1.3.1.1.3.1.1.3.1.1. MaMaMaMa trtrtrtrËËËËnnnn ®é®é®é®é ccccøøøøngngngng [ ]eK

Theo lý thuyÕt Kirchhoff khi tÝnh tÊm, ®¹i l­îng cÇn t×m lµ hµm chuyÓn vÞ

{ } ( ),eU w x y= . Do phÇn tö tÊm kiÓu tam gi¸c 03 nót cã 09 bËc tù do (chuyÓn vÞ

nót) nªn ®Ó ®¶m b¶o tÝnh ®¼ng h­íng h×nh häc, hµm chuyÓn vÞ ®­îc chän theo
tam gi¸c Pascal cã d¹ng:

( ) ( )2 2 3 2 2 3
1 2 3 4 5 6 7 8 9, .w x y x y x xy y x x y xy y= α +α +α +α +α +α +α +α + +α (3.3)

d­íi d¹ng ma trËn:
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{ } ( ) ( ) { }, ,eU w x y P x y= = α⎡ ⎤⎣ ⎦ (3.4)

trong ®ã:

( ) ( )2 2 3 2 2 3, 1P x y x y x xy y x x y xy y⎡ ⎤= +⎡ ⎤⎣ ⎦ ⎣ ⎦ (3.5)

{ } { }1 2 3 4 5 6 7 8 9
Tα = α α α α α α α α α (3.6)

1

2

3

Ζ ≡  Ζ ’

Y

X

q1

q2
q3 q6

q4

q5

q9
q7

q8

Y ’

X ’

0α >

0α >

H×nh 3-1. PhÇn tö tÊm kh«ng t­¬ng thÝch kiÓu tam gi¸c 03 nót

§Ó x¸c ®Þnh ma trËn hµm d¹ng [ ]eB cÇn biÓu diÔn { }α qua { }eq . Ký hiÖu

,i ix y lµ täa ®é t¹i nót 1 3i = ÷ . C¸c tham sè jα víi 1 9j = ÷ ®­îc x¸c ®Þnh tõ ®iÒu

kiÖn biªn chuyÓn vÞ t¹i c¸c nót cña phÇn tö:

( )1 1 10,0q w w= = = α ;
( )

2 3
1 0,0

w wq
y y

⎛ ⎞ ⎛ ⎞∂ ∂
= = = α⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠

;

( )
3 2

1 0,0

w wq
x x

∂ ∂⎛ ⎞ ⎛ ⎞= − = − = −α⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠
; ( ) 2 3

4 2 2 1 3 2 6 2 9 20,q w w y y y y= = = α +α +α +α ;

( )2

2
5 3 6 2 9 2

2 0,y

2 3w wq y y
y y

⎛ ⎞ ⎛ ⎞∂ ∂
= = = α +α +α⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠

;

( )2

2
6 2 5 2 8 2

2 0,y

w wq y y
x x

∂ ∂⎛ ⎞ ⎛ ⎞= − = − = −α −α −α⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠

( ) 2 2 3 2 2 3
7 3 3 1 2 3 3 3 4 3 5 3 3 6 3 7 3 8 3 3 3 3 9 3, ( )q w x y x y x x y y x x y x y y= = α +α +α +α +α +α +α +α + +α

( )3 3

2 2
8 3 5 3 6 3 8 3 3 3 9 3

,

2 ( 2 ) 3
x y

wq x y x x y y
y

⎛ ⎞∂
= = α +α +α +α + +α⎜ ⎟∂⎝ ⎠

;

( )3 3

2 2
9 2 4 3 5 3 7 3 8 3 3 3

,

2 3 (2 )
x y

wq x y x x y y
x

∂⎛ ⎞= − = −α −α −α −α −α +⎜ ⎟∂⎝ ⎠

d­íi d¹ng ma trËn:

{ } [ ]{ }eq A= α (3.7)
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trong ®ã ma trËn [ ]A lµ ma trËn h»ng sè cã d¹ng:

[ ]
2 3

2 2 2
2

2 2
2

2 2
2 2 3 2 2 3

3 3 3 3 3 3 3 3 3 3 3 3
2 2

3 3 3 3 3 3
2 2

3 3 3 3 3 3

1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
1 0 0 0 0 0
0 0 1 0 0 2 0 0 3
0 1 0 0 0 0 0
1
0 0 1 0 2 0 2 3
0 1 0 2 0 3 (2 ) 0

y y y
A y y

y y
x y x x y y x x y x y y

x y x x y y
x y x x y y

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥−
⎢ ⎥
⎢ ⎥
⎢ ⎥=
⎢ ⎥

− − −⎢ ⎥
⎢ ⎥+
⎢ ⎥

+⎢ ⎥
⎢ ⎥− − − − − +⎣ ⎦

(3.8)

Hµm chuyÓn vÞ ( ),w x y biÓu diÔn qua chuyÓn vÞ nót cã d¹ng tæng qu¸t:

{ } ( ) [ ] { }=w , qe eeU x y B= (3.9)

Tõ (3.9), chó ý ®Õn (3.7) vµ (3.4):

{ } ( ) [ ] { } [ ] [ ]{ } ( ) { }, ,e ee eU w x y B q B A P x y= = = α = α⎡ ⎤⎣ ⎦

rót ra ma trËn hµm d¹ng [ ]eB

[ ] ( ) [ ] 1,eB P x y A −= ⎡ ⎤⎣ ⎦ (3.10)

Tõ (3.7) vµ (3.4), hµm chuyÓn vÞ cã d¹ng kh¸c:

{ } ( ) ( ) [ ] { }1= , , qe eU w x y P x y A −= ⎡ ⎤⎣ ⎦ (3.11)

Ma trËn biÕn d¹ng-chuyÓn vÞ [ ]eD ®­îc x¸c ®Þnh tõ c«ng thøc tæng qu¸t:

{ } [ ] { }e eeD qε = .

Theo lý thuyÕt Kirchhoff, tõ (1.4)÷ (1.6), vÐc t¬ biÕn d¹ng:

{ } { }
2 2 2

2 2 2
T

T
x y xy

w w wz z z
x y x y

⎧ ⎫∂ ∂ ∂
ε = ε ε γ = − − −⎨ ⎬∂ ∂ ∂ ∂⎩ ⎭

(3.12)

Tõ (3.11):

{ }

( )

( )

( )

[ ] { } [ ] { } [ ] { }

2

2

2
1 1

2

2

,

,
.

,
2

e e eee

P x y
x

P x y
z A q z D A q D q

y
P x y
x y

− −

⎧ ⎫∂ ⎡ ⎤⎣ ⎦⎪ ⎪
∂⎪ ⎪

⎪ ⎪∂ ⎡ ⎤⎪ ⎪⎣ ⎦ ⎡ ⎤ε = − = − =⎨ ⎬ ⎣ ⎦∂⎪ ⎪
⎪ ⎪∂ ⎡ ⎤⎣ ⎦⎪ ⎪

∂ ∂⎪ ⎪⎩ ⎭

(3.13)

rót ra, ma trËn biÕn d¹ng - chuyÓn vÞ [ ]eD :
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[ ] [ ] 1.e e
D z D A −⎡ ⎤= − ⎣ ⎦ (3.14)

trong ®ã:

( )

( )

( )

2

2

2

2

2

,

0 0 0 2 0 0 6 2 0
,

0 0 0 0 0 2 0 2 6
0 0 0 0 2 0 0 4 4 0

,
2

e

P x y
x

x y
P x y

D x y
y

x y
P x y
x y

⎧ ⎫∂ ⎡ ⎤⎣ ⎦⎪ ⎪
∂⎪ ⎪ ⎡ ⎤⎪ ⎪∂ ⎡ ⎤⎪ ⎪ ⎢ ⎥⎣ ⎦⎡ ⎤ = =⎨ ⎬⎣ ⎦ ⎢ ⎥∂⎪ ⎪ ⎢ ⎥+⎣ ⎦⎪ ⎪∂ ⎡ ⎤⎣ ⎦⎪ ⎪
∂ ∂⎪ ⎪⎩ ⎭

(3.15)

Ma trËn ®é cøng [ ]eK cña phÇn tö trong hÖ täa ®é ®Þa ph­¬ng ®­îc x¸c ®Þnh

theo c«ng thøc tæng qu¸t:

[ ] [ ] [ ] [ ]0
T

e e e e
V

K D E D dV= ∫

víi [ ]o eE lµ ma trËn ®µn håi cña phÇn tö trong tr¹ng th¸i øng suÊt ph¼ng:

( ) ( )
0 2

2 2 0
[ ] 2 2 0

2 1 0 0 1
e

EE
µ⎡ ⎤

⎢ ⎥= µ⎢ ⎥−µ ⎢ ⎥−µ⎣ ⎦

(3.16)

Thay (3.14) vµo c«ng thøc x¸c ®Þnh [ ]eK :

[ ] [ ]( ) [ ] [ ]
/ 2

1 12

/ 2

h T T
oe ee e

h S

K z dz A D E D A dS− −

−

⎡ ⎤ ⎡ ⎤= ⎣ ⎦ ⎣ ⎦∫ ∫

V× [ ]A lµ ma trËn h»ng sè nªn ®­a ra ngoµi dÊu tÝch ph©n

[ ] [ ]( ) [ ] [ ]
3

1 1

12

T T
oe ee e

S

hK A D E D dS A− −⎛ ⎞
⎡ ⎤ ⎡ ⎤= ⎜ ⎟⎣ ⎦ ⎣ ⎦

⎝ ⎠
∫

hay d­íi d¹ng ng¾n gän:

[ ] [ ]( ) [ ][ ]1 1T

eK A TG A− −= (3.17)

trong ®ã: [ ] [ ]T

te e
S

TG D E D dS⎡ ⎤ ⎡ ⎤= ⎣ ⎦ ⎣ ⎦∫ (3.18)

Víi ma trËn [ ]tE lµ ma trËn c¸c hÖ sè ®µn håi cña tÊm chÞu uèn.

[ ]
1 0

1 0
10 0
2

f pt
E C D

⎡ ⎤
⎢ ⎥µ
⎢ ⎥

⎡ ⎤= = µ⎢ ⎥⎣ ⎦
⎢ ⎥−µ
⎢ ⎥
⎣ ⎦

(3.19)
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pD lµ ®é cøng trô x¸c ®Þnh theo (1.15).

3.1.2.3.1.2.3.1.2.3.1.2. MaMaMaMa trtrtrtrËËËËnnnn khkhkhkhèèèèiiii llll­î­î­î­îngngngng [ ]eM

Ma trËn khèi l­îng [ ]eM cña phÇn tö trong hÖ täa ®é ®Þa ph­¬ng ®­îc x¸c

®Þnh b»ng c«ng thøc tæng qu¸t:

[ ] [ ] [ ] [ ] [ ] [ ] [ ]
/2

/2

h
T T T

e e e e e e e
V h S S

M B B dV dz B B dxdy h B B dxdy
−

= ρ = ρ = ρ∫ ∫ ∫ ∫ (3.20)

trong ®ã
ρ - khèi l­îng vËt liÖu phÇn tö trªn mét ®¬n vÞ thÓ tÝch;

[ ]eB - ma trËn hµm d¹ng x¸c ®Þnh theo (3.10).

