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LOI NOI PAU
Cubn sach “Tiéu luan GIAI TICH 2” nay dugc bién soan dya theo cubn sach “Giao
trinh GIAI TICH 2” cua thay Pang Btc Trong — DPinh Ngoc Thanh — Pham Hoang
Quaén, danh cho sinh vién nam I cta truong Pai hoc Khoa Hoc Tu Nhién, Pai hoc
Quédc Gia Thanh phé HS Chi Minh, sinh vién trong giai doan dai cwong & mot sd
truong va nhitng ban doc quan tim dén mang kién thtc nay, tham khao trong qua
trinh hoc tap va lam viéc. Cudn sach nay gom co6 7 chuong, trong d6 & mdi chuong

chdng tdi chia 1am hai phan 1, 11 véi b6 cuc nhu sau :

Phan | : Giai cac bai tap theo ting chuong trong cudn sach “Gido trinh GIA
TICH 2”. O phan nay, ching tdi s& c6 gang dwa ra nhiing 1o giai chi tiét dé gidp
cho nguoi doc ¢6 thé trau doi kién thirc cling nhu tham khao mot s6 ki nang trong
qua trinh 1am bai tap. Tuy nhién, chdng tdi van khuyén khich cac ban nén danh
thoi gian dé tu giai mot s6 bai tap, nham nam viing cin ban & mdn hoc nay.

Phan Il : Phan nay la nhitng bai tap dugc dua vao trong qua trinh chung toi tham
khao va suu tam dugc. Ching t6i mudn dwa vao dé gitp cho ngudi doc dam mé
tim toi va kham pha thém dugc nhiéu diéu mai & mdn hoc nay. Tuy nhién, chling
t6i s& khong dua ra 10i giai cho phan nay vai mong mudn nguoi doc ¢d thé ty thao

luan, trao d6i vai ban be, ddng nghiép dé thay duoc “cai hay” trong tirng bai.

Trong qué trinh bién soan, do nhiéu yéu té khach quan va cha quan, cudn sach nay
khong tranh khoi su sai sot. Vi vay, ching t6i mong duoc nhan céc y kién dong
gop dé chlng toi hoan thién cudn sach nay hon.
Thanh ph H5 Chi Minh, 5/2011
Cac tac gia.



LOI CAM ON

Trong sudt qué trinh bién soan, ching t6i xin chan thanh cam on sy giup d& cua
thay Dang Duc Trong, thiy Tran Qudc Khanh, cac ban Ctr Nhan Tai Nang K10
(khoa 2010) va mot s ban khac, da vui long nhan kiém tra lai, gop y thém va chia

sé mot sd tai liéu tham khao khac dé ching tdi hoanh thanh cuén sach nay.
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Chuong 1: Khong gian métric

Chuong 1:

KHONG GIAN METRIC

1.1. Ching minh rang moi khoang ma trong R déu chira mot s6 vo ti. Tir d6 suy ra:
(i) Néu x 1a mot sd vo ti thi ¢6 day hiru ti {x,,} hoi tu Vé x.
(i) Néu x 1a mot sé hitu ti thi co diy vo ti {x,,} hoi tu vé x.
Bai giai:
Truéc hét ta luu ¥ rang ta co tinh chét sau :
Véi moi ¢ < d thi déu ton tai mot sé hitu ti p sao cho p € (¢, d). (*)
Xét a < b bat ki, ta chung minh ton tai mot s6 vo ti x sao cho x € (a, b).(**)
Theo (*), t6n tai s6 hitu ti p sao cho p sao cho p € (a —V2,b —/2).
Do d6 p + V2 € (a, b).
Chonx = p ++/2,tacd x vo ti do p hitu ti va x € (a, b).
Nhu vay ta da chung minh dugce (**).
Trong phan tiép theo, ta chi chirng minh (i), (i) chimg minh hoan toan twong tu.

: £ A Lo A . ~ o 1 1
(i) V&i x vo ti, theo (*) ton tai x,, hitu ti sao cho : x,, € (x — — X + ;).

r 1 \ ~ ~ 2 A /‘\ A 2
Do do :|x,, — x| < ~ Suy ra {x,} la day hiru ti hoi tu vé x vo ti.



Chuong 1: Khong gian métric
1.2.Choaq,a,,...,a, lan s6 thuc, chirng minh rﬁng :

la tip dong trong R va khéng c6 tap mo nao chira trong A.
Bai gidi:

Ta can chitng minh A 12 tap dong.
Khdng mat tinh tong quat, ta cd thé gia su n sé thuc ay, a,, ..., a,, dugc sap theo
thir ty tang dan ( bai vi ta lubn sap duoc thir tu cia cac s6 ), nghia 1 :

a, < a, < - <a,.
Khi @06, ta xét :
R\A = R\{ay, az, ..., an} = (=0,a,) U (a4,a3) U ..U (ay_1,ay) U (ay, +).
Do R\A 1a hop cua cac khoang mé nén R\A la tap mé. Dan dén A 1a tap dong
trong R .
Tiép theo, ta cd nhan xét sau : Néu U 1a tap ma khac rong trong R thi U chira vo
han phan tu.
That vay, U mé khac rdng nén ton tai x € U.
Theo dinh nghia tap ma, ton tai e > 0saocho: (x — &,x + ¢) c U.
Ma khoang (x — &, x + €) chtta vo han phan ttr, nén dan dén U chtra vo han phan
tur.
Quy tré lai bai toan, do 4 ¢6 n phan tir nén moi tap con khac réng cua A déu cd

hitu han phan tir (< n) nén khong thé 1a tap mé duoc ( theo nhan xét trén ).
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1.3. Cho (E, 8) 1a mot khéng gian métric va A c E. Chtng minh rang :
(i) A=AUA'" véiA latap hop cac diém tu cua A.
(ii) A latap dong trong E va 1a tip dong nho nhit trong E chira A.
(iii) A latap mo trong E va la tap dong 16n nhit trong E chira trong A.
(iv) 0A=0(E\A),0A=AN EJAVAE =AUdAu (E/A)".
(v) 0A latap dong trong E va A dong néu va chi néu 94 c A.

Bai giai:

()

- Ching minh A c (A U A):
Lay x € Abatki .
Néux € A, tacongayx € A U A’
Néu x & A : do x 1a diém dinh cua A,véi moir > 0,tadéuco: B(x,r) N A # 0.
Nhan xét rang: (B(x, )\{x DN A=B(x,r)Nn A.(dox & A)
Suyra (B, )\{x}) N A # @véimoir > 0.
Vayx € Ac (AU 4. (1)

- Changminh (A U A) c A:

Lay x € A batki.

Véi moir > 0, B(x,7) N Achtra x nén khic rong.

Suyrax eA.TacOACA.

Ly x € A’ bat ki.

Véimoir > 0,(B(x,7)\{x}) N A # Q.

Vi(B(x,r)\{x}) N A € B(x,vr) n A, tacOB(x,r) N A #= @véimoir > 0.
Suyrax€A VayA' ¢ ASuyra(4A UA) cA.(2)
Te(l)va(2)suyra A =4 UA’.
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(i)

- Chtng minh A 1a mot tp dong trong E.
Xét mot day {x,,} bat ki théa min : x,, - x trong E . Pé ching minh A 1a mot tap
dong, ta chi can chitng minh x € A.
Véin € Nbatky: vix, €A nénvsimoir > 0,tadéucod: B(x,,r) N A # 0.
Chor = %, ton tai y, € B(x,, %) n A.
Ta tim dugc mdt day {y,,} chira trong A thda : |y, - x,,| < % ,Vn € N.
Nhan xét rang: [y, —x | < | v — X% | + |, — x| <%+ |x, -x|,Vn €N.
Cho n — oo, vé phai s& hoi tu vé 0. Suy ra y,, - x
Vay ton tai day {y,} chira trong A hoi tu vé x.
x 12 mot diém dinh cua A hay x € A.

- Chtng minh A 12 tap dong nho nhét trong E chua A.

Xét B 1a mot tap dong chira A bét ky. Ta chimg minh 4 chua trong B.
LAy x 13 mot phan tir trong A .

Tén tai mot day {x,} trong A hoi tu vé x.

Nhan xét rang {x,,} dong thoi 12 mot day trong B hi tu vé x..

Vi B dong, tasuy ra x € B.

VayA c B.

(iii)  Pau tién, ta ching minh néu B 1a mot tap ma chira trong A thi B < A

LAy x € B batky. Vi B mo, ta cd x 1a mot diém trong cua B.
Tontair > 0saocho:B(x,r) € B
Do B c A,tacéngay B(x,7) < A.Vay x 1a mot diém trong cua A.

Taco x€ A,B c A
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- Chung minh A 1a tap ma: Bé chitng minh A ma, ta chi can chang

minh moi diém x chua trong A déu 13 diém trong.

L4y x chira trong A batky. Téntai R > 0saocho: B(x,R) c A
Vi B(x, R) la mot tap mé va chira trong 4, theo ching minh ¢ phan trén, ta c6
B(x,R) c A
Nhu vay x 1a mot diém trong cua A. Ta c6 A 12 tip mo.
Két hop véi phan trén, ta co A 12 tap ma 16n nhét trong E chira trong A.

(iv)

- Chang minh A = 0 (E\A)
Theo dinh nghia, x € A khi va chi khi n6 vira 1a diém dinh caa A vira 1a diém
dinh cua E\A.
Ciing tir dinh nghia x € d(E\A) khi va chi khi n6 vira 1a diém dinh cua E\A vira
1a diém dinh cua E\(E\A4) = A.

- Taco: AUdAU (E\A)° = (AU dA)u (8(E\A) U (E\A)°) =AU
E\A D E (do 94 = 0(E\A))
Vay E = AU dA u (E\A)°.

(V)
- Chang minh dA la tap dong trong E :

Taco:0A=A NE\A.
ViAva E\A déu dong, ta co ngay 0A 1a mot tap dong.
- Chuang minh A dong néu va chi néu 04 c A.
Chiéu thuan:
Gia sir A dong.
Khido:A = A.Tasuyra:0A=A4A NE\A c 4 = A.
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Chiéu dao:

GiastdA € A.TacbA UJACA.
ViA=AUOdA

Suyrad c A.

Vay, A la tap dong.

1.4. Cho (E, §) 1a mdt khong gian métric va ta dinh nghia:
d:EXE — [0,+00)

_ 6y
d(x;y) - 1+6(x,y)

Ching minh (E, d) la khdng gian métric.
Bai giai:
Ta chang minh (E, d) 1a mot khdng gian métric bang dinh ngha:
(i) Dod(x,y) =0vsimoix,y € Evad(x,y)=0khivachikhix=y

§(x,y)
S(x,y)+1

Do @6 d(x,y) = > 0 véi moi x,y € E.
Pong thoi d(x,y) = 0 khi chi khi §(x,y) = 0 hay x = y.

(i) Dotacdéé(x,y) =6(y,x) voimoix,y € E néntalubn co:

_ fxy) _ S(yx) _
d(x' y) TS+l S(yx)+1 d(y' X)

(iii)  Tacan ching minh bt dang thuc tam giac d(x,y) < d(x,z) +
d(z,y)voimoi x,y,z €EE.

Tadata =6(x,y),b =6(x,z),c = 8(x,2) (a,b,c = 0).

Vay can chimg minh BPT sau day: ail < b-lb-l + Cil

Thatvaytalubncéa < b+ cvaham f(x) = ﬁ dong bién trén [0, co)nén:

a b+c b c b C
< = + < +
a+1 b+c+1 b+c+1 b+c+1 b+1 c+1

Vay (E, d) la mot khdng gian métric.
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1.5. Cho E la tap hop khac trong va 6: E X E — R thoa céc tinh chét:
()6(x,y) =0 Vx,y€EE
S(x,y)=0e=x=y
(i) d(x,y) <6(x,2)+6(y,z) Vx,y,z€E.

Chting minh rang & 1a mot métric trén E.

Bai gidi:

Pé chung minh § 1a mot khéng gian métric ta phai chang minh thém tinh chét doi
xung tuc la véi moi x, y € E taludn co §(x,y) = 6(y, x).
NGi cach khéc tir gia thiét (i) va (i) caa dé bai chang minh §(x, y) = 8(y, x)Voi
moi x, y € E dé rdi két luan & 1a mot métric trén E.
That vay dé chang minh 8(x, y) = 6(y, x) ta can chiang minh §(x, y) < 6(y, x) va
6(x,y) =2 6(y,x)
Chang minh §(x,y) < §(y, x).
Taco:

6, y) <60, x)+6(y,x)=0+8(y,x) = 6(y,x).
Tuong tu ta co :

5(y,x) <86(y,y)+6(x,y) =0+6(x,y) = 6(x,y)
Do d6 6(x,y) = 6(y, x).

Vay & la mot métric trén E.
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1.6. Cho (E;,6;)(i =1,2, ... ... ,n) la n khéng gian métric.
(i) bat
d: E;XE; —R
d(x,y) = min {1, 6;(x,y)}
Chtrng minh rang d 13 mot métric trén E; .

(i) PatE = E; X E, X ... ... X E,vad;: EXE — R, vdi

di(X,Y) = J512(x1»Y1) + 522(x2,y2) + et 6n2(xn' Vn)

dy(X,Y) = max {61 (x1, y1) + 8,(xz, ¥2) + -+ 8,0, Y }
d3(X,Y) = 6,(x1,¥1) + 8,(xz,¥2) + -+ + 8, (%, Y)
Voi X = (xq, %9, e, Xp), Y = (Y1, Va2, eoer Vi)
Chung minh rang (E, d;),i = 1,2,3 1a khéng gian métric.

Bai giai:

(i) - Ching minh d 1a mt métric trén E;:

1)  V&imoix,y € Ey, do §; 1a mot métric trén E; nénta co :
61(x,y) = 0vad;(x,y) = 0khichi khix =y.
Do do, d(x,y) = min(1,5,(x,y)) = 0.
Vad(x,y) = min(l, 6, (x, y)) = 0 khichi khi 6§ ;(x,y) = 0 hay x = y.

2)  Voimoix,y € E;, do 6; 1a mot métric trén E; néntaco :
6,(x,y) = 6:(y, x).
Do d6, d(x,y) = min(l, 61 (x, y)) = min(l, 6, (y, x)) = d(y, x).

3)  Vé&imoix,y,z € E; can ching minh d(x,y) < d(x,2) + d(z,y)
Talubn ¢ 6,(x,y) < 6:(x,z) + 8,(z,y)
Nén min{1, 6, (x,y)} < min{1, §;(x, 2) + 6,(z,y)} < min{1,6,(x,z)} +
min{1, 8,(z, )}
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Hay d(x,y) < d(x,z) + d(z,y).
Vay d la mot métric trén E;.

(i)  a) (E;, 6;) la n khdng gian métric nén (E, d,) la khéng gian métric véi

di(X,Y) = \/512(951:)’1) + 522(352»)’2) + -+ 85 (X, V)

b) V6imoi X,Y,Z € E, taco:
-dy(X,Y) = 0 vad,(X,Y) = 0 khiva chi khi :
max{8; (x1,¥1), 62(x2,¥2), -, 6 (X, Yn)} = 0
& 6;(x;,y;) =0,Vi=1,n
=X=Y
-dy(X,Y) = d,(Y, X) (do &;(x;, y;) = 8; (i, %), Vi=1,n)
-d,(X,Y) < dy(X,2) + dy(Y,2)

Vi: max{8; (x1,¥1), 62(X2,¥2), -, 6 (X, yp) } < max{d; (xq,21) +
61 (V1,21), 62(x2,¥2) + 82 (V2,22), oo, 6 (X, V) + 6 (Vo 2D} <
max{8; (x1,21), 82(x2,¥2), -+, 65 (X, Y )} + max{8:1 (¥4, 21), 62 (V2, 22), - s 65 (Y Z) }
Vay (E, d,) la khdong gian métric.

c) Voimoi X,Y,Z € Etacd:

-d;(X,Y) = 0vad;(X,Y) = 0 khi va chi khi

5;(x,y;))=0Vi=1n X =Y.
-d3(X,Y) = d3(Y,X) (do &;(x;, ) = 6; (v, x;), Vi = 1,n).
-d,(X,Y)<d,(X,Z)+d,(Y,Z)

Vi 6 (x, yi) < 6i(xi,2) + 6;(yi,2:),Vi=1n

Vay (E, d3) la khdng gian métric.
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1.7. (i) Cho (X, &) la mot khong gian métric. Chimg minh rang B(a,r) C
B’(a,r) v6i B(a, ) la bao déng cua B(a, 7).

(ii) Cho X 12 mot tap hop ¢ it nhat hai phan tar. Xét métric §: X x X — R
VOl

1,néux¢y

5(x,y) ={

0,néux=y
Ching minh B(a, 1) # B'(a,r) Va € X.

(iii) LAy X = R™ v6i métric

S(x,y) = \/(X1 —y1)2+ (e = y2)2 + o+ (g — )2
Trong d6 x = (X1, X5, ., %), ¥ = (V1, Y2, eoer Vi)
Chutng minh rang B(a, ) = B'(a,r), Va € R™.

Bai gidi:
i) Cho B’(a, ) 1a mot qua cau dong nén 13 mot tap dong. DE thay
B(a,r) c B'(a,1).

Mt khéc theo tinh chét cia bao dong, ta di biét B(a, ) la tap dong nho nhét chira
B(a,r). Do d6 tasuy ra B(a,r) € B'(a,r).

i)  Liy mot a trong X bat ky.

Theo dinh nghia métric &, ta c6 6 (a, x) < 1 khi va chi khi §(a, x) = 0, nghia
lax = a.

Dodbé B(a,1) ={x € X §(a,x) <1} ={a} va B(a, 1) = {a}

Mt khéac X 1a khdng gian métric c6 it nhat hai phan tir. Suy ra X chtr it nhat mot
phan tir x khac a ,van theo dinh nghia métric &, ta ¢d §(a, x) = 1. Nhu vay, qua

cau dong B’(a, 1) chaa x khéc a.

10
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Piéu nay chuang to B'(a, 1) # B(a, 1).

iii)  Theo ciu (i) tada c6 B(a,r) € B'(a,r)

Nén dé nhan duoc B(a,r) = B'(a, 1), ta can chiing minh B(a,r) © B'(a,r).
That vay, ldy mot x € B'(a, r) bat ki ta s& chitng minh x € B(a, r) bang cach chi

ra mot day {x,,,} chira trong B(a,r) thoa x,,, — x.
batx,, =a+ (1 — %) (x — a). Ta cd nhan xét sau:
- Khim — oo, dé thay x,,, — x
~ N 1 A 1
- Hon nita, Vi x,,, —a = (1 _E) (x—a)nénx,,, —a, = (1 —;) (x), —

ap) véimoik =1,n.

Ta Suyra: 5(xm» a) = \/(xm.l - al)z + (xm.z - az)z + - +(xm.n - an)z
=(1-2) G —a)? + (i — )7 + - + (@ — ay)?

= (1 —%)6(x,a) <é(x,a) <rvéimoi m € N.

Do d6 {x,,} € B(a,r) moi m € N.

1.8. Cho {x,,} 1a mot diy trong khong gian métric (E, §). Ching minh rang {x,,}

héi tu néu va chi néu cac day {x,,}{x2n+1}.{x3,} hoi tu.

Bai gidi:
Chiéu thuan: Hién nhién.
Chiéu nghich:
Gia st {xzn}, {X2n41}, {x3n} N0 tu.
Do {x,,} la day con cua hai ddy hoi tu {x,,,} va {x3,}, nén {x,,,} va {x3,} cd
cung giai han.

11
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Do {x¢,+3} 12 ddy con cua hai day hoi tu {x,,,41} Va {x3,} , N€N {x25, 41} VA {x3,}
cd cung gidi han.

Tur @6 ta suy ra: {x,,}, {xX2n+1}, {Xx3,} €O clng gidi han.

Vay {x,} hoi tu.

1.9. Cho (E, §) 1a mdt khong gian métric. Chirmg minh rang :

(i) Néu x,y € E vax # y thi co cic tip mé V, valj, sao chox € V,,y €V,
val, NV, = Q.

(ii) Tap hop géom hitu han gom mot phan tir cia E 1a tap dong trong E va do
d6 tap hop gdm hitu han cac phan ti trong E 12 tap déng trong E.

(iii) Néu diam A < r thi véi moi phan tir x € A, tacd A < B(x, 2r).

Bai giai:
i) batV, =B(x,a);V, = B(y,b),(x,y EE,x # y)

29 > 0 thi s duoc B(x, @) N B(y,b) = 0.

Khitachona =b = ;

Suyra:V, NV, = @.
Vi B(x,a),B(y,b) lacactap mé nén véi x,y € E,x # y thico hai tap mé V,,
saochox € V,,y e, val, NV, = 0.
Ta duoc diéu can chimg minh.

i1) Tuong tu 1.2.

i) Ta c6 diamA < r, hay sup, e 46(a,b) <.
Can chiing minh: V&i moi x € 4: A © B(x, 2r).
That vay: Cho z € A.Ta cd: V&i moi x,y,z € A,

8(x,z) <6(x,y) +6(y,2z) < 2r

SuyraA c B(x,2r),Vx € A.

12
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1.10. Cho day ham f,, (x)=lim,,_,, (cosm! 7x)?" x4c dinh trén R. Chirng minh
rang (f,,,) hoi tu tmg diém vé ham Dirichlet f: R - R, f(x) = 1 khix € Q va
F(x) = 0 khix & Q.
Bai gidi:
+Véi x € Q.Suyrax:S(p € Z,q € N*)

cos(m!mx) = cos (mT!pn)

Véim = gq. Suy ramT!pn €Z.

m!p

cos (mT!pn) = (-1 a

[cos (mT!pn)]zn =1

,}EEO[COS (m'nx)]*" =1

Suy ra f,, hoitu vé f(x) = 1,Vx € Q.
+V6ix €& Q Suyrax €.

cos(m!mnx) € (—1,1)

Ta duoc: 0 < [cos(m!mx)]? < 1

Suy ra [cos(m! mx)]*" =0

fn NOItuVE f(x) =0,Vx ¢ Q.

1.11. Cho (f,,) va (g,,) 1a hai ddy ham hoi ty déu trén D. Chting minh rang
(f,, + gy, cling déu hoi tu déu trén D.

Hon nira, gia sir thém rang (f,,) Va (g,,) 14 hai diy ham bi chan. Ching t6
rang day ham (f,,g,,) ciling hoi tu déu trén D.



Chuong 1: Khong gian métric
Bai gii:
d(fu, f) =0
d(gn,g9) = 0
- Tact: 0 <sup [f(x) + gn(x) — f(x) = g(x)| < sup [f(x) — fC)| +
sup |gn(x) — g(x)|,x € D.

Khin—>ooth‘|:{

Hay 0 < d(fy + gn, f + 9) < d(fn, /) + d(gn, 9)
Suyra: f, +g. 3 f +g.

dM > 0saocho:sup |f,(x)| <M, x €D

- Tu gia thuyet ta co: {EIN > 0 sao cho : sup |g,(x)| < N,x €D

Suyra: [f()] < fu(x) = f+ [fu(O = d(fu, /) + M
Khi d6
sup [f(x)gn(x) — f(x)g(x)|
< sup |[fn(x) = F(x)]gn(x)| + sup [[gn(x) — g()]f ()]
< Nsup |fn(x) — fCO| + [M + d(f, )] sup [gn(x) — g(x)|,x € D
Hay 0 < d(frgn, f9) < Nd(fn, f) + [M + d(f, /)]d(gn, 9)
Suyra: f,9,.3fg.

1.12. Xét ddy ham :
X
frn(x) = T XE R.

Chimg t6 rang (f,,) hoi tu déu vé mot ham £ va f'(x) = lim, o f', (x) tai

moi x # 0. Khao sat truong hop x = 0.
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Chuong 1: Khong gian métric

Bai giai:
A . / \ _ X
Co dinh n. Xét ham f(x) = -
, _ 1-nx?
f (x) - (1+nx2)2
! _ _ 2 — — i
Chof'x) =0e=1—-nx*=0x=+ =
v |- 1 K .
Vn Vn
) : 0+ 0 :
f(x)
1
2vn

2V
Vay
X 1 |n-w
) = [l < ] 0

Suy ra f,,(x) hoi tu déu vé ham f(x) = 0, Vx.
Va:

lim f' () = lim 1om

n-oo n-o (1 + nx?)2?

15



Chuong 1: Khong gian métric
1.13. Chung to rang diy ham f,(x) = nx(1 — x)™ hoi ty timg diém nhung khong
hoi tu déu trén doan [0,1].

Bai gii:
) Hoi tu timg diém :
- Voix = 0:
frn(x) =0,vn.
- Voix = 1:
fn(x) =0,vn.
- Voix e (0,1):
0 <nx(1—x)"= e =< nxz = nx .
(1 + 1xTx) G (1 f x)2 n(nz— D (1 i X)2
_ 2(1 — x)? noo 0
(n—1x

Vay £, (x) hoi tu timg diém vé ham f(x) = 0.
. Khong hoi ty déu :

f.(x) hoi tu timg diém vé f(x) = 0.

f.(x) chi ¢ thé hoi tu déu vé f(x) = 0.

Pitx = - € [0,1]

CEECERI A

Chon ¢

16



Chuong 1: Khong gian métric
1.14. Tim céac diém trong, diém bién va xét xem cac tap hop duogc cho o 1a tap

dong hay khong?

Bai giai:
a. {(x,y):0<x<12<y<3}
Piémtrong: {(x,¥):0<x < 1,2 <y <3}
Piém bién: {(x,y):(0;2 <y <3),(1;2<y<3),(0<x<1;2),0<x<
1;3)}
Tap dong.
b.  (24)x(1,3)
biém trong: {(x,y):12 <x <41 <y <3}
Piém bién: {(x,7):(2;1 <y <3),(41<y<3),Q2<x<41),2<x<
4;3)}
Khoéng la tap dong.
c. {(oy):l1<x®+y?><4)
piém trong: {(x,y):0 < x? +y? < 4}
piém bién: {(x,y): x>+ y> = 1 v x? + y? = 4}
Tap dong.
d {(xy):2<x?<5}
biém trong: {(x,y): 2 < x? < 5}
Diém bién: {(x,y): x = +V2; x = +/5}
Tap dong.
e. {(xy)ry=<x?}
Piém trong: {(x,y):y < x?}
Piém bién: {(x,y):y = x?}
Tap dong.

17



Chuong 1: Khong gian métric
f. {(,y):x+y <x?}

Piém trong: {(x,y):y < x? — x}

Piém bién: {(x,y):y = x> — x}

Tap dong.

g {(xyz):x?+y?<1,0<z<5)}

Piém trong: {(x,v,2):0 <x? +y%?< 1,0 <z < 5}

Piém bién: {(x,y,2):x2 +y?>=1,0<z<5}U{(x,y,2):x> +y?><1,z=0V
z =5}

Tap dong.

h.  {(x,y,2):1<x<2,y<z?}

Piém trong: {(x,y,2):1 < x < 2,y < z?}
Piém bién: {(x,y,2):1 < x < 2,y = z?}
Tap dong.

i. {(x,y);a<x<bx<y<x?

Piém trong: {(x,y):a < x < b,x <y < x?}
Diém bién:
- a<b<0vaa<0<b<l:{(x,y):a<x<by=xVy=x?Vx=
aV (0,0)}
- 0<a<b<1:0
- 0<a<l<bval<a<b{(x,y)ia<x<by=xVy=x?Vx=
bv (1,1)}
- a<0,b>1:{(x,y);a<x<by=xVy=x*Vx=aVx=bV(0,0)V

(1L,1)}

Tap dong.
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Chuong 1: Khong gian métric
i {y,2):ix?+y2<1,x+y<z<4x}

Piém trong: {(x,v,2):x%> +y> < 1,x + y < z < 4x}

Piém bién: {(x,y,2): x> +y? =1L, x+y <z<4x}U{(x,y,2):x? + y? <
1,x+y=2zVz=4x}

Tap dong.
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Chuong 1: Khong gian métric
Bai Tap Mo ROnS
1. Chung minh d 1a métric trén X:
a. Cho cac khdng gian métric (X;,d,),(X5,d,). Trén tap X = X; X X,,ta dinh

nghia:
d((x1,x2), (y1,¥2)) = d1(x1,¥1) + da2(x2,¥2)

b. S latap hop céc day sb thuc x = {a},.Ta dinh nghia :
1 |ag—bg]

—_ oo - ..
d(x,y) = Zk=1 2k 1+|ay—by|

X = {a}, y = {bi}

2. Cho (E, ) 1a mot khdng gian métric va A, B c E .Chting minh rang:
. AUB=AUB

ab)

(@]
\
o
—/
o
Il
oo

3. Chtng minh rang néu E 1a mot khong gian vecto dinh chuan va d: E? - R
la mot &nh xa thoa méan ba tinh chat cua métric trén E va cd thém hai tinh chat;
-Vx,y € E,B € R, d(Bx, By) = |Bld(x,y).
-Vx,y,z€ E,d(x+z,vy+z) =d(x,7v).
Thi ton tai mét va chi mot chuén ||. || trén E sao cho:

Vx,y € E,d(x,y) = |lx —yll.

4. Cho E la mot khong gian vecto, hai chuan ||. ||, ||.||l» trén E, a € E, r € R;

gla su B’”_”l(a; T') = B’||-||2 (a; T').
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Chuong 1: Khong gian métric

5.

Chang minhrang || [l.= |l 1l2.

Cho E la mot khong gian vecto dinh chuan; A,B la tap khac rong cua E; ta

dinh nghia:d,: E — R, ciing tuong tu Vaoi dj.

6.

x - d(x,A)
Chung minh: d, = dp khi va chi khi A = B.

Cho E 1a mot khong gian vecto dinh chuan; A,B 14 hai tap khac rdng va bi

chan trong E . Chiing minh:

diam(A U B) < diam(A) + diam(B) + d(4, B).

Cho khéng gian métric (X,d). Vé6i x € X,® # A c X, ta dinh nghia:

d(x,A) = inf d(x,y)
y€EA
Chuang minh rang: x € A khi va chi khi d(x, A) = 0.

Trong R®,tim gidi han cua:

100
an(l n fnn 1 r{/Zr{/ﬁ),(p>0).

nP’ en ’ nP’ Y/nl’

Cho (E, || ||) 12 mot khong gian vecto dinh chuan; a, b € E; 1,s € R*.

Chuang minh rang:
a.B'(a;r) € B'(b; s) khivachikhi|la—Db|| <s-—r.
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Chuong 1: Khong gian métric

b.B(a;7) = B'(b; s) khi va chi khi {2~ °.

10. Cho A la tap con cia R chira moi diém hiru ti thudc [0,1] . Chirng minh néu
A doéng thi A chua [0,1].

11. Cho X la tap v6 han va bi chan trong R™ . Chieng minh X c6 diém tu.

12. Tim diéu kién can va di cho x,y € R™ dé c6 cac dang thuc:

| <%y >|=llxllllyllva llx + yll = llx|l + llyll.

13.  Ching t6 rang day ham f, (x) = 1 —~|x|,n € N hoi tu timg diém nhung

khong hoi tu déu trén R.
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Chuong 2: Anh xa lién tuc, tap compic, tap lién thong duong

Chuong 2:

ANH XA LIEN TUC, TAP COMPAC, TAP
LIEN THONG PUONG

2.1. Cho E 1a mot khéng gian métric va A 1a tap con khéc tréng caa E. Chirng minh
ring ham dic trung y, cia A xac dinh 14 ;

1néux ¢ A
xX) = ”
Xa(%) {Onéux eEA

lién tuc trén E néu va chi néu A 1a tap vira dong vira mé trong E.

Bai giai:
e Chiéu thuan:

Gia str y4 lién tuc trén E, suy ra: A dong, do A = y;1({1}) va Amé, do A =
xa ({0}).

e Chiéu dao:

Gia s A vira md, vira dong trong E thivéi F 12 tap mé bat ki trong R, ta co:

E nfu0eEFvaleF

~1() = A néu0¢ FvaleF
Xa E\A néuO€EFvalgF
1) néu0¢ FraleF

Do do: y, liéntuc trén E.

Vay ta cd diéu phai chting minh.
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Chuong 2: Anh xa lién tuc, tap compic, tap lién thong duong

2.2.Cho f : E = F la mot &nh xa tir khdng gian métric E vao khong gian métric
F va A 1a mét tap mé trong E. Chang minh rang £ lién tuc tai x € A néu va chi
néu f lién tuc tai x. Hon nita, ching to rang diéu kién A 1a tap mé khdng thé bo

duoc.

Bai giai:
* V6i x € A, ta can chiang minh: £ lién tuc tai x khi va chi khi f lién tuc tai x.

Chiéu thuan: Ta can chiang minh £ lién tuc tai x thi £, lién tuc tai x.

Dé chang minh £, lién tuc tai x, ta can ching minh:

Véi moi day {x,,} trong A hoi tu vé x thi {f]4(x,,)} hoi tu Vé f|,(x).

Ta co: f lién tuc tai x tac 1a £ (x,,) hoi tu Vé f(x),

MaA c E, do d6 {f|,(x,,)} hoi tu vé f|,(x). Vay ta 3 chizng minh xong.

Chiéu dao: Ta chang minh f| 4 lién tuc tai x thi £ lién tuc tai x .

Pé chung minh £ lién tuc tai x, ta can chiing minh:

Vi moi day {x,,} trong E hoi tu vé x thi {f(x,,)} hoi tu vé f(x).

Trudc hét, ta s& chiing minh ton tai N sao cho: x,, € A voi moin > N.

Do A motrong E va x € A nén ton tai € > 0 sao cho B(x, &) c A.

Do {x,,} trong E hoi tu vé x, nén ton tai N sao cho: §(x,, x) < € véi moin > N.
Suyrax, € B(x,e) € Avéimoin > N.

Dan dén {x,},-y la ddy trong A hoi tu vé x. Ma ta cd f| 4 lién tuc tai x, nén:

{f (x,)} hoituvé f(x). Ta co diéu phai chung minh.

*Chtrng minh diéu kién A 1a tap mo khong thé bo dugc:
LayE=F =R, A=QVvaf = xq

Taco : R la khong gian métric, Q la tap khdng ma, ham dic trung y cua Q xac

dinh 1a:
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Chuong 2: Anh xa lién tuc, tap compic, tap lién thong duong

1 néuxe(@
xX) = .
Xe(¥) {o néux g Q

Lic nay, ham f = xq lién tyc trén Q nhung khong lién tuc trén R,

Vi vay, diéu kién A 1a tap mé khong bo dugc.

2.3. Cho E la mot khdng gian métric va f : E — E la méot anh xa lién tuc. Chung
minh rang tap hop cac diém bat dong cua f

A={x€ E|f(x)=x}
la mot tap dong trong E.

Bai giai:

Tacanchingminh A = {x € E | f(x) = x} la mot tap dong trong E.
That vay, xét ddy bat ki {x,,} trong A hoi tu Vé x trong E. Can chiang minh x € A.
Do f(x,) = x,, Vn € Nva f 1aanh xa lién tuc trén E nén {f(x,,))} hoi tu vé f(x).
Suyra: f(x) = x hay x € A.
Vay A dong trong E.

2.4. Cho f va g la cac ham sé lién tuc trén khong gian métric E. Chiing minh rang

cac ham so sup( f, g) va inf( £, g) lién tuc. Suy ra cac ham s6 f+va f~ ciing lién

tuc.
Bai giai:
Véi cac ham sb sup(f, ¢), inf(f, g) dugc xac dinh nhu sau:
f+g+If—gl
sup(f,g) = >
: f+g—If —gl
inf(f, ) = =

25



Chuong 2: Anh xa lién tuc, tap compic, tap lién thong duong

Vi vay, dé chirng minh hai ham s6 trén lién tuc, ta chi can chitng minh |f — g| lién
tuc.

bat h = f — g, tas€ chirtng minh |h| lién tuc.

Ta co: f, g lién tuc trén khéng gian métric E nén h lién tuc trén khdng gian métric
E, suy ra h? lién tuc trén khong gian métric E, vi vay Vh2 = | k| lién tuc trén
khong gian métric E.

Do d6: |f — g| lién tuc trén khdng gian métric E.

Vay ham sup(f, g), inf(f, g) lién tuc trén khong gian métric E.

Tu day suy ra hai ham f* = sup(f,0), f~ = inf(f, 0) cling lién tuc.

2.5. Cho f va g la hai anh xa lién tuc tir khdng gian métric X vao khong gian
métric Y. Gia sir A la tap con khéc tréng ciia X sao cho f(x) = g(x) Vx € A.
Chung minh rang f(x) = g(x) V x € A.
Bai giai:

Taco f(x) = g(x) voi moi x € A, vata can chang minh f(y) = g(y) véi moi
y € A.
Xét y bét ki trong 4, ta s& chiing minh f(y) = g(y).
That vdy, theo dinh nghia cta A, ton tai mot day {y,} trong A sao cho {y,} hoi tu
Ve y.
Ma f(y,) = g(y,) voi moi n nén:

fO) = lim f(y) = lim g(y,) = g(¥)

Suyraf(y) =g(y) véimoiy € A.
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Chuong 2: Anh xa lién tuc, tap compic, tap lién thong duong
2.6. Cho X va Y la hai khéng gian métric va f la mot anh xa tir X vao Y sao cho
£k lién tuc véi moi tap compac K < X. Chiing minh £ lién tuc trén X.
Bai giai:

Trudc hét lay day {x,} trong X, hoi tu V& x € X. Ta s& ching minh rang tap
K = {x,|n € N} U {x} |a tap compac.
Lady W = U;,W; 1a phit mo cia K. Ta chang minh W ¢6 phua con hitu han.
TacOx eKnénx e W.
MaW = UWl = tOn tai t € I sao cho x € W,.

i€l
Mt khac W, 14 tdp mé nén x 1a diém trong cta W, , nghia 1a ton tai € > 0 sao cho
B(x,&) c W,.
Ta c6 {x,,} 12 ddy hoi tu vé x nén ton tai N, € N dua 16n sao cho:
Véi moin > N, thi {x,} € B(x,¢) nén K c B(x, ¢), ddn dén K la tap bi chan.
Do d6 theo dinh ly Heine-Borel-Weierstrass thi ton tai mot ho con hitu han Wa,

phu K:

Vay K compac.

Vi |k lién tuc trén K nén theo chixng minh ¢ bai 2.2 ta duoc f lién tuc trén X.
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Chuong 2: Anh xa lién tuc, tap compic, tap lién thong duong
2.7. Cho f la mét anh xa lién tuc tir khéng gian métric X vao khéng gian métric Y.
Goi I' = {(x, f(x)) € X x Y|x € X} 14 dd thi cua f. Ching minh rang d6 thi cua f
la tip dong trong X X Y.
Bai giai:
I'={(x,f(x)) € X xY|x € X}laddthjcuaf
LAy day {(x,, y,)} < I sao cho (x,, y,,) hoi tu vé (x,y) trong X X Y.
Suy ra {x,,} hoi tu vé x va {y,} hoitu véy.
Vi £ lién tuc nén {f(x,)} hoi tu vé f(x).
Mat khéc: f(x,) = y,, nén {f(x,)} hoitu vé y.
Nén theo tinh chat duy nhat caa giéi hanthiy = f(x).
Do d6 (x,y) € I'hay I la tap dong trong X X Y.

2.8.Cho f : [0,1] = [0,1] va f lién tuc. Chitng minh rang f c6 diém bat dong
trong [0,1], nghiala co x € [0,1] sao cho f(x) = «x.

N =

Bai giai:
Goi g la anh xa xac dinh trén [0,1] thoa : g(x) = f(x) - x
g lién tuc trén [0,1]
Theo gia thiét, ta suy ra: f(0)=0
fay<i
g lién tuc trén [0,1]
Tacla:<g(0)=f(0)—-0=0
g)=f1)-1<0
g lién tuc trén [0,1]
9(0).9(1) <0
Nén ton tai t € [0,1] sao cho g(t) = 0, taclatdntait € [0,1]dé f(t) = t.

Dod():{
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Chuong 2: Anh xa lién tuc, tap compic, tap lién thong duong
2.9. Cho (E, 8g) va (F, 6r) la cac khdng gian métric va f la mét anh xa tir E vao
F.Biét rang
f 12 mot dong phoi nghia 1a £ song anh, £ lién tuc, va £~ lién tuc. Ching minh
rang

i. E compic néu va chi néu F compac.

ii. E lién thong duong néu va chi néu F lién thong duong.

N

Bai giai:
flasonganhtr E vao F nén f(E) = F (*) hay f~1(F) = E (**)

a)  Giasu E compic, do f lién tuc trén E nén tr (*) ta c6 F compac.

P4o lai, gia sat F compac, do £~ ciing lién tuc trén F nén tir (**) ta cd E
compac.
Vay E compac néu va chi néu F compac.

b)  Chiéu thuan: E lién thong duong = F lién thong duong.

Pé chuang minh F lién thong dudng thi ta s& ching minh: Ton tai 1 4nh xa h

h(0) =m
h(1)=n

Theo gia thuyét, ta c6 E lién thong dudng nén ton tai 1 &nh xa g lién tuc,

g(0)=a
g(1)=0>b

Tir day, ta thay anh xa fog lién tuc (Vi f, g lién tuc) va:
+fog(0) = f(a) =k (k€F).
+fog(1) =f(b)=1 (LeF).

Do vay, véi h = fog thi h lién tuc, h: [0,1] — F va{

lién tuc, h: [0,1] — F sao cho: { (m,n €F).

g:[0,1]|—>Evé{ (a,b) EE.

h(0) = k

h(1) = | (k,l € F).

Suy ra F lién thong duong.
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Chuong 2: Anh xa lién tuc, tap compic, tap lién thong duong
Chiéu dao: F lién thong dudong = E lién théng duong.

(Tuong tu chiéu thuan)

2.10. Cho E va F la hai khdng gian métric va f la mot song anh lién tuc tir E' vao
F. Chttng minh rang néu E compéc thi f 1a mot ddng phai.
Bai giai:
Pé chang minh £ 1a mot ¢éng phéi, ta s& chang minh £~ lién tuc trén F.
That vay :
Xét f~1: F - E. Vi X dong trong E thi X compac va do f lién tuc nén
(f " H71(X) = f(X) compac va do d6 dong trong F.
Vay £~ lién tuc trén F hay f 1a mot dong phoi.

2.11. Tim céc gidi han :
a) lim 2
(x,y)~(0,0) 2 + 3x2 + y?
b) lim In(1+ x%y?)

(xy)—(1,1)
C lim x2+vy2—-1
) (x,y)—(3,5) \/ Y
1
d)

lim

eY sinx

lim
(x,y)—(0,0) X

VIxyl =1

xX—=Y

B

lim
(x,¥)—(1,1)

lim xcos
g) (x,y)~(m,0) 4
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Chuong 2: Anh xa lién tuc, tap compic, tap lién thong duong

b)

d)

: x+y
lim > >
(xy)=(0,0) x4 — Xy +y

h)

i lim x2 + y2)e~(*+y)
) (x,y)—>(+oo,+oo)( y )

Bai qiai:

y 2x 20
002 +3x2+y2 2+3040

: 2,,2) — _
(X’yl)l_r)l(ll’l) In(1+x°y*)=In(1+1)=1n2

lim +/x24+y2—-1=+324+52—-1=+/33

X.y)—(3.,5)

) 11 1
xy-(-2%X% +y? 12+ (-2)2 5

e¥sinx ~ sinx
im = lime*.lim
(xy)—(0,0) X y—0 x-0 X

=e%1=1

lim 3lxy|-1=V1-1=0
(x,y)ﬁ(l,l)\/l |
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Chuong 2: Anh xa lién tuc, tap compic, tap lién thong duong
9)

I xX—y Tt—0 m
im xcos = 1T COS
(x,y)=(m,0) 4 4 V2

h)
X+y

lim
(xy)—>(e0,0) X2 — Xy + y?
Truéc hét ta tinh:

_ lx + ¥l
= i
(xy)—=(0,00) X2 — xy + y?

x+y
x% —xy + y?

lim
(x%,y)—(00,00)

Ta co:
lx +y| </2(x% + y?)
1 1
x* —xy+y*=x*+y? —E(x2 +y?) =E(x2 +v?%)
Suy ra:
0 < lx + y| _2 22 +y?)  2V2
Txl—xy+y?~  x2+y? _\/m
Ma:
2V2
lim —==0
(x,y)—(00,00) x2 + yZ
Nén:

|x + y|

1 =
(xy)—(0,0) X% — xy + Y2

~

Vay:



Chuong 2: Anh xa lién tuc, tap compic, tap lién thong duong
x+y

lim > 5 = 0
xy)=(0,0) x* —xy +y
i)
2 2
x“+y
lim x2 + y2)e~*tY) =
(x,y)—>(+oo.+oo)( y) (xy)->(+0m,+0) eXty

Khi (x,y) = (400, +0), ta co:

Cc+y)? _x4y? ety -2xy  (xty)’

DeXxty T pexty eX+y = eXxty
batt=x+y
(xy)—(+00,+ )

Ta c0:

o t? o2t 2

lim —= lim —= lim —=0

to+o el totow el to+o et
Vay:

lim x2 + y2)e~*+¥) =
(X,Y)—>(+°°;+°°)( y )
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2.12. Cac ham sb sau c6 giéi han tai (0,0) khéng ?
2 2

X =y
a) x2+y2

X
V)~

2

x*—y
C
) x4-+y2

x-y
x+y

x2

e)

) =
(x2+y2)3/2

x2—y

2

1

2 2 o
g (x*+vy )Sm\/m

3xy?
h) x2+ 2
y

) ()
) ==

k) ==
JxZ+y?

