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1. TIM DPUONG DI NGAN
NHAT
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Pinh nghia. Cho G = (V,E) la dé thi co6 trong so. VO
H < G thi trong lwwong cua H la tong trong lwvong cua
cac canh cua H.

w(H) = > w(e)
eecH

> Néu H la dwong di, chu trinh, mach thi w(H) dwoc
goi la do dai cua H.

> Néu mach H c6 dé dai am thi H duoc goi la mach
am.

> Khodng cach gitra 2 dinh u va v la dé dai ngan
nhat cua cac dwdng di ttr u dén v.
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Ma tran khoang cach

Dinh nghia. Cho d6 thi G = (V, E), V = {V,,V,,...,V.}
c6 trong s6. Ma tran khoang céach cia G la ma
tran D= (d;)) xac dinh nhw sau:

0 khi i=j

w(v;v;) khi vv, eE

o
|

00 khi ViV, & E

.

Nhan xét. Moi dé thi dwoc hoan toan xac dinh bdi
ma tran khoang cach.
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Vi du. Tim ma tradn khoang
cach cla do thi sau
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Vi du. Tim dd thi cé ma trdn khodng cach sau:

0 12 7 5 o
12 0 15 16 6
7 15 0 o 10
5 16 o 0 5
o 60 10 5 0
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Bai toan. Cho G = (V, E) la dd thi c6 trong s6. Tim
duwdong di ngan nhat tr u dén v va tinh khoang cach
d(u,v).

Nhan xét. Néu d6 thi G c6 mach am p trén mét

dwong di tir u téi v thi dwong di ngan nhat tiv u dén v
sé khong ton tai.

U V
o 7\'05/ —0
n
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Mot so lwu y

Khi tim dwdng di ngan nhat ta c6 thé bo bét di cac
canh song song va chi dé lai mét canh c6 trong
lweng nho nhat.

Poi voi cac khuyén cé trong lwong khéng am thi
cling co thé bd di ma khéng lam anh hwdng dén két
qua cua bai toan.

Poi voi cac khuyén cé trong lwong am thi co thé
dwa dén bai toan tim dwong di ngan nhat khong co
i giai.
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Nguyén ly Bellman

Goi P la dwdng di ngan nhat tir dinh u dén dinh v; t €
P. Gia sivr P=P,®P, v&i P, la dwdng di con cua P twr u
dén t va P, la dwdng di con cta P tr t dén v. Khi do6
P, cling la dwérng di ngan nhat tir u dén t.

Chirng minh. Gia s ton tai P,’la dworng di ngan hon

0 t
Pl ta co | P, .0 P, y
o 3

\\ ,l

\\\ 5 ,//

—————

w(P;’) <w(P;) = w(P, ®P,) <w(P,®&P,)=w(P)

Vo ly vi P 1a dwdng di ngan nhat tir u dén v
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Thuat toan tim dwdng di ngan nhat

Pé tim dwong di ngan nhat, ching ta quan tam toi
hai thuat toan:

Thuat toan Dijkstra khdong thé thwe hién khi do thi
cO canh am

Thuat toan Ford — BeIIrr]an xac dinh cac m,ach ,
(chu trinh) am hay tra vé cay duwdng di ngan nhat
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Thuat toan Dijkstra

X&c dinh tuan tw cac dinh c6 khoang cach dén u, tir nhé
dén lén.

Trwdc tién dinh c6 khoang cach nho nhat déen u, la u,.

Trong V\{ug} tim dinh c6 khodng cach dén u, nhé nhat
(dinh nay phai la mét trong cac dinh ké v&i u,) gia sw
do la u,

Trong V\{uy,u,} tim dinh c6 khodng cach dén u, nhé
nhat (dinh nay phai la mét trong cac dinh ké véi u,
hoac u,) gia st do la u,
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Tiép tuc nhw trén cho dén bao gi¢ tim duoc khoéng
cach tr u, dén moi dinh.

Néu G c6 n dinh thi:

0 =d(ugUy) <d(ug,uy) <d(Uug,U,) <...<d(Ug,U,1)
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Thuat toan Dijkstra

Bwoc 1. 1:=0, S:=V\{ug}, L(Up):=0, L(v):=c vOI moi v €S
va danh dau dinh v bdi («,-). Néu n=1 thi dirng va xuat
d(Ug,Ug)=0=L(u,)

Bwéc 2. V&i moi veS va ké véi u, (néu doé thi c6 huwédng
thi v lIa dinh sau cua u), dat

L(V):= min{ L(v), L(u;)+w(u; v)}.
Xac dinh k=min L(v) , veS.