3.1.3.3.1.3.3.1.3.3.1.3. VVVVÐÐÐÐcccc tttt¬¬¬¬ llllùùùùcccc nnnnóóóótttt quiquiquiqui ®æ®æ®æ®æiiii { }eR

Trong tr­êng hîp phÇn tö chÞu t¸c dông cña t¶i träng ph©n bè cã c­êng ®é
p , ®­îc qui ­íc d­¬ng nÕu cïng chiÒu víi trôc OZ cña hÖ täa ®é ®Þa ph­¬ng, vÐc

t¬ lùc nót qui ®æi { }eR trong hÖ täa ®é ®Þa ph­¬ng ®­îc x¸c ®Þnh b»ng c«ng thøc

tæng qu¸t:

{ } [ ]Te e
S

R B pdS= ∫ (3.21)

trong ®ã

{ } { }1 1 1 2 2 2 3 3 3

T
z x y z x y z x yeR P M M P M M P M M= (3.22)

víi:

ziP - lùc tËp trung t¹i nót i víi 1 3i = ÷ .

,xi yiM M - m« men tËp trung quay quanh trôc x, trôc y t¹i nót i .

3.1.4.3.1.4.3.1.4.3.1.4. MaMaMaMa trtrtrtrËËËËnnnn chuychuychuychuyÓÓÓÓnnnn totototo¹¹¹¹ ®é®é®é®é [ ]eT

§èi víi phÇn tö tam gi¸c, th­êng hÖ täa ®é ®Þa ph­¬ng kh«ng trïng víi hÖ

täa ®é chung nªn ph¶i chuyÓn ma trËn ®é cøng [ ]eK , ma trËn khèi l­îng [ ]eM ,

vÐc t¬ lùc nót qui ®æi { }eR cña phÇn tö trong hÖ täa ®é ®Þa ph­¬ng sang hÖ täa ®é

chung qua ma trËn chuyÓn täa ®é [ ]eT .

[ ]
[ ] [ ] [ ]
[ ] [ ] [ ]
[ ] [ ] [ ]

0 0
0 0
0 0

e

L
T L

L

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

(3.23)

trong ®ã, [ ]L lµ ma trËn c« sin chØ ph­¬ng gi÷a hÖ to¹ ®é chung vµ hÖ to¹ ®é ®Þa

ph­¬ng. Do trôc Oz vµ O’z’ cïng ph­¬ng, cïng chiÒu vµ theo thø tù s¾p xÕp
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chuyÓn vÞ t¹i nót, ma trËn c« sin chØ ph­¬ng [ ]L cã d¹ng (3.24). Gãc α gi÷a trôc

OX (hÖ täa ®é ®Þa ph­¬ng) vµ trôc O’X’ (hÖ täa ®é chung), ®­îc qui ­íc lµ d­¬ng
nÕu quay ng­îc chiÒu kim ®ång hå, h×nh 3-1.

[ ]
, ' , ' , '

, ' , ' , '

, ' , ' , '

( , ') ( , ') ( , ') 1 0 0
( , ') ( , ') ( , ') 0
( , ') ( , ') ( , ') 0

z z z x z y

x z x x x y

y z y x y y

n l m cos z z cos z x cos z y
L n l m cos x z cos x x cos x y cos sin

n l m cos y z cos y x cos y y sin cos

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥= = = α α⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥− α α⎣ ⎦ ⎣ ⎦⎣ ⎦

(3.24)
3.1.5.3.1.5.3.1.5.3.1.5. XXXX¸̧̧̧cccc ®Þ®Þ®Þ®Þnhnhnhnh nnnnééééiiii llllùùùùcccc

M« men t¹i ®iÓm bÊt kú trong phÇn tö xÐt trong hÖ täa ®é ®Þa ph­¬ng ®­îc
x¸c ®Þnh theo c«ng thøc (1.12÷1.14). Tõ (3.11):

( ) [ ] { } [ ][ ] { }
22

1 1
2 2

,
xe e

P x yw A q P A q
x x

− −∂ ⎡ ⎤∂ ⎣ ⎦= =
∂ ∂

(3.25)

( ) [ ] { } [ ] { }
22

1 1
2 2

,
ye e

P x yw A q P A q
y y

− −∂ ⎡ ⎤∂ ⎣ ⎦ ⎡ ⎤= = ⎣ ⎦∂ ∂
(3.26)

( ) [ ] { } [ ] { }
22

1 1,
xye e

P x yw A q P A q
x y x y

− −∂ ⎡ ⎤∂ ⎣ ⎦ ⎡ ⎤= = ⎣ ⎦∂ ∂ ∂ ∂
(3.27)

trong ®ã:

[ ] [ ]0 0 0 2 0 0 6 2 0xP x y= (3.28)

[ ]0 0 0 0 0 2 0 2 6yP x y⎡ ⎤ =⎣ ⎦ (3.29)

[ ]0 0 0 0 1 0 0 2 2 0xyP x y⎡ ⎤ = +⎣ ⎦ (3.30)

Thay vµo c«ng thøc x¸c ®Þnh néi lùc theo (1.12÷1.14) :

[ ]( )[ ] { }
2 2

1
2 2x p p x y e

w wM D D P P A q
x y

−⎡ ⎤∂ ∂ ⎡ ⎤= − +µ = +µ⎢ ⎥ ⎣ ⎦∂ ∂⎣ ⎦
(3.31)

[ ]( )[ ] { }
2 2

1
2 2y p p y x e

w wM D D P P A q
y x

−⎡ ⎤∂ ∂ ⎡ ⎤= − +µ = +µ⎢ ⎥ ⎣ ⎦∂ ∂⎣ ⎦
(3.32)

( ) ( ) [ ] { }
2

11 1xy p p xy e

wM D D P A q
x y

−∂ ⎡ ⎤= − −µ = − −µ ⎣ ⎦∂ ∂
(3.33)

3.2.3.2.3.2.3.2. phphphphÇÇÇÇnnnn ttttöööö ttttÊÊÊÊmmmmkhkhkhkh««««ngngngng tttt­¬­¬­¬­¬ngngngng ththththÝÝÝÝchchchchkikikikiÓÓÓÓuuuu chchchch÷÷÷÷ nhnhnhnhËËËËtttt 04040404 nnnnóóóótttt
XÐt phÇn tö tÊm máng kh«ng t­¬ng thÝch kiÓu ch÷ nhËt 04 nót theo lý

thuyÕt Kirchhoff, h×nh 3-2. T¹i mçi nót cã 3 thµnh phÇn chuyÓn vÞ, vÝ dô t¹i nót
i ( 1 4i = ÷ ): chuyÓn vÞ ph¸p tuyÕn iw vµ c¸c chuyÓn vÞ xoay quanh trôc x vµ y,

xiθ , yiθ .
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Gãc xoay t¹i ®iÓm bÊt kú trong phÇn tö quanh trôc x vµ trôc y x¸c ®Þnh theo
c«ng thøc:

x
w
y

∂
θ =

∂ y
w
x

∂
θ = −

∂
(3.34)

4 3

21

Z

X

q1 0

q3

q1 1 q8

q7

q5

q4q1
q2

q6

Y
q1 2 q9

H×nh 3-2. PhÇn tö tÊm kh«ng t­¬ng thÝch kiÓu ch÷ nhËt 04 nót
VÐc t¬ chuyÓn vÞ nót vµ vÐc t¬ lùc nót cña phÇn tö trong hÖ täa ®é ®Þa

ph­¬ng:

{ } { }1 2 3 4 5 6 7 8 9 10 11 12
T

eq q q q q q q q q q q q q= (3.35.a)

{ } { }1 1 1 2 2 2 3 3 3 4 4 4

T
x y x y x y x yeq w w w w= θ θ θ θ θ θ θ θ (3.35.b)

{ } { }1 2 3 4 5 6 7 8 9 10 11 12
T

eR R R R R R R R R R R R R= (3.36)

3.2.1.3.2.1.3.2.1.3.2.1. MaMaMaMa trtrtrtrËËËËnnnn ®é®é®é®é ccccøøøøngngngng [ ]eK

Hµm chuyÓn vÞ cña phÇn tö ®­îc xÊp xØ d­íi d¹ng ®a thøc, theo tam gi¸c
Pascal :

{ } ( ) 2 2 3 2 2
1 2 3 4 5 6 7 8 9,eU w x y x y x xy y x x y xy= = α +α +α +α +α +α +α +α +α +

3 3 3
10 11 12y x y xy+α +α +α (3.37)

d­íi d¹ng ma trËn:

{ } ( ) ( ) { } [ ] { }, ,e eeU w x y P x y B q= = α =⎡ ⎤⎣ ⎦ (3.38.a)

trong ®ã:

[ ]eB - ma trËn hµm d¹ng

( ) 2 2 3 2 2 3 3 3, 1P x y x y x xy y x x y xy y x y xy⎡ ⎤=⎡ ⎤⎣ ⎦ ⎣ ⎦ (3.39)

{ } { }1 2 3 4 5 6 7 8 9 10 11 12
Tα = α α α α α α α α α α α α (3.40)

§Ó x¸c ®Þnh ma trËn [ ]eB sö dông ®iÒu kiÖn biªn chuyÓn vÞ t¹i c¸c nót cña

phÇn tö, t­¬ng tù nh­ ®èi víi phÇn tö tam gi¸c ®· xÐt trong môc 3.1. Khi ®ã, tõ

(3.37) vµ (3.38.a), quan hÖ gi÷a chuyÓn vÞ nót { }eq vµ { }α cã d¹ng:
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{ } [ ]{ }eq A= α (3.41)

§Ó x¸c ®Þnh ma trËn [ ]A , cÇn x¸c ®Þnh c¸c ®¹o hµm riªng cña chuyÓn vÞ w :

2 2 3 2
3 5 6 8 9 10 11 122 2 3 3w x y x xy y x xy

y
∂

= + + + + + + +
∂

α α α α α α α α (1)

2 2 2 3
2 4 5 7 8 9 11 122 3 2 3w x y x xy y x y y

x
∂

= + + + + + + +
∂

α α α α α α α α (2)

Ma trËn [ ]A ®­îc x¸c ®Þnh tõ (3.41) víi sö dông (3.37), (3.34) vµ c¸c ®¹o

hµm riªng (1), (2) t¹i täa ®é ( ),x y t¹i c¸c nót. Ma trËn [ ]A cã kÝch th­íc 12x12,

víi gi¸ trÞ ,i ix y t¹i nót i ( 1 4i = ÷ ) cã d¹ng (3.42) víi phÇn tö t¹i c¸c nót lµ liªn

kÕt hµn cã d¹ng:

1

1

1
2 3

2 2 2 2
2 3

2 2 2 2
2

2 2 2
2 2 3 2 2 3 3

3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3

3

3

4

4

4

1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 1 0 2 0 0 3 0 0 0 0 0
1

x

y

x

y

x

y

x

y

w

w x x x
x x x

x x
w x y x x y y x x y x y y x y x

w

⎧ ⎫
⎪ ⎪θ⎪ ⎪
⎪ ⎪θ −
⎪ ⎪
⎪ ⎪
⎪ ⎪θ
⎪ ⎪
θ − − −⎪ ⎪ =⎨ ⎬
⎪ ⎪
⎪ ⎪θ
⎪ ⎪
θ⎪ ⎪
⎪ ⎪
⎪ ⎪
θ⎪ ⎪
⎪ ⎪θ⎩ ⎭

