Cay

Bién soan: TS.Nguyén Viét Pong

BDinh nghia vatinh chat
Dinh nghia Cay.
a) Cho G la do thi v0 huéng. G dugc goi 1a mgt
cay neu G lién thong va khong c6 chu trinh
SO cap.

b) Rimg 1a d6 thi ma mdi thanh phan lién
théng cua no la mot cay.
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Cay

1. PN va tinh chat

2. Cay khung ngan nhat
3. Cay c6 goc

4. Phep duyét cay

Dinh nghia va tinh chat
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Binh nghia va tinh chat Binh nghia va tinh chat
Piéu kién cin va di.
Cho T 1a db thi v6 hwéng cb n dinh. Cac phat biéu sau diy
la twong dwong:

, / \ "
i. Tlacay - o 3 3
" e | 7\ / 1 \ 10
ii. T lién théng va c6 n-1 canh. 5.0 - - e 9 _\
N “ . A a2 8
. T khéng c6 chu trinh so cap va cé n-1 canh . _4 \\_ 6 7 _/l -
iv. T lién thong va méi canh |a mét ciu. 1 12 13 14 15 16 17

1

Giita hai dinh bit ky c0 diing mét dwong di so cap néi ching
vdi nhau.

i. T khong cd chu trinh so cdp va néu thém vao mét canh giirq
hai dinh khong ké nhau thi c6 mét chu trinh so 'cap duy nhat.

5

Breadth-first Search Algorithm .Thuit todn wu tién

Binh nghia va tinh chat chiéu rong

Cho G 1a d6 thi lién thong vai tap dinh {v;, v, ..., V. }

Dinh nghia cay khung.

Bude 0:thém v, nhir 13 gbc ctia cay rong.
<ol e Buéc 1: thém vao cac dinh ké v, 1am con ciia nd va cac
Cho G = (V,E) la d6 thi v6 hudng. canh nbi v, v6i chung,
T1a dd thi con khung ciia G. Nhiing dm'h. na}./ la d.m‘h muec 1 trong cay.
. . . b gl B}ré'c 2: doi vai moi dinh v mirc1, thém vao cac canh
Neu T la mot cay thi T duoc goi la cay khung(hay ké v6i v vao ciy sao cho khong tao nén chu trinh don.
cay toi dai, hay cay bao trum) cua d6 thi G. Thu duoc cac dinh mirc 2.

Thuat toan tim cay khung.

Tiép tuc qua trinh nay cho t6i khi tit ca cac dinh cta do
thi dugc ghép vao cay.
CayT thu duoc la cdy khung cua db thi.
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Vi du. Xét d6 thi lién thong G.

Chen elam goc = Thém ava clam con cua b,

. 4 TR , , = h 12 con duy nhét cua d
Cac dinh ké vdi ela con cua no. Yy ’

= gvajlacon cuaf,

Céc dinh muc 1 1a: b, d, f, i = k 1a con duy nht cta i,
Cac dinhmtc 2 1a: a, ¢, h, g, j, k

Depth-first Search Algorithm
(Thuat toan wu tién chidu sau)
Cho G 1a db thi lién thong v6i tap dinh{vy, Vs, ..., .}

Chon mét dinh tiry ¥ cua d thi lam gbc. Xﬁy dung
duong di tir dinh nay bang céch lugt ghep cac canh sao
cho moi canh méi ghép s€ noi dinh cudi cung trén
duong di véi mét dinh con chua thude duong di. Tlep tuc
ghép thém canh vao duong di chung nao khono thé thém
duoc nira. Néu duong di qua tat ca cac dinh cua do thi
thi cay do dudng di nay tao nén la cay khung. Néu chua
thi It lai dinh tru6e dinh cudi cung cua duong di va xay
dung duong di méi xudt phat tir dinh nay di qua cac dinh
con chua thudc duong di. Néu diéu d6 khong thé 1am
duoc thi Iui thém mot dinh nita trén duong di, tie la i
hai dinh trén duong di va thir xay dung duong di moi.

m Cudi cung thém | va mla con cta g va k tuong
ung

Cac dinh mace 3 1a: I, m
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Vi du. Tim cay bao trim ctia do thi G.