Néu k= L(v)) thi xuat d(ug,V;)= k va danh dau dinh v, boi
(k; up). Bat u, ;== v; va S:=Su;,}

Bwédece 3. i'=i+1. Néu i = n-1 thi két thdc.

Néu khong thi quay lai Bwéc 2
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Mot so vi du

Bai tap 1. Tim dwong di ngan nhat t u dén cac dinh
con lai.
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u I S L X Y Z W

0% |(90,-) [(0,7) [(90,-) [(%0,-) [(%0,-) [(o0,-) | (o0,-)
(4,Up) |(00,-) |(o0,-) |(o0,-) |(L,up)*|(o0,-) |(c0,-)
(3.Y)* | (0,-) |(0,-) |(o0,-) (4,y) | (,-)
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O* - - - - .-
(4,Up) |(00,-) |(o0,-) |(o0,-) |(Lug)*|(oo,-) |(o0,-)
(3.¥)" | (0,-) |(o0,-) |(%0,") (4,y) | (o))

(10,1) |(6,1) |(oo,-) (4,y)* | (o0,-)
(10,r) [(6,r)*|(c0,-) (9,2)
(9,1) (7,0)* |- (9,2)
(8,)* (9,2)

uuuuuuuuuuuuuuuu

(9.2)
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Cay duwong di
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Vi du. Cho d6 thj c6 trong s6 G = (V, E), V ={ vy, V,, Va,
V,, Vs, Vg, V5} Xac dinh b&di ma tran trong s6 D. Dung
thuat toan Dijkstra tim dwdng di ngan nhat tlr v, dén
cac dinh v,, V3, V, Vs, Vg, Vg

(0 5 31 40 o o o0)

o 0 27 o 13 o ©
o 26 0 8 49 25 38
D=l 0o ow 0 o 16 oo
o 70 o oo 0 o 9
v o o o 23 0 12
(0o o o o 10 o O0)


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

V4 Vg
(OO") (OO’ ')
(4O,V1) (oo, -)

(40,v,) [(78,v,)
(39,v)* | (78,V,)
- (78,v,)
- (78,v,)
. (7°7,v)
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Cay duwong di

—
=p
=]
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Vi du. DUng thuat toan Dijsktra dé tim dwéong di ngan
nhat tlr dinh a dén dinh z.
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a | b c d e Vi g Z
0% 1 (0,-) | (0,-) | (0,-) | (0,-) | (0,-) | (0,-) | (o0,-)
(4a) | 3@)*| (0,-) | (o0,-) | (o0,-) | (0,-) | (0,-)
(4,a)* 6,0) | D) | (0-) | (0,-) | (©,)
6,0)* | (90) | (0,-) | (0,-) | (0,-)
(7,d)* | (11,d) | (0,-) | (0,-)
- (ALd)* | (12,e) | (o0,-)
- (12,e )*| (18.f)
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Cay duong di
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Thuat toan Ford - Bellman

Tim dwong di ngan nhat tr u, dén cac dinh khac
hodc chi ra do thi c6 mach am.

Bwéc 1. Ly(uy) =0 va Ly(v) = © V v=u, Danh dau
dinh v bang (« ,-) ; k=1.

Bwoéce 2. L (uy) =0 va

L.(v) = min {L_,(u)+w(uv) | ula dinh trwéc cua v }

Néu L (v) = L ,(t)+w(tv) thi danh dau dinh v bdi
(Lk(V),t)

Buwéc 3. Néu L(v) =Ly 4(v) v&i moi v, tlrc Ly(v) on
dinh thi dyng. Nguwoc lai dén bwdc 4.
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Bwéc 4. Néu k = n thi dirng, két ludn G c6 mach
am. Néu k < n-1 thi tr& vé buwdc 2 voi ki=k+1