1

2

3

4

5

6
3
3 7

2 2 3 2
3 3 3 3 3 3 3 3 3 8

2 2 2 3
3 3 3 3 3 3 3 3 3 9

2 3
4 4 4 10

2
4 4 11

2 3
4 4 4 12

0 0 1 0 2 0 2 3 3
0 1 0 2 0 3 2 0 3
1 0 0 0 0 0 0 0 0
0 0 1 0 0 2 0 0 0 3 0 0
0 1 0 0 0 0 0 0 0

y
x y x x y y x x y

x y x x y y x y y
y y y

y y
y y y

α⎡ ⎤ ⎧
⎢ ⎥ ⎪α⎢ ⎥ ⎪
⎢ ⎥ ⎪α
⎢ ⎥ ⎪α⎢ ⎥ ⎪
⎢ ⎥ α
⎢ ⎥

α⎢ ⎥
⎨⎢ ⎥ α

⎢ ⎥
α⎢ ⎥

⎢ ⎥− − − − − − − − α⎢ ⎥
⎢ ⎥ α
⎢ ⎥ α⎢ ⎥
⎢ ⎥− − − − α⎣ ⎦

⎫
⎪
⎪
⎪
⎪
⎪

⎪ ⎪
⎪ ⎪
⎪ ⎪

⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎩ ⎭

(3.42)
Thay (3.41) vµo (3.38.a)

[ ] [ ]{ } ( ) { },eB A P x yα = α⎡ ⎤⎣ ⎦
rót ra

[ ] ( ) [ ] 1,eB P x y A −= ⎡ ⎤⎣ ⎦ (3.43)

Chó ý ®Õn (3.38.a), hµm chuyÓn vÞ cã d¹ng kh¸c:

{ } ( ) [ ] { } ( ) [ ] { }1, ,e e eeU w x y B q P x y A q−= = = ⎡ ⎤⎣ ⎦ (3.38.b)

Quan hÖ biÕn d¹ng-chuyÓn vÞ nót, theo PP PTHH cã d¹ng tæng qu¸t:

{ } [ ] { }e eeD qε = (3.44)

Tõ quan hÖ biÕn d¹ng - chuyÓn vÞ (1.4)÷ (1.6) vµ (3.38.a), (3.41):
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{ }

( )

( )

( )

{ } [ ] [ ]{ }

2

2

2

2

2

,

,

,
2

e e

P x y
x

P x y
z D A

y
P x y
x y

⎡ ⎤∂ ⎡ ⎤⎣ ⎦⎢ ⎥
∂⎢ ⎥

⎢ ⎥∂ ⎡ ⎤⎣ ⎦⎢ ⎥ε = − α = α
∂⎢ ⎥

⎢ ⎥∂ ⎡ ⎤⎣ ⎦⎢ ⎥
⎢ ⎥∂ ∂⎣ ⎦

rót ra,

[ ]

( )

( )

( )

[ ]

2

2

2
1

2

2

,

,

,
2

e e

P x y
x

P x y
D z A z D

y
P x y
x y

−

⎡ ⎤∂ ⎡ ⎤⎣ ⎦⎢ ⎥
∂⎢ ⎥

⎢ ⎥∂ ⎡ ⎤⎣ ⎦⎢ ⎥ ⎡ ⎤= − = − ⎣ ⎦∂⎢ ⎥
⎢ ⎥∂ ⎡ ⎤⎣ ⎦⎢ ⎥
⎢ ⎥∂ ∂⎣ ⎦

(3.45)

( )

( )

( )

[ ]

2

2

2
1

2

2

,

,

,
2

e

P x y
x

P x y
D A

y
P x y
x y

−

⎡ ⎤∂ ⎡ ⎤⎣ ⎦⎢ ⎥
∂⎢ ⎥

⎢ ⎥∂ ⎡ ⎤⎣ ⎦⎢ ⎥⎡ ⎤ =⎣ ⎦ ∂⎢ ⎥
⎢ ⎥∂ ⎡ ⎤⎣ ⎦⎢ ⎥
⎢ ⎥∂ ∂⎣ ⎦

(3.46)

Ma trËn ®é cøng cña phÇn tö x¸c ®Þnh theo c«ng thøc tæng qu¸t:

[ ] [ ] [ ] [ ]0
T

e e e e
V

K D E D dV= ∫
trong ®ã, ma trËn [ ]o eE lµ ma trËn ®Æc tr­ng ®µn håi cña vËt liÖu trong tr¹ng th¸i

øng suÊt ph¼ng x¸c ®Þnh theo (3.16).

Thay (3.45) vµo c«ng thøc x¸c ®Þnh [ ]eK :

[ ] [ ] [ ]
/ 2

2

/ 2

h
T T

o te ee e e e
h S S

K z dz D E D dxdy D E D dxdy
−

⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤= =⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦∫ ∫ ∫ (3.47)

trong ®ã [ ]tE x¸c ®Þnh theo (3.19).

Ma trËn ®é cøng [ ]eK cña phÇn tö cã kÝch th­íc 12x12, lµ ma trËn ®èi xøng.

3.2.2.3.2.2.3.2.2.3.2.2. MaMaMaMa trtrtrtrËËËËnnnn khkhkhkhèèèèiiii llll­î­î­î­îngngngng [ ]eM

Ma trËn khèi l­îng [ ]eM cña phÇn tö trong hÖ täa ®é ®Þa ph­¬ng ®­îc x¸c

®Þnh theo c«ng thøc tæng qu¸t:
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[ ] [ ] [ ]T

e e e
V

M B B dV= ρ∫
Khai triÓn tÝch ph©n:

[ ] [ ] [ ] [ ] [ ]
/ 2

/ 2

h
T T

e e e e e
h S S

M dz B B dxdy h B B dxdy
−

= ρ = ρ∫ ∫ ∫ (3.48)

trong ®ã, [ ]eB x¸c ®Þnh theo (3.43).

Ma trËn khèi l­îng [ ]eM cã kÝch th­íc 12x12, lµ ma trËn ®èi xøng.

3.2.3.3.2.3.3.2.3.3.2.3. VVVVÐÐÐÐcccc tttt¬¬¬¬ llllùùùùcccc nnnnóóóótttt quiquiquiqui ®æ®æ®æ®æiiii { }eR

VÐc t¬ lùc nót qui ®æi { }eR cña phÇn tö trong hÖ täa ®é ®Þa ph­¬ng ®­îc x¸c

®Þnh b»ng c«ng thøc tæng qu¸t theo PP PTHH. Víi t¶i träng ph©n bè p :

{ } [ ] { }T

e e
S

R B p dS= ∫

{ } { }1 1 1 2 2 2 3 3 3 4 4 4

T
z x y z x y z x y z x yeR P M M P M M P M M P M M=

(3.49)
trong ®ã:

ziP - lùc nót tËp trung t¹i nót i víi 1 4i = ÷ ;

xiM , yiM - m« men tËp trung quay quanh trôc x, trôc y t¹i nót i .

Trong tr­êng hîp phÇn tö chÞu t¶i träng ph©n bè ®Òu cã c­êng ®é p , cã
chiÒu d­¬ng h­íng theo chiÒu trôc OZ cña hÖ täa ®é ®Þa ph­¬ng, vÐc t¬ lùc nót

qui ®æi { }eR cã d¹ng:

{ } 1 1 1 1
4 6 6 6 6 6 6 6 6

T

e

qab b a b a b a b aR ⎧ ⎫= − − − −⎨ ⎬
⎩ ⎭

(3.50)

Víi a , b lµ chiÒu dµi c¹nh cña phÇn tö däc trôc x vµ trôc y .
3.2.4.3.2.4.3.2.4.3.2.4. XXXX¸̧̧̧cccc ®Þ®Þ®Þ®Þnhnhnhnh nnnnééééiiii llllùùùùcccc

M« men t¹i ®iÓm bÊt kú trong phÇn tö xÐt trong hÖ täa ®é ®Þa ph­¬ng ®­îc
x¸c ®Þnh theo c«ng thøc (1.12 ÷1.14). TiÕn hµnh t­¬ng tù nh­ ®èi víi phÇn tö tam
gi¸c, tõ (3.38.b):

( ) [ ] { } [ ][ ] { }
22

1 1
2 2

,
xe e

P x yw A q P A q
x x

− −∂ ⎡ ⎤∂ ⎣ ⎦= =
∂ ∂

(3.51)

( ) [ ] { } [ ] { }
22

1 1
2 2

,
ye e

P x yw A q P A q
y y

− −∂ ⎡ ⎤∂ ⎣ ⎦ ⎡ ⎤= = ⎣ ⎦∂ ∂
(3.52)
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( ) [ ] { } [ ] { }
22

1 1,
xye e

P x yw A q P A q
x y x y

− −∂ ⎡ ⎤∂ ⎣ ⎦ ⎡ ⎤= = ⎣ ⎦∂ ∂ ∂ ∂
(3.53)

Thay vµo (1.12÷1.14)

[ ]( )[ ] { }
2 2

1
2 2x p p x y e

w wM D D P P A q
x y

−⎡ ⎤∂ ∂ ⎡ ⎤= − +µ = +µ⎢ ⎥ ⎣ ⎦∂ ∂⎣ ⎦
(3.54)

[ ]( )[ ] { }
2 2

1
2 2y p p y x e

w wM D D P P A q
y x

−⎡ ⎤∂ ∂ ⎡ ⎤= − +µ = +µ⎢ ⎥ ⎣ ⎦∂ ∂⎣ ⎦
(3.55)

( ) ( ) [ ] { }
2

11 1xy p p xy e

wM D D P A q
x y

−∂ ⎡ ⎤= − −µ = − −µ ⎣ ⎦∂ ∂
(3.56)

PhÇn tö ch÷ nhËt 04 nót víi 16 thµnh phÇn chuyÓn vÞ nót ®­îc giíi thiÖu
trong môc 3.4 - TÝnh tÊm trªn nÒn biÕn d¹ng ®µn håi côc bé.
3.2.5.3.2.5.3.2.5.3.2.5. PhPhPhPhÇÇÇÇnnnn ttttöööö ccccãããã ®®®®iiiiÒÒÒÒuuuu kikikikiÖÖÖÖnnnn bibibibiªªªªnnnn ttttùùùù dodododo

§iÒu kiÖn biªn tù do cña tÊm cã d¹ng:
- t¹i biªn 0x = vµ x a= :

2 2

2 2 0x
w wM
x y

∂ ∂
= +µ =
∂ ∂

; ( )
3 3

3 22 0x
w wQ
x x y

∂ ∂
= + −µ =
∂ ∂ ∂

(1.48.a)

- t¹i biªn 0y = vµ y b= :
2 2

2 2 0y
w wM
y x

∂ ∂
= +µ =
∂ ∂

; ( )
3 3

3 22 0y
w wQ
y y x

∂ ∂
= + −µ =
∂ ∂ ∂

(1.48.b)

M« men xo¾n x¸c ®Þnh theo c«ng thøc:

( )
/ 2 2

/ 2

. 1
h

xy yx xy p
h

wM M z dz D
x y−

∂
= = τ = − −µ

∂ ∂∫ (1.14)

X¸c ®Þnh c¸c ®¹o hµm riªng tõ (1), (2):
2

2 2
5 8 9 11 122 2 3 3w x y x y

x y
∂

= + + + +
∂ ∂

α α α α α (3)

2

6 9 10 122 2 2 6 6w x y xy
y

∂
= + + +

∂
α α α α (4)

3

10 123 6 6w x
y

∂
= +

∂
α α (5)

3

9 122 2 6w y
x y
∂

= +
∂ ∂

α α (6)

3

8 112 2 6w x
y x
∂

= +
∂ ∂

α α (7)
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2

4 7 8 112 2 6 2 6w x y xy
x

∂
= + + +

∂
α α α α (8)

3

7 113 6 6w y
x

∂
= +

∂
α α (9)

Tõ (1.48), (1.14), ®iÒu kiÖn biªn tù do biÓu diÔn qua hÖ sè iα , ( )1 12i = ÷ cã

d¹ng:

4 6 7 8 9 10 11 122 2 6 2 2 6 6 6xM x y x y xy xy= + + + + + + +α α µ α α α µ α µ α α µ (10)

( ) ( )7 9 11 126 2 2 6 6 2xQ y y= + − + + −α α µ α α µ (11)

4 6 7 8 9 10 11 122 2 6 2 2 6 6 6yM x y x y xy xy= + + + + + + +α µ α α µ α µ α α α µ α (12)

( ) ( )8 10 11 122 2 6 6 2 6yQ x x= − + + − +α µ α α µ α (13)

( )( )2 2
5 8 9 11 121 2 2 3 3xy pM D x y x y= − −µ α +α +α +α +α (14)

XÐt hai tr­êng hîp:
1. PhÇn tö cã 01 c¹nh biªn tù do.
2. PhÇn tö cã 02 c¹nh biªn.

