Chuong 3
TINH TAM BANG PHUGNG PHAP PHAN TU HOU HAN

Phuong phdp phan tir hitu han (PP PTHH) 1a phuong phap s6 véi viéc roi rac
héa két cau thuc thanh mot s6 hitu han cac phan tlr ¢6 kich thudc hitu han lién két
v6i nhau tai cdc diém nit. PP PTHH mo hinh chuyén vi, 4n s6 can tim 1a chuyén
vi nuit. Noi luc ciia phén tlr duoc xé4c dinh qua chuyén vi nuit.

Trong chuong nay trinh bay PP PTHH giai bai todn tdm chiu uén véi cac
ki€u phan ti:

- Phan tir tim khong tuong thich tam gidc 03 nit, 09 chuyén vi nit.

- Phén tlr tim khong tuong thich chit nhat 04 nit, 12 chuyén vi nut.

- Phan tir tim déng tham s6 tit gidc 04 nit, 12 chuyén vi nit.

- Phan t&r tAm chit nhat 04 nit, 16 chuyén vi niit trén nén bién dang dan hoi
cuc bo 02 hé so.
3.1. PHAN TU TAM KHONG TUGNG THiCH KIEU TAM GIAC 03 NUT

Xét phan tir tim mong khong tuong thich ki€u tam gidc 03 nit theo gia thiét
Kirchhoff, hinh 3-1. Tai mdi nit ¢6 03 thanh phan chuyén vi, vi du tai nit 7
(7=1+3): chuyén vi phdp tuyén w, va cdc chuyén vi xoay quanh truc x va y

a a z ~ . 7 BN z ~ . R
0= (a—wj ,0,= (—8—Wj nén véc to chuyén vi nit {4} va véc to lyc niit qui déi
), v ‘

7

{#} ctia phan tit trong he toa do dia phuong c6 dang:

o () (%) - (&) () - &)

={a & & o ¢ 4% o % @) 3.1)

(R} ={R R R R R R R R R} (3.2)
3.1.1. Ma tran d¢ cimg [ K]

Theo 1y thuyét Kirchhoff khi tinh tdm, dai lugng cin tim 1a ham chuyén vi

{U} = w(x,p). Do phan tir tim ki€u tam gidc 03 nit c6 09 bac tu do (chuyén vi
niit) nén dé dam bao tinh ding huéng hinh hoc, ham chuyén vi duoc chon theo
tam gidc Pascal c6 dang:
WX, 1) = 0 + 0Ly X+ Oy + 0y + O+ 0L 1 + 0L + 0l (xzy+xy2)+oc9y3 (3.3)

dué6i dang ma tran:
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(0, = (e )=[A(x.0)] e} (3.4)
trong do:

I:P(x,y)]:[l xr vy X ow vy o (xzy+xy2) y3] (3.5)

fa}={a, a, a, a, a; o o, oy o, (3.6)

Hinh 3-1. Phdn tit tém khong tuong thich kiéu tam gidc 03 niit
Dé xdc dinh ma tran ham dang [ 8] cin biéu dién {a} qua {4} . Ky hiéu
¥, », la toa do tai niit /=1+3. Cdc tham s6 o, v6i /=1+9 dugc xdc dinh tir diéu

kién bién chuyén vi tai cdc nit ciia phan ti:

ow ow
71:V’/1:W(0’0):a1; 92:(_] :(_j =04y,
W)\ )

ow ow . 2 3.
g = = ==0,59, =W, :W(OaJ/z):al‘*'O%J/z‘*'O‘sJ’z T 005
! (0.0)

Cor) U ar
ow ow
oo A5, et
-y 2 'y (O,Yz)
ow ow 2
g =|—| =| —— =70, — s, T 0 ),
ox ), ax (002)

2 2 3
77 = W(X3,y3) = 0y + 0Ly + Oy Iy + 0L O+ 0 1+ 01, + O (50 0, 07) + 0 3

ow
78:(5j :OL3+OL5X3+OL62)/3+0L8(,t§+2x3y3)+a93)/32;
(#5.03)

ow
9y :(__j =—a2—oc42x3—a5y3—a73x32—a8(2X3J/3+)/32)
(%J’z)

dué6i dang ma tran:

{7}, =[4o} 3.7)
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trong d6 ma tran [ 4] 1a ma tran hang s6 c6 dang:

1 0 0 O 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 -1 0 0 0 0 0 0 0
1 0 » O 0 32 0 0 "
[4]=[0 0 1 0 0 2p O 0 312 (3.8)
0o -1 0 0 -p» O 0 — 0
L N N - LN S AR S DR S L
0 0 1 0 yn o 2y 0 X +2xy, 3%
0 -1 0 2x -p» O =38 —Qxy+35) 0 |

Ham chuyén vi (., ) bi€u dién qua chuyén vi niit c6 dang tong quit:
(U}, =w(xr)=[5] {a}, 3.9)
Tix (3.9), chii ¥ dén (3.7) va (3.4):
{0}, =w(xp)=[8]4q}, = (8], [A{a} = A1) ]{o}

rit ra ma tran ham dang [ 3],

(8], =[#(x0)][4]" (3.10)
Tur (3.7) va (3.4), ham chuyén vi c6 dang khac:
(O}, =) =[A(x0)][4] {a}, (3.11)

Ma tran bién dang-chuyén vi [ 2] dugc xdc dinh tir cong thiic tong quat:
{e}, =[2].14).-

Theo 1y thuyét Kirchhoff, tir (1.4)+(1.6), véc to bién dang:

r O w Fw ow)’
{s}z{ejr g, ny} ={—26X2 _Zay2 _228;@/} (3.12)

Tur (3.11):

o [P(x,y)]
or’
T ) == 2) [t (2Ll 313
5 o [P(x, y)]

oxoy

{e}=-z

riit ra, ma tran bién dang - chuyén vi [ D] :
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(D], =-z[D] [4]" (3.14)

trong do:
OZ[P(X,)/)]
2
82[122;)] 000200 6r 2 0
[D]g:T’)/zoooooz 0 2r 6y| (315
e 000020 0 4rsdy 0
oxoy

Ma tran do cling [ K] cua phén tir trong hé toa do dia phuong dugc xdc dinh

theo cong thiic téng quat:

(41, =[[2L14].[2),@7

v

v6i [£,] 1a ma tran dan hoi clia phén tir trong trang théi tng suét phang:

Thay

2 2p 0
(Gl =———|2u 2 0 (3.16)
20-0) 1 (1-p)

(3.14) vao cong thiic xdc dinh [K]

e

[£].- [ Zef([4") (B [£1[0),14" &5

—h/2 S

Vi [ 4] 1a ma tran hang s6 nén dua ra ngoai ddu tich phan

L= (21121 7))

hay duéi dang ngéan gon:

1\ 1
[£],=([4]") [70][ 4] (3.17)
trong do: [76G] = I[E}Z[E]l [E:La’S (3.18)
Ry
V6i ma tran [ £] 1a ma tran cdc hé s6 dan héi clia tém chiu udn.
I p O
[£],=[¢,]=D,ju 1 0 (3.19)
0 0 1ZH
L 2
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D, la d cung tru xac dinh theo (1.15).
3.1.2. Ma tran khéi luong [1/]
Ma tran khéi lugng [4/] cta phan tir trong hé toa do dia phuong dugc xdc

dinh bang cong thifc téng quat:
hl2
[M]e = jp[ﬁ’]:[ﬂ]e dV = .[ a’z“ﬂ]:p[ﬁ’]e dxay = /z.[p[ﬁ’]:[ﬂ]e axay (3.20)
V Ay Ay

—4/2
trong d6
p - kho6i lugng vat liéu phan tir trén mot don vi thé tich;
[ #] - ma tran ham dang xdc dinh theo (3.10).
3.1.3. Véc to hre niit qui déi {2}
Trong truong hgp phan tir chiu tdc dung cua tai trong phan bd c¢6 cuong do
2, duoc qui uéc duong néu cuing chiéu véi truc OZ cta hé toa do dia phuong, véc
to Iuc nit qui d6i {#} trong hé toa do dia phuong dugc xdc dinh bing cong thic

tong quat:

(&), =[15] pds (3.21)
S
trong d6
{R}L:{le M, Myl £, M, /][)/2 £y M, /Vys}r (3.22)

P~ lyc tap trung tai nut 7 v61 /=1+3.
M/r/"

3.1.4. Ma tran chuyén toa do 7]

Dai v6i phan tlr tam gidc, thuong hé toa do dia phuong khong trung véi hé

M - mO men tap trung quay quanh tryc x, truc y tai nit /.

toa d0 chung nén phai chuyén ma tran do cting [&] , ma tran khéi luong [47] ,
véc to luc nit qui d6i {#} cla phan ti trong hé toa do dia phuong sang hé toa do
chung qua ma tran chuyén toa do [77] .
[£] [o] [o]
17.-|[0] [2] [0 (6.23)
[o] [o] [4]
trong do, [[] l1a ma tran c6 sin chi phuong gitta hé toa do chung va hé toa do dia

phuong. Do truc Oz va O’z’ cing phuong, cing chiéu va theo thi tu sip xép
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chuyén vi tai nit, ma tran co sin chi phuong [£] c6 dang (3.24). Géc o giita truc

OX (hé toa do dia phuong) va truc O’X’ (hé toa do chung), duoc qui uéc la duong
néu quay nguogc chiéu kim doéng ho, hinh 3-1.

n. L. m, cos(z,z")  cos(z,x") cos(z,p") 1 0 0
[[] =\ Lo m,|=|cos(x,2) cos(xx) cos(x,p) =0 coso. simou
n,. L. om,, cos(y,z") cos(y,x") cos(y, ") 0 —sinma  cosa
(3.24)

3.1.5. Xéac dinh ndi hrc
Mo men tai diém bat ky trong phan tir xét trong hé toa do dia phuong dugc
xac dinh theo cong thic (1.12+1.14). Tur (3.11):

w0 P(x)]

S () = (2] ), (325)
82 82 P(.X,_]/) -1 -1
7 TP g, [ 2] 320
82 62 P(.X,_]/) -1 -1
o FLIN i (g <[ 2] 4, 627)
trong do:
[2]=[0 0 0 2 0 0 6x 2y 0] (3.28)
[2]=[0 00 0 020 2r 6] (3.29)
[2,]=[0 0 0 0 1 0 0 2r+2y 0] (3.30)
Thay vao cong thic xac dinh nodi luc theo (1.12+1.14) :
s *w] ¥
1,==-0, 25wz =021l 2] 4, (331
o *w| G
MV :_Dﬂ _ayl;l/+ua_};:/_ :Dp([[})’}_i_“[’;])[‘i(] {q}e (3.32)
(-0 _p - -
M)a/_ Dﬂ(l H)ﬁxﬁy Dﬂ(l H)I:[;J’][A] {q}e (3.33)

3.2. PHAN TU TAM KHONG TUGNG THICH KIEU CHU NHAT 04 NUT

Xét phan tr tAim mong khong twong thich kiéu chit nhat 04 nit theo ly
thuyét Kirchhoff, hinh 3-2. Tai méi nit c6 3 thanh phin chuyén vi, vi du tai nit
/(7=1+4): chuyén vi phdp tuyén w, va cdc chuyén vi xoay quanh truc x vay,
0,0

xi® Yyit
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Goc xoay tai diém bat ky trong phan tlr quanh truc x va truc y xac dinh theo
cong thuc:

L (3.34)

0, =— ,
oy ! ox

x

Hinh 3-2. Phdn 1t tam khong tuong thich kiéu chit nhat 04 niit
Véc to chuyén vi nit va véc to luc nit cua phan tir trong hé toa do dia
phuong:
a
W=la & & @ & % & % % % © %) (3.35.2)

{7}€:{M/1 6, 0, w 0, 6, m 6, 6, w 6, ey4}7 (3.35.b)

}
(R}, ={& R R R R R R R R R, R R, (3.36)
3.2.1. Ma tran do cimg [£]

Ham chuyén vi ctia phan tir duge xap xi dudi dang da thic, theo tam gidc
Pascal :

(U} = w(x,y)= o, + 0,0+ 0, p+ 0,0 +aap+0 )" + 0,0 + o’ y+a,n” +

+0L, )+ 0L+ o, (3.37)
dudi dang ma tran:
{0}, = w(xp)=[ P(x2) {0} =[ 5] {4}, (3.38.2)
trong do:

[#] - ma tran ham dang

I:P(x,y):Iz[l xr vy X ow vy oxX¥ Xy oy vy ory xyﬂ (3.39)
{o}={a, a, a; o, o5 oy o, oy oy o, o, oclz}r (3.40)

Dé xac dinh ma tran [ 5], sir dung diéu kién bién chuyén vi tai cdc niit clia
phan tu, tuong tu nhu do6i véi phan tir tam gidc da xét trong muc 3.1. Khi do, tir
(3.37) va (3.38.a), quan h¢ giita chuyén vi niit {g} va {a} c6 dang:
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{9}, =[4]{e] (3:41)

Pé x4c dinh ma tran [A] , can x4c dinh cdc dao ham riéng ctia chuyén vi w:

0

a—W:a3+a5x+a62y+a8x2+a92xy+a103)/2+a”x3+a123xy2 (1)
v

ow _ 2 2 2 3

—=a,to2x+oy+a3x +a2xy+og ) +a 3 y+og,y (2)
X

Ma tran [A] dugc xéac dinh tir (3.41) v6i st dung (3.37), (3.34) va cac dao
ham riéng (1), (2) tai toa do (.r, ») tai cdc nit. Ma tran [ 4] c6 kich thuée 12x12,
voi gid tri x, y, tai ndt 7 (/=1+4) c6 dang (3.42) v6i phan tir tai cdc nit la lién

két han c6 dang:

w 1 0 O 0 0 0 0 0 0 0 0 0 o,
6.l lo o 1 0o 0 0 0 0 0 0 0 0 ||a,
0, 0 -1 0 0 0 0 0 0 0 0 0 0 o,
m| 1, 0 2 0 0 2 0 0o 0 0 0 ||,
0,/ |0 0 1 0 x 0 0 2 o o0 2 0 ||o,
0, |0 -1 0 21, 0 0 =32 0 0o 0 0 0 ||a
W, Loy oy 4 x5 Y X, vy N S vy || oy
0. 0 0 1 0 xn o 2y 0 x 2xp 34 Y 3,07 || o
3 0 -1 0 2x -» 0 Bx 2xn 3 0 3xy 3 Qg
w| [1 0 5 0 0 32 0 0 0 4 0 0 ||ay,
6. 10 0 1 0 0 2y 0 0 0 37 0 0 ||oy,
0, [0 -1 0 0 -» 0 0 0 =2 0 0 -3 |l
(3.42)

Thay (3.41) vao (3.38.a)

[8].[Afe} =[ #(x.7) J{a)
rit ra

(8], =[x ) ][4 (3.43)
Chu y dén (3.38.a), ham chuyén vi ¢6 dang khéc:

-1

(0}, = w(xr)=[8)4q}, =[ A(x.)][4] {4}, (3.38.b)

Quan hé bién dang-chuyén vi nit, theo PP PTHH ¢6 dang tong quat:

e}, =124, (3.44)

Tur quan hé bién dang - chuyén vi (1.4)+(1.6) va (3.38.a), (3.41):
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o[ P(x)] ]
ox’

1, =~ L2 o)) Lt

, 2L P(x )]

OxOy

rat ra,

S [P(x,y)]
or’
W [A]-l :_Z[[)L (3.45)
5 0’ [P(x, y)]
i oxdy |
I I:P(x,y):l |
orx’

[ 2],= M [4]" (3.46)

oy

O P(x )]
oxoy

[D] =—z

e

Ma tran do cung ctia phan tir x4c dinh theo cong thic tong quat:
7
[4),=[[2][&].[2]. a7
V
trong d6, ma tran [£] 1a ma tran dac trung dan hoi clia vat liéu trong trang théi
ting sut phang xdc dinh theo (3.16).
Thay (3.45) vao cong thic xdc dinh [X]

(&],= [ 2a[[ D] 1£],[ 5], dedv=[[ D] [£)[ D], drct (3.47)

—h/2 S

e

trong d6 [£,] xdc dinh theo (3.19).

Ma tran do cting [ K] cla phan tir c6 kich thudc 12x12, 1a ma tran doi xtng.
3.2.2. Ma tran khéi lugng [1/]

Ma tran khoi lugng [47]  ctia phan tit trong hé toa do dia phuong dugc xdc

dinh theo cong thic tong quat:
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[47].= ][ 8], o[ 8]. 7

v

Khai trién tich phan:
hl2
[41],= | @[ 8] o[ 5], dvdy=h[p[B]|B), drdy (3.48)
—hl2 S S

trong d6, [ #] xdc dinh theo (3.43).
Ma tran khoi lugng [47]  c6 kich thude 12x12, 1a ma tran d6i xing.
3.2.3. Véc to hre niit qui déi {2}

Véc to luc nit qui doi {#} ctia phan tit trong hé toa do dia phuong duogc xac
dinh bang cong thiic téng quét theo PP PTHH. Vi tai trong phan bd p:

(&), =[[8]{r}as

S

7
{R}g:{le M, Myl £, M, /Vyz 2y M, /]/})3 2, M, /1/};4}

(3.49)
trong do:
P,- luc nut tap trung tai nut 7 v6i /=1+4;
M., M, - m6men tap trung quay quanh truc x, truc y tai nit /7.