Vi du. DUng thuat toan Ford-Bellman dé tim dwdng di
ngan nhat tir 1 cho dén cac dinh con lai
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k|1 |2 3 4 5 6
00 [(or) [(0) [(0) [(0) (o))
110 (7,1) [(o,-) [(8,1) [(0,-) [(%0,)
210 [(7,1) |(11,2)[(8,1) [(9,2) |(8,2)
30 [(7,1) |(10,6)|(6,6) |(9,2) |(8,2)
410 (7,1 |(10,6)|(6,6) [(8,4) |(8,2)
50 |(7,1) |(10,6)|(6,6) |(8,4)

(8,2)
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410 |((7,1) |(10,6)|(6,6) |(8,4) |(8,2)
5/0 |(7,1) |(10,6)|(6,6) |(8,4) |(8,2)

Ta c6 L, (i) 6n dinh nén cay dwdng di la

Y 2
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Vi du. Dung thuat toan dé tim dwong di ngan nhat tw
1 cho dén céac dinh con lai
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(7,1)

(8,1)

(7,1)

(11,2)

(8,1)

9.2)

(8,2)

(7,1)

(10,6)

(2,6)

(9.2)

(8,2)

(4,4)

(10,6)

(2,6)

(4,4)

(8,2)

(4.4)

(8,2)

(2,6)

(4.4)

(5,2)

OO~ WINIFP IO|X

OO0 0O OO0 |0 |F

( I’ I)
CuuDuongThanCong.com
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(_116)
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(5,2)
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5 0 (4,4) ((8,2) [(2,6) ((4,4) |(5,2)
6 0 (4,4) [(7,6) ((-1,6) |((4,4) |(5,2)

k=n=6.L.(i) chwa 6n dinh nén do thi c6 mach
am. Chang han:
4—2—6—4 co6 do dai -3
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Vi du. Tim dwdng di ngan .
nhat tir dinh
a) 1 dén cac dinh con lai O 2 (2,

b) 3 dén cac dinh con lai ? 3
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2. DO THI EULER
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Leonhard Euler
(1707 — 1783)

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Thanh pho Konigsberg (Birc) bi chia thanh 4 ving do
2 nhanh cua 1 dong sbng. C6 7 chiéc cau ndi nhirng
ving nay véi nhau.

Bai toan: Xuat phéat tv¥ mét viung di dao qua moi
chiéc cau dung mét 1an va tré vé noi xuat phat.

Nam 1736, nha toan hoc Euler da mo hinh bai toan
nay bang mét dé thi vd hwdng véi méi dinh ng voi
mot vung, maoi canh trng voi moét chiéc cau
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bwong di Euler la dwong di qua tat ca cac canh cua
do6 thi, méi canh dung mot lan.

Chu trinh Euler dwérng di Euler c6 dinh dau tring voi
dinh cudi.

Do thi Euler 1a d6 thj cé chlra mot chu trinh Euler.

Co dwong di Euler C6 chu trinh Euler
@a430120 24301204
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Dinh ly Euler

Cho G=(X, E) la dé thj v hwéng lién thong. Khi dé

a) G la dd thi Euler < Tat ca cac canh ctia do G déu
cO bac chan.

b) G co6 dwong di Euler va khong ¢co chu trinh Euler
< G c¢6 dung hai dinh bac |é.

Nhan xét. Néu G 1a d6 thj vd hwéng lién thong chi co
2k dinh bac & thi ta co thé vé do thi bang k nét.
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Dinh ly Euler

Cho G=(X, E) la d6 thi co hwéng lién thdng manh.
Khi do

a) G la dod thi Euler < d*(x)=d(x) ¥x e X.

b) G cb duwdng di Euler & G c6 2 dinh u, v sao cho:
= deg(u) =deg(u) +1
= deg(v) =degf(v) +1
= d*(X)=d"(Xx) v&i moi x khacu va v
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R

b

(/\G ’
L

iIén thdng va co 2
dinh bac 1é 2> cb
dwong di Euler:

bacdaedbc

VAN
s

);

bacbhd
\_

Co duong di Euler\

a

~N

Lién thdng va cac
dinh déu cé bac
chan. Suy ra c6 chu
trinh Euler:

\ bacdaedbcb /

com/tailieudientucntt
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Thuat toan Fleurey

Dung dé tim chu trinh Euler cla do thi ttr mét dinh bat
Ky, ta ap dung 2 quy tac sau:

Quy tac 1. X6a cac canh da di qua va cac dinh ¢6 lap
néu co

Quy tac 2. Khéng bao gi® di qua mot cau triv khi
knong con cach di nao khac.
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Vi du. PO thj sau c6 la do thi Euler khdng. Néu co,
hay tim mét chu trinh Euler