1.1.1.1. PhPhPhPhÇÇÇÇnnnn ttttöööö ccccãããã 01010101 cccc¹¹¹¹nhnhnhnh bibibibiªªªªnnnn ttttùùùù dodododo
XÐt phÇn tö cã 01 c¹nh biªn tù do, víi nót 1 vµ 2 lµ nót biªn tù do. Tõ ®iÒu

kiÖn biªn tù do, vÐc t¬ chuyÓn vÞ nót cña phÇn tö ®Ó x¸c ®Þnh ma trËn [ ]A cã d¹ng:

{ } { }1 1 1 2 2 2 3 3 3 4 4 4

T
y y y y y y x y x yq Q M Q M w w= θ θ θ θ θ θ (3.57)

Sö dông (10) ÷ (13), ma trËn [ ]A trong quan hÖ (3.41) cã d¹ng (3.58):

( )

( ) ( )

1

1

1

2 2 2

2 2 2
2

2 2 2
2 2 3 2

3 3 3 3 3 3 3 3 3 3 3

3

3

4

4

4

0 0 0 0 0 0 0 2 2 0 6 0 0
0 0 0 2 0 2 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 2 2 0 6 6 2 6
0 0 0 2 0 2 6 0 2 0 0 0
0 1 0 2 0 0 3 0 0 0 0 0
1

y

y

y

y

y

y

x

y

x

y

Q
M

Q x x
M x x

x x
w x y x x y y x x y x y

w

⎧ ⎫ −µ
⎪ ⎪

µ⎪ ⎪
⎪ ⎪θ −
⎪ ⎪

−µ −µ⎪ ⎪
⎪ ⎪ µ µ
⎪ ⎪
θ − − −⎪ ⎪

=⎨ ⎬
⎪ ⎪
⎪ ⎪θ
⎪ ⎪
θ⎪ ⎪

⎪ ⎪
⎪ ⎪
θ⎪ ⎪

⎪ ⎪θ⎩ ⎭

1

2

3

4

5

6
2 3 3 3

73 3 3 3 3 3
2 2 3 2

83 3 3 3 3 3 3 3 3
2 2 2 3

93 3 3 3 3 3 3 3 3
2 3

104 4 4
2

4 4
2 3

4 4 4

0 0 1 0 2 0 2 3 3
0 1 0 2 0 3 2 0 3
1 0 0 0 0 0 0 0 0
0 0 1 0 0 2 0 0 0 3 0 0
0 1 0 0 0 0 0 0 0

y x y x y
x y x x y y x x y

x y x x y y x y y
y y y

y y
y y y

α⎡ ⎤
⎢ ⎥ α⎢ ⎥
⎢ ⎥ α
⎢ ⎥

α⎢ ⎥
⎢ ⎥ α
⎢ ⎥

α⎢ ⎥
⎢ ⎥ α
⎢ ⎥

α⎢ ⎥
⎢ ⎥ α− − − − − − − −⎢ ⎥
⎢ ⎥ α
⎢ ⎥ α⎢ ⎥
⎢ ⎥− − − −⎣ ⎦

11

12

⎧ ⎫
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪α⎩ ⎭

(3.58)

Khai b¸o ®iÒu kiÖn biªn t­¬ng øng:
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{ } { }1 2 3 3 3 4 4 40 0 0 0
T

y y x y x yq w w= θ θ θ θ θ θ (3.59)

2.2.2.2. PhPhPhPhÇÇÇÇnnnn ttttöööö ccccãããã 02020202 cccc¹¹¹¹nhnhnhnh bibibibiªªªªnnnn ttttùùùù dodododo
XÐt phÇn tö cã 02 c¹nh biªn tù do, víi nót 1, 2 vµ 4 lµ nót biªn tù do. Tõ

®iÒu kiÖn biªn tù do, vÐc t¬ chuyÓn vÞ nót cña phÇn tö ®Ó x¸c ®Þnh ma trËn [ ]A cã

d¹ng:

{ } { }1 1 1 2 2 2 3 3 3 4 4 4

T
xy y x y y y x y x x xq M M M Q M w Q M= θ θ θ θ (3.60)

Sö dông (10) ÷ (14), ma trËn [ ]A trong quan hÖ (3.41) cã d¹ng (3.61):

( ) ( )

2

(1)

1

1
2 2

2
2 2
22

2 2
2 22

3 3 3 3 3 3 3
3

3

3

4

4

4

0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 2 0 2 0 0 0 0 0 0
0 0 0 2 0 2 0 0 0 0 0 0
0 0 0 0 0 0 0 2 2 0 6 6 2 6
0 0 0 2 0 2 6 0 2 0 0 0
0 1 0 2 0 0 3 0 0 0 0 0
1

y

x

y

y

y

x

y

x

x

x

w
x y
M
M x x
Q x x
M x x

x y x x y y x
w

Q

M

⎧ ⎫∂
⎪ ⎪∂ ∂⎪ ⎪ µ⎪ ⎪

µ⎪ ⎪
⎪ ⎪ −µ −µ⎪ ⎪
⎪ ⎪ µ µ
⎪ ⎪ − − −⎪ ⎪ =θ⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪θ
⎪ ⎪θ⎪ ⎪
⎪ ⎪
⎪ ⎪

θ⎪ ⎪
⎪ ⎪⎩ ⎭

( ) ( )

1

2

3

4

5

3 2 2 3 3 3
3 3 3 3 3 3 3 3 3
2 2 3 2

3 3 3 3 3 3 3 3 3
2 2 2 3

3 3 3 3 3 3 3 3 3

4 4
2

4 4

4 4

0 0 1 0 2 0 2 3 3
0 1 0 2 0 3 2 0 3
0 0 0 0 0 0 6 0 2 2 0 6 6 2
0 0 1 0 0 2 0 0 0 3 0 0
0 0 0 2 0 2 0 2 0 6 0 0

x y x y y x y x y
x y x x y y x x y

x y x x y y x y y
y y

y y
y y

α⎡ ⎤
⎢ ⎥ α⎢ ⎥
⎢ ⎥ α
⎢ ⎥ α⎢ ⎥
⎢ ⎥ α
⎢ ⎥

α⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥− − − − − − − −⎢ ⎥
⎢ ⎥−µ −µ
⎢ ⎥
⎢ ⎥
⎢ ⎥µ µ⎣ ⎦

6

7

8

9

10

11

12

⎧ ⎫
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬α⎪ ⎪
⎪ ⎪α
⎪ ⎪
α⎪ ⎪

⎪ ⎪α
⎪ ⎪
α⎪ ⎪
⎪ ⎪α⎩ ⎭

(3.61)
Khai b¸o ®iÒu kiÖn biªn t­¬ng øng:

{ } { }2 3 3 3 40 0 0 0 0 0 0
T

y x y xq w= θ θ θ θ (3.62)

Thay ma trËn [ ]A vµo (3.43) x¸c ®Þnh ®­îc ma trËn [ ]eB , ma trËn ®é cøng [ ]eK ,

ma trËn khèi l­îng [ ]eM vµ vÐc t¬ lùc nót qui ®æi { }eR cña phÇn tö cã nót biªn

tù do.

3.3.3.3.3.3.3.3. phphphphÇÇÇÇnnnn ttttöööö ®å®å®å®ångngngng thamthamthamtham ssssèèèèkikikikiÓÓÓÓuuuu ttttøøøøgigigigi¸̧̧̧cccc 4444 nnnnóóóótttt
C¸c phÇn tö ®¬n gi¶n nh­ kiÓu tam gi¸c, ch÷ nhËt kh«ng ®¸p øng ®­îc c¸c

yªu cÇu cña bµi to¸n trong tr­êng hîp khi rêi r¹c hãa kÕt cÊu, phÇn tö kh«ng cã
d¹ng tam gi¸c, ch÷ nhËt. §iÒu ®ã dÉn ®Õn sù ph¸t triÓn c¸c phÇn tö cã h×nh d¹ng
bÊt kú - gäi lµ phÇn tö ®ång tham sè. Nh÷ng phÇn tö nµy ®­îc dïng réng r·i trong
c¸c bµi to¸n 2 chiÒu, 3 chiÒu, bµi to¸n tÝnh tÊm, vá, kÕt cÊu cã biªn cong.

PhÇn tö ®ång tham sè ®­îc kh¶o s¸t trong hÖ täa ®é tù nhiªn.
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§Æc ®iÓm cña phÇn tö ®ång tham sè lµ dïng chung hµm néi suy iN víi

( )1 4i = ÷ khi x¸c ®Þnh täa ®é cña ®iÓm bÊt kú trong phÇn tö qua täa ®é cña c¸c

nót còng nh­ khi x¸c ®Þnh chuyÓn vÞ t¹i ®iÓm bÊt kú trong phÇn tö qua chuyÓn vÞ
nót.