Trong truong hop phan tir chiu tai trong phan bé déu c6 cuong do p, co
chiéu duong hudng theo chiéu truc OZ cua hé toa do dia phuong, véc to luc nut
qui d6i {#} c6 dang:

7
(R} =qib{1 bo_ay ba boa b —f} (3.50)
© 4 6 6 6 6 6 6 6
Véi a, 4 1a chiéu dai canh cua phan tir doc truc x v
3.2.4. Xac dinh ndi hrc

Mo men tai diém bat ky trong phan tir xét trong hé toa do dia phuong dugc
xac dinh theo cong thiic (1.12 +1.14). Tién hanh tuong tu nhu d6i v6i phan tir tam
gidc, tir (3.38.b):

[
—
-
c
1)

AS

2 S ) -2 33D
S S g4 L), a5
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w0 P(xr)]

- o g[8 g, (353)
Thay vao (1.12+1.14)
e e X (A [P M
e S A ) 359
M, ==, 1w =0, (1= 2] 4, (3:56)

Phén tir chit nhat 04 nit v6i 16 thanh phan chuyén vi niit dugc gidi thiéu
trong muc 3.4 - Tinh tdm trén nén bién dang dan hoi cuc bo.
3.2.5. Phan tir ¢6 diéu kién bién tu do
Diéu kién bién tu do ctia tAim c6 dang:
-taibién x=0 va r=a:
oO'w 0w

Fw Fw
)_

M,=—+ =0; 0. =—+(2- =0 1.48.a
e e T gm0 +( o0y (1.48.2)
-taibién y=0 va y=5:
o’w 82 ow ow
M, = =0; 0, = +(2- = 1.48.b
O v Gl P (145.)
M6 men xo0an xdc dinh theo cong thiic:
hl2 62
M, =M,= | z1, d-=-D (1-p) (1.14)
t pe 2[/2 4 v axay
X4c dinh c4dc dao ham riéng tu (1), (2):
2
jaw =, +a2x+o,2y+0,37 + 0,30 3)
xoy
62
T2 =C (2+a,2x+0,6p+0a, 6.4y 4)
v
3
27’3” = 0,6 +0,6x (5)
o’w
oy =a,2+a,6y (6)
3
;/T;:a82+all6x (7)
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0w

ﬁza42+a76x+a82y+a”6xy (8)
ow
§=a76+a“6y 9)

Tir (1.48), (1.14), diéu kién bién ty do biéu dién qua hé s6 «,, (/=1+12) c6

dang:

ngz o 2+a2u+a,6x+a2y+o2uxr+a,6uy+a,6xy+a,6ury  (10)

0. =0,6+a,2(2—p)+0,,6p+0,6(2—p)y (11)

M, =a,2pu+a2+a,0pux+o2uy+og2r+o,,6y+a,6uxy+a,b6xy  (12)

0, =02(2— )+ 06+, 6(2— p) x+a,,6x (13)

M, = —Dp(l—u)(oc5 +o2xr+0,2y+ ocn?ut2 +0L123y2) (14)
Xét hai truong hop:

1. Phan tlr ¢6 01 canh bién tu do.
2. Phan tlr ¢6 02 canh bién.
1. Phdn ti co 01 canh bién tu do
Xét phan tir ¢6 01 canh bién tu do, v6i niit 1 va 2 1a nit bién tu do. Tir di€u

kién bién tu do, véc to chuyén vi niit cia phan tir d€ xdc dinh ma tran [ 4] c6 dang:
— — Vs
lg)={0, M, 6, O, M, 6, w 6, 6, w, 0, 0, (3.57)

Str dung (10) + (13), ma tran [ 4] trong quan he (3.41) c6 dang (3.58):

o, oo 0o 0o 0o 0o 0 202-p 0 6 0 0 o
Myl o0 0 20 0 2 0 0 0 0 0 0 ||a,
0, [0 -1 0 0 0 0 0 0 0 0 0 ||a,
O,/ 0o 0o 0o 0 0 0 202-u) 0 6 602-py 6xn ||la
Myl 00 0 20 0 2 6uy 0 26, 0 0 0 ||a,
0, |0 -1 0 25, 0 0 -3Z 0 0 0 0 0 || o,
O I O P N S SN S - (-9 SN - S DO S L | K%
0,5 0 0 1 0 Yo 2py 0 z 250, 314 Y 305 || oy
65 |0 =1 0 2x —-p 0 32 2xp -3 0  Bxy -y ||
w, | |1 w0 0 32 0 0 0 0 0 ||ay,
6.1 [0 0 1 0 0 25 0 0 0 37 0 0 ||o,
0,] [0 -1 0 0 -» 0 0 0 - 0 0 7 ||o,
(3.58)

Khai bdo diéu kién bién tuong tng:
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{q}:{o 0 e)/l 00 eyZ w; ex3 e3 W, ex4 e},4}7 (359)

)
2. Phdn té cd 02 canh bién tu do

Xét phan tr ¢6 02 canh bién tu do, v6i nidt 1, 2 va 4 1a nit bién tu do. T
diéu kién bién tu do, véc to chuyén vi niit ctia phén tlr d€ xdc dinh ma tran [ 4] c6
dang:

_ — 7
{q}:{ ol /Vyl M, Qyz MyZ eyZ w, 0, 0 O, 9, M}c4} (3.60)

»3

Sir dung (10) + (14), ma tran [ 4] trong quan h¢ (3.41) c6 dang (3.61):

2
gxgjj(l) 0 0 0 0 1 0 0 0 0 0 0 0 o
00 0 20 0 2 0 0 0 0 0 0 a,
Mol boo0o 0 2 0 2w 0 0 0 0 0 0 o,
M 00 0 0 0 0 2(2-p) 0 6 6(2-p)y,  6x a,
G 00 0 20 0 6ur, 0 21, 0 0 0 o
My [0 -1 0 2r, 0 0 -3y 0 0 0 0 0 o
GM};Z 1 S A S EY R s 7 S R ]
’ 00 1 0 x 25 0 G 2xp 394 Bg 3n)s || o
ol o 0 2m 0 32 2wk f 0 3k o |
o3 000 0 0 0 6 0 2(2-p) 0 6r,  6(2—1)n || oy
O 00 1 0 0 2y 0 0 0 3y 0 0 o,
/Ie/): 00 0 2 0 2u O 2y, 0 6wy, 0 0 (o,
(3.61)
Khai bdo di€u kién bién tuong tng:
{g})={0 00006, m 6, 6, 086, 0 (3.62)

Thay ma tran [ 4] vao (3.43) xdc dinh dugc ma tran [ 8] , ma tran do cing [ K] ,
ma tran khéi lugng [47] va véc to luc niit qui d6i {£}  cta phan tit c6 nit bién
tu do.
3.3. PHAN TU PONG THAM SO KIEU TU GIAC 4 NUT

Ciac phan tir don gian nhu kiéu tam gidc, chit nhat khong ddp ing dugc cac
yéu cdu cua bai toan trong trudong hop khi roi rac héa két cdu, phan tir khong c6
dang tam giéc, chit nhat. Diéu d6 din dén su phat trién céc phan tir ¢6 hinh dang
bat ky - goi 1a phan tir dong tham s6. Nhitng phan tir nay duoc dung rong rai trong
céc bai todn 2 chiéu, 3 chiéu, bai todn tinh tdm, vd, két ciu ¢ bién cong.