Giai. Bit ddu chon dinh f 1am gbc va
Thém cac hau dué cuaf: g, h, Kk, j

Lui vé k khong thém dugc canh nao, tiép tuc lui vé h

Binh nghia va tinh chat

Dinh nghia Cay khung ngin nhat.

Cho G 14 db thi ¢6 trong sd. Cay khung T cua
G duoc goi la cdy khung ngan nhat (cav 10i
dai ngan nhat cay bao trum ngdn nhat, cdy

l\hung 16i tiéu) néu nd la cdy khung cua G ma
¢6 trong lugng nho nhét.

CuuDuongThanCong.com

= Thém i lam con thtr hai caa h va 1oi vé f.
® Lai thém cac hdu duécuaf:d, e, c, a
® Lui vé ¢ va thém b lam con thé hai cua nd .

= Cay thu duoc 13 cdy khung ciia do thi da cho

Cay khung ngan nhat

Thuét toan tim ciy khung ngin nhit
a)Thuét toan Kruscal

Cho G l1a db thi lién théng, c6 trong sb, n dinh.
Budre 1. Truge hét chon canh ngén nhat e, trong céc canh

cua G.

Buwée 2. Khi da chon k canh e, e,,...e, thi chon tiép canh

€+, Ngan nhat trong cAc canh con lai ciia G sao cho khdng
tao thanh chu trinh véi cac canh da chon trude.

Bwdc 3. Chon du n-1 canh thi dung.

https://fb.com/tailieudientucntt
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Cay khung ngan nhat

6

(o el

Cay khung ngan nhat

3

1
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Cay khung ngan nhat

Sy

Cay khung ngan nhat
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Cay khung ngan nhat Thuat toan Krusal

©®© o0 —©°O
1\0/ 0030

6 1\ -

> 6

S, é 80

Thuat tean Krusal Thuat toan Krusal

1. S,=S; +AE = {AE
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Thuat tean Krusal Thuat toan Krusal

3. S.,= {AE,DC,AC 4. S,= {AE,DC,AC.BD}
4. S,=S.+BD={AE,D , 5. S.=S, + AF= {AE,D(

Thuat tean Krusal

Két luan: S,= {AE,DC,AC,BD,AF}
la cay bao trum tbi tiéu can tim
Trong lwong: 9
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Cay khung ngan nhat Cay khung ngan nhat

Thuit toan tim ciy khung ngin nhit Thuét toan tim ciy khung ngian nhat

b)Thuat toan Prim. I

Budc 1. Chon 1 dinh bét ky v, dé c6 cay T, chi gom 1 o— O

dinh.

Budc 2. Khi da chon cay T, thi chon tiép cay

Tees = TyU €44y Trong do ey, 14 canh ngin nhét trong

cac canh c6 mot ddu mat thudce T, va dAu mat kia

khong thugce T

Buwérc 3. Chon dugc cay T, thi dung.

3

Cay khung ngan nhat Cay khung ngan nhat
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Cay khung ngan nhat Cay khung ngan nhat

o0o—O

Cay khung ngan nhat Thuat tean  Prim

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

fhuatitean: Prm

Thuattean Prim
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Thuat toan Prim

Thuat tean: Prim

https://fb.com/tailieudientucntt
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Thuattean Prim
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Thuat toan Prim

Cay khung ngan nhat
D¢ thi 2004

Hay trinh bay thuét toan tim cdy khung ngén nhat

cua G chira canh 58 nhung khéng chira canh 26

https://fb.com/tailieudientucntt
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Cay khung ngan nhat
Giai
=»Pit G’= G -26 thi cay khung phai tim la & trong

G’. Pau tién chon canh 58 sau d6 ap dung
Kruscal nhu théng thuong

Cay CO goc

Dinh nghia
Cho cay c6 gbc r.
= Géc r dugc goi 1a dink mire 0 (level 0).