ThÝ dô mét sè phÇn tö ®ång tham sè cho trªn h×nh 3-3.

s

r

4 3

21

4
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21
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s

r
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3
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s
r

Y
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r

s
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X
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4

6

2 2

4
6
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H×nh 3-3. PhÇn tö ®ång tham sè

3.3.1.3.3.1.3.3.1.3.3.1. MaMaMaMa trtrtrtrËËËËnnnn hhhhµµµµmmmm dddd¹¹¹¹ngngngng [ ]eB

PhÇn tö tÊm ®ång tham sè tø gi¸c 4 nót lµ phÇn tö mµ chuyÓn vÞ vµ h×nh häc
cña mét ®iÓm bÊt kú trong phÇn tö ®­îc biÓu diÔn qua cïng hµm néi suy iN víi

1 4i = ÷ .
Trong hÖ täa ®é ®Þa ph­¬ng, vÞ trÝ cña ®iÓm bÊt kú trong phÇn tö ®­îc x¸c

®Þnh qua hµm néi suy iN vµ täa ®é ix , iy trong hÖ täa ®é chung t¹i c¸c nót

1 4i = ÷ , h×nh 3-4.
4

1
i i

i
x N x

=

=∑ ;
4

1
i i

i
y N y

=

=∑ (3.63)

T¹i ®iÓm bÊt kú trong phÇn tö cã 03 thµnh phÇn chuyÓn vÞ lµ: chuyÓn vÞ
ph¸p w vµ chuyÓn vÞ xθ xoay quanh trôc X vµ chuyÓn vÞ yθ xoay quanh trôc Y

còng ®­îc x¸c ®Þnh qua hµm néi suy iN vµ c¸c chuyÓn vÞ th¼ng iw , chuyÓn vÞ

xoay xiθ , yiθ t¹i c¸c nót 1 4i = ÷ :
4

1
i i

i
w N w

=

=∑
4

1
x i xi

i
N

=

θ = θ∑
4

1
y i yi

i
N

=

θ = θ∑ (3.64)

Hµm néi suy iN , 1 4i = ÷ cã d¹ng:
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( ) ( )1 1 . 1 .
4i i iN r r s s= + + (3.65)

trong ®ã:

ir , is lµ täa ®é tù nhiªn t¹i nót i . T¹i c¸c nót 1 4i = ÷ cã täa ®é tù nhiªn:

nót 1: (-1,-1); nót 2: (1,-1); nót 3: (1,1); nót 4: (-1,1).

s

r

3
(1,1)

4
(-1,1)

21
(1,-1)(-1,-1)

(0,0)

Y

X

3
(1,1)

4(-1,1)

2

1

(1,-1)

(-1,-1)

(0,0)

s

r

(x1,y1)

(x4,y4)

(x3,y3)

(x2,y2)

H×nh 3-4. PhÇn tö tø gi¸c 4 nót ®ång tham sè
Tõ (3.65) víi gi¸ trÞ ir , is t¹i c¸c nót 1 4i = ÷ , hµm néi suy iN cã d¹ng:

( )( )
1

1 1
4
r s

N
− −

= ;
( )( )

2

1 1
4
r s

N
+ −

= ;
( ) ( )

3

1 1
4
r s

N
+ +

= ;
( )( )

4

1 1
4
r s

N
− +

= (3.66)

Hµm chuyÓn vÞ cã d¹ng tæng qu¸t:

{ } [ ] { }e eeU B q= (3.67)

trong ®ã

{ } { }Tx yeU w= θ θ (3.68)

{ }eq - vÐc t¬ chuyÓn vÞ nót cña phÇn tö.

{ } { }1 1 1 2 2 2 3 3 3 4 4 4

T
x y x y x y x yeq w w w w= θ θ θ θ θ θ θ θ (3.69)

[ ]eB - ma trËn hµm d¹ng x¸c ®Þnh tõ (3.64) cã chó ý ®Õn (3.67) cã d¹ng:

[ ]
1 2 3 4

1 2 3 4

1 2 3 4

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

e

N N N N
B N N N N

N N N N

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

(3.70)

3.3.2.3.3.2.3.3.2.3.3.2. MaMaMaMa trtrtrtrËËËËnnnn bibibibiÕÕÕÕnnnn dddd¹¹¹¹ng-chuyng-chuyng-chuyng-chuyÓÓÓÓnnnn vvvvÞÞÞÞ [ ]eD

Ma trËn biÕn d¹ng-chuyÓn vÞ [ ]eD ®­îc x¸c ®Þnh tõ c«ng thøc tæng qu¸t

theo PP PTHH: { } [ ] { }p eeD qε = . Víi phÇn tö tÊm, theo (1.45):

{ } { }Tx y xy y xp k k kε = φ φ
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Tõ c¸c biÓu thøc:

y y
w
x

∂
φ = θ +

∂
(1.29)

x x
w
y

∂
φ = −θ +

∂
(1.30)

y
xk x

∂θ
=

∂
; x

yk y
∂θ

= −
∂

; y x
xyk y x

∂θ ∂θ
= −
∂ ∂

(1.40)

chó ý ®Õn (3.65), c¸c thµnh phÇn cña { }pε ®­îc x¸c ®Þnh theo c«ng thøc:

4 4

1 1

i
y i yi i

i i

Nw N
x= =

∂
φ = + θ

∂∑ ∑ (3.71.a)

4 4

1 1

i
x i xi i

i i

Nw N
y= =

∂
φ = − θ

∂∑ ∑ (3.71.b)

4

1

i
x yi

i

Nk
x=

∂
= θ

∂∑ ;
4

1

i
y xi

i

Nk
y=

∂
= −θ

∂∑ ;
4 4

1 1

i i
xy yi xi

i i

N Nk
y x= =

∂ ∂
= θ − θ

∂ ∂∑ ∑ (3.71.c)

Do xÐt trong hÖ täa ®é tù nhiªn nªn cÇn thiÕt lËp quan hÖ ®¹o hµm cña mét

®¹i l­îng nµo ®ã ®èi víi c¸c biÕn ( ),r s trong hÖ täa ®é tù nhiªn vµ ®¹o hµm cña

®¹i l­îng ®ã ®èi víi biÕn ( ),x y trong hÖ täa ®é Descartes. Theo nguyªn t¾c tÝnh

®¹o hµm riªng:
x y

r x r y r
∂ ∂ ∂ ∂ ∂
= +

∂ ∂ ∂ ∂ ∂

x y
s x s y s
∂ ∂ ∂ ∂ ∂
= +

∂ ∂ ∂ ∂ ∂

d­íi d¹ng ma trËn (3.72), trong ®ã [ ]2 2xJ gäi lµ ma trËn Jacobian.

[ ]
x y

x xr r r J
x y

y ys s s

∂ ∂⎧ ⎫ ⎧ ⎫∂ ∂ ∂⎧ ⎫ ⎡ ⎤
⎪ ⎪ ⎪ ⎪⎪ ⎪ ⎢ ⎥ ∂ ∂⎪ ⎪ ⎪ ⎪ ⎪ ⎪∂ ∂ ∂= =⎢ ⎥⎨ ⎬ ⎨ ⎬ ⎨ ⎬∂ ∂∂ ∂ ∂⎢ ⎥⎪ ⎪ ⎪ ⎪ ⎪ ⎪

⎢ ⎥⎪ ⎪ ∂ ∂⎪ ⎪ ⎪ ⎪∂ ∂ ∂⎩ ⎭ ⎣ ⎦ ⎩ ⎭ ⎩ ⎭

(3.72)

Tõ (3.72), quan hÖ gi÷a ®¹o hµm riªng cña hµm néi suy iN theo biÕn ( ),x y

trong hÖ täa ®é Descartes vµ ®¹o hµm riªng cña hµm néi suy iN theo biÕn ( ),r s

trong hÖ täa ®é tù nhiªn cã d¹ng:

[ ] 1x rJ

y s

−

∂⎧ ⎫ ∂⎧ ⎫
⎪ ⎪ ⎪ ⎪∂⎪ ⎪ ⎪ ⎪∂=⎨ ⎬ ⎨ ⎬∂ ∂⎪ ⎪ ⎪ ⎪

⎪ ⎪∂⎪ ⎪ ∂⎩ ⎭⎩ ⎭

(3.73)
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Tõ (3.63) vµ (3.72), ma trËn Jacobian [ ]J cã d¹ng:

[ ]
1 131 2 4

2 2

3 331 2 4

4 4

x yNN N Nx y
x yr r r r r rJ
x yx y NN N N

s s s s s s x y

⎡ ⎤∂∂ ∂ ∂∂ ∂ ⎡ ⎤⎡ ⎤
⎢ ⎥⎢ ⎥⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂ ⎢ ⎥= = ⎢ ⎥⎢ ⎥
⎢ ⎥∂ ∂ ∂∂ ∂ ∂⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂⎣ ⎦ ⎣ ⎦ ⎣ ⎦

(3.74)

Chó ý ®Õn (3.66),

[ ]
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 1

2 2

3 3

4 4

1 1 1 1
4 4 4 4

1 1 1 1
4 4 4 4

x ys s s s
x y

J
x yr r r r
x y

⎡ ⎤− − + +⎡ ⎤
− − ⎢ ⎥⎢ ⎥

⎢ ⎥⎢ ⎥=
⎢ ⎥− + + −⎢ ⎥

− − ⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦

(3.75)

Ma trËn nghÞch ®¶o [ ] 1J − cã d¹ng:

[ ]
* *

1 11 12
* *
21 22

J J
J

J J
− ⎡ ⎤
= ⎢ ⎥
⎣ ⎦

(3.76)

Tõ (3.71), vÐc t¬ { }pε ®­îc x¸c ®Þnh qua iw , chuyÓn vÞ xoay xiθ , yiθ t¹i c¸c

nót 1 4i = ÷ :

{ } { } [ ] { }T
x y xy y xp eek k k D qε = φ φ = (3.77)

trong ®ã:

[ ] [ ] [ ] [ ] [ ]1 2 3 45 3 5 3 5 3 5 3 5 12e x x x x x
D D D D D⎡ ⎤= ⎣ ⎦ (3.78)

Ma trËn [ ]iD , 1 4i = ÷ x¸c ®Þnh theo c«ng thøc (3.79):

[ ]

0 0

0 0

0

0

0

i

i

i i
i

i
i

i
i

N
x

N
y
N N

D
x y

N N
x
N N
y

∂⎡ ⎤
⎢ ⎥∂⎢ ⎥

∂⎢ ⎥−⎢ ⎥∂
⎢ ⎥

∂ ∂⎢ ⎥−= ⎢ ⎥∂ ∂
⎢ ⎥
∂⎢ ⎥
⎢ ⎥∂
⎢ ⎥∂⎢ ⎥−
⎢ ⎥∂⎣ ⎦

víi 1 4i = ÷ (3.79)

t­¬ng øng víi chuyÓn vÞ t¹i nót i :

{ } { }Ti i xi yiq w= θ θ (3.80)

Tõ (3.78) vµ (3.79), ma trËn [ ]eD cã d¹ng:
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[ ]

31 2 4

31 2 4

3 31 1 2 2 4 4

31 2 4
1 2 3 4

31 2 4
1 2 3 4

0 0 | 0 0 | 0 0 | 0 0

0 0 | 0 0 | 0 0 | 0 0

0 | 0 | 0 | 0

0 | 0 | 0 | 0

0 | 0 | 0 | 0

e

NN N N
x x x x

NN N N
y y x y

N NN N N N N N
D

x y x y x y x y
NN N NN N N N

x x x x
NN N NN N N N

y y y y

∂∂ ∂ ∂⎡
⎢ ∂ ∂ ∂ ∂⎢

∂∂ ∂ ∂⎢ − − − −⎢ ∂ ∂ ∂ ∂
∂ ∂∂ ∂ ∂ ∂ ∂ ∂

− − − −=
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂∂ ∂ ∂
∂ ∂ ∂ ∂

∂∂ ∂ ∂
− − − −

∂ ∂ ∂ ∂⎣

⎤
⎥
⎥
⎥
⎥

⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎦

(3.81)

VÐc t¬ néi lùc: { } { }Tx y xy x yp M M M Q Qσ = (1.42)

{ } [ ] { } [ ] [ ] { } [ ] { }p p e ep p e eC C D q CB qσ = ε = = (3.82)

Sö dông [ ]pC tõ (1.43) vµ [ ]iD tõ (3.79) th×:

[ ] [ ] [ ] [ ] [ ] [ ] [ ]1 2 3 45 12 5 3 5 3 5 3 5 3x p e x x x xCB C D CB CB CB CB⎡ ⎤= = ⎣ ⎦ (3.83)

víi 1,2,3, 4i = .