) x2y2
x2y2%+(x—y)?

2

X

x2+y2

Bai giai:

Khong ton tai gi¢i han tai (0,0) & cac cau a), b), ), d), ), f), i), j), D).
That vay, voi moi n € N, xét 2 day a,, va b,, cung hoi tu vé (0,0):
a) Voia, = (%,%) vab, = (O,%) nhung f(a,) =0 # f(b,) = —1.
b) Vi a, va b, nhu cau a).

, - 1 1 N 1
¢) Véia, = (;,ﬁ) vab, = (o, ;) nhung f(a,) = 0 # f(b,) = —1.
d)  Vodia, va b, nhu céu a).
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e) Vi a,

) Vi a, va b, nhu céu a).

j)  Véia, va b, nhu ciu a).

Xét céc cau g), h), k):
9) Ta co:

Ma:

h) Ta co:

Ma:

K) Ta co:

—(x% +y?) < (x% + y?)sin

(2,0) vab, = (0.2 nhumg f(a,) = 1 # f(b,) = 0.

f)  Véia, va b, nhu ciu a).

x2 + y?

lim x%+
(x,y)—(0,0)

lim (x2+ y?)sin———=0
(x,y)ﬁ(O,O)( V) x2 + y2

3xy?
1m =
(xy)—~(0,0) x? + y2

< (x? + y?)
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Ma:

1
lim =yx2+y2=0
(xy)—(0,0) 2 y

) Xy
llm — =0
(x,y)—(0,0) x2 + y2

2.13.Cho f : D ¢ R? —» R laham lién tuc va D; < D. Chting minh rang ham f;
: D; =» Rxacdinh béi f;(x) = f(x) Vx € D; cling la ham lién tuc (f; dugc goi la
ham thu hep cua f trén D,).
Bai giai:

Pé chang minh £, lién tuc trén D;, ta can chang minh :

Véi moi day {x,,} trong D, hoi tu vé x trong D; thi f; (x,,) hoi tu vé f; (x).
Vi f lién tuc trén D ma D; < D, nén f(x,) hoi tu vé f(x).
Suy ra: f; () hoi tu vé £ (x), do do: fi (x,) hoi tu ve f,(x). (Vi fi(t) = f(¢)
vVt € D)
Vay f; lién tuc trén D, .

2.14. Cho f, g 1a hai ham xac dinh trén D < R? va U la mot tap ma chua trong D.
Chang minh rang néu £ lién tuc tai moi diém cta U va f(x) = g(x) Vx € U thi

g lién tyc tai moi diém cua U.

36



Chuong 2: Anh xa lién tuc, tap compic, tap lién thong duong
Bai giai:
Pé chitng minh g lién tuc tai moi diém cua (U < D):
- Trudc hét ta 1dy mot day {x,,} bat ki trong D hoi tu vé x trong U, ta s& chung

minh ton tai N sao cho: {x,,} < U véi moin > N.

Do U mé trong D va x € U nén tdn tai &, > 0 sao cho B(x, gy) c U.

Do {x,,} trong U hdi tu V& x nén ton tai N sao cho: §(x,, x) < &, V&i moin > N.
Suyra {x,} € B(x,&,) € U véi moin > N.

- Tur trén dan dén {y,} = {x,,},,>n 12 ddy trong U hoi tu vé x. Ma ta cé f lién
tuc trén U nén {(f (y,,)} hai tu vé f(x),

Mat khac f (y,,) = g(y,,) véi moin € N.

Vay {g(y,)} hoi tu vé& g(x) hay g lién tuc tai moi diém cua U. (dpcm)

2.15. Choham liéntyc f : D < R? — R. Chang minh rang:
i.  Néu D 1a mot tap mé thi voi moi k € R,
{Ce, »If (x,y) < k} 1a mot tap mo.
ii. Néu D la mot tap dong thi véi moi k € R, céc tap hop {(x, y)|f (x,y) =
k}va{(x,y)|f(x,y) < k} la céac tap dong.

N

Bai giai:
Pé chang minh U = {(x,y) | f(x,y) < k} latap mo, ta s& chizng minh :
Voimoi z = (x,y) €U, ton tai r > 0 sao cho B(z,7) c U.
Trudc hét,do D latap mova z = (x,y) € U € D néntdntais > 0 sao cho
B(z,s) c D.
Do z=(x,y)€eU nén f(z)=p<k.biate=k—p >0.Dodo f lién tuc tai
z , nén theo dinh nghia, ton tai § > 0 sao cho:
37



Chuong 2: Anh xa lién tuc, tap compic, tap lién thong duong
If(t) — f(2)|]<e VteB(z,6)ND.

Dodésuyra: f(t)< f(z)+e=k Vt € B(z,6) nD.

Chon r =min(d,s) tacé: r <6 va B(z,r) € B(z,s) c D.

Nénsuyra: f(t) <k Vt € B(z,v) hay B(z,r) c U.

Vay ta c6 diéu phai ching minh.

i. Pé chitng minh K = {(x,y) | f(x,y) = k} latap dong, ta s& chang minh :

Véi moi day {z,} trong K hoitu vé z trong R? thi z € K .
Truéc hét K € D nénsuyra {z,} trong D hoi tu vé z trong R? . Ma theo gia
thiét, D 1a tip dong. Suyraz € D . f lién tuc trén D nén ta co:
k= lim f(z,) = f(2).
Do vay z € K , ta ¢d diéu phai ching minh.

Viéc chung minh C = {(x,y) | f(x,y) < k} dong la hoan toan tuong tu.

2.16. Tim £(0,0) dé f lién tuc tai (0,0)

Q) f(uY) = s
b) f(6.¥) = s

N

Bai giai:
Piéu kién can va du dé f lién tuc tai (0,0) lIa:

lim f (x,y) = f(0,0)

(x,¥)—(0,0)

Do d6 trudc hét ta s tinh :

lim X,
(x,y)—(0,0) fxy)
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_ x3+y3
(a) f(x'y)_x2+y2
Tacé:
|23 + 3| x2—xy+y? 3
o<———= . < -—|x+
S =T S Sl +y

(Vi x2 —xy+y% < %(x2 + y2) hay%(x + )% = 0)
Ma :
li > lx+y|=0
1m —|X =
(x,y)-(0,0) 2 Y
Suyra:
x4yl
lim ———=
(xy)~(0,0) x2 + y2

Nén £ lién tuc tai (0,0) khi va chi khi £(0,0) = 0.

x+y

(o) flxy) =

x2+y2

Xét day u, = (-, ) hoi tu vé (0,0) (khi n — o).
Khi d6 f(u,) = n phéan ki (khi n — o0).
Do d6: khéng ton tai £(0,0) dé f lién tuc tai (0,0).
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2.17. Xét su lién tuc cua cac ham sb

_ {2+ Y, () # (0,0)
Y f0on) = { 1, (x,y) = (0,0)
b) fx,y) = {(x +y) sinisini, (x,y) #+ (0,0)
0, (x,y) =(0,0)
Bai giai:
(x2+yH*¥Y (x,y) # (0,0)
a) f(x» Y) = { 1 (x, y) — (0,0)

Vai moi (x,y) # (0,0)
bat g(x,y) =In f(x,¥) = x*y*In (x* + y%)
Thi: 0 < |g(x,y)| = x%2y? |In (x? + y?)| < @.ln (x2 +y?)

batt = x2+y2— 07

(x,y)—(0,0)
Tatinh:
lim t2.Int
t—o0t
Taco:
1
. . Int 7 L
lim t%.Int = lim — = lim — = lim —t* =0
t—>0*t t>ot 1 t->0t —2  t>0t 2
t2 3
Suy ra
lim x,y)= 0
(X,y)ﬁ(O,O)g( Y)
Nén

lim x,y)=¢e%=1= (0,0
(x,y)—>(0,0)f( y) f(0,0)

Vay f lién tyc tai (0,0).
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(x+y) sin%sin% (x,y) # (0,0)

b y) =
) fxy) 9 = (0,0)

Véimoix #0 vay #0:

i .1 .1
0 < — - -1 < — 2
Taco:0 < |f(x; y)l |(X + y) SlnxSlny - |X + yl (x,y)-(0,0)

Nén:

li , ) =0=£(0,0
o m f(y) = 0= £(00)

Vay f lién tuc tai (0,0).

2.18. Kiém tra tinh compac cuia cac tap sau trong R?
a) {(x,y)|2x?+ 3y?2 <1}
b) {(x,y)|2x* + 3y? < 1}
c) {(x,y)|2x* + 3y <1}

Bai giai:
a)  Déching minhtap A = {(x,y) | 2x? + 3y? < 1} |a tap compac. Ta s&

ching minh A dong va bi chan.

e Chang minh A dong :
Lay mot day {(x,, ,,)} bat ky trong A4 sao cho (x,, y,) = (x,y) € R?. Tasé
chung minh (x, y) chaa trong A.
Tacdx, > x,y, >y nén 2x2 + 3y2 — 2x* + 3y2.
Mat khac, {(x,,y,)} € A néntacod 2x2 +3y2 <1 vn€N.
Suy ra, 2x2 + 3y? < 1. biéu nay chang to (x, y) chira trong A.
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e Chtrng minh A bi chan :

LAy (x,y) bat ki trong A. Tanhan thiy: x2 + y? < 2x2 4+ 3y?2 < 1.
Suyra (x,y) € B'(0,1).
Nén A < B'(0,1) va A bi chan.

Vay A 1a tap compic.
b)  Béchtng minh B = {(x,y) | 2x% + 3y? < 1} khong la tap compic, ta s&
chuing minh B khong dong.

Xétday (xnyn) = (0, %= ).

3n

.. , 1 1)\2 12 .
Voi ne N, taco 2xZ+3y7 =3(z-2) <3(F%) =1.Dodo {(xnym)}

B ,vn € N.

L
V2
(x, V) 12 Mot ddy chtra trong B hoi tu vé mot phan tir khong thuoc B. Bidu nay

Chon — co , nhan thay (x, ) = (55, 0) € B (do2( )2 +3.02=1)

chtng to B khong phai 1a tap dong nén khong compac.

c)  Béchiing minh € = {(x,, y,) | 2x + 3y < 1} khong la tap compic, ta s&
chung minh € khéng bi chan.

Xeét day (x,,, y»,) = (0, —n).

Vi ne€N,tacéd 2x2 + 3y, =—-3n<1.Dodbd (x,,v,) €EC Vn€N

Cho n — oo, nhan thdy y, = —oo, C chira mot ddy khéng bi chan, do d6 phai la

tap khdng bi chan va khong compic.
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B 1 A 9 A g
a1 Tap Mo Ron
1. Xét tinh lién tuc cac ham:

xy(x+y)
0

,(x,¥) = (0,0)
e*y—-1
x,v) #+ (0,0
bf(xy)_{ ,(6,) # (0,0)
0 ,(xy)=(00)
xsiny—-ysinx
0 ,(x,y) = (0,0)
2. Timgi6i han khi (x,y) = (0,0) ctia cac ham sé sau:
a. f(x,y) = m
b. f(XJ’)_m,(“ﬁ)ERZ
. fO6y) = 250 (1~ cosy)
_ smx—smy _ = —
d. f(x,y) = Shrshy ,Shx = > (ex +e7¥),Vx €R

3. Cho f : R - Rthoa f(x +y) = f(x) + f(y),Vx,y € R. Chtitng minh néu
f lién tuc tai 0 thi £ lién tuc.

4. Cho f : R —» Rthoa f(x + ¥) = f(x)f(y),Vx,y € R. Chang minh néu f
lién tuc tai O thi f lién tuc.

5. Cho f : R® - R™ lién tyc. Chung minh néu A < R™ Ia tap bi chan thi f(4)
la tap bi chan.

6. Chang minh ham f(x) = sin% lién tuc va bi chin nhung khong lién tuc déu

trén (0, +00).
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7.  Chof :E — R, E lién thdng. Ching minh néu f(x) # 0,Vx € E thi f(x)
luén duong hay luén am Vx € E.

8. Cho (X, d) la khdng gian métric compact va anh xa X — X thoa man:

d(f (), f) <d(x,y),Vx,y €EX,x #y
Chuang minh ton tai duy nhat diém x, € X théa man x, = f(x,).
9. Cho khéng gian métric (X,d), (Y,p) vaanhxa f: X — Y. Trén X X Y, xét

métric:

di ((6y), (7)) = d(x,x) +p(,y), (6,), (x,¥) € X xY
Vaxéttap hop G = {(x, f(x)):x € X}.
a. Gia st f lién tuc, chiing minh G la tap dong.
b. Gia st G la tap dong va (Y, p) la khdng gian compact, chitng minh f
lién tuc.
10. Chuang minh cac tap sau co tinh compact :

a. {(x,y) € R? | 243%"+2011y* < g}

b. {(x,y) € RA{(0,0)} | =2 =1

(xZ +y2)2 -

c. {(x,y,2) € R¥| |x| + |y| + |z| + 36|xyz| < '{/3.121%|x|y®|z|%}
11.  Chang minh quan hé “dong phoi” 1a quan hé twong duong.
12.  Chang minh rang:
a. Néu f : X - Y 1a mot phép dong phoi thi =1 : Y — X ciing 1a mot phép
dong phai.
b.Néu f:X - Yvag:Y - Zlanhiing phép dong phdi thi gf : X —» Z
cling 12 mot phép dong phoi.
13.  Chiing minh néu A lién thdng thi A ciing lién thong.
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Chuong 3:

KHONG GIAN METRIC DAY DU VA
KHONG GIAN BANACH

3.1. Cho X 1a mot khong gian métric sao cho moi qua cau déng thi compac. Ching
minh rang X day du.

Bai giai:

Chung minh X day du :

L4y day {x,} Cauchy trong X thi {x,,} bi chan.
Vay 3 r > 0 sao cho {x,} € B’(x,r).

Theo giai thuyét moi qua cau dong thudc X thi compac.
Suy ra B’'(x,r) € X latap compic.
Vay {x,} € B'(x,r) nén 3 {x,, }hoitu véx € B'(x,r)suyrax € X.
Conghiala choe >0 ,3ny > 0sao chod(xy,,,x) < 2 VoIV n, > n,.
Do {x,} la ddy Cauchy .

Choe>0,3n’, >0sao0chod(x,,x,) < % VGiVm=n>n,.
Taco:
Voie>0Taco:d(x,x) <d(x,x,) + dlx,x) < % +§ =&

V6i Vn > max(ngn'y).

Vay {x,} hoitu vé x € X.
Do d6 X 14 khong gian day du.
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3.2. Cho f 1a mot &nh xa lién tuc déu tir khdng gian métric (X, 8x) vao khdng gian
métric (X, 8y). Chting minh rang néu {x,,} 1a ddy Cauchy trong X thi {f(x,,)} 1a
day Cauchy trong Y.

Bai giai:

Gia st {x,, } la mot day Cauchy trong khéng gian métric X.
Ta can chiing minh {f(x,,)} 1a mét ddy Cauchy trong khéng gian métric Y.

Xét € > 0 bat ki. Ta can tim mot N > 0 sao cho véi V m,n > N ta déu co
Oy (f (o), f (xn)) < €
Truéc hétvi £ 1a mot anh xa lién tyc déu.

Ve> 0,36 >0,Vx,x € Xsaocho dxy(x,x) <6 thidy(f(x), f(x)) <e

Mat khac {x,,} la day Cauchy ta c0 :
Ve’ >0,3N(g) >0 saocho 6x(xp,,x,) < &€ VOIVmMm<n>N(e)

Cho & = §,chon N = N(9).
Khi do, véi Vm,n > N sao cho 8y (%, x,) < & thi 6y (f(x,), f(xp)) < €.
Vay {f (x,,)} la ddy Cauchy trong Y.

3.3. Cho (E, 6g) va (F, 6r) la cac khong gian métric va f la mot song anh tir E vao
F.Cho f l1a mot dong phoi, nghia 1a £ va £~ lién tuc trén E va F. Néu E day du
thi F c6 day da khong?
Bai giai:
Xétanhxa:f: R - (=2,
x v arctan(x)

Voi anh xa f(x) = arctan(x) nay la song anh va la ham lién tuc trén R.
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Anh xa ngugc: f71 : (—%,%) - R
X = tanx
Anh xa nguoc nay 1a ham lién tuc trén (— gg) vay f 1a mot ddng phoi.

E = Rlatap day du .

S|k

, do d6 {x,} chta trong (— gf)

Chon day {x,,}véi x,, = g— :

Ta ching minh {x,} la ddy Cauchy nhung khong hoi tu trong (— %,g)

Ta cé |xn-xm|=|%—%|
Cho e > 0, chonn, > % tacé|%—%| < |%| + |%| Snio <e¢
Vay {x,} la day Cauchy.
Taco lx,=2 | = | = | >0 khin - 0o nén x,} > =khong thuoc (— %, )

Nén F = (—g,g) khong ddy du .

3.4. Cho f 1a mot dang cu tir khdng gian métric (E, 8z) vao khong gian métric
(E, 8p) nghia 1a (65 (f (x), (f () = 8 (x, ¥). Chitng minh rang néu E day du thi
f(E) day du.

Bai giai:

Xét mot day bat ky {y,} trong f(E) ta chitng minh {y,,} hoi tu trong f(E)
Do y,, thuoc f(E) nén ton tai x,, thuoc E sao cho y,, = f(x,).
Theo gia thiét E day da nén moi ddy Cauchy {x,,} trong E déu hoi tu trong E .
Nghiala Ve > 0,3N, > 0 sao cho 65(x,, x,,) < € V6i Ym,n > N, .(1)
Theo gia thiét ta c6 8z (x,,, X,) = 6 (F (%), f () (2)

47



Chuong 3: Khong gian métric day da va khong gian Banach

Tu (1) &(2):

Taco: Ve > 0,3N," > 05a0 cho §¢(f (xp), f(xm)) < €VSi Vm,n> Ny’
Vay {yn} © f(E) laday Cauchy . (x)

Lai theo gia thiét {x,,} 1a ddy hoi tu trong E nén 3x € E .
Nghia la :

Ve > 0,3N, > 0sao cho 65(x,,x) < e voi Vn > N, (3)
Theo gia thiét ta c6 8z (x,, x) = 8:(F (%), £ (X)) (4)

Tu (3) & (4) :
SuyraVe > 0,3 N,"” > 0saocho §(f(x,), f(x)) < & véivn > Ny’
Suy ra {y,} = {f(x)} hoi tu vé f(x) € f(E) (+%).

Tir (+) & (+%)
Ta co f(E) 1a khong gian day du .

3.5. Chang minh rang khong gian métric X x Y day da néu va chi néu X, Y 1a céac
khong gian métric day du.

Bai giai:

i)
Gia s X, Y 1a cac khong gian métric day du ta chitng minh X x Y day du.
X 1a khong gian métric day du véi moi ddy Cauchy {x,,} trong X
NghialaVe > 0,3 Ny, > 0 sao cho 65 (x,, X,,) < %V('ri vm,n>N,.
Y 1a khong gian métric ddy du véi moi ddy Cauchy {y,,} trong Y
NghialaVe > 0,3 N, >0 sao cho 8§z (¥, Yim) < %v(yi vm,n> N,
Xét day a,, = (x,,,¥,) batky thuoc X x Y
Ve > 0,3 Ny = max(N,, N,) >0 taco:
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Orxr(An, Am) < 0 (0, X)) + Or (Y, Vi) < % + % =& Vvoivm,n>N,”
Vay {a,} € X x Y laddy Cauchy . (%)

X 13 khong gian métric diy du nén ddy Cauchy {x,,} hoi tu vé x € X
NghtalaV e > 0,3 Ny > 0 s80 cho 85 (xy, x) <~ V6i Vm,n > Ny .

Y 1a khong gian métric ddy du nén day Cauchy {y,} hdituvéy € Y
NghialaVe > 0,3 N, > 0 sao cho 8z(y,,y) <§ VoI Vm,n > N,.

Xét day a, = (x,,,V,) batkythuoc X x Y.
Ve >0 ,voi Ny = max(N,, N,’) >0 taco
Opxr(an,a) < 6g(xp,x) + 8V, y) <§ + % =eVvV6ivmn> N,
Vay {a,} € X xYIaddyhoituvéa = (x,y) EX XY . (%%)
Tur (%) & (**) suy ra khdng gian X x Y day du .
i)
Gia sa X x Y day du, chung minh X, Y day du.

Xét day {x,} c X
Vi X X Y 1a khong gian day du véi moi ddy Cauchy a, = (x,,y,) € X XY
NghialaV e > 0, v6i Ng >0 sao cho 6gyp(a,, a,) < eVvoiVm,n > N,.
Ta co: 6g(xp, xm) < Opxp(An, ay) < eVOiVm,n > N,.
Vay {x,} laday Cauchy .(1)
Mt khac X x Y 1a khong gian day di nén a,, = (x,,,y,) hdituvéa = (x,y) €
X XY
NghialaV >0, voi Ny’ > 0 saocho sgyr(a, a) <evn > N
Taco: 65(x,x) < 6pxp(ay,a) < evoivn > Ny
Vay {x,} laddy hoituvé x € X (2)
Tur (1) & (2) ta suy ra khong gian X 1a day du .
Tuong ty ching minh Y day du.
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3.6. Gia su {p,} va {q,} 1a hai day Cauchy trong khdng gian métric (X, §). Chting
minh rang {8 (py, qn)} hoi tu.
Bai gii:

Pé chang minh {8(p,,, g,)} hoi tu, ta chitng minh {§(p,,, g,,)} 1a ddy Cauchy trong
R, nghia 1a ta can ching minh :

Ve>0,aN > 0sao cho: |6(p, qrn) — SOy Gm)| < € Yn,m > N
Ta c6 2 bat dang thuc sau :

{6 (Pr> qn) < 8(Pn, D) + 6 (O @) + 6 (@ Gn)
S(Pm> qm) < 6Py Pn) + 6(Pn, qn) + 6(qny Gm)

6(pn' qn) - 6(pm» qm) < 6(pn» pm) + 6(Qm» CIn)
S(Pms qm) — 6(Pn, 4n) < 6 (O, Dn) + 6(qns Gm)

Do do, suy ra [6(Pn, 4n) — 6(Om, Gm)| < 6(Pns Pm) + 6(qn, qm)
Mt khéc, theo gia thiét, {p,} va {q,,} 1 day Cauchy.

Chuyén vé ta dugc : {

Cho &> 0,3K,M > 0 sao0 cho: 8(py, Pm) < > V6i Vn,m > K.
5(qn, qm) < gvé’i vn,m> M.
Chon N = max(K, M), khi d6taco:vn,m >N

18(n @n) = S@m, dm)| < 8@, D) + 6(n,qm) <5+ =&
Suy ra {6(p,, q,)} laday Cauchy trong R .
Vay day 6 (pn, )} hoi tu trong R.
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3.7. Chang minh céc toan ti tuyén tinh sau lién tuc va tinh chuan caa né :

a) A : C[0,1] > C[0,1]; Ax(t) = [} x(s)ds

b)A: C[-1,1] - C[0,1]; Ax(t) = [, x(s)ds
) A: C[-1,1] - C[0,1] ; Ax(t) = x(t)
d)A : €[0,1] - C[0,1] ; Ax(t) = t2x(0)
e)A: C[0,1] - C[0,1]; Ax(t) = x(t*)
f) A: C'[0,1] - C[0,1]; Ax(t) = x(t)
9)A: C'0,1] - C[0,1]; Ax(t) = x'(t)

Bai giai:

a)  A:C[01] - C[0,1];Ax(t) = [, x(s)ds
1. Chang minh anh xa Ax € C[0,1] :
Cho x € C[0,1]. Ching minh Ax € C[0,1]

Chung minh: [, x(s)ds lién tuc trén [0,1]

Taco Vt; t, € [0,1] (t; < ty), thi:

|Ax(t,) — Ax(t)] = | f;2 x(s)ds — [, x(s)ds| = |2 x(s)ds| < [ Ix(s)lds <
[ Mlxllds = llxll e = £,

(Vi ||lx|| = sup|x(t)|, vt € [0,1]. Suy ra ||x|| = |x(t)|,Vt € [0,1])

Vay [ x(s)ds lién tuc trén [0,1].

2. Chtrng minh anh xa A tuyén tinh :
Taco: Vx(t),y(t) € C[0,1], Va € R thi:
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t t

[x(t) + ay(t)]ds = J x(t)ds + ocj y(t)ds
0

0

A + ay(©)] = |

0
= fotx(t) ds +«a foty(t) ds = Ax(t) + aAy(t).

Suy ra A 1a anh xa tuyén tinh .

3. Tinhliéntyc:
Tac6: Vvt € [0,1] thi

A@)| = |f; x(s)ds| < [ lx(s)lds < fyllxllds = |¢]llx]l
Tirdo: |JA()]] < supl4(x)] < sup(ltlllx])) = llxllsuplt] = [lx]].
Suy ra [JA(O)I| < |Ix]] - ()

Vay A la anh xa lién tuc.

4. Tinh chuan :

Pl <1 vx ec[ol]. Vivaynén: [jA]] < 1. (1)

llxll —

Tu (*), taco

Chonx(t)=1 Vvte[01].

Ta duoc :

t
| Ax|| = sup|Ax(t) lte[0,1] = sup |fo d5|t = sup (t)¢efo] = 1

€[0,1]
lx|l = suplx(t)l¢efo, =1

n llAx||
Nén [14ll = supeeror 10 = 1 @)

T (1) & (2)taco [|A]| = 1.

b)  A:C[-1,1] - C[0,1];Ax(t) = [ x(s)ds .
1. Chung minh &nh xa Ax € C[0,1] :
Cho x € C[0,1]. Ching minh Ax € C[0,1]
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Chting minh : fotx(s)ds lién tuc trén [0,1]

Taco: VvVt t; € [-1,1] (¢, < ty), thi:

|Ax(t,) — Ax(t))| = |f;2x(s)ds — fotlx(s)dsl = |ftt12x(s)ds| < fttlzlx(s)lds <
[ lxllds = Nlxll e — £,

Suy ra Ax lién tuc trén [0,1].

Vay x € C[0,1] .

2. Chtrng minh anh xa A tuyén tinh :

Taco Vx(t),y(t) € C[-1,1],Va € R thi:

A(x(t) + ay(t)) = fot[x(t) + ay(t)]ds = fotx(t) ds + fot ay(t) = fotx(t) ds +

afoty(t) ds = A(x) + aA(y).
Suy ra A la anh xa tuyén tinh.
3. Tinhlién tuc:

Tac6é:Vvte[0,1]thi
AG)| = |f x(s)ds| < [ylx(s)lds < [yllxlids = lelllxll

Tir do : ||[AQ)|| < suplA(x)| < sup([elllx]]) = llx[lsuplt] = [|x]|.
Suy ra: [[Ax|| < [|x]]. (*)
Vay A la anh xa lién tuc.

4.  Tinh chuan :

Tu (), taco laxii vx(t) € C[—1,1] suyra||A|]| < 1. (1)

Il =
Chon x(t) =1 vt e [0,1].

Ta duoc :
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|1x[| = 1.

t
IA@)II = supeejoq |f; ds| = supeegon; It = 1.
Suyra:

lAx]|

=1
[l

A A
Nen [1All = supeejo ot = 1 )

Tur (1) & (2)suyra: ||Al| = 1.

c) A:C[-1,1] - C[0,1];Ax(t) = x(t).

1. Chang minh anh xa Ax € C[0,1] :
Taco:Vy(t), z(t) € [-1,1] thi

|[Ay(t) —Az(t)| = |y(®) -z@) | = [ly—z]|.
Suy ra Ax lién tuc trén [0,1] .
Vay x € C[0,1] .

2. Chting minh anh xa A tuyén tinh :
Taco:Vy(t),z(t) € C[-1,1],Va € R thi:

Aly(t) + az(t)] = y(t) + az(t) = Ay(t) + aAz(t)

Suy ra A la anh xa tuyén tinh .

3. Tinhlién tuc:
Tacovte|[01].

[AGO)| = [x(0)] < [Ix]]. Suy ra: [JA| < [Ix] . ()
Vay A la anh xa lién tuc .

4.  Tinh chuan :

A <1 wx(e) € C[-1,1]

lxll —

Tu (%), taco

Suyra ||A]] < 1. (1)
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Chon x(t) =1 vt € [0,1].
Ta duoc :
[|Ax|| =1, [[x]] = 1.

n || Ax|| [l Al
Nen [|All = supeefor) o = =1 2)

T (1) & (2)suyra: [|4]] = 1.

d  A:C[0,1] = C[0,1]; Ax(t) = t2x(0)

1. Chang minh anh xa Ax € C[0,1] :
Taco: vx(t),y(t) € C[0,1] thi:
|Ax(t) - Ay(®)| = t2x(0) — t2y(0)| = t?|x(0)- y(0)| < t2||lx — | .

vt € [0,1]

Suy ra Ax lién tuctrén [0,1] .
Vay Ax € C[0,1].

2. Chtrng minh anh xa A tuyén tinh :
Taco:V y(t),z(t) € C[0,1] ,Va € R, thi

Aly(t) + az(t)] = t?(y(0) + az(0)) = Ay(t) + aAz(t).

Suy ra A la anh xa tuyén tinh.

3. Tinhlién tuc:
Ta co: |Ax| = t?|x(0)| < [|x|| supepo,17 (¢%) < ||| -
Suy ra [[A)|] = [|x]] . (*)
Vay A anh xa lién tuc .

4.  Tinh chuan :

Tir (%), ta 6 2 < 1 voi va(e) € €[0,1]

llxll —
Suyra|lA|]| £ 1. (1)
Chonx(t) =1 vt € [0,1]
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Ta duoc :
1]l = 1, [1AIl = [x]] Supeefo ) (¢2) = 1.
A A
Nen [1All = supeejo St = 1. )

Tur (1) & (2) suyra ||A]| = 1.

e) A:C[0,1] » C[0,1]; Ax(¢t) = x(t?).
1. Chuang minh anh xa Ax € C[0,1] :

Taco: Vx(t),y(t) € C[0,1] thi:

|Ax(8) = Ay(O)] = [x@) -y(*) | < llx =y I.
Suy ra Ax lién tuc trén [0,1] .
Vay x € C[0,1] .

2. Chting minh anh xa A tuyén tinh :

Cho Vy(t?),z(t?) € C[0,1],,Va € R thi:
Aly(t?) + az(t?)] = y(t?) + az(t?) = Ay(t) + aAz(t)

Suy ra A 1a &nh xa tuyén tinh .

3. Tinhlién tuc:
Taco:Vte[0,1]thi

|Ax| = |x(&*)] < ||x]| suy ra [|A]] < []x]]. (*)
Vay A la &nh xa lién tuc .

4.  Tinh chuan :

Al - 1 vx(t?) € c[o,1],

lxll —

Tu (*),taco:

Suyra|lA|]| £ 1. (1)
Chon x(t?) = 1 voi Vvt € [0,1].
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Ta duoc :
[|Ax[| =1,]|x|| = 1.

Ax Ax
o] [| Ax| > [| Ax| _
x| |E9]

Tir (1) & (2) taco ||A4]| = 1.

Nén ||A]] = sup;e|

f) A: C0,1] = C[0,1] ; Ax(t) = x(¢).
1. Chung minh anh xa Ax € C[0,1] :
Tacod Vx(t),y(t) € C1[0,1] thi:
|[Ax(t) —Ay(@) | = | x(O) -y@®O) [ = [lx =yl
Suy ra Ax lién tuc trén [0,1] .
Vay x € C[0,1].
2. Chting minh anh xa A tuyén tinh :
Tacod V x(t),y(t) € C1[0,1] ,Va € R thi:
Aly(t) + az(t)] = y(t) + az(t) = Ay(t) + aAz(t)
Suy ra A 1a 4nh xa tuyén tinh .
3. Tinhlién tuc:
Taco Vte [0,1]thi:
|Ax| = [x()] < sup|x()leeon) + suplx(V)leero,ny = 1.
Suy ra [[Ax|| < []x]]. (*)
Vay Ax anh xa lién tuc .

4. Tinh chuan :

Tur (o), taco BEl< 1 vx(p) e cfoa] vivay llAll < 1. (1)

Chonx(t) =1 vte[0,1]
Ta duoc :

lIxI| = 1,]14x]| = 1

(2)
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lAx|l _ [lAx]
141l = supyefo,y T = 7o = 1. o)

Tu (1) & (2 taco |4 = 1.
g)  A:CY0,1] - C[0,1]; Ax(t) = x'(t)
1. Chang minh anh xa Ax € C[0,1] :
Tacod V x(t),y(t) € C1[0,1] thi:
|[Ax(t) - Ay(t) [ = |x'(t) - y'(©) | = [(x(t) —y(t))"|
< Supepo,q)| (x(t) = y(£))’| + supiepo,y1x(t) —y(O)] = [|lx = yl|
Suy ra Ax lién tuc trén [0,1] .
Vay Ax € C[0,1] .
2. Chtrng minh anh xa A tuyén tinh :
Tacod V x(t),y(t) € C*[0,1] ,Va € R thi:

A((®) + az(t)) = () + az(t)) =y'(©) + az'(t)
= Ay(t) + aAz(t)

Suy ra A 1a 4nh xa tuyén tinh .

3. Tinhlién tuc:
Taco vt € [0,1] thi:

|Ax| = |x' (O] < suplx(©leejo,1) + suplx' (©leefo1) = lIxII.
Suy ra [|Ax|| < [[x]] . (*)

Vay anh xa Ax lién tuc .
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4. Tinh chuan :

43l 1 vxe) e 0], vivay |4l < 1. (D)

lxll —

Tu (%), taco
Chonx(t) = t" vte[01],ne N

Ta duoc:

[|x]| = supsefo,71x(E)| + supeefo 1712’ (6)|

= SUPefo,1]]tn| + Supeefo,yIn t" "t =1 +n.

[|Ax|| = supieoqgInt™ | =n

Nén [|A| = su IAxllcpon o Jlaxl] _ g 1 gy ey
= SUPEl0 ) a0y = Il 1en - ned '

Vay khin - oo : ||A]] = 1 (2)

Tir (1) & (2) taco ||A]] = 1.

38.ChocacanhxaT : R" - R (n=1,2,3,4). Trén R™ trang bi ||. |[p . Chtng
minh T 1 &nh xa tuyén tinh, tim ||T||.

Q) T(x1,x3) =2x1+x,; p=2

D)T(x1,x;) =2x; +x,; p=1

C)T(x1,x3) =2x1+ Xx5; p =00

d)T(x1,%5,%3) =x1 —2x, +x3; p =2

) T(xy,x5,%x3) =5x;+x,+ 4x3; p=1

f) T(xq,x0,x3) =2%x; +3x, +4x5; p =00

Q) T(x1,%5,X3,X4) = X1 +2X, —X3+5x,; p=2
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Q)  T(xy,xp) =2x1+ x,;p=2.
1. Chiing minh &nh xa tuyén tinh :
V&i moi x = (x,%,), v = (¥, y,) € R*va 0 € Rbatky
TacO:T(x+0y) = T(xs + 0y, x, + 0y,) = 2(x; + 0y;) + (x, +0y,)
= (2x1+ %)+ 02y, + y2) = T(xy,x3) + 0 T(1,y2)
=Tx)+ 6T(y)

Vay T 1a anh xa tuyén tinh.
2. Tinh chuan ||T|| :

bat x = (xq,x3)

Taco: ||T|| = supye Tl

llxl2

Ap dung bat dang thirc Bunhiakopxky ta ¢ :

T (21, 22)| = 220 + x5 <3/(22+ 12)(x? + x2)

= \/g ||(x1,x2)||2 = \/g ||x||2 Vx € R?
Suyra |[T(x)]| < V5 llxll,
Hay

TGNl _ e

lIxll, —

Do d6 ||T|| = supy.e Tl < /5

llx112

g , . ITDI  |2.2+1]
. > = =
Mat khactaco: ||T| = 2D Ve V5

Nén suy ra ||T]| = V5 .

b) T(x1,x3) =2x1 + x,;p=1

1. Chiing minh &nh xa tuyén tinh :
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Vi moi x = (xq,%,), ¥ = (y1, ¥,) € R®va 6 € R bat ky.
TacO:T(x+0y) = T(xy + 0y, x, + 0y,) = 2(x1 + 0y;) + (x4 0y,)
= (2x1+ x2) + 02y + o) = T(x,x2) + 0 T(y,¥2)
=Tx)+ 6T(Y)

Vay T 1a anh xa tuyén tinh.
2. Tinh chuan ||T|| :
bat x = (x1,x2)

Taco: ||T]| = sup o Ll

llxll1

IT(X)| = |2x; + x| < 2|x; + x| = 2||x]l; V x € R?
Suyra [T < 2lx|l;
Hay

T

I (?C)ll<

lIxlly —

IT(0)ll _ [2.1+0] _
I@olly 111+ ]o]

2

Mait khactacéd : ||T|| =

Nén [|T]| = 2.

C) T(x1,%3) =2x1+ x5 ; p=00

1. Chiing minh &nh xa tuyén tinh :
Vé&i moix = (x1,x,), vy = (y1,y,) ER*vad € R bét Ky, ta co :
T(x+0y) = T(x; + 0y, %, + 0y;) = 2(x; + 0y1) + (x; + 0y,)
= (2x;+ x2) + 02y1 + y2) = T(x,x2) + 0 T(yy,y2)
=Tx)+0T(y)

Vay T 1a anh xa tuyén tinh.
2. Tinh chuan ||T|| :
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Taco: [ITI| = supyzo Hot
T = (231 + x5| < 2|x1| + |x2| < 2max([x], |x2]) + max(|xq], [x2])
< 3max(|xq|, |x;]) = 3||9C||oo
Suyra [|IT(x)|| < 3|lxl|

Suy ra ||T|| = supyze @l < 3

lxlloo
Mat khéc: ||T|| = ITADI _ [21+1] _ 5
' B TGS

Nénsuy ra ||T|| = 3.

d) T(xll XZ,xg) = X1 — 2x2 + X3, D= 2

1. Chtrng minh anh xa tuyén tinh :
Xét:x = (x1,%5, x3), V= (y1,V2, v3) ER3va 8 € R
TacO:T(x+0y) = T(xy + Oy;,x, + 0y,,x3+ 6y3)
= x;+ 0y; - 2(x; + 0y,) + x3+ Oy,
= (X1 — 2x,+x3) + 01 — 2y, +y3) = T(x) +6T(y)

Vay T |4 anh xa tuyén tinh.
2. Tinh chuan ||T|]| :
Ap dung bét dang thic BunnhiakopxKki

Taco: | T(x)| = lxy — 2x5 + x3] < 12+ (=2)2 + 12/x? + x2 + x2
= \/gll(xl,xz,x3)||2 = \/g”xnz

Suy ra ||T(x)|| < V6llxll;

Hay

ITCOll _

lIxll, —
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Suy ra [IT]] = supyso n < 5,

lIx1l2

ITc-2 DI _ -2to+1_ e
Vit (2P 12 V6

Mat khac tacéd : ||T|| =

Vay |IT|| = V.
e) T(xq,x5,x3) =5x;+x,+ 4x3; p=1

1. Chung minh &nh xa tuyén tinh :
Xét:x = (x1,%, %3), ¥ = (y1,¥2 ¥3) € R®va 6 € R batky.
Taco:T(x+0y) =T(x, + 0y, x, + 0y,, x5+ 0y3)
= 5(x; + 0y;) + x5+ 0y, + 4(x3 + 0y3)
= (5x1 4+ x, + 4x3) + 65y, + y, + 4y3)
= T(xy,x2,%3) + 0 T(y1,¥2,¥3) =T(x) + 6T (y)
Vay T 1a anh xa tuyén tinh.
2. Tinh chuan ||T|| :
Taco:|T(x)| = [5x1 + x5 + 4x3| < 5|xq| + x| + 4xs]
< 5(lx| + Ixzl + |x3]) = S5llx|l;.
Suy ra [|IT(x)[| < 5[lxl|,.

Hay
T(x
IT )l <t
llx |11
Do d6 [IT|| = supy.o el < 5
Il
IT(1,0,0) _ 15.1+0+4.0]

Mat khac : ||T|| =

1(1,0,0)ll1  [1]+]0]+ O]

Vay IT|l = 5.
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1. Chiing minh &nh xa tuyén tinh :
Xét: x = (x1, %5, x3), ¥ = (y1,¥2,¥3) € R3va 0 € R bat ky.
TacO:T(x+0y) = T(xy + Oy, x, + 0y,,x3+ 6y3)
= 2(x1 + 0y1) + 3(xz + 0y,) + 4(x3 + 6y3)
= (2x; + 3x, + 4x3) + 02y, + 3y, + 4y3)
= T(x1,%2,%3) + aT (y1,¥2,¥3) = T(x) + 6T (y)

Vay T Ia anh xa tuyén tinh .
2. Tinh chuan ||T|| :
Taco: |[T(x)| = [2x; + 3x, + 4dx3| < 2|x1| + 3|xy| + 4|xs|
< 2max(|x], [x2], [x3]) + 3max([xy ], [x;], [x3]) + 4 max(lxy ], [xz], [x3])

= 9max(|xy], [xz], [x3]) = 9 (x1, X2, x3) [l oo = 9| [ co.

Suyra:||T()|l < 9|lx]|_ -

Hay
T(x

IToll _

[Ea[p
Do d6 ||T|| = supx=o ””7;(66)“ =9

o ITCOIl _ T, |2.143.1+4.1]

Mat khac : [|T| SUPx0 i = 10Dl 1 ’
Vay [IT||=9.

) T(x1,X0,X3,X4) = X1 +2Xx, —X3+5x4; p =2

1. Chiing minh &nh xa tuyén tinh :
Xét:x = (x1,Xy, X3,X4), ¥ = (V1, V2, V3, V1) € R*va 6 € R bt ky.
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TacO:T(x+0y) = T(x; + Oy, x;, + 0y,,x3+ 0y3,x, + 0y, )
= (x1+ 0y1) + 2(x; + 0y;) — (x3+ Oy3) + 504 + Oy,)

= (x1+ 2x; —x3+5x4) + 0(yy + 2y, — Y3 + 5Y4)
= T(x1, %2, %3, %4) + 0T(Y1,¥2,¥3,54) = T(x) + 0T (y)
Vay T 14 anh xa tuyén tinh .

2. Tinh chuan ||T|| :
Ap dung bt dang thiac Bunnhiakopxki ta ¢6 :

IT()| = % + 20, — x5+ 5x4] < /12 + 22 + (=1)2 4+ 52 \/x2 + x2 + x2 + x2

< V31x2 + x2 + x2 + x2
= V31|[(xqg, x2, x3, x4)l2 = V31||x]l;
Suy ra [Tl < v31]lx]l;

Hay
T(x
| ()”g\/ﬁ
[E4IP
Do d6 ||T|| = supm% <31
2
g L TGOl IT(1,2,-1,5)l [142.2—(-1)+5.5]|
— > — —
Mat khac : ||T|| = supy=o rL 2 laz- 1o Moo V31
Vay [T]| =v31.
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3.9. Chitng minh cac phiém ham thudc (C[—1,1])* = £L(C[—1,1], R), tim chuan

cuano
a) f(x) = 5 [x(1) + x(=1)]
b) £ (x) = 2[x(1) — x(0)]
C) f(x) = = [x(2) + x(—¢) — 2x(0)], & € [-1,1]\{0}
d) £(x) = [ x(t)dt
&) f(x) = —x(0) + [/, x(t) dt
f) f(x) = [° x(O)dt — [, x(t)dt

Bai giai:

a) ()= z[x(1)+x(-1)]
1.  Tachang minh f(x) € (C[—-1,1])".
Chirng minh f(x) lién tuc :

f(x) = sx()+x(-D] €R
F ) = FO)I = [ [x(D) + x(=1)] = 3 [y(1) + y(=1)]
< < lx(1) =y +5 1x(=1) = y(=1)|
< Zsupger-1,q1x(6) = y(©) =] |x =y
Suyra |f(x) = F < Z1Ix =yl

Nen |1f () = FIl < 2 llx = yll.
Vay f(x) lién tuc .

Chirng minh f(x) tuyén tinh :
Taco:vx(t),y(t) e C[-1,1],VO € R
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fl+ 0y) =[x+ 0y)(D) + (x + 6y) (- 1)].

