Chuong 11
BO TRO

Trong chuong nay, trinh bay mot s6 kién thiic bo trg cho viéc tinh todn két
ciu bang phuong phip s6 gom céc noi dung:

1. Tém tit noi dung va trinh tu giai bai toan két cau bing phuong phéap phan
tur hitu han;

2. Cac phuong phap giai bai todn dong tuyén tinh: phuong phdp phan tich
theo dang dao dong riéng; Phuong phap tich phan truc ti€p: phuong phép sai phan
trung tam va phuong phdp Newmark (gia t6c trung binh khong doi va gia t6c
tuyén tinh);

3. Phuong phap Newton-Raphson giai bai todn tinh phi tuyén va phuong
phap Newton-Raphson két hop v6i phuong phap Newmark giai bai toan dong phi
tuyén;

4. Hé toa do tu nhién va tich phan s6.

11.1. PHUGONG PHAP PHAN TU HOU HAN
11.1.1. Cac phuong trinh va cong thitc co ban

Phuong trinh can bang tinh ctia hé ¢6 dang:

[Klig}=14) (L

Phuong trinh can biang dong cua hé ¢6 dang:

L)+ [V} (K] {a(0)} = (&) (112

trong do:

[&], [#/], [C] - ma tran do ciing, ma tran khoi lugng va ma tran can cta hé.

{g} - véc to chuyén vi nit ctia h¢ (bai todn tinh).

{q(t)}, {q(t)}, { q(t)} - véc to chuyén vi niit, van t6c¢ va gia toc ctia hé (bai todn
dong).

{R} - véc to luc nit qui d6i cha hé gay ra do cdc nguyén nhan tic dung trong
phan t&r (bai toan tinh).

{/\’(1)} - véc to luc nut qui déi ctia hé gay ra do céc nguyén nhan tdc dung trong
phan tur (bai toan dong).

Ma tran do cting [K], ma tran khéi lugng [47] ctia hé dugc xdc dinh tir cdc

ma tran do cing [/(' ] va ma tran khoi luong [M ] ctia phan tir trong hé toa do

e



chung bang phuong phap s6 ma.
Ma tran do ciing [/( } va ma tran khoi luong [M } ctia phan tlr trong hé
toa d6 chung dugc xdc dinh qua ma tran do cting [X] va ma tran khéi lugng

[M ]gcﬁa phan tir trong hé toa do dia phuong bang cong thiic:
(&) =[71[K.17] (11.3)

e

(a7 ] =[] [4),[7], (11.4)
véi ma tran [T]g 12 ma tran chuyén toa do gdm c4c ma tran cosin chi phuong giita
hé toa do dia phuong va hé toa do chung. Ma tran [7] c6 hinh dang, kich thudc

phu thuoc kiéu ctia phan tir (hinh dang: thanh, tam giéc, t gidc,...va so d6 chuyén
vi nit) ¢6 dang téng quat:

[£] - [0]
[7],= - (11.5)
[0] - 4]
trong do [L] la ma tran co sin chi phuong giita cac truc toa do cua hé toa do dia
phuong ctia phén tit va hé toa do chung c6 dang:

7 m cos(x,x') cos(x,y') cos(x,z')

[[]: /j: mj /7); = cos(y,x') cos(y,y') cos(y,é) (11.6)
/ﬂ' My Mo cos(z,x') cos(z,y') cos(z,z')

/., m ., n_.-cosin chi phuong truc x so véi cac truc x', y', z’;
Az . .

w7y
/., m, n.- cosin chi phuong truc y so véi cac truc x', y', 2’;
/., m,n- cosin chi phuong truc z so véi céc truc x', y', z’.
Ma tran do ciing ctia phn t trong hé toa do dia phuong xédc dinh bang cong
thitc téng quat:
(€], =[[2L & Lo] a7 (1L7)

V
trong do:

[D]e— ma tran bién dang-chuyén vi duoc rit ra tir quan hé bién dang-chuyén
vi {ef, =[ 2], {4}, = [2][8]. {4}, c6 dang:
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(2], =[2][2], (11.8)

[0] - ma tran todn tlr vi phan dugc xdc dinh tir ly thuyét dan hoi c6 dang phu
thuodc vao trang thdi bién dang - chuyén vi cuia phén ti.

[Z]. - ma tran ham dang trong bi€u thitc ham chuyén vi {¢/} =[] {4} . bi€u
dién chuyén vi cua diém bat ky trong phan tir qua chuyén vi nut.

[£] - ma tran dac trung dan hoi cta vat liéu trong quan hé ting suét - bién
dang ctia phan t {c} =[Z£] {e}..

Ma tran khoi lugng ctia phan tir trong hé toa do dia phuong xac dinh bang

cong thic tong quat:

(4], =[[8]. o[ 8], @7 (11.9)

”
trong d6, p 12 khoi luong vat liéu clia phan tir trén mot don vi thé tich.
Ma tran can [C] clia h¢ dugc t6 hop tuyén tinh tir ma tran do cting [4] va
ma tran khoi luong [47] theo cong thiic:
[C]=a[M]+B[K] (11.10)
trong do, o, B 1a hé s6 can Rayleigh. Cac hé s6 can o, B lién hé véi ty s can §
bang phuong trinh:

2
g otBo (11.11)
20

vGi wla tin s6 dao dong riéng cua hé. Ti s6 can dugc xdc dinh bang cong thic:

=2 (11.12)

o
trong d6 o xdc dinh tir biéu thiic: = Ln o7 , Vo1 py,, p,., labién do dao
-ym-H

dong riéng cach nhau chu ky T. Do anh hudng cua cac tan s6 dao dong riéng bac
cao dén gi4 tri cha hé s6 can khong dang ké nén trong tinh to4n c6 thé tinh hai hé
sO o, B tr hai ty s6 can E=const tuong Gng vaéi hai tan s6 dao dong riéng thap nhét.

Véc to lyc nidt qui d6i {#} ciia h¢ dugc xdc dinh tir véc to lyc nidt qui déi

{A" } clia phan tlr trong hé toa do chung bang phuong phdp s6 ma.
Véc to luc niit qui doi {A" } ctia phan tur trong hé toa do chung duoc xac dinh

qua véc to luc niit qui d6i {#} ctia phan tir trong hé toa do dia phuong:



(7} =[7].{}, (11.13)

Trong trudng hop tai trong dong c6 qui luat thay doi theo thoi gian /(7):
{# ()} =[71.{&), /() (11.14)

Véc to luc nit qui d6i {#£} cta phdn tir dugc xdc dinh theo cong thic tong

quét:
(&), ={&},+{R} +{R.}, (11.15)
trong do:
(&), =[[8]{p}ar (11.16)
(&5}, = [[8] {ps}ds (11.17)
(&} =[O 1) a7 (11.18)
vOlL:

7, §- thé tich va dién tich cta phan ti;

{p}= { P P pyz}r- luc phan bo theo thé tich;

P} = { Ps psy}r- luc phan bo theo dién tich;

—~—

{so} = {Sx e € v, 1 yiz}r— bién dang cudng biic ban dau trong phan

tu;
Céc cong thuc (11.16) +(11.18) 1a cdc cong thitc xac dinh véc to luc nit qui
d6i {#} do tai trong va bién dang cudng biic ban ddu tic dung trong phén tir.

Phuong phdp s6 ma la phuong phéap sip x€p cdc phan tlr cla [/( } {R}

vao vi tri tuong tng trong [A] va {#} qua s6 ma phan ti twong Gng v6i s6 ma
chung cuia hé (tuong tu cho ma tran khoi lugng).
Qui u6c mbi chuyén vi nit (luc niit) duge dat tén boi 2 s6 ma tuong Gng:

- S6 ma phan tir (SMPT) 1a s6 ma tir 1 dén f ( £ 12 téng s6 chuyén vi niit clia
phén tl). D6 1a chi s6 clia chuyén vi niit sap xép trong {g} . Cic phan tir cling
kiéu c6 s6 ma phan tir giong nhau.

- S6 ma chung (SMC) 12 s6 ma tir 1 dén n (n 12 s6 chuyén vi nit ctia hé xét

trong hé toa do chung). D6 1a chi s6 chuyén vi nit trong {4} .



Dua vao y nghia ctia cdc phan tir trong [&] va { &} c6 thé x4c dinh cic phan
tir cia []( | va {#} theo cong thic:
ZKg)K) RJZZ&% (11.19)

trong do:

- 14y tong cho c4c phan tir thi i;

- J, K ldy theo ma s6 chung. Cdc phan tir X, , & cla ma tran do ciing
[](' } , véc to luc niit qui déi {R} ctia phan tir thit i 14y theo s6 ma phan tlr tuong
ung vGi s6 ma chung cua phan tir tha i.

Néu s6 ma chung J khong thudc niit ¢6 cac phan tir dong qui:

KRR (11.20)
11.1.2. Trmh tu gidi bai toan két cdu bing PP PTHH

1. Lua chon kiéu phén tir thich hop theo yéu cau va dic diém ctia bai toan.

2. Roi rac hoa két cdu. Két ciu thuc dugc roi rac héa thanh mot s6 hitu han
céc phan tir ¢6 kich thudc hitu han lién két v6i nhau tai cdc diém nit.

3. Xéc dinh ma tran do ciing [£] , ma tran khoi lugng [47] , véc to luc nit
qui d6i {#} cua cdc phan tir trong hé toa do dia phuong va clia hé [/( ] , [M ] ,
{R'} trong hé toa do chung [/(} :

. ' v
(& =[71[&1[7), [ar] =[7].[a)[7), (%} =[7].14),

4. Ghép n6i cac phan ti, thiét 1ap ma tran d¢ cing [£], ma tran khéi lugng
[47], véc to lyc nit qui d6i { £} clia h¢ tix [K']), [M} {/\’} bang phuong phédp
sO ma.

5. Xdc dinh hé s6 can o, B va thiét 1ap ma trdn can [C] theo (11.10).

6. Thiét lap phuong trinh can bang (11.1) hoac (11.2) clia hé ¢6 xét dén diéu
kién bien.

7. Xac dinh tan s6 dao dong riéng va véc to riéng.

8. Gidi phuong trinh (11.1) hodc (11.2), xdc dinh véc to gia toc {7}, van toc
{4} va chuyén vi nit {4} ctia hé.

9. Xdac dinh véc to gia toc {q} , van toc {q} va chuyén vi niit {q} ctia phin

tir trong hé toa do chung tir véc to gia téc {4} , van t6c {4} va chuyén vi nit



{¢} cua hé.