NÕu t¸ch [ ]5 3i xCB ra t­¬ng øng víi biÕn d¹ng uèn vµ c¾t:

[ ] [ ] [ ]i i iu SCB CB CB= + (3.84)

[ ] ( )

2 2

2 2

2 2

0 0 0 01 1
0 0 0

0 0 0 01 1
6

12 1 0
0

2 2
00 0 0

0 0 0

i i

i i

i i
ii i

i
i

N Nh h
y x

N Nh h
y xEhCB N NN Nh h x
x y N N

y

⎡⎡ ⎤⎛ ⎞∂ ∂−µ ⎛ ⎞
⎢⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎡ ⎤−µ ∂ −µ ∂⎝ ⎠⎝ ⎠⎢⎢ ⎥ ⎢ ⎥
⎢⎢ ⎥ ⎢ ⎥⎛ ⎞∂ ∂− µ ⎛ ⎞⎢⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟−µ ∂ −µ ∂⎢ ⎥⎝ ⎠⎝ ⎠ ⎢ ⎥= + α ∂⎢ ⎥ ⎢ ⎥+µ ⎛ ⎞∂ ∂− ⎛ ⎞⎢ ⎥ ⎢ ⎥∂⎜ ⎟⎜ ⎟⎢ ⎥∂ ∂ ⎢ ⎥⎝ ⎠ ⎝ ⎠ ∂⎢ ⎥ ⎢ ⎥−
⎢ ⎥ ∂⎢ ⎥⎣ ⎦⎢ ⎥⎣ ⎦⎣

⎤
⎥
⎥
⎥
⎥

⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥

⎦

(3.85)

Khi tÝnh néi lùc, gi¸ trÞ m« men ®­îc tÝnh víi ma trËn [ ]i uCB víi 2x2 ®iÓm

Gauss, cßn gi¸ trÞ lùc c¾t ®­îc tÝnh víi ma trËn [ ]i SCB víi 1x1 ®iÓm Gauss.

3.3.3.3.3.3.3.3.3.3.3.3. MaMaMaMa trtrtrtrËËËËnnnn ®é®é®é®é ccccøøøøngngngng [ ]eK

Ma trËn ®é cøng [ ]eK cña phÇn tö trong hÖ täa ®é ®Þa ph­¬ng ®­îc x¸c ®Þnh

b»ng c«ng thøc:
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[ ] [ ] [ ] [ ]T

e e p e
S

K D C D dxdy= ∫∫ (3.86)

tÝnh trong hÖ täa ®é tù nhiªn:

[ ] [ ] [ ] [ ]
1 1 1 1

1 1 1 1

T

e e p eK D C D J drds k J drds
+ + + +

− − − −

⎡ ⎤= = ⎣ ⎦∫ ∫ ∫ ∫ (3.87)

trong ®ã [ ]pC x¸c ®Þnh theo (1.43) vµ [ ]iD x¸c ®Þnh theo (3.79).

Ma trËn k⎡ ⎤⎣ ⎦ cã thÓ biÓu diÔn d­íi d¹ng tæng do biÕn d¹ng uèn vµ biÕn d¹ng

c¾t:

[ ] [ ] [ ]T

e p e u s
k D C D k k⎡ ⎤ ⎡ ⎤ ⎡ ⎤= = +⎣ ⎦ ⎣ ⎦ ⎣ ⎦ (3.88)

trong ®ã:

11 11 12 12 13 13 14 14

21 21 22 22 23 23 24 24

31 31 32 32 33 33 34

u S u S u S u S

u S u S u S u S

u S u S u S

k k k k k k k k

k k k k k k k k
k

k k k k k k k

⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤+ + + +⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤+ + + +⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎡ ⎤ =⎣ ⎦ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤+ + +⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ 34

41 41 42 42 43 43 44 44
12 12

u S

u S u S u S u S x

k

k k k k k k k k

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎡ ⎤+ ⎣ ⎦⎢ ⎥
⎢ ⎥⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤+ + + +⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦

(3.89)

Ma trËn
3 3kj ij ijx u S

k k k⎡ ⎤ ⎡ ⎤ ⎡ ⎤= +⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ®­îc x¸c ®Þnh b»ng c«ng thøc (3.90).

( )
2 2 2 2

2 2 2 2

0 0 0

0
12 1 1 2 1 2

0
1 2 1 2

j j j ji i i i
kj

j j j ji i i i

N N N NN N N NEh h h h hk
y y x x y x x y

N N N NN N N Nh h h h
x y y x x x y y

⎡ ⎤
⎢
⎢
⎢ ∂ ∂ ∂ ∂⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂µ⎢⎡ ⎤ = + − −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎣ ⎦ +µ −µ ∂ ∂ ∂ ∂ −µ ∂ ∂ ∂ ∂⎢ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎢

∂ ∂ ∂ ∂⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂µ⎢ − − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ − ν ∂ ∂ ∂ ∂ −ν ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

( )
0

2 1

0

j ji i i i
j j

j
i i j

j
i i j

N NN N N NN N
x x y y y x

NEh N N N
y
N

N N N
x

⎥
⎥
⎥
⎥ +
⎥
⎥
⎥
⎥

⎡ ∂ ∂ ⎤⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂
+ −⎢ ⎥⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠⎢ ⎥

⎢ ⎥∂α ⎢ ⎥+ −
+µ ∂⎢ ⎥

⎢ ⎥∂⎢ ⎥
⎢ ⎥∂⎣ ⎦

(3.90)

Khi tÝnh ma trËn ®é cøng [ ]eK theo (3.87), (3.89) vµ (3.90) th× víi

ij u
k⎡ ⎤⎣ ⎦ tÝch ph©n víi 2x2 ®iÓm Gauss, cßn víi ij S

k⎡ ⎤⎣ ⎦ tÝch ph©n víi 1x1 ®iÓm Gauss.
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3.3.4.3.3.4.3.3.4.3.3.4. VVVVÐÐÐÐcccc tttt¬¬¬¬ llllùùùùcccc nnnnóóóótttt quiquiquiqui ®æ®æ®æ®æiiii { }eR ccccññññaaaa phphphphÇÇÇÇnnnn ttttöööö....

VÐc t¬ lùc nót qui ®æi cña phÇn tö:

{ } { }1 1 1 2 2 2 3 3 3 4 4 4

T
z x y z x y z x y z x yeR F M M F M M F M M F M M=

{ } { } { } { } { }{ }1 2 3 4
T

eR R R R R= (3.91)

VÐc t¬ lùc nót qui ®æi { }iR cña phÇn tö t¹i nót i ( )1 4i = ÷ do t¶i träng ph©n

bè ®Òu q ®­îc x¸c ®Þnh theo c«ng thøc:

{ }
1 1

1 1

0
0

zi

i xi i

yi

F q
R M N J drds

M

+ +

− −

⎧ ⎫ ⎧ ⎫
⎪ ⎪ ⎪ ⎪= =⎨ ⎬ ⎨ ⎬
⎪ ⎪ ⎪ ⎪

⎩ ⎭⎩ ⎭
∫ ∫ (3.92)

3.3.5.3.3.5.3.3.5.3.3.5. MaMaMaMa trtrtrtrËËËËnnnn khkhkhkhèèèèiiii llll­î­î­î­îngngngng [ ]eM ccccññññaaaa phphphphÇÇÇÇnnnn ttttöööö

Ký hiÖu:

( ) [ ] [ ], T

e eF r s B B= ρ⎡ ⎤⎣ ⎦ (3.93)

trong ®ã
ρ - khèi l­îng riªng cña vËt liÖu;

[ ]eB - Ma trËn hµm d¹ng x¸c ®Þnh theo (3.71).

Ma trËn khèi l­îng [ ]eM cña phÇn tö ®­îc tÝnh b»ng tÝch ph©n sè víi 2x2

®iÓm Gauss:

[ ] ( ) ( )
1 1 2 2

1 11 1

, det , deti je
i j

M F r s J drds F r s J
+ +

= =− −

= = α α⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦∑∑∫ ∫ (3.94)

3.4.3.4.3.4.3.4. ttttÝÝÝÝnhnhnhnh ttttÊÊÊÊmmmmtrtrtrtrªªªªnnnn nnnnÒÒÒÒnnnn ®µ®µ®µ®µnnnnhhhhååååiiii bibibibiÕÕÕÕnnnn dddd¹¹¹¹ngngngngccccôôôôcccc bbbbéééé
KÕt cÊu tÊm trªn nÒn ®µn håi th­êng ®­îc tÝnh víi m« h×nh nÒn biÕn d¹ng

®µn håi côc bé Winkler. Trong môc nµy, giíi thiÖu tÝnh tÊm trªn nÒn biÕn d¹ng
®µn håi côc bé hai hÖ sè víi phÇn tö tÊm t­¬ng thÝch ch÷ nhËt 4 nót cã 16 bËc tù
do (chuyÓn vÞ nót).
3.4.1.3.4.1.3.4.1.3.4.1. PhPhPhPh­¬­¬­¬­¬ngngngng trtrtrtr××××nhnhnhnh cccc©©©©nnnn bbbb»»»»ngngngng ccccññññaaaa phphphphÇÇÇÇnnnn ttttöööö ttttÊÊÊÊmmmm trtrtrtrªªªªnnnn nnnnÒÒÒÒnnnn ®µ®µ®µ®µnnnn hhhhååååiiii 2222 hhhhÖÖÖÖ ssssèèèè

D­íi ®©y sÏ tr×nh bµy c¸ch thiÕt lËp ph­¬ng tr×nh c©n b»ng cña phÇn tö tõ
nguyªn lý gi¸ trÞ dõng cña thÕ n¨ng toµn phÇn.

ThÕ n¨ng toµn phÇn Π cña tÊm chÞu uèn b»ng tæng thÕ n¨ng biÕn d¹ng
U cña néi lùc vµ thÕ n¨ng ngo¹i lùc khi hÖ chuyÓn tõ tr¹ng th¸i ban ®Çu kh«ng
biÕn d¹ng sang tr¹ng th¸i biÕn d¹ng.

ThÕ n¨ng toµn phÇn cña hÖ cã d¹ng:
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. .U q wdxdyΠ = − ∫∫ (1.50)

N¨ng l­îng biÕn d¹ng bao gåm:
**** N¨ng l­îng biÕn d¹ng g©y ra do néi lùc nlU :

{ } { } { } { } { } [ ] { }1 1 1
2 2 2

T T T
nl c c cf

V S S

U dV k M dS k C k dS= ε σ = =∫∫ ∫∫ ∫∫ (3.95)

Tõ quan hÖ tæng qu¸t gi÷a biÕn d¹ng vµ chuyÓn vÞ nót: { } [ ] { }e eeD qε = , biÓu thøc

(3.95) cã d¹ng:

{ } [ ] { } { } [ ] [ ] [ ] { }1 1
2 2

TT T
nl c c e ef e f e

S S

U k C k dS q D C D q dS= =∫∫ ∫∫ (3.96.a)

hay

{ } [ ] [ ] [ ] { }1
2

TT
nl e ee f e

S

U q D C D dS q
⎛ ⎞

= ⎜ ⎟
⎝ ⎠
∫∫ (3.96.b)

**** N¨ng l­îng biÕn d¹ng g©y ra do lùc qu¸n tÝnh qtU :

{ } { } { } [ ] [ ] { }1 1
2 2

TT T
qt qte e ee e

S S

U h U P dS h q B B q dS= ρ = ρ∫∫ ∫∫ ̇̇ (3.97.a)

hay { } [ ] [ ] { }1
2

TT
qt e ee e

S

U q h B B dS q
⎛ ⎞

= ρ⎜ ⎟
⎝ ⎠
∫∫ ̇̇ (3.97.b)