= Céc dinh ké véi gbc r duge xép & phia dudi gbc va
goi la dinh mirc 1(level 1).

=Pinh sau cia dinh mic 1(xép phia duéi dinh
murcl)goi la dinh mikc 2.

= Level (v) = k < duong di tir gbe r &én v qua k cung.

= D cao cia cay | mirc cao nhit cua cac dinh.
47
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Cay O goc

Dinh nghia.

Cho T la mét cay. Chon mot dinh r cta cay goi la
goc . Vi c6 dudng di so cAp duy nhat tir gbe t6i
mdi dinh cta db thi nén ta dinh huéng mdi canh l1a
hudng tir gbe di ra . Cay cing véi gbe sinh ra mot

dd thi c6 hudng goi 1a cay co goc
Trong mot cay co goc r thi deg(r) =0,
deg(v) =1v6i moi dinh khdng phai 1a gbc.

46

Cay cO goc

https://fb.com/tailieudientucntt
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Cay O goc
Dinh nghia
Cho cay c6 gbc r

a) Néu uv la mét cung cua T thi u dugc goi la cha
cua V, €on v goi la con cuia u.

b) Binh khéng c6 con goi la la(hay dink ngoai).
DPinh khdng phai la 14 goi 1a dinh trong.

¢) Hai dinh c6 cuing cha goi la anh em.

Cay CO goc
Dinh nghia
Cho T 1a cay c6 gbe.

a) T duoc goi la cay k-phan néu mdi dinh cua T ¢6
nhi€u nhat la k con.

b) Cay 2-phan duoc goi la cay nhi phan.

c) Céy k-phan du la cdy ma moi dinh trong co
dang k con.

d) Cay k- phan voi do cao h duoc goi la can doi
néu cac la déu 6 mirc h hoach—-1.

51
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Cay O goc
Dinh nghia
Cho cay c6 gbc r

d) Néuco duong di vyv,...vy thi vy, V.., Viq goi 12
16 tién cia v,. Con v, goi 1a hdu dué cua v,
Vosee Vi

e) Cay con tai dinh v la cly c6 gdc la v va tit ca
cac dinh khac la moi hau dué cta v trong cay T
da cho.

Cay cO goc

l\
‘/(\ /1\10
/.l,\

15 16 17

https://fb.com/tailieudientucntt
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Cay O goc
Dinh nghia

Cho T la cay nhi phan c6 gbc la r. Ta c6 thé biéu
dién T nhu hinh vé dudi véi hai cay con tai r la
T, va Ty ,ching lan lugt dugce goi 14 cay con bén
trai va cay con bén phdi cta T.

Cay CO goc
IP(T) =2
EP(T) =2

! / i\_3
. e : __/ \_1
_/_\ ° e \_

- 9 10 11

8
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Cay CoIgoc
Dinh nghia
D¢ dai duwong di trong va do dai dwong di ngoai
Cho T la cay nhi phan du.

a) D¢ dai dwong di trong 1 tong tat ca cac murc
cta cac dinh trong, ky hiéu IP(T).

b) P dai dwong di ngoai l1a tong tat ca cac mirc
cua cac la, ky hiéu EP(T).

Cay co hureng
Pinh li

Cho T la cay nhi phan du véi k dinh trong va s |a.
Ta co:

s = k+1 va EP=IP+2k

https://fb.com/tailieudientucntt
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Cay/ co hwrong
Dinh nghia
Cho T la cay nhi phan khéng du. Lap T’ la cay co

dugc bang cach sau:

i. Thém vao mdi l4 cua T hai con.

ii. Thém vao v mot con néu v 1a dinh trong cua T
ma chi ¢ mot con. Ta dat:

57

Phep duyet cay.

Phép duyét tién thir tu
(Preoder traversal)

1. Bén goc .

2. Dung phép duyét tién thu tw dé duyét cac
cay con T,roi cdy con T, ...t tréi sang
phai.

CuuDuongThanCong.com

Pheprduyet cay(Tree travesal)
Dinh nghia

Duyét cay la liét ké tat cac dinh cua cdy
theo mét thir tw nao do thanh mot day, moi
dinh chi xuat hién mdt lan .