[x(1) + 6y(1) + x(=1) + Oy(=1)].

IR, W]r

= 2 [x(D) + x(=D] +3 6y + y(~D)].

=f(x)+ 0f ().
Suy ra f(x) tuyén tinh .

Vay f(x) € (C[-1,1])".

2. Timchuan ||£]|.
Xet |f ()] = 5 1x(D) + x(=D] < 5 (x (D] + [x(=D)])

2 2
=3 (supre[-1,171x(@®]) < 3 ||x||

Suy ra [IfC)I| < =|lxl].

Fol| _ 2
Su ra|—<—.
YR =3
1F @)1 <2

Suy ra ||f|| = SUP¢e[-1,1] 1| oy 3 (*)
cl-11
Chon (t) = 1,Vt € [-1,1] .

Suyra |lx|| = 1, |If@)I| ==.

< . IFCol] _ 2
Mic khac ||f]| = IS,

Tir (+) & (xx) taco ||f]| = =.

3

b)  f(x) = 2[x(1) — x(0)].
1.  Tachang minh f(x) € (C[—-1,1])".
Chirng minh f(x) lién tuc :
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f@) =2[x(1) - x(0)] € R

F00) = FOI = 12[x(1) = x(0)] — 2[y(1) = y(O)]]
=12 [x(1) = y(1)] - 2[x(0) - y(O)]|
< 20x(1) = y(D)] + 2[x(0) — y(0)|
<4 sup [x(0) = y(©)] = 4llx -y

te[-1,1]

Suy ra |f(x) — fFO)I < 4|lx — yl|.

Suy ra |If (x) — FWI| < 4|lx - yl|.

Vay f(x) lién tyc.

Chirng minh f(x) tuyén tinh :

Taco:Vvx(t),y(t) e C[-1,1], VO ER

flx+0y) = 2[(x + 6y)(1) — (x + 6y)(0)]
=2 [x(1) = x(0) + 6(y(1) — y(0))]
= 2[x(1) —x(0)] + 26[y(1) — y(0)]
=fx) + 0f(y).

Suy ra f(x) tuyén tinh .

Vay f(x) € (C[-1,1]D".

2. Timchuan ||£]].
Xet|[f(0)| = 2[x(1) = x(0)] = 2([x(1)] + |x(0)])

< 4(supge,11lx (D)) < 4]lx]].

Suy ra ||f ()| < 4|lxl|.

||f(x)||

1|

A Irgeal|

Nen [If1] = SUPte[-1,1] “x”—m < 4. (%)
cl-1

—_ ,1]

< 4.

Suy ra
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2t—1, 0<x<1

Chon (&) ={™ _}' 72 <o

Suy ra ||x|| = SUpgep-1,1712t — 1| = 1.

Suy ra [If (0)l] = supeei-14) 2/x(1) — x(0)| = 4

lf @]
1|

Tu (%) & (+x) taco ||f]| = 4.

Suy ra [If]| =

= 4. (**)

) f() = [x(e) + x(—&) — 2x(0)], £ € [-1,1]\{0}.
1.  Tachang minh f(x) € (C[-1,1])".
Chirng minh f(x) lién tuc :

f() = = [x(e) + x(—&) — 2x(0)] €R

|f () — fFW)I

= i [x(&) + x(—¢) — 2x(0)]

1
- (&) + ¥(=2) = 2y(0)]|

2¢

= |5z (@) —y@] + o~ [x(=¢) = y(=¢)]

[x(0) — y(0)1|

e
1 1 1
< 5z lx(@) —y@l + —lx(=e) —y(=e)| + Z |x(0) — y(0)]

2 2
<— sup |x(t) —y(@®)| ==|lx -yl
€ te[-1,1] €

Suy ra |f(x) = I < =2|lx —yl|

Suy ra [If(x) = FOI] < 2 lx = yl|.
Vay f(x) lién tuc.

Chirng minh f(x) tuyén tinh :
Taco:Vx(t),y(t) e C[-1,1], VO ER
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1
(x +0y)(e) + (x + 0y)(—¢) — 2(x + 6y)(0)]
1

flr+6y) =55

- 2e[(x(€) + x(—&) — 2x(0)) + 8(y(e) + y(—¢) — 2y(0))]

1 1
= oo x(e) +x(=&) = 2x(0)] + —0ly(e) + y(—&) — 2y(0)] = f(x) + Of ()

2¢
Suy ra f(x) tuyén tinh .

Vay f(x) € (C[-1,1])".

2. Timchuan ||£]].

Taco:

1 2 2
If(l = MIX(E) +x(=¢) = 2x(0)] < Etes[gfl]lx(t)l = Elle

suyra[Ifl] < = |Ixl|

sl 2
Suy ra ||f|| = SUP¢e[-1,1] “x”—R = = (*)
C[-1,1]
Chon
( 1, t < —|e
2
_Ht_l' —lel <t<0
x(®) =15
—t—1, 0<t<|e
|

\ 1, t =g

Suy ra ||x|| = Supgef-117 X0 = 1.

Suy 1a [|f (0l] = supeei-a,1) |57 [x(e) + x(e) = 2x(0)]| = =
lrel _ 2 ()

x|~ el

Suy ra [If]| =
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Tir (+) & (»+) suy ra ||f || = |2?|

d) 00 = [, x(®dt.

1.  Tachang minh f(x) € (C[—-1,1])".

Chwng minh f(x) lién tuc :

- f®=[ x(Odt €R.

- f@-FO)| = | 2@t - [} y(©)de| < [1x(0) - y(©)lde

1
< [ supee-1,171x(t) — y(®)ldt = ||x - yl|.

Suy ra ||f(x) = fFDI| < [Ix = |-

Suyra |If(x) = FDI| < |lx =y .

Vay f(x) lién tuc .

Chitng minh f(x) tuyén tinh :

Taco:Vvx(t),y(t) e C[-1,1], VO ER

Taco: f(x+86y) = [, (x+6y)(O)dt = [ x(t)dt + 6 [, y(t)dt
=fx)+0f(y).

Suy ra f(x) tuyén tinh .

Vay f(x) € (C[-1,1]D".

2. Timchuan ||f]|.
Xét |f (0l = |f] x(@©dt| < f1x(0)lde < |Ix]| f; dt = [|x]].

suyra[lfI] < lxlinen|Ifl] = sup ZEEIE <1 (5)

[_1’1] ||x||C[—1,1]
Chonx(t) = 1,vt € [-1,1].
Puoc [|x| = 1, [If ()] = 1.
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suyra £1] = M2l = 1. (o)

Tu (%) & (+x) taco ||f]| = 1.

&) f(x)= —x(0)+ [, x(t) dt
1.  Tachang minh f(x) € (C[—-1,1])".
Chirng minh f(x) lién tuc :

f) =-x(0) + [ x(t)dt €R

F@ = FO)I = |(=x(0) + [, x(@) dt) - (=3 (@ + [, (@) )|

= |-x(@ -y + [}, x@dt — [}, y(©at ||

< [x(0) = y ()] + [ 1x(t) — y(®)ldt.

< sup Jx(0) — (O] + j sup [x(6) — y(O)ldt

te[-1,1] 1 te[-1,1]

= sup |x(t) —y(@®)|+ sup |x(t) —y@®I(1+1)=3|x—yl|

te[—-1,1] te[—-1,1]
Suy ra |f (x) = fF)] < 3||x = yl|.
Neén |If () = FI| < 3|lx = yl|.
Vay ham f(x) lién tuc .
Chirng minh f(x) tuyén tinh :
Taco:Vx(t),y(t) e C[-1,1], VO ER

fx+0y)=—(x+06y)(0)+ f (x + 6y)(t)dt

= —x(0) + [, x(©)dt + 6(=y(0) + [1 y(©)dt) = f(x) +6f().
Suy ra f(x) tuyén tinh .
Vay f(x) € (C[-1,1])".
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2. Timchuan ||f]|.

Xt If GOl = |=x(0) + [} x(0)dt | < 1x(O)] + |[,x(®)dt |

< [x(0)] +f_11|x(t)|dt < |Ixl| +[Ixl] @+ 1) =3|Ixl].

Suyra|lf()l| < 3]|lxl|

ITzesll
Suy ra ||f|| = SUP¢e[-1,1] ||x||—R < 3.(%)
C[-1,1]
Chon
( 1
1, JtI==
n
1
X, (8) =1 2nt—1, OStSE
-1
k—Znt—l, —<t<0
n

Suyra [lx,l| = 1, x,(0) = -1

1

f@w=—%®)+j%ﬁwt

-1
1

—= 0 1 1
= 1+] n1dt+ jl(—Znt—l)dt+ jn(Znt—l)dt+ fl 1dt
-1 n 0 n

b G- (- -3

Suyra:

I
w

. 2
umzhmp_4
n—-oo n
A [IFGel]
Nén ||f|| > —“an = 3. (*x)

Tur (*) & (*x) tacd ||f|| = 3.
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N fe) =/ x(dt— [, x(t)de.
1.  Tachang minh f(x) € (C[-1,1])".
Chirng minh f(x) lién tuc :

fe) = [ x(®dt — [fx(t)dt € R

- FO)| = |15, 2t - f) xdt -([°, y@®)dt — [} y(©)dt )|

0 1
= J [x(t) — y(t)]dt — f [x(¢) —y(t)]dt
-1 0

IA

_I_

j [x(6) — y(O)] dt
0

0
j_ [x(0) — y(©)] dt

0 1
< j (D) — y(D)lde + j 1X(0) — y(®)ldt
-1 0

0 1
< ||x—y||j dt+||x—y||j dt
-1 0

<2|lx—yl|.

Nen [|fGo- F| < 2flx -yl
Vay f(x) lién tuc.

Chirng minh f(x) tuyén tinh :
Taco:Vvx(t),y(t) e C[-1,1], VO ER

0 1
fx+0y) = f x+ 0y)(t)dt — f x+ 0y)(t)dt
-1 0

= fox(t)dt—fx(t)dwe(f_oy(t)dt—fy(t)dt)

= f(x) +6f).
Suy ra f(x) tuyén tinh .

Vay f(x) € (C[-1,1])".
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2. Timchuan ||f]|.

Xét f(x) = |f_01x(t)dt—f01x(t)dt| < |f_01x(t)dt| + |f01x(t)dt|

< |lxl| [2,de + |Ixl] f) dt = 2[lx]].

. [Fgeall
suy ra|If @] < 2|lxl| nén [I£1] = supseqs, = < 2. ()
C[-1,1]
Chon
( 1
1, —-1<t<—-—
n
1 1
x, () =8 —nt, ——<t< -
n n
1
Suy ra ||x, || = 1.
Taco:
_1 0 1 1
n n
f(x) :j 1dt+j (—nt)dt—] (—nt)dt — j (—1)dt
SER : :
1 1 1 1 1
T T s o bl
2n  2n n n
Suyra:

I£l zgggo|3_3| =3

Suyra||f||_“ﬂgjﬁ|| 2. (x%)

Tur (*) & (xx) tacd ||f|| =2.
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B Ned A ? A g
a1 Tap M¢é Ron

1.  Giathuyét nhu bai 1.4 - Gido trinh Gidi tich 2 .

d 1)
a. Chang minh x,, — x khi va chi khi x,, - x.
b. Gia st (E,§) day du, chitng minh (E, d) day du.

2.  Giathuyét nhu bai 1a - Bai Tdp Md Réng Chuwong 1.

a. Giasux™ = (x,x3),n € N,a = (a4, a;). Chirng minh:
n dq

X1 = aq
n dp

Xy 2 ap

b. Giast (Xq,d;), (X, d,) diy da. Chung minh (X, d) day du.

2™ S a khi va chi khi

3.  Gia thuyét nhu bai 1b - Bai Tdp Mé Réng Chuwong 1.

a. Giastux, = {a;}r,n € N,x = {ay}, . Chitng minh:

d N L L s
x™ — x khi va chi khi lim,,_,, a;} = a;,Vk € N.

b. Chung minh (S, d) day du.

4.  Chung minh rang :
a. Néu f : X - Y lamot phép dang cu thi =1 : Y - X ciing 1a mot
phép dang cu.
b. Nluf:X >Yvag:Y — Zlanhimg phép ding cuthi gf : X - Z
cling 12 mot phép dang cu.
c. Néu f : X - Y la mot phép dang cu thi f 12 mot phép dong phoi va

chiéu dao lai ding hay sai?
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5.  Trén CY([a, b]), ta dinh nghia :
- p1(x) = |x(a@)| + sup|x' ()| , ¢ € [a, b].
- p2(x) = supl|x(?)|,t € [a,b].
- p3(x) = sup(|x(@)| + |x"@)), ¢t € [a,b].
a. Chang minh p;, p,, ps 1a cac chuan trén C*([a, b]).
b. Ching minh p, khong twrong duong ps .
c. Chang minh p; tuong duong p; .

6. ChoT:R"™ - R™ laanh xa tuyén tinh . Chang minh ton tai M sao cho
ITWI < llkll,vh € R™

7. Chof:AcR"-R™.Tanoi f thoadiéu ki¢n Lipschitz néu :

3L>0: |If ) — fFO)I| < Lflx -yl
Chung minh rang: Néu f thoa diéu kién Lipschitz thi f lién tuc déu.

,Vx,y € A.
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Chuong 4:

VI PHAN HAM NHIEU BIEN

4.1. Tim cac dao ham riéng cho cac dao ham sau, viét Vf .
a) f(x,y,2) =x7
b) f(x,y) = x¥
c) f(x,y) =sin(xsiny)
d) f(x,y,2) = x”"
Bai giai:
a) flxyz)=x"

Tathdy: f(x,y,2) = x¥ = e™)Y (x > 0,y # 0)

Taco:
of  9(x?¥) _
ax  ox yxr
0 0 (emxX)y
% = % = (Inx)x”
of
P 0

Nhu vay: Vf = (yx¥71, (Inx)x?,0)
b)  flxy)=x

Ta thay :
af _o(x”) _
- ax YT
0 0 e(lnx)y

Nhu vay: Vf = (yx?7 1L, (Inx)x?)
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c) f(x,y) =sin(xsiny)

Taco:
o . .
i sinycos(xsinx)
d o
@ = x(cosy)sin(xsiny)

Nhu vay: Vf = ( sinycos(xsinx), x(cosy) sin(xsiny))
d fluy.z)=x"

Tathdy: f(x,y,2) = x7° = e)¥*= 0™ (y 5 0 3, 5 0,7 % 0)

Ta co:

yZ
g — M — ny(yZ—l)

0x dx

af a(e(lnx)yz) ;

— =——~ =xY (Inx)zy??!

dy dy Y
(inx)e )z

or (e )

= x¥*(Inx)yZlny

0z 0z
Nhu vay: Vf = (y2x @D, x¥" (Inx)zy?~1, x¥” (Inx) y*Iny)

4.2.Cho g : R — R Ilaham lién tuc .Tim dao ham riéng cua:
8) fy) = [ g0t
b) f(x,y) = [ g(O)dt
¢) fxy) = [7 g(t)dt
d) fxy) = [ g(®at

&) f(xy) = [% 9% g(tyat
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Bai giai:
) feey) = [ gt

Ta xét hai ham G va u nhu sau :

G(s) = [, g(t)dt (G 1anguyén ham ciia g).

u(x,y) = x + y2.

Taco: f(x,y) = G(u(x,y)). Nén &p dung cong thirc ham hop :

of ou _ _
7 =G (u@y) = =gk +y?).1= gk +y?)

af / du 2
5 G'(ux,y)) oy ~ 9 +y)2y =2y.g(x +y7)

b)  flxy) = [ gde

Trudc hét ta bién doi f(x, y) nhu sau :

y

fon = | gt = | gt - j g(O)dt

y 0
Ta xét 3 ham G, u, v:

G(s) = fyx g(t)dt (G 1a nguyén ham cua g).

u(x,y) = x.
v(x,y) =y.
Tathay f(x,y) = G(u(x,y)) — G(v(x,y)). Do vy, 4p dung cong thirc dao ham

ham hop ta co :
of . ou v B _
5 =6 (ut ) 5~ = G (v ) 5~ = 9(). 1= g(3).0 = g(x).

of . ou , v B _
3y G'(u(x, y)).@ -G (v(x, y))-@ =g(x).0-g().1=—-g().
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0 fCuy) =" g®adt
Ta xét hai ham G, u :
G(s) = [, g(Ddt (G languyén ham cua g).

u(x,y) = xy.

Tathay f(x,y) = G(u(x,y)). Nén &p dung cong thirc tinh dao ham caa ham hop

ta co:

of .. ou
=G (u(x, y))-a = g(xy).y

0 , d
% =G (u(x,y)).% = g(xy).x

d)  feoy) = gde

Ta xét hai ham G, u :
G(s) = [ g(Ddt (G languyén ham cia g).
u(x,y) = sinxy.

Tathdy f(x,y) = G(u(x,y)). Ta co:

6f_G,(( ))6u_ nxy)
52 = ¢ wly))o—= g(sinxy).y.cosxy.

O _ 6wt y)). 2 = g(sinay)
ay_ ux,y ay—g Slnxy.x.cosxy.

e) flxy) = fxfg 9% g(t)de

Truéc tién tatinh [ g(s)ds.
Pat h(x,y) = [ g(s)ds.
Xét hai ham K, v :

K(z) = [, g(s)ds (K languyén ham cua g).
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v(x,y) =y.
Taco: h(x,y) = K(v(x,y)).
dh , ov
i K (v(x,y)).a =g(y).0 =0.
oh K dv _ =
3y (v(x, y))-@ =g().1=gW).
Do d6, Vh(x,y) = (O,g(y)).
Ta co:
Y Ss)as Y s)as X
fGoy) = [299% gde = [ 99 g(yde - [ g (o).
Xét ham :

G(s) = [, g(B)at.

u(x,y) = h(x,y) = K(v(x,y)).

[(x,y) = x.

Tathay: f(x,y) = G(u(x,y)) — G((x, ).

Nén :

0 , 0 , dl Y
% = G'(u(x, y))% —G'(I(x, y))-a =g (fb g(S)dS> 0—g(x)
= —g(0).

y
o _ 6 (utx, y)).% 6 (i, y)).% —g ( jb g(s)ds> 90) - g(x).0

dy
y
=g <j g(S)dS> .9)
b
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43.Chof:R->R

ﬂmm=”%i% (x,7) # (0,0)
0 (x,y) % (0,0)

Chtng minh rang Z—f/(x, 0) =x, % 0,y) = —y.

Bai gidi:
Taco: f(x,0) = f(0,y) =0
Truonghopl:x =0hodacy =0
Xét thay :
0,0+ h)—f(0,0 0
[OO+m) —fO0) _0_ .
h h
Suy ra ton tai :
0,0+ h)—£(0,0 0 0,0+ h)—f(0,0
i fQOEW = QO 0f o 00+ - F00) _
h—0 h dy h-0 h
Tuong tu :
of _fOO+h0)-f(00 0
300 = h =0

Truong hop 2: x,y + 0,tacod:
f,0+h) —f(x,0) f(x,h) 1 x*—h? x? — h?

n R Y R Y
Cho h - 0, ta thay:

x% — h? x% — 02
- X =
x2 + h2 x2 + 02
f(x,0+h)—f(x,0)

X X

Vay ton tai limy,_, va theo dinh nghia ctia dao ham riéng:

h
@(x,O)—llm =

h—0 h 0

Tuong tu, ta cling co:
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ﬁ(o )_limf(0+h,y)—f(0,y)_limf(h,y)_ i1y h? —y?
ax Y7 T 5o h Tho0 h hsoh P hZ 42
02 — h?
Yoy Y

Vay két hop hai trudng hop trén ta co diéu phai chang minh.

4.4. Tinh df cho cac ham sau
a) f(x,y) =xy°
b) f(x,y) = arctg(%)
Bai gii:
a)  fGy) =xy°

Taco:
af 3
a—y
af 5
@—39@/

Ta thay cac dao ham riéng nay lién tuc tai tai moi diém (x, y) thuéc R?. Suy ra f
kha vi trén R?,

Vaf'(x,y) =Vf = (¥ 3xy?)

Taco: df (x,y) = f'(x,y)(dx,dy) = (y3,3xy?)(dx, dy) = y3dx + 3xy?dy.
b)  f(x,y) = arctg(®)

Taco:
of ___ Y
dx x? 4+ y?
of «x
dy x2+y2
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Ta thay cac dao ham riéng nay lién tuc tai moi diém (x, y) thuéc R?. Suy ra f kha

vi trén R?,
Va:
df (x,y) = f'(x,y)(dx, dy) = ( xzi—yz,xzwz) (dx,dy) = o zdx+ 5 x2+y2 dy.

4.5. Tim dao ham riéng cua f theo s va t bang cach dung dao ham ham hop:
a) f(x,y,z) =x*>+4xyz,x =t +s,y =3t —s,z = t?
b) f(x,y) = x3sin(xy),x = tcoss,y = tsins
Bai giai:
a) f(x,y,z)=x*>+4xyz,x =t+s,y=3t—s,z =t>
of 6f6x+6f6y+6faz
at  dxdt  dydt 9zt
= (2x + 4xyz).1 + 4xz.3 + 4xy. 2t
=2(t+5)+4@Bt—5)t>2 +12(t +s)t> + 4(t + s)(3t — 5)2t
= 48t3 + 24st? — 8ts? + 2t + 2s.

6f 6f6x 6f6y+6fc')z
s 9x ds dyds 0z0s

= (2x + 4yz).1 + 4xz(—1) + 4xy.0

=2(t+5) + 43t —s)t> —4(t + s)t?

= 8t3 — 8t%s + 2t + 2s.

b) f(x,y) =x3sin(xy),x =tcoss,y =tsins

af 6f6x+6f6y+6faz

At ox dt dy ot 0z dt

= (3x?% sin(xy) + yx3 cos(xy)) cos s + tx* cos(xy) cos s
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2 tZ
= 3t%cos3s sin(? sin 2s) + t*sins cos* s cos(? sin 25s)

2
+ t>cos® s cos(— sin 2s)
6f 6fax+afay+0faz
s 9xds dyds 0z0s
= 3tx? sin(xy) + yx3 cos(xy) sins + tx* cos(xy) cos s
2 +2
= 3t%cos?s sin(? sin 2s) + t* cos3 s sin? s cos(? sin 2s)

2
+ t*cos*s cos(? sin 2s)

4.6.Chou = f(v,w) véiv = x —y,w =y — x. Chirng minh

au ou B
ox 6y
Bai giai:
Ta co:
6_u=gc')_v+i6_w ou 6f6v afaw )
dx Jdvdx Ow 0dx 6y avay ow ay
Ma:
a_vzl’ a_W:_L a—v:—l, a—W=1 (2)
0x 0x dy dy
Tur (1) va (2) suy ra:
W R_T T - 1)+ﬂ( 1)+ﬁ 1=0

ox Ay v ow
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4.7.Chox =rcos 8,y =rsinf, z = f(x,y). Ching minh

az\* 1 /0z\* [0f\* [Of\*
&) =G =G +G)
ar r2\d6 0x dy
Bai giai:
Taco:z = f(x,y), & dung cdng thac vi phan ham hop ta tinh duoc :
dz 0dfodx 0dfdy Of

a 6x6r+@6_r_a 059+$sm9
dz Of ox afay_af of
30 6x69+@% ar( sn9)+@rcost9
Vay ta co:
oz, 192,  9f of . 1 of of
24 2 _ 2 4 2
(ar) 2(69) ( C089+ay51n9) = ( r( sinf) + yrcos@)
of\* . of\’ .
=(a) (cos? 6 + sin? 9)+(@) (cos? @ + sin? 0)
of\* = of.,
- () + Gy
4.8. Cho

x =ucos 6 —vsinf
y =usinf + vcos @

vé6i 6 13 mot hang s6.Ching minh

(5 +G) =) + )

Véi f(u,v) = g(x,y)
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Bai giai:

Taco: f(u,v) = g(x,y)nén:

df 0gox dgdy O0g adg
v a£+@£ = acose +@sm9
Va

df 0gox 0dgdy 0dg _ dg
%_a%+@%_a(—sm9)+aycose

Do vay,

of\" | (OFY" _ (99 09 . N (%9, . . .99 N
) *(5) = Geeoso+3ym0) + (G o) +5000)

2 2 2 2

2 2

_ (09 oo dg oo o (09\°  (0g\?
—<a> (cos“0 + sin 9)+($> (cos“O + sin 9)—<£) +<@>

4.9.Choi = (1,0,0),j = (0,1,0),k = (0,0,1),p = (x,y,z). Cho f kha vi, chung
minh
) )
&) Dif @) = 2= (), Dif () = 2= ()

b) Do f (p) = AD,f (p) Véi a=(ay, a,, as) 1a mot vecto bat ki.
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Bai giai:
a)  Theo dinh nghia, ta co:
d d d d
DI P) = /() = 1.2 (5) + 0.5 () + 0.2 () = 2= ()
0 0 d 0
D) =J9F() = 0.5 () + L5 () + 0.5 (1) = 5= ()
0 0 0 d
Duf(®) = KF () = 0.5 (p) + 0.5 () + L () = 32 ()
b)  Tuwong tu nhu cau a, ta cling co:

Dyaf (p) = (Aa)Vf(p) = A(a.Vf(p)) = ADof (p) .

4.10. Tinh cac dao ham riéng cap hai cua f va kiém tra rang hai ¢dao ham han hop

0%f 0%f
0xdy’ 0yox

a) x3y
b) 3e*¥’
c) sin(x? +y?)

bang nhau, véi ham £ (x, y) cho boi

Bai giai:
a) f(xy)=xy
Taco:
af_ 5 af_ 3
A 3yx*, @—x
Vay suy ra:
0%f 0 (0f % f
-y
d0x? 0x\dx dy?
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o2f 9 (Of o’f 0 (of
=—(—)=3x2, =—<—)=3x2
dxdy ~ 0x \dy dydx Oy \ox
N L. 0%f _ 9%*f
Vay ta thay : oxdy — dyox
b)  f(x,y) =3e™’
Ta co:
af 3 xv3 af 3
— = y — = 9xy2eXY
ox SyTeT dy e
o°f 9 (of 6,xy3
=X = y
0x? Ox (6x> Sye
azf d af 3 3
TS _Z (2L -1 xy 27 2.,4,xy
3y% = 3y (6y> Srye™ Ferxiyte
Va:
0%f 8 (0f\ 9(9xyre™?) — 3
_ Y (Y _ — y 5,xy
dxdy  0x (ay) 0x e oy
0*f _ 0 (3fy _0(3y%e™ ) ., ;
_ Y (Y _ — y 5,xy
5y0% = 3y <6x> e 9y“e™ + 9xye
. 1. 9%f _ 9%f
Vay ta thay: oxdy — ayox
c) f(x,y) =sin(x? + y3)
Taco:
f_ ) 3 af_ 2 2 3
ax_Zxcos(x +y°), ay—3y cos (x“ +y~)
azf 0 af 2 3 23 2 3
ﬁ_a(a)—Zcos(x + y°) —4x°sin (x* + y°)
azf 0 af 2 3 4 . 2 3
6_)12_@(5)_6)]C03(x + y°) = 9y*sin (x* + y°)
Va:
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0% f a (of 5 . ) 5
axdy a(a) = —6xy“sin (x* + y°)
d%f a (0f 5 . ) 3
yox @(&) = —6xy~sin (x* + y°)
Vay ta thay :
o’f _ o*f
dxdy  0yodx

4.11. Tinh cac dao ham riéng cap hai cua ham ba bién £ (x, v, z) v6i ham nay la

a) sin(xyz)

b) x4 2 3
Bai giai:

a)  f(x,y,2) = sin(xyz)
T yacostxyn) L= azcostayn L=
Frvi yzcos(xyz 3y xzcos(xyz P xycos(xyz)
Pao ham cap hai :
O%f _0(f\_ .
Froh 5(&) = —y*“z“sin(xyz)

3y ;x 3y ( 6x) —xyz? sin(xyz) + zcos(xyz)

0°f _ 0 L
0yox ay(ax) xyz* sin(xyz) + zcos(xyz)

o°f 9 i
Fyr ( ) = —xy* zsin(xyz) + ycos(xyz)
52
0°f 0 (0fy _ 5, 5.
32~ oy (6)1) = —x*z*sin(xyz)
2
f 0 (9f\ _ 2
ox3y  ox ( ay) = —xyz* sin(xyz) + zcos(xyz)
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8yz3x3

= 6x*yz?

= 12x3y?z?

%f 9 (Of 5 _

Fo £<@> = —x*“yzsin(xyz) + xcos(xyz)

o’f a (of .

== = a(a) = —x2y? sin(xyz)

0% f 0 (Of .

3207~ Ox <£> = —x y?zsin(xyz) + ycos(xyz)

02 d (0

ay;Z = $(£> = —x? yzsin(xyz) + xcos(xyz)

b) flxy,2) =x*y?z’

of . 233 Of _ 5 4,3 of

x 4y“z>x @ = 2x%z°y 37

Pao ham cap hai :

ﬂzg(g>=12y223 aZf =i<g):

0x2 0 \dx ’ dydx 0y \0x

62 d /0 62 d (0

=3 a0) =127 5= (5,) =2
y? 0y\dy

0% f =g(g> _guir S :i(ﬁ)

dxdy 0x\dy Y ’ 0zdy 0z \dy

PE_ OO0 e P2 (00

0z%2 0z \0z Yo 0x0z 0x\0z

0:f 0 (Of 4 o

xdz &(E) = 6x7yz
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4.12. Ham f duogc goi 1a ham diéu hoa hai bién néu

0?2 0?2
dx? dy?
trén mién xac dinh cia nd. Kiém tra rang cac ham sau 13 ham diéu hoa
a) xZ _ yZ
y
b) artg =

c) In (x? + y?)

d) (e¥ + e™)sinx

e) \/x + /x? + y?
f) X

x2+y2
Bai giai:
a)  fly) =x*—-y?
Taco:
of of
=2 —=-2
ax Y gy T 7Y
Wf_a(W'_z
d0x?  0Ox 6x>_
’f 0 (6f>__ )
oy dy\ay)
Suyra:
0% 0%
07 9T
d0x?  0dy?

Vay f(x,y) = x? — y? 1a ham diéu hoa.
— y
b) f(x,y) = arctg (x)
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of ___ ¥y
ox x? + y?
af  x
dy  x2%+y?
Suyra:
0°f  —(=y).2x _ 2xy
0x2 - (xz 4+ yZ)Z - (xz + y2)2
0°f —x2y  —2xy
ayz - (x2 + y2)2 - (x2 n y2)2
Suyra:
0% 0%
0x? 0dy?

Vay ham da cho 12 ham diéu hoa.
c) f(xy)=In(x*+y?)

Tach:
of  2x of 2y
ox x2+4+y2 "’ dy x2 4+ y?2
0°f  2y* —2x? 0°f  2x*—2y?
0x2 - (xz +y2)2 ’ 6y2 - (xz +y2)2
Suyra:
0% 0%
OF L _
d0x? = dy?

Vay ham da cho 12 ham diéu hoa.
d flxy) =(”+eY)sinx

Taco:
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af
Fie (e¥ + e Y)cosx
d
a—f = (e —e ¥Y)sinx
Khi d6 :
62
a_szf =—(e¥+eY)sinx
2
a_yz = (e¥ +e7Y)sinx
Suy ra:
02 02
O L9
dx? = 0y?

Vay ham di cho 1a ham diéu hoa.
e) flxy) = \/x +Vx% +y?

Taco:

X

14—
o TTEEy  Tiges 1R
ox a T2 212

2Jx+ x% + y2 2\/x2+y2\/x+ x% + y? Xy
Vay ta dugc:

/1+ / Zx 2
* Ty x% + y? +\/x+,/x2+y r—

aZf 1 \2\/X+ x2+y2/
ax2 2’ xX2+y
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(x + /%2 + y2)y/x2 + y?
1 2\/x+\/x2+yz.\/x2+y2 x.\/x+ x2 + y2
+

x% +y? Vx4 y?

\/x+,/x2+y Jx+ x% + y?
x? +y? Jx2+y?

\/x +/x% + y2(xy/x2 +y2 + 1)
x% +y?

N |

Y

f VX% + y?
=
Y 2Jx+ x% + y? 2\/x2+y\/x+ x% + y?

Vay ta dugc:
d%f
dy?
Y
/ 2+ 2
w/x2+y2\/x+,/x2+y2+y %\/x+\/xz+yz+\/xz+y2 A
VT ty 2\[x+ x% + y?
- 2(x2 + y2)(x + /x2 + y2)
2 + 2_|_ 2 2+ 2
w/x2+y\/x+ xZ+y?+ yP(c+ a4 Ryt y Y
2(x2 +y2) [x +/x% + y? 2(x2+y2) X+ /x% +y?
- 2(x2 + y2)(x + /x2 + y?)
Ta thay:
2f+62f 0
dx? = 0y?

nén ham da cho khong 1a ham diéu hoa.
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X

N fey) =55
Ta co:
of x*+y*—x2x  y*>—x?
dx (x2 + y?)? (x2 + y?)?
of —x2y  —2xy
dy (x*+y?)? (x*+y?)?
Khi do6 ta co:
0°f  —2x.(x* +y*)* = (y* —x%).2(x* + y*).2x
0x? (x2 +y?)*
_ —2x% = 2xy? —4xy® +4x®  2x° — 6xy?
(x? +y?)3 (x? +y?)3
0°f  —2x.(x*+y*)?*+2xy.2(x* +y?).2y —2x>—2xy® + 8xy”
ayZ (xZ + y2)4 (xz + y2)3
_ —2x% + 6xy?
(xZ + y2)3
Suy ra:
2 2
T % ~ 0

Vay ham da cho 12 ham diéu hoa.
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4.13. Ham f goi 1a ham diéu hoa ba bién néu
0% 0% 0?2
f+ f+ f=0
0x? dy? 0z2

trén mién xac dinh caa n6. Kiém tra xem cac ham sau c6 1a ham diéu hoa hay

khong
a) x%+ y?—2z2
b) In(x? + y% + z2)

1
) e

d) e3**4Y cos(5z2)

Bai giai:

a)  f(x,vy,z) =x*+y?— 2z
Taco:

of of of

a—Zx @—2}7 E— 4z
Va:
*f 9 <6f>_ azf_af(6f>_2 *f d <6f)_ .
ax2  ox\ox) dy2  oy\dy) 0z2  0z\oz)
Vay ta thay :

0°f 0°f O°*f
dx? * dy? M 0z2 0

Suy ra, ham f(x,y,z) = x? + y? — 222 1a ham diéu hoa.
b)  f(x,y) =In(x? +y% + z?)

Taco:

of 2x of 2y of 2z

Ox x2+ y2 + z2 dy x2 4 y?+ z2 0z x2+y?+ 72
Va:
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62f_ 0 (af) _2(x2+y2+22)_2x(2x) B _2x2+2y2+222
Ox?  3x\ox (x? +y2 +2%)? (x2 +y? + 2%)?
ﬁ_ﬁ(ﬁ) _2x*—2y* +27°
dy?  ay\dy/  (x2+y?+2z?%)?
0*f _ 0 (af> B 2x% + 2y?% — 2772
0z%2 0z\0z (x2 + y2 + z2)2
Vaytaco:
0*f 0°f azf_Z(x2+y2+zz)_ 2
0x*  0dy* 0z* (x*+y*+2z?)? x*+y*+2z°

Suy ra, ham f(x,y) = In(x? + y? + z?) khdng phai 1a ham diéu hoa ba bién.

c)
Taco:
of
ox
of
dy
of
0z
Vay ta duoc :
0 f 0 (af ~
d0x?  0x (’)x) B
aZf_ d (0f
dy? 9y \dy
0*f _ d (of
0z2 9z \0z
Suyra:

1
f(x,y,2) —m

— (xz _l_ y2 _|_ ZZ)—l/Z

1
—E(x2 + 2 +22)73/22x = —x(x? + y? + z%)73/2
L a2 2y-3/2 2 4 2 4 ,2\=3/2
—E(x +y°+z°) 2y = —y(x°“+y*+2z°)

1
—E(x2 + Y2 +22)73/227 = —z(x? 4+ y? + z%)73/2

3
—(x2+y2+2%)73/2 4 Ex(x2 + 2 + 22)75/22x

(x% + y? + 2z2)73/2 4+ 3x2(x? + y? + 2z%)75/2

d
(—) = —(x* +y* + 28732 + 32%(x? + y? 4 z2)75/2
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0% 0% 0%
f+ f_|_ f
d0x? 0y? 0z?
= =32+ Y%+ 22732 + 3(x% + y% + z9)75/2(x? + y% + z?)
=32+ y2+2z3)32 +3(x%2+y%+2z%)732 =0

Vay: ham f(x,y,z) = Jﬁ 1a ham diéu hoa ba bién.
d) f(xy2) = e>*** cos(5z2)
Taco:
0
% = 3e3**t% cos(52)
0
% = 4e3%t4Y cos(52)
0
6_]; = —5e3**%sin (52)
Vaytaco:
0% d (0
c’)—x]; =3 (%) = 9cos (5z)e3*¥ttY
0° d (0
a—y]; =3 (%) = 16 cos(5z)e3**t4Y
0% d (0
a—zjzc £(£> = —25e3**% cos(5z2)
Suyra:
02f 0f o%f

= 25cos(5z) e3*¥*t — 25e3*+% ¢os(5z) = 0

ax2 " ay? T a2

Vay ham f(x,y,z) = e3*** cos(5z) 1a ham diéu hoa ba bién.
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4.14. Cho
xy(x? —y?)
fry) =4~ x2+y2 (x,y) # (0,0
0 (x,y) = (0,0)

a) Tinh £ (x,y), fy(x,y) tai (x,y) = (0,0) va (x,y) # (0,0). Suy ra biéu thic
cua £,,(0,y), f, (x, 0).

b) Dung cau a) dé tinh frey (X, ¥), fyx(x,¥) V6 (x,y) # (0,0) va tinh
£y (0,0), £ (0,0). Tir dé suy ra £y, (0,0) % £,(0,0).

¢) Gia thiét nao caa dinh i 4.1, chuong 4 bi vi pham trong vi du nay? Chung
minh khiang dinh cua ban.

Bai giai:
a)  Xét(x,y) = (0,0)

Ta co:
f(h’o);f(o'o) = 0Vh # 0.
Ton tai
af : . f(h0O)—=f(0,0)
P (0,0) va £, (0,0) = }ll_r>r(1) A =0

Hoan toan twong tu, ta cling c6 : f;, (0,0) = 0
Xeét (x,y) # (0,0)taco:

(. y) = d (x’y—xy*\  GBx?y—y*)(x* +y*) - 2x(x°y — xy?)
fe 6y Cox \ x24y2 | (x2 + y?2)2

B x*y + 4x2y3 —y°
(% + y2)2
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0
fy (xly) _@< x2+y2

(x% + y2)2
B x5 — 4x3y? — xy*

(x2 + y2)2

NOi riéng :
fx (0,y) = RO —yvaf, (x,0) =

b)  Xeét(x,y) # (0,0)
Taco:
0

f;cy (X,y) = E(

x*y + 4x2y3 —y°
(x% + y2)2

_ O 412272 — 5y (e® +y*)? - 2(x* + yH) 2y) (x*y + 4x’y? — y>)

x3y — xy3> (7 =3xy?)(x* +y?) = 2y(xPy — xy?)

(XZ + y2)4-

_ (x® + 9x*y? — 9x2y* — y9)
(% + y2)3

(*)

fyx (x,y) = a_ (x2 + yz)z

0 <x5 — 4x3y? — xy4)
x

(5x* — 12x2y%2 — yM)(x? + y?)? — 2(x%2 + y2) (2x) (x> — 4x3y? — xy*)

(xZ + y2)4-

_ (x® + 9x*y? — 9x2y* — y9)
(xZ + y2)3

Xeét (x,y) = (0,0). Taco:
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fey) — £,(00) _—h -0

h h
Tn tai

=—-1,Vh#0

fx (0, h) - fx (0,0)

Tuong tu, tacé :

fy(h, 0) - fy(OJO) _
h

fyx(0,0) = }li_rg

Vay f,(0,0) # £,,(0,0) .

¢)  Trong vidunay f,,(0,0) # f,,(0,0) do gia thiét lién tuc ciia hai dao ham
riéng fyy, fyx trong dinh li 4.1, chuong 4 bi vi pham.

That vay, ta s€ chitng minh £, khong lién tuc tai (0,0).

Xét day (-,2) - (0,0). Thé vao (+), ta thy

fxy( —)—OVnEN
Do d6 khin — oo: fxy( ) 0 # £,y (0,0) = —

Diéu nay ching to fxy KhONg lién tuc tai (0,0).

4.15. Cho:

y—X Z—-X

a) u=F ( proali ) Chtng minh

ou ou ou
x2_ 2 + z 2

oz Y oy %=V

b)u—x3F(— —)Chu:ngmlnhx—+y +z Z=3u.

XZ

— 2 _ a2 . ; 9z 9z _ xz
C) z=y.f(x*—y ).Chu:ngmmhyax+xay— "

103



Chuong 4: Vi phan ham nhiéu bién

d) z=xy +xF (3;’) Chung minh xg—i+yg—; =xy +z.

e) u=f(r)véir = (x? + y? + z2)'/2. Chiing minh

( )2 ( )2 (E)2=( )2,

XZ

a) uzp(ﬂjﬂ)
Xy
5 —ryx — X
Datp_xy'q Xz
Khi d6: u = F(p,q)
Ta co:
du _ 9Fdp | OFdq du
dx  dp dx 6q0x’6y

Ma:

dp —-(y)-@-x)y -1

ax (xy)2 - x?2

op _(y)-—(@-xx 1

ay (xy)? T y?
dp

=0
0z

Do do, tasuyra:

Bai giai:

_9Fop  9Fdq ou _2Fdp  0Fdq

opdy 0qoy’ az dp 0z dq 0z

ou_OF -1 OF -1_-1 <6F OF

dx dp x? aq X2 %2
du OF 1 OF 1

= 4+ —0=—
dy dp y* 0dq y?

oF

ap

6u_6F0+6F 1 1 0F
dz dp dq z2 z2 dq

dp 0q

aq_
ox

dq
ay
dq

az:

%)

—(xz) - (z—x)z _

-1

(xz2)?

=0

(xz2) — (z—x)x

(xz)?

x2

1

ZZ
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Khi d@o, ta c6 :
ou du ou —1/0F OF 1 OF 1 OF
200 2% 20 2 (9P 2 T S el
6x+y 6y+Z 0z x2(6p+6q> y y? 6p+Z'zz'6q 0

Vay ta c6 diéu phai chting minh.

b) u=x3F (X,E)

X X

batp =

><I‘<

VA
q=;
Khidotaco:u = (x,y) =x3F(p,q)

Dung cong thirc dao ham ham hop ta c6 :

6_u=3 25 4 3 (aF ap_l_@F 6q>

d0x dp dx 0dq Ox

= 3x2%F + x3 <6F HEA oF _Z> 2F—x(aF y+a—F z)
dp x2 aq x? dp dq

du JF 0 JF 0 dF 1 O0F oF

5= Graytam) G a )

ou JF dp OF 0dq JoF oF 1 oF

E:xg(ap 3z " az)zxg(ap 0+35q E)_x aq

Do vaytaco:
ou ou ou oF oF oF oF
ax+y@+za—3x3F—x (y%+2%)+yx %+zx %—3x3F
= 3u

Ta ¢ diéu phai chang minh.
) z=y.f(x* -y
batt = x% — y?

Khido:z =y.f(t)

Taco:
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0z (df oty of  akx*—y?)
&‘y(%&) _y<6(x2—y2)' ox

of
=G

0z of d(x? —y?)
_ 2 _ 4,2
af
_ 2 _ )2 _ 9y2
f(x*—y*) =2y A —37)
0z 0z of of
_ _ 2 5 2 _ 2 2 Y5
y6x+x6y 2xy a(xz—y2)+xf(x y“) — 2xy =59
XZ
=xf(x? —y?) =—
f y ;
Vaytaco:
6Z+ 0z xz
yax xa oy
— 4
d) Z—xy+xF(x)
Taco:
Déttz%,khidézzxy+xF(t)
0z JF ot oF —y
=y Q)G a) v+ F Q)+ (5 )
B v\ —y OF
—y+F(x)+ e
az_ (OF at)_ N (aF 1)_ oF
ay ot ay) ~ F T \acx) T T Gt
Suyra:
02 9%yt F(y)+ i S
X yay—xy XF(Z)tx— oo txyty—-=2xy+z—xy

=Xxy+z
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Vay
0z 0z
Xa-l'y@ = xy+z.

e) u=f(r)véir=(x2+y?+z2)1/2

Taco:
Ju df or df X
ST e
ou df or df y
T T P
ou_df or_df
0z dr 0z

: 1
dr (x?+y?%+2z2)2

Do vaytaco:
<6u)2 N <6u)2 N (6u>2
dx dy 0z
B df 2 x2 N yZ s 72
B (dr) \x2+y2 422 x24+y?4+z2 x24y? 4272
_ ou\ >
B (6r>

Vay ta c6 diéu phai ching minh.