**** N¨ng l­îng biÕn d¹ng g©y ra do ph¶n lùc nÒn nenU :

{ } { }1
2

T
nen nene

S

U U P dS= ∫∫
Tõ quan hÖ tæng qu¸t cña hµm chuyÓn vÞ: { } [ ] { }e eeU B q= vµ ph¶n lùc cña nÒn 02

hÖ sè 2
1 2nenP k w k w= − ∇

{ } [ ] [ ] { } { } [ ] [ ]( ){ }2
1 2

1 1
2 2

T TT T
nen e e e ee e e e

S S

U k q B B q dS k q B B q dS= − ∇∫∫ ∫∫ (3.98.a)

hay

{ } [ ] [ ] [ ] [ ]( ) { }2
1 2

1 1
2 2

T TT
nen e ee e e e

S S

U q k B B dS k B B dS q
⎛ ⎞

= − ∇⎜ ⎟
⎝ ⎠
∫∫ ∫∫ (3.98.b)

ThÕ n¨ng ngo¹i lùc nglU :

{ } ( ) { } [ ] ( ) { } [ ] ( ), , ,T TT T T
ngl e e ee e

S S S

U U q x y dS q B q x y dS q B q x y dS
⎛ ⎞

= − = − = − ⎜ ⎟
⎝ ⎠

∫∫ ∫∫ ∫∫
(3.99)
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ThÕ n¨ng toµn phÇn lµ tæng cña c¸c thÕ n¨ng: nl qt nen nglU U U UΠ = + + +

Theo nguyªn lý gi¸ trÞ dõng cña thÕ n¨ng toµn phÇn, ®Ó hÖ c©n b»ng th× biÕn
ph©n cÊp 1 cña thÕ n¨ng toµn phÇn 0δΠ =

{ } [ ] [ ] { } { } [ ] [ ] [ ] { }T TT T
e e e ee e e f e

S S

q h B B dS q q D C D dS q
⎛ ⎞ ⎛ ⎞

δ ρ + δ +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
∫∫ ∫∫̇̇

{ } [ ] [ ] [ ] [ ]( ) { }2
1 2

1
2

T TT
e ee e e e

S S

q k B B dS k B B dS q
⎛ ⎞

+ δ − ∇ −⎜ ⎟
⎝ ⎠
∫∫ ∫∫

{ } [ ] ( ), 0TT
e e

S

q B q x y dS
⎛ ⎞

− δ =⎜ ⎟
⎝ ⎠
∫∫ (3.100)

BiÕn ph©n { }eqδ lµ bÊt kú, nªn suy ra:

[ ] [ ] { } [ ] [ ] [ ] { }T T

e ee e e f e
S S

h B B dS q D C D dS q
⎛ ⎞ ⎛ ⎞
ρ + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
∫∫ ∫∫̇̇

[ ] [ ] [ ] [ ]( ) { } [ ] ( )2
1 2

1 , 0
2

T T T

ee e e e e
S S S

k B B dS k B B dS q B q x y dS
⎛ ⎞ ⎛ ⎞

+ − ∇ − =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
∫∫ ∫∫ ∫∫

(3.101)
Ký hiÖu:

[ ]eM - ma trËn khèi l­îng cña phÇn tö

[ ] [ ] [ ]T

e e e
S

M h B B dS= ρ ∫∫ (3.102)

[ ]eK - ma trËn ®é cøng cña phÇn tö

[ ] [ ] [ ] [ ]T

e e f e
S

K D C D dS= ∫∫ (3.103)

[ ]nen eK - ma trËn ®é cøng cña nÒn ®µn håi 2 hÖ sè

[ ] [ ] [ ] [ ] [ ]( )2
1 2

1
2

T T
nen e e e e e

S S

K k B B dS k B B dS
⎛ ⎞

= − ∇⎜ ⎟
⎝ ⎠
∫∫ ∫∫ (3.104)

{ }eR - vÐc t¬ lùc nót qui ®æi cña phÇn tö

{ } [ ] ( ),T

e e
S

R B q x y dS= ∫∫ (3.105)

Ph­¬ng tr×nh c©n b»ng cña phÇn tö cã d¹ng tæng qu¸t:

[ ] { } [ ] { } [ ] { } { }nene e e ee e eM q K q K q R+ + =̇̇

NÕu ®Æt:

[ ] [ ] [ ]nene e eKN K K= + (3.106)
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th× ph­¬ng tr×nh c©n b»ng tÜnh cña tÊm trªn nÒn ®µn håi 2 hÖ sè cã d¹ng:

[ ] { } [ ] { } { }e e ee eM q KN q R+ =̇̇ (3.107)

D­íi ®©y dÉn ra c¸c c«ng thøc c¬ b¶n theo PP PTHH cho phÇn tö tÊm ch÷
nhËt 16 bËc tù do (chuyÓn vÞ nót) víi hµm chuyÓn vÞ ®­îc xÊp xØ b»ng mét ®a
thøc theo tam gi¸c Pascal.
3.4.2.3.4.2.3.4.2.3.4.2. HHHHµµµµmmmm chuychuychuychuyÓÓÓÓnnnn vvvvÞÞÞÞ vvvvµµµµ hhhhµµµµmmmm dddd¹¹¹¹ngngngng

XÐt phÇn tö tÊm t­¬ng thÝch ch÷ nhËt 4 nót trªn nÒn biÕn d¹ng ®µn håi côc
bé hai hÖ sè víi 16 chuyÓn vÞ nót, h×nh 3-5.

w
x y
∂
∂ ∂

w
y

∂
∂

w
x

∂
∂w

4 3

21

z

X

q1 3

q3

q1 4 q1 0

q9

q6

q5q1
q2

q7

Y
q1 5 q1 1

q4 q8

q1 2q1 6

H×nh 3-5. PhÇn tö ch÷ nhËt 04 nót 16 bËc tù do
T¹i mçi nót thø , ( 1 4)i i = ÷ cã 4 thµnh phÇn chuyÓn vÞ nót, [2]:

iw ,
i

w
y

⎛ ⎞∂
⎜ ⎟∂⎝ ⎠

,
i

w
x

∂⎛ ⎞
⎜ ⎟∂⎝ ⎠

,
2

i

w
x y

⎛ ⎞∂
⎜ ⎟∂ ∂⎝ ⎠

VÐc t¬ chuyÓn vÞ nót cña phÇn tö:

{ }
2 2

1
1 41 1 4 16 1

...
T

e
x

w w w w wq w
y x x y x x y

⎧ ⎫⎛ ⎞ ⎛ ⎞⎛ ⎞∂ ∂ ∂ ∂ ∂⎪ ⎪⎛ ⎞ ⎛ ⎞= ⎨ ⎬⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠⎪ ⎪⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎩ ⎭
(3.108.a)

hay { } { }1 2 3 4 14 15 16... T
eq q q q q q q q= (3.108.b)

T­¬ng tù, vÐc t¬ lùc nót qui ®æi cña phÇn tö:

{ } { }1 2 3 4 14 15 16... T
eR R R R R R R R= (3.109)

Hµm chuyÓn vÞ { }eU cña phÇn tö ch÷ nhËt 04 nót 16 bËc tù do ®­îc xÊp xØ

d­íi d¹ng ®a thøc ®Çy ®ñ theo tam gi¸c Pascal cã d¹ng:

{ } ( ) 2 2 3 2 2
1 2 3 4 5 6 7 8 9,eU w x y x y x xy y x x y xy= = α +α +α +α +α +α +α +α +α +

3 3 3 2 2 3 2 2 3 3 3
10 11 12 13 14 15 16y x y xy x y x y x y x y+α +α +α +α +α +α +α (3.110)

d­íi d¹ng ma trËn: { } ( ) ( ) { }, ,eU w x y P x y= = α⎡ ⎤⎣ ⎦ (3.111)

trong ®ã:

( ) 2 2 3 2 2 3 3 3 2 2 3 2 2 3 3 3, 1P x y x y x xy y x x y xy y x y xy x y x y x y x y⎡ ⎤=⎡ ⎤⎣ ⎦ ⎣ ⎦
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(3.112).

{ } { }1 2 3 15 16... Tα = α α α α α (3.113)

C¸c tham sè jα víi 1 16j = ÷ ®­îc x¸c ®Þnh tõ ®iÒu kiÖn chuyÓn vÞ t¹i c¸c nót cña

phÇn tö, vÝ dô t¹i nót cã täa ®é ( ),x y cã d¹ng (3.114), trang 70.

Khai triÓn (3.114) cho c¸c nót i , ( )1 4i = ÷ d­íi d¹ng ma trËn:

{ } [ ]{ }eq A= α (3.115)

Tõ (3.115), rót ra: { } [ ] { }1

eA q−α = (3.116)

thay (3.116) vµo (3.111):

{ } ( ) [ ] { } ( ) { } ( ) [ ] { }1, , ,e e eeU w x y B q P x y P x y A q−= = = α =⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ (3.117)

rót ra ma trËn hµm d¹ng:

[ ] ( ) [ ] 1,eB P x y A −= ⎡ ⎤⎣ ⎦ (3.118)

3.4.3.3.4.3.3.4.3.3.4.3. MaMaMaMa trtrtrtrËËËËnnnn bibibibiÕÕÕÕnnnn dddd¹¹¹¹ngngngng ---- chuychuychuychuyÓÓÓÓnnnn vvvvÞÞÞÞ
Ma trËn biÕn d¹ng - chuyÓn vÞ ®­îc x¸c ®Þnh tõ c«ng thøc tæng qu¸t cña PP

PTHH: { } [ ] { }e eeD qε = . Theo (1.4)÷ (1.7):

Tõ (3.111):

( )

( )

( )

[ ] { }

22

22

22
1

2 2

2 2

,

,

,2

x x

y y e

xy xy

P x yw
xxk

P x ywz k z z A q
y y

k
w P x y
x y x y

−

⎡ ⎤∂ ⎡ ⎤⎧ ⎫ ⎣ ⎦∂ ⎢ ⎥−⎪ ⎪ ∂∂ ⎢ ⎥⎪ ⎪⎧ ⎫ ⎧ ⎫ε ⎢ ⎥⎪ ⎪ ∂ ⎡ ⎤∂⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎣ ⎦⎢ ⎥ε = = − = −⎨ ⎬ ⎨ ⎬ ⎨ ⎬∂ ∂⎢ ⎥⎪ ⎪ ⎪ ⎪ ⎪ ⎪γ ⎢ ⎥⎩ ⎭ ⎩ ⎭ ⎪ ⎪∂ ∂ ⎡ ⎤⎣ ⎦⎢ ⎥−⎪ ⎪
⎢ ⎥∂ ∂⎪ ⎪ ∂ ∂⎩ ⎭ ⎣ ⎦

(3.119)

So s¸nh víi c«ng thøc x¸c ®Þnh { } [ ] { }e eeD qε = , rót ra:

[ ]

( )

( )

( )

[ ] [ ][ ]

2

2

2
1 1

2

2

,

,

,
2

e

P x y
x

P x y
D z A z PD A

y
P x y
x y

− −

⎡ ⎤∂ ⎡ ⎤⎣ ⎦⎢ ⎥
∂⎢ ⎥

⎢ ⎥∂ ⎡ ⎤⎣ ⎦⎢ ⎥= − = −
∂⎢ ⎥

⎢ ⎥∂ ⎡ ⎤⎣ ⎦⎢ ⎥
⎢ ⎥∂ ∂⎣ ⎦

(3.120)

trong ®ã, ma trËn [ ]PD cã d¹ng (3.121), trang 70.