Phan tir dong tham s6 dugc khao sat trong hé toa do tu nhién.
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Dic diém ctua phan tr déng tham s6 1a dung chung ham noi suy A, véi
(7=1+4) khi xdc dinh toa do cua diém bat ky trong phan tlr qua toa do cta céc

niit cling nhu khi x4c dinh chuyén vi tai diém bat ky trong phan tir qua chuyén vi

nut.

Thi du mot s6 phan tir déng tham sé cho trén hinh 3-3.

4 A3
7

1 2

AS
7 6 5
84 4 :
1 2 3

Hinh 3-3. Plidn tr dong tham so
3.3.1. Ma tran ham dang [ 3]

Phén tir tAim déng tham so t gidc 4 ndt 12 phan tir ma chuyén vi va hinh hoc

cua mot diém bat ky trong phan tir dugc bi€u dién qua cting ham noi suy &, véi
I=1+4.

Trong hé toa do dia phuwong, vi tri cha diém bat ky trong phan tir duoc xac
dinh qua ham noi suy &, va toa d0 x,, p, trong hé toa do chung tai cac nut
/=1+4, hinh 3-4.

4 4
x=Y) Nxs; y=3 Ny (3.63)
=1 =l

Tai diém bat ky trong phan tr ¢c6 03 thanh phan chuyén vi la: chuyén vi
phdp w va chuyén vi 8, xoay quanh truc X va chuyén vi 0 , Xoay quanh truc Y
cling duoc xé4c dinh qua ham noi suy A, va cdc chuyén vi thang w., chuyén vi
xoay 6., 6, tai cic nit 7=1+4:

4 4 4
w=Y Nw, 06.=> N0, 0,=> N0, (3.64)
=1 7=1 7=1

Ham noi suy &, 7=1+4 co dang:
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7

.N:%@+K@Q+Lg (3.65)

trong do:
7., s, la toa do tu nhién tai nat /7. Tai cdc nut /=1+4 co toa do tuy nhién:

nit 1: (-1,-1); nat 2: (1,-1); nat 3: (1,1); nat 4: (-1,1).

AS AY (303
3 (X414 (-0
4 Xs Vg
-1,1) (LD -LD[Z
4
‘]/‘ ]
(090) o ﬂ\,’/,)//) 1
1,-1
1D 2\
(-1,-1) (1,-1) (I-1) x
1 2 >

Hinh 3-4. Plin tir rir gidc 4 niit dong tham so
Tir (3.65) v6i1 gid tri 7, s, tal cdc ndt /=1+4, ham nd1 suy &, c6 dang:

N_UﬂMFH.N_Qﬂﬂtﬁ.N_QEﬂEﬂ-N_QZ%EQ(u@

T4 T > T 4 P
Ham chuyén vi c6 dang téng quat:
{01, =18.14). (3.67)
trong do
(), ={w 6, 0} (3.68)

{g} - véc to chuyén vi niit clia phan tir.
7
{q}e - { W e}cl 6}’1 W, 8}52 e}’z " 8}53 e}’3 W 6X4 8y4} (369)
[#] - ma tran ham dang x4c dinh tir (3.64) c6 chi y dén (3.67) c6 dang:

N 0O 0 ¥ 0 0 A 0 0 N 0 0
[].=|0 # 0 0 &% 0 0 & 0 0 N O (3.70)
0O 0 »# 0 0 AN 0 0 ¥ 0 0 N,

3.3.2. Ma tran bién dang-chuyén vi [ D]
Ma tran bién dang-chuyén vi [2] dugc xdc dinh tir cong thitc tong quét
theo PP PTHH: {s}p =[], {4}, V6i phan tit tam, theo (1.45):

e} ={4 4 £, 0, 0.}
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Tur cac biéu thic:

(I)y = 6}/ +a (129)
6, -0 +2% (1.30)
%
00 00
ko=—=; k,:—%; k= » 9, (1.40)
oxr 7 o v oy ox

chd y dén (3.65), céc thanh phan cta {a}p dugc xac dinh theo cong thiic:

4 4
6, =3 w, 88/\;,. +0. (3.71.2)
=1 =1
4
¢X=Zma(§v’—29ﬂ-/v,- (3.71.b)
g =1

7=1 =

8/\/ 4 aN 4 aN 4 aN
£=30,% =3-0, 25 4 =)0, 220, T (371c
' ; i ox e ; A 0 )y R ; i ay ; xi or ( )

Do xét trong hé toa do tu nhién nén can thiét 1ap quan hé dao ham ctia mot
dai luong nao dé doi véi cdc bién (7,s) trong hé toa do tu nhién va dao ham cta
dai lugng d6 d6i véi bién (., ») trong hé toa do Descartes. Theo nguyén tic tinh

dao ham riéng:
0 _0dxr 0

or aror oy or
0 O0oxr O oy

du6i dang ma tran (3.72), trong d6 [./], , goi la ma tran Jacobian.

o] |ax ol|o o
or or Or||ox ox

= =[/ 3.72
o[7er aflo[Mhe 672
Os os Os] |0y oy

Tir (3.72), quan hé giita dao ham riéng ctia ham noi suy /V, theo bién (., »)
trong hé toa do Descartes va dao ham riéng cua ham noi suy /, theo bién (r, s)

trong hé toa do tu nhién c6 dang:

2 :
oxr B 1| or
i = [J] 5 (3.73)
oy os
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Tir (3.63) va (3.72), ma tran Jacobian [./] c6 dang:

[ox ov] [0V oN, v, oN, || A
[ J] or or or or or or || % M

Tlar av| |, v, av, av ||x
L Os Os os os os os llx,
Chu y dén (3.66),

C(1-s) (1-5) (1+s) (+s)|[H X

[J] _ 4 4 4 4 Y N
_(l—r) _(l+r) (1+r) (l—r) x o0
L 4 4 4 4 X, W

Ma tran nghich dao [J]_1 c6 dang:

[J]—l_ ‘/;1 ‘/1*2
A

(3.74)

(3.75)

(3.76)

Tir (3.71), véc o {g} = duoc xdc dinh qua w;, chuyén vi xoay 6,,, 6, tai cdc

nit 7=1+4:
7
e, =l 4 £, 0, o) =[21d),
trong do:

[D]e:[[Dl]Sx?) [02]5x3 [03]513 [04]5x3]5x12

Ma tran [2], /=1+4 xdc dinh theo cong thiic (3.79):

7

0 0 oV,
ox
0o - o, 0
oy
[Q]: 0 _8/\// o, VOl 7=1+4
ox Oy
ow, 0 N
ox
oN, yy 0
Lo i

twong tng v6i chuyén vi tai nt 7:
v
{Q/} = { VV/ e,r/ ey/}
Tir (3.78) va (3.79), ma tran [ D] c6 dang:

(3.77)

(3.78)

(3.79)

(3.80)
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o o M 0 0 o 0 0 244
ox ox ox
0 "Moo 0 2% o 0 M
oy oy ox
[D] = 0 _% % | 0 _% % | 0 _% %
¢ oxr oy oxr oy oxr oy
L -
ox ox ox
L N e A L
L g oy
Véc to noi luc: {G}p :{MX M, M, O, Qy}r
{o}, =[], {8}, =11, 1214}, =[CB] {4},
Str dung [C] tir (1.43) va [D] tir (3.79) thi:
[CB]S}CIZ [ ] [ ] [[CBI]S}C?) [Cﬂz]S}d [Cﬂz’]SA’S [634]5/\’3]
v6i 7=1,2,3,4.
Néu tich [CB)]. , ra tuong Ging v6i bién dang udn va cat:
[c8]-[cB),+[cB],
__o —p/ﬁ AN (a/vj' )
I-p\ ox 0 0
( j Mz a/vj o9
0 0 0
FEh ox
[c8)-— 21 +60| oy,
12(1+u) _ﬁ2 o -t 0
0 - a’j ox
X
0 0 =
o
|0 0 o

0 0 %
ox
0 —% 0
y
o M W,
oxr oy
% 0 A
ox
WMy o
y
(3.81)
(1.42)
(3.82)
(3.83)
(3.84)
(3.85)

Khi tinh noi luc, gid tri m6 men dugc tinh v6i ma tran [C8] v6i 2x2 diém

Gauss, coOn gia tri luc cit dugc tinh véi ma tran [C‘BI.]S v6i 1x1 diém Gauss.

3.3.3. Ma tran d¢ cimg [ K]

Ma tran do cting [ K] cla phan ti trong h¢ toa d¢ dia phuong dugc xdc dinh

bang cong thiic:

62




[£]. ﬂ D) dudy (3.86)
tinh trong hé toa do tu nhién:
+1+1 +1+1
L= 1121 1€l [o) | Adras= | [ [ ]\ /aras (3.87)

-1-1 -1-1

trong do [C’]p xéc dinh theo (1.43) va [ 0] xdc dinh theo (3.79).

Ma tran [Zf] c6 thé bi€u dién dudi dang téng do bién dang uén va bién dang

cat:
[£]=[2] [, [2],=[#] +[#] (3.88)
trong do:
(A8 [R] 5] [R]L+[&] [A]+[A]]
A BLEL B1E] B1B) BIARL
(a8 (&%) [&] 6] (&[54
L&l A, [l +A], (&%) (A A,
Ma tran [Z’/y.]m = [Z’//l, [_/J duoc x4c dinh bing cong thic (3.90).
0 0 0
7,]- Eh | K [ON,ON,) KON, ON,)  wk [ON,ON,) K [ON, OV, )|,
v _12(1+u) l-u\ oy oy 2\ oxr ox l-ul oy ox 2\ ox oy
o WP (NN F(0N,ON,) R (N,0N,) F (0N, 3N,
i I-v\ ox oy 2 oy ox I-v\ oxr ox 2\ av ar )|
(am N, (am oM\ _aw, o, |
ox Ox oy Oy oy 7 ar 7
FEhou oM.
+2(1+u) ’ 8}// il 0
N,
_ 0 NNV,
L l ox o _

Khi tinh ma tran do cing [£]

(3.90)

theo (3.87), (3.89) va (3.90) thi véi

[/Fy] tich phan vé6i 2x2 diém Gauss, con véi [/;y] tich phan vé6i 1x1 diém Gauss.
u S
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3.3.4. Véc to Irc niit qui d6i {#} ciia phén tit.
Véc to luc niit qui d6i ctia phan tur:

{ R} e = { F;l M}cl M}/l F;Z M}CZ /][)’2 F3 M}d /][)’3 FZ‘4 M}M /][)’4 } '

&=z} (&) (&) (&)} (391
Véc to lyc nit qui d6i {£} cua phan tir tai nit 7 (/=1+4) do tai trong phan

b6 déu ¢ duoc xac dinh theo cong thiic:

};;/ +1+1 q
(&Y= 0,1 =[ [ V30| drds (3.92)
M, o

e
3.3.5. Ma tran khéi lugng [1/] cilia phén tit
Ky hiéu:
[ ()] ol 8V 4], (.99
trong do
p - khoi lugng riéng ctia vat liéu;
[ ] - Ma tran ham dang xdc dinh theo (3.71).
Ma tran khéi lugng [47], cta phan tir dugc tinh bang tich phan s6 véi 2x2

diém Gauss:
+1+1 2 2

[#]. :II[F(r,s)]det|Adrds= Z:‘oal.ocj[F(r,s)] det|./] (3.94)

-1-1 ==

3.4. TINH TAM TREN NEN DAN HOI BIEN DANG CUC BO

Két cdu tdm trén nén dan hoi thuong dugc tinh véi mo hinh nén bién dang
dan hoi cuc bod Winkler. Trong muc nay, gidi thiéu tinh tdm trén nén bién dang
dan hoi cuc bo hai hé s6 v6i phan tir tAim tuong thich chit nhat 4 nit c6 16 bac tu
do (chuyén vi nit).
3.4.1. Phuong trinh can bing cia phan tif tim trén nén dan héi 2 hé s6

Duéi day sé trinh bay céch thiét 1ap phuong trinh can bang cta phan tir tir
nguyén 1y gid tri ding cta thé nang toan phan.