(&)
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4.16. Néuu = f(r) véir = (x? + y? + z?)/2, Chitng minh
0%u N 0%u N 0°u _ d*u N 2 du
0x2  0y?z  0z2 dr? rdr

Bai gidi:
du dfor df X
dx drox dr (x2 +y? + z2)1/2
Suyra:

0%u B dzf X 2
0x2  dx2 \(x2 + y2? + z2)1/2

+ df 1 x?
dr \(x2 + y2 + z2)1/2  (x2 4+ y2 4 z2)3/2

_d*f x? L4 1
Cdx?(x2+y2+2z2)V2  dr\(

X2
X2+ y2 + 72)1/2 - (x2+y2 + 22)3/2>

Tuong tu :
0%u B d*f y?
dy?  dr? (x%+ y? + z2)1/2
N df 1 y?
dr \(x2 + y2 + z2)1/2  (x2 + y2 + 2z2)3/2
d0%u B dzf 72
dz2  dr? (x2 + y2 + z2)1/2
N df 1 72
dr (x2 + y2 + 22)1/2 (xZ + y2 + 22)3/2
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Suyra:
0*u 0%*u 0%u
a2 ay? 922
d’f x> +y?+z% df 3 x2+y? + z2
T dr2x? + y? + z2 +E<(x2 + y2 + z2)1/2 - (x2+y2 + 22)3/2>
_&f 2df
dr? rdr

4.17. Choham F(x,y) . Giasut x = f(u,v) ,y = g(u,v) va G(u,v) =
F(f(u,v), g(u, v)). Chang minh rang ta cé

902G 0%G (9%F 0%*F\[/0f\* [0f\*
6u2+6v2=(6x2+6y2> (50) *(50)
Vi
of dg of  adg
u ov’' dv  ou
Bai giai:
Taco:
dG O0F 0x OF oy
au_ 9xou dyou
902G 0 (OFdx\ @ (OF dy
W=a(a£)+@(@a>
d (OF\dx OF @ (dx\ @ (OF\dy OF 9 [dy
=a(a)a+a£(a)+a(@)a+@a(a>
_ 0 (OF)0xdx , O (OF\OyOx OF 0% | 0 (OF)0xdy O (OF)0y 0y
0x\0x/oudu dy\dx/oudu 0xou? 0dx\dy/oudu dy\dy/oudu
OF 0%y
dx du?
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_9?F (3f\*  9°F dgof OFd*f 9°F 9f dg 9°F (dg 2 9F d%g
~ ox? <6u) dydx dudu  9x du? 6x6y6u6u+6y <6u> +EW
Tuong tu ta co :
0%G
ov?
02F (df\* 0%F dgof OF%f 0%F dfdg 02F ;dg\°> OF d%g
=W<%> 6x6y6v6v+6x dv? 6x6y6v6v+6y (617) +EW
Suyra:
%G 0%G of of dgof dgdf 0dfadg Ofag
ou? = Jv? 6x2 [(au) +<6v>]+6x6y(6u6u+6v6v+6u6u+6v6v)
+6F 9%f 62f> [( ) < )] (6 g+62_g>
dx \du? 0Jv? dy \ou? 0Jv?

20T 2
=ZTZ _<%> " (ai) _

B CRE

]

dy?|\ou
0%F [(0f\* (0 0%F [/ 9f\* [0f\*
ORI E= e
dx?|\du ov/ | dy%|\ ov ou
0%F 9%F\[/9f\> [0f\*
- (552 D
dx?  0dy?)|\du v
Vi theo hé thirc Cauchy —Reimann ta co:
df dg of g
ou ov’ v ou
0% _d%g O _ 0% 0%g 0% _ 9 0
uz  oudv vz owdv " aur T ovz o louz " gv?
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4.18. Cho ham F c6 2 bién x, y. Ta n6i F 1a ham thuan nhét cdp a > 1 néu
F(tu,tv) = t*F(u,v)

VvGi moi u, v, t.

Chting minh rang néu F 1a ham thuan nhat cip « thi

oF oF
a) xa+y£— aF(x,y)

0%F 9%F 0%F
b) xzﬁ+ ny%+yzﬁ = ala — 1DF(x,y)

Bai gidi:
a) bat g(t) = F(tu, tv) = t*F(u,v)
Khi do :
g @) =at*1LF,v). (1)
bat x(t) = tu, y(t) = tv.
L4y dao ham g theo bién t, ta co:
9'® =5 (x(©),y(0).x'(©) + 5= (x©),y(©). ¥ () = u3E (tu, tv) +
v g—; (tu, tv)  (2)

T (1) va(2)suyra:

0 0
wl (tu, tv) + v (tu, tv) = at®LF(wv) Veuv €R

Chot=1,tach uZ—i(u,v)+vZ—§(u,v) - a.F(u,v) Yuv €R
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Hay xz—f;(x,y) + yz—i(x,y) = a.F(xy)

Vay ta c6 diéu phai ching minh.

b) Theo ciu ata co dao ham cua g theo t 1a g'(¢).
LAy dao ham cua g '(t) theot, taco :

OF t, t0) X (D) + (1, 0.y’
oz (tw tv).x 550 U, tv).y

g =u

0%F , d%F ,
+v [ (tu, tv).x (t) + a_yz (tu,tv).y (t)]

dxady
2 2 2
= 2____
u 322 (tu,tv) + uv 3y9x (tu, tv) + uv 3x3y (tu, tv)
2
+ v? 37 (tu, tv)
2 2 2
— 2 ) 2_
u 722 (tu,tv) + 2uv 3x3y (tu, tv) + v 3y (tu, tv)

Theo (1) taco:
g (®)=a(a — Dt*?F(u,v)

Suyra:

w2 ZE Cou, ) + 2uv 2 (tu, tv) + 2 ZE (tu, tv) = ala — 1)t%2F (u, v)
dx2 ’ 0xdy ! 0y? ! !

Chot=1
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0%F 2 0%F
u?—(u,v) + 2uv
dx?

22 ° — _
923y (u,v) +v 377 (w,v) = ala — 1DF(u,v) Vu,v € R

Hay %25 (x,y) + 20y 2 (0, y) + y2 2L (0, y) = a(a — DF(x,y)
ox2 oxoy >’ oyz "’ ’

Ta c6 diéu phai chang minh.

4.19. Cho F la ham thuan nhét cap hai. Pat u = r™F(x, y) véi r? = x? + y?
Chutng minh rang

0°u d*u _ _ (0*°F O°F -
WJ’a_yz_ <W+a—yz>+m(m+4)r F
Bai giai:
DitR =1r? = x? + y?
Suyra:
m
u=r"F=R2F
Vaytaco:
u_m m_la—RF+Rrga—F——R7_12xF+R%—F
dx 2 0x 0x 0x
’u  m,m m_@R\*  m m_ 3*°R_ m m_ OROF
=7 (3 )R (Gy) FrgRe i GaFt R g
m m_, QROF ma*F
+=Rz '——
2 dx 0x dx?
m m m_, L, m m_, m m_ JdF m m_ = OF
=7(7—2)R2 (2)%F + 5 R2'2F + - R? '2x——+ - R2 ‘2
m g%F
+R2W
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m_, m_, oF m_ 0F ma*F
=m(m — 2)R2 “x?F + mR2 F+mR2 y—+mRzZ 'x—+R2 —
0x 0x dx?
m_, m_, oF mQ?F
=m(m — 2)R2 “x*F + mR2 F+2mR2 xy—+Rz—
0x dx?
Tuong tu:
o _ (m—2)RZ"2y?F + mRZ"'F + 2mRz " 6F+R7§6F
axz T Y m m yay dy?
Vaytaco:
mo,, 5 m_, m_,( OF oF
=m(m—2)R2 “(x*+y“)F +2mR2 "F + 2mR2 ( +y )
ox dy
R 62F+62F
d0x?  0y?
m_, m_, 0%F 0°F
=m(m—2)R2"F + 2mR2 F+4mR2 F-I—R =t
d0x?  0dy?
0%F 0°F
'F(m? +4m)+R =t
0x dy?

= 62F+a2 + + 4)rm-2F
=rm ox2 T 552 m(m + 4)r

4.20. Khao sat tinh kha vi cia anh xa f : R? - R xac dinh boi
f(x) = x| + |x2].
Bai giai:
Taco:
|he, holleChy, hy) = f(xg + Ry, xp + hy) — £, x2) — VE(xq, x2) (hy, hy)
=[xy + hyl + |xz + hy| = |x1| = [x2] = VE(xq, x3) (hy, hy).
Ta chia R? ra lam 4 géc phan tu va cac duong thang x; = 0,x, = 0.
Chon g6c phan tu thi | 12 Dy :
Véi Dy = {(x1,x3)|x; > 0,x, > 0}
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D, latap mo nén 3r > 0sao cho B(x,r) < D4, ||h]| < 7.

R rang 4 tap déu ma nén ta chi ching minh cho mot tap, (ba tap con lai hoan toan

tuong tu).
*  Chung minh f kha vitrén D;:
Trén D, thi F(xq,x,) = X1 + X5

af of

Taco: —=1;, =—=1.
a4¢0 0x4 dx,

Do vay Vf(x,,x,) = (1,1)

Do D; m&va (xq,x,) € D; véi moi h € R? thoa |h| < r c6:

|hlleCh) = f(x1 + hy, x5 + hy) — f(x1, X2) — VE(xy, x3) (hy, hy)

= (%1 + hy) + (x2 + hy) — (1 + %) — (L,1)

= (%1 + hy) + (xz + hy) — (x; +x2) = (hy + hy) =0

g(h) = 0V|h| <rnénlimjoeCh) =0

Vay f kha vi trén D;. Suy ra f kha vi trén R2.

*  Chéing minh f khéng kha vi trén hai duong thang x; = 0 ,x, = 0

Chi can chang minh f khdng kha vi tai x; = 0.

. f(xy,x) — f(0,x5) ) |21 | + [x2] = [x3] . X

lim = lim = lim — =1
x1—>0+ X1 x1—>0+ xl x1_>0+ X

. flxy,x) — f(0,x5) ) |21 | + [x2] = [x3] ) X

lim = lim = lim ——= -1
x1—0~ X1 x1—07 X1 x1—0~ X

. [, x) = f£(0,x3) . flxyx) — £(0,x3)

lim # lim
x1-07F Xq X107 X1

Tuong tu ta tinh duoc tai

[, x5) = f(x1,0) _ f(x,x5) = f(x1,0)
x, =0, lim # lim
x,—0%F Xy xX2—07 X2

Vay f khong kha vi trén hai duong thang x; = 0,x, = 0.
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4.21. Khao sat tinh kha vi cua anh xa f: R — R xac dinh boi

X) = maxXx;
f(x) = maxx;

N

Bai giai:

PitU = {(x,y) € R?| x = y}

Ta chitng minh f kha vi trén U va khong kha vi trén (R?\U)

Taco:

U={(xy) eR*lx>y}U {(x,y) ER*|x <y}

Xét D; = {(x,y) € R?| x > y}. LAy (u,, v,) bat ki trong D,

lim
x-uyt

lim
x—>u0_

lim
y-vo*t

lim
Vad Ol

Vay f ¢6

Cac dao ham riéng nay lién tuc trén D;. Suy ra f kha vi trén D,

max(ug,v,) — max(x, v,) )
uo — X B

max(uo,vo) — max(x, vo) —1

uO_x

max (g vo) — max(ugy) _

Vo —)Y

max(uo,vg) — maX(uo,y) _
Vo —Y -

0

dao ham riéng theo huéng x va y, V(x,y) € D,

Tuong ty cho D,, tasuyra f khavitrén U
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Xét R?\U, lay (t,t) € R?\U

max(t, t) — max(x,t) "

x-tt t—x

max(t,t) — max(x,t)

lim
x—=t~ t—x

Suyra f khong kha vi trén R?\U.

Vay f kha vi trén U va khong kha vi trén R?\U.

4.22. Cho ham f : R™ — R la ham kha vi tai moi diém caa R™. Chang minh rang

néu :Tf (x) = 0 tai moi x thi f khong I¢é thudc vao bién thi nhat.
1

N

Bai giai:
Ta can chitng minh f khong Ié thudc bién thir nhat, nghia 1a véi x,, x5, ..., x,, €6
dinh thi
f(t,xy, X3, o, ) = f(S, %1, X3, .., Xp) VOiMOI £, 5 € R.
Mataco:

t d(x,xy,...,

. t
F(t, %0, X3, e, X)) — f(S, %1, X5, ey X)) = fs o ) gy = fs 0dx =0

Ta c6 diéu phai chang minh.
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4.23. Cho D c R? xac dinh bai
(xy)eDe=(0<x<lva-1<y<1hay(-1<x<0vas<|yl<1)
Xét f: R? - R xac dinh boi

x? khiy>0,x<0
flx,y) = 0  Kkhi x>0
—x? khiy<0,x<0

Ching to rang Z—f](x, y) = 0,voi moi (x,y) € D. Chly rang f thay d6i theo y.
Bai giai:

Xétftrenmien0<x<1lva—-1<y<1

Taco f(x,y) = 0vix > Onénj—’y“(x,y) =0

Xét f trén mién —1 < x < Ova%<y< 1

Taco f(x,y) = x% khiy > 0,x < Onén%(x,y) =0

Xétftrenmin —1<x<0va—-1<y< —%

Taco f(x,y) = —x% khiy < 0,x < OnénZ—f](x,y) =0

Xét tai truc Oy:

Taco:

_ fO,y+h)—-f(0,y) 0-0
£,(0.y) = lim - —— =0
Tai (0,0):
. f(O,h)—f(O,O)_O—O_O_l. f(0,h) — £(0,0)
hl»r(r)l- h - h _er(r)l+ h
£,(0,0) = 0.

Vay £ (x,y) = 0, voi moi (x,y) € D.
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4.24. Cho ham g lién tuc trén duong tron don vi {x € R?|||x|| = 1} va g(0,1) =
g(1,0) =0,g(—x) = —g(x). Xét f : R? > R x4c dinh boi

) = ||x||g(” ”)khlx¢ (0,0)
0 khi x = (0,0)

a. Chang minh rang ham h : R — R xac dinh bai dang thac h(t) =
f(tx) (trong @6 x € R?) la ham kha vi.
b. Chang minh rang f khong kha vi tai (0,0) trir khi g = 0.

Bai giai:
a.  Theo d¢é bai ta c6: h(t) = f(tx) nén ta s& chang minh

h(t) = t||x||g(” ”) VtER.

Véit > 0,tacod h(t) = f(tx) = ||tx|lg (”t ”) = tllxllg (t” ||) = tlixllg (n ||)

Tuong tu, Véi t < 0, ta co:

h(t) = f(tx) = |ltxllg (”ix”> = ~tlixllg (_tt|3|6x||) = il <_g (ﬁ»

= tllxllg (Iljcc_ll>

Khit = 0thi h(0) = £(0) = 0

Vay ta dd co h(t) = tllxllg (” ”) Vvt € R.

Ta théy h 13 ham sé bac nhét theo t. Nén h kha viva h'(t) = ||x|lg (” ”) vt € R.
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b.  Véi moiu € R? ||lull =1,ta s& chitng minh tén tai D, f(0) va D,f(0) =
g(u)

u

That vay, theo cau ata co f(tu) = t||ullg (—) vVt € R.

llull

Xét thay:

u
few) = f0) _ tlullg ()
t t

= g(u), vt € R\{0}

f(0+tu)—f(0)
t

Do d6, ton tai lim,_,, va theo dinh nghia dao ham theo hudng ta co:

A AL el (O

t—0

g(u)

Xét x € R?, ||x|| = 1 batKi.

Piti; = (1,0),i, = (0,1). Giasit x = (x4, x,).Tathiy x = x;i; + x,1i,
Néu f kha vi tai (0,0), ta c6: D,f(0) = aVf(0), Va € R?

Suyra:

Dy f(0) = xVf(0) = (ciy + x203)Vf(0) = x1i,Vf(0) + x,i,Vf(0)
= x1D;,f(0) + x,D;,f(0) = x4 g(iy) + x5 g(i3)
=0,(do g(iy) = g(i;) =0)

Mat khac, vi D, f(0) = g(x), tasuyrag(x) = 0.

Pao lai, néu g(x) = 0 ,vx € R?, ||x|| = 1,ta dé thay f = 0 va do d6 kha vi
tai (0,0).
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Vay f khong kha vi tai (0,0) trix khi g = 0.

4.25. Chting minh rang ham

x|yl .
———— khi (x, 0,0
oy = fazrye ) # 00
0 khi (x,y) = (0,0)
khong kha vi tai (0,0).
Bai giai:
Tach:
of _ . f(hO)=fO0) _
ox  hoo h B
of _ . fOm)-f00)_
dy  noo h N
Vay : V£(0,0) = (0,0) va
iy = LR = FO0) = (IOTF0.0) _ hlk| __hlk]

VhZ + k2 VRZrkZVRZ ¥ k2 h? A kP
Chon (h, k) = ()

Ta thay :

Véimoin €N, e(h, k) + 0Kkhi (h,k) - 0vado do f cling khong kha vi tai
(0,0).

4.26. Chiing minh rang ham £ : R? » R xac dinh béi f(x,y) = \/lx_yl khong kha
vi tai (0,0).
Bai giai:
Chang minh f khong kha vi theo huéng h = (1,1) tai (0,0).
Taluuy:
fO+t.h)=f(t.h) =f(t.(1L1) = ft,t) =/|t.t] = [t].
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Xét :

CfOR=fO)  fED-fO) ot

lim = lim = lim = lim-=1

t-ot t t-ot t t—>0+ t t-o0tt

e -fO) . FEO-FO) ot

lim = lim = lim — = lim —- = —1.

t—-0" t t—0~ t t-0t ¢ t—>0~ t
f(t,h)—£(0) f(t,n)—£(0)

Do do lim,_, o+ # lim;_,o-

t

Vay f khong kha vi theo hudng h tai (0,0) nén f khong kha vi tai (0,0).

4.27. Ching minh rang ham f: R™ - R sao cho |[f(x)| < ||x||?> kha vi tai
(0,0, ...,0)

Bai giai:
Taco:
|f ()| < |lx]|?. Nhu vay véi x = 0 thi [£(0)| < |0]?> = 0 nénsuy ra £(0) = 0.
Ta s€ chang minh f kha vi tai 0 va v (0,0, ...,0) = (0,0, ...,0)
Pé don gian ki hiéu ta xét truong hop n = 2.

Khiang dinh f c6 dao ham riéng tai (0,0), that vay :

Xét :
lim f(0+t0) f(0,0)
t1—>0

Taco:

|f &) _
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Suyra: Vf(0,0) = (0,0)
Khi d6 :

k= N T

h2+k?
— VhZ+k?

Xét : |e(h, k)| = | AL, = VhZ + k2 - 0 khi (h, k) = (0,0)

VhZ+k?

Vay f kha vi tai (0,0). Téng quat 1én ta duoc diéu phai ching minh.

4.28.Cho g : R - R la ham lién tyc. Tim £, véi
a) fxy) =" gDt
b) f(x,y) = [7 g(Ddt

0 feoy) = [ O gt

Bai giai:
) feoy) =7 gt
Ta xét hai ham G, u nhu sau :
G(s) = f:g(t)dt (G 1a nguyén ham cua g).
u(x,y)=x+y

Tathay f(x,y) = G(u(x,y)). Do vay ap dung cong thirc dao ham ham hop, ta co:

9 , 9
% =G (u(x,y))£ =gx+y)

of .. ou
9y ¢ (u(x,y))@ =g(x+y)
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Vi g la ham lién tuc nén f kha vinéntaco :
foy) = (gl +y),gx+y)
b)  f(xy) = [ g(t)dt

Ta xét hai ham G, u nhu sau :

G(s) = f(f g(t)dt (G languyén ham cua g).

ux,y) = xy

Tathay f(x,y) = G(u(x,y)). Do vay ap dung cong thirc dao ham ham hop, ta co:

of . ou
= =6 (u(xy)) 5= yg(xy)

of 6 (u( ))au_

5y~ Gl y)) 70 = xg(xy)
Vi g la ham lién tuc nén f kha vinéntaco:
f'Goy) = (vg(xy), xg (xy))

0 floy) = [, g0

Taco: f(x,y) = f;;n(xsin(ysinz))g(t)dt _ f;yg(t)dt n fosin(xsin(ysinz))g(t)dt

= fxig(t)dt - j(o g(t)dt

sin xsin(ysinz))

Ta xét 3 ham G, u, v nhu sau :
G(s) = [, g(t)dt (G languyén ham cua g).

u(x,y,z) =xy
v(x,y,z) = sin (xsin(ysinz))
Ta thay: f(x,y,2) = G(u(x, y,z)) — G(v(x,y,2)). Ap dung cong thuc dao ham

ham hop ta duoc :
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of , ou , ov

i G (u(x, y, Z)) i G (v(x,y,2)) Ep

=yg(xy) — g(sin(xsin(ysinz)))sin (ysinz)cos(xsin(ysinz))

af_G,(( ))au G )av
ay_ u(x,y, z 3y v(x,y,2) 3y

= xg(xy) — g(sin(xsin(ysinz)))xsinzcos(ysinz)cos(xsin(ysinz))

T 6y, 0) o G0y, 2) o
0z 0z 0z
=— g(sin(xsin(ysinz)))cos (xsin(ysinz))xycos(z)cos(ysinz)
Pit
m = yg(xy) — g(sin(xsin(ysinz)))sin (ysinz)cos(xsin(ysinz))
n
= xg(xy)
— g(sin(xsin(ysinz)))Xsinzcos(ysinz)cos(xsin(ysinz))
l=— g(sin(xsin(ysinz)))cos (xsin(ysinz))xycos(z)cos(ysinz)
Vi g la ham lién tuc nén f kha vinéntaco:

Vay f'(x,y,z) = (m,n, 1), vm,n,l € R

4.29. Biéu dién cac dao ham riéng cua f qua cac dao ham cua cac ham g va h ,

néu
a. f(x,y) =g)h(y).
b. f(x,y) = g(x)"®.
c. flx,y)= g,
d f,y) = g).
e. fl,y)= glx+y).
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Bai giai:
a  fl,y)=gQh).
of 9 B dg(x)
7= 3= (9h()) = h().—
aof o B oh(y)
3y = @(g(x)h(y)) = 90—~
b.  f(xy) = g@)"™.
0 0 0
% — a(g(x)h(y)) — h(y)g(x)h(y)—1. %ECX)
0 0 oh
% =% (g(x)"™») = %g(x)hmln (g(x))
C. f(X,y) = g(x)
g B dg(x) % B ag(x) _ 0
ox  ox dy  dy
d.  fO,y)= gO.
of _ 99 _ of g
ox  ox dy  dy

©

fl,y)=gk+y)

af_c?g(X+y)6(X+y)_1 dglx+y)of dglx+y)o(x+y)

ax  d(x+y) ox  To(x+y)dy d(x+y)
_ L, 0gx+y)  of
- T o(x+y)  dy

dy
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4.30. Cho g4, g,: R? - R la cac ham lién tuc.Xét ham f: R? - R x4c dinh bai

x y

fo = [ o @Ode+ [ g, oo
0 0
a. Chang minh rang
of
3y (x,y) = g2(%y)
b. f cd thé xac dinh thé nao dé
3y (x,y) = g1(x,¥)

c. Timham f: R? - R sao cho Z—’;(x,y) =y vd g—f](x,y) = X.
Bai giai:
a. Xét ZLthi x ¢b dinh.
oy

bt G,(t) = [ g, (x, t)dt

Theo dinh Ii Newton- Leibnitz :

fGoy) = j 918, 0)dt + Gy () — G,(0)
of dG,

3y~ dy = g.(x,y)

A~ Of
Vay P (x,y) = g2(x,¥)

b. Cb dinh x € R. Theo gia thiét, ta c6 dang thuc g—f] (x,t) = g;(x,t),Vt €R.

Suy ra f (5, ) = f(x,0) = [} £ (e, 0t = [ g1 (x, D)t
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bat h(x) = f(x,0),Vx € R. Taco f(x,y) = h(x) + ny g1 (x, t)dt.
c. Theo cdub, dé Z—f/ (x,y) = x, f sé cb dang

y
f(x,y) = h(x) + f xdt = h(x) + xy
0

Mt khac, do 2 (x,y) = y nén— (h(x) + xy) =h'(x) +y =y

Suyrah'(x) = 0vah = C véi C 12 hiang sb.

Vay f thoa man diéu kién cua dé s& ¢d dang f(x,y) = xy + C vai C 1a hang sb.

4.31. Chung to rang ham
1
(x12 + XZZ 4t x%)(n—Z)/Z

f(xl;xz; ...,X3) =

Thoa phuong trinh
2 2 2
ao°f o0°f a°f
——+—S+t+=—==0
dx?  0xZ dx2
Bai giai
Taco:

n—2 -
of — (T) (x2 + x2 + -+ x2)=H/22x,
dx; (xf +xZ + -+ x2)"2

=2 -—n)x;(x% + x2 + -+ x2)"/?
Suyra:
0% f

2
0x;

=QR-n)(x?+x2+ -+ x)2 - (2 —n)x;(xF +x% + -+ x2)" D224,
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=Q-n)xZ+xF+ - +x2) 2= 2x2(x2 + xZ + -+ x2)7D)

0%f 9%f 09%f
dx2’9x2 """ ox2

Tuong tu cho

Vay ta duogc :

0%f 0% 02
°f OF, O
ox; 0x, 0x;

=QR-n)EE+x2+-+x2)V2(1 - 2x2 (2 +xE+ -+ a2+ 1
—2x5(xf + x4 xE) T e+ 1= 202 (e H xE 4+ x2)7Y)

=Q2-n02+x2+ - +xD) 2 —2x? +x2+ -+ x2)TF+xE+
+xn)]

=QR-n)?+xi+-+x)™2n-2)=0.

4.32. Chung to rang moi ham c6 dang

ey, = LD SE=D

r
trong d6 2 = x? + y? + z2, déu thoa phuong trinh

Uyy T Uyy + Uzy = Uy

N

Bai giai:

X Neéur =./x2+y2 +z2
or «x

ax r

ar\> ar\? a2
) +G) &) =
0%r 0%r 9%*r 2

dx? +6y2 +622 r
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Dat

—=r,= ;
r VX2 +y2 4 72

Pits=t+r;s =t—r.

1 _ ar’_
ox

X —X

(Vx2+y2 + 22)3 T

du ar’ [ () + 1+ (af ds dr dg 0s’ 67’)
ox f(s)+g()l+r ds dr dx ' ds’ dr ox

' of ar ag or

=+ g+ 1 (50— 5% =)
__ of 0y af Odg X ,
——3[f(5)+g(5)]+7”—<£—£> (50— 52) ~ 5 1F) + g(s))
%2u 1’ —ZXT—(af 69) X d0%f ds 09%g ds’
axZ r4 ds 0s’ 0s2 0x QJs’ 0x

X
r3 —3xr?. % of ds g 0s'

_ [f(s)+g(5)]__<g ax 95" 6x>

ré

r2 — 3x2

_r2—2x2<6f ag>+ 2f+62g
—rt \as as)  rzr\oas? 5y

x? <6f 6g>
r*\ds O0s’
0%u 9%u
Tuong tu Choa 21907
Tach:
0°u 0%u 0%u
Uyy T+ Uyy +u,, = %2 + 6y2 + 572

——[f(5) + g(s)]

1 3x?

S,z> - (;—r—> [F() + g(s))
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(3 2r? (af ag)+ 2f+62 3 3r
\rz rt J\9s os’ s js”? r3
(53
ds 0s’
2 62
= f+ —
0s? s’
Xétu(x,y,2) = -[f(s) + g(s)]
ou (af ds .29 dg 63) (af N 69)
ot r\as ot ' s’ ot ds 0s’
62u_ 2f ds 629 s’ 2f+62
9tz ~ r\as2 9t as? o¢ ds2 95"
Uy T Uyy T Uy = Uy (1)
* Néur=—/x2+y2+2z2Dijitk = —
1
u(x,,2) = =7 [f(t = ) + g + ]
bitv=t+k;v =t —k;
Hoan toan tuong tu ta cé :
0%u N 0%u N 0’u _ 1(0*f d%*g
0x2  0y?  0z2  k\gp? 0v2
Ma
’u 1 62g6v+ a*fov'y _ 1(0*f +62g
at2 k\dvZat ogv?at)  k\gv? 0v?

Uyyx T Uyy T Uz = Uy (2)

(1) va (2),18.CO Upy + Uy +Uyy = Uy VOiT = %%+ y2 + 22,

)[f(S) +9(s)]
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4.33. Ching to rang néu f (x, ) thoa phuong trinh Laplace fy, + f;, = 0, thi ham

N =f (mr57 7 52)
X,y _f x2+y2'x2+y2

cling thod phuong trinh Laplace.
Bai giai:

Détu=Lv— khi do :

x2+y2 4 2+ 2’

o(x,y) = f(u,v)

0% f | 9*f _ ia thi
ai_2--|-a]—2--O(theogla,thlet)

0%¢ 2f(6u> _I_g 62_u Zf(av) +6f 0%v 5 0%f ou ov

9x2  ou? \ox ou 0x2  0v?\ox %'6x2+ dudv dx dx

Tuong tu, ta tinh duoc :

0% 0%*f ((’)u)z N af 0%u N 0% f (E)v)z N af 0%v o 9%f odu v
dy?  ou?\dy ou dy?  0v2\dy ov dy? oudv dy dy

Suyra:

d%p 92 2 ox\’ d%f du @ 2 ox\?
-G G A
dx2  0y?z  ou?|\ox dy dudv 0x dx 0v?|\dx dy

5 0%f Ou ov af u_l_é‘zu +6f v 2p
dudv 9y’ ay du\oxz  9y2 v 6x2 ay
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Xét :

Ju

a:

Ju

ay

ov

a:

ov
dy

Suyra:

Ju

ox

Jdu

ay

Taco:

Va:

&) +G) = =) ()

| G2) ( ]

(xZ + yZ)Z

(xZ + yZ)Z

(xz + y2)2 -

= (x2 + y2)2

2 2
ye—x
— 12 — 12

—2x
4 —2uv

—2x
Y —2uv

2 2
X-—Yy
— y2 — 12

ov

dy

ov

‘j;(*)

G G |- vers

_+_

ou

°f 0%

dv?
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62u+62u_2< ov 6u> 2( 6u+ 6v>
0x2  0y? Yox  “ox ”ay “ay

Tu (¥)suyra:

62u d0%u v odu ou ov
=2[v(5,75,) * (5 5)) =°
dx Jdy

x? ay ox dy
Tuong ty :

0%v  0%v ou OJv ov odu

reRd ] Uit R i o
Vay .

of (0%u d%u\ 0 v 0%v

£<ﬁ+a_y2>+a£<ax2 a_y2>=0
Talaico:

0%f oOu v _ 0%f ou —odv

oudv 9x 9x Zauav dy dy
Suyra:

0%f oOu ov 0%f ou ov

Zauav'a'a-l_ Zauav'ﬂ'ﬂz
Suyra:
Pxx T Pyy = 0

Vay ham da cho thoa phuong trinh Laplace.
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4.34.Cho f(x,y,2) = g(r), trong 86 = \/x2 + y2 + z2
a. Tinh fir + fy + f2z
b. Chung t6 rang Néu fx + fyry + fo = 0,thi f(x,y,2) = =+ b, trong d6 a, b

la cac hang sb.

Bai giai:
a. Tinh fox + fyy + f2z
Taco:
of dgor dg X
Ox drox dr (x2+y?+ z2)1/2
Suyra:

aZf B ng x 2
0x2  dr2\(x2 4+ y2 4 - + z2)1/2

+ dg 1 x?
dr \(x2 + y2 + z2)V/2  (x2 4 y2 4 z2)3/2

62 62

Tuong tu cho 3792
Vay ta duogc :

d2g dg 3 x? +y* +2*
fex ¥ fyy tfoz = 75+ = 2 2Y1/2 (42 2 2)3/2

drs  dr \(x? + y? + z?) (x2 4+ y2+z2)
_d2g+dg 2
S dr? dr (x2 + y? + z2)1/2
b.

d’g 2dg 2, .

fact oyt fz =0 a4 5 =00 g +g () =0

S2d)+rg (N =0 (rzg'(r))/ =0

135



Chuong 4: Vi phan ham nhiéu bién

erigh)=aesgr)=ar?esgr)=art+b

(trong d6 a, b 1a hang s6).

4.35. ChO f (X1, Xp, v vee v, X)) = g(1), trong d6 7 = /2,2 + 2,2 + -

a Tinh fo o, + fayx, T F frpx,
b. Giai phuong trinh f, . + fi,x, -+ fi,x, = 0.

Bai giai:
d.
af dg or Jdg X1
foo=3 =53

B a_x1 B Eaxl B 6_r(x12 + x,2 + -+ x,2)1/2

_0f _dg X 2
foz, = 0x12 012 \ (212 + %52 + -+ + x,2)1/2

+ag 1 x, 2
I \ G + 002 + o+ 0, D2 (g% + 2,2 + o + 2,23/

n 9%f d?’g odgn-—1
fxlxl-l_fxzxz+m+fx”x”=2i=16xi2:W-l_a r

b.

Truong hopn = 1,tacd:

d°g
fxlxl +fx2x2 + "'+fxnxn = W =0

Truong hopn > 2

fx1x1+fxzxz+.“+fxnxn=0<=>§' +6r2 -

enm-1Dgx)+r.gx)=0
Mataco :

+ x,2
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r

(L' ®) = (=D g ) + g () (%)

Thay (n — 1)g'(x) = —r. g " (x) vao (*),ta dugc :

— ™1 g"(x) + r”‘lg"(r) =0 (r“‘l.g'(r))/ =0.
Suyra:
rmlg(r)=Ceg'@)=Cr-D
Xét hai truong hop :
Néun=2thig'(r) = C.r 'néng(r) = Clnr + D
Néun > 2 tach:

g’(r) = Cr_(n—l) nén g(r) o _%.r—(n—Z) + D.
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B A A 2 A g

a1 Tap Mé Ron

1. Chung minh tinh chat Darboux : Néu f kha vi trén [a, b], thi £’ nhan moi
gia tri nam gita f'(a), f' (b).

2. Timhamsé f(x,y) biét rang :
a f'y =0
b. flx=x—2xy,f, =y —x*
C. flux=12x%y+2,f", =x*—=30xy>f(0,0)=1,f(1,1) = -2

, . . . .. 0%h 2 0%h
3. Chang minh h thoa phwong trinh séng : Sz = A 55

néuh = f(x —at) + g(x —at), f va g khavi va a lahang s .

4.  Cho f : R? - RR? kha vi lién tuc va thoa diéu kién Cauchy-Riemann :

0fi _0f; 0fi _ 0fy

ox dy 'dy  ox
Chirng minh : det/J¢(x, y) = 0 khi va chi khi f'(x) = 0.
5. Cho f : R - Rkhavi. Gia s |f'(x)| < L, Vx. Chitng minh f thoa diéu
kién Lipschitz: |f(x) — f(y)| < L|x — y|,Vx,y € R.

Suy ra diéu kién dé ham kha vi f : R™ — R™ la anh xa co .

6. Chof: R—> R va F: R? - R lacac ham kha vi. Gia sir F(x,f(x)) =0

va 2_5 # 0. Chung minh f' = —

7. Pung hay sai khi ham s6 f : R™ — R lién tuc thi f kha vi Frechet ?
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Chuong 5:

CONG THUC TAYLOR
HAM AN - HAM NGUQC - CUC TRI

5.1.Choz = f(x,y) véi £(0,0) = 0. Tim Z—i(o, 0), Z—ﬁ (0,0) néux +y +

z-sinxyz = Q0.

Bai gidi:
TacO:F = x+y+z—sin(xyz) =0véiz = f(x,y)
a—F =1 — xycos(xyz)
0z

Khix=y=z=0thi =10

L4y dao ham 2 vé lan luot theo x, y. Ta c6 phuong trinh:

( 0z 0z
1+0+ Fie (yz + xyg) cos(xyz) =0
io 1142 ( + aZ) =0
3y XZ + xy 3y cos(xyz) =
Khi x =y = 0 thi:
N 0z(0,0) 0 df(0,0) _ 0z(0,0)
ox R ox ~  ox
0z(0,0) df(0,0) 0z(0,0)
1+ =0 = = —
ay dy ay

5.2.Chou = f(x,y),v=g(x,¥) thoa f(0,1) =1, g(0,1) = —1 va
w4+ xv—y=0
v + yu—x=0
~ ou ou v v
Tim P (0,1), F (0,1), = (0,1), o (0,1).
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Bai gidi:
Voi u=f(x,y),v=g(x,y)thoaf(0,1) =1, g(0,1) = —1 va
F=uw¥+xv—y=0
G=v*+yu—x=0

0F OF 5
. 0FG) _lou av|_ [3u X
Xet: dwv) |96 0G|~ [ y 3v2]
ou O0Ov
1 —_ — 3 a(F'G) — 3 O
Khi fO,) =1, (0,1) = —1 thi 720 = [1 3] £0

Ta lay dao ham 2 vé caa 2 phuong trinh theo x, y. Ta duoc 2 hé phuong trinh:
( ou v

2— —_— =
<3u 6x+ v+ xax 0 W
3 26u+ ov -
\ u dy xay B
r3 26v+ ou 1= 0
< v 0x yax B )
3 2av+ + au—o
\ v ady “ yay
Khix=0,y=1; f(0,1) =1, g(0,1) = —1 thi
ou(0,1 ou(0,1 1
JouOn u(0,1) 1
1) = ox N ox 3
o0u(0,1) B 0u(0,1) 1
dy B dy 3

3 ov(0,1) N 1 1= 0 dav(0,1) 2
2) = ! 0x 3 B :{ ox 9
3

6v(0,1)+ +1 B
dy 3 k dy 9
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5.3. Tim Jacobian trong cac truong hop sau

awy) .
a) MVolu— Y VU = Y ,y>0,0<x<g

a(x,y) " tanx sin x

) d(uv) 9(xy)
o(xy) " o(uv)

Voiu =2x—-3y,v=—-x+2y

Bai gidi:
a. Taco:
/i
u= 4 , V= .y ,v7>0,0<x <=
tan x sinx 2
Do vay :
ou y odu_ 1 dv_ ycosx ov 1
dx  sin?x’'dy tanx 'dx  sin?x 'dy sinx
Suyra:
du OJdu y 1
6(u,v)= dx 0y _ “sin?x  tanx __ Y
d(x,y) |0v 0dv _ycosx 1 sin x
ox dy sin?x sinx

b. Taco:u=2x—-3yvav=-—-x+2y

Do vay :
ou_, ou_ . ov__, v_,
ox ' dy ©0x "0y
Suyra:
Ju Jdu
owo)_foe oyl 12y
d(x,y) [dv Ov -1 2
dx dy
Do ZEZ;; = 1 # 0 nén theo dinh li ham nguoc ta co thé biéu dién x, y theo

u, v va dong thoi
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0(u,v) 0(x,y)
0(x,y) 9w v)

a(x,y) "
o(u,v)

Do do,tasuyra:

5.4. Cac phuong trinh sau c6 thé ddi thanh dang z = f(x, y) tai gan cac diém
(X0, Y0 » Zo ) Khong? Tinh z,.(xo, Yo ), Zy (X0, Yo ) néu c6 biéu dién thanh
dang z = f(x,y)

Q) x+y+z—sinxyz =0; (x9,¥0,%0) = (0,0,0)

b) x3+ y3+ z3 =3xyz;(1,-1,0)

c) x2+ 2xy+ z?>— yz=1;(0,0,1)

Bai giai:
a) F(,y,z)=x+y+z—sinxyz
Taco: F,(x,y,z) = 1—xycos(xyz)

0009 _ 1 _ 0.0.cos0=1 #0

Taix =y =z =0thi:
Ap dung dinh 1i ham an, trong mét l1an can du nhé caa (0, 0, 0) thi :
3D c R?,(0,0) € D

JIcR0€D
f: D -1
sao cho F(x’y’f(x’y))zo
f(0,0)=0

F(x,y,f(x,y)) =0hayx+y+z—sinxyz=0
L4y dao ham 2 vé lan luot theo x, y. Ta ¢6 2 phuong trinh :

140+ 2 4 (y24+ 29 25) cos(ayz) = 0
{ % (yz xyax) cos(xyz) =

0+1+az+( + 62) =0
k 3y XZ + xy 3y cos(xyz) =
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Khi x = y= 0thi:
(1 N 0z(0,0) _ 0 (62(0, 0) _

dx N dx
0z(0,0) 0z(0,0)
dy dy

b) F(x,y,z) = x3+y3+2z3—3xyz

Tacod: E,(x,y,z) = 3z% — 3xy
d0F(1,—-1,0)
0z
Ap dung dinh li ham an, trong mét 1an can da nho caa (1, -1, 0) thi :

D c R?,(1,—-1) € D

Taix=1,y=-1,z=0thi: =3.02-31.(-1)=3 #0

JIcR0€D
f: D -1
sao cho : F(x,y,f(x,y))=0
f(1,-1) =0

F(x,y,f(x,y)) =0hayx®+y3 + 2% - 3xyz =0
LAy dao ham 2 vé lan luot theo x, y. Ta c6 2 phuong trinh :
0z 3 3 0z
0x yz = 3%y ox

392 4 3229 _ 30z — 300 9% — 0
z?—— 3xz—3xy— =
y % Y3y

3x2 + 372 0

Khi x =1,y = —1,z=0thi:

0z(1,—1 0z(1,—1
dx N 0x
3 0z(1,-1) 0 0z(1,-1)

kg + ady dy

-1
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c) F(x,yz)=x*+2xy+z2—yz—1
Tacé: E(x,y,z)= 22—y

, 9F(0,0,1)
Taix =0,y =0,z =1 thi: oy =21-0=2 # 0
Ap dung dinh Ii ham an, trong mét 1an can da nho caa (0, 0, 1) thi :

3D c R?,(0,0) €D

dAIcR1€D
f: D -1
sao cho F(x,y,f(x,y))=0
f(0,0)=1

F(x,y,f(x,y)) =0
hay x? + 2xy +z2—yz—1=0

LAy dao ham 2 vé lan luot theo x, y. Ta c6 2 phuong trinh :

22y 42200yl 2
x y Zax yax_
2x + 222 %
X Zay z—yay—
Khi x =0,y =0,z=1thi:
0z(0,0 0z(0,0
,020,0) _ 20,0) _
0x N 0x
5 0z(0,0) =0 0z(0,0) 1
dy B dy 2

144



Chuong 5: Cong thuc Taylor — Ham an — Ham nguoc — Cuc tri

5.5. Cho u, v 1a truong vo hudng, xac dinh trén D < R™ va truong vecto F : D —
R™. Chang minh rang :
a) V.(uF) = F.Vu + uV.F
b) V. (uVv) = uAv + Vu.Vv
Bai gidi:
a. Taviét F=(f,fy ...f,) Taco:

n P : n of
V.(uF) = V.(ufy, uf,, ..., uf,) = S;f) = a)j: Zfl

i=1 i i=1

—u (0B Oh

du Jdu 6u)
\dx; dx,” " dx,

)+ it f)- (5

dx, d0x,” " 0x,

=uV.F+F.Vu

b. V6i F = Vv. Apdung ciua, taco:
V.(uVv) = uVv.(Vv) + Vu.Vv
Mat khac :

v v v
v dv 617)_ 6(ax1) a(axz) a(ﬁ)
ox, 0x,” " ox,) ox,  0x, 0x,,
_[(9%v d*v d0%v _ A
~\0xy2 0x,2 T 0x,2) Y

Vay V.(uVv) = uldv + Vu.Vv

V. (V) = v.(

) ey
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5.6. Truong tinh dién tao béi mot don vi dién tich duwong dit tai goc 0 A E =
_ SN 1
rigop Véi OP = (x,y,2),7 = (x? + y? + z2)z. Chung to divE = 0,70tE = 0.
Bai giai:

1 ———
Véir = (x2+ y*+ z?)2 ,0P = (x,y,2)

Taco:
1, x VA
(x2+ y2+ z2)z (x2+ y2+ z%)2 (x? + y? + z?%)2
Pit
X y z
E = 5,62 = 5. E3 = 3
(x2+ y2 + z2)2 (x2+ y2 + z2)2 (x2+ y? + z2)2
Khi do :
3.3 1
0E, P+ ¥+ 292 -5+ ¥+ 2°)2.2xx  y2 4 72 - 2x2 -
= - 1
2 2 23 5
ox (x2+ y? + z?) (x2+ y2 + 22)2
3 1
0E, —7 "+ y*+ z9)2.2yx —3xy @)
o 2 2 2)3 o 5
dy (x?+ y2 + z?) (2 + y2 + z2)2
3 2 2 2 :
0E, —(x"+ y*+ z%9)z.22x —3xz @)
o 2 2 2)3 o 5
0z (x%2 4+ y? + z?) (2 + y2 + 22)2
3 2 2 2 :
0E, —7 "+ y 4 29)2.2xy —3xy o
ox (x2+ y2+ 2z2)3 5