10. Xdc dinh véc to gia toc {4} , véc to van téc {7} va véc to chuyén vi nit
{¢}, cla phan tir trong hé toa do dia phuong tir véc to gia toc {q} , van toc
{g‘}e va chuyén vi niit {q'}g ctia phan tir trong hé toa do chung, thi du véi véc to

chuyén vi nit: {g} = [T]g{q’}g. Tuong tu cho véc to gia téc {4} , véc to van toc

{4},

11. Xéc dinh tng suat hoac noi luc cua phan tir.
11.2. CAC PHUONG PHAP GIAI BAI TOAN TUYEN TINH

Phuong trinh can bang dong (11.2) 1a hé phuong trinh vi phan tuyén tinh
bac hai. Vé nguyén téc, c6 thé str dung céc tha tuc chudn dé giai cic phuong trinh
vi phan tuyén tinh hé s6 hing. Song, cdc thl tuc nay khong c6 hiéu qua khi cép
clia ma tran 16n. Do vay, khi giai hé phuong trinh can bang dong cia PP PTHH
thuong st dung phuong phap s6. Cac phuong phép so chia thanh hai nhém:

1. Phuong phap phan tich theo cac dang dao dong riéng (Modal).

2. Phuong phap tich phan truc ti€p (Direct Integration): giéi thiéu phuong
phap sai phan trung tam va phuong phdp Newmark.
A. Phuong phap phéan tich theo dang dao dong riéng

Phuong trinh can bang dong theo PP PTHH c6 dang tong quat (11.2). Khi
gidi hé phuong trinh (11.2) bang phuong phdp phan tich theo cic dang riéng,
chuyén vi nit {¢(7)} dugc biéu dién dudi dang:

{9(9)}=[o){x (1)} (11.21)

trong do:

{X ()} - véc to phu thuoc thoi gian c6 kich thude nx1 - goi 1a chuyén vi khdi
quaét;

[¢]- ma tran vuong kich thudc n x n.
11.2.1. Xdc dinh ma trdn ||

Ma tran [¢] dugc chon 1a ma tran ma cdc cot ciia n6 1a cic véc to riéng

{¢,} dd chudn hod tuong tng véi tin s6 dao dong riéng , - 1a nghiém cla

phuong trinh
dao dong tu do khong xét luc can:

a0} +[K)g(0) =0} (1.2
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Khi dao dong tu do, tat ca céc diém ctuia hé dao dong diéu hoa nén:
{q(f)}z{(p} sin(©r+1) (11.23)
trong do:
{o} - véc to kich thude n x1;
o- tan sO dao dong riéng;
A - do léch pha ban dau.
Thay (11.23) vao (11.22), nhan duogc:

[&]{o} =’ [#]{0} (11.24)

Phuong trinh (11.24) 12 phuong trinh dién hinh cua bai toéan tri riéng. Giai
(11.24) xdc dinh dugc n cap tri rieng va véc to rieng: o,{¢} ;
@3, {9, } 5. 01, {0} . 02, {p,} .

Theo 1y thuyét dao dong, cac véc to riéng c6 tinh chat truc giao:

{o [M){o,}=1 Khi /=, (11.25.a)
{o.} [M]{o,} =0 khi 7=, (11.25.b)
Ma tran [¢] c6 dang:

[o=[{e} {e:} ~fo- {o}] (11.26)
Véi {¢,} 1a véc to rieng thit k da chudn hod tuong tng véi tin s6 dao dong riéng
o, (k=1, 2,..n). Véc to riéng chuén hoa dugc xac dinh bang cong thic:

{0:), _led (11.27)

@
trong do:
{9,} - véc to riéeng chua chudn hod nhan dugc tir giai phuong trinh (11.24).

a, - hé so xdc dinh tu phuong trinh:

a ={o,} [#]{o,} (11.28)
Ky hi¢u:
o 0 0 0
2
[Q]= 0 @ 00 (11.29)
0 0 0 o

Thay n nghiém tri riéng va véc to riéng vao (11.24), ta co:

[&1[e]=[][o][] (11.30)



Nhan hai v€ véi [(1)]7:

(o] [&][0]=[0] [4][e][2] (11.31)
Theo tinh chét truc giao cta cac dang riéng:
[6] [47][6]=[/]  ([/] 12 ma tran don vi) (11.32)
Chu y dén (11.32), tir (11.31) rtit ra:
(o] (18] =[] (11.33)

11.2.2. Phuong trinh xic dinh chuyén vi khéi quat {_1(7)}
Thay (11.21) vao (11.2) va nhan trdi véi [¢] ta c6:
(o] [a1[ol{ (1)} +[o] [N A ()} +[o] [£][0]{ ¥ ()} =[ 0] { ()}

Chi y dén (11.32) va (11.33), hé phuong trinh vi phan bi€u dién chuyén vi khdi
quét c6 dang:

(o] [ A} Q) -0 (4] (1139
Cic diéu kién ban ddu cla chuyén vi khdi quét {_¥,} va {.¥,} dugc xédc dinh ti
véc to chuyén vi ban ddu {g}, t6c do chuyén vi ban dau {,} tai thoi diém ban
ddu #=0. Nhan phai hai v€ cua (11.21) vé6i [d)]T[M] tai thoi diém 7=0, ta c6:

(0] [47]{an} =[] [47][0){ X} -
Chu y dén (11.32), rit ra:

{0} =[0] [#){a) (11.35)
Tuong tu:
{ Ao} =101 [#1{4n) (11.36)

1. Truong hop khong xét luc can
Khi khong xét luc can, (11.34) ¢6 dang:

() +[{x () =[o] {£()} (11.37)
Xét nghiém thit k, tir (11.37) phuong trinh x4c dinh ¥, (#) c¢6 dang:
X, ()+op X, (1)=7(7) Véik=l...n (11.38)
trong do:
2 ()=o) [#(2) (1.3

Phuong trinh (11.38) ¢6 dang tuong tu nhu phuong trinh biéu dién dao dong
ctia hé mot bac tu do nén nghiém c6 dang:
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X, (¢) = Apsino .+ Bkcosw,fﬂrij/; () sino, (1—u)du  (11.40)

£ 0
trong do:

- Hai thanh phan dau la nghiém cta phuong trinh vi phan thuan nhat (dao
dong tu do), con thanh phan thit ba 1a nghiém riéng cta phuong trinh vi phan
khong thuan nhat.

- Hang s6 tich phan 4,, £, xéac dinh tir diéu kién ban dau theo (11.35) va
(11.36).

Phuong trinh (11.40) c¢6 dang khéc:

X, (7)= Apsin(o,7+ M)+ng(u)sz'ﬂ0)k(l—u)du (11.41)
)

£ 0

Véi:
A =L+ B van, - ng% (11.42)

4
Khi tai trong dong tdc dung lén hé c6 cliing qui luat /(7) theo thoi gian, tir
(11.39):
7 (={e (R /(1) (11.43)
Véi {#}1a véc to tai qui nit khi /(7)=1. Thay (11.43) vao (11.41):

X,(9)= Asin(o,0+0,)+{0,) { R~ [ £ (u) sino, (1=u)du~ (11.44)

W%

hay: X, (/)= Asin(o0+.,) +{o,) (Rl

&, () (11.45)

VO Kk(t)zwkj-f(u)sz'nmk(f—u)du (11.46)

0
Xét voi tai trong diéu hoa /(7) = sinrz, tir (11.46):

I4

2
K, (7)= wé,jszhm.sz'mok (1—u)du= 20)" [sz'/mf—iszhmktj (11.47)
. o, —7° o,

Véi tich phan:

0o o, . o
.[ SINFU.SINM, (i - u)a’u =— SNyt —— Sinm,z
d o, —7° o,

Thay (11.47) vao (11.45):

(sinrt - sinw,7) (11.48)
O,

X (1) = dsimoz+0,)+ {0} {R)

2 2
w,—7r



Gia st trude khi chiu tai trong, hé & trang thdi tinh, nghia 1a {¢,} ={4,} ={0}

7 1 . ro.
X.(2)={o,} {R}F(ﬂﬂn‘—w—kﬂﬂmﬁ) (11.49)
X, (9= {(I)k}r{j?}%(r.cosrl— 7.cos® 1) (11.50)
)"Q(z):{¢k}’{ﬁ}ﬁ(—ﬁﬂm+ r® S ) (11.51)

Trong giai doan dao dong binh 6n (khong xét thanh phin dao dong véi tan s6 dao
dong riéng o, )
0)2
K, (1) =—— sinrt (11.52)

2 2
W, =7

sinrt

X (1) = dsin(02+1,)+{o) (R (11.53)

2 2
®, —7

Gia su trudc khi chiu tdc dung cua tai trong, hé & trang thai tinh nghia la
{g,}=1{4,} =0, thi:

7 sinrt

()=t 1B 75 (11.54)
() =lo) (£ 27 (11.55)
)"Q(f)=—{cp/f}7{ﬁ}% (11.56)

Hé c6 n bac tu do s€ c6 n nghiém dang (11.41) hoac (11.44+11.45). Thanh
phan chuyén vi nit tht m ¢, clia véc to chuyén vi nit {q(,)} bang téng chuyén
vi nidt trong tat ca cac dang riéng:

=1 =1
Véi o,, 1a gid tri tht m cua véc to riéng thi k.
Téng quat, véc to chuyén vi nit
{a()}=[ol{x (1)} (11.58)
trong do:

Lx()y={x(0) x,() . X)) (11.59)
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2. Truong hop xét luc can

Khi khong xét luc can, hé phuong trinh vi phan (11.34) xdc dinh chuyén vi
khai quat duoc dua vé dang (11.37) va c6 thé phan ly thanh n phuong trinh riéng
biét dang (11.38).

Trong thuc t€ rat kho xac dinh chinh xac cac tham s6 can cua két cau do
ching phu thudc vao cic tan s6 dao dong rieng. Hon nita dé st dung c6 hiéu qua
phuong phdp phan tich ra cdc dang riéng theo dang (11.34), luc can duoc biéu
dién bang quan hé:

{0 [No,} =203, (11.60)

trong do:

g, - ti sO can clia dang dao dong riéng thtt k dugc xac dinh theo (11.20).

5,,- todn ti Kronecker v6i 5, =1 khi 4= /va g, =0khi £+ /.
V6i quan hé (11.60), phuong trinh (11.34) phan ly thanh n phuong trinh dang:
X, ()+208,X, ()+o, X, (1)=7(7) V6i k=1,2,.. n (11.61)
Phuong trinh (11.61) c¢6 dang nhu phuong trinh dao dong cua hé mot bac tu do co
xét luc can vé6i khoi luong bing don vi.
Ky hiéu: @, =w1-&; (11.62)

Nghiém (11.61) c6 dang:

X, (7)) =5 (Aysinw £+ B,cosw 1) + LJ- 7 (u) & ) s, (1—u)du  (11.63)
@ 0

trong do:

- Thanh phan dau cua (11.63) la nghiém cua phuong trinh vi phan thuan nhat
(dao dong tu do) va thanh phan thit hai 1a nghiém riéng cua phuong trinh khong
thuan nhat c6 xét luc can.

- C4c hang s6 tich phan 4, va £, x4c dinh tir diéu kién ban déu.

Tuong tu nhu trudng hop khong xét lyc can, ¢, (7) 1a thanh phan chuyén vi
niit thit m clia véc to chuyén vi nit {¢(7)} va véc to chuyén vi niit {¢(7)} xéc dinh
theo (11.57) va (11.58). Trong truong hgp thanh phan tha hai cta (11.63) khong
tinh dugc bang tich phan dudi dang tudng minh c6 thé sir dung phuong phép tich
phan sé.

B. Phuong phap tich phan truc tiép

Phuong phap tich phan truc ti€p 1a phuong phap trude khi tich phan khong
tién hanh bat ky bién déi nao d6i v6i phuong trinh khao sit. Khi tich phan truc
ti€p phuong trinh (11.2) trong khoang thoi gian tir 0 dén 7, ta chia khoang thoi
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gian 1am N khoang Arsbing nhau:

f*
At =— 11.64
I ( )

va tinh tich phan theo timg budc véi khoang thoi gian As. Gia su biét diéu kién
ban dAu tai thoi di€ém 7=0:

{7} =t{a}: {9 ={anva {s =14} (11.65)
thi sau tting budc tich phan s€ lan luot nhan dugc nghiém cua (8.2) tai cac thoi
diém 7=0,A%2A¢.1,t+ A2, t+2As,..7 . Trén hinh 11-1 biéu dién luc va chuyén vi
tai cac thoi di€ém tich phan theo budc thoi gian thi 7.