3.4.4.3.4.4.3.4.4.3.4.4. MaMaMaMa trtrtrtrËËËËnnnn ®é®é®é®é ccccøøøøngngngng ccccññññaaaa phphphphÇÇÇÇnnnn ttttöööö ttttÊÊÊÊmmmm vvvvµµµµ ccccññññaaaa nnnnÒÒÒÒnnnn
Ma trËn ®é cøng phÇn tö tÊm ®­îc x¸c ®Þnh b»ng c«ng thøc:
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[ ] [ ] [ ] [ ]T

e e f e
S

K D C D dS= ∫∫ (3.122)

trong ®ã:

[ ]eD x¸c ®Þnh theo (3.120);

fC⎡ ⎤⎣ ⎦ x¸c ®Þnh theo c«ng thøc (1.19).

Ma trËn ®é cøng cña nÒn ®µn håi 2 hÖ sè x¸c ®Þnh theo (3.104)

[ ] [ ] [ ] [ ] [ ]( )2
1 2

1
2

T T
nen e e e e e

S S

K k B B dS k B B dS
⎛ ⎞

= − ∇⎜ ⎟
⎝ ⎠
∫∫ ∫∫ (3.123)

trong ®ã, [ ]eB lµ ma trËn hµm d¹ng x¸c ®Þnh theo (3.118): [ ] ( ) [ ] 1,eB P x y A −= ⎡ ⎤⎣ ⎦

Ma trËn [ ]( )2
eB∇ lµ ma trËn nhËn ®­îc b»ng c¸ch lÊy ®¹o hµm theo to¸n tö

Laplat (1.24) cho ma trËn hµm d¹ng [ ]eB . Chó ý ®Õn (3.118), víi [ ] 1A − lµ ma trËn

h»ng sè, nhËn ®­îc:

[ ]( ) ( )( )[ ] 12 2 ,eB P x y A −∇ = ∇ ⎡ ⎤⎣ ⎦ (3.124)

( )2 ,P x y∇ ⎡ ⎤⎣ ⎦ x¸c ®Þnh theo (3.125), trang 70.

3.4.5.3.4.5.3.4.5.3.4.5. MaMaMaMa trtrtrtrËËËËnnnn khkhkhkhèèèèiiii llll­î­î­î­îngngngng ccccññññaaaa phphphphÇÇÇÇnnnn ttttöööö ttttÊÊÊÊmmmm
Ma trËn khèi l­îng cña phÇn tö ®­îc x¸c ®Þnh b»ng c«ng thøc (3.102):

[ ] [ ] [ ]T

e e e
S

M h B B dS= ρ ∫∫ (3.126)

trong ®ã:
ρ - khèi l­îng trªn mét ®¬n vÞ thÓ tÝch cña tÊm;

h - chiÒu dµy cña tÊm

[ ]eB - ma trËn hµm d¹ng x¸c ®Þnh theo (3.118).

3.4.6.3.4.6.3.4.6.3.4.6. VVVVÐÐÐÐcccc tttt¬¬¬¬ llllùùùùcccc nnnnóóóótttt quiquiquiqui ®æ®æ®æ®æiiii dodododo tttt¶¶¶¶iiii phphphph©©©©nnnn bbbbèèèè tttt¸̧̧̧cccc ddddôôôôngngngng trongtrongtrongtrong phphphphÇÇÇÇnnnn ttttöööö ttttÊÊÊÊmmmm
VÐc t¬ lùc nót qui ®æi ®­îc x¸c ®Þnh b»ng c«ng thøc (3.106) :

{ } [ ] ( ),T

e e
S

R B q x y dS= ∫∫ (3.127)

3.4.7.3.4.7.3.4.7.3.4.7. XXXX¸̧̧̧cccc ®Þ®Þ®Þ®Þnhnhnhnh nnnnééééiiii llllùùùùcccc trongtrongtrongtrong phphphphÇÇÇÇnnnn ttttöööö ttttÊÊÊÊmmmm

Néi lùc m« men t¹i ®iÓm bÊt kú cã täa ®é ( ),x y trong phÇn tö tÊm ®­îc x¸c

®Þnh theo c«ng thøc (1.16)

{ } { }f cM C k⎡ ⎤= ⎣ ⎦ (1.16)

trong ®ã:



70

{ } { }Tx y xyM M M M= (1.17)

{ } { }Tc x y xyk k k k= x¸c ®Þnh theo c«ng thøc:

{ } [ ][ ] { }

2

2

2
1

2

2

2

x

c y e

xy

w
xk
wk k PD A q
y

k
w
x y

−

⎧ ⎫∂
−⎪ ⎪
∂⎪ ⎪⎧ ⎫

⎪ ⎪∂⎪ ⎪ ⎪ ⎪= = − = −⎨ ⎬ ⎨ ⎬∂⎪ ⎪ ⎪ ⎪
⎩ ⎭ ⎪ ⎪∂

−⎪ ⎪
∂ ∂⎪ ⎪⎩ ⎭

(3.128)

Ma trËn [ ]PD x¸c ®Þnh theo (3.121).

Ma trËn [ ] fC x¸c ®Þnh theo (1.19).

Lùc c¾t xQ , yQ do biÕn d¹ng uèn tÊm ®­îc x¸c ®Þnh b»ng c«ng thøc (1.23):

( )( )[ ] { }12 2 ,x p p eQ D W D P x y A q
x x

−∂ ∂
= − ∇ = − ∇ ⎡ ⎤⎣ ⎦∂ ∂

(3.129)

( )( )[ ] { }12 2 ,y p p eQ D W D P x y A q
y y

−∂ ∂
= − ∇ = − ∇ ⎡ ⎤⎣ ⎦∂ ∂

(3.130)

Ma trËn ( )( )2
,x yP⎡ ⎤∇ ⎣ ⎦ x¸c ®Þnh theo (3.125).

Ký hiÖu:

[ ] ( )( )2 ,xQ P P x y
x
∂

= ∇ ⎡ ⎤⎣ ⎦∂
(3.131)

( )( )2 ,yQ P P x y
y
∂⎡ ⎤ = ∇ ⎡ ⎤⎣ ⎦⎣ ⎦ ∂

(3.132)

Lùc c¾t xQ , yQ theo (3.129), (3.130) cã d¹ng:

[ ][ ] { }1
x p x eQ D Q P A q−= − ; (3.133)

[ ] { }1
y p y eQ D Q P A q−⎡ ⎤= − ⎣ ⎦ (3.134)

Víi ma trËn [ ]xQ P , yQ P⎡ ⎤⎣ ⎦ x¸c ®Þnh theo (3.131) vµ (3.132), trang 70.

3.4.8.3.4.8.3.4.8.3.4.8. TTTTÝÝÝÝnhnhnhnh cccc¸̧̧̧cccc ttttÝÝÝÝchchchch phphphph©©©©nnnn ssssèèèè bbbb»»»»ngngngng phphphphÐÐÐÐpppp ccccÇÇÇÇuuuu phphphph­¬­¬­¬­¬ngngngng GaussGaussGaussGauss
§Ó tÝnh c¸c tÝch ph©n b»ng tÝch ph©n sè theo phÐp cÇu ph­¬ng Gauss cÇn

®æi biÕn x , y trong hÖ täa ®é Descartes vÒ biÕn r , s trong hÖ täa ®é tù nhiªn.

XÐt phÇn tö ch÷ nhËt cã kÝch th­íc 2a , 2b , täa ®é t¹i t©m (gèc hÖ täa ®é tù

nhiªn) lµ ( ),c cx y . Dïng phÐp ®æi biÕn :
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cx xr
a
−

= cy ys
b
−

= .dxdy a bdrds= (3.135)

VÝ dô xÐt tÝch ph©n x¸c ®Þnh ma trËn ®é cøng cña phÇn tö tÊm

[ ] [ ] [ ]T
fe e e

S

K D C D dS⎡ ⎤= ⎣ ⎦∫∫
Ký hiÖu:

( ) [ ] [ ], T
fe eF r s D C D⎡ ⎤=⎡ ⎤⎣ ⎦ ⎣ ⎦ (3.136)

[ ] ( ) ( )
1 1 2 2

1 11 1

. , . ,i j i ji
i j

K a b F r s drds a b F r s
+ +

= =− −

⎡ ⎤= = α α⎡ ⎤⎣ ⎦ ⎣ ⎦∑∑∫ ∫ (3.137)
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2

w
w
x
w
y
w
x y

⎧ ⎫
⎪ ⎪∂⎪ ⎪
∂⎪ ⎪

⎪ ⎪∂ =⎨ ⎬
⎪ ⎪∂
⎪ ⎪
∂⎪ ⎪

⎪ ⎪∂ ∂⎩ ⎭

2 2 3 2 2 3 3 3 2 2 3 2 2 3 3 3
1

2 2 2 3 2 2 2 3 2 3
2

2 2 3 2 2 3 2 2 3 2

2 2 2 2 2 2
16

1
0 1 0 2 0 3 2 0 3 2 3 2 3

.0 0 1 0 2 0 2 3 3 2 2 3 3
0 0 0 0 1 0 0 2 2 0 3 3 4 6 6 9

x y x xy y x x y xy y x y xy x y x y x y x y
x y x xy y x y y xy x y xy x y

x y x xy y x xy x y x y x y x y
x y x y xy x y xy x y

α⎡ ⎤ ⎧ ⎫
⎢ ⎥ ⎪ ⎪α⎪ ⎪⎢ ⎥ ⎨ ⎬⎢ ⎥ ⎪ ⎪⎢ ⎥ ⎪ ⎪α⎩ ⎭⎣ ⎦

(3.114)

[ ]

( )

( )

( )

2

2
2 2 3 3

2
2 3 2 3

2
2 2 2 2 2 2

2

,

0 0 0 2 0 0 6 2 0 0 6 0 2 6 2 6
,

0 0 0 0 0 2 0 0 2 6 0 6 2 2 6 6
0 0 0 0 2 0 0 4 4 0 6 6 8 12 12 18

,
2

P x y
x

x y xy y xy y xy
P x y

PD x y xy x x x y x y
y

x y x y xy x y xy x y
P x y
x y

⎧ ⎫∂ ⎡ ⎤⎣ ⎦−⎪ ⎪
∂⎪ ⎪ ⎡ ⎤⎪ ⎪∂ ⎡ ⎤ ⎢ ⎥⎪ ⎪⎣ ⎦= − = −⎨ ⎬ ⎢ ⎥∂⎪ ⎪ ⎢ ⎥⎣ ⎦⎪ ⎪∂ ⎡ ⎤⎣ ⎦⎪ ⎪−
∂ ∂⎪ ⎪⎩ ⎭

(3.121)

( )( ) ( ) ( ) ( ) ( )2 2 2 2 3 3 2 3 3, 0 0 0 2 0 2 6 2 2 6 6 6 2 6 2 2 6 6 6P x y x y x y xy xy x y xy x y x y xy x y⎡ ⎤∇ = + + + +⎡ ⎤⎣ ⎦ ⎣ ⎦
(3.125)

[ ] ( )( ) ( ) ( )2 2 2 3 2, 0 0 0 0 0 0 6 0 2 0 6 6 4 6 12 6 18xQ P P x y y y x x y xy y x y
x
∂ ⎡ ⎤= ∇ = + +⎡ ⎤⎣ ⎦ ⎣ ⎦∂

(3.131)

( )( ) ( ) ( )2 2 2 2 3, 0 0 0 0 0 0 0 2 0 6 6 6 4 12 6 12 18 6yQ P P x y x x y xy y x xy x
y
∂ ⎡ ⎤⎡ ⎤ = ∇ = + +⎡ ⎤⎣ ⎦⎣ ⎦ ⎣ ⎦∂

(3.132)
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