(x2+ y? + z2)2

3 1
0E, (x*+ y*+ z%)72— %(xz + yi+ 29)2.2yy x4 22— 22
dy (x2 + y% + z2)3 B

= (5)
(x2 4+ y? + z2)2
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3 1
0E, _ _7(362 + y%2 + z2)2.2zy —3yz ©
- 2 2 213 = 5
0z (x2+ y2 + z?) G2+ y2 + 22)2
3.2 2 2\
- 2 2 213 = 5
ox (x2+ y2+ z2) G2+ y2 + z2)2
3./.2 2 2\
0E; B —7(36 + y°+ z°)2.2yz B —3yz ®
dy (x2+ y2+ z2)3 5

(x2+ y2 + z2)2

3 1
0E, (*+ y*+ z%)z- %(x2 + Y 4 22222 x4 y? - 27

- )
2 2 233 5
0z (x%2+ y2 + z2) (x2+ y2 + 22)2
Suyra:
0E, OE, OE;
DE —
WE= 5% T %z

y% + z? — 2x* N x?+ z%2 — 2y? N x?+ y?— 2z

5 5 5
(x2+ y2+ z2)2  (x2+ y2+ z2)2  (x?2+ y?+ z?)2

JE; O0E, 0E;, O0E; 0E, OE;
rotE = ( - ) — ) — ) =
ady 0z 0z dx ~ 0x ady
vi: 2B~ 9B G heo (6) va ), 22 — B3 0 (theo (3) va (7
lay 0z - ( eo()va()), 07 Ox - ( CO()V&()),
92 _ 951 _ ) (theo (4) va (2
e~ 5y = 0o (Vi)
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5.7.
a) N&u F = a x OP Véi a | vecto hing thi divF = 0.
b) V6i k = (0,0,1), datV = k x OP. Tim divV.
Bai gidi:

a. Véia = (aq,a,,as) va OP = (x,y,2)
Taco:

F=axO0P = (ayz — azy, dsx — a,2,a,y — azx) = (Fy, Fy, F3)
Mat khac :

0Fy  0d(azz—azy) 0 0F, 0d(asx —a,z) 0 0F;  d(ayy —azx) 0
ox 0x oy dy - 9z 0z B

Suyra:
JdF, O0F, OF.
1_|_ 2+ 3=0

vk =53 T %z

b.  Véik=(0,01)vaoP = (x,v,2)
TacH:V=axOP = (=y,x,0)
Suyra:

_Ay) 0@ 8(0) _

divy 0x dy 0z

0
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5.8. Cho E, F 1a hai truong vecto, u 1a trudng vo hudng xac dinh trén D c R3,
Chang minh

a)Vx (Vu) =0

b)V.(VXF) =0

C)VX (uF)=u(VXF)—F xVu

d)V.(EXF) =F.(VXE) —E. (VX F)

Bai gidi:
P = (2
a. TacoVu—(ax,ay,az)
s Jdu Ju u L
Dat u1 = a,uz = @,Ug = E.Khldoi
Jdu Ju, ou Ju, ou Jdu
VX(Vu)=( 3 2’ 1 3, 2 1)
dy 0z 0z Jdx 0dx 0y

_(0*u  9*u d*u 9*u d*u  O%u — 0o
- \0ydz 0zdy’'0z0x 0xdz' dxdy 0ydz)

b. Taco:

UxF <6F3 _6F2’6F1 _6F3,6F2 _6F1>
dy 0z 0z 0Jx Jdx 0dy
Suyra:
d (0F; OF d (0F, OF d (0F, OF
V.(VXF):—(—3——2)+—(—1__3)+_(_2__1)
dx\dy 0z dy\dz 0x dz\dx 0dy

B 0%F; 0°F, N 0%F, 0°%F, N 0%F, 0%F, _ 0
~ \0xdy 0xdz dydz 0yodx dzox 0z0y)
C. Vél = (Fl, FZ,F?,) ) ufF = (UFl,qu,UF:g)

Taco:

o(uF3) B o(uF,) d(uF,) B o(uF;) o(uF,) _ 6(uF1)>

Vx(uF)=< dy 0z ' 0z ox = Ox dy
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0F; ou dF, Ju O0F ou 0F; P du OF,
“ox 3ox’ " ox

=\u—+FK—u——-F— u—+F —-
(u6y+ 30y uaz Zazuaz+ 1oz
du O0F; au)

. (6F3 J0F, 0F, O0F; 0F, 6F1>
dy 0z ' dz 0x’ dx 0y
AL L L L
dy 0z "0z dx “0x dy
_ (6F3 B dF, ’ 0F; B dF; ’ dF, B 6F1> (FuF, Fy) X (a_ua_ua_u)
dy 0z 0z Ox dx 0dy dx 0y 0z
=u(VXF)—F xVu
d  Taco:
V.(E X F)=V.(E,F; — E3F,,EsF, — E\F;,E\F, — E;F,) = (F,, F,, F3)
— a(EZFS - ESFZ) + a(E3F1 - E1F3) + a(ElFZ - EZFl)

d0x ady 0z
0OF; dF, oF, OF; dF, oF,
= (2 ~Eagy * E: ay 15y B~ Eag,)

+<F dE, F6E3+F6E3 F6E1+F6E1 F6E2>
Sox fox  toy oy oz toz

(B E,E.)- <6F3 _OF, 0F, 0F; 0F, _6F1>
vE2T3S\gy  9z'dz  ax ' ox  dy

d0E; O0E, 0E, OE, 0E, OE;

dy az'az_ax'ax_ay)

+ (Fy, F>, F3) (

= —E(VXF)+F.(VXE)
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59. TimV x FnéuF la
a) 2xzi + 2yz?%j + (x* + 2y?z— 1Dk
b) axi + bj + czk

¢) (v.z,x)
) xi+yj
x%+y?
Bai giai:
a.  V6i F = +2xzi2yz?%j + (x* + 2y%z — )k = (2xz,2yz?, x* +
2y%z—1)
Ta co:
dF; O0F, 0F, O0F; 0F, OF
V><F=( 3 %200 075 02 1)
dy 0z 0z 0dx 0x 0y

= (4yz — 4yz,2x — 2x,0—0) =0
b. V6i F = axi + bj + czk = (ax,b,cz) = (F;, F,, F3)

Taco:
0F; 0F, 0F, 0F; 0F, O0F,
F = —_ —_ —_ = =
VX <6y 9z 9z  ox’ ox 0y> 0,0,0)=0

C. Vél F = (y,Z,x) = (Fl, Fz, F3)
Taco:

0F; 0F, 0F, 0F; 0F, O0F,

V><F==( - , - , — )== 0-1,0—-1,0-1
dy 0z 0z 0x 0dx 0dy ( )

=(-1,-1,-1)

d. VoiF = a7 R ( ad Y 0) = (F,F,, F3)

x2+y2 x2+y2 ) x2+y2 )
Taco:
J0F, O0F, —2xy

dy ~ox (x? 4+ y2)?
OF, OdF, OF, OF;

= = = =0

dz 0z Ox 0dy
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Suyra:

0F, OF, 0F, OF; OF, apl)

F =
v (6y 3z 0z ox 0x 0y

—2xy —2xy ) _

=(0—-0,0-0, —
( (x2 +y2)2  (x% + y?)?

5.10. Cho a, b 14 hai vecto hang, OP = (x,y,z) = R

a) F =axO0P,chingminhring V x F = 2a

b) »:R> R,F = ®()R,r = (x*>+y? + zz)%. Chimg minh rang V. x F = 0
¢) ChoE =R — a,F = R — b. Chitng minh rang

d) div(EXF) =0,V X (EXF) =2(b—a),V(E.F) =E +F

e) Chang minhrang V.[(a.R)a] = 1,V.[(a X R) X R] = 2

f) Chung minhrang V x [(a.R)a]l = 0,V x [(a X R) X R] =0

Bai gidi:
a. Voia = (ay,a, as) va OP = (x,v,2)
Taco:

F=a x OP = (ay,z — azy,asx —a,z,a,y — a,x)
Suyra:
d(a,y —azx) 0d(azx —ayz) 9(az —asy)
VXF = — ,
dy 0z 0z

_ d(a,y — apx) 9d(azx —a,z) _ d(az — azy) )
dx ’ dx dy

= (Zal, Zaz, 2a3) = 2a
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b. Taco:F = d(r)R = (P(r)x, d(r)y, ®(r)z) = (F,, F,, F3)
Khi d6 :

oF 1 xy. ®'(r
— = ' (1r).=(x%+ Y2+ y2) Y2 2yx = y &)
ay 2 \/xz + yZ + Z2
oF. 1 xz.®'(r
—L = ®'(r)=(x%+ y* 4+ y?) V2 2zx = )
aZ 2 \/x2 + y2 + ZZ
oF. 1 xy. @' (r
—2= O'(r).= (x> + y? + y?)" V2. 2xy = y. &)
6x 2 \/xZ + y2 + ZZ
dF. 1 7. ®'(r
— 2= D' (r).= (x% + y? + y?>)"V2 2yz = Y ()
62 2 \/xZ + yZ + Z2
oF. 1 xz. D' (r
= ') (% + y:+ y) Y2 2xz = )
6x 2 \/x2 + y2 + ZZ
dF. 1 7. ®'(r
—3 = D' (r).= (x% + y? + y?>)"V2 2yz = Y )
dy 2 JXZ+ y2 4 72
Suyra:

OF, 0F, OF, 0F, oF, OF,
V XF = - , - , - = 0(d

<6y 9z 0z  ox ox 9y ) (dpem)

C. Véia = (a,,a,,a3),b = (by,by,,b3)VaR = (x,y,2)
Taco:
E=R—-a=(x—ay,y—a;z—as) = (E,EE3)
F=R—b=(x—Dby,y—by,z—b3) = (F,F,F)
* Chang minh : div(E X F) =0
E X F = (E,F; — E5F,,EsF, — E\F5,EF, — E,F;)
Voi :
EyF3 — EsF, = (a3 — b3)y + (b, — az)z + a;b; — asb,
E3F; — E1F3 = (b3 —a3)x + (ay — b))z + azb, — abs
E\F, — E;Fy = (a; — by)x + (by — ay)y + a1b, — azby
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Khi d6 :
0(E,F; — E5F,) _ 0(E3F, — E F3) _ 0(E,F, — E,F)) B
= 0, — 0’ —
0x dy 0z
Suyra:
div(F X F) = 0(EzFs — E3F5) n 0(E3F; — E1F3) 4 0(E.F, — E;F;) _

0x dy 0z
o Changminh: VX (E X F) =2(b —a)

Vx(EXF)= <6(E1F26; E,F) _ a(EgFla; E.F;) ’ 6(E2F3a; E;F,)
_O(E\F, = EyFy) 0(EsFy — EF;)  0(EpF; — E3FZ))
O0x ’ 0x ay

=0, —ay—ay+by,b, —a,—a, + by, b, —a, —a, +b,)
= 2(by — a4, b, —a,,b; —a3) = 2(b—a)
o Chang minh : V(E.F) = E+F
E.F=x-a)(x—=b)+y—a)y—by)+ (z—-as3)(z— bs)
= x? — (a; — by)x + a;b; + y*> — (ay — by)y + a,b, + z*> — (az — b3)x

+ azbs
_ (9(E.F) 0(E.F) 9(E.F)
V(E'F)_< ox ' ody ' 0z )

= (2x — (a, + by), 2y — (a; + by),2z — (a3 + b3))
=x—a;+x—by,y—a,+y—by,z—az;+z—b3) =E+F
d.
. Chang minh : V. [(a.R)a] = |al?
Voia = (a;,a,,a3),R = (x,y,2)
a.R=ax+a,y+asz
(a.R)a = (a?x + a,a,y + a,a32,a,a;x + a5y + a,a3z, az;a;x + aza,y

+ a%z)
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_0(4y) 0(4y)  0(A3)
- ox * dy * 0z

V.[(a.R)a] a? + a3 +a3

=a,.a; + 0.0, + az.a; = a.a = |a|?
. Chung minh : V.[(a X R) X R] = 2R.a
a X R = (a,z— azy,asx — a,;z,a,y — a,Xx)
(a X R) X R = (azxz — a,z® — a,y? + a,xy, —a,z* + azyz + a; xy
— ayx%,a,2zy — azy? — azx? + a;xz) = (Ay, Ay, Az)

d(4;) 09(4z) 0(43)
ax oy | oz

=azz+ayy +azz+ax +ay +ax

V.[(ax R) XR] =

= 2(xa, + ya, + za;) = 2R.a
€.
o Chang minh: Vx [(a.R)a] =0
Taco:
a.R=ax+a,y+azz
A= (a.R)a = (ax + aya,y + a,a3z,a,a,z + a5y + a,a3z, az;a,; x
+ aza,y + a%z)

= (AerZrAS)

U [(aR)a] = VxA= (6A3 B 04, ’ 04, B 04, ,6A2 B aAl)
dy 0z 0z 0Ox Jdx  Jdy

= (aza; — a,0a3,a,a3 — A3a4,0,4; — 4,0;) =0

) Chungminh: VX [(aXR)xXa] =0

Ta co:

aXR = (a,z—azy,a;x —a,z,a1y — ayXx)

A=(@XR)Xa

= (a3x — a,a3z — a,a,y + aix,a?y — a,a,x — a,asz + a3y,asz

— a,a3y — a,a3x + aiz)
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= (A1»A2»A3)

04, 0A, 0A, 0A; 84, 6A1)

VX[(aXR)a]=VXA=(6y 0z 0z odx’ dx  dy

== (_a2a3 + a2a3, _a1a3 + a1a3, _a1a2 + alaz) = 0

5.11. Khao st cuc tri caa cac ham f vai f(x,y) la

2 y®
a) x°—2xy+——3y
b) xy — x?
c) x?+2y?—6x+8y—1
d) x%y — 2xy + 2y? — 15y
e) x3 — 6x?—3y?
f) x3+y3—6xy
g) 2x3 — 24xy + 16y3

h) i + §+xy

i) x2—e¥
) =2)Inxy
K) e*
Bai gidi:
a. f(x,y)=x2—2xy+y?3—3y
Suyra: Vf(x,y) = 2x — 2y, —2x + y? — 3)

2x —2y =0 {x:y:?)

Taco:Vf(x,y):0@{_2)”_3}2_3:0 S

Mat khac :
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fox =2, foy = fyx = =2, fyy = 2y
véi h = (hy, hy) thi @(h,h) = 2h? — 4hh, + 2yh3
* Tai (3, 3):
@(h,h) = 2h? — 4h h, + 6h35 = 2(hi — 2h h, + h3) + 4h% > 0,

v(h,h) # (0,0)
Vay f dat cuc tiéu tai (3,3).
*Tal (—1,-1):

@(h) = 2h? — 4h h, — 2h3
Khi h=(0,1) = ¢@(h,h) <0,h=(1,0) = ¢(h,h) >0
Vay f khong dat cuc tri tai (—1,—1).
b.  flx,y) =xy—x?
Suyra:Vf(x,y) = (y —2x,x)

y—2x=0

Dod():Vf(x,y)=0<:){ =0 Sx=y=0

Mat khac :

fix =2 fiy =z =1, fry =0

v6i h = (hy, hy) thi 9(h, h) = —2h% + 2h h,
Khi h =(1,0),p(h,h) =-2<0
h=(1,2),0(hh) =2>0

Vay f khong dat cuc tri tai (0, 0).

c. floy)=x*+2y>—6x+8y—1
Suyra:Vf(x,y) = (2x — 6,4y + 8)

x =3
vy =0el 7
Matkhac: fox = 2,fy =0,f,y = 4
Tai (3,—2) vé6i h = (hy, hy) thi @ (h) = 2hZ + 4h3 > 0 voi moi h # (0,0)

Vay f dat cuc tiéu tai (3,-2), f(3,—2) = —18.
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d. f(x,y) = x*y — 2xy + 2y? — 15y
Suyra:Vf(x,y) = 2xy — 2y,x?> — 2x + 4y — 15)

x=5 _ (x=-3, _ (x=1
Vf(x,y)—Oc){y:Ohoac{yzo hoac{y=4

fox =2V, fyy =4 fry = 2Xx — 2

@(h,h) = 2yh? — 2(2x — 2)h h, + 4h3

Tai (5,0) thi @(h,h) = —16h h, + 4h3

Taco ¢(0,1) =4 >0vae(1,1) = —12 < 0 nén f khong dat cuc tri tai
(5,0).

Tai (—3,0) thi ¢(h,h) = 16h,h, + 4h3

Taco p(—1,1) = —-12 < 0va¢(0,1) =4 > 0 nén f khong dat cuc tri tai
(—3,0).

Tai (1,4) thi @(h, h) = 8h? + 4hZ > 0,V (hy, h,) # 0 nén f dat cyc tiéu tai
(1,4).

e. f(x,y) =x3—6x%—3y?

Vi(x,y) = (3x% — 12x,—6Y)

x=0, _ (x=
Vf(x,y)—O(:){yZOhoac {y=0

fox = 6x—12,f, =0, f,, = —6

@(h,h) = (6x — 12)h? — 6h3

Tai (0,0) thi @(h,h) = —12h? — 6h5 < 0,V (hy, h,) # 0 nén f dat cuc dai
tai (0,0).

Tai (4,0) thi @(h, h) = 12h? — 6h2

Taco ¢(0,1) = -6 <0vae(1,0) =12 > 0nén f khong dat cuc tri tai
(4,0).

f. flx,y) =x3+y3—6xy

Vf(x,y) = (3x* — 6y,3y* — 6x)
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x=0, _ (x=2
Vf(x,y)—O(:){yzohoac {y=2

fex = 60X, fxy = =6, f,, = 6y

Tai (0,0) thi @(h, k) = —12h,h,

Taco p(1,1) =—-12< 0vae(1l,—1) = 12 > 0 nén f khong dat cuc tri tai
(0,0).

Tai (2,2) thi @(h, h) = 12h% — 12h,h, + 12h% > 0,V (hy, hy) # O nén f
dat cyc tiéu tai (2,2).

g f(x,y)=2x3—24xy + 16y3

Vi(x,y) = (6x? — 24y,48y? — 24x)

x=0, _ (x=2
Vf(x,y)=0<:>{y=0h C{y=1

fex = 12X, fry = =24, f,,,, = 96y

Tai (0,0) thi ¢(h, h) = —48h,h,

Taco:p(1,1) =—-48<0vae(l,—1) =48 > 0 nén f khong dat cuc tri
tai (0,0).

Tai (2,1) thi @ (h, h) = 24h? — 48h,h, + 96h5 = 24(h? — 2h h, +
4h3) > 0,V (hy, h,) # 0 nén f dat cuc tiéu tai (2,1).

h floy) =+ +ay

xZ
—i+y=0
Vf=0e x12 @{;;1
k—}?+x=0
Taco:
o= G fy =fx=Lfy =3
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2 2 2 2
(p(h, h) = x_3h1 + Zhlhz +?h2

Tai (1,1) thi @(h, h) = 2h2 + 2h,h, + 2h% > 0, VA % (0,0)
Vay f dat cuc tiéu tai (1,1).

i flx,y) =x2—e¥’

vf = (2x,—2ye”")

2x =0 @{x=0
—2ye¥’ =0

Vf=0¢& {
Taco:

frx = Z'fxy = fyx = Ojfyy = _(zeyz + 4_yzey2)
@(h,h) = 2h? — (263’2 + 4yze3’2)h§

Tai (0,0) thi @ (h, h) = 2h? — 2h3
Tacop(0,1)=—-2<0vaep(1,00=2>0

Vay f khong dat cuc tri tai (0,0).

o fy)=(@—2).Inxy

% —(y_zl +1 2)
f= ~—Inxy ;
-2
y ~0 1
X =—
Vf=0o 5 @{x 0
Inxy+1——=20 y=2
Tach:
2—y 1 1 2
f;chTfoy:fyx:;»fyy:;'l'?

2—y 5 2 1 2 )
(p(h,h) = Thl +;h1h2 + (;‘FF) h2

Tai (% z) thi @ (h, h) = 4h,h, + h2
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Tacop(1,1)=5>0vagp(-1,1)=-3<0
Vay f khong dat cuc tri tai (5, 2).

K. f(x,y)=e¥
Suyra:Vf(x,y) = (ye*,xe*)

ye =0

xexy=0@x=y=0

Dod6:Vf(x,y) =0 c}{
Mat khéac :

fix = V26, fuy = fyx = € + 2ye™, f,, = x%

véi h = (hy, hy) thi @(h, h) = y?e*h? + 2(e* + xye*)h h, + x2e*Yh3
Taix = y = 0thi@(h,h) = 2h,h,

Khi h=(1,1),¢(h,h) =2>0

h=(1,-1),p(h,h)=-2<0

Vay f khong dat cuc tri tai (0, 0).

5.12. Tim cuec tri, gi tri [on nhat, nhoé nhat cua cac ham véi cac rang budce duogc
cho

a) x + vy Vvoixi+y? = 1.

b) x%2+xy + y? + yz + z? trén mit x2+y? + z2 = 1.

C) x + 2y + 3z trén x?+y? + z2 = 1.

d) 4ﬁxyzvéi2—z+Z—i+i—z=1,a,b,c > 0.

e) xyzvoix+y+z=1
f) (x +y+2)?vsix?+2y% +3z2 = 1.
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Bai giai:
a. Datf(x,y)=x+yvag(x,y)= x*+y* -1vad=f+ Ag
Ta giai hé
{Vf+/1Vg = O‘:’{(l D+ =0 fx=y= _%
9g(x,y) =0 x*+y*=1 x2+y?=1

(

!

Vay f c6 2 diém dung trén g(x,y) =

y

L5
~ gl

A 2
(55 (&%)
péng thoi f (7=, ) =VZ,f (5. 5) = —V2

Do tap hop D = {(x,¥)|g(x,y) = x* + y?> — 1 = 0} la tap compac trong R? va f
lién tuc trén R2 nén ton tai min, max

Maf(%, ) =V2 > f((‘—l,‘—l) = —VZ .Do viy

y

O

1
(max f(x,y) = (\/— \/—) V2
1 -1
Bt = (5 75) =2

Suy ra f dat cuc dai tai ( 5 \/_) va cuc tiéu tai ( 5 \/_)

b. Datf(x,yz)=x*+xy+y*+yz+z*vag(x,y,z)= x*>+y*+ z*—
1vad =f+1g
Ta giai hé
{Vf+/1Vg=0@{(2x+y,2y+z,22+y)+A(2x,2y,22)=O
g(x,y,2z) =0 x24+y2+22=1
{(2(1+A)x+y,2(1+/1)y+z+x,2(1+/1)2+y)=0
x2+y2+z2=1
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Ta xét 2 truong hop :

A = —1 khi do6 hé cho tuwong duong :

iyrr2=1"00 0

= — _ 1 _ _
{(y,X+Z,y):0@{x Z x_ﬁ’y_o'z_
-1

NI

A # —1 khi d6 hé da cho twong duong :
{(2(1+/1)x+y,2(1+A)y+z+x,2(1+l)z+y) =0

x2 4yt 422 =
'/1 1 1 1 -1
_ 1 1 = —-— ’x=Z:—’y:_
l4+d=—o>A1=——1 V2 27 2
V2o 2 A= qx=g=_ty=L
o x=Z,y=—\/§,4x2=1@ —z rTETYTS
l4a=—oa="2_1 |2=22-1 . !
= — = —— =——1,X=Z==, = —
N A V2 27 T2
_ _ 2 _ -1 -1 -1
x=zy=v24x? =1 A=—-1x=z=—,y=—
V2 2 V2

Vay f ¢6 6 diém dung trén g(x,y,z) = 0
Mat khac :

2
ORI e e
2’2’2 2 "2 2 NG
Do tap hop D = {(x,v,2)|g(x,y,2) = x% + y? + z?> — 1 = 0} la tap compéac

trong R? va f lién tuc trén R? nén ton tai min,max

1
max x,v,z)=1+—
(x’y’Z)EDf (x,y,2) 7
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1
min x,v,z)=1— —
Ko fCy, z) 7
Suy ra f dat cyc dai tal( \/i )VaCu’CtIeutaI (717?1)

c. DPatf(x,y,z2)=x+2y+3z,9(x,y,2)= x> +y*+ z>?—1vagp=f+
Ag

Ta giai hé :

(1,2,3) + A(2x,2y,22) = 0

VF+AVg =0 ((1,23) + A(2x,2y,22) = 0

{ — (:’{ 24020 ,2 — 14
9(x,y,z) =0 x2+y24+22=1 = =

—7 7

(1 =—= (1 =——

V14 V14

1 —1

X =— X =—

S K \/;_4h02_1c< \/_1_24

v v

3 -3

7 = — 7 = —

v IR G v

Vay f ¢ 2 diém dung trén g(x,y,z) = 0 1a

vaf (1 i 7m) = VI f (G 7 7) = — V1A

Dotap hop D = {(x,v,2)|g(x,y,2) = x% + y? + z? — 1 = 0} la tap compic
trong R? va f lién tuc trén R? nén ton tai min,max

max f(x,y,z) =V14

(x,y,2z)€D
(xr;lglepf(x y,2) == V14
Suy ra f dat cuc dai tai (r \/2_ \/3_) va cuc tiéu tai (\/__4,\/_1—1,\/_%)
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d  batf(x,y,z) = 4nxyz, g(xy,z)——+ +——1¢ f+
rg,(@a>0,b>0,c>0)

Ta giai hé
4 4 4 1 2x 2y 2z
{Vf+/1Vg=0 (4myz, 4ntxz, 4mxy) + (2 B2 )
x,v,z) =0 x? y? z?
9(x,y,z) _+y_+__1_0
b2
Néu

A =0thi(x,y,2z) € {(0,0,c),(0,0,—c),(0,b,0),(0,—b,0),(a,0,0),(—a,0,0)}
Véi A # 0, ta duoc

A_M(xy,z)

a\/— b\/§ cV3 —av3 —bV3 V3 av3 —bV3 —cV3 —av3 bV3 —cV3
{55 5) 55T S5
=D,

_ 2T 1y,

—av3 bV3 V3 av3 —bV3 c¢V3 av3 bV3 —cV3 —av3 —bV3 —cV3
E{( 3 '3'3)'(3' 3 '3)'(3'3' 3>< 3 7 37 3>}
=D,

x?  y?  z? . ,
Dotap hop D = {(x, Y, z)|g(x, y,z) = Sttt 1= 0} la tap compac trong

R? va f lién tuc trén R? nén ton tai min,max

B 4mabc hi cD
(xr;la)XEDf(x y,Z) 3\/§ 1 (X,y,Z) 1

(xyz)ED
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Vay f dat cuc dai tai cac diém (x, y, z) € D, dat cuc tiéu tai cac diém (x,y, z) €
D,

e. batf(x,y,z) =xyz,gx,y,z2) =x+y+z—-1,¢=f+1Ag

Ta giai hé

1
{Vf+/1Vg=0@{(yz+/1,xz+/1,xy+/1)=O(:) x=y:Z:§
g(x,y,z) =0 x+y+z—-1=0 -1
A=—
9
. L1 4 R A A L(1 11
Vay f co 1 diemdungtrén g(x,y,z) =0 1a (g»glg) @
hxx =0 ¢yx=z bix =Y
¢xy:Z ¢yy:0 ¢zy:x

Gxz =Y ¢yz=x ¢z =0

0 z vy
He(x,y,z) = (z 0 x>
y x 0

Ma tran Hesse

Véi h = (hy, by, hs) # (0,0,0),ta c6
@(h,h) = 2zh;h, + 2xh,h; + 2yh;h, v6i (1) ta dugc
p(h 1) = % (hyhy + hohs + hohy)
Voih = (1,1,1) thi ¢o(h,h) > 0
Voih = (1,—-1,1) thip(h,h) <0
Vay f khong c0 cuc tri.
f. bat f(x,v,2) = (x +y+2)%,9(x,v,z) =x>+2y*+ 323 -1, = f +

Ag
Ta giai hé
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Vf+AVy =20
{g(x,y,2)=0
(:){(2x+2y+22+2/1x,2x+2y+22+4/1y,2x+2y+22+6)lz)=0
x2+2y*+3z23—-1=0
@{ Ax =24y =31z
x*+2y*+32°-1=0

Vé6i A # 0 ta duoc

( —-11 ( 11
A=—— A=—
6 6
G G
X =— X =—
Vil o V11
4 \/g hOE}C< _\/g
YTon | v
G G
Z=— 7 =—
VU 3V11 U 3Vl

VayfcéZdiémdfrngtréng(x,y,Z):0|a(«/€ V6 \/E)Va(_\/’ T _\/g)

Vi1’2vy11’3v11 Vi1’ 2v11’3v11
Voi A = 0, hé trén tuong duong voi

{ x+y+z=0

x2+2y2+3z23-1=0
Do tap hop D = {(x,v,2)|g(x,y,2) = x? + 2y? + 3z2 — 1 = 0} la tap compac

trong R? va f lién tuc trén R? nén ton tai min,max

(@ V6 \/€>_ (-@ VG %)_11
VI1'2v11'3vi1) ~ \Wil 2vil 3vVil

min f(x,y,z) =0 tai (x,y,z) thoa hé phuong trinh
(x,y,2)€D

{ x+y+z=0
x?+2y2+3z3-1=0

max f(x,y,2z) =f

(x,y,2)€ED

6
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5.13. Chitng minh rang ton tai khoang cach ngan nhat tir mot diém dén mot mat
(hay mot duong) va tim khoang cach do trong cac truong hop sau

a) (3,0) dény = x2.

b) (0,0,0) dén x + 2y + 2z = 3.

¢) (2,1,—2) dén x?+y? + 22 = 1.

d) (0,0,0) dén xyz? = 2.

Bai giai:

Ta ching minh ton tai khoang cach ngan nhat tir mot diém dén mot duong

Lay mot diém a = (ay, a,) € R%.Khoang céch tir a dén mot diem x = (x;,x,) €

(€) duoc tinh boi cong thic d(x) = /(a; — x1)? + (a, — x,)% Vay dé chung

minh ton tai khoang cach ngan nhat tir diém a dén duong (C) ta can chirng minh

ton tai GTNN cua d(x) = /(a; — x1)2 + (a — x,)? trén tap hop
I = {(x1,x;) € R?|f(x1,x;) = 0}
Lay u = (uy,u,) € (C) batky. Dit§ = d(u)vaW = T'n B'(a,d)
Déthiyu € WtasuyraW # @
Vi f laanh xa lién tuc nén I' = {(x;, x,) € R?|f(x, x,) = 0} la mot tip con dong
cua R2.Do vay W la mot tap dong va bi chan
Anh xa d ciing lién tuc nén ta c thé tim dugc mot w trong tap compac W sao cho
d(w) = mind(v)
v6i w xac dinh nhu trén,ta c6 d(w) = min,er d(v)
That vay,vi néu v € W, theo dinh nghia ta c6 ngay d(w) < d(v);con trong truong
hopve I"'Wthidlw) <d(u) =6 <d(y)

a.  Tacantim GTNN caaham s /(x —3)2 + y2 tréntap hop T’ =
{x,y) € R?|x* —y = 0}
bat f(x,y) = (x=3)*+y% g(xy)=x*—yvap=f+1g
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Ta giai hé

{Vf +1g=0 - {(Zx —6,2y)+1(2x,—-1) =0 - {2(1 +A)x—-62y—1)=0

gxy)=0 x2—y=0 x2—y=0
Giaihé¢taduocx =1,y=1,1=2
Vay (1,1) 1a diém dirng duy nhat caa f trén T'va f(1,1) = 5

min_f(x,y) = 5 dat duoc tai (x,y) = (1,1)
(x,y)er

Vay khoang cach nho nhét tir (3,0) dén x2 — y = /5, dat duoc tai (1,1)

b.  Diém 0 = (0,0,0). Khoang cach tir O dén diém A(x,y,z) € (C):x + 2y +

2z =3 1a/x2 + y2 + 72

— 42 2 2
Dat{f(x,y)—x Tyt Voig(x,y,z) = x+2y+2z—-3

o=f+A1g
Xét hé
—A
=7
Vf+1g=0 (2x,2y,22) + A(1,1,2) = 0 ~ 2
{8(X»Y,Z)=0@{ xt2y+2z-3=0 <)’ TFT 7
/1:7

s (=3 =6 =6\ i ex

VaY(7, 7,7) la diém dung cua f.

Va khoang cach nhé nhat tir (0,0,0) dén x + 2y + 2z = 3 142 dat duoc tai
-3 -6 —6

(7'7'7)

c.  Khoang cach ngan nhat tir (2,1, —-2) dénx? +y2 +z2=11a

JEx =22+ (y—1)2 + (z + 2)2

bat f(x,v,2) = (x =22+ (y—1)?+ (z+2)%,9(x,y,2) = x* +y* + 22 —

1,9 =f+1g
Xét hé
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{Vf +1g=0 - {(Z(x —2),2(y—1),2(z+ 2)) + A(2x,2y,22z) =0

gxy,z)=0 x2+y24+22=1
(A=4 (/1:_22
SRl L W L
((1—A)Zy=—1 <:><y=_%hoéc 3 y:%
x2+y2+z2=1 2 2
\F73 U

f ¢6 2 diém dung trén mién x% + y? +z2 =1

Vay khoang cach nho nhat tir (2, —1,2) dén x? + y? + z? = 1 14 2, dat duoc tai
Gz 3)
d DPatf(x,y,z) = x> +y2+2z%g(x,y) =xyz>?—2vap=f+1g
Ta giai hé
VFf+2g=0 (2x,2y,2z) + A(yz?,xz%,2xyz) = 0
{g(x,y,2)=0@{ x2+y2+2z2=1
Giai hé trén ta duoc

x=1 (x=-1 x=1 x=-1
y=1<y=-1{ y=1 J{y=-1
z=V2 \z=vV2 z==V2 (z==2

Véi 4 diém ding trén f déu dat gié tri bang 4,nén khoang céch nho nhat tir (0,0,0)
dén duong xyz? — 2 = 0 la bang 2 ,tai cac diém

(1,1,v2),(-1,-1,v2), (1,1, —V2), (-1,-1,—V2)
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5.14. Tim gia tri 16n nhat va nho nhat cia cac ham s sau trén tap hop duoc cho
a) x2 + y trong hinh vudng véi cac dinh (+1, +1).
b) x3y%(1 —x—y)trongmiénx >0,y >0,x +y < 1.
) (x2+ 3y2)e~**+¥*) trén mat phang.
d) (x24y2)~!trong mién (x — 2)? + y? < 1.

e) x —x?—y2trongmién 0 <x <20<y<1.

X=y Y
>
f) T ty? trong mién y = 0.

Bai giai:

a) DPiatf(x,y)=x>+y.Miégn—-1<x<1,—-1<y<1Ilacompic trong R
Do d6 f s& ¢c6 GTLN va GTNN trong mién nay.
Véi diéu kien cua bién x,y otrénthi f(x,y) = x> +y <12+1=2
Hon nita dang thic xay ra khi x = +1,y = 1.
Do d6, GTLN cua f trén mién —1 < x < 1,—1 < y < 1 12 2, dat duoc khi
(x,y) = (£1,1)
Taciing co f(x,y) = x> +y > 0% — 1 = —1 vadang thac xay rakhix = 0,y =
-1
Do d6 GTNN cua f trén mién —1 < x < 1,—1 <y < 1 1a —1, dat duoc khi
(x,y) = (0,—-1)
b) Pitf(x,y) =x3y?(1—x—y).Miénx <0,y < 0,x +y < 1 1a compic
trong R2.
Do d6 f s& c6 GTLN va GTNN trong mién nay.
Trudc hét ta s& tim diém ding cua ham £ trén mién trong caa mién x > 0,y >
0,x+y<1.
Taco

Vf = (3x%y? — 4x3y% — 3x?%y3, 2x3y — 2x*y — 3x3y2)

= (x*y?(3 — 4x — 3y), x’y(2 — 2x — 3y))
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— Ay — 3y = X =
3—4x — 3y O@

Suyran=0<:>{2_2x_3y:0 )=

Wk N |-

(%,%) E{(x,y) ER? |x>0,y>0,x+vy <1}
Nén s& 1a diém diung duy nhat cua f trén mién nay. Ta co
11 111 1
f(33) =595
Néu (x,y) nam trén bién thi hoac x = 0 hoac y = 0 hoic x + y = 1. Do vay,
f(x,y) s& lubn bang 0 néu x, y nam trén bién.

Tir day, ta co thé két luan rang
GTLN cua f la— dat dwoc tai (3,3)
432 2°3
GTNN cua f la 0 dat duoc trén bién.
) DPatf(x,y) = (x? +3y2e &+

Taco
Vf = (2x(1 — x% = 3y?)e~ "), 2y(3 — x2 — 3y?)e**+)
Do d6
2y(3 — x2 — 3y2)e~*+¥) = ¢
X:Ohv x:()hv x=i1
= y=0 oac y=+1 oac y=0
Taco

3 1
f(0,0) =0,f(0,£1) = ;'f(il,O) =

Vay GTLN cta f 1> tai (0, £1) va GTNN cia f 12 0 tai (0,0).

d  Patf(x,y) = (x> +y?)~Ttrongmién (x —2)2+y% <1

Mién (x — 2)? 4+ y? < 1 1a compéc trong R? nén trong mién nay f sé ¢ GTLN,
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GTNN.
Ta tim diém dung cua f trong mién (x — 2)? + y2 < 1
Taco
2x 2
=)
(x%+y2)?" (x* +y?)?
x=0
Vf=0e {y —0

Tacd (0,0) & {(x,y)|(x —2)2 +y%2 < 1}

Vay trong mién (x — 2)? + y? < 1 ham f khong c6 diém dung.

Ta khao sat f trén D nghia la khi (x — 2)2 +y? =1

Tacd x? + y? = 4x — 3 nén f(x,y) =$.Tacé (x—2)>2<1nénl1<x<3,

hay 1 <4x —3<9.Suyra:

5y <1
Vay GTLN cta f 14 1 tai (1,0) va GTNN ciia f Ia - tai (3,0)
e) Patf(x,y)=x—x>+y?trénmien0<x<20<y<1
Mién 0 < x < 2,0 < y < 1 la compic trong R? nén f ¢c6 GTLN va GTNN.
Ta tim diém dung cia f trén mien 0 < x < 2,0 <y < 1. Taco
VF = (1-2x,2y)

1
Vf=0<:>{x=§
y=0

1
(E'O) €{xy0<x<20<y<1}

1

Tacc’)fG,O) =

Ta khao sat f trén biénx = 0hoacx =2,y =0hoacy =1
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Vay GTLN cua f 1a 1 tai (0,1) va GTNN cua f la —2 tai (2,0).

f)  Patflxy) =—7

1+x2+y2

Trudc hét ta s& tim diém ding caa ham £ trén mién trong caa mién y > 0

Taco

vf = yr—x*+2xy+1 y*—x*-2xy—1
(1+x24+y2)2 7 (1+x2+y?)?

yz—x2+2xy+1=0®{y2—x2=0

% =O(:>{
! yi+x?—-2xy—-1=0 QRxy+1=0

Két hop vai diéu kién y > 0 ta tim dugc diém ding duy nhat cua f 1a (—iz i)

Tootr(-:3) =

Tiép theo ta s& khao sat f trén bién, tac 1a khi y = 0. Khi d6 f(x,y) =

1+x2

Ap dung bat dang thac - (1 + x?) < 2x < 1+ x? taco——< <

N |-

1+x2

=== Lo x =1nén f dat GTLN trén bién 13 2 tai (1,0)
1+x 2 2

x
1+x2

= —~ & x = —1nén f dat GTNN trén bién 1a —= tai (~1,0)

Do mién xéc dinh cua f khong bi chan, dé cé thé khang dinh rang L ]AGTLN va

\ ) A , A xX-y
—\/—EIaGTNN cua f, ta can chi ra thém —ﬁ <— Ty7 _—neUy >0

That vay, khiy = 0
xX—=y 1
1+x—z+yz_ 5 & 2y +y* + (x — 1)? = 0 (ludn ding)
Mat khac
‘LS&‘E’ (X+i)2 + (y—i>2 > 0 (ludn dang)
V2 T 1+ x2+y? V2 V2

~ ) L1 - \ ) N 1 . 1 1
Vay, GTLN cua f la 5 dat duoc tai (0,1) va GTNN cua f la % tai (—\/—E,\/—E)

174



Chuong 5: Cong thuc Taylor — Ham an — Ham nguoc — Cuc tri

5.15. Chitng minh ham f : R? > R ma Z—i (x,y) = 0 s& khong phu thudc bién the
SN A Of _9of _ NPT £
hai va néu E(x' y) = % (x,y) = 0 thi f la hang so.
Bai giai:
Cb dinh x, dé ching minh f khdng phu thudc vao bién thr hai ta chizng minh

fCoy) =f(xy2) Yy #Yy;

Y19 ,
Faey) - fy = [ Lo
Y2

V1
dy =J 0dy =0
Y2

A 07(Y) _ 0 (XY) At £ 1A h A
Neéu oy =0 thi f la hang so

Ta s€ chiing minh V(x,y) : f(x,y) = £(0,0)
Taco:
~ _(fof@y . (F
f@w)_ﬂxm—k = m—Lom 0
Suy ra f(x,y) = f(x,0)

f(x,0)— f(0,0) = Jxaf(gi'o)ds = f()ds =0
0 0

Suyra f(x,0) = £(0,0)
Do d6 V(x,y) : f(x,y) = £(0,0). Suy ra f la ham hang.

5.16.Cho A = {(x,y)|x < Ohayx = 0vay + 0}.
a) Chang minh rang néu ham f : 4 — Rthoég—ﬁ(x, y) = Z—;(x, y)=0thi fla
hang sd.

b) Timham f : A - Rsao cho Z—f](x, y) = 0 nhung f lai phu thuoc bién thir hai.
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Bai giai:
a.  A={(xy)|x<0hayx =0vay # 0} = R*\{(0,x)|x = 0}
Ta chiang minh :
Néu % = 0 trén A thi f 1a hing sé trén A.

Ta s€ chang minh V(x,y) € A: f(x,y) = f(—1,0)

Tacé:
fen-f1n=[ iwdt - f_xlOdt —0
Suy ra f(x,y) = f(~1,9)
F1y) - fe10= | y%j’”ds - 0ds = 0

Suyra f(=1,y) = f(=1,0)
Do d6 V(x,y) € A : f(x,y) = f(—1,0). Suy ra f 1a ham hang trén A.
b.  Taxétham fnhu sau :

0 x<0
f(x)=4x x=0,y>0
—-X x=0,y<0

. d .
bicu kién : % (x,y) = 0, f phu thudc vao bién y

- Voi x<0:
af— I (0) = 0 (th¢
6y_6y = 0 (thoa)

- Voix=>0,y>0:

o _ 9 )= 0(the
@—@(x)— (thoa)

- V6ix=0y<0:

af _a 0 (the
@—@(—x) = 0 (thoa)
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Vay ham fcan tim 14 :

0 x <0
flx) =1{x x=20,y>0
—X x=20,y<0

5.17. Cho x va y la cac ham an theo t xac dinh boi phuong trinh x3 + e* — t2 —

t=0,yt2+y?t—t+y=0vaxéthamz = e*cosy. Tinh%tai t=0.

