Pé cuong on tap topd métric 2014

1. Khoang cich

Dinh nghia. Trén tdp hop X, dnh xa d: X x X — R goi la mét métric (hay
khodng cdch) n€u né thda ba tién dé sau (cho z,y,z € X)

a) Phan biét duong: d(z,y) > 0. N€u d(z,y) =0thiz =y

b) B6i xdng: d(z,y) = d(y, )

¢) Bt ddng thic tam gidc: d(z,y) < d(z,2) + d(y, 2)

Bo (X, d) goi 1a mdt khdng gian métric. Mbi phan t& € X goi 1a mot
diém trong X.
DPinh nghia. Trong khong gian métric (X,d) cho tip hgp A, B va phan
tir x. Ta dinh nghia d(z, A) = inf cad(z,y), d(A, B) = infcayepd(z,y) va
diam(A) = sup, e 4 d(,y).
DPinh nghia. Cho khong gian métric (X, d), cho {x,}, x trong X, ta néi x,, — x
néu d(z,,z) — 0 khi n — oo.

Ménh dé. Gidi han ciia mét day la duy nhdt.

Pinh nghia. Khong gian vecto X goi 12 khdng gian dinh chudn néu trén X
ton tai mot 4nh xa || . || : X — R thda ba tién dé sau véi moi z,y € X,\ € R
a)Phan biét duong: ||z|| > 0. Néu ||z = 0 thi x = 0.
b) Chuin vecto bdi: ||Az] = || [|z]|.
¢) Bat ding thic tam gidc:||z + y|| < ||=|| + ||y]|
Ta néi (X, || . ||) 1a mot khong gian dinh chudn.

Ménh dé. Khong gian dinh chudn (X,|| . ||) la mét khong gian metric vdi
metric d(x,y) = ||z — 1|

Ménh dé (Bt ding thdc tam gidc dang hiéu)
a) Néu (X, d) la khong gian metric, x,y,u,v € X thi ta cé

|d(x,u)—d(y,u)| < d(l’,y),
|d(z,y) — d(u,v)| < d(z,u)+d(y,v).

b) Néu X la khong gian dinh chudn thi
[zl =yl < llz = yl|-
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Pinh nghia. Trén mot tip X, hai metric dy, d, goi 1a tuong duong néu tén
tai 0 < a < 3 sao cho

adl(x>y) < d2($>y) < ﬁd1($>y)

Ménh dé. Cho (Xi,dy),...,(Xn,d,) la cdc khéng gian metric. Trén X =
X1 X oo X Xy, Vi © = (21, .00, T0), Yy = (Y1, ..., Yn) ta dinh nghia

6P(x>y) = (d(xlayl)p + ..+ d(xnayn)p)l/pa
doo(x,y) = max{d(x1,y1), ..., d(Tpn,Yn)}

Khi do b, la metric trén X = X; X ... x X, vdi 1 < p < oo goi la metric (hay
khodng cdch) tich. Khong gian nay goi la khéng gian metric tich. Néu khong
noi gi thém thi ta xét khodng cdch o, voi p = 2.

Ménh dé. Cho cdc khong gian metric (X1,d,), ..., (X, dy), xét khong gian
tich X = X1 X ... X Xy, vdi khodng cdch tich 6,. Cho x, = (Q1n, ..., 0n) € X
va xg = (aq,...,a;) € X. Ta ¢é x,, — xo khi va chi khi o, — o (1 < j < k)
khi n — oo.
Cic khong gian dinh chudn théong dung

a) Trén R" v6i x = (21, ..., 2,) ta ¢6 cdc chudn ||z]| = max;<j<, |z;| hay

n 1/p
el = (z mvn) (1 <p<oo)
j=1

Khi p = 2 ta néi chuén nay 13 chudn Euclid, khodng céch tuong tng 1a khodng
cdch Euclid.

b) Cho a < b, ta ky hi€u Cfa,b| 1a tdp hgp cdc ham lién tuc = = x(t)
(t € [a,b]) Vi chudn sup xdc dinh bSi ||z]|clay = SuP,<i<p |(t)]. Su hoi tu
theo chuin sup trong Cla, b] dugc goi 1a su héi tu déu trén [a,b).

¢) Cho a < b, m € N, ta ky hiéu C"™[a,b] 1a tdp hgp cdc ham kha vi lién
tuc (t6i cdp m) x = z(t) (t € [a,b]) v6i chudn sup xdc dinh bdi

m

|zl := sup Jz()] + ) sup |#9(1)].

a<t<b - a<t<b



d) Khong gian 7 (1 < p < 00) céc ddy s8 = = {z;} v6i chuin

s 1/p
ol = (z W) (1<p<oo)
j=1

e) Khong gian (> cdc day s6 2 = {x;} v6i chudn ||zl = sup;s, |z;.

Ménh dé. Cho C|[a,b] véi khodng cdch sup. Véi f,g € Cla,b), ta cé |f(z) —
g(@)| < d(f,g9) va [f(2)] < ||f|| vdi moi x € [a,b].

BAI TAP
1. Lam céc bai tap dinh nghia vé khodng cdch sau:
(a) Trong dinh nghia clia metric ta c6 thé bd diéu kién nao dé d vin
la metric.
(b) N&u bat ding thitc dang hiéu ding thi cdc bat ding thic tam gidc
c6 ding khong?
(c) Trén tap X, dy,d, 12 hai metric. Ta néi d; ~ dy néu d; tuong
duong d. CM quan hé ~ la mdt quan hé tuong duong.

(d) Cho (Xi,dy),...,(X,,d,) 12 cdc khong gian metric. CM ridng céc
khodng cdch tich §, déu tuong duong nhau.

(e) Cho (X,d) la khong gian metric. Ta dinh nghia

3(0.0) = 4 55, () = min( e, )}

CM 6, 6, 1a cdc metric. N&u &' (z,y) = afg;’é)y), 57 = min{a, d(x,y)}
(a, 3 € R) thi v6i dicu kién nao clia «, 3, cic ham &, 6] 1a cédc

metric?

2. Lam céc bai tap vé khodng cdch diy sau:
(a) Trén R3, tim khodng cdch du,,dy cla x, = (0,sinn, "TH) t6i xg =
(0,0,1). Day x, c6 hdi tu t6i zo hay khong?

(b) Trén C]0,1], cho f, = nxz(1 —z)". Tinh d(f,,0). Day f, c6 hoi
tu t6i 0: tai tirng di€m khong? trong C[0, 1] hay khong?



(c) Trén C(R), cho fu(r) = 175—. Tinh d(f,,0). Day f, c6 hoi ty
t6i 0: tai ting di€m khong? trong C(R) hay khong?

3. Lam cdc bai tip chiing minh vé hdi tu diy sau:

(a) Cho (X,d) la khéng gian metric, z,,x,y,,y € X. Gia st x,