RY

|

—*

N

oty b !

Hinh 11.1

Do 6n dinh nghiém cta cic phuong phép tich phan truc ti€p phu thudc vao
do 16n cua khoang thoi gian Az.

Phuong phap tich phan truc ti€p khong nhitng hiéu qua cho cac bai toan
tuyén tinh ma rat hiéu qua cho ca bai toan phi tuyén.
11.2.3. Phuong phap sai phan trung tam
1. Noi dung phuong phdp va thudt todn

Gia t6c va van toc tai budc thoi gian thtt 7/ dugc biéu dién bing cac biéu
thirc sai phan:
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(9} ~ 10200l lah, (11.66)

A7
N\ {q}m _{q}/—l
VI (11.67)
Thay (11.66) va (11.67) vao (11.2) dan dén phuong trinh xac dinh {q}/+1
P AV PR VA TR PR A V4 PR VAP _
[47] (o) H e [, = (A, (11.68)

Trong phuong trinh nay, chuyén vi {g} va {g}  da biét tir tich phan theo budc
thoi gian trude. Nhu vay, chuyén vi nit {g} ~ duoc tinh tir diéu kién can bang tai
budc thoi gian tha 7.

Chuyén céc dai luong da biét sang v€ phai, nhan dugc:

o LRI (e ) O (0 Ol RS

(Ar) 247 (A7) 247 (A2)
hoac:
& (g}, =14}, (11.70)
trong do:
[/?]=([j[1)]z+[2—g (11.71)
14),= {R}f{%—g—ﬂ}{q},_l —([K ]—%J{q}, (11.72)
Tu (11.70) xac dinh duogc {q}m :
{2}, = 4 (11.73)

Chuyén vi {g} = tai budc thoi gian thit 7+1 dugc xdc dinh tir phuong trinh

7+1
can bang dong (11.2) tai budc thoi gian thit 7 ma khong st dung diéu kién can
béng tai budc thoi gian thit 7+1. Do d6, phuong phdp tich phan truc ti€p nay goi
l1a phuong phap tich phan tuong minh.

Chii y 1a {g}, duoc tinh tir {4} va {g} . B&i vay, d¢ tinh chuyén vi tai
budc thoi gian thit /=1 (Az), can xdc dinh {g_ } tai budc thoi gian thtt /=0 (-As)

so véi thoi diém ban dau 7=0.
Tu (11.66) va (11.67):
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(@), -0 12 rid,

(A7)

Xéc dinh {g}, tir phuong trinh dau va thay vao phuong trinh thi hai, nhan dugc:

(11.74)

(A
U I U/ P e U (1175)
Phuong trinh can bang dong tai thdi diém ban ddu 7=0 v&i chuyén vi ban
dau {4}, , van toc ban dau {4}, va véc to tdi qui nit {#£} da biét, c6 dang:
[ @}, +[ N, + (KT e}, = { &Y
Tur phuong trinh ndy rit ra gia toc tai thoi diém 7=0:

{&}0 _ {R}o _[C]{é}o _[K]{q}o

[47]

(11.76)

Thuét toan ctia phuong phép sai phan trung tam cho trong bang 11.1.
Bdang //./. Thuat todn cia phuong phap sai phan trung tam
1.0 Cdc phép tinh ban ddu

1.1 Xéc dinh ma tran do cting [X], ma tran khéi lugng [47], ma tran can [C]
va véc to tai qui nit {#} clia h¢ da xét dén diéu kién bién;

{é}o _ {R}o _[C]{Q}o _[K]{Q}o

[41]

(A7)

1.2 {q} , =1q},-Ac{q}, +

13 [£]-14 14

1},

2[#]
(A7)
2.0 Doi voi ting budc thor gian thii 1
2.1 (&) ={#},~[d]lg}, ~[2)l4),
A
2.2 {7}/41 o W

2.3 Khi can thiét x4c dinh gia toc va van toc tai thoi diém 7
14

15 [4]=[4]-




{q} — {q}/ﬂ —{Q}H {Q} — {Q}m _2{9}/ +{Q}H
/ 2A7 ¢ (A;)2
3.0 Zink cho cdc buoc thor gian tiép theo tir buoc 2.1 dén 2.3.
Phuong phédp sai phan trung tam 1a phuong phép 6n dinh c6 diéu kién. Dé
nghiém 6n dinh, buéc thoi gian Az can phai thod man:

min

Ar<Az, < % (7. 1a chu ky dao dong riéng nho nhat ctia hé) (11.77)

2. Thidulll

Xac dinh chuyén vi cta hé 01 i
bac tu do chiu tai trong dong cho trén R , 10 sin (e 7 0.6)
hinh 11-2, 4
Cac budc giai theo PP sai phan trung
tam v6i buée thoi gian Az=0,lsec
nhu sau:
1.0 Zink todn ban ddu

Khéi luwong 72=0,2533; do cing
£=10; hé s6 can ¢=0,1592 ; Tai

thoi diém 7= 0: chuyén vi va van toc

ban dau ¢, =0; ¢,=0;

1.1 &OZRO_C'QO_AV'QO =0
m
2
. Ar) .
1.2 7 :%_(Af)%"‘%% =0
13 k=—"_+-5 -26,13
(A;) 2A7
14 a=—"_—_ =24 53
(A;) 2A7
15 b= h-—2" — _40.66

7 =

(A7)
2.0 7inkh cho ting buoc thor gian
21 R=R—agq, —bqg=~R—24,53.q_ —40,66.q,
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3.0 Zinh cho cdc budc thor gian tiép theo tir bucc 2.1 va 2.2 vor 1=0,1,2,3,...
Gia tri s6 theo ting budc thoi gian cho trong bang:

t, £, g g, R Q1) | g (22)
0,0 0,0000 0,0000 0,0000 0,0000 0,0000
0,1 5,0000 0,0000 0,0000 5,0000 0,1914

0,2 8,6602 0,0000 0,1914 16,4419 0,6293

0,3 10,0000 0,1914 0,6293 30,8934 1,1825

0,4 8,6602 0,6293 1,1825 41,3001 1,5808

0,5 5,0000 1,1825 1,5808 40,2649 1,5412

0,6 0,0000 1,5808 1,5412 23,8809 0,9141

0,7 0,0000 1,5412 0,9141 -0,6456 -0,0247

0.8 0,0000 0,9141 -0,0247 -23,4309 -0,8968

0,9 0,0000 -0,0247 -0,8968 -35,8598 -1,3726

1,0 0,0000 -0,8968 -1,3726 -33,8058 -1,2940

11.2.4. Phuong phap Newmark
1. Noi dung phuong phdp va thudt todn
Phuong trinh can bing dong tai thoi diém /:

(4713}, +[ N, + (), =14}, (11.78)
Phuong trinh can bang dong tai budc thoi diém 7+1 -
(78} +[CRG + () = 121, (11.79)
Doi véi bai toan tuyén tinh:
(/5), =[&1g}, va (/). =[£1{4}.., (11.80)

Thu tuc tich phan s6 theo tirng budc thoi gian Az cho phép xac dinh duoc

(g}, 44}, 43}, @ {q},.{4} {4} daDbiét tir budc tich phan trudc.

Phuong phdp Newmark 1a phuong phép tich phan theo tirng bude thoi gian,
str dung cac gia thiét sau [13]:

{4}, =1a},+[(1=v) A {3}, + (vAr) {4, (11.81.a)
{0}, =1}, +(8){g}, +[ (0.5-B)(a7)’ |{@}, +[ B(a7) |{@},, (11.81.D)

Cac tham s6 B, y biéu dién su thay déi gia toc trén timg budc thoi gian tich
phan, ddm bao 6n dinh va do chinh x4c cia nghiém. Khi vy :%,B :i céc biéu
thic (11.81) tuong tng v6i phuong phép gia toc trung binh khong déi. Khi

y= %,B :% céc biéu thic (11.81) tuong tGng véi phuong phép gia toc tuyén tinh.
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Quan hé giﬁa {q}fﬂ’{é}/}l’{é}fﬂ va {9}/’{9}1"{&}/ tu’o‘ng l:l’l’lg Vi phu’o‘ng
phdp gia t6c trung binh khong déi va phuong phap gia téc tuyén tinh cho trong
bang sau

1. Gia toc trung binh khong doi
=), 7)) 18

o=}, +5 (1), +13),) (183) Z 4
(@) =10+ 5 (@), +1a)) sy | g ,
N
REREPY
{Q(T)}={4},+{¢},-r+;({&},ﬂ+{¢},) (11.85)
(g =toh +ah e B0 () i) anse
2. Gia toc tuyén tinh
(o) =1a),+ (1), ~1a),) (1.82) Z_ A
(=13 +1ah v+ (@, -1a)) | 4 —1
(11.83) bt
(9} =lah+ 5 (], +13),) (18 ARV
{Q(T)}={Q}I.+{¢}I.r+{&}I.;+6T—;({&}M—{é}/) (11.85)

(g = o) (0} A () (), #3101 (156)

Phuong trinh (11.82) biéu dién su thay déi clia gia t6c trong ting budc thoi
gian 12 khong déi hoac tuyén tinh. Tich phan biéu thic {4(t)} theo (11.82) xéc

dinh dugc van téc {q(r)} va tai thoi di€m t=Az nhan duoc van téc {4} . Tich
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phan biéu thic {#(t)} theo (11.83) xdc dinh dugc chuyén vi {¢(t)} va tai thoi
diém t=Ar nhan dugc chuyén vi {q}/_+1 . So sanh (11.84), (11.86) v&i (11.81) xéc
dinh dugc cac tham s6 y, B tuong tng v6i phuong phép gia téc trung binh khong
déi va phuong phdp gia t6c tuyén tinh.

Tich phan s6 theo tirng budc thoi gian vé6i cdc dai luong chuyén vi, van téc,
gia toc, luc nit qui d6i dudi dang so gia rat thuan loi khi giai bai todn phi tuyén.
Ky hiéu:

Ag}, =14}, — 19}, (11.87)
agy, ={4},,—14},; (11.88)
{Ag}, =14}, 14}, (11.89)
(AR} ={R}, —{&}, (11.90)
Phuong trinh (11.81) duéi dang so gia:
{1Ag}, = (Ar){G},+(v-A1){AG) 3 (11.91)
ALy’ .
{Aq}/=(Af){¢}i+%{é}i+B(At) {Aq}i (11.92)
Tt phuong trinh thit hai, rit ra
1 1 1
j = ——{g ——{5 11.93
v e ikt (11.93)
Thay (11.93) vao (11.91)
{Ag}/:&{Aq}/—%{g}/+m‘.( _21[3){5},_ (11.94)

Tur hai phuong trinh can biang dong tai budc thoi gian 7 theo (11.78) va buéde
thoi gian 7+1 theo (11.79), chd y dén (11.94) nhan duoc phuong trinh chuyén
dong dudi dang so gia.

Doi véi bai todn tuyén tinh:

[M]{Ag} +[Cl{Ag} +[K]{Ag}, = {AR}, (11.95)
hay:
| & {Ag}, = {Aﬁ’}/_ (11.96)
trong do:
VF[KP&[Chw[M] (11.97)
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{Ak}/_:{M}I,+(§[M]+%[C]]{¢}/{ZLB[M]M;(ZLB—Q[C]}{&}I, (11.98)

T (11.96), gia s6 chuyén vi nit:
(Ag), =[ K] {AR) (11.99)

7

Sau khi xdc dinh dugc {Ag} , cdc dai luong {Ag} va {Aj} dugc xdc dinh

bang (11.93) va (11.94); Cic dai luong {4} . {4} va {4}  xédc dinh bang bicu
thic (11.87+11.89).