Bai giai:
Fix,t) =x3+e*—t?—t=0
Gy, t) =yt>+y%t—t+y=0
Véi t = 0 thé vao 2 phuong trinh trén ta duoc

{x3 + ;x:oo (1) D

Phuong trinh (1) ¢6 1 nghiém xo € (=1,0) Vi f(—1) = =1 += < 0va f(0) =
1>0nénf(-1).f(0) <0
Vay hé trén cé nghiém la (x,, 0)
Khit = 0 thitacé

{Fx=3x§+ex°¢0
G,=1%#0

E, # 0vinéu F, = 0 thi

x5 +e¥ =0
3x2 +e* =0

x0=0

= x5 = 3x¢ = v =3
0=

Nhung x, = 0 hay x, = 3 déu khong thoa xg + e* = 0. Vay F, # 0

L4y dao ham 2 vé theo t cua F va G
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3x? ax+ *X—2t—-1=0
‘ot 0 B
dy ., dy
— 2 2y.— -1
att+yt+ ya .t +y? +6t 0
Véiy=t=0vax =xgtasuyra
ox 1 dy

ot~ 3xZ +e*o' ot
Xétham z = e*.cosy

0z 0z

— =¢e*.cosy =e*,— = —e*.siny =0

ox 'dy
Tacoz=1z(x,y) = z(x(t),y(t))
L4y dao ham cua z theo t
dz 0z ax 0z ay X 1 e*o
—=—.= =el———+01="—"7—7
dt Jx Ot ay at 3xy + e*o 3xg + e*o

5.18. Khai trién Taylor dén cap n caa f(x,y) quanh (a, b)

a) f(x,y) =sinxcosy,n=1,(a,b) =(0,0)

b) f(x,y) =e*cosy,n=3,(a,b) =(0,m)

c) (x,y) =In(xy),n=3,(a,b) =(11)

Bai giai:
a)  f(6y) =£(0,0)+x£(0,0) +y£,(0,0) +5 (x?fix(6x,0y) +
2xYfry (0x,0Y) + y* £,y (6, 6y))
Trong dé
fx =cosxcosy

fy = —sinxsiny
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fxy = —cosxsiny
fyxx = —sSinx cosx
fyy = —sinxcosy

Thé vao cong thic trén, ta c6 :

flx,y)=x— % (x? sin Ox cos By + 2xy cos Ox .sin 8y + y? sin Ox . cos Oy)
b)
1
fC,y) =fO0,m) +xf,(0,m) +(y — T[)fy(O, ) + ixzfxx(or )
1 1
+x(y —m)fry(0,m) + 21 (v - ﬂ)zfyy (0,m) + §x3fxxx (0, )
1 ) 1 2
+ o X (Y = ) frxy (0, ) + ZX()’ = )" fxyy (0,7)
1 3 1 4
+ g()’ — 1) fyyy(o' m) + ﬁx fxxxx(gx' Oy +m(6 - 1))
L,
+ ax (y - T[)fxxxy(ex' Oy + 7'[(9 - 1))
1
+ ﬁxz()’ — n)zfxxyy(ex, Oy + m (6 — 1))
1 3
+ 5% = 1) iy (6, 6y + (8 ~ D)

1 4
+ (v — ) *f,yyy (6%, 0y + (6 — 1))

f(0,1) = fix(0,70) = frx (0,70) = froexx (0,7) = f(0, 1) = -1
fxxxy = fxxy = fxy = fy = e*siny = fy(O» m)=0

frxyy = feyy = fyy = —e*cosy = f,,(0,m) =1
freyyy = fyyy = €*siny = f,,,(0,m) =0
fyyyy = e*cosy = fyyyy(o: ) =-—1
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1 1 1 1
] S S (v )2 — Zx3 4 S (v — 77)2
1
— ﬁx‘*eex cos(0y + (6 — 1))
1
— 8x3(y —m)e% sin(0y + (6 — 1))
1

1
- sz(y —m)?e% cos(0y + (0 — 1)) + gx(y —m)3e%sin (0y

+7m(0— 1))+ % (y — m)*eb* cos(8y + (6 — 1))

c)

1
fey) =fAD+x=DEAD+ =D + 50 = D fr (L1 + (x
1 1
- 1)()’ - 1)fxy(0:1) + 5()’ - 1)2fyy(0r1) + §(X - 1)3fxxx(0;1)
1 1
+ E(x - 1)2(y - 1)fxxy(011) + E(x - 1)(y - 1)2fxyy(0:1)

1 3
+ E(y - 1) fyyy(orl)

b D fonan(0Ge— D + 1,00~ D+ 1)
b 300~ D20 = Dy (0Ge~ 1) + 1,00~ 1) +1)

1 1
+ ﬁ(x - 1)2(y - 1)2fxxyy(9(x - 1) + 119()’ - 1) + 1) + ﬁ(x

- 1)(3’ - 1)3fxyyy(9(x - 1) + 1'9(}’ - 1) + 1)

1
+ Z(y —D*fyyy(@(x—=1) + 1,0y — 1) + 1)

Taco:
2 6

1 1
fx = ;fox = _x_zlfxxx = Frfxxxx = _F
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Suyra:
fx(lfl) = 1'fxx(1'1) = _1'fxxx(1'1) =2
Tuong tutaco :
1 1 2 6

fy - E’fw - _F'fyyy - ﬁ’fyyyy - _F

Suyra:
Cac dao ham hdn hop bing 0.

1 1 1
fen =G-D+G-D-FGx-1D -z G- D2+3G =17

F2 -1 -3 G D)*
3 4~ O(x — 1)+ 1)*

1 1)
AR Ty sy

5.19.Cho F(x,y) = e*¥> + 1+ y3 vaa,b € R sao cho F(a, b) = 0. Chung
minh rang ton tai khoang I 3 a vaham g : I - R thudc 16p €t sao cho g(a) = b
va F(x,g(x)) = 0 véi moi x € I.
Bai giai:
Pé chi ra su ton tai caa khoang I va ham g, theo dinh Iy ham an.
Ta can chiing minh :
oF

E(a, b) #0
Gia stir nguoc lai

oF

E(a, b)=0

Véi F(x,y) =eX?’ +1+y3 taco:
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oF

@ = 3xzyze"23’3 + 3y?

Suy ra 3a2b%e®’?* + 3b2 = 0.Vay b = 0.

Tuy nhién khi b = 0, tacé F(a,b) = e®?’ +1 + 3b% = 2 = 0 (trai véi gia thiét)

Vay bai toan dugc ching minh.

5.20. Xét bién ddi x = u — 2v,y = 2u + v,
a. Viét cong thirc cho bién doi dao.

b. Tinh Jacobi cua hai phép bién doi néu trén.

Bai giai:
a. Taco:
_x+2y
{x=u—2v {x+2y=5u u= 5
= =
y=2u+v "~ (y—2x=5v y —2x
v =
5
b. Tach:
Ox Ox
a(x,y) 7u v 1 -2
— det =dt( >=5
dwv) oy ay | T2 1
Ju 0Jv
Néu ggi ; = 0 thi theo dinh 1y ham nguoc u, v ¢d thé biéu dién theo x, y dugc va
a(xy) d(uy) _ duy) _ (3(x)\" L .
d(uv) d(xy) axy) (a(u,v)) nen

d(w,v) (6(x,y))_1 1

a(x,y) \dwv)) 5
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5.21. Xét phép bién ddi x = f(u,v),y = g(u, v) vdi Jacobi J = ggi; Ching

minh rang bién d6i dao thoa
dou 10y ou  10x dv 10y dv _10x
ox Jov' dy Jov’ ox Jou'dy Jou
Bai giai:
Theo gia thuyét, tacé x = f(u,v)
L4y dao ham 2 vé theo bién x, suy ra
dxJdu dJdyadv
duax Tovox D
Mt khéc ta lai co y = y(u, v). Ciing 1dy dao ham 2 vé theo bién x

ayau_l_ay@v 02
dudx Ovox 2)
Giai hé phuong trinh (1) va (2), ta nhan duoc
(ou 1 dy (du_ 1 dy 10y
ﬂ_(a_ya_x_a_xa_yﬁ ox ~ 9(y)ov v
< dvou Jvaou hay 4 d(u,v)
v 1 ady Y ov B 1 dy 10y
6x_(6_y6_x_6_xa_y)au ox _0(x,y)ou  Jou
\ dudv Jdudv \ o(u, v)

\ \ ~ , . 2 , , 0 N
Hoan toan tuong tu, ta cling tinh dugc biéu thac cua % va ﬁ.
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5.22. Xét bién ddi x = fuw,v,w),y = g(u,v,w),z = h(u, v,w) véi Jacobi

] = jgi’vzv)) Chang minh rang bién ddi dao thoa
du 109(y,2) du 109(zx) du 10(x,y)
ox Jo(w,w)’ dy Jo(w,w)’ oz Jo(v,w)
dv 10y, 2) dv _10d(zx) v 10(xy)
ox Jo(w,u)’ oy Jo(w,u)’ 0z Jo(w,u)
ow 10(y,2) dw 10(zx) ow 10(x,y)
ox Jo(u,v)’ oy Jo(u,v)’ 0z Jo(u,v)

Bai giai:
Taco:

x=flv,w) (Q),y=gwuv,w)2),z=huuvw)
Ly dao ham 2 vé theo x, suy ra
(0x au+ax 6v+6x aw_l
ou'dx ov dx ow dx
dy du Jdy dv 0Jy aw_o
ou dx o0v dx ow dx
0z 6u+az 6v+zf ow
\Ju " dx dv dx OJw dx

Jou ov ow

Giai hé trén gom 3 phuong trinh trén véi an 1a o ae . B duoc :

-

0

du A
ox A
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Vi

Suy ra

Tuong tu ta cling co

6u_
ox

0x

aw
ay | _ 0(xy,z)

ow | awuv,w)
0z

ow
ox

>
ay _ a(y,z)

ow | a(ww)
0z

aw

10(y,z)
J (v, w)

v 1 d(y,z) ow 1 d(y,z)

ax  Jo(w,u) dx ] o(uv)

Hoan toan tuong tu tir hé

ou
dy
Ju

(0x
R
dy
u
0z
\du

-

Jdu

N 0x
v
dy

o aw

0z

@‘l'%

Jv OJx dw
oy taway 1
dv dy ow
3y Toaw'ay "
v zf ow
oy Tow ay ©
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Va
(0x au+ax 6v+6x ow
ou'dz  0v 9z  ow 0z
dy 6u+ay 6v+6y ow
ou dz  0v 9z  ow 0z
0z 6u+az 6v+zf ow
\ou 0z O0v 0z OJw 0z

-

Ta ching minh duoc
du 1 d(z,x) ov 1 d(z,x) ow 1 d(z,x)

oy Jow,w)'dy Joww)'dy Jo(wv)
du 10(x,y) dv_1d(x,y) ow 19(x,y)

9z Ja(ww)' 9z Jo(w,w)' 9z Ja(uv)
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B A A 9 A g
a1 Tap M¢é Ron

1. Tim cuc tri cua cac ham sau :
a f(x) =2 +yH)(e™ ™ —1)
b. f(X) = (a—x)(a—y)x+y—1)

Trongmiénx < a, y < a,x +y > a véi a la hang s duong.

c. Cuc tri ham an z = z(x, y) néu biét

x2+yi+z2—xz—yz+2x+2y+2z—-2=0.

2. Viét khai trién cac ham sau day theo lily thira nguyén duong cta bién x dén
sb hang cap cho truéc (ding Céng Thic Taylor)
a. f(x) = eSin* @n x3.
_ (1+x)100
b. f(x) = (1-2x)%0(1+2x)60
c. f(x) = In(cosx) dén x°.

d. f(x) = tanx dén s6 hang x5.

dén sb hang x2.

3. Giasauf(x)taix=0,x>0chiyf*¥0)=0 Vk=0,12,..vaf*x) >
0 véix >0,k = 1,2,... Ching minh rang : f(x) = 0 véi x > 0.

4. Ching minh t6n tai duy nhat ham y = £(x) trén R théa man phuong trinh
y—esiny =x,(0<e<1). Timy'(x).

5. Chung to rang ham /|xy| c6 ca hai dao ham riéng g—fC (0,0) va g—i (0,0)

nhung Z—ﬁ (x,y) va Z_; (x, y) khéng bi chin trong lan can diém (0,0).
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Chuong 6:

CHUOI TRONG KHONG GIAN BANACH

6.1. Chang minh rang céac chudi ¥%_, a,, va ¥<_,, a,, hoic cing hoi tu hoic cing

phan ky. Khi ching cung hoi tu, xac dinha saocho Y- a, = a + Y5_, a,.
Bai giai:

- Néu Y¥2_, a,, hoi tu thi : V&i moi k > m,

Vi day tong riéng phan Y% _, a, hoituva Yk . a, =3k _ a, - Y™ 1a,

Nén Z?i=m an héi tu va Z?Lorm an = Z?lozl an — er::ll an (1)

- Néu Y2_... a,, hoi tu thi : Vi moi k > m,

Vi day tong riéng phan $X_ a, hoituvaYk_.a, =Yk_. a, + Y7 a,
Nén Z?i=1 an hoi tu va 27010=1 an = Z?lozm a, + 221;11 a, (2)
Tur (1) & (2) ta c6 diéu phai chitng minh.

Hon nita, khi chdng cung hoi tu thi :

Nhan xét: Nhu vay, tinh hoi tu hay phan ky cia mot chudi khong thay doi khi ta
thay d6i chi s6 xuat phat, nhung tong (khi chudi hoi tu) c6 thé bién d6i. Do do,
thay vi khao sét tinh hoi tu caa chudi ¥, a,, , ta c6 thé khao sét tinh hoi tu cua

chudi X%, a,, .

188



Chuong 6: Chudi trong khong gian Banach

6.2. Chimg t6 rang, néu chudi ¥, a,, hoi tu thi

Ve >0,3any, € N,Vn = n,, <€

o0
k=n

Bai giai:
Theo bai 6.1, do chudi Y%, a, hoi tu nén ta ¢ :
- Yhe1 Ak = Xho1 G + Yieen A
- Ddy tong riéng phan (s,,_;) hoi tuva Yo, a = lim,. Y3zt ay .

Theo dinh nghia gidi han, ta dugc :

-1

(00

k=1 1

S

Ve > 0,dn, € N,vn = n,, <¢€

&
I

Vay ta ¢ diéu phai chirmg minh .

6.3. Cho hai chudi s6 hoi tu Y a,, va Y. b,, c6 tong lan luot 12 a va b. Chang minh
rang cac chudi Y (a, + b,) va Y aa,, véi a € R, ciing hoi tu co tong lan luot 12

a+ bvaaa.

N

Bai giai:
Do chudi ¥ a,, hoi tu nén day téng riéng phan (s,,) hoi tu va :

Zan = lims, =a
n—oo

Chudi ¥ b,, hoi tu nén day tong riéng phan (t,,) hoi tu va :
Z b, = lim t, = b
n—>0o
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Suyra:

Z(an+bn)=zan+2bn=iir2)(sn+tn)=a+b
Zaan=azan=alim s, = aa
n—-oo

Khi d6 dy tong riéng phan (s,, + t,,) hoi tu nén ¥(a,, + b,,) hoi tu va cé téng la

a+ b, Y aa, hoituvacotong la aa .

6.4. Cho chudi s6 Y12 a,, va diy ting ngit cac s6 nguyén (n,) sao chon, = 1.

- Y Ng+1—1 _ . . N A
bat b, = Zizj”l( a; = ay, + Ay, 41+ + ap,, -1 . Chitng minh rang neu

+% a, hoi tu va co tong 1a a thi Y12, by, cling hoi tu va co tong la a.

Bai giai:

Do chudi ¥, a; hoi tu va co tong la a.
Xét diy téng riéng phan {s,} : s, = Y% ,a;,Vn €N khi d6 {s,} hoi tu va
a=Y7>2,a; =lim, s,
Ta can chung minh Y22, b; ciing hoi tu va ciing co tong 12 a.

Xét day tong riéng phan {t,} : t, = ¥, b;,Vk € N. Taco:

k
t, = Zbi = by + by + ot by

=1
n2—1 n3—1 nk+1—1
= E a; + E a; + ... + E a;
i=n4 i=n, i=ng
_ Vk+1—1 _ _
- anzl al - Snk+1—1 (do nl - 1)'

Do vay, v6i moi kthity = s,, . 4
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Do {n,} 1a ddy ting ngit cac sé tu nhién nén {n,,, — 1} ciing 1a diy ting ngit cac

sb tu nhién.

Suy ra {s,,,,-1} 1a ddy con cuia{s,} . Ma {s,} hi tu vé a nén suy ra{s,, .} cling

hoi tu Vvé a.
Do d6, {t,} hoituvéahay Y22, b; ciing hoi tu va co tong la a.
Ta c6 diéu phai chang minh.

xm

6.5. Chuang minh rang véi |x| < 1vam € N thitaco 32, x™
Bai giai:

Taco: Y o xt =Y x4+ Y12 x™ suyra Y e, x™ = Y+o xm

Ta dat :

1x'

n n+1 khix =1
— k= 1_xn+1
5n(x) X {— khix #1
k=0 1—x
Khi|x| < 1tacb:
_ 1
rlzlgalosn_l—x
Nén
+ 00
D=
x'"t =
1—x
n=0
Vataco:
-1
S n_l—xm
= 1—x
n=0
Nén
0o oo -1
< n_+ n e 0 1 1—xm_ x™
= x x T 1—x 1—-x 1-—x
n=m n=0 n=0

n=0 X
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Vay ta c6 diéu phai chtitng minh .

6.6. Day sb (a,,) duoc goi 1a mot cap s6 cong khi ton tai @ € R sao cho a, ., = a, +
a,vn € N. Khi d6 o dugc goi 1a cong sai cua cap s6 cong (a,,). Chiing minh rang
néu (a,) 1a mot cap sé cong thi ¥ a,, phan ky trir khi ddy (a,,) gdm toan cac s 0.
Day s6 (a,,) duoc goi 1a mot cap sé nhan khi ton tai g € R sao cho a,; = a, X
g,V n e N. Khi d6 q dugc goi 1a cong boi cua cap sé nhan (a,,). Chang minh ring
néu (a,) la mot cap s6 nhan co cong boi la g thi Y a,, hoi tu néu va chi néu |q| < 1

N . y a
vakhido Y} % a, = —

1-q

Bai gidi:

. Gia s day {a,,} 1a mot cap so cong véi cong sai «.
Theo tinh chét cua cap sé cong, tathdy a, = a; + @, a; =a, +a = (a; + @) + a =
a, + 2a ... Mot cach tong quat thia, = a; + (n — 1a .

Suy ra, tong riéng phan tha n caa chudi ¥ a,,

Sn :Zn:al =Zn:[a1 + (i —1a]

=nay +a),(i—1) =na; + nl)

azgnz +(a1—%)n

Dé chudi ¥, a,, hoi tu, ta phai c6 day {s,,} hdi tu. Tir cdng thic xac dinh s, nhu trén,
ta nhan thay {s,} hoi tu khi va chi khi % =a —% =0 a, =a=0. Khi do, do
a, =a, + (n— Da Vn, {a,} sé la ddy géom toan cac chira s6 0.

e  Giasurday {a,} 1a mot cap sb nhan véi cong boi q.

Theo tinh chét cua cip sé nhan, ta thdy a, = qa,, a; = qa, = q(qa,) = q?a, ..Mot
cach tong quét thi a,, = ¢" 'a, .

Taco:
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0o oo co
— n—1 — n-—1
n=1

n=1 n=1
Theo ménh d& 1.3, chudi s6 X%, g™~ s& hoi tu trong R khi va chi khi |g] < 1, va
téng caa chudi nay (néu cd) sé la ﬁ.

431

Vay, chudi Y%, a,, s& hoitunéuvachinéu|g| < 1.Khidé: Y2 ,a, = v

6.7. Xét tinh hoi tu cua cac chudi sau

w 1
1) Zn=2 m

o 1
2) D=1 1.5..(4k—3)

o __ Kk
3) 2n=2 (2k+1)2k

4) Li=1
5) Xn=1

2n+1

n!

2n2+5
3n3+n+7

2n?+5
6) =1 S es

7) Z%o:l%
8) Z?f:zﬁ

9) Z;‘fﬂ%

10) 21?:1%
11) XY= ((;'l):;
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Bai giai:
Luu y rang tat ca cac chuoi so trong bai tap nay déu la chuoi s6 duong .

1

m —

1) anz Inn
r X 1
Xét chuoi Y-, ~

- n . 1 . .
Vi lim,,_, = lim, o 17— =lim,,,n=ocova:
nn /n

Theo dinh Ii vé chudi diéu hoa thi 2., ~ 12 chudi phan ky .

Nen chudi Y57, — phan ky.

1

2) k= 1.5..(4k—3)

L 1
Taco:a, = 1.5..(4k-3)
A 1

k+1 ™ 15..(4k-3)(4k+1)

. Ar+1 1 1 _
Suy ralim,,_, o lim,,_, ol 0<1

\/ay(ﬂluSiEZz;llEfI%;:ES héitu.

k
o
3 i (2k+1)2k
Taco:
, . . 1 N 0 1 N X A
Vi moi k D S F Va Yi=15 lachudihoity.

N ~ . k =
Nén ChUOIE:g;zEEEIESEEIWQItU.

2n+1
(0]
, a 2n+3 n! 2n+3 1
Taco: 22 = . = .
an (n+1)! 2n+1 (2n+1) n+1
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. a : 2n+3 1
Suy ra lim,,_, o Z—“ = lim,_, ¢
n

A ~. 2n+1 A
Nén chuoi }.;- hoi tu.
5) yioo 2n%+5

n=13n31n47

Xét chudi Y2, % phan ky .

2n%+5 1
bata, =——, b, = -
n 3n34n+7’ " n

Ta thay :
lim W _ im 2n3+5n 2
n=eop. n=>03n34n+7 3

A x. oo 2n%+5 A s
Vay chuoi Zn=1m phan ky

2n%+5
6 0 —
) Yn=1 3n4+n+9
, X 0 1 e
Xét chuoi Y- —hoity.
Pita. = 2n?+5 b = 1
R P B S LI
Ta thay :
lim W _ im 2n*+5n% 2
n=op, n=>%3n4in+9 3
x- 2n2+5 )
Vay chuoi Y >, ———— hoi tu.
C y Zn—l 3n4+n+9 5 v
3n2+n+5
7 0 —
) Xn=1 (2n2+1)3n
, X o 1 A=
Xét chuoi Zn=13—n hoi tu .
3n2+n+5 1
bata, =—, b, = —
M @2n241)3n’ T 3n
Ta thay :

lim W _ im 3n?+n+5 3
n=>% p, n=>%0 2n2+1) 2

(2n+1) " (n+1) -
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3n2+n+5

Vay chudi Zn 1m h()l tu.

8) Zn 2

nln2

Xeétanh xa f : [2,00) = R thoamén f(x) =

xIn2x

Ta thay f 12 &nh xa lién tuc,dwong va giam. Do d6 theo tiéu chuén tich phan cua
Cauchy, chudi sé X%, 1n2 = Y >_, f(n) va tich phan suy rong f f(x) s€ cung

hoi tu hoac cung phan ky.

Taco:
L =1
Vay chudi %5, —— hoi tu .

_ r%d(nx) oodt_ .
i = e =y @ = Dl =4 hoit

9 Yo, =

n4

Xét chudi Yoo 1— hoi tu .

g In3n 1
Dat a, = AR bn = ;
Ta thay :
. a . (Inn)3
lim,,_, b—" = lim,,_, — = 0

n

Vay chudi Y2 1— hoi tu .

1.3..(2n-1)
10)  Xn- 115..(4n-3)
Tach apy1 _ 1.3..2n-1)(2n+1) 1.5..(4n-3) _ 2n+1
" a, = 15..(4n-3)(4n+1) 15..2n-1) 4n+1
. aAn+1 1 2n+1 _ l
Suy ralim,,_, o = lim,,_, prerialt

1.3...2n-1) héi tu

Vay chudi Y%, 15 (an=3)
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0o (n))Z2m
11)  Xn= (2n+2)!
(. Gnyr _ (m+DH22™T (2n+2)! . 2(n+1)?
Taco: an  (2n+4) " m)2"  (2n+3).(2n+4)
. An+1 1 2(n+1)2 _ l
Suy ra limy, .o, an limy,-, o0 (2n+3).(2n+4) 2
A x. o (2n+2) -
Vay chuoi Yjo—q YT hoi tu.

2
1) hoity .
n(n+2)

6.8. Ching minh Y7_; ~1g

Bai giai:
Vi moin € N thi :
n+1)? nn+2)+1 1
T(l(n+;): (n(n+)2) BT
Do do :
1. (n+1)2
—nlgﬁ>0
Vay day 1a chudi sé duong .
Xeét:Vaoimoin €N
(n+ 1)?
llg(n+1)2:lln[n(n+2) <lln[1+;]<lln(1+l><llne%
n-"nn+2) n In10 n nn+2)I n n/ n
Suy ra, véimoin € N :
11 (n+ 1)? 1
n-"nn+2) n?

Ma chudi z% hoi tu .

Vay ta c6 chudi trén ciing hoi tu .
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6.9. Tim p sao cho
o0 1 A

0 1 -
2) Yn=27p hoity

Bai gii:
1)  Taxét cac truong hop :
- Véip <0thivéin=>3taco:InPn < 1.Nén:
1 1

2 —_
nlnPn ~ n

Ma chudi Y>_ 35 phan ky nén Y.7_5 — phan ky.

Theo bai 6.1 ta c6 chudi Y7,

phan ky.

nlnPn

- VWip>0:

< 1
bat f(x) = —oo X E [2, 00)

In? x + pxInP~1x

fi) = -
Suy ra f 1a ham duong va giam trén [2, o).
Ta thay : f lién tuc trén [2, o)

221nZP x <0,Vx €[2,0)

Neén ¥, ——hoi ty khi va chi khi f f(x)dx hoi tu .

Xét :

® 1
j dx
, xInPx

Ditt =Inx,suyra:etdt = dx

Suy raf £(x)dx hoi tu khi va chi khi [~ =dt hoity .

In2¢p
Khido:p>1.
Vay ¥, —— hoi tu khi va chi khip > 1.
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2)  Taxét cac truong hop :

- Véip<0thivéin=>3tacé:InPn <1.Nén:

—>1
InPn —
Do chudi hang ¥%_, 1 phan ky .
w 1 A Lo
Suy ra anzm phan Ky .
- Véip>0:
i p<1:Xétchudi %y ,— phanky .
Vi
1 1
2 J—
InPn — nP
N X: oo 1 N N
Nén chuoi anzﬁ phan ky .
ii. p > 1:Xétchudi ¥, ~ phan ky .
Do
1 1 14
np 7P 1 1
lim — = lim = lim —n? = o
n
Nén
1\ P
np
lim =lim|[— ] =

n-olnPn n-owo\lnn

Suyra;_, ﬁ phén ky .

Vay#p ER: Xy, —— hoity.
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6.10. Xét tinh hoi tu cua cac chudi

D) S (D"
2) Loy (—1)Mn™=
3) Tma(-D)"
4) Sy

5) Troa(1+2)3e™

Bai giai:
1) Zn 1(_ )Tl (Tl+1)2
- _ n
bata, = (n+1)2
Xétham f(x) = = +1)2 ,x =1,
(x+1*=2(x+Dx —x*+1
' = <0,vx=>1
f) (x + D Trnzs

Suyra f giamtrén [1,0). Taco: a, = a4 ,Vn = 1.

Hay {a,} la ddy duong giam.

Va
lim —— =0
oo (n+ 1)2

Vay chudi Z?’i=1(—1)"( ) hoi tu .

2)  Tpo(-D"nE=

Pita, = In"= =In (1+-)

Xeétham f(x) =In(x+1)—Inx ,x €N
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1 1
f(X)—m—;<O,VXEN

Suyra f giamtrén N .
Suy ra {a,} la day sé duong, giam va lim,,_,., a,, = 0.
Vay chudi ¥, (—1)"In = hai tu.

Inn

3) i (-D"E

o Inn
Dat a, = ﬁ

Xét chudi Y o_o(—1)™

Inn
Jn
, \ In x
Xét ham f(x)—ﬁ,x28
1 Inx
Eﬁ 2Jx 2-Inx
= <0,vx=8
X 2x\x

Suy ra f giam trén [8, o).

fx)=

Suy ra {a,} véin = 8 la ddy duong giam va :

1
o Imm . (nn)" n 2
lim — = lim =lim——=lim—=0,vn=>8
n-w \/n n—-o (\/ﬁ)’ n—-ow 1 n—)oo\/ﬁ
2\n

Inn

Ta dugc Y5 _g(—1)™ N hoi tu.

Inn

Viy chudi $-,(—1)" == hoi tu theo bai 6.1.

0 1
4 Xn=aia

o 1
bata, =50

A, e BRI S
Taco: lim,_. \/a, —11113.101“—0< 1

A X- 1 ~t
Vay chuoi Y-, o hoi tu .
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5)  Trei(1+2)Mem

bata, = (1 + l)3”6‘"

Taco: lim,_. Y/ a, —11m(1+—)3 l=el<1

n—oo

Viy chudi Sy_; (1 +2)**e ™™ hdi ty .

6.11. Cho (a,,) 1a mot day cac chir sé thap phan, nghia 13 a, € {0,...,9},Vn € N.
Chang minh rang chdi sé Z$°=°11% lubn ludn hoi tu va c6 téng 1a x thoa diéu kién
0 < x < 1. Hon nita, chang to rang x = 1 néu va chi néu a,, = 9,vn € N.

Bai giai:
Taco: ) - 17on —2 |3 chudi sb duong —2 on = < %vé’i moin € N.
Mataco:0 < 1—0 < 1 nén chudi Z;’;=1w—n hoi tu

Va

O =

i 1.~ 1 1 1\°

T _21071_1_1 (10) B
n=1 n=1 10

Do Vay chudi 9 ¥y (7)™ = Sy — hoi ty vé 1.

Suy ra 37—y~ hoi tu. Bong thoi, ta o :
< z An < Z i —
- 10m — 10"
n=1 n=1
- Chtng minh : zgzll% = 1 khi va chi khi a, = 9,vn € N.

Nhu ta da chirng minh Y42 = 1. Do vay, ta chi can chiing minh :

Neuzn1 —=1thi a, =9, Vn €N,
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=9 9 A - I3 J4 9_
Gia St, ton tai m 520 cho ap, < 9. Liac d6 : = Im > 0.

Om

Mat khac voi moin, 0 <9 —a, <9 nén theo chiing minh trén 77—, 91_062” hoi tu.

Hon ntra ta co :

Do vay :

Vay ta c6 diéu phai chitng minh .

6.12. Cho (a,,) va (b,,) 1 hai day céc chir s6 thap phan sao cho 3n, € N,
i) a,, # Ovaa, =0,Vn>n,.

i) by =a,,Vn< ng, by, =ay~1vab, =9,Vn > n,.

Chiing to ring Y1, 2o = e Do

Liom Tion
Bai giai:
Ta c6 thé viét lai cac day nhu sau :
(an) = (ay,az, ..., Ay -1, An,, 0, ...,0, ...)

(b’n) = (all aZJ AL ano—l; anO - 1,9, ,9, )

bat :
ano—l ano
n kz_llok 101 * 102 10™0~1 ~ 10m0
Suyra:
. a a2 ano—l ano
m sn =101 ¥ 102 T T Tomem1 T Tome
bat :
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o a, Apy-1  Ap, — 1 9 1 1 1
=0t 102 T Tonet t igme 9 Ggmert t qgrere T o)
Xet
1 1 1 1
1 + 1 I 1 _ 10m+1  10™ _ 0™ —1om
10M0+1 107M0+2 10m 1 _i 9
10

(tong cap s6 nhan c6 cong boi la 1071)

Suyra:
1 1 1 _ 1 1
9(10no+1 + 10m0+2 ot 10m) T 10m%  10m
S ST S ek SRS S O
dm tm = Tot T102 VT Tonet T 0 T A Gome T Tom)
L ang-1  Gny — 1 1 _ .
= 101 + 102 + + 10n0_1 10n0 + 101’10 - -r%_l_)rlolosn

Ta c6 diéu phai chang minh.

6.13. Cho 0 < x < 1. Chung to rang ton tai ddy sb thap phan (x,,) sao cho

+o0
Xk

*= 2. T0¢
1

(ta con goi cach Viét 0, x; x,x5 ... 1a mot biéu dién thap phan cua x)

N

Bai giai:

Takihiéu: x = xg, X1 X,X3 ... Xy ... Vaxg = E(x) .

Vé6i moin € N, ta dit : u, = 10E(10™x) va v, = 10™"(E(10™x) + 1).

204



Chuong 6: Chudi trong khong gian Banach

Khi d@o, ta c6 :
U, <x <,
{10nun € Nval0™y, €N
v, —u, =10™"

Do

{ E(10™"x) <10"x < E(10™x) + 1

E(10™1x) < 10™1x < E(10™1x) + 1
Nén

{ 10E(10™x) < 10™""1x < E(10™*1x) + 1
E(10™1x) < 10" 1x < 10(E(10™x) + 1)

Vi 10E(10™x), E(10™*1x) + 1, E(10™*1x), 10(E(10™x) + 1) E Znénsuy ra:

{ 10E(10™x) < E(10™+1x)
E(10™1x) < 10(E(10™x) + 1)

Twdo:

{un = Un+1
Unt1 < Un

Vay hai day (u,,) va (v,) ké nhau, do d6 hoi tu vé ciing mot gigi han L.

Hon ntra :

n—-oo n—-oo

Dou, <x<v,néntaduoc:l=x,vau, —x,v,—Xx.

Taco:

- Uy < Upgq,dodo: 10", < 10™u,44

- Upyq = 107PHDE10™x) < 107(E(10™x) + 1) = u, + 107"
Suyra:10"u,,; <10™u, + 1.

Nhu vay : 10"u,, < 10"u,,; < 10"u,, +1,10"u,, € N.

Nhu vay chtng t6 rang :E(10™u,,,,) = 10™u,, .

Vi 10™u,,,, 1a mot s6 thap phan chi co n + 1 chit s6 sau dau phay , nén ta cé thé

két luan duogc rang u,, Va u,,, ¢6 clng cac chir s thap phan cho dén hang tht n.
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Khi d6, chon x, = 0 va véi moi n € N, x,, 1a chit s6 thap phan thtr n cua u,, .

Taco:
n
Uy = X, X1X3X3 oo Xy = Z x, 107F
k=0
Nhu vay : Ton tai day chix sé thap phan (x,,) sao cho
©
} k=1 W

Vay ta c6 diéu phai ching minh.

6.14. Cho 0 < x < 1. Chtrng minh rang x 1a mot sé vo ti néu va chi néu x c6 mot

biéu dién thap phan tuan hoan, nghia 1a ton tai day (x,,) < {0,1, ...,9} sao cho ton

+o00 Xn

tai ng, k € N sao cho x,,x = x,, Vn = nyvax = anlﬁ'

N

Bai giai:
- Ta chitng minh néu x c6 mot biéu dién thap phan tuan hoan thi nd 1a mot sé
hitu ty.

400 Xn
n=1qon’

That vay, gia sir ton tai day (x,,) < {0,1,..9} vany, k € Nsao chox = ¥,
Vax,p =X, ,Vn>ng.

batn, =1,n;=ny+ (i —2)k Vi = 2

Va

Nm4+1—1
Xi

10!

i=ny,

aAm =
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Véim > 3,taco:

Nm41—1 Nm41—1 Npmy1—k-1 nm—1
- Xp Xi—p 1 Z xp 1 X;
m= /., 10t Zu 10 10F 100 10% 10!

=Ny, =N, i=n,—k I=Nm—1

1
= 1ok “m1

Tur danh gia trén, bang quy nap, tasuy ra:

Ay = ay(—)™"2,Vm > 2

10k
Theo bai 6.4, ta cé :

Do vay

x=a;+ z a, =a, + z az(W)m‘2
m=2 m=2
o1 2 10%a,
_a1+a22(1—0k) _a1+1_i_a1+10k_1
m=2 10k

Vi nhan xét rang a, va a, déu la c4c sé hitu ti, ta suy ra x hitu ti.

- Ta ching minh néu x hitu ti thi c6 mot biéu dién thap phan tuan hoan.

Truéc hét, ta c6 : Cho n € N sao cho (n, 10) = 1. Khi d6, ton tai mot sé tu nhién
gom toan chir s6 9 1a boi sé cua n. ()
Chung minh :

Gia sir : Khong tim dugc s ty nhién gom toan chit s6 9 chia hét cho n.
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Xét9,99,999,...,99 ...9. Theo diéu gia su, n s6 nay déu khdng phai 1a bdi s6 cua

n lan
n. Do d6, khi thuc hién phép chia ching cho n, ta chi c6 thé thu duoc nhiéu nhat
n—1s6dulal,2,...,n— 1. Theo nguyén Ii Dirichlet, ton tai it nhat hai trong n
s6 nay s& cho ra cing sé du khi chia cho n. Hiéu cua chiing khi d6 s& chia hét cho
n.

Tacd 99...9 — 99 ...9 chia hét cho n. Do d6 99 ...9 00 ... 0 chia hét cho n.

k 1an 114n k—11in [lin

Ma (n,10) = 1, suy ra 99 ...9 chia hét cho n
k—11lan

Mau thuan gia si. Do vay () dung.
Do x la mot s6 hitu ti thuoc [0,1), ton tai m < n € N sao cho x = =
Gia sir: n = 255%q trong d6 (g, 10) = 1, theo (*) ta tim duoc p € N sao cho tich

cua p va g s& 1a mot s6 tu nhién gom toan chirs6 9. Tach :

~m_ m _ 2'5°pm _ 2'5°pm
X T W T 255t T 105*tpg  105+t99 .9
k lan
Nhu vay, x ¢6 thé duoc viét dusi dang x = —
10].&9/
klin

Thyc hién phép chiai ch099..9:i=99..9.b+r

k lan k lan
Vi:ix <1néni<10/.99..9.Suyra, b < 10/ hay b cd nhiéu nhat Ia j chit s6.
k 1an

Vi r 12 s6 du trong phép chia nén r < 99 ...9. Vay r 6 nhiéu nhat 12 k chir sb. Ta
k lan

Viét Iai : [ = 99 e 9 . ble ...bj + 7"17‘2 ...Tk

k lin

Thé vao x ta co :
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99..9.b1b; ...b, + 7T, T

k lin

10/.99...9

———

3

k lan

10/ 10/ 10k Qhk 10! ' 10/
h=0 1=1 =1 h=0
J o k J) o k 0
bl 1 7"1 bl T'l xl
=Zl—oz+ﬁZZW =Zﬁ+ZZmJ+Hhk =2ﬁ
=1 h=01=1 =1 h=01[1=1 =1
Trong dé

x;=hnéul<Il<j
Xjsnksr =11,V € (1,2, ..., k}.
Ta nhan xét rang : x,, = X4, VN > j .
Suy ra x c6 mot biéu dién thap phan tuan hoan .

Ta c6 diéu phai ching minh .

6.15. Chting to rang 0,1010010001000010..., trong d6 chir s6 0 gitra hai chir s6 1
lién tiép tang 1 sau mdi lan xuat hién, biéu dién mot s6 vo ty.
Bai giai:
bat A = 0,1010010001000010 ..., ta sé chung minh A v ty.
- Gia st A hitu ti, theo bai 6.14, A c06 dang
0,a,a,a5 ...ar_1(ay ...arip)(@p oo Qpyg) -

Trong d0, ar ... ar,j 1a phan tuan hoan va khong thé toan bang 0.
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- Goi M 1a do dai Ion nhat ma chudi con toan 0 trong a, a, ... ar4y, O thé dat
duoc.

- Goi N 1a do dai Ién nhat ma chudi con toan 0 trong araryq ... appp €O thé
dat duoc.

- Ta suy ra d6 dai 16n nhat ma chudi con toan 0 trong biéu dién cua A <
max{M,N} < max {T + k,2(k + 1)}

Piéu nay mau thuan vi 4 c6 thé chira mot chudi con toan 0 véi do dai tuy y.

Vay A ¢ Q.

6.16. Chiing to rang 0, x,x,x5 ..., trong d6 x,, = 1 néun 1a s nguyén tb, x,, = 0
néu n khong 1a sé nguyén té biéu dién mot sb vo ty.
Bai giai:
Gia st 0, x; %, X5 ... O Mot biéu didn thap phan tuan hoan, nghia 1a ton tai (x,,) c
{0,1} sao cho ton tai ny, k € N sa0 cho x,,, = x,,, Vn = n,.
Néu ng, ny + k, ng + 2k 1a cac sé nguyén té.
Do tap hop cac s6 nguy@n t6 12 vo han, ta dugc ny + nok & 1a sé nguyén té.
(vO li Vi : ng + ngk = ng(1 + k) chia hét cho 1,n4,ny(1 + k), 1 + k)
Suy ra 0, x,x,x5 ... biéu dién mot sb vo ty.

Vay ta c6 diéu phai ching minh.
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1

6.17. Cho a, b > 0. Chuang minh Y} %, ——phanky.
Bai giai:
Xét chudi Yre_, ~ phan ky .
Taco:
: 1
. at+nb _ =
L T
n

\ 1 A +OO 1 A Al
Ma 0 < > < +oonen Zn:1a+nb phan ky.

Theo bai 6.1, ta co diéu phai chang minh .

6.18. Chung minh rang day tong riéng phan ciaa mot chudi s6 duong 1a mot day
tang.

Bai giai:
Xét chudi sé duong Y5, ai ,a, > 0,Vk € N ¢ diy tong riéng phan la (s,)
Véis, = Xr-1ak, a; > 0,Vk € N,

Taco:

Sp+1 — Sn = Qpt1 > 0
Hay s,+1 > s,-

Suy ra (s,) la day tang.
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6.19. Cho (a;);c; 12 mot ho khdng rdng cac sé = 0. Xét A 1a tap hop cac tong hitu
han cé&c phan tir cua (a;);e; , nghia la
A={a; +a;, ++a;|{i,iy .0} < I}

Chtrng minh rang néu sup A < oo thi tap c4c chi s i € I sao cho a; # 0 1a tap qua
lim dém dugc. Khi do, ta dat ¥;c; a; = sup A. Hon nita, ching to rang khi I ¢ém
duoc, nghia la c6 song anh

i: N - |

nw— i,
Thi chudi Y5, a; hoi tu va c6 tong ciing 1a sup A.
Bai giai:
Ta c6 ménh dé sau : Mot tap hop I goi 12 qua 1am dém duoc khi va chi khi ton tai
mot day tang (J,,),en C4C tap con hitu han cua I ma hop bang 1.
Chang minh :
- Chiéu thuan : Do I quéa lam dém duoc nén ton tai mot tap con P caua N va
motsong anh f : P — I.
Néu P hitu han thi I hitu han, nén ta chon J,, = I, véin € N.
Néu P v6 han thi ton tai mot song anh ting ngit :
o :N->P

Véin € N, takihiéuJ, = fop({1,2,...,n}) , khi d6 : véi moin € N, J,, la mot tap
con hitu han cua I va U,en Jn = foe(N) = f(P) = 1.
- Chiéu dao :
Néu ton tai ny € N sao cho J,, = J, , Véi moi n = n, thiI = J,, , do d6 I hixu han.
Néu nguoc lai khi loai di nhitng phan ti 1ap lai ¢d thé c6 trong (J,,) ,ey thi ta lai
quy vé truong hop mot dy (J,) ey tang ngat. Khi d6 chi can dénh so phan tu
thudc Jo, J1\ Jo, J2\ /1 ... dé thu dugc mot song anh tr N — 1.

Ta ki hiéu tap hop céac tap con hitu han cta I (khong rong) 1a I(1).
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Do sup A < oo nén ton tai M > 0 sao cho :

v/ eI, ) a<M

i€]
M < . M+1
V&I moin € N, dat [, ={l € [; q; _T}

Gia st ton tai n € N sao cho I,, vo han. Khi d6 ton tai iy, ..., i,, € I, ting d6i mot

khac nhau sao cho Vk € {1, ...,n}, a;, = % .Tu dovoi J, = {iy, ...,i}taco:

$ M+1
Zai=2aik2n " > M
=1

i€Jn K

Diéu nay mau thuan.

Do vay I,, hitu han véi moi n € N.

Mt khac : Véi moi i € I sa0 cho a; > 0, tn tai n € N thoa a; > . Do d6
iel,.

Ta duoc :

{iel;ai>0}=U1n

neN
Theo ménh dé trén, ta két luan rang tap {i € I; a; > 0} qua lam dém duoc.
Hon nita, do sup 4 < oo , I dém dugc va {i,; 1 < k < n} la tap con hitu han caa I,

vGdi moin € N, taco :

n
a3
k=1 iel

Vasuy rarang Y-q a; hoi tuva

(00]
53
n=1 i€l

Mit khac : Cho J la mot tap con hitu han cua 1. Khi d6 i~ (J) la mot tap con hitu
han cta N va do d6 ton tai N € Nsaochoi~*(J) c {1,..,N}. Suyra:
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Tudotacod:
Viay ta dugc Yp_q a; hoituva Yy a; = X a; = supA.

6.20. Cho (a;);¢; 1a mot ho khong réng cac s = 0 véi tong Y;e; a; < o va
(I))nen 1@m mot phan hoach cta I, nghiala I, # @ ,vn € N; I, N I,, = @ khi
m # nva Uy, I, = I. Ching minh rang chudi Yo, Yie;. a; hoi tu va c6 tong la
Dier 4;-

Bai giai:
Cho J 1a mot tap con hitu han caa I. Ton tai mét tap con hitu han 4 caa N sao cho

J < Upeal, ,taco:

Sas Y wsYYusy Y

iejJ i€Unealn neA i€l neN iel,
Suyra:
> yazYa
neN iel, i€l
Mat khac ta co :

Cho B la moét tap con hitu han cua N. Vi Uyen I, = I va cac I, d6i mot roi nhau

nén U,,cg I,, 1a mot tap con hiru han cua I. Va .

Y e= Y wsYa

neB i€ly i€UnepIn i€l
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Do do:
). D as)a
neN i€l, i€l
Nhu vay ta duoc :
2. D=
neN iel, i€l
Vi
Yo
i€l
Nén chudi

»ne

neN iel,
hoi tu va co tong 1a Y;e; a;.