Thé nang toan phan IT cla tdm chiu u6n bang téng thé ning bién dang
U clia noi luc va thé nang ngoai luc khi hé chuyén tir trang thdi ban dau khong
bién dang sang trang thai bién dang.

Thé nang toan phan cta hé c6 dang:
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=0~ [ gwdrdy (1.50)

Nang luong bién dang bao gom:
* Nang lugng bién dang gay ra do ndi luc ¢/ ,:

1 ﬂ oy = j J{ay ary s M)l kyas— 399)

Tir quan h¢ tong qudt gitta bién dang va chuyén vi niit: {e} =[D] {g} . biéu thic
(3.95) c6 dang:

U,,/:% jj (£Y[C], {4} dS = jj I'(c],[0){d}. a5 (3.96.a)
hay
U, = [ [[12] j{q}g (3.96.b)
* Nang lugng bién dang gay ra do lyc quan tinh 7/, :
q,——pﬁ_” VAVAE —pﬁ_” (8] [8] {7}, as (3.97.2)
hay Uq,:l{q}j (p/zﬂ[ﬂ]:[ﬁ’]ede{&}g (3.97.b)

* Nang lugng bién dang gay ra do phan luc nén ¢/

nen *
nen - _[[ e nen

Tir quan heé téng quét clia ham chuyén vi: {¢/} =[5] {g}  va phan lyc clia nén 02
hés6 2, =hkw—kEViw

,,mz—/fjj ais*——/f H 18] (v[8)){g}, a5 (3.98.)
hay

(ﬂ LU, oo

Thé nang ngoai luc 7, , :

=[]0 o) a5 =[] 1) 121 o) a5~ [[1 o))

S

(3.99)
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Thé ning toan phan 1a tdng cua cic thé nang: n=v,+0,+0,,+0,

nen ngl
Theo nguyén ly gi4 tri dimg clia thé niang toan phan, dé hé can bing thi bién
phan cap 1 cua thé€ nang toan phan 8I1=0

{84} (pﬁﬂ 1[5], a’Sj +{84) [jj (D] [C j{q}éﬁ-
+{84} [/fjj a’S——kﬂ [B]E)Q’Sj{q}g—

—{84} (H 7(xp) a’SJ 0 (3.100)

Bién phan {84} la batky, nén suy ra:

(pﬁﬂ 4] a’Sj [ﬂ 112, "j
[ {1118, a5 4[]8 (V' [8) j [gg] st] 0

(3.101)
Ky hi¢u:
[47] - ma tran khéi lugng clia phan tit
[47], —péﬂ 18] as (3.102)
[£] - ma tran do cting clia phan tir
(4], j j c),[D),as (3.103)
[X,,] - ma tran do cting ctia nén dan hoi 2 hé s6
(,{'ﬂ 1'[8], a’S——,{’ jj B (V'] ])a’Sj (3.104)
{ &} - véc to luc niit qui d6i clia phan tir
=H[5’]:q(x,y)a’5 (3.105)
)
Phuong trinh can bang clia phan ti ¢6 dang téng quat:
[7].4@}, +[&] A9 41K Ag) =)
Néu dat:
[&V] =[K] +[£X...]. (3.106)
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thi phuong trinh can bang tinh cta tdm trén nén dan hoi 2 hé s6 ¢6 dang:
(1] 44},+[&N) A}, ={ &}, (3.107)

Du6i day dan ra cac cong thitc co ban theo PP PTHH cho phan tir tam chit
nhat 16 bac tu do (chuyén vi nit) v6i ham chuyén vi duoc x4p xi bang mot da
thitc theo tam gidc Pascal.
3.4.2. Ham chuyén vi va ham dang

Xét phan tir tim tuong thich chit nhat 4 ndt trén nén bién dang dan hoi cuc
bo hai hé s6 v6i 16 chuyén vi niit, hinh 3-5.

ow
oxOy ow
ox
VA o
ay

Hinh 3-5. Phdn 1 chit nhar 04 niit 16 bac tw do
Tai méi nit thit 7 (7=1+4)c6 4 thanh phan chuyén vi nit, [2]:

o [2).(2). (22
“\ay) \ar) \axy)

Véc to chuyén vi nut ctia phan tur:

= a_w a_w o’ w a_W 0w !
{q}g—{wl (@/1 (ale (Myl (a}(l (Myl}m (3.108.2)

hay {s},={a & @ @ - G @ @) (3.108.b)
Tuong tu, véc to luc niit qui déi ctia phan tur:
(R} ={R R R R .. R, R, R, (3.109)

Ham chuyén vi {¢/} cua phén tir chit nhat 04 nit 16 bac tu do duogc xdp xi
dudi dang da thic day dua theo tam giac Pascal cé dang:
(U} = w(x,y) = o, + 0,0+ 0 p+ 0,07 + 0y + 0 )" + 0,0 + 0’ y+a,n)” +
0L, ) + 0+ 0 F o o, ) o oy (3.110)
dudi dang ma tran:  {U} = w(x,»)=[ P(x, ) ]{a} (3.111)
trong do:

[P(xp)]=[1 x » @ o ) ¥ Py v ¥ Py p PPy P )]
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(3.112).
loa}={o, o, oy . o o) (3.113)
Cédc tham s6 a, v6i /=1+16 dugc xdc dinh tur diéu kién chuyén vi tai c4c nit clia
phan ti, vi du tai niit c6 toa do (v, ») c6 dang (3.114), trang 70.
Khai trién (3.114) cho cic nit 7, (z‘: 1+4) dudi dang ma tran:
{g}, =[4l{a] (3.115)
Tir 3.115), ritra:  {a}=[4] {g} (3.116)
thay (3.116) vao (3.111):
(0}, =m(xr)=[8){g), =[P(x ) Jla} =[A(x0)]l4] g}, G11D)
rit ra ma tran ham dang:
(8], =[2(x.0)][4] (3.118)

3.4.3. Ma tran bién dang - chuyén vi
Ma tran bién dang - chuyén vi duoc xdc dinh tir cong thifc tong quét ciia PP
PTHH: {&} =[D] {4},. Theo (1.4)+(1.7):