Gia t6c ¢6 thé x4c dinh tir phuong trinh can bang dong tai budc thdi gian
7+1 (thdi diém z,,):

Y {R}m _[C]{é}m _[K]{q}m

{7}, 1] (11.100)

Phuong trinh (11.100) dung dé xac dinh gia t6c tai thoi diém 7=0.

Phuong phép tich phan s6 nhan dugc nghiém tai budc thoi gian /+1 qua
nghiém tai bude thoi gian 7 goi 1a phuong phap tich phan tudng minh.

Thuat todn cia phuong phap Newmark dudi dang s6 gia la thuat toan rat
thich hop khi giai bai toan phi tuyén, cho trong bang 11.2, [10].

Bang //.2. Thuat toan cua phuong phap Newmark duéi dang s gia

1

(1) Phuong phap gia t6c trung binh khong doi: y = %;B =

1
=%

(2) Phuong phép gia toc tuyén tinh: y = %;

1.0 Zin/ todgn ban déu

R

({&}.{}.{2} - véc to luc nit qui d6i, van téc va chuyén vi ban dau tai

thoi diém 7=0).
1.2 Chon As
1

B(A7)’

13 [K]=[&]+=[c]+

BAs [47]

1 Y 1 Y
14 a=—TI[wm]+L[C b=—[M]+ad L-1|[C
v I Y e R 1
2.0 Zink todn vor mor budc thor gian i
2.1 {AR}) ={AR}, +a{g},+5{q},
19



BAs B 2p
2.4 {Aj) = B(il)z { q},—ﬁ{é},—z%{?},

2.5 g}, =12}, {85 19, =19}, {80 5 {3}, =13}, +{Ag,
3.0 Zinh lap cho buoc thor gian tiép theo ti buoc 2.1 dén buoc 2.5.
D61 v6i bai toan tuyén tinh, ¢6 thé sit dung thuat toan x4c dinh cac dai luong
tai buéc thoi gian 7+1 qua cac dai luong da dugc xac dinh tai bude thoi gian 7
theo thuat toan cho trong bang 11.3, [13].
Bang //.5. Thuat toan phuong phap Newmark
1.0 Cdc phép tinh ban ddu
1.1 Xd4c dinh ma tran do ciing [X], ma tran khéi lugng [4/], ma tran can
[C]va véc to luc niit qui d6i { &} clia he.

1.2 Xéc dinh gid tri ban dau {¢,}, {,} va {4,} .
1.3 Chon budc thi gian Az va cdc tham s6 o =iva 5 =% dé tich phan 6n

dinh vo6 diéu kién va tinh cdc hang s6 «,(i=1+7)

a—l'a—S'a—l‘a—L—l‘a—é—l'
" aA?T T aar’ Tt aAr 2 0 Y a0
w222 =ar1-5): = 11101

1.4 Xac dinh ma tran do ctiing anh hudng [f( ]
| K |=[K]+a[M]+a[C] (11.102)
2.0 Dot vor ting budc thor gian
2.1 Tinh tai trong anh huong tai bude thoi gian 7+1
V&) =8+ ()@}, + @ ld), + ad @, )+ [ et} + add),+ ),

(11.103)
2.2 Xac dinh chuyén vi nit tai bu6c thoi gian 7+1

| &{a},, =14}, (11.104)
2.3 Xac dinh gia t6c va van tdc tai budc thoi gian 7+1
20



(@}, =a ({9}, ~{),) - @}, - o {3},

{Q}m :{é}/'-'_dﬁ {é}i+a7 {é}m (11105)
Phuong phdp Newmark 6n dinh nghiém néu thoa man diéu kién:
Az 1 1
— 11.106
7, m2 \Jy-2p ( :
- V6i phuong phap gia toc trung binh khong doi y :% va B:% , diéu kién
én dinh nghiem (8.106) ¢6 dang: %‘ <o (11.107)

Nhu vay, diéu kién 6n dinh nghiém Iu6n thod man v6i moi gi4 tri ctia Az. Tuy
nhién, dé dam bao do chinh x4c, gia tri clia Az phai dl nho.

- V6i phuong phap gia t6c tuyén tinh :% va B= % diéu kién 8n dinh nghiém

(11.106) c6 dang: %’<0,551 (11.108)

n

2. Thidull.2
Giai bai todn thi du 11.1 biang phuong phép gia toc trung binh khong déi
1.0 Tinh todan ban ddu
- Khoi luong 72=0,2533; do ciing £#=10; hé s6 can ¢=0,1592 ; Tai thoi
diém /=0: chuyén vi va van t6c ban ddu ¢, =0; ¢, =0; lyc nit £, =0

Ry —cq,— K9, -0

1.1 4, = p”

1.2 Chon budc thoi gian Az=0,1sec

1.3 k=k+£c+ 42/77:114,5
Ar (Ar)

1.4 azAifm+2.c=10,45; b=2m=0,5066

2.0 Tink cho moi budc thor gian
2.1 AR = AR+ a.g,+b.j, = AR +10.457,+0.50664,
AR AR

22 Ag =2
O 14,5

23 Aj = A% Ag,—24,=20Ag,—24,
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24 AG=—2
A

2

(Ag,—Arg,)—2.G,=400(Ag,—-0,1¢,)— 2.7,

2'5 QH—I = Q/' + AQ/; g/’-&—l = g/’ + AQ/; é/'-%—l = QI + A?/
3.0 Tinh cho cdc budc thor gian tiép theo tir buoc 2.1 dén buoc 2.5.

K&t qua s6 cho trong bang:

r, | R 7 AR, AR, Ag, Ag, | Ag, 7; 7
(2.5) @.1) (2.2) (2.3) (2.4) (2.5) (2.5)
0,0 | 0,0000 | 0,0000 5,0000 5,0000 0,0437 0,8733 | 17,4666 0,0000 0,0000
0,1 | 5,0000 | 17,4666 3,6603 21,6356 | 0,1890 2,0323 | 5,7137 0,8733 0,0437
0,2 | 8,6602 | 23,1803 1,3398 43,4485 | 0,3794 1,7776 | -10,8087 2,9057 0,2326
0,3 | 10,000 | 12,3724 -1,3397 | 53,8708 | 0,4705 0,0428 | -23,8893 4,6833 0,6121
0.4 | 8,6602 | -11,5169 -3,6602 | 39,8948 | 0,3484 -2,483 | -26,6442 | 4,7261 1,0825
0,5 | 5,0000 | -38,1611 -5,0000 | -0,9009 -0,0079 | -4,641 | -16,5122 2,2422 1,4309
0,6 | 0,0000 | -54,6733 0,0000 -52,7740 | -0,4609 | -4,418 | 20,9716 -2,3995 1,4231
0,7 | 0,0000 | -33,7017 0,0000 -88,3275 | -0,7714 | -1,791 | 31,5787 -6,8133 | 0,9622
0,8 | 0,0000 | -2,1229 0,0000 -91,0486 | -0,7952 | 1,3159 | 30,5646 -8,6095 | 0,1908
0,9 | 0,0000 | 28,4417 0,0000 -61,8123 | -0,5398 | 3,7907 | 18,9297 -7,2936 | -0,6044
1,0 | 0,0000 | 47,3714 0,0000 -3,5029 | -1,1442
3. Thidull3

2.0 Tinh cho moi budc thor gian
2.1 AR =AR +a.g + b, = AR +15,687,+0,76795,

22 Ag, = AA@ =

Giai bai todn thi du 11.1 bang phuong phép gia toc tuyén tinh.
1.0 Tinkh todn ban diu
- Khoi lwong 72=0,2533; d6 ciing £#=10; hé s6 can ¢=0,1592 ; Tai thoi

diém 7#=0: chuyén vi va van t6c ban ddu ¢, =0; ¢, =0; luc nit £ =0

1.1 4, =

1.2 Chon budc thoi gian Az=0,1sec

1.3

Ry —cqy— kg,

k=k+ic+

Az

m

2

(A7)

=0

m=166,8

1.4 a=£m+3.c=15,68; b=3m+%’c=0,7679

22

Az

£,

4

AR
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23 Ag = AilAq/ ~3g, —%y/ =30Ag,—34,— 0,054,

2.4 £G, =2
A

2

25 q}i—l = Q/ + AQ/’ QH—I = g/’ + AQ/’ é/'-%—l = QI + AQ/
3.0 Tink cho cdc budc thor gian tiép theo tw bucc 2.1 dén buoc 2.5.

K&t qua s6 cho trong bang sau:

(Ag,—Az.g,)-3.5,= 600(Ag,—0,14,) 3.5,

5, | R g AR, AR Ag, Ag, Ag, q; g,
2.5) .1 2.2) 2.3) 2.4) 2.5) 2.5)
0,0 [ 0,000 [ 0,0000 [ 5,0000 | 5,0000 0,0300 | 0,8995 [17,9903 [ 0,0000 | 0,0000
0,1 [ 5,000 | 17,990 [ 3,6603 | 31,5749 [0,1893 [2,0824 | 35,6666 0,8995 | 0,0300
02 | 8,660 | 23,656 | 13398 |66,2479 [03973 [1,7897 |[-11,5191 |[2,9819 | 02193
03 [ 10,00 | 12,137 [ -1,3397 | 82,7784 | 0,4964 | -0,0296 |-24,8677 |4,7716 |0,6166
0.4 | 8,660 | -12,729 | -3,6602 | 60,8987 | 0,3652 | -2,6336 | -27,2127 | 4,7420 | 1,1130
0,5 | 5,000 | -39,942 | -5,0000 | -2,6205 20,0157 | -4,7994 | -16,1033 | 2,1084 | 1,4782
0,6 | 0,000 | -56,045 [ 0,0000 |-85,2198 |-0,5110 | -4,4558 [22,9749 | -2,6911 | 1,4625
0,7 | 0,000 | -33,071 [ 0,0000 |-137.426 |-0,8241 |-1,6292 |33,5584 | -7,1469 | 0,9514
0,8 | 0,000 | 04874 [ 0,0000 |-137,196 |-0,8227 | 1,6218 |31,4613 | -8,7761 | 0,1273
0,9 [ 0,000 [ 31,948 [ 0,0000 |-87,6156 |-0,5254 |4,1031 | 18,1644 | -7,1543 | -0,6954
1,0 [ 0,000 | 50,113 | 0,0000 -3,0512 | -1,2208

So sanh gi4 tri s6 ctia chuyén vi tai cdc budc thoi gian theo phuong phdp sai phan

trung tam, phuong phap Newmark véi gia tri 1y thuyét cho trong bang sau:

2, PP SPTT PP gia toc trung binh | PP gia téc Ly thuyét
khéong déi tuyén tinh
0,0 0,0000 0,0000 0,0000 0.0000
0,1 0,1914 0,0437 0,0300 0,0328
0,2 0,6293 0,2326 0,2193 0,2332
0,3 1,1825 0,6121 0,6166 0,6487
0,4 1,5808 1,0825 1,1130 1,1605
0,5 1,5412 1,4309 1,4782 1,5241
0,6 0,9141 1,4231 1,4625 1,4814
0,7 -0,0247 0,9622 0,9514 0,9245
0,8 -0,8968 0,1908 0,1273 0,0593
0,9 -1,3726 -0,6044 -0,6954 -0,7751
1,0 -1,2940 -1,1442 -1,2208 -1,2718
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11.3. PHUONG PHAP NEWTON-RAPHSON GIAI BAI TOAN PHI

TUYEN
11.3.1. Néi dung phuong phap va thuat toan

Trong thuc t€ tinh todn két ciu, c6 thé gap hai loai bai to4dn phi tuyén: phi
tuyén vat ly va phi tuyén hinh hoc. Bai toan la phi tuyén vat ly khi vat liéu c6 tinh
dan déo hodc khi vat liéu c6 tinh chat co hoc thay doi theo thoi gian, lic nay quan
hé o =0(¢) gilta ting sudt (lyc) va bién dang (chuyén vi) 1a quan h¢ phi tuyén.