Preerder Traversal:

Visit first.

Visit left subtree second Visit right subtree last

60

https://fb.com/tailieudientucntt

15


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Phep duyet cay.

Phép duyét hau thir ty
(Posoder traversal).

Preerder Traversal:

Visit first.

1. Dung phép duyét hau tht tu dé lan luot
duyét cay con Ty, T,,.... tir trai sang phai.

2. DBén gocr.

Visit left subtree Visit right subtree
in Preorder in Preorder

Visit last Visit last

Visit left subtree first Visit right subtree second Visit left subtree Vis_it right subtree
63 in Postorder in Postorder

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Phep duyet cay.
Phép duyét trung thir tu cho cdy nhi
phan (Inorder traversal)

1. Duyét cay con bén trai T, theo trung thu
tu.

2. Bén gbcr.

3. Duyét c@y con bén phai theo trung thir tu.

65

Inerder Traversal:

Visit second

Visit left subtree Visit right subtree

in Inorder in Inorder &7

CuuDuongThanCong.com

Inerder Traversal:

Visit second

Visit left subtree first Visit right subtree last
66

Phep duyet cay.

preoder ; /T\_4
5 T /7 _\ / I\ 10

/\_\__6 7 N —Q/E\_

1 12 13 14 15 16 17

https://fb.com/tailieudientucntt
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Phep duyet cay. Phep duyet cay.

1

posoder
z/|3\ y ‘o o o€ i
4| 10 _ he @
] m ‘@n
N ®

15 16 17 s t u

Inoder :p,j,q.f,c.k,g,a,d,r,b,h,s;m,e,i,t,n,u

Cay nhi phan ciia biéu thic Dinh nghia

Cdy nhi phan cua biéu thirc 1a cay nhi phan ma

1. M®di bién s6 duoc biéu dién béi mot 14.

2. MGi dinh trong biéu dién mot phép toan véi cac
thanh t6 1a cay con tai dinh ay.

3. Cay con bén trai va bén phdi ciia mét dinh trong biéu
dién cho biéu thirc con, gid tri cuia chiing la thanh to

L . ma ta ap dung cho phép toan tai goc cta cay con.
INORDER TRAVERSAL : 8 - 5 cb6 gia tri 3
PREORDER TRAVERSAL:

POSTORDER TRAVERSAL:

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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CAy nhi phan cia biéu thirc

Két qua?
(4+2) *3 =18

Cay nhi phan cia biéu thirc
]
%] (@

Infix: ((4+2)*3)
Prefix: * + 4 2 3 Ky phap Balan : tte phai sang tra
Postfix: 4 2 + 3 * Ky phap BL dao : twr trdi sang pha

CuuDuongThanCong.com

Cay nhi phan ciia biéu thirc

b=
.
] 2

Dang trung t6, tién t6, hau t6?

Giai thich
Dé co biéu thirc theo ky phap Ba lan, ta duyét
cdy nhi phan cia biéu thirc bang phép duyét
tién thu tu.
Thuc hién biéu thirc tir phéi sang trai:
Bit ddu tir bén phai, khi gap mot phép toan thi
phép toan nay dugc thuc hién cho 2 thanh t6
ngay bén phai n6, két qua nay 1a thanh t6 cho

phép toan tiép theo.

https://fb.com/tailieudientucntt
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Giai thich
Pé c6 biéu thirc theo ky phap Ba lan nguoc, ta
duyét cay nhi phéan cia biéu thirc bang phép
duyét hau thir tu.
Thuc hién biéu thirc tir trai sang phai:
Bit dAu tir bén trai, khi gap mot phép toan thi
phép toan nay dugc thy hién cho 2 thanh t6
ngay bén trai né, két qua nay 1a thanh té cho
phép toan tiép theo.

// ~

V4

&[5 N =

1346 \

Infix: ((8-5)*((4+2)/3))
Prefix: *-85/+423
Postfix: 85- 42+3/*

CuuDuongThanCong.com

Két qua cua infix, prefix, postfix?