Tir (3.111):
2w i [P(x,y):l_
. . o or’
* * o*w 0 [P(x,y)] _
e, t=z14 =z R e e [4] ' {g}, (3.119)
Vo A o’w 0’ [P(x ):I
> g%
oxdy | Oxoy
So sanh véi cong thic xdc dinh {&} =[] {4}, , it ra:
GE [P(x,y):l ]
ox’
o*| P(x, _ _
(D] == M (A" == PD)[ 4] (3.120)
WV
5 0’ [P(x, y):l
oxoy

trong d6, ma tran [2D] c6 dang (3.121), trang 70.
3.4.4. Ma tran do cimg cua phin ti tim va ciia nén
Ma tran do ciing phan tir tim dugc xac dinh bang cong thic:
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e
S

(&1, =[[[2][],[ D), as (3.122)
trong do:

[D]. xéc dinh theo (3.120);

[Cf] xdc dinh theo cong thic (1.19).

Ma tran do ciing ctia nén dan hoi 2 hé s6 xac dinh theo (3.104)
[/fﬂ 1'[3], dy——/f jj B (V'] ]E)J/Sj (3.123)

trong d6, [ 4] 1a ma tran ham dang xdc dinh theo (3.118): [8] =[ 2(x»)][4]"
Ma tran (V [b’]g) 1a ma tran nhan duoc bang cach 14y dao ham theo todn tir

Laplat (1.24) cho ma tran ham dang [ ] . Chd y dén (3.118), v6i [A]_l 1a ma tran
hing s6, nhan dugc:
(v*[8],)=(V*[ A(x)])[ 4] (3.124)
& [P(x,y)] xdc dinh theo (3.125), trang 70.
3.4.5. Ma tran khéi luong cua phan tir tim
Ma tran khoi lu?ong ctia phan tlr dugc xdc dinh bang cong thic (3.102):
[47], —péﬂ "18] as (3.126)

trong do:
p - khoi lugng trén mot don vi thé tich cla tAm;
/- chiéu day cua tam
[#], - ma tran ham dang xdc dinh theo (3.118).
3.4.6. Véc to luc niat qui d6i do tai phan bé tac dung trong phén tir tim
Véc to luc nut qui déi duoc xéc dinh bing cong thic (3.106) :
J' '[ (x,)ds (3.127)

3.4.7. Xac dinh néi luc trong phéan tir tim
Noi lyc m6 men tai di€ém bét ky c6 toa do (., ») trong phdn tlr tdim dugc xdc
dinh theo cong thic (1.16)
[ ]{x) (1.16)

trong do:
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B

laa, m, m) (1.17)

(£} = {kx k kﬂ,}r xéc dinh theo cong thiic:

_azw
ox’

o’w

£,
=1k, = =-[20][4]" {4} (3.128)
/{ZJ

-5 )
o*w
oxoy

Ma tran [ 2D] x4c dinh theo (3.121).

Ma tran [C] , xdc dinh theo (1.19).

-2

Luc cét 0., ©, do bién dang uén tdm dugc xic dinh bang cong thitc (1.23):

0 o2 0 2 -1

0.=-0,2V W:—Dpa(v [P(x0)])[ 4] {4}, (3.129)
0 _, 0 (> -1

QV:—Dpav I/I/z—Dpa(V [P(x,y)])[A] {a}. (3.130)

Ma tran (v2 K

wﬂ) xéc dinh theo (3.125).

Ky hi¢u:
0 (o2
[QXP]=5C(V [~(x.0)]) (3.131)
0 (o2
[0.7)=5, (V' [A(x)]) (3.132)
Luc cat 0, O, theo (3.129), (3.130) c6 dang:
0.=-D,[0.7|[4] '{4}.; (3.133)
0,=-0,[0.7]4] {4}, (3.134)

Véi ma tran [Q,7], | 0,7] xéc dinh theo (3.131) va (3.132), trang 70.
3.4.8. Tinh céc tich phan sé bing phép cAu phuong Gauss
Pé tinh cdc tich phan béing tich phan s6 theo phép ciu phuong Gauss cin
déi bién x, y trong hé toa do Descartes vé bién », s trong hé toa do tu nhién.
Xét phan tu chit nhat c6 kich thudc 2z, 24, toa do tai tam (goc hé toa do tu
nhién) 1a (x,,). Dung phép doi bién :
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P s:y_by" axdy = a.bdrds (3.135)

Vi du xét tich phan xac dinh ma tran do cling cta phan tlr tim
(4], =[[loL[c (o). as
)

Ky hi¢u:
[#(ro)]=21 [ ]2, (3.136)
[&] = a.bTT[F(r, s)]a’m’at a.bZZ: i o0 [F(/;, s/ﬂ (3.137)

—-1-1 =1 j=1
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w
Z—W Ly y X w )y ¥ Yy Vo oYy » ¥ Xy ¥y Yy
Tl o1 0 20 » 0 32 2 A0 32y 20 347 200 340 ||,
ow L= ) , . (3.114)
ER 001 0 x 2y 0 X 2x 3y ¥ 3x° 2y 2¢¥p 317 3xy
o 000 0 1 0 0 2r 2y 0 3¢ 3) 4w 6xp 617 99Xy ||o,
oxoy
_62[[’(}(,)/)]
or’ ,
, 000200 6x 2y 0 0 6xp 0 2 6107 2 61
B G[P(x,y)] B
[PD] = e =—(0 00 0 02 0 0 2r 6y 0 6xy 2¥ 2¥ 6Xp 61y (3.121)
. 4 000020 0 4r 4y 0 64 6 8xp 12¥py 1207 1817
_26 I:P(X,)/):I
oxOy
(VZ[P(x,y)])z[O 0020 2 6r 2y 2xr 6p 6w 6xv 2(2+)7) (6m7+24) (27 +64) (6xy3+6x3y)}
(3.125)
0
[Q}f’]za(vz[f’(x,y)]):[o 000006020 6 6p dr 6(2*+)") 121 (6y3+18x2y)] (3.131)

[Q},PJzag(Vz[P(x,y)])z[O 000000206 6r6x 4y 120 (6)7+12x) (18xyz+6x3)] (3.132)
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