Trong bai todn phi tuyén vat 1y, quan h¢ giita véc to ting suét {c} va véc to
bién dang {e} c6 thé viét dudi dang:

{o} =[E*(e)]{e} (11.109)
trong dé ma tran [E*(s)] la ham cua trang thdi bién dang {e} . Mat khac, trang
thdi bién dang {e} dugc bi€u dién qua chuyén vi niit {¢} nén c6 thé biéu dién:

{o}=[E*(2)]{4} (11.110)
Do d6, phuong trinh can bang dong phi tuyén c6 dang:

() (D[R} =ta)  arai

Du6i day sé gi6i thiéu phuong phap Newton-Raphson giai bai toan tinh va
két hop phuong phap Newton-Raphson vGi phuong phap Newmark giai bai toan
dong [10].

Phuong phép chung dé giai cac phuong trinh phi tuyén la phuong phép tinh
lap dua trén co s& 16i giai tuyén tinh. Do d6, cac thuat todn clia phuong phap
Newmark da trinh bay trong muc 11.2 cho bai to4n tuyén tinh c¢6 thé md rong cho
bai todn phi tuyén.

Trong moi bude 1dp sé thuc hién phan phdi lai tng suat, bién dang trong hé
va tinh lai cAc ma tran twong tng véi trang thai ting suat - bién dang vira tinh dugc
theo quan hé cua céc dai lugng phi tuyén.

Dai v6i bai toan dong, khi sit dung phuong phap Newmark tai trong cling
duoc chia thanh nhiéu cép tuong tng véi cdc budc thoi gian va viéc tinh lap theo
phuong phdap Newton-Raphson dp dung cho timg cép tai trong trong mdi budc
thoi gian tich phan.

Tuong tu nhu phuong trinh can bang dong dudi dang s6 gia (11.95) cho bai
todn tuyén tinh, hiéu hai phuong trinh can biang dong & budc thoi gian 7 va 7+1
trong bai toan phi tuyén c6 dang:

[27]{Ag} +[Cl{Ag}, +(A/5), = {AR}, (11.112)
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trong do:

(&%), =[], 109}, (11.113)
Ma tran cit tuyén [K ],-,M khong thé xdc dinh dugc vi {¢} = chua biét, hinh 11-3.
Néu thira nhan budc thoi gian A7 nho thi ma tran cat tuyén dugc thay thé€ bang
ma tran d¢ ciing ti€p tuyén [K], . Khi d6 (11.113) c6 dang:

(8%), =[], {Ad), (11.114)
Bo ky hiéu 7'cuia ma tran do cing ti€p tuyén va thay vao phuong trinh (11.112),
nhan duogc:
[M]{ag},+[Cl{Agy, +[ &) {Ag}, ={AR), (11.115)
Phuong trinh nay c6 dang
tuong tu nhu phuong trinh fs :
4 N Z A Z. 4 4 - ).
(11.95) cua bai toan }uyen tinh ‘_/_,J ki 2 (kidsec
nén cic cong thic cua phuong 2 7

phap Newmark cho hé tuyén Fint s

i /

tinh c¢6 thé 4p dung cho bai W o .

toan phi tuyén, trong d6 thay o

th€ ma tran d¢ cing [£] trong
Ag,

i

bai todn tuyén tinh bang ma

tran dg ctng ti€p tuyén [K] &

qi qi+1 q
Hinh 11-3.

moi budc thoi gian thi 7 trong
thuat toan Newmark, bang 11-
2. B6i v6i hé phi tuyén bude 2.5 trong thuat toan Newmark va (11.100) 1ay gia tri

hiéu ctia {4} va {4} ctia buéc tinh trudc.
Tuong tu nhu ddi v6i bai toan tuyén tinh, phuong trinh can bang dong dudi
dang s6 gia ctia bai toan phi tuyén c6 dang:
[/”(]/{Aq}/ ={AR} (11.116)

trong do:
{AR} 1y theo cong thic (11.99) - bai todn tuyén tinh.

[£) 1)+l

D¢ thuan tién & (11.116) bd chi s6 i & ma tran do ctng va thay biang T (ma
tran do cing ti€p tuyén):

[47] (11.117)
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[/“(]T{Aq}z{m’} (11.118)

vOI:

[’H(LZ[K]ﬁ&[CHB(;)z [47] (11.119)

Phuong trinh (11.118) 1a phuong trinh phi tuyén c6 thé giai bing phuong
phap Newton-Raphson. Phuong trinh nay 1a phuong trinh phi tuyén vi ma tran do
cling ti€p tuyén [K], phu thudc vao chuyén vi {4} nén ma tran [K] khong phai

12 ma tran hang s6. Trong bai todn tinh phi tuyén, ma tran [f( L la ma tran [K],

va tinh phi tuyén thé hién _ AR '
trong [£],. Trong bai todn phi R I i | 91
tuyén dong, khéi lugng va Iuc | e 2R 1 S04 4
can lam giam tinh phi tuyén vi _ }’ v 7~ 12
S , 1 D '7‘ 9 :
A hv PN M AR A 4]
ma trdn hang so B(Az)z[ ] | A /
. V o E
thudng c6 gid tri 16n hon [£],. 1 & L |
Trén hinh 11-4 biéu dién i 1 8 iag® | ag®
so do giai lap phuong trinh =

(11.118) cho hé 01 bac tu do:
- Budce lap dau tién (1):
(K], (g} ={ag} (1) Hinh 11-4.
Giai (1) xac dinh duoc
{A7"} va xdc dinh lyc {A/"}=[ &| {A¢"} c6 gid tri nho hon {AZ} va lyc con
i (A} {8}~ {ar")
- Budce 1ap thit hai (2):
[ &] {Ag?}={ar?} )
Gidi (2) xédc dinh duge {Ag®} va xdc dinh luc {A/?} :[/“(]T{Aq@} c6 gid tri
nho hon {AZ”} valyc con lai {ARY} ={AR”} -{Ar™}
Tién hanh c4c buéc lap nhu trén dén budc lap thi 7 véi gia s6 chuyén vi AgY”

/ ()
dii nho so véi gia s6 chuyén vi tinh todn Ag, => Ag"”, nghia la khi: AAq
/=1 7z

Khi dé gia s6 chuyén vi & budc thoi gian i dén i+1 c6 gid tri:
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/

{Ag},=>{Ad") (11.120)

=1
Thuat toan 1ap ctia phuong phap Newton-Raphson cho trong bang 11-4.
Bang /7-4. Thuat toan lap Newton-Raphson - bai toan tinh
1.0 80’ liéu ban ddu

('), =ta)s (1) =(55): (08"} =(aR) : [&] =[£],
2.0 Cdc phép tink ciia mor buoc lap j=1,2,3,...
2.1 Giéi phuong trinh [ K] {Aq(j)} - {AN} xdc dinh dugc {Aqm}

22 ), 147, +loo)

7+1

23 (a7)= (A7) =(47")+ (4], -4, ){ad}

24 (AR} = (a8}~ (0
3.0 Tink lap cdc buvc tiép theo tir 2.1 dén 2.4 cho dén khi nghiém hoi tu.

Thuat todin Newmakr giai bai toan dong két hgp véi phép lap cua phuong phap
Newton-Raphson cho trong bang 11-5.
Bang //7-5. Thuat todn phuong phip Newmark két hop phép lip phuong
phap Newton-Raphson gidi bai toan dong phi tuyén

(1) Phuong phap gia toc trung binh khong doi: y = %;B :i

;l3=1

(2) Phuong phap gia toc tuyén tinh: y = 5

1
2
1.0 Tinh toan ban dau
AR [ Nat - ()}
1.1 {g,} = 1]

V6i {&,}.{4}.{2} 1a véc to luc nit qui d6i, van téc va chuyén vi ban déu tai
thoi diém 7=0).
1.2 Chon As

a=1[c—2

1
ol i [M]bzz—B[M]+Az(2lB— ][c]

2.0 Tink todn voi mor budc thor gian i
2.1 (AR} ={AR} +a{d},+b{7},
2.2 Xéc dinh ma tran do ctng ti€p tuyén [ K]

7
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23 [ K] =[&]+ BVN[c] +

2.4 Xac dinh {Ag} tur [/? }VEI {Aﬁ’} ‘bang thu tuc 1ap Newton-Raphson cho

trong bang 11-4.

25 (d), =L to), -1+ o 1- 1 )3
{q}l

.. 1 1.
2.6 {Aq}i - B(At)2 {Aq}/ 2[3 {q}i
2744}, =19}, +189) 5 {9}, =1}, {5 {9, =14}, +{Ad,
3.0 Tink lgp cho butdc thoi gian 1iép theo tir bude 2.1 dén budec 2.7
Su khac nhau co ban cua .
bai todn phi tuyén va bdi todn e
tuyén tinh 1a tir budec 2.1 - bang
11-5, nghia 1a chuyén vi nit tai

1
BA/

budc thoi gian 7+1 phai giai lap %S : Sy

trén co s& tinh lai ma tran cua

hé theo quan hé phi tuyén. s

11.3.2. Thi du e
1 Thidud (.
Xéc dinh chuyén vi cuia hé 7.5

01 bac tu do chiu tai trong dong
nhu thi du 1. Quan hé gitta luc Hinh 11-5
va chuyén vi 12 quan hé dan déo
ly tudng cho trén hinh 11-5 véi gid tri chuyén vi dan héi #, =0,75 . St dung
phuong phdp Newmark - gia t6c trung binh khong dé6i (khong tinh lap theo
phuong phép Newton-Raphson).
Dudi day dan ra cac budc giai:

1.0 Tink todn ban dau

- Khoi lugng 72=0,2533; do cing 4, =10; hé s6 can ¢=0,1592 ; Tai thoi
diém 7=0: chuyén vi va van t6c ban dau ¢, =0; ¢, =0; luc nit £ =0

Ry —cqy— kg, -0

1.1 4, = .

1.2 Chon budce thoi gian A7=0,1

28



1.3 azAilm+2.c=10,45; b=2m=0,5066

2.0 Tinh cho tung buoc thor gian

2.1 AR = AR+ a.g,+ b, = AR +10,454.+0,50664,

2.2 k. = £ cho doan oa,bc va de; £, =0 cho doan ab va cd, hinh 11-5.