Vay ta c6 diéu phai ching minh.

6.21. Xét hai chudi s6 duong ¥, a,, va ¥, b,,. Ching minh,

a) Néu Y b, hoi tuvalim,_ supZ—” < oo thi Y a,, hoi tu.
b) Néu X by, phéan ky va lim,, . inf>" > 0 thi ¥, a,, phan ky.

Bai giai:
a)  Vilim,_o sup% < oo nén chon t € (0, o) sao cho lim,,_,c sup‘;—" <t.
n

n

Do d6 : ton tai ny € N sao cho 72 < ¢, Vi moi n = ny.

Suyraa, < tb,.

Ma ) b, hoitunéntacd ) a, hoi tu.
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b)  Vilim,_., inf% > 0 nén chon p sao cho 0 < p < oo tdn tai n, € N sao cho

a - )
b—"ZpVOrI moi n > n,.

Suyraa, = pb,.
Vi Y b, phéan ki nén ), a,, phan ky.

6.22. Cho 0 < a < b < 1. Chang minh rang:

+ 00

zun=a+b+a2+b2+a3+b3+

n=1

la chudi hoi ty, trong d6 u,, = b"™ Va u,,_; = a™,vn € N.

Bai qgiai:
Taco:

+00

zun=a+b+a2+b2+a3+b3...=a+a2+a3+---+b+b2+b3...

n=1

+00 400
= z Upp—1 T z Uon

Xét chudi Y12 uyp_g = Y48 a

Taco |a|] < 1nén Y+ a™ hoi ty (chudi hinh hoc).
Suyra Y ® uy,_4 hoitu. (1)

Xét chudi Y12 uy, = Y4 b

Taco |b| < 1 nén Y% b™ hoi tu (chudi hinh hoc).
Suy ra Y % u,, hoitu. (2)

Tu (1) & (2) tacod X+ u, hoi tu.
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6.23. Ching minh ring cac hang sé a trong tiéu chuan ti sé cia d’Alembert va

An+1

tiéu chuan can s6 cua Cauchy c6 thé lan luot thay bang a = lim,,_,o, sup— va

a = lim,,_,, sup \/a,.
Bai giai:
i)  Thay hang sb « trong tiéu chuan ti s6 ciia d’Alembert bang

. a N
a = lim,,_ supZ—+1 thi :

n

) Néua < 1:

An+1

<1néntachong:a <q<1thidn,vn=nytacé: 2 <gq

an an

lim,,_,, sup——

n+1

a
Suy ra ”+1<q—<ﬂ vn=>n, .

an = q"o
4 n anO
Do dé: a, < q P Vn =ng,
Ma chudi Y5, g™ hdituvéi @ < g <1néntacd Y a, hoitu.
o Néua >1:

limy, o sUp 4= 41 > 1, suy ra ton tai ddy con ( "“) cua (Lt n+1) sao cho ( n+1) S
an an k

1.

Suy ra ( "“) 1a ddy duwong va ting nén khong thé hoi tu vé 0 .

Nén 2242 4 0 khin - oo.

an
Néu (a,,) 1a ddy hang thi hién nhién chudi hang va duong ¥ a,, phan ky.
Néu (a,,) 1a day tang thi (a,,) khdng thé hai tu vé 0.
Vay ). a, phan Ky.
ii)  Thay hang s « caa tiéu chuan cin sb cia Cauchy bang
a = lim,_,, sup ’i/a_n thi :
o Néua < 1:
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lim, . sup y/a, < 1nénchon B : a < B < 1thidn, € Nsaocho }/a, <
g, Vvn=n,.

Suyraa, < " Vn = n,.

Ma chudi ¥ 8™ hoi tu (voi a < £ < 1) nén X a,, hoi tu.

) Néua >1:

limy,_,o, sUp y/a, > 1, suy ra ton tai day con ("/a,,) cua (}/a,) sao cho
"*[ay, > 1 véi k dulon.

Do d6 : a,, > 1Vvéi k du lon.

Nén a,, » 0 khin — oo,

Vay Y a,, phan ky.

6.24. (Binh ly Albel hay Pringsheim) Néu (a,,) 1a mot day s6 duong giam va Y a,,
hoi tu thi lim,,_,,, na, = 0.
Bai giai:
Theo bai 6.2, ta c6 thé thay :
Chudi 3.2, a; hoi tu dn dén day sb {r,,} thoa 7, = Y2, a; hoi tu vé 0.
Do {a,} & cac ddy sé duong va giam nén ta co :
= XZn@ 2 X0 ap = X0 ay = nay,
Do vay : i, = na,, > 0 hay 2r, = 2na,, > 0.
Ma lim,,_,o, 7, = 0 nén suy ra lim,,_,,(2na,,) =0 (1)
Vi thé ta chi can chiing minh lim,_,., (21 + 1)ay,41) = 0
Do {a,,} 1a ddy cac s6 duong va giam nén ta co :
2n+1
2n

0<n+1azyy <(@n+ Day, = (2na,,)

5 - - 2n+1
Mata co : lim,,_,4(2na,,) = 0 valim,_, Z—n =1
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N . 2n+1
Nén suy ra limy, g, —— (2naz,,) = 0

Khi d6 dan toi lim,((2n + 1ay,.1) =0 (2)
Tu (1) & (2) tasuy ralim,,_,, na,, = 0.

6.25. Cho p, q, a > 0. Khao sat theo p, g su hoi tu caa chudi Y2, %

Bai giai:
Ta xét cac truong hop sau :

- Néug >p+1thitaco: Vdimoin € N:

nP nP 1
<—=—
ni+a n49 nip

Ma g —p > 1 nén chudi Y& 17 —— Noi tu..

Do vay, chudi Y%, hOI tu.

nd+

- Néug<p+1thitacoq—p < 1. Do vay chudi £, —— phan ky.

Mataco :

) = lim ————— = lim =1
n4-p n-o N4 4+ a n-cond 4+ a

lim (

nP / 1 . nP.n??P n4
n—-o ni + a

~. 4 R
Vay chudi Z?'f;lrﬁm phan ky.

6.26. Cho (a,,) 1a mot day cac s duong, giam va k € N. Chang minh ring céc
chudi ¥ a,, va Y, k™a,» hoic cung hoi tu hoac cung phan ky.

Bai giai:
Ta can chitng minh chudi ¥ a,, hoi tu khi va chi khi chudi ¥ k™a;» hoi tu .

- Chting minh chudi Y52 k‘a,: hoi tu dan dén chudi Y2, a; hoi tu.
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Do {a,} 1a ddy s6 duong giam nén ta c6, voi moin

kn+1 1
(k—Dk™ayn = apn + agnyq + -+ agnia_q = z a;
i=km
Dan dén
00 k%-1 k3-1 knti_q k11
(k—l)Zkiaki = z a; + Z a; +-+ Z a; = z a;
i=1 i=k1 i=k?2 i=kn i=kl
Nhu vay :
kn+1 1
(k—1>Zklakl>(k—1>Zkakl_ > a
i=kl
Hay
kn+1_1 .
Z a; < (k— 1)zkiai,\1n eEN
i=kt i=1

Ta ching minh : Véi moim > k

m [oe]
z a; < (k - 1)Zkiaki
i=k1l i=1

That vay , v&i moi m > k ton tai n sao cho k*** — 1 > m. Do d6:
m [ |
Zal_ z al<(k—1)zk’akl
i=k1 i=k1

Tir day suy ra chudi Y21 a; hdi tu. Theo bai 6.1, suy ra Y2, a; hoitu .

- Chting minh chudi Y52, a; hoi tu dan dén chudi Y52, k'a,: hoi tu.

Do {a,,} 1a ddy cac s6 duong giam nén ta c6, véi moi n :
k k™—1
Tknakn =(k—Dk"lapn S apn_q + agn_p + -+ qpn-1 = 2 a;
l_kn—l
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Nhu vay :
-1 kl-1 k%-1 k-1 k-1
TZklaleZai+Zal+ al=2al
i=1 i=1 i=k?! i=kn-1 i=1
Do d6 :
k—1 gl ®
TZk‘aki < z a; SZal,VnEN
i=1 i=1 i=1

NP x. k-1 ; - x- : -
Tur day suy ra chuoi TZ?‘;l ‘a,: hoi tu hay chuoi ;2 k'a,: hoi tu.

Vay ta c6 diéu phai ching minh.

6.27. Xét chudi sé duong ¥ a,,. Ching minh rang néu ¥, a,, hoi tu thi cac chudi

2 an \ a_n ~ N
Ya; ) Tra. va )y, — clng hoi tu.

Bai giai:
(@ DoY a, lachudihoity, tacolim, . a, =0.
Tim dugc mét N € Nsaochovn > N,tadéuc60 < a, <1
Vay0 <aZ<a,,vn>N
Suy ra chudi Y a2 hoi tu.
(b) Do a, lachudihgity, taco lim,_, a, = 0.
a, 1

Nén hmn_wo m . Z =1

Suy ra chudi ¥, hoi tu.

an
1+a,

() Nhinxétring: < a, Vn€eN.

Vi ¥ a,, hoi ty, ta suy ra chudi 3 ‘;—” hoi tu.
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6.28. Ching minh rang néu ¥, |a,,| hoi tu thi |X a,| < Y |a,,| va diang thic chi xay

ra khi moi a,, 1a clng dau.

N =

Bai giai:
Taco : Y |a,| hoi tu nén ddy tong riéng phan (s;) bi chin trén, nghia 1a :

k
IM > 0,Vk €N, s, = z la,| <M
n=1
I3 a,,| c6 ddy tong riéng phan (z;,) 1a:
k

2= D an| = las + @ + a5 + o+ @] < oyl + lagl + o]+ ||
n=1
Hay
k k
Zan < Z la,| <M
n=1 n=1
Suy ra chudi |, a,,| hoi tu.
Suy ra |X an| < X lan|-
Dang thac xay ra khi
la; + a; + az + -+ ai| = lag| + |az| + [ag]| + - [a]

khi va chi khi moi a,, 1a cling dau .

6.29. Chung to rang chudi ¥, D™ vsia > 0, hoi tu tuyét doi khi p > 1, hoi tu

(n+a)?’

c6 didu kién khi 0 < p < 1 va phan ki khi p < 0.

N

Bai giai:
1)  Khip > 1 thi chudi hoi tu tuyét dbi . That vay :

1

)(étChUéi}:%;lE;:ZSE
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1 1

" (n+a)? " nP

Vivéimoin € N

N 1 N
Ma Yy — hoi tu .

N X 1
Nén chuoi Y.;>-; ey

2)  Khi 0 < p < 1 thi chudi hoi tu c6 diéu kién .

hoi tu tuyét d6i khip > 1.

Theo chang minh trén thi chudi Y, f:;np

Nhu vay, ta chi can chiang minh Z ( > hoitukhi0 <p < 1.

1

Détan=m

Xethamf(x)— )p ,XEN.

f’(x)=_—p<0 VxeN,O<p<1
(x+a)yr=t =7 mSPE

Suy ra f giam trén N . Ta dugc (a,,) 1a day duong giam va :

1
1 —_
nl—l;glo (Tl + (,l)p

3)  Khip < 0 thi chudi phan ky .

, X e 1
Xeét chuoi Z"=1—(n+a)p

1 > 1
(n+a)P npP

Vivéimoin EN,
w1 A 1a

Ma anln_p phan ky .

Nén chudi Y& 1( phan Ky .

Vay chudi Z ( phan Ky .

hoi tu hay chudi tdng quat trén hoi tu tuyét di .
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6.30. Chang minh ring cac chudi Y. cosn va Y. sinné cé day téng riéng phan bi

chan trir truong hop 0 12 boi s6 cta 2w (8 = 2km) trong chudi thir nhat.

Bai giai:
- 0 = k2n
Ta xét :
. 1— (et
Z cosné + iz sinnf = Z(ele)n = 1(_ e?Q
n=0 n=0 n=0

1 —e~i0 — (eie)m“ 4 (eie)m
T (1-ef)(1-e W)
_1—cosb +isinf —cos(m+1)60 —isin(m + 1)6 + cosmé + isinmb

2(1 —cos0)
Nhu vay, ta duoc :
a 1 —cos6 — cos(m+ 1)8 + cosmb
Z cosnf =
. 2(1 —cos )
n=

1 cosmf — cosmf cos 8 + sinmé sinf
2 * 2(1 —cos0)

1 cosmf sinm0siné

2t T T2 cosoy

Suyra:

cosmb
2

sinm@ sin 6 <14 |sin 6|
2(1 —cosO)l — 2(1 —cos0)

<1+
o2

|+

m
z cosnf
n=0

Va:
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i . _ sin@ —sin(m + 1)6 + sinmé
Osmn B 2(1 —cos0)
n=

_ sinm@ (1 — cos ) +sin6 (1 — cosmo)

2(1 —cos0)
_ sinm@ L 0) sin @
2 cosm 2(1 — cos6)
Suyra:

m
Z gl < sinmt9|_|_|(1 0| |sin 6| <1+ |sin 6|
Osmn o cosm 2(1—cosf) 2 1-—cosH
n=

Vay ta c6 diéu phai ching minh.

6.31. Xét Y COZ;Q va Y 512:9 . Chung to ring, téng quét cac chudi nay hoi tu tuyét

dbi khip > 1, hoi tu co diéu kién khi 0 < p < 1 va phan ky khip < 0. Khao sat

theo O cac trueong hop ngoai I¢€.

Bai giai:
- p>1
Vi
COSmg| <Lt zi phan ky.
nP np P
Nén

cosnf
nb

Suy ra cac chudi trén hoi tu tuyét doi .

hoi tu

- 0<p<1
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Vi (nip) 1a ddy dwong, giam va hoi tu vé 0 va chudi 3 cos nd co tong riéng phan bi

chan khi @ = k2 (theo bai 6.30) nén 3“2 hoi ty . Chimg minh twong tyr ddi
, - sinn@
VG ). —
Xét chudi
sinnf
2 npP |

Ta chi can khéo sét 6 € [0;°).

Vé6i 0 = 0:Chudi 3 COZ;9| phan ky vi khi d6 su hdi tu caa chudi phu thudc vao
p.
Voi 0 #0:
V&i moi k, chonny, € Z sao cho n, 0 < 2km < (n, + 1)6.
Do d6:0 < cosf < cosnif < 1van, SZan.
Suyra:
cosngB| 6P cosb
nt — (2km)P
Do do :
zlcosn@l - 6P cos O
n? (2km)P
Vay chudi 3 || phan ky .
- p<O0
V6i 6 + km .

Gia sit : sinnf —— I € R.
Taco:Voimoin € N:sin(n+ 1)8 = sinnf cos 6 + sin 6 cosnb

Suyra:
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sin(n + 1)0 — sinn6 cos 6 n-w 1—cosf
cosnf = : ' =1l———
sin 6 sin 6

Ta lai gid su : cosnf I'eR.Su dung : cos(n + 1)8 = cosnb cos 6 —

sinn@ sin 8. Ta duoc :

n—oo cosf —1
sinn —l=' ————
sin@
patt =29 Tach:
sin @
{ ' =1t
==t
Suyral=1"=0.

Mit khac : cos?né + sin?nf = 1 nén I? + I'> = 1 khi n > oo, mau thuan voi
[=1=0.
Nhu vay, ta c0 : (cosn) va (sinnf) phan ky .

cosnb 3 sinné@

> ) va (=

Vay cac chudi trén phan Ky .
- 6 = km . Chudi trén tro thanh :

z( L va 20

Suyravoip <O0: ( ) déu khéng hoi tu vé 0 khi n — oo,

Chudi Y 0 hoi tu .

o p>0:Vi ( ) 1a day dwong, giam va hoi tu vé& 0 nén chudi dan dau trén

hoi tu. (hgi tu ¢6 didu kien khi 0 < p < 1, hoi tu tuyat di khip > 1)

("

o  p<0:Vilim,,q=——= o0 nén chudidan dau phan ky .
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6.32. Chtrng minh rang néu chudi Z% hoi tu hay c6 tong riéng phan bi chin thi
%, =% hoi tu khi g > p.
Bai giai:
O bai nay ta hiéu g # p
1)  Tachting minh zi—; hoi tu thi 3 Z—Z hoi tu.

Xét : lim,,_, o Z—;.Z—: =lim,,,n?T?P =«

Nén chudi Y2 =2 hoi tu khi @ = o hay ¢ > p.

2)  Tachuang minh ZZ—’; c6 tong riéng phan bi chan thi Z% hoi tu.
Taco:

V6i g > p : a, =2 = —1a iy duong giam va hoi tu v& 0 khi n — o,

Vay Z—’; c6 téng riéng phan bi chan .

p . . .
Nén ZZ_ZZ_CI =y fL—Z hdi tu theo tiéu chuin Dirichlet.
6.33.

1) Chting minh rang néu 4,, - A va B,, — B khin — oo thi

AB, +A,B,_1+--+A,B
D, = 1Dn 2nn1 nB1 _ap

Hon nita, néu (4,,), (B,) 1a cac ddy duong giam thi (D,,) cling duong giam.
2) Chung minh rang Véi ¢, = a;b,, + ayby_q + -+ a,by, A, = a, +a, +

-+a,,B,=b;+b,+:-+b,,C,=c, +c, +--+c¢c,,thiC, =a,B, +

@By i+ + ayBy = biA, + byA, {+ -+ b A, VA Cp+Cyt ot

C,=A.B,+A,B, ++A B

Suy rarang néu Y a,, , . b,, hoi tu va c6 tong 1a 4, B thi

Cl+CZ++Cn
n

— AB
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3) (Pinh ly Abel vé chudi tich) Cho Y. c,, 1a chudi tich cuaa hai chudi hoi tu ¥ a,,
vaY. b, . Néu Y ¢, hoi tu thi,

Y= (Ta)(En)

Bai gii:

n—oo

1) Dat{ﬁnjgnzg.@idé:{”",:o’o
non v, — 0

Va:
A(wy + vy + -+ vy) N B(uy +uy + - +uy,)
n n
ulvn + uzvn_l + e + unvl

D, = AB +

n
Do (v,,) hoi tu nén |v, | bi chan trén, nghia 1a IM > 0: |v,| < M,Vn € N. Khi d6 :

U Uy + UV + -+ Uy <M lug | + ug| + -+ |uy|

n o n
Theo bai 5.6.2.5 ( Gido Trinh Giai Tich I') thi :
U tuy;+--tu, v tv+ety,
lim = lim =
n—oo n n—-oo n

Hon nita, do u,, — 0 nén |u,,| — 0 . Ap dung két qua trén, ta duoc :

g+ g e+ ug
lim =

n—->oo n

0

Nhu vay, ta cé : D, — AB .
- Do (4,,), (B,) 1a hai ddy dwong giam nén ta chi can chang minh :
Dny1 = Dy
Taco:Véimoin=>k>1:
NAgBpyz— = M+ 1 —k)AyBryz—r + (kK — 1)AxBpioi
<(m+1-k)ABpi1x + (k= DA 1Bnia i
Tir 46, ta lay tong theo k tir 1 dénn + 1, ta duoc :
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n+1 n

n Z ABrizp < (n+1) Z AxBpi1-k
k=1 K

=1
Hay Dyyq < Dy
Vay ta c6 diéu phai chting minh.
2)
- Taco:
C,h=¢c+c++c,
=ab; +a,b, +a,by + -+ ayb, +ay,by_1 + -+ a,_1b, + a,b;

_ {al(b1 + by + -+ by) +ay(by +by + -+ by_q) + -+ a,by
N bl(al + az + + an) + bz(al + az + + Cln_l) + + bnal

— {aan + aan_l + et + anBl

biA, + byA,_1 + -+ b A
Khi do :
n

¢y =a4B; + 4B, +a,B; +--+a,B, +a,B,,_1 +--+a,_1B, + a,B;
k=1
=Bi(a, +a, +--+a,) +B,(ay +a, +-+a,_1) ++ By
= A,B; + A, 1B, + -+ AB,
- Tacod:Ya,, X b, hoituvacotongla A4, B nén A, » AvaB, - B khi
n — oo . Ap dung két qua ¢ cau trén, ta duoc :

Ci+Cy+ -+ Cy
n

— AB

Vay ta c6 diéu phai ching minh.
3)  Pat

n n
An=2ak—>A,Bn=Zbk—>Bkhin—>oo
k=1 k=1

Taco:Yc, hoituvaC,=ci+c, ++c,

N . n—-oo
Nén ton tai X € Rsaocho C,, — X
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Ma & céu trén ta da co, khin — oo :

C1+C2++Cn

- AB
n
Mat khac :
Ci+C,+ -+ C
X = lim €, = lim ! 2 =
n—-oo n—-oo n
Nén X = AB .
Suyra:
lim C,, = AB
n—oo
Nén

Y= (Ta)(En)

Vay ta c6 diéu phai ching minh.

6.34.Cho Y a,, , 3 b, Véi a, = b, = L.

n+1

1) Chtng minh rang chudi tich ¥ ¢, véi s6 hang tong quét

- 1
;\/(iw Dn+1-k)

cn =(=D"

2) Khao sat sy hoitucua ) c, .

Bai gii:
1) Tacé:
n n k K n
P favk+1 vn—k+1 e J(k+D(n+1-k)
2) Tacb:
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;C":; 2\/(k+1)(n+1—k)

Taco:
n+2
JEk+1DMm+1-k) <T
Suyra:
1 2(n+1)
|Cn|:z = 2
e Jk+Dn+1-k) nt
Vi
2(n+1) ]
——— > 2khin—-> o
n+ 2
Nén
chphénky
n=0

6.35. Cho chudi . a,, hoi tu co diéu kién. Chiing to rang véi moi a € R, c6 mot
chudi hoan vi ¥, Qp(iy CUA Y, @, SA0 Cho ¥ ay;y hoi tu va co tong 1a a.

Bai giai:

Takihigu: P ={neN;u, >0}vaN ={n € N;u, <0}.
VaytacOPNnN=@vaPUN =N

Do ¥, a,, hdi tu c6 diéu kién, cac tap hop P va N déu vo han, do d6 ton tai hai song
anh f: N> Pvag: N — N dong bién ngat .

Vaip € P, kihiéu Vp = Upepy > 0

Véin €N, w, =~y = 0
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Vi ¥ a,, hoi tu c6 diéu kién nén cac chudi ¥, v, va ¥ w,, phan ky (va c6 cac sé hang
> 0).
Do d6 cac tdng riéng phan cua ching c6 gidi han oo .

Ta ki hiéu p; 1a sb nguyén khdng am nhoé nhat sao cho :
P1

3>

p=0
Va n, 1a s6 nguyén khdng &m nho nhit sao cho :

P1 ng
REIREE
p=0 n=0

Sau do, ta ki hiéu :

p, 13 s6 nguyén khdng am nho nhat sao cho p, > p; :

P1 ng P2
S-S 3 e
p=0 n=0 p=p;+1

Va n, 1a sé nguyén khdng am nho nhat sao cho n, > n, :

P1 ng P2 n»
p=0 n=0 p=p1+1 n=nq{+1

Ctr nhu vay, ta xay dung duoc hai chudi (py) k=1 V& (M) k=1 12 Nhitng s6 nguyén

khong &m nho nhat ting ngat, sao cho khi ta ki hiéu

P1 nq D2 np
t0=zvp ,Sozzwn ,t1= z Up ) S1 = Z Wy,
p=0 n=0 p=p;+1 n=nq+1
Thitacdvéimoik € N :
Pr+1—1
to —Sg+ -+ tg_q1 — Sk—1 + z Vp=a
P=prt+1

to—Sog+ "+ ty_1 —Sk—1 T+t >a
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Va:
Ngy1—1

tO_SO+”.+tk—1_Sk—1_ z ana

n=ng+1
to—So+"‘+tk_1—5k_1+tk—5k<a

Khi @6, véi moi k € N, taco :
0 < (to - SO + + tk—l - Sk—l + tk) —a S vpk+1
Wle+1 < (to — So + -+ -1 — Sk-1 + tr _Sk) —a<0

n—-oo

Do ), a, héitunéna, — 0

n—-oo n—oo

Dod6:v, — O0vaw, —0

k—o0 k—o0

Suyrav,  —0vaw, —0

Nhu vay, ta duoc :
to—So+ -+ th—1 — Sk—1 +tk12°>a
to—So+ "+ tg_q1 —Sp_1 Ttk —SkIH—>OOa
Khi do, ta ki hiéu ¢ (n) = n(i) la hoan vi cua N cho boi :
(0) =£(0),..,0(p) = f(p), o(p1 +1) = g(0), .. ,¢(p; + ny)
=gn), e+ + D) =f(p, + 1), ..

Vi cac sb hang t;, va s, déu khong am

A P ‘A A M . x- < . A A ‘
Nén moi tong riéng phan Y5 ) Cua chuoi hoan vi ¥; a, ey déu bao gom gitra

hai tong kiéu

tO _SO +"‘+tk_1 _Sk—l +tk Vato _SO +"'+tk_1 _Sk—l +tk _Sk

Do do:
M
M—->o0
z Aoy — @
n=0

Vay chudi hoan vi . Ay n) hAY X ayy hoi tu va co tong la a .
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Bai tap mo rong
1. Chudi Bertrand:

V6i moi (a, ) € R? cho trude, chudi £, ——— hoi tu khi va chi khi :

a>lhay(a=1vap >1).
2. Cho f : R? > R laanh xa lién tyc théa man :

V(@ x,y) € R?, f(ax,ay) = af (x,y).
Cho chudi ¥, x2 va ¥, y2 hoi tu.

Chung minh rang Y-, (f (xp, yn))2 hoi tu.

3. (Pinh li Mertens) Cho ¥%_,u,, 1a chudi hoi tu tuyét dbi, Y&, v, 1a chudi

hoi tu. V6in € N, ta ki hi¢u :

a. Chang minh : vn € N,

n
UpVp =W, = Z ukVn—k,n
k=1

b. Tuwdosuyra: U,V,, — W, - 0khin - o
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4. Chung minh rang: Néu ¥, u,, va 3.%_, v,, hoi tu tuyét dbi, thi voi moi
a € R, chudi ¥, (u, + av,) hoi tu tuyét doi .
5. Cho X, u, lachudisé duong thoa man :
vn > 1, uy < %Z’,}zl Uy
Chung minh rang Y%, u,, hoi tu.

6.  Chang minh rang: Néu Y5, uy, hoi tu va Yoo, upp1 phan ki, thi ¥, u,,

phan Ki.

Un
1+u? ’

7. Cho chudi s6 duong X%, u, vavoimoin € N, v, =

a.  Chuang minh rang: Néu Y%, u,, hoi tu thi ¥, v, hoi tu .
b.  Chang minh rang: Néu Y%, u,, phan ki va (u,,) bi chan trén thi ¥, v,

phan ki.

8. Cho X%, u,, va X%, v, 1a hai chudi s6 duong sao cho ton tai N € N thoa

Chiing minh rang: Néu 3_, v,, hoi tu thi 3222, u,, hoi tu .
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9.

Vi R va C 1a nhitng khéng gian métric day da nén moi chudi hoi tu tuyét doi

thi hoi tu. Nhung néu E khong day di thi diéu trén sai. Ta co vi du sau:

Cho E = €([0,1], R) vaéi chuan ||x|| = f01 |x(t)|dt. {f,} & ddy nhitng phan

tor caa E xac dinh boi :

271

-

- Anhxa f goi la affine néu :

vn € N,Vxq, x5, ..., x5 € K,Vaq,ay, ...

1 1
vx € [01N57 7o) fu () = 0

fn affine trén hai ntra khoang cua |

1/1
\ Jn E(z_n’zn—l

Chung minh rang Y%°_, £, hoi tu tuyét d6i nhung phan ki.

on ’ 2n—1]

=2 0maa; +a, ++a,=1

Thi f(a1x; + azx, + -+ apxy) = ag f(xg) + axf(x) + -+ anf(x).
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Chuong 7:

DAY HAM VA CHUOI HAM

7.1. Dat £, (x) =

va f(x) = limy_, f (x).

Tim f(x). Chitng minh rang £, khdng hoi tu déu vé f trén R.

14x2m

Bai giai:
Pau tién ta di tim f(x).
Taco:
x2n
fn(x) = 1 + xZn
Nén
2n
= 1
f(x) = lim ' T

Vay f(x) =0V x2 <1,f(x) => khix? = 1va f(x) = 1vx? > 1
T6m lai ham s6 f duoc xac dinh nhu sau :
0 néulx| <1
f(x) = % néu |x| =1
1 néulx|>1
Chung minh £, khong hoi tu vé f trén R.

L4y day s6 {x,,} trong (0,1) duoc xac dinh nhu sau:

vn € N

1
ZT\L/E

Xn =

Taco:

1
Ft) = 0va fo () = fn(z,w) 12 = VneN.
_I_
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Suyra:

1
d(fnif) = ilelllglfn(x) _f(x)l = |fn(xn) - f(xn)l = § vn € N.

Do d(f,, f) khdng hoi tu vé 0 nén {f,,} khong hoi tu déu vé f trén R.

7.2. Tim mién hoi tu caa chudi va tinh tdng chudi d6?
1) ¥ _oax?tl (a #0).
0 1
2) Xk=13%

3) Trzogygn (@ % 0)

8 Sine3 (22)

5) Xk=o0€ fex
6) Y=o In“(x)

Bai giai :
1) ¥r_,ax®™1 (a #0)
Taco:
400 400 400 400
Z ax?ntl = Z ax?"x = Z ax(x)" = z by™
n=0 n=0 n=0 n=0

Véi b = ax,y = x?
Néu x = 0 thi b = 0, chudi da cho hdi tu.
Xét khi x # 0, lac @6 b # 0. Theo Ménh dé 1.3 chuong 6 trang 139 thi

+o0 +o0
Zby”h@itu@Zy”héitu@ yl<le-1<x<1
n=0 n=0

Vay trong ca hai trudng hop trén chudi da cho hoi tu khi va chi khi —1 < x < 1.
Khi do :
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400 400 b
ax
ax2n+1 — Z byn — — ]
1;) n=0 1= Y 1= x2

w 1
2)  Yk=1T%
Taco:
+o0
1 . 1 g
Z—khgltu(:)|—|<1(:>x>1hoacx<—1
= *

Chudi da cho hoi tu khi va chi khi x > 1 hodc x < —1. Khi d6

+o0

3 Ticogigs @ 0)

Taco:
+o0 +00
z T hoitu Z L ot | - |<1
—_— o — &
Q2+xn C+om Ty
n=0 n=0
& x> —1hoacx < —3
Khi do :
f: a B 1 _aZ+x)  alx+2)
C+or ¢ 1L | 2+0-1 «x+1
n=0 2+ x
" 1+x\K
Y T3 (55)
Taco
SRS R = 1+xf 1+
z ( ) hmtu@Z( ) (:)| |<1(:)x<0
1—x 1—x 1—x
k=0 k=0
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Chudi da cho hdi tu véi x < 0 khi do :

.+ 3 301-% 3(x-1)
kz_o?)(l—x) _1_1+x_1—x—(1+x)_ 2x
= 1—x
5) Yie=o €'
Taco:
+00 4+
Eekxzi(ex)k
k=0 k=0
Nén
400

Z(e")khéi e le| <1ex<0
k=0

Vay chudi hoi tu khi va chi khi x < 0. Khi do:

+oo 1

k _
Z(ex) 1—eX
k=0

6)  Xi=oIn*(x)

Taco

+o0 1
zlnk(x)h@i welnl<ie-<x<e
k=0

Vay chudi chi hoi tu khi va chi khi é < x < e.Khido

f: In*(x) = ;
i 1—1In(x)
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7.3. Chitng minh £,,(x) = nxe™™, x > 0 hoi tu déu trén [a, +0) V6i a > 0 nhung
khong hoi tu déu trén [0, a].

Bai giai:
Chang minh {f,,} hoi tu déu Vé f trén [a, +o).
bat f(x) = r}i_fgofn(x)-
Tathay £,(0) = O suy ra

f(0) = lim £,(0) =0

Theo quy tic L’Hopital ta ¢6 :

x)' x 1
lim yxe™* = lim &) i = lim — = 0.
y—+o y—+oo (eyx)! y—+o xey* y—+woeyX

Voix > 0thitaco:

fx) = llm fn(x) = llm nxe " = llrzrl yxe ¥ =0
y—> o0

Tém lai f(x) =lim,_,, f,(x) =0Vx = 0.
Véi a > 0 ta can ching minh {£,,} hoi tu déu vé f trén [a, +0).
Taco: f,,(x) = nxe ™ Vx > a. Xét f,,(x) = ne ™ —nxe ™ = (1 —
nx)ne ™ < (1 —na)ne™™ Vx > a.
CON e Ndulénsaocho1 — Na < 0. Khido véin > N, taco
fa(x) <ne™™(1—na) < 0Vx > a.
Suy ravgin = N thi £, 1a ham nghich bién trén [a, +0). Khi d6 ta c6 :
d(fulia sy flla4) = sup |fu(x) =0l = sup f(x) = f,(a)

nela,+o) nela,+x)
Vayvn > N ,d(f,,, f) = fn(a). Ma f,,(a) — 0 (chitng minh trén) nén {f,,} hoi tu
déu vé f trén [a, +0).
Chutng minh: véi a > 0 thi {f,,} khéng hoi tu déu vé f trén [0, a].
Lay day {x,} trong [0, a] xac dinh bai :

a
X, =—,Vn €N
n
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Tathdy :
a a _,a
fn(xn) = fn (E) = n-%-e "n=qe 4
Ma
d(fular flioa) = sup Ifu(x) = F)l = sup f,(x) = fu(x,) = ae™®
x€[0,a] x€[0,a]

Vay d(fuljo,a fljo.a1) KhBNG hoi tu vé 0 nén f;, khong hoi tu déu veé f trén doan
[0, a].

7.4. Chiing minh rang

o0
Z 2x
n=1

Hoi tu déu trén khoang dong bat ky khdng chira £1,£2. ...
Bai giai:

Xeét khoang doéng [a, b] khdng chira +1,42,. ..

C6C > 0saocho |x| < CVx € [a,b].

3 3
Don? —nz - 4+okhin - +o,cON e Nsaochon? —nz >C?*vn>N
Tach:

x| C @ +xI0)(x| - ©)
— _ < -
nZ—x2 n2—C2 (n2—x2)(n%- C?) <0Vx€|[ab],n=N

Lac do :

2|x| 2C 2C
= < <—5Vx€[ab,n=N

Ta c6 chudi
= 2C

n=1 n2

la chudi hoi tu nén theo dinh ly 1.3 trang 164 chudi ham
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o0
z 2x
n2 — x2

n=1

hoi tu déu trén [a, b].

Ta c6 diéu phai chang minh.

Bai 7.5
Chang minh

1
D

n=1
Hoi tu déu trén [p, +o0) néup > 1.
Bai giai:
Vi moi x € [p, +o) ta co:
1 1
n* nbP
Véip > 1thi
= 1
D
n=1

la mot chudi s6 hoi tu (Ménh dé 1.3 Chuong 6 trang 139). Suy ra chudi ham

0

1

n*
n=1

hoi tu déu trén [p, «) (theo Pinh ly 1.3 Chuong 7 trang 164).
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7.6. Xét chudi

o0
n

D AT

n=1
a) Ching minh rang chudi trén hoi tu déu trén [0, +o0)
b) Chiing minh rang chudi trén hoi tu déu trén [—a, a] trong 46 0 < a < 1
¢) Chang minh rang chudi trén hoi tu déu trén [b, +0) trong d6 b > —1

d) Chtring minh rang chudi trén hai tu déu trén (—oo, —c] trong 6 ¢ > 1

Bai giai:
a) V6i moi x € [0, +0) ta cbd
x™ 1

—<_
n?(1+x") n?

+o0 +o0 n

x 1 ~ X
Ma chuoi Z Fhéi tu nén theo Pinh ly 1.3 trang 164 ta c6 chuoi Z m hoi tu
n=1 n=1
déu trén [0, +0).

b) Véimdin €N, taco

1+ x| =>1—-|x"=1—-|x|"=>1—-—a" >0 Vx € [-a,a] c (-1,1)

n

1—a™

1
Doa"—>0néncc’>NENsaochovéimoinZN,a"<§hay0< <1.

Nén

n n

X X a 1 el Lns N
n2(1+ x| n2|1+x"| ~ n2(1—a®) ~ n?’ X a,aj,n=

400 400

x 1
Do chuoi z ﬁhéi tu nén theo Pinh ly 1.3 trang 164 ta co z
n=1 n=1

n

————hoi tu déu trén
n?(1+xn) = °

[—a, a].

c)  Dbat
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m el
n n
X

X .
Sm(x) = ZW,S(X) = Em voix € [b, +0)

n=1 n=1
S(x) hoan toan xac dinh theo céu a) va cau b).
Va&i mot e > 0.
Theo cau a) ta co mot L € N sao cho

£
sup |S,,(x) —S(x)| < 3 vm =L

X€[0,4+0)

hay noéi cach khac
&
1S (x) —S(x)| < 3 Vx € [0,40),m =L (1)
Theo cau b) ta cé mét M € N sao cho

€
sup |S,,(x) =S| <zvVvm=M
x€[b,0) 2

hay ndi cach khac
1S, (x) — S(x)| < ; Vx € [b,0),m = M (2)
T (1),(2) suy ra

£
sup |S,,(x) —S(x)| £ =< eVm = max{M, L}
XE[b,+x) 2

d VéimdoineN,tacoO|l+x™>|x"—-1=>c"—1>0

n

Doc™ - +oonéncd N € N sao cho voimoin = N,c™ > 2 nghia la ) < 2.
Nén
x" |x|™ | |™ 1 1
by ()
n?2(1+x™1 n?|1+x" ~ n?(x|*—1) n? lx|? —1
<1<1+1) < <2ve[ ,n=N
—_ e R —00 —
~ n2 c"—1 n¢(c"—1) =~ n?’ x el =
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+o0 +o0
- 2 n .
Do chuoi Z 3 hoi tu nén theo Pinh ly 1.3 trang 164 ta c6 Z m ho1 tu déu
n= n=

trén (—o0, —c].

7.7. Néu
cosnx
fo =) =
n=1
Chutng minh rang
T
‘ % (pn
dx = e
jf(x) x 2n+ 1)3
0 n=0
Bai giai:
Xét :
cosnx
fn(x) = nz
Taco:
__|cosnx < 1 0 T
)] = =] < . vx e[0,3]
Va chudi

= 1
D
n=1

hoi tu nén suy ra chudi

hoi tu déu vé ham f trén [0%]
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Péng thoi
cosnx
fn(x) =
kha tich trén [0, E]
2
Do do :
T s s
2 o 2 o 2 ©
cosnx " sin nx|5
f(x)dx—z (x)dx—z — dx—z 3 |0
0 n=1o9 n=1o n=1
1 1 1 1 (=1
— ___+ _—+ cee —
13 33 53 78 &~ 2k +1)3

7.8.Néu f,(x) = nxe ™" va
f@) = lim £o(x)
Chting minh rang ddy ham trén khéng hoi tu déu trén [0,1] va

jﬂmwiggjﬁqu
0 0

Bai giai :
Trude hét ta tinh lim £, (x), ta xét 2 truong hop:
n—-oo
- V6ix =0thi f,(0) =0,vn € N. Nén f(0) = lim,,_,, f,,(0) = 0.
- Véi x > 0 thi theo quy tac L’Hopital, ta co :
yx Gx) . x 1

lim y.x.e™>*" = lim = lim = = = ==
y—0 y-we¥*?  y—oow (eyxz) y-o x2, eVX y—o x, e¥x

Do d6 lim,,_,, n. x.e™™" = 0 nén f(x) = lim,_., f,(x) = 0. Vaytaco:
m,,_, fn(x) =0 nén f(x) = 0,vx € [0,1].

248



Chuong 7: Day ham va chudi ham
Chung minh {f,,} khéng hoi tu déu vé f trén [0,1].

Ta xét day {x,,}: x,, = —=,Vn € N. Khi d6 16 rang x,, € [0,1] va

=
Fixn) = fa () = e = Ve
Do do6 ta co .
d(fo f) = sup Ifu() = fOI = sup fu(x) 2 fulon) = Ve 15

Suy ra {f,,} khéng hoi tu déu vé f trén [0,1].

1 1
Chtrng minh f f(x)dx # lim j fn(x)dx
0 n=wJo

That vay, do f = 0 nén

Ojf(x)dx =0

Mat khéc,

1

1
2 1 2 1 1
nx X = nx.e X =—= e —nx = —=¢
j]c( )d j -nx d 2(] -nx d( 2))|0 > -nx
0

0

2|1

“Lla—em
Mataco :
1
lim = (1—6'")— + 0
n—)OO 2

Vay ta c6 diéu phai ching minh.
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7.9. Néu f(x) = limp, e, f (%) va fo(x) =

1+n2x4
1 1
Tim j f(x)dx valim J fr(x)dx
0 n=°Jo
Day f,, ¢6 hoi tu déu vé f trén [0,1] khéng?
Bai giai:
1
Tim j f(x)dx :
0

Vi x = 0 thi £,(x) = 0 nén
fx) = lim f,(x) = 0

Vi x # 0 thi
2nx _ 2
f(x) = llmfn(x) = 11_r>r01O gy Tlll_r)g— =0
— + nx3
nx
Vay f(x) = 0.
Vi f =0nén
1
jf(x)dx =0
0
Tim lim £, (x)dx :
n—oo
Taco:

1

1 1
2nx d(nx?) -

ffn(x)dx = jmdx = jm = arctannx“|; = arctann
0 0

n—-oo

Vi arctann — >
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Do do :

T

1

lim ffn(x)dx = —

n—o 2
0

Day {f,} khong hoi tu déu vé f trén [0,1].
That vay.

Taxét day {x,}: x, = =, Vn € N. Khi d6 16 rang x,, € [0,1] va

2n.i

fn(xn)=fn(\/%>=1-l_7\/1=ﬁmoo
n2

Do doétaco:

Nn—oo

A /)= Sp 1,0 = O = sup f,(3) 2 fuln) =Vt =

Suy ra {f,,} khéng hoi tu déu vé f trén [0,1].

7.10. Ching minh rang néu |x| < 1 thi

e 2+32x+43x*+ -+ (m+2)(n+ Dx™ + -

N

Bai giai:

o0
n=1

Chudi nay hoi tu véi moi x € (—=1,1).

Ta xét chudi lity thira

251



Chuong 7: Day ham va chudi ham

Dat

0

fo) =) an

n=1
Khi do
1
f(x) = m,‘v’x e (—1,1)

Theo Hé qua 3.4 thi f kha vitrén (—1,1) va

0

, 1
f(x)=m=2nx"‘1=1+2x+3x2+---+(n+1)x”+--- Vx
n=1
e (—1,1)

Tiép tuc ap dung Hé qua 3.4, ta co f'kha vi trén (—1,1) va

o0

2
CESE Z n(n —1)x"2

n=1

=2+32x+43x*+ -+ (n+ Dnx""1 + -

f)=

v6i moi x € (—=1,1).

7.11. Cho

o0
n

X
f(X)=2m,—1SXS].

n=1
Tinh £'(x) néu co .
Bai giai:
0
Xét chudi lily thira Z a,x™ trong d6 a,, =
n=1

Trudc hét ta ching minh £(x) xéc dinh.

1
n?(lnn)?
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Taco:
et re-1aln >3
n2(lnn)?| ~ n? X b=
‘ h*'il hoi tu, tir d6 t i " 1gi tu déu trén [~1,1
ma chuoi 3 01 tu, tur do ta co n2(nn)? 01 tu déu trén [—1,1].
n=1 n=1
Tinh f'(x).
Tacé:
Ant1 n’ (Inn)? . (Inn)?

= l = 1 . =
e,  aem+ DZ (In(n+ )2 noe(n(n + 1))2

Theo quy tic L’Hopital, ta co :

2In x
. (Inx)*> . " _ Inx x+1
wom (In(x + D)2 row2In(x+1)  xoeln(x+1)
x+1
1
_ i Inx _ i X _ 1 x+1_1
_xl—I}olo]n(x+1)_xl—I}<}o 1 _xl—IBo X -
1+x
Do do a = 1.
Nén suy ra chudi Z a,x™ Co ban kinh hoitula R = 1.
n=1
Do d6 theo hé qua 3.4, f kha vi trén (—1,1) va
e
fix) = z n(Inn)?
n=1
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7.12. Cho

xZn

- 1 1
f&) Z)2n+1’ SXs
n=

Tinh £'(x) néu co .

Bai giai:

r X ~ \ 4 /( 2 A 1 /( <
Xét chuoi liy thtra )5 _y a,x™ trong d6 a,, = 0néunlévaa, = —neun chan.