C
a b d

g

Pap an. Chu trinh Euler la:

abcfdcefghbga
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Vi du. PO thi sau c6 chu trinh hay dwdng di Euler
khong? Néu co, hay xac dinh ching

a b ¢
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Vi du. DO thi sau c6 la dd thi Euler khéng. Néu co,
hay tim mét chu trinh Euler
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3. DO THI HAMILTON
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Sir William Rowan Hamilton
(1805-1865)

Nam 1857 W. R. Hamilton dwa tro ChO’I sau day: Trén
méi dinh trong s6 20 dinh cla khdi da dién ngl giac déu
12 mat ghi tén moét thanh phd trén thé gidi. Hay tim
cach di bang cac canh cua khdi da dién dé qua tat ca
cac thanh phd, moi thanh phd dung mot 1an, sau do tré
vé diém xuat phat.

ngThanCong.com https://fb.com/tailieudientucntt
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Mot so bai toan

T6 chuire tour du lich sao cho ngudi du lich tham
quan méi thang canh trong thanh phd dung mot lan

Bai toan ma di tuan: Cho con ma di trén ban co
vua sao cho no di qua moi 6 dung mét lan.

[H =[8,10,1,7,9,2,11,5,3,12,6, 4 ]}

Puwdng Hamilton biéu dién nwédce di cla con ma trén ban cd 3x4
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DPinh nghia. Bwong di Hamilton 1a dwdng di qua tat

c& cac dinh cla do thi méi dinh dung mét 1an.

a. Binh nghia twong tw cho chu trinh Hamilton

b. D6 thi goi la dé thi Hamilton néu né co chu trinh

Hamilton
a b a b
L
e c L
d c
s fE-_
d

G, c6 dwong di
nhwng khéng co
) anchu trinh Hamilton

G, cO duwong di va
chu trinh Hamilton

[ R}

=0y

b g
L P
- -
c e

G; khong c6 dwong di
va khéng co6 chu trinh
Hamilton

= 9
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Mot so dieu kién da

Pinh ly. Cho G =(V,E) la do thi don v6 hwdng cén n
> 3 dinh. Khi do

0 Néu deg(u)+deg(V) >n véiuva v la hai dinh
khong ké nhau tuy y thi G la Hamilton.
; n .
O Neéu deg(u) > 5 v&i moi dinh u thi G la Hamilton

Vi du. Day la dé thi Hamilton?
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Quy tac x

ay dwng chu trinh Hamilton

Quy tac dé xay dung mét chu trinh Hamilton H hodc chi
ra do thi voO huwdng khong la Hamilton

Quy tac 1. Tat ca cac canh ké v&i dinh bac 2 phaéi &

trong H.

Quy tac 2. Khéng co6 chu trinh con nao dwoc tao thanh

trong qua trin
Quy tac 3. K

n xay dwng H.
ni chu trinh Hamilton ma ta dang xay dwng

di qua dinh it

Ni X04 tat ca cac canh ké véii mata chua

dung. Diéu nay lai c6 thé cho ta mét s6 dinh bac 2 va ta
lai dung quy tac 1.

Quy tac 4. Khong c6 dinh cd l1ap hay canh treo nao

dwoc tao nén

sau khi &p dung quy tac 3.
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Mot so vi du

Vi du. Po thi sau c6 phai la do thi Hamilton khong?
Néu co hay tim chu trinh Hamilton

Pap an. Co,vidua, b,c,e, f,i,h,g,d,a.
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Vi du. Do thi sau co phai 1a dé thj Hamilton khéng?
1 2 3

4’/5.\ 6
‘\
7 3 9

Giai. Gia st G co chu trinh Hamilton H, theo quy tac

1, tat ca cac canh ké v&i dinh bac 2 deu o trong H:
12, 14, 23, 36, 47, 78, 69, 89.

Khidotacochutrinhconla: 1,2, 3,6,9,8,7,4,1.

Vay G khong la do thi Hamilton
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Vi du. Po thi sau c6 phai la do thi Hamilton khong?
Néu co hay tim chu trinh Hamilton

13
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Vi du. D6 thi sau c6 phai la dé thj Ha

milton khong?

¥l & o
P ——
E K
d ® £ 4 Th
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e =
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