2.3 /%:kl.+£c+
Ar

24 Ag, = A;

25 Aj, = A% Ag,—24,=20Ag,—24,

7

2

(47)

m=k +104,5

(khong tinh 1ap theo phuong phdp Newton-Raphson)

26 ql’+1 = ql’ + Aql’ él#l = él’ + Aql

27 (/). =(/) +4Ag,

28 é[ﬂ _ ]‘)Hl - cél’ﬂ B (fJ')H—l

m

O trong thii tuc nay khong tinh lap theo phuong phap Newton-Raphson, gia
toc dugc tinh & budc 2.7 va 2.8 da tinh & budc trude thay cho budce tinh 2.7 trong
bang 11-5, bdo dam can bang dong & cu6i moi bude thoi gian.
3.0 Tink todn cho cdc budc thor gian tiép theo tir buoc 2.1 dén buoc 2.8
Gid tri s6 theo phuong phdp Newmak - gia toc trung binh khong déi (khong

tinh lap theo phuong phap Newton-Raphson) cho trong bang sau:

LR (), | AR, £ |k, Ag, g, g,
(2.8) 2.1) (2.3) (2.4) (2.6) (2.6)

0.0 | 0,0000 | 0,0000 | 0,0000 5,0000 10 | 114,5043 | 0,0437 0,0000 0,0000
0.1 | 5,000 | 0,4367 | 17,4666 21,6356 10 | 114,5043 | 0,1890 0,8733 0,0437
0.2 | 8,6602 | 2,3262 | 23,1803 43,4485 10 | 114,5043 | 0,3794 2,9057 0,2326
0.3 | 10,000 | 6,1207 | 12,3724 53,8708 10 | 114,5043 | 0,4705 4,6833 0,6121
0.4 | 8,6602 | 7,5000 | 1,6110 46,5455 0 104,5043 | 0,4454 4,7261 1,0825
0.5 | 5,0000 | 7,5000 | -12,4970 | 32,3703 0 104,5043 | 0,3098 4,1818 1,5279
0.6 | 0.,000 | 7,5000 | -30,8738 | 5,3984 0 104,5043 | 0,0517 2,0132 1,8377
0.7 | 0,0000 | 7,5000 | -28,9930 | -24,9304 |10 | 114,5043 | -0,2177 | -0,9801 1,8893
0.8 | 0,0000 | 5,3228 | -18,8932 | -44,8354 | 10 | 114,5043 | -0,3916 | -3,3744 | 1,6716
0.9 | 0,0000 | 1,4071 | -2,7549 -479712 | 10 | 114,5043 | -0,4189 | -4,4568 1,2801
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2. Thidu5

Tinh lai thi du 4 ¢6 tinh lap chuyén vi trong mot budc thdi gian bing sir
dung thuat toan trong bang 11-4 (thuat toan phuong phap lap Newton-Raphson)
va thuat toan trong bang 11-5. Budc tinh 2.4 trong bang 11-5 la budc tinh lap.
Dué6i day dan ra phép tinh lip cho thoi di€ém tr 7=0,3sec dén thoi diém
¢=0,4sec (chuyén vi 16n hon chuyén vi dan héi) vdéi so liéu ban dau tai thoi diém
#=0,3sec . Sau khi tinh buéc lap 2.4 ti€p tuc tinh budc 2.5 va budc 2.6 va bude
2.7 nhu sau:
4 Ag, — iq —2¢,=400Ag,—-404,—2¢g,
(Af)2 AT l o

27 ?H—l = Q/ + AQ/

26 Aj =

Tinh toan trong khoang thoi gian tr 7=0,0sec dé€n 7=0,9s5ec cho trong
bang. Trong 03 budc thdi gian ddu chuyén vi nho hon chuyén vi dan hoéi
7<q,=0,75 (hé tuyén tinh) nén khong can tinh lap chuyén vi (budc 2.4 bang
11.4). Do d6 két qua tinh c6 gia tri nhu da tinh trong thi du 4. Néu do cing hoac
luc can thay d6i trong budc thoi gian thi can phai tinh lap.

Trong thi du nay tinh lap chuyén vi theo phuong phédp lip Newton-Raphson
O budc thoi gian tir 7=0,3sec dén 7= 0,4sec. Thuat todn nhu sau:

1.0 85" liéu ban ddiu
7 =0,6121; £ =6,1207; AR = AR =53,8708; £, =114,5043
2.0 Buoc lap thit nhdt j=1

2.1 AN =ARY A = 538708 _ ) 4705
d 114,5043

22 ¢ =4 + A" =0,6121+0,4705 =1,0826
23 AV =0 - /04 iAq(l) —7,5-6,1207 +104,5043.0,4705 = 50,5454

24 AR? = ARY — A/ = 53,8708 — 50,5454 = 3,3254
2.0 Buoc lap thit hai j=2

2.1 087 = AR AFY = % =0.02904

22 4% =4V + Ag” =1,0825+0,02904 =1,1116
23 84/ = /= /0 + L ag =7,5-7,5+104,5043.0,02904 =3,0349
Y
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24 ARV = ARY — AP =3,3254-3,0349 = 0,2904
2.0 Buoc lap thirba j=73
2.1 5,080 =ARD A = 02908 ) 0025
114,5043
Tiép tuc cdc budc lap nhu trén. Két qua theo cac buée lap & thoi diém 7= 0,3sec

dén 7= 0,4sec cho trong bang sau:

AR, hoac hoac
Ag, qff)
0.0 | 0,0000 | 0,0000 | 0,0000 10 114,5043 | 0,0437 0,0000 0,0000 0,0000

0.1 | 5,000 |0,4367 | 21,6356 10 | 114,5043 | 0,1890 0,8733 17,4666 | 0,0437

0.2 | 8,6602 | 2,3262 | 43,4485 10 | 114,5043 | 0,3794 2,9057 23,1803 | 0,2326

0.3 | 10,000 | 6,1207 | 53,8708 10 | 114,5043 | 0,4705 4,6833 12,3724 | 0,6121

3.3254 0,0290 1,1116
0,2904 0,0025 1,1141
0,0254 0,0002 1,1143
0,22e-02 0,19¢-04 1,1143

0.4 | 8,6602 | 7,5000 | 52,9849 104,5043 | 0,5070 5,3621 1,2027 1,1143

0
0.5 | 5,0000 | 7,5000 | 38,4086 0 104,5043 | 0,3675 4,7782 -12,8805 | 1,6213
0.6 | 0,0000 | 7,5000 | 11,0600 0 104,5043 | 0,1058 2,5725 -31,2339 | 1,9889

0.7 | 0,0000 | 7,5000 | -19,6226 10 | 114,5043 | -0,1714 -0,4558 | -29,3312 | 2,0947

0.8 | 0,0000 | 5,7863 | -41,6857 10 | 114,5043 | -0,3641 -2,9716 | -20,9850 | 1,9233

0.9 | 0,0000 | 2,1458 | -47,9600 10 | 114,5043 | -0,4188 -4,3095 | -5,7722 | 1,5593

Trong 03 budc thoi gian ti€p theo, hé & nhanh déo c6 do cing £#=0 nén
khong tinh 1iap chuyén vi (tinh theo buéc 2.4 trong thuat toan thi du 4). Trong
khoang thoi gian 0,6sec dén 0,7.sec, van t6c d6i dau tuong tng chuyén vi bat
ddu giam nghia 12 hé bit dau giam tai doc theo nhanh be va do cing #=10. Tuy
nhién, khi tinh to4dn da bo qua khong tinh 1dp chuyén vi khi thay d6i do cing tix
A£=0 dén £=10.

11.4. HE TOA PO TU NHIEN VA TiCH PHAN SO
11.4.1 Hé toa d6 tu nhién

Hé toa do tu nhién dugc st dung khi xét phan tir hitu han dong tham s6 véi
viéc dua phan tlr goc 6 hé toa do tu nhién vé phan tir ¢6 hinh dang bat ky trong hé
toa do Descartes.

Hé toa do tu nhién la hé toa do dia phuong cua phan tlr cho phép xac dinh vi
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tri cia mot diém bat ky trong phén tlt bing cac toa do tu nhién 1a cdc s6 khong
thit nguyén, c6 gia tri trong khoang [-1,1]. Thong thuong, hé toa do tu nhién dugc
chon sao cho tai cac nit dinh phan tlr, cac toa do tu nhién c6 gia tri bang -1 hay
+1.

Céc phan tir ¢6 dang hinh hoc khac nhau c6 hé toa do tu nhién khac nhau.
D6i v6i hé 3 chiéu, toa do tu nhién 1a », s, 7; con doi véi hé 2 chiéu, toa do tu

AS

(-1,1)4 (1.1)

(-1,-1) (1.-1)

Hinh 11-6. Phdn tt tit gidc va cdc toa dp ti nhién (r,s) va hé toa dp (x, y)
nhién 1a », s. Vi du d6i v6i phan ti ti giac, hé toa do tu nhién la hé toa d6 ma
céc truc », s di qua diém giita clia cdc cap canh d6i dién nhau. Cdc canh nay
duoc xac dinh boi phuong trinh »=+1, s=+1, hinh 11-6.

Diém P bt ky trong phan tir c6 toa do (v, ») s&€ c6 toa do (7,s) trong hé toa

do tu nhién. Quan hé gilta cac toa do trong hé toa do Descartes va hé toa do tu
nhién, vi du cho phan t&r ti giac 4 nit ¢6 dang:

r= Y N(ns)a =[N N v N (11.121)

4
y=X N (rs) =[N N N N
=1 3

(11.122)

trong do, (x,,»,) 1a toa do vuong goc ctia nit /phan tir (/=1+4) va A, 1a ham noi suy

ctia hé toa do tu nhién c6 dang:

/V,.(r,s)zi(lwtr.i;)(lJrs.S,.) (11.123)
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V6i (7,s,) 1a toa do ty nhién cta nit /. Dé dang thay tir hinh 8-6: (7,s,)=(-1-1);

(5:5) = (L=1): (,5) = (L1)s (5,5) = (=L1).

Tir (11.123), ham noi suy &, v6i (/=1+4)c6 dang:

NIZW (11.124.)
2:(“’”)4(1 *) (11.124.)
/\/3:(1”{4(1”) (11.124.¢)
v, = U=)xs) ”)(1”) (11.124.d)

Do xét trong hé toa do tu nhién nén can thiét 1ap quan hé dao ham cua mot
dai lugng nao d6 doi véi cdc bién (r,.s,7) trong hé toa do tu nhién va dao ham cta

dai lugng d6 doi véi bién (., 3, z) trong hé toa do Descartes. Theo nguyén tic tinh

dao ham riéng:
0 _0ox 88)/ 0 0z 0 _0dox 88y+882

6r ox or 8)/6/ 8z or 85 oxds Ovos 0zos’
0 O0oxr 00y 0oz

or aror opor ozor
dudi dang ma tran:

o) [er @ (o) [0
or or or or||ox ox
ol_|er v ez)ol_ )8 (11.125)
os os Os Os||oy oy
o o o e|lo] |
or) |or or or)|ps P
trong d6, [/] goi 1a ma tran Jacobian c6 dang :
o o)
or or or
[]=| 2 & & (11.126)
os Os Os
o e
or or or)

Tir (11.125) dao ham d6i v6i bién (x, ») trong hé toa do Descartes:
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o 9
ox or
0 -1 | 0
PR
54 AY
0 o
oz or
11.4.2. Tich phan so
1. Tich phdn so

Viéc dung cac phan tir dong
tham s6 dan dén su bién thién cac
bién trong hé toa do tu nhién trong
khoang [-1,1]. Do d6, khi tinh cic

tich phan ma tran do cung, ma
tran khoi luong, véc to luc nit qui
déi xuat hién cac tich phan c6 can
bién thién tir -1 dén +1.
+1
/= I F ( r) ar
-1
+1+1
[:IIF(r,s)a’m’s
-1-1
+1+1+1

[:IIJF(r,S,t)dm’sdf

-1-1-1

(11.127)

® Diém gbe & it
+ Diém tich phan bac 2;

$ Diém tich phan bdc 1:

Hinh 11-7. Phdn tit it gidc va cdc toa dp tu nhién
(r,5) va hé toa do chung (x, )

C6 nhiéu phuong phép tinh tich phan s6, trong d6 phuong phap Gauss c6
hiéu qua nhat. Thuc chat ctia phuong phdp nay 1a gia tri clia tich phan bing tong
gid tri ham tai mot s6 diém Gauss nhan v6i mot dai lugng goi 1a trong s6, hinh

11.7.
a. Dai véi tich phan 1 16p:

[:IF(r)dr:ZaiF(ri)

trong do:

F(7)- gid tri cia ham #(~) tai diém Gauss 7;;

o, - trong s6 tuong tng v6i diém Gauss.