E

AN
F1 2]

Infix: ((8-5)*((4+2)/3))

Prefix: *-85 /+423 Thwc hién tir phai sang
Postfix: 85- 42+3/* Thic hién tir trai sang

https://fb.com/tailieudientucntt
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Inorder Traversal: (5+ 1)/ (4-2)=3 Preorder Traversal: [+ 51 —4 2
=/+51 2 = /62

Print second Print first

Print left subtree first Print right subtree last Print left subtree second Print right subtree last

81 82

Cay khung co hreng
=642/ =62/ Pinh nghia

Postorder Traversal: 51 +4 2 —/=

Print last Cho G =(V,E) Ia d thi ¢6 huong va

T = (V,F) 1a d6 thi con khung cua G. Néu T
la cay co huéng thi T goi la cay khung co
hwong(hay cay €O huong toi dai) ciua G.

Print left subtree first Print right subtree second

83
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Cay khung co hreng
Matran Kirchhoff ( G khong khuyén)
a) Néu G la dd thij c6 huéng thi K(G) =(k;)

k. — deg™(i) khii= ]| trong d6 B; l1a sb
" |-B; khiizj cung dltuldenj

b) Néu G la do thi v6 huéng thi K(G) =(k;;)

deg(i) khii=j trong d6 B; la sb
i~ \_B khii=j cungdituri denj

]
85

Cay khung co hirong
Pinh ly

Cho G la db thi khong khuyen bat K,(G) 1a phan
phu cua kq,(Ma trn c6 duge tur K(G) bang cach
X048 d(‘)ng q va cot q).

S(”')‘ ciy khung c6 hudng trong G ¢6 gbc 1a dinh q
bang detK,(G).

CuuDuongThanCong.com

De thi

Pé thi 2003
>Cho d6 thi c6 huéng G = (V,E) voéi
V={1,2,3,4,5} xac dinh b&i ma tran ké sau:

010 0) a) Tim sé lién théng dinh cia G

b) G c6 la do thi Euler khong?
Tai sa0?

c) Tim sb cdy c6 huéng tdi dai
cta G c6 goc ladinh 1

d) V& céc cay trong cau c)

https://fb.com/tailieudientucntt
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DPe thi

Giai
¢)Ma tran Kirchhoff cua G la ma tran sau

0]

CuuDuongThanCong.com

De thi
Giai
a) V6éi A c V ky hiéu G-A dé chi db thi c6 duoc
tur G bang cach xoa cac dinh thuoc A va cac
cung ke véi no.Ta thay G - A van lién thong
néu A chi gom mét dinh. G - A khong lién
théng néu

A ={1,4}. Vay v(G) = 2
b) G lién thong va can bang nén G la Euler.

https://fb.com/tailieudientucntt
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De thi

2 -1
detK,(G)=|0 1
-1 0

Viay G c6 4 cdy c¢6 hudng tdi dai .

Do 1a cac cay sau day

CuuDuongThanCong.com
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Deé thi
Pé thi 2001

a) Hay duyét cay theo thir tu giira (trung thir tu).
CO nhan xét gi vé gia tri ciia cac khoda khi duyét
theo thur tu gitra.

b) Hay chén 1an luot cac khoa 13,14 vao cay ma
van duy tri dugc nhan xét trén.

CuuDuongThanCong.com

De thi

Dé thi 2001

Xét cay nhi phan

« e
o 6 o
o/{ L

BDe thi
Giai
a) Duyét theo thir tu gilta cac khoa s& co gia tri
tang dan 1,2,3,4,5,6,7,8,9,10,11,12,15.

b) Khoé 13 dugc chen thanh ndt con bén trai cta
nat 15 va khoa 14 duoc chen thanh ndt con bén
phai cua nut 13.

https://fb.com/tailieudientucntt
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DPe thi

Giai
a) Bo dai duong di trong IP=0+2.1+4.2+7.3=31.
D6 dai duong di ngoai EP=IP+2n=31+2.14=50.
b) Két qua dyét cay theo thir ty sau:
B,A,D,F.E,C,H,JILN,M,K.