Khi do :
Z a,x™ = z Ay X" = Z T 1,‘v’x € R
n=0 n=0 n=0
Via = limsup |——— = I -
ia=lim sup 2n+1_nl—>nolosupn - ==
2. In+5
Nén suy ra chudi Z a, %™ ¢6 bén kinh héi tu 1a 1.
n=0
Do d6 theo hé qua 3.4, f kha vi trén (—1,1) va
f100 =) nagnt
n=1

Do d¢ :
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7.13. Tim ban kinh hoi tu va mién hoi tu caa

n
1) 520 (1+sin™")
2) Tiea X"

oo czn)™
3) Zn:O (n+1)n+1 xn

4) T
X1
5) Zn 1
6) Xn=1
o0 3)"
7) Zn=0 (x:lz)

8) ZOO n'(x+3)

n3"lnn
(x=3)"
n.5n

9) ¥, (—1n-1 &=

xTL

ZTL

n.3n
Bai
nn nxn
1) 1 + sm— on
Taco:
. n . n1
Ylll_)l’{.lo sup (1 + sin— om
+ Ban kinh héitu R = 1.
+ Mién hoi tu . Xét :
e x = 1. Chudi trd thanh
n=0

iai:

1 I
2 4im, sup

1+ sin—
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Taco
(1 + sin%)n (1 + 2 sin 2~ Z " cos nf) (1 + 2 sin 2~ 7 cos%)
2n B 2n B 2n
((sin %)2 + (cos %T)Z + 2 sin%cos %T)n
= o

nm nim\2n
_(sm ) + cos 4) e (n+ Dm 2n
= o = smT

) (1 + sing)n

Nén o 2 khong héi tu vé 0.
nn n1
Vay 1 + Sln— on phan ki.

e x = —1. Chudi tré thanh

( 1)” 1 + sin—

Tlﬂ')n Zln

(1 + sin %)n

271

n
> (1 + sin nz_ﬂ)
Vay Z(—l)n o phan ki.

Theo trén ta c6 (—1)" khéng hoi tu vé 0.

Mién hoi tu caa chudi di cho: (—1,1).
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Taco:
(n+1)!
: (n+ 1)ntt _ 1 1
lim sup — | = lim sup T
n—-oo . n—oo
nv (1 + H)
+ Ban kinh hgitu R = e.
+ Mién héi tu;
e x = e .Chudi tro thanh
v nlen
Z n"
n=1
Taco:
(n+ 1)!ent?
nF1
(nt D™ =>1vn €N
nle L 1
nn (1+3)
Nén % 1a day tang nén khong hoi tu vé 0.
S nlen
Vay z - phan ki.
n=1
e Chudi tré thanh
= nle™
n
>
n=1
Taco:
le™ , N le™
(=" — khong héi tu ve 0 cling do — la day tang.
= nle™
Nén Z(—1)n. —— phan ki
n=1
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Vay mién hoi tu : (—e, e).

@,
)Z (n+ 1)"+1

Taco
. n e | . 2n I 5
e [ D B R s

+ Ban kinh hoi tu R = %
+ Mién hoi tu :

o Xétx = § . Chudi tré thanh

o0 nn

Z (n+ 1)t

n=1
Taco:

nTL
n+1i 1 1
(n + 1) = lim - =
n—>oo 1 n—oo 1 1 e
n+ 1 ( + E)

Ma

phan ki nén theo tiéu chuan so sanh ta co :

(0] nn
Z (n+ 1)n*1
n=1

phan Ki.

o Xétx = —g. Chudi tro thanh
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(0.e] nn
E -D)"—m—m——
(n+ 1)n*1
n=1
Taco:

Vi ham In (1 + %) nghich bién trén (0, o) nén

1 1 1
n1n<1+—><n1n(1+—)<(n+1)ln(1+—)
n n+1 n

+1
Suyra:
1 n 1 n+1
DI1+—-) < 1 (1 —)
(n + )( +n) (n+ D (14——
1 n+1
2)(1+—— v
<(n+ )( +n+1> n
hay
nn . (n+1)n+1 y
(n+ 11" (n+2)n+2 "
nn

0=0

lim ————— = i :
oo (n+ D nse(n+ ) n+ 1

n" n" 1 1
e

n

n .
Suy ra Z (_1)7’1 W hél tu.
n=1

Vay mién hoi tu [— %%]

N X
4>Zn—n
n=1
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Taco:

n

li 1 =1i 1 =0
Jim sup” ||| = Jim sup =
Vay mién hoi tu 12 R.
o xn—l
5 -
)Z n.3"lnn
n=2
Tacd
. n-1 1 _ 1 y 1 _ 1
nl—l;Iolo Sup n.3". Inn N § Tll—>nOlO Sup n_wn_lvlnn N §

+ Ban kinh héitu R = 3.
+ Mién hoi tu :

e Xét x = 3. Chudi tro thanh

1 i 1
3 n.lnn
n=2

biat f(x) = e X E [2, ).
CO f(x) > 0Vx € [2,0), f laham giam va
+0o0 +00
1 1
J dx = f —du
x.Inx u
2 In2

1« 1 q
Vay 3 Z - phan ki theo ti€u chuan tich phan.
n=

e Xét x = —3.Chudi tro thanh

Chudi nay hoi tu theo tiéu chuan Leibnitz.
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Vay mién hoi tu : [-3,3).

o (x — 3)"
6 -
) n.5n
n=1
Taco:
o [X — 3 n
(c-3)" _ Z( =)
n.5m n
n=3 n=3
Taco:
n11
lim sup —| =1
n—>0oo
o x—3
+Xét khi z =1.

400
. 1
Lic d6 chudi tr& thanh Z —, chudi nay phan ki
n=1

x—3
5

+Xét khi = —1.

+o0
) 1. 7
Lic dé chudi tré thanh Z (—D)" - =, chudi nay hoi tu theo tiéu chudn Leibnitz.

n=1
Vay chubi da cho hoi ty khi va chi khi =1 <™= < 1hay -2 < x < 8.

Vay mién hoi tu: [—2,8).

. n . 2
Jim, sup /I = Jim sup(Yn) =1

Mat khac —1 < x + 3 < 1 tuwong duong véi —4 < x < —2.
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e Khix = —4. Chudi tré thanh

n:

Chudi nay hoi tu theo tiéu chuan Leibnitz.
e Khix = —2. Chudi tro thanh
S 1
n?
n=1
hoi tu theo dinh ly chudi diéu hoa (trang 145).
Vay mién hoi tu : (—4, —2).

3) Z n! (xnj: )"

n=1

Theo cau 2, chudi

z n! (xn—: )"

n=1

Hoi tu khivachikhi—e < x+3 <ehay—e—3 <x<e—3.
Vay mién hoi tu (—e — 3,e — 3).

0 _ 5 n
9) Z (-t —(xn_ 3n)

Tuong tu cau 6. Ta co:

i(_1)n—1 (x—5)" _ i _ (5 gx)
] n.3m n

n=1

Chudi hoi tu khi va chikhi —1 <> < 1hay2 <x <8.
Vay mién hoi tu : (2,8].
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7.14. Cho f,,(x) = n?x(1 — x*)™, 0 < x < 1. Chung t6 rang (f,) hoi tu timg diém

vé ham 0. Tinh

1
tim [ fuodx
0
Bai giai:
Chung t6 (£,,) hoi tu ting diém vé ham 0.
Taco £,(0) = 0va £,(1) = 0 véi moin € N. Nén (£,,) hoi tu timg diém vé ham 0
tai 0 va 1.
Xét0 <x < 1.bat

1
1—x2_1=C>0
Luc do :
1
1—x%=
x 1+c¢
Taco:
) ) le n2
n“(l—x°)" = — < > 3
(1+c¢) 1+nc+n(n21)c +n(n 1)én 2)c
< n’ vn=>3
Shtm—Dm—2)c2 =
6
Chon —» o tachd:
n? 0
_)
nn—1)(n—-2)c3

6
Nén theo nguyén ly kep ta cé n?(1 — x?)"™ — 0 khin - oo.

Vay ta c6 (f,) hoi tu diém vé ham 0.
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1
Tinh lim j fn(x)dx:
n—-oo
0

Dit 1 — x? = u. Dung ki thuat ddi bién, ta c6 :

1 1

nZ nZ uTl+1 1 nz
25(1 — x2 Nx = f ndu = | —
jnx( xdx = o fwtdu =S\ ST o T 2 D
0 0

Suyra:

1
lim [ f(x)dx = oo
n—oo

0

7.15. Cho (£,,) 1a mot ddy ham hoi tu déu vé ham f trén D, x € D'. Gia str
a, = limf,(t)
t-x
ton tai véi moin € N.
Chung minh rang (a,,) la day hoi tu va
lim f(t) =lima,
t-x

t-x

N

Bai giai:
Chang minh (a,,) hoi tu.
Ta s€ ching minh (a,,) Cauchy. That vay, vai € > 0,cd N € N sao cho
SUpIf, () = fn(0)] < 5 Ym,m > N
Xét m,n > N bat ki, do

lim £, (t) = a,, va lim £,,(t) = a,
t-x t-x

€
am—an|S§<s
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Tur diéu trén, ta c6 (a,,) 1a ddy Cauchy nén hoi tu vé a.

Chang minh lim,_,, f(t) = a
V&i e > 0, ton tai N € N sao cho

suplfu () = F(O] <5 ¥n > N
teD

CO M € N sao cho

la,, — al <§Vn>M
Goil =max{M,N} + 1
C6 8 > 0 sao cho |f;(¢) — a;| <§‘VteDnB(x,6)

Liy t € D,vat € B(x,5). Taco :

&

F© - al SIfF@® - O+ O - al +la —al <z +5+5=¢

Ta ¢ diéu phai chang minh.

7.16. (Pinh ly Dini) Cho (£,,) 1a mot day ham lién tuc, hoi tu tirng diém vé ham sé
lién tuc £ trén [a, b]. Chung to rang néu £, (x) > f,+1(x), Vx € [a,b], n € N, thi
(£,) hoi tu déu trén [a, b].

Bai giai:
Ta ching minh bang phan ching.
Gia st £, khong hoi tu déu vé £, thi 3e > 0, YN € N, 3n > N sao cho d(f,, f) =
E.
Nén 3e > 0, Vn € N, ton tai mot N > n va mot x € [a, b] sao cho fy (x) —
fx)z e
Ta xay dung day s6 nhu sau:

n=1c6sdbn, vax, € [a,b]saocho f, (x;) — f(x;) > ¢
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n =mn, c6sén, >n, vax, € [a,b] sao cho fa,(2) — f(x2) = €
n =mny_q 086Ny > nx_, Vaxy € [a,b] sao cho fo G — fxg) = €

Day (x;) trong [a, b] nén c6 ddy con (xy,) hoi tu vé x € [a, b]
Do f,(x) = f(x) khin — c0 nén c6 N di I6n sao cho vn = N, f,(x) — f(x) < =.

Tacong, = N nén

g 0 = F00) <5 (D
Mat khéc ta lai ¢6 f, (xx,) = f(ok,) = fry, (i) — f (k) 2 €. Cho 1 > +oo, ta
co:

Fry ) = f(x) 2 £ (2)

R rang (1) va (2) mau thuin nhau nén ta c¢6 diéu phai chitng minh.

7.17. Cho ¢: R — R la ham tuan hoan véi chu ky 2 sao cho ¢(x) = x khi 0 < x <
lvagp(x)=2—-xkhil<x<2.
bat
(ee] 3 n
f@ =) (5) ¢@m
n=0

Chung minh rang £ 1a ham lién tuc trén R nhung khong kha vi tai moi diém trén
R.

Bai giai:
Nhan thdy ¢(x) = 1 — |1 — x| Vx € [0,2] nén lién tuc trén [0,2]. Mt khac f 1a

ham tuan hoan chu ky 2 nén ta co f lién tuc trén R.
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Xét day cac ham:

fo=(3) pamn

n \ \
lién tuc trén R, ta o6 | 1f, ]| < (2)" = @y, Bo an = 4 nen N2 £ hoi tu déu vé

f.Suyra f cling 1a ham lién tuc trén R.
Ta ching minh tai moi x € R thi f déu khong kha vi. That vay, gia s ton tai
x € R sao cho:

y f) —fx)
1m =
y-Xx y—X

L

Pau tién ta ching minh bat dang thic sau:
() — o] < |x =yl

That vay, vi 0 < ¢(t) < 1Vt € Rnénnéu |x — y| > 1 thi bat dang thic hién
nhién dung. Ta xétkhi |[x —y| < 1.Giastx <yvatacoy—1<x <y.
Vilubn ton tai T € Z sao cho 2T < x < 2T + 2 (chon T = EJ € Z) nén ta dat
a=x—2T,b=y—2T (a €[0,2]vdib — 1 < a < b), bat dang thtc can chang
minh tuong duong vai:

|p(a) — p(b)| < |la—b|Va€e[02],b€E[aa+1)c][a?2]U]l23)

e Néub<2 taco

|p(@) —pB)| =11 —|1—a) - (A —|1=bD|=|l1—al-|1-b]
=max{|1—a|l—-|1—-b|,|1—-b|—|1—al}<]|a—b]
e Néube (23)thiae (1,2),tacop(b) =¢p(b—2)=b—2va¢p(a) =

2 —a.

Suyral|p(a) —dpb)| <p(a) +p(b)=b—-2+2—a=|b—a
Vay bat dang thtrc dugc chang minh.
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Xét day
t,

Yn _x+22n+1

Vi t,, = +1 dugc xac dinh nhu sau:
() ta=1néuf4mx}<-
(i) to=—1néu{4"x} >
(Ky hiéu {x} chi phan I& ctia sé thuc x, duoc tinh bang: {x} = x — |x])
Ta s& chttng minh véi cach chon t,, nhu trén thi diéu sau duqc thoa man:
|¢> (4nx + ) ¢>(4”x)|
That vay, ta c6 :
Trwong hop 1: {4"x} <

N R

Kha nang (1.a): |4"x| = 2d v6id € Z

Vio<{4™x} < % nén taco :
$(4"x) = $p(4"x — 2d) = ¢p({4"x}) = {4"x}
Va

¢ <4nx +%n> =¢ (4”x +%— 2d> =¢ ({4”x} +%> = {4"x} +%

Suy ra

|¢ (4”x + ) (4"x)|

Kha nang (1.b): [4"x| =2d +1Vvéid € Z

Vio < {4"x} < % néntacé:

Pp(4"x) = p(4"x — 2d) = p({4"x}+ 1) = 1 — {4"x}
Va
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[0 (4nx + %n) =¢ (4“x + % - 2d> =¢ ({4”x} + %) =2 ({4nx} + %)
= 2~ (4]
Suy ra

o(45+3) 00| =

Trwong hop 2: {4"x} > %

Kha nang (2.a): |4"x| = 2d v6id € Z

Vi % < {4"x} < 1néntacd
¢(4"x) = p(4"x — 2d) = p({4"x}) = {4"x}
Va

¢ <4"x +%n> =¢ (4nx —%— 2d> =¢ ({4nx} —%) = {4"x} —%

Suy ra
o(7+3) - pam0] =

Kha nang (2.b): [4"x| =2d + 1 Vvéid € Z

Vi % <{4"x}<1néntaco:
¢(4"x) = p(4"x — 2d) = p({4™x}+ 1) = 1 — {4™x}
Va

¢ (4nx + %) = ¢ <4nx — % — 2d> = ¢ ({4"35} + %) =2- ({4“x} + %)
=2~ (anx)

Suy ra
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|¢ (4nx + ) (4”x)|
Vay ta cé :
|¢ (4nx + %n) — ¢(4nx)| = 1 vn €N

Mat khac ta ciling co |y, — x,,| < Suy ralim,_ y, = x.

- 2n+1

Ta c6 phép bién d6i sau:

FO) = F@| L I3
yyn — N _ pons, ;(Z) (P(45x + £ 2272071 — p(4K0))
n—-1 3 k
— 22n+1 = ¢(4k + tn22k—2n—1) _ ¢(4k )
4 (4) (p(4x )

+ (2)71 <¢ (4nx + ) ¢(4"x)>
(Vivoik =n+ 1thi

P(4%x + £,2%F7271) — p(4kx) = Pp(4%x + 2.1,22¢""D) — p(4*x) = 0 do ¢
tuan hoan chu ky 2)

2 (| (o (4 5) - o)

n-—1 k

_) (¢(4kx 4t 22k-2n-1) _ ¢(4kx))

)

~/~
1w

k=0
-1 n—-1
3\ 1 < /3 3n
2 1 2k-2n—-1 — 2 1 ko—(2 1
z 28 ((z) -z‘;(z) £, 220-2n I>—2 "* (—zmﬂ—;?» 2= >>
— 2n+1 ( 3" _ 9—-(2n+1) 3" — 1) _ 3" +1 (%)
22n+1 2 2
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Pt u, = L¥YT® i do £ kha vi tai x nén day {w,} hoi tu v& L € R. Nhung (¥)

Yn—Xx

lai cho thay u,, khong bi chin. Biéu ndy gay mau thuan va két thic chitng minh.

7.18. Cho (f,) va (g,,) 1a hai ddy ham hoi tu déu trén D. Chiing minh rang

(f, + g,,) ciing hoi ty déu trén D.

Hon nita, gia st thém rang (f,,) va (g,,) 1a hai ddy ham bi chan. Ching to rang day
ham (f,.g,,) ciing hoi tu déu trén D.

Bai giai:
Chung minh (f, + g,,) hoi tu déu trén D.
Choe > 0,c6 N € N sao cho

& &
suplfp(x) — f(x)] < 7 vl sup|gn(x) —g(x)| < V>N
X€ED X€ED
Véimoin > N,taco:

|+ gn) (%) = (f + )| < 1f(0) = FOO + [gn(0) = g(X)| < 4+Z

_Z Vx €D
=3 x

Suy ra

sup|(fn + gn)(x) — (f + g)(x)| << 5 <¢

xX€D
Chung t6 rang day ham (f,,g,,) ciing hoi tu déu trén D.
Do (f;,) va (g,) la hai ddy ham bi chan nén c6 C; > 0 sao cho
sup | fu(x)| < C; va sup | gn()| <G VneN

X€D

Choe > 0,c6 N € N sao cho

Suplgn(x) gx)| < E vn=N
1

271



Chuong 7: Day ham va chudi ham
Lac do, taco:

suplg(x)| < supIgN(X) gx)| + sup lgn ()| < —+C;
X€ED 4‘C1

Nén c6 C, > 0 sao cho sup,¢plg(x)| < C,
CO M € N sao cho

sup| /() = f()| < 7= Yn 2 M

XED

bat max{M,N} = L. Véimoin > Ltacé:
() g0 () = F()g ()| = | () (gn(x) = g(0)) + g () (/o (x) — f(X))|

< (1192 (0) = 9GO+ g G = FGI < €13+ g
&
= EVX €D

Nén ta c6 supep | fo (¥)gn () = fF(g(x)| < 5 < &
Vay (f,. gn) hoitu déu vé f.g trén D.

7.19. Xét
( )
0 khi x <
n+1
T 1 1
fu(x) =<sin?= khi <x<-—
X n+1 n
1
L0 khi— < x
n

Chung t6 rang (£,) hoi tu timg diém nhung khong hoi tu déu vé mot ham lién tuc.
Bai giai:

Chung minh (£,) hoi ty timg diém :

Vi £,,(0) = 0 vn € N nén (£,,(0)) hai tu.

VéixiO,céNeNsaocho%<x
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Lac do, vn > N ta Cé% < % < x nén f,,(x) = 0 nén ta cling c6 (fn(x)) hoi tu.

Chung minh (f,) khong hoi tu déu vé ham 0.

Taco:

1
d(f, 0) = fu|l —= || = =1VneN

n+s

2 sin? ((n + %) n)

Piéu nay suy ra (f,,) khdng hoi tu déu vé ham 0.

—_

7.20. Chung to rang chudi

C (D2 + 1)

z n2

n=1
khong hoi tu tuyét dbi tai moi diém x € R nhung 1 chudi ham hoi tu déu trén moi
khoang bi chan [a, b].

Bai giai:

Chung t6 chudi da cho khong hoi tu tuyét déi tai moi diém x € R .
Chox e R

Taco:
m 2 m
xX“+n 1
Y EEEe Y
n2 n
n=1 n=1
Ma chudi
0
1
R
n
n=1
Nén
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khong hoi tu tuyét dbi tai moi diém x € R

Chtng minh chudi ham héi tu déu trén moi khoang bi chan [a, b].

- (—1)"(x% +n)
z n2 X

Goi S, (x) = eER
m m m
, (- 1)” " (-7
Taco S, (x) = x2 Z — + Z -
i= i=1 i=1 i=1
bat
N (D" N (D"
tm = nz tm = n
i=1 i=1

Thi theo tiéu chuan Leibnitz u,, = u, v,, = v khim - +oo va 5, (x) = u,,x% +
V. Dat S(x) = ux + v. Do ton tai € > 0 sao cho x? < C Vx € [a, b] nén ta cd
d(Sm,S) = sup [(Um —Wx* + (U — V)| < [ty — u|C + |y, — V|

x€[a,b]

Nén d(S,,,S) = 0 khi m — +oo, nghia 1a chudi s6 da cho hoi tu déu trén [a, b].

7.21. Khai trién thanh chudi Fourier cac ham f(x) = x2, g(x) = x va h(x) = |x]|
trén doan [—m, 7).

Bai giai:
Khai trién ham g(x) = x trén doan [—m, ].

Taco:

I
o

1 [ 1 [
a0=E fxcosOxdsz fxdx
-7 -1

vavgin=>1,

T

SR

A
1 . :
a, =— | xcosnxdx vab, = x sinnx dx
/[
-1

—TT
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Dung tich phan ting phan ta co :
Vs

T
X s 1 1 T
xcosnxdx=—smnx| — | —sinnxdx = —cosnx
—TT

n —T n n? —T
—TT
A A
_ X s 1 21
xsmnxdx=——cosnx| + | —cosnxdx = ——cosnnr
n —1 n n
—TT —T1T
Vay suy ra:
T
1
a,=— | xcosnxdx =0
m
-1
i
1 _ 2
b, =— | xsinnxdx = ——cosnn
n
—T
Nén
+00
2 .
glx) = —Z —cosnm.sinnx
n
n=1
Khai trién ham f(x) = x? trén doan [—m, ].
Ta co:
s s
1 5 1 5 2m?
ap=— | x“cosOxdx =— | x“dx =—
T T 3
-1 —TT
vavéin =1,
T Vs
1 ) . 1 5
a, =— | x*cosnxdxvab, =— | x“sinnxdx
m /i
-1 -1

0
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Dung tich phan ting phan ta co:

Y A

) x? T 2 _ A1
X cosnxdx=—51nnx| —— | xsinnxdx = —cosnm
n n n2

—T
—TT —T1T
T T
, . x? T 2
X 51nnxdx=——cosnx| 4+— | xcosnxdx =0
n —T n
—TT —TT
Vay suy ra:

A
5 4
a, = x“cosnx dx = — cosnm
n

S

Vi
1 .
b, =— szsmnxdx =0
s

-1

400
) 7T2+ 4
xX) = — E — COSNIT.COS NX
f 3 1n2
n=

Khai trién ham h(x) = |x| trén doan [—m, 7t].

Ta co:
T 0 A
1 1 1 T T
ayg = — jlxlcosOxdxz— j—xdx+—fxdx=—+—=n
T T T 2 2
-7 - 0
vavgin=>1,

s
1
a, =— jlxl cos nx dx
T
—TT

s
1
b, = — flxlsinnx dx
T
-1
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Dung két qua tinh todn ham g(x), tasuy ra:

T 0 T
flxlcosnxdx = j—xcosnxdx+fxcosnxdx
-7 -7 0

T

T
X 1 T
=2 | xcosnxdx — | xcosnxdx = 2 —51nnx+—2cosnx|
n n
0

0
-1
2(cosnmt — 1)
T 0 T
Va jlxlsinnxdx= J—xsinnxdx+stinnxdx
- - 0
Vs T
) _ X sinnx\ |t 2m
=2jxsmnxdx— jxsmnxdx=2(——cosnx+ > ) + —cosnm
n n 0 n
0 -7
=0
Vay suy ra:
T A
1 2(cosnm — 1) 1 _
anz—jlxlcosnxdxz > Vébn=—f|x|smnxdx=0
T n T
—TT —TT
Nén
+00
is 2(cosnm — 1)
h(x) = —+z .cosnx
2 ] n2
n=
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7.22. Chung to rang ham

(00

1
flx) = n

n=1

lién tuc trén mién x > 1 va c6 dao ham moi cap trén mién nay.

N

Bai giai:

=1
=
n=1

hoi tu déu trén mdi khoang [x,, ), x, > 1 (*). Nén f(x) lién tuc trén (1, o).

Theo bai 7.5 ta thy riang chudi

5 1 . ., —lInn
Datfn=ﬁ,taco: fn = .
(00 (00
) x. —Inn Inn
Xét chuoi mra il ey
n=1 n=1

Xét mot x, > 1.

Taco:
1
lim f — Jim —L = lim —— = 0 (Do > 1 dpd the L'Hopital
lim Ta = lim g _tl—>r£10at“_ (Do a ap dung quy tac opital)
Nén
~ Inn
A 1
n 2

0—1

14 x - -
Vaycoso N e Nsaocholnn<n 2 véimoin =N

Taco:
xO—l
Inn n 2 1
x < s ) Vx = xo,n =N
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(0e) (00]
1 —Inn
Ma z 7o71 Doi tunén Z >: hoi tu déu trén moi khoang [x,, 0), x,
n=1n 2 n=1
> 1(**)

Tur (*) va (**), 4p dung Ménh dé 2.3 (trang 169), ta duoc f c6 dao ham lién tuc

trén (1,) va

(00] oo _1
FE) =) fi =) —=vre ()

Gia st ham sb co dao ham lién tuc cép k,

k
FO @) = an(")(x) (1)kzlnn<n>

n=1

In*(n)
va Z e hoi tu déu trén mdi khoang [x,, ), x, > 1.
n=1

Taco:

zf(kﬂ)( ) = (_1)k+1§:1nk“(n)

71x
n=1

Tuong tu nhu trén, xét mot x, > 1.

k+1
o In*tl(n) Inn
lim ———— = lim — =0
n—oo Xp—1 n—oo Xp—1
n 2 n?(k+1)
Xo—1

Nén c6 s6 M € N sao cho In**t(n) <n "z véimoin > M

xO—l

In**1(n) n” 2 1
T < o xol‘v’xeo,nZM
n 2
(0] [ee)
\ 1 \ X A A lnk+1(n) A A A . °
Ma z —7 1a chuoi hdi tu nén z ————hoi tu déu trén moi khoang [x,, ),
(0] 7lx
xo > 1.
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Vay f c6 dao ham lién tuc cap k + 1 trén (1, ) va

[00]

lnk+1 n
FOn ) = (-1t Y v e (0,0)
n=1
Ta c6 diéu phai chang minh.
7.23. Ching to rang ham
+00
fO) =) e
xéac dinh va thuoc 16p € trén mién x > 0.
Bai gii:
Thuc ra ta chi can chiang minh cho ham
+o00
glx) = z e ™% vx >0
n=0

Vif(x) =2g(mx) —1Vx > 0.
Pau tién ta chung minh g xac dinh.

Véimotx > 0.Cosd N € N sao cho Nx > 1. Taco

1 - 1 - 1 o N
enzx - ean - e_n vn =2
+o00 + o0
,/‘\/' —_— ol A —_— 2 A
Chumz e " hoi tu nén Z e ™ * hoi tu.
n=0 n=0
Vay g xac dinh,

Pat g, (x) = e ™%, thi g{” (x) = (-n?)*e %,

Tuong ty bai trén ta chi can ching minh véi mét k € N thi
k
Z 95 (x)
n=0
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hoi tu tuyét déi trén mdi khoang [x,, ), x, > 0.

That vay, véi mot x, > 0, co0 N € N sao cho Nx, = 2.

2k 2k
Ta co lim — = 0(co thé chimg minh bang quy tic L'Hopital cho lim =——,a
n—-oo @ y-oo aY
>1).
n2k
Nén c6 M € N sao cho e—nS 1vn =M.

bat max{M,N} = L tacd

o nZk nZk nZk 1
|gn (x)| = Em S o S om Sy vzl
+00 ©
Ma chudi z e hoi ty nén Z 9% () hoi tu tuyét déi trén [x, ), Xy > 0.

Ta ¢ diéu phai chang minh.

7.24. Vi nhitng gid tri nao cua a thi
a) Day ham f,(x) = n®xe ™™ hoi ty ting diém trén [0,1]
b) Day ham f,(x) = n%xe™™* hoi tu déu trén [0,1]

N

Bai giai:
a) Ta chang minh véi moi @ € R thi ddy ham f,, hoi tu ting diém trén [0,1].

That vay.

Véi x = 0thi £,(0) =0
Vi x > 0,taco

n

fn (x) = o

e Né&u a < 0 thi hién nhién

lim f,(x) =0
n—>0o
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e Néua >0,tacoe*>1va
n%x n[a]+1

<
x = (ex)n

n[a]+1 ax
Ma e)" — 0 khi n - +o00 nén theo nguyén 1y kep thi onx — 0 khin - +oo.

Do do:

lim f,,(x) = 0,vx € [0,1]
n—oo

Vay véi moi a € R thi £, hoi ty timg diém trén [0,1].
b)  Tachang minh ddy ham £, hoi tu déu trén [0,1] khi va chi khi a < 1.

Ba&i vi voi o > 1 thita chon x,, = % € [0,1]. Suyra f,,(x,) = n*le 1 > e 1,
Do do :
d(fn, f) = sup fr(x) = fr(xy) =€ -

x€[0,1]
Nén f,, khong hoi tu déu trén [0,1] khi a > 1.
Bay gio ta ching minh véi a < 1 thi ddy ham £, hoi tu déu trén [0,1]. Tac la

ching minh

a

d(fnif) sup fn(x) = Ssup -0

x€[0,1] x€[0,1]

enx

khi n — oo.

Ta khang dinh f,(x) <

[0,1],n € N(¥)

That vay, () tuong duong vai

n%x 1

nx
o < T a onx<e

Xéthamg(t) = et —t, t e R. Tacod
gt)=et—1>1-1=0VvVt=0
Do d6 ham g(t) dong bién trén [0, 4+0). Suy ra g(t) = g(0) =1 > 0.
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Néntaconx < e™ vx € [0,1],n € N.

Ta da chimg minh f,,(x) <

T a vx € [0,1],n € N.

Nén khin - +oo thi d(f,, f) < - 0,Va < 1.

Vay véi moi a < 1 thi ddy ham £, (x) = n®xe ™ hoi tu déu trén [0,1].

7.25. Cho 0 < a,, < 1,Vn = 0. Chiing minh rang Y%, a,x" hdi tu khi 0 < x <

1

1vacotong < —.
1-x

Hon nira, néu ;- a, hoi ty, ching minh rang ), a,x™hoi tu khi 0 < x <

\ 14 /I - 1
1 va co tong < min (Z;‘{’ZO an,—).

1-x
Bai giai:
Khi0<a,<1:
Taco |a,x™| < x"Vn
o0
Ma chudi z x™ 1a chudi hinh hoc hoitu do 0 < x < 1.
n=0

(0]
Nén chudi Z a,x™ cling hdi ty theo tiéu chuan so sanh.
n=0

Ngoai ra,

Chom — oo thitaco:
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(o]
Khi Ean héi tu :
n=0

Taco |a,x™"| = a,x" <a,Vn = 0.

(00) oo

Nén Z a,x™hoi tu theo tiéu chun so sanh do Z a, hoi tu.

n=0 n=0

Khix =1,taco:

Chom —» oo thitaco:

(00 (00

I WAV

n_

=0
Vi 0 < x < 1, theo chitng minh phan trén thi

MS

anxn<—‘v’0<x<1
n=0
Nén ta co :

(0e] (0e]

D ane < min{ Y ay, =
a,x™ < min a,,——
n nl_x

n=0 n=0
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7.26. Cho chudi s6 duong hoitu Y+ a,, . Chung minh rang Y12, a,x™ hoi tu
tuyét d6i khi |x| < 1.
Bai giai:

Taco |a,x"| < a,Vx €[-1,1],n € N,

+ 0o + 00
Nén chudi Z |a,x™| hoi tu theo tiéu chuén so sanh do Z a,, hoi tu.
n=1 n=1
+ o0
Viay Y a,x™ hoitu tuyét dbi khi |x| < 1.
n=1

7.27. Chtng minh rang

In(x + 1) = Z(—l)"“— k<1,
n=1 n
Va
+00
mm-1).(m—k+1
(1+x)m:1+z ( )kf )xk,m>0,m€N,|x|<1.
k=1 '
Bai giai:
Chang minh:

In(x + 1) = Z(—1)n+17 x| < 1,
n=1

Xét chudi sd sau:

1 (00]
fG) === (-0

n=1
Ta thay £ (x) hoi tu véi moi x thoa |x| < 1

Nén ta cling co :
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F(x)=In(x+1) = ff(t)dt = in(—t)"_l dt

0 n=1

TL

ZJ( )" 1dt = (_ " i( 1)n+1_

n=1o

Ta c6 diéu phai chang minh

Chang minh :
o — mim-—1)..(m— k+1)
(1+x) _1+Z = Km>0meN,x| < 1.
k=1

Dau tién ta chitng minh chudi sb da cho hoi tu. That vay, véi k > m, ta co:
mm—-1).(m—k+1)
k!

‘m(m —1D.(m-Imp)him—-|m]—-1) .. (m —(Im|+ k —|m]| — 1))
(k—|m]—-D'(k—|m]) ..k

_ (Im]+1—-m) .. (([mJ +k—|m]—1)— m) mm-—1)..(m—|m])

k- m] = 1)! T = m]) .k
m(m-—1)..(m—|m))
=Dk 1!

Nén chudi da cho hoi tu khi |x] < 1

Dat

F) = 1_l_z:m(m—l) ..I.{fm—k+1)xk’le <1
k=1 '

Taco:
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(1 +x)f"(x)

mm-1)..(m—-k+1) ,_,
Z k —1)! X

mim—-1).(m—-k+1) ,
2 (k- 1)! *

< (m—l) .(m— k) mm—-1).(m—k+1)
RZ 2 (k — 1! x*

Zm(m—l) .(m— k+1)(k+m k)

= m+m(f@) - 1) = mf(x)

Vaytacomf(x) = (1 +x)f'(x). batg(x) = f(x).(1+x) ™™, taco:
9'(®0) =1+ V(A +x2) —mf(x) =0

Suyrag(x) =g(0)=f(0)=1Vx e (—1,1),nghiala f(x) = (1+x)™

Ta ¢ diéu phai chang minh.

7.28. Cho

Chutng minh rang
A)EMEQY)=Ex+y)
b) C(x +y) = C(x)C(y) —S()S(y)
) S(x+y) =Sx)C(y) + C(x)S(y)

d)(CO) +(S@)* =1
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Bai giai:
Vi lim,,_, 4 o n\g = 0 nén ta nhan thay E (x), C(x), S(x) hai tu déu.

a)  Goi E,; (x) 1a tong riéng phan caa chudi E(x), ta co :

n=0 n=0
M X M y"l
Eu(0). B () = Z—,. Z >
n=0  m=0

Il
NgE
=
?El><
!
S <,
|
5:
M
"“:
’:?

|
32

S
Il
o
Il
o
3
E
+
=
W‘
3
E

I
:l>\|4§
M:

EA 2 k' (n o]

n=M+1k=n-M

> Y s

n=M+1 k=n-M

2M 400
z (x| + [yD™ z lx| + [y[™
—_ < B —
n! n!

n=M+1 n=M+1

S
Il
o
=
Il

|[Ey(x).Ey(y) —Ey(x +y)| =

Suyra|Ey(x).Ey(y) —Ey(x+y)| = 0khiM - 400

Vay E(x)E(y) = E(x +y)
b)  Dit Cy, (x) va Sy, (x) 1a cac tong riéng phan cua € (x) va S(x)

2k 2k+1

Cu () = Z( D G S () = Z( D T

Taco:
Cry()Cy (y) — Sy (x)Sy (y)
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2k+1 2h+1
Z( DG (2Kl Z<- )h(Zh)' 2(_ )k(2k+1)' Z(_ T (2h + 1)!
Mo n x2ky2n-2k x2ky2n-2k
T 3 L
M

2k+1,,2n-2k+1

ZZ( )
2k + 1! (2n — 2k + 1)!

n=0 k=0

2k+1,,2n-2k+1

S S g
2k + 1! (2n — 2k + 1)!

n=M+1 k=n-M

x2kyy2n=2k M+in-1 2k+1.,2n—2k—1

M n
_ n n X<ty
—22( D (Zk)'(Zn 2k)! ZZ( D 1(2k+1)'(2n—2k—1)'

n=0 k=0

Zk 2n-2k

Z 2 = 1)n(2k)'(2n 2k)!

n=M+1 k=n-M

M 2k+1.,2n—-2k+1

o y
Z z =1 2k + 1)! (2n — 2k + 1)!

n=M+1 k=n-M

2k 2n—2k 2k+1.,2n—-2k—-1
y x*tly )

M n

=1k=0

2k+1.,,2M-2k+1

M
xtly
Z< 1)M(2k+1)'(2M 2k + 1)!

Zk 2n-2k

* Z Z = 1)n(2k)'(2n—2k)'

n=M+1 k=n-M

2k+1,,2n-2k+1

Z 2(—)” i
2k + 1)!' (2n — 2k + 1)!

n=M+1 k=n-M
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bat
M n
A 14 Z 2( iy 2ky2n 2k ~ x2k+1y2n—2k—1
1 £ K 2n-2k)! QRk+1)'(2n—-2k—-1)!
n= =
M 2n
:1+22( 1)71 C k2nk
Lo (2 )l 2n XY
u 1
=1+ Z(—l)n Ol (x+y)" =Cylx+y)
n=1 '
Va
Z( 1)M x2k+1y2M 2k+1
Qk+1D!'(2M - 2k + 1)!
2M 2k, 2n-2k
+ Yy Z e ——
n=M+1 k=n—-M (2k)'(2n—2k)'
x2k+1y2n 2k+1
z Z (-1)"
Ja Qk+1D!'(2n—2k + 1)!
Thi
2M 2M
1B| < (x| + [y])2M+2 N (x| + JyD*m+2 N (x| + [yD*m+2
- I I I
(2M + 2)! (L (2n + 2)! o (2n + 2)!
+ 00 +o
(x| + ly])2M+2 N (x| + |yD*m+2 N (x| + [y +2
(2M + 2)! L (2n + 2)! (e (2n + 2)!
Taco:

|Cy () Cyy (y) — Sy ()Sy(y) — Cu(x + y)| = |B|

+ o0 + 00
(x| + [yD)zM*2 N (Ix| + [yD)?"+2 N (x| + [y[)2"+2
(2M + 2)! (2n + 2)! (2n + 2)!

n=M+1 n=M+1
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Nén |Cy (x)Cy (1) = Sy (1) Sy (1) — Coy(x + )| = 0 khi M = +00 va ta co diéu
phai chirng minh.

C) Theocaub)tacd C(x) = C(x + y)C(—y) — S(x + y)S(—y) (*). Mat khac
nhan thdy C(—t) = C(t) va S(—t) = —S(t) Vt € R nén (*) thanh:

Cx)=Clx+y)C() + Sk +y)S)
= (CDICH) = SE)SM)CH) +Sx + S ()
=C)C* () = SISOCH) + S(x +y)S()
Mt khéc, theo cau d) , taco C(x) = C(x)(C?(y) + S2(y)). Suy ra:
CEC* ) + C(x)S*(y) = CCC* () = SISHICH) + S(x +¥)S()
SSMSE+y) —SECH) - CcxSH)) =0 (1)
Chiing minh twong tu, ta c6 S(x)(S(x + y) — S(xX)C(y) — C(x)S(y)) = 0 (2)
Véi x,y € R bat ky, néu S(x), S(y) c6 mot sé khac 0, (1) hoic (2), ta suy ra ngay

diéu phai chang minh.

Nguoc lai, néu S(x) = S(y) = 0, theo cau d) taco |C(x)| = |C(y)| = 1 nén
|IC(x+y)| =|C(x).C(y) —S(x)S(y)| = 1,nghiala S(x + y) = 0. Vay ta cling
dacoS(x+y)=Cx)S(y) +Sx)C(y).

Trong ca 2 truong hop, khang dinh cta dé bai déu duoc chitng minh.

d)  Tu dang thac b) ta cho y = —x thi do C(—x) = C(x) va S(—x) = —=S(x)

nén

() +(S@) =c)=1.
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Chuong 7: Day ham va chudi ham
7.29. Tim mién hai tu cua chudi ham
a) Yp=1n"(x +3)"
w 1
b) Yn=1—
C) Yp=q 2" sinsin
o COSNX
d) Y=o
o COSNX
e) Zn:O enx

sm(Zn 1)x

Bai giai:
a)  Yp=in"(x+3)"
Ta c6 rlli_r)rc}osupri/ln_nl = Alngosupn = ©
Vay chudi hoi tu khi va chi khi x + 3 = 0 hay x = —3.
b) T
Theo Pinh ly chudi diéu hoa (trang 145), chudi sb trén hoi tu khi va chi khi x >
1.

. X
C) Yo 2™ sin—

Khi x = 0, hién nhién chudi sé héi tu

Xétx #0.Taco:

x

n X n Sll’l
lim |2".sin— = lim 2. | | =
n—oo 3n n—oo i 3n

3n

Nén chudi da cho hoi tu véi moi x # 0.

Vay mién hoi tu caa chudi s6 1a R.
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cosnx
d) Z;.f:() Zn

_|cosnx 1
Taco| o |S2—nVn€N,xER.

cosnx

1 AT A =A A 4 A s r.s M
Do Yoo P hoi tu nén theo tiéu chuan so sanh, ta duoc Y,—, hoi tu véi moi

x € R.
cosnx
e) Z?I?ZO enx

- Véix = 0thi

Nén chudi nay khong hoi tu.

- Voix<0,datx =—tvoit>0,taco

(0]

(0]
Z e™. cos(—nt) = Z e™. cosnt
n=0

n=0
Ta chang minh chudi nay khong hoi tu. That vay, gia st chudi trén hoi tu thi

lim e™.cosnt =0

n—oo
Ma |e™ cosnt| > |cos nt| nén ta ciing c6 cosnt — 0 khit — +oo
Mat khac cos(n + 1)t = cosnt.cost — sinnt.sint

Nén ta co sint.sinnt - 0 khin — 400 (1)

Mat khac, vi lim cosnt = 0. Nén lim |sinnt| =1 (2)
n—oo

n-o
Tu (1) va (2), ta phai c6 sint = 0, suy ra t = km. Nhu vay sinnt = sinnkm = 0,
mau thuan véi (2).
Vay véi x < 0 thi chudi trén khong hoi tu.

- Voix > 0thitaco
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cosnx 1
| on Senx vneN,x >0
o1
Ma e—x <1.
~ =1 , ~ = cos nx
Nén chuoi Z — hdi tu. Do d6 theo tiéu chuén so sanh ta suy ra chuoi z —
e e
n=0 n=0
cling hoi tu.
Vay mién hoi tu caa chudi da cho 1a (0, +00).
sm(Zn 1)x
f) Zn 0 (2n- 1)2
Taco:
sin(2n — 1)x - 1 1 Yn>2 xR
< = n=2x
(2n —1)? (2n—-2)? 4(n-1)?
Ta c6 chudi Yo, (— hoi tu nén theo tiéu chuan so sanh chudi Y22 0%

hoi tu véi moi x € R.
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Bai Tap M Rong
1. Cho (f,) hoi tu déu vé f trén R.

a. Chang minh rang néu f lién tuc trén R thi f,,of — fof.
b. Chang minh rang néu £ lién tuc déu trén R thi f,0f, 3 fof.

2. Chuang minh ring day (sinn?) khéng hoi tu vé 0. Tir d6, suy ra ban kinh cua

(00)
x™ sin n?
n=0

3. Cho f(x) c6 dao ham lién tuc f'(x) trén (a, b) va
1
fal) =n|f (x+3) - )|
Chung minh lim,,, f,(x) = f'(x), (a<x<B)Voia<a < B <bh.

4, Pinh nghia ham sai s6 :

1 * _¢
erf(x)=T§J e 2dt
0

Va ham
_ *sint
Si(x) = j —dt
o

Biéu dién cac ham trén dudi dang chudi lity thira. Dya vao chudi trén tinh xap xi
giatri erf(1);Si(1).
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5. Xac dinh mién hoi tu cua cac chudi liy thira sau :

a. Y(Inn)*x™
b. ZanT!zxn , (a>0)

(x+5)2n"1
nz4n

c. X

d. 3L (x —2)n

2n

(x+2)"2
nn

(x_2)2n+1
(n+1)!

g X—

n3"lnn

e. X
f. ¥

n—-1

6.  Tinh tong cua cac chudi ham sau :

a. y,nx"

b. Y(n+ 1)(n+ 2)x™

="
C. 2 nn+1)

2n+2

d ¥—=

(2n+1)(2n+2)
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