(11.128)

Bang 11-6 cho biét gia tri va cdc trong so tuong tng v6i cdc diém Gauss

theo so d6 co s diém Gauss ~ khac nhau.
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Trong phép cau phuong Gauss, vi tri cdc diém Gauss duoc x4c dinh sao cho
v6i mot s6 ~ diém Gauss thi tich phan dat duoc do chinh x4c nhat. Két qua tich
phan s6 la chinh x4c néu bac » cla da thic xap xi v6i ham #(,) khong vuot
qud 27—1 v6i 7 1a s6 diém Gauss. Néu 7 =27-1, cdc hing s6 7 va trong s6 o,
¢6 thé tinh tich phan véi do chinh xdc mong muon.

Bdang 77-6. Gia tri va trong so ciia cac diém Gauss khi tich phan s6

S6 diém Gauss # Toa do diém Gauss theo Trong s6 o,
phuong 7 hodc s, 7
7=0 a, =2,0
2 7, =—7=0,5773502691 o,=a,=10
3 7 =0 o, =0,88888889
7, =—r=0,77459667 o, =o, =0,55555556

Khi tinh tich phan so, khoi lugng tinh toan rat 16n va phu thudc vao viéc
chon s6 diém Gauss. Theo Bathe va Wilson [11], [13], khi tinh ma tran do ctng
trong bai toan 02 chiéu bac tich phan t6i thiéu dugc chon nhu sau:

- Phan tlr t¢ gidc 04 nadt: 2x2 diém Gauss;

- Phan tir chit nhat 08 niit: 2x2 diém Gauss;

- Phan tir canh cong dang t gidc 08 niit: 3x3 di€ém Gauss.
Thi dy tinh tich phan (11.128) v6i #(r)=2/"+7"+3 :

- Két qua tinh bang giai tich:
+1
7=[(27°+7 +3) dr=6,666666667
-1
- Str dung (11.128) v6i s6 lugng cac diém Gauss theo bang 11-6:
+1
+01 diém Gauss: 7= [ (27 +7” +3)dr=0,7 () =2.(2.0' +0° +3) =6,0;
-1
+1
+ 02 diém Gauss: /= j(zr‘ +7243)dr=o,F(7)+0,F (1) =
-1

=1.(2.(-0,57735027) +(-0,57735027)" +3) +

+1.(2.(0,57735027)" +(0,57735027)" +3) = 6,66667228
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+1
+ 03 diém Gauss: /= j(zﬁ +77 +3)a’r: o, F(7)+ 0, F(75)+o,F(r)=

-1
=0,55555556.(2.(~0,77459667)" +(=0,77459667)" +3)+0,88888889.(2.0° + 07 +3) +
+0,55555556.(2.(0,77459667)° +(0,77459667)" +3) = 6,6666667

b. D6i véi tich phan 2 16p va 3 16p:

Tur hinh v& 11-6 va bang 11-6, cdc diém Gauss dugc dit doi xding vé6i tam
ctia khoang cach 14y tich phan. C4c trong so la nhu nhau véi céc diém Gauss doi
xtng nhau. Doi véi tich phan 02 16p, tién hanh 1ay tich phan véi bién 7, sau do
1ay tich phan véi bién s (hoac nguoc lai).

/= TTF(r, 5 )drds = f(z ocl.F(/;,s)ja’s: jz};q{gaif’(@,sj)}

-1-1 -1\ =l

hay

+1+1

/=jjF(r,s)m/s:ifa,af(r,,sj) (11.129)

—1-1 =1 j=1
Xét tich phan 02 16p v6i 02 di€ém Gauss (~=2). T bang 11-6 v6i 7, /=1+2,
o,=a, =10 va 7 =-/;=0,57735027, s, =—s = 0,57735027 . Khai trién (11.129):

+1+1
/= jJ-F(r,s)a’m’s:ocloch(/;,sl)JrocloczF(/;,sz)+0L20L1F(r2,s1)+a2a2[7(/3,52)
MRS
Gi4 tri tich phan 12 téng gid tri ciia ham tai tai 04 diém Gauss nhan véi cdc trong
sO tuong ung.
Thi du xét tich phan:
+1+1 +1+1
/= j IF(I",S) a’m’s:j j(2r3s+ 3)a’m’s
“1-1 J1-1
+1+1
Gia tri tinh theo giai tich: I j F(r,5)drds =12
“1-1

Py

Gida tri  tinh  theo tich phan s6 véi: o, =a,=10
n=s5=7=.25=0,5773502691.

+1+1

7=[[(27s+3)dras :1.1.[2.(—0,5773502691)3 .(—0,5773502691)+3}+

-1-1

2

+1.1.[2.(—O,5773502691)3 .(0,5773502691)+3] +

+1.12.(0,5773502691)" (~0,5773502691)+3 |+
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+1.1.[2.(O,5773502691)3 .(0,5773502691)+3] =12

Tuong tu véi tich phan 03 16p:

+1+1+1

]:.[J-.[F(r,s,t)a’m’m’f:iiia/.a/.a,{F(/;,sj,f,() (11.130)

—1-1-1 =1 =1 k=1

Tinh tich phan 03 I6p véi 02 diém Gauss (7=2). Gid tri cic bién 7,5,/ va

trong sO tuong Ung véi 7 ;/=1+2 lay nhu d6i véi tich phan 02 16p. Khai trién tich
phan (11.130) v6i 08 diém tinh tich phan:

/=7 +/1 . +L AL+l L

+/7 +/7

(LLI) (1,2,) (1,1,2) (1,2,2) (2,1.1) (2,2,1) (2,1,2) (2,2,2)
vOlL:
[(1,1,1) = alalalF(’TﬂSvfl) [(1,2,1) = ala2alF(/1"Sz7fl);
[(1,1,2) = alalazF(’T’Spfz) [(1,2,2) = O‘lazazF(’TaSzal‘z);
Logny = azalalF(rzﬂSlﬂfl) Loy = azazalF(’iaSzafl)
[(2,1,2) = O‘zalazp(rz"ylafz) ](2,2,2) = O‘zazazF(rzaSzafz)
trong do:
7 =—r=a=0,5773502691
s, =—s8 =a=0,5773502691
t, ==t =a=0,5773502691
Thi du tinh tich phan:

+1+1+1

7= [ [ (27 .s+3.£+5)drdsdr . Gid trj tich phan tinh bang gii tich /=40
-1-1-1
+1+1+1

Tinh tich phan /7= j I j(zﬁ S+32+ S)Q’rc/sa’t bang tich phan sd theo phép cau

-1-1-1

phuong Gauss: /=7, . .+/, ,,+7/

Ly A2y T ALL2)

+/

(1,2.2)

+/

(2.L1)

+/

(2.2.1)

+/

(2.1.2)

+/

(2.2.2)

P

VOl
Loy = 00,0, F(7,5,0,) =1.1.1.(2.(—a)3 .(—a)+3.(—a)+5) —2.4" ~3a+5
Fuon) =000, (7, 8,4) =L11(2.(=a) @ +3.(~a) +5) = 24" ~3a+5
L1y = 00040, 7 (7,51, :1.1.1.(2(—4)3 .(—a)+3.a+5) =24 +3a+5
Jyay = 01050, (4, 5,5) = L11(2.(=a) @ +3.a+5) = 24" +3a+5
Loy = 02040, F (75,54, ) = 1-1-1-(2.(a/)3 .(—a)+3.(—a)+5) =-24"-3a+5
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Laay = 02004 F(13,5,,4) = 1.11(2.(@) @ +3.(~a) +5) = 24" ~3a+5
L2y = 0,040, 7 (75,5,0,) = 1.1.1.( .a3.(—a)+3.a+5) =-24"+3a+5
Loz = 02000, 7 (75,8,,6) =1.1.1.(2.8 a+3.a+5) = 24" +3a+5

7= Lo ooy oy s e T oy Hean Hean =40

D6i véi phan tir t4m, vo tit gidc thudng chi sit dung so do tich phan 1 diém
hoic 2 diém Gauss, hinh 11-6.
2. Thi du tinh ma trdn do cing bang tich phdn sé
Tinh ma tran do ciing clia phan tir chit nhat dong tham s6 trong trang thai
mang bang tich phan s6 theo phuong phéap cdu phuong Gauss, [3].
Toa do (r, ») tai diém bat ky trong phén tir dugc x4c dinh bang cong thic:

4 4
x=) Nx,  y=) Ny (11.131)
=1 =1
Biéu thitc (11.131) du6i dang ma tran:
4
M
X
N0 N, 0 N 0 N O
L[N 2 ; 4 & (11.132)
B B A TV A (AN A |
s
Xy
Vs

trong do:

.- ham noi suy cua hé toa do tu nhién c6 dang (11.124), véi (1'= 1+4) ham
noi suy A, c6 dang (11.124).

x,, v, - toa do tai nit (/=1+4).

D6i v6i bai toan 02 chiéu, quan hé dao ham cua dai luong nao d6 doi véi
bién (7,s) trong hé toa do tu nhién va dao ham cua dai luong d6 véi bién (., »)
trong hé toa do Descartes c6 dang:

0_00x 0y
or oOxor oyor
o _6x Oy
os Oxads Oyos
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dudi dang ma tran:
2 Jar 2(2] (2
or| _|or or||ox (/] ox

a7l |2
os os Os] |0y oy

v6i [/] 1a ma tran Jacobian.