¢) La cay trong dé bai bang céach thay twong tmg
AB,.C,...b611,2,3,...

CuuDuongThanCong.com

Pé thi
D¢ thi 2002
a) Tim do dai duong di trong va d6 dai duong di
ngoai cua cay.
b) Cho biét két qua duyét cay theo thir tur sau.

) Xay dung cay biéu dién cho thuat toan tim kiém
nhi phan trén mang a sap thur tu ting gom 14
phan tir. Suy ra so lan so sanh khoa trung binh
khi ding thuat toan tim kiém nhi phan dé tim
xem mot phan tr X cO nam trong mang a hay
khéng.

De thi

S6 phép so sanh khoé trung binh

»>Tim thanh céng (dung tai nat trong):
(IP+n)/n = (31 + 14) /14 ~ 3.21

»>Tim khdng c6 (dung tai nat ngoai):
EP/(n+1) = 59/15 ~ 3,93

https://fb.com/tailieudientucntt
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De thi
bé thi 2008

Bai 5.Mot canh e ctia do thi don, lién
thong G duoc goi 1a cau néu G
khong con lién thong khi ta x6a e.
Chung minh rang e la cau néu va
chi néu moi cy ti dai cua G déu
chua e.

= D¢ 2008.

Bai 6.

a) V€ cay nhi phan c6 duge bang cach chén
lan lugt céc khoa K, K,,... Kl4 sao cho khoa
& mdi niit 16n hon khoa ciia cac nat thude cay
con bén trai va bé hon khoa cua cac cac nut

thudc cay con bén phai. Thur tu cua cac khoa
nhu sau:

CuuDuongThanCong.com

e thi

Giai:- Gia sir e 1 cau.Khi d6 G —e khong lién
thong.Gia st T la mot cay khong chira €.Do
T lién thong nod s€ nam trong mot thanh phan
lién thong cua G — e, vi vay T khong phai la
cay toi dai cua G.

- Bao lai:Gia st e nam trong moi cay tbi dai.
Neu G — e lién thong thi n6 s€ chira mot cdy
t6i dai T. R6 rang T ciing 13 mot cay t6i dai
citaG,maT khong chua e, mau thuin.Vay
G — e khong lién thong, do d6 e 1a cau.

De thi

Ks < Kg <K, <K, <Kq
<K <K<K <K <K<K <K <K<K 5

b) Néu tim ngau nhién mot khoa K da c6 trong
cy thi sd phep so sanh trung binh la bao
nhiéu? Ta gia thiét rang x4c suat dé K bang
mat trong céc khoa trong cay la nhu nhau.
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K5 = Kg <K <Kyp <ig <KasKe=K =K sKo=K <K <K6<Kys

DPe thi

bé thi PHBK 2000.

a) Xay dung cay bicu dién cho thuat toan tim
kiém nhi phan trén mang sdp tha tu ting
gom 13 phan tir.

b) Tim d6 dai duwong di trong va do dai duong
di ngoai cua cay.

c) Cho biét két qua duyét cay theo thur tur
trudce.

CuuDuongThanCong.com

e thi

=P dai duong di trong :
| =0+2.1+4.2 + 6.3+ 4 = 2 +8+18+4 = 32

S6 phép so sanh trung binh cho tim kiém
thanh céng:

(I +n)/n=46/14 = 3,29

Appendix

Thuit toan tim kiém nhi phan(binary search):

QTim phan tir x trong ddy s6 tang dan.
>Nhap: day a,,a,, ...,a, ting dan va phan ti X.

>Xuét :vi tri cia x trong day hoic 0.
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Appendix

Thuat toan
l:==1,r:=n
repeat
i:=(l+r)div2;
if a;<x then l:=i+1;
if a;>x thenr:=i-1:
utill(x = a;or (I >r);
if(x =a;)then
xudt i (tim thdy x & vi tri i)
else

xuit 0(khdng tim thay x trong day)

CuuDuongThanCong.com
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