(11.133)

Chi y dén (11.124) véi cac ham noi suy A, la ham cua céc bién (7,s) nén:

ON, ON, oN, oN,||h K
[ J] _ or or or or H N
N, N, N, N, || x
os o0s os Os llx,

Thay ham néi suy &, (/=1+4) theo (11.130):

(l—s) (l—s) (1+s) (1+s) hN

_| 4 4 4 4
I O I RN E

4 4 4 4 X, W

Ma tran Jacobian phu thudc vao bién (7).
Tu (11.134), rit ra:

0 0
ox -1 | or
HEURE
oy os
Gia stir ma tran Jacobian nghich dao c¢6 dang :
[J]—l _ {J; */1*2}
AR
va ap dung (11.135):

ou ou
or or
ou S Jn 000 ||ay
ay _ J; ng 0 0 g
R APAL:
ox 0 0 J, J,|lor
ov ov
oy E

(11.134.2)

(11.134.b)

(11.135)

(11.136)

(11.137)
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Véc to bién dang ctia phan tlr trong trang thai mang:

ou
or
1o o o]
{e}={z,t=/0 0 0 1 2z (11.138)
Yo 0110 E®
ov
B
Chi y dén (11.137):
ou ou
o or
A (4 4 0 o] Ou
ey=le, t=| 0 0 J J, SS [/ (11.139)
T, o o
Xy 21 22 11 12 a’, ar
ov ov
as as

Chuyén vi («,v) tai diém bat ky trong phén tir dugc xdc dinh bing cong thic:

4 4

”:Z/V;ﬂi

=1 =1

(11.140)
v6i u,, v, 1a chuyén vi tai niit (/=1+4). Véc to chuyén vi nit ciia phan tir:

{Q}e:{lﬁ Wi, v, i v U, V4}T
Tir (11.125), véc to dao ham riéng chuyén vi («,»v) theo bién (r,.s) trong
(11.139) c6 dang:

Tir (11.139), (11.141):

40

ou) [aN, on, o, o, “ “
— 0 0 0 0 y y
or or or or or 1 !
% oN, 0 o, 0 oM, 0 oN, 0 U, i,
os os os os os Y _ [ f] Y
ov 0 oV 0 o, 0 A 0 ON, || uy uy
or or or or or v ”
os os os os os | y y

4 4

(11.141)



e}, =[2L1g). <[/ /1)

rdt ra ma tran bién dang - chuyén vi:
:[/}[f] (11.142)
Tir ham noi suy /&, c6 dang (11.124), ma tran [ /] c6 dang:

e e T T e A
4 4 4 4
=7 0 L+ 0 1+ 7 0 1-7 0
[f]: ’ l-s ’ l-s ! I+ ! I+s (11.143)
o -— o =< o XL o -2
4 4 4 4
0 1= 0 L+ 0 I+7 0 1-7
i 4 4 4 4
Ma tran do cﬁ’ng phan tir mang duogc xac dinh theo cong thic:
—sj "1£].[2]. s (11.144.2)

trong do:
[Eo]g— ma tran dan hoi vat liéu trong trang thdi tng suit phang, dugc xac dinh

I p O
theo 1y thuyét dan hoi c6 dang:  [£], = £lu1 o (11.145)
—u
0 o0 ¢
L 2 ]
v6i £, u 1la mo dun dan hoi va hé s6 Poisson.
Tich phan (11.144) duéi dang tich phan s6:
+1+1
—sj &)LID) as=3] [[ D] [ 5] 2], |/ drds (11.144.b)
-1-1
Ky hiew:  #(r.5,)=8[D] [£] [ (11.144.0)
thi biéu thic tinh ma tran do ciing bang tich phan s6 Gauss ¢6 dang:
=3 > a0, F(r.s,) (11.144.d)

=1l ;=1
Ma tran [ /] trong (11.142) va ma tran Jacobian [./] phu thudc vao bién
(7,s) trong hé toa do tu nhién. Tich phan s6 theo phuong phap Gauss nhu da thay
& céc thi du trén, 12 tong cdc gia tri clia ham dudi dau tich phan véi cac trong so
twong ung tai cac diém Gauss, v6i s6 diém Gauss #=2 sé& la téng ctia 04 gid tri
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tai cac diém 14y tich phan I, II, III, IV, hinh 11-6.
[K]e =[& ]+ [ &, ]+ [ K]+ [ &0 ] (11.144.e)
Tinh ma tran do cling cua phan tir chit nhat theo (11.144) véi chiéu day
8=20, mo dun dan h6i £=2.10", 14y hé s6 Poisson u=0. Toa do cac niit phan
tlr trong hé toa do Descartes cho trén hinh 8-6. Tich phan sd theo so d6 04 diém
Gauss v6i »=2. Tit bang 11-6 v6i 7, /=1+2, a,=o,=1,0 va tai cic diém tich
phan so:
Piém I: % =-0,57735027, 5, =-0,57735027 ;
Piém 1I: 7, =0,57735027; 5, =-0,57735027,
Piém III: 7 =0,57735027;  5,=0,57735027;
Piém 1V: 7, =-0,57735027; s, =0,57735027,
Thi dy tinh [X,] - tai diém tich phan III:
Tinh ma tran Jacobian theo (11.135.b) v6i gid tri 7, s,, x, », tai diém III,
hinh 11-6. Ky hi¢u «=0,57735027:
(l—a) (l—a) (1+a) (1+a) 0 0

40 0 20 0
/1= _(1:) _(14+a) (lja) (1—4a) 40 30 :{o 15} )
4 4 4 4 0 30
Ma tran nghich déo: [/]" = {2 :gj = {1/()20 1/015} (2)
Dinh thic |/]=300 3)
Ma tran tinh theo (11.140):

S, J, 00 1/20 0 0 0
[/]=]0 0 /4 Jl={ 0 0 0 115 4)
Sy S S 0 1/15 1/20 0

Ma tran [ /] v6i 7, s, c6 dang (5).

42



_l—a 0 —a 0 1+ a 0 _1+a 0
4 4 4 4
_I;a 0 _lza 0 lJ;a 0 1;a 0
[f]: | | 1+a 1+ a
0 - 0 — 0o — 0 -
4 4 4 4
0 _l—a 0 _1+a 0 1+a 0 l—a
L 4 4 4 4 |
-0,1057 0 0,1057 0 0,3943 0 -0,3943 0
[f] B -0,1057 0 —-0,3943 0 0,3943 0 0,1057 0
B 0 -0,1057 0 0,1057 0 0,3943 0 —-0,3943
0 -0,1057 0 —-0,3943 0 0,3943 0 0,1057
®)
Tich ma tran [D] = [f}[f] , theo (11.142):
—-0,0053 0 0,0053 0 0,0197 0 -0,0197 0
[D]e = 0 -0,007 0 -0,0263 0 0,0263 0 0,007
-0,007 -0,0053 -0,0263 0,0053 0,0263 0,0197 0,007 -0,0197
1 0 0
Ma tran dan hoi vat liéu [£] , v6i p=0 tir (11.145):  [£] =2.10°| 0 0
00 l
L 2]

Tich ma tran: [£,] [ 2]

e

-0,0053 0 0,0053 0 0,0197 0 -0,0197 0
=2.10° 0 -0,007 0 -0,0263 0 0,0263 0 0,007
-0,0035 -0,0027 -0,0132 0,0027 0,0132 0,0098 0,0035 -0,0098

Nhan trdi [£][2], v6i ma tran [D] , 1a tich [D] [£] [£] va chd y dén
(11.124):
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[—0,0053 0 -0,007 |

0 -0,007 -0,0053
0,0053 0 -0,0263
0 -0,0263 0,0053

[£,,]=20.1.1.300.2.10°
0,0197 0 0,0263

0 0,0263 0,0197

~0,0197 0 0,007
0 0,007  —0,0197 |
~0,0053 0 0,0053 0 00197 0 -0,0197 0
x| 0 -0,007 0  -0,0263 0 0,023 0 0,007

-0,0035 -0,0027 -0,0132 0,0027 0,0132 0,0098 0,0035 -0,0098

Sau khi nhan ma tran:
[0,0631 0,0227 0,0772 —0,0227 -0,2362 0,0823  0,0959  0,0823 |
0,076  0,0839 0,2037 -0,0839 -0,2832 -0,0223 0,00353
0,4503 -0,0852 -0,2913 -0,3093 -0,2357 10,3093
0,8472  0,0839 -0,7677 0,0223 -0,2832

[[(///] =10
0,8823  0,3093 -0,3552 -0,3093
1,0617  0,0827 -0,0107
doixung 0,4951 -0,0823
0,2905 |

Tinh tu’ong_tu’ nhu trén cho céc diém 14y tich phan IV:
-0,0053 0  —0,0263]
0 0,0263 —-0,0053

0,0053 0  -0,007
J 0 -0,007 0,0053
[&,,]=20.1.1.300.2.10 x
0,0197 0 0,007
0  —0,007 0,0197

-0,0197 0 0,0263
0 0,0263 -0,0197 |

-0,0053 0 0,0053 0 0,0197 0 -0,0197 0
X 0 -0,0263 0 -0,007 0 0,007 0 0,0263
-0,0132 -0,0027 -0,0035 0,0027 0,0035 0,0098 0,0132 -0,0098

Sau khi nhan ma tran:
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[0,4503 0,0852 10,0767 —0,0852 -0,2357 -0,3093
0,8472 0,0223 0,2037 -0,0223 -0,2832
0,0631 -0,0227 0,0959 —0,0823

0,076~ 0,0223 0,00353

0,4951  0,0823

0,2905

[£,]=10"

doixung

Tinh tuong tu nhu trén cho cdc diém 14y tich phan I:

[0,8823 0,3093 -0,3552 -0,3093 -0,2359 -0,0852
10617 0,0827 -0,0107 -0,0827 -0,2847
0,4951 -0,0823 0,0959 -0,0227
0,2905 0,0827  0,0050

0,0631  0,0227

0,0760

[&,]=10

doixung

Tinh tuong tu nhu trén cho cdc diém 14y tich phan 1I:

[0,4951 0,0823 —0,3548 —0,0823 -0,2362 -0,0227
0,2905 0,3120 -0,0108 -0,3120 -0,2847
0,8823 -0,3093 -0,2913 -0,0852

1,o617  0,3120 0,7662

0,4503  0,0852

0,8472

doixung

Cong cic ma tran [K] =[K,|+[&,]+[ &, ]+[ £, ] theo (11.144):

-0,2913
-0,0839
-0,2362
0,0839
—-0,3548
0,312
0,8823

-0,2913
-0,3120
-0,2362
0,3120
-0,0772
0,0839
0,4503

0,0959
-0,0827
-0,2357

0,0827
-0,0767

0,0223

0,0631

0,3093 |
—0,7677
0,0823

—0,2832
—0,0823
-0,0108
-0,3093
1,0617 |

0,0852 |
—0,7662
0,0227
—0,2847
-0,0227
0,02037
—0,0852
0,8472 |

0,0227 |
0,0050
0,0852
—0,2847
-0,0852
0,2037
—0,0227
0,0760 |
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[1,8908

0,4995 -0,5561 -0,4995 -0,9440 -0,4995
2,2754 0,5009 0,3859 —-0,5009 —1,1358
1,8908 —-0,4995 -0,3908 -0,4995
2,2754  0,5009 —1,5254
1,8908 00,4995
2,2754

doixung

-0,3908
-0,5009
—-0,9438
0,5009
-0,5561
0,5009
1,8908

0,4995 |
—1,5244
0,4995
~1,1358
-0,4995
0,3859
—0,4995
2,2754 |

11.4.3. Ung suét va noi luc phan bé ciia phan tir ti gidc 4 niit tai cic diém

nit cua phan ti

Ung suét va noi luc phan b6 clia phin tir t gidc 4 nit duoc xdc dinh tai cdc
diém cau phuong Gauss 2x2 (I, II, III, IV) va cac diém nit (1, 2, 3, 4) clia phan tt,

Ung suét (noi luc) tai cdc diém nit cha phan tir duoc ngoai suy theo cong

hinh 11-3.

thac [9]:
T
T
T
T

trong do:

Ty
Ty

7

N > 0 R
S D X D
N XD ™
RN > D

T

(11.146)

T, T Ty T, - thanh phdn tng sudt (noi luc) duogc tinh tai diém cdu phuong

Gauss 2x2 tt diém 7+ 7V
T,y T3, T4, - thanh phan Gng suét (ndi luc) tai cdc diém ndt cla phan tir tir

nat 1+4;
/- chi s0 cua cac thanh phan tng suat (noi luc), /=1+6
azl—i—ﬁ; bzl—ﬁ; c:—l
2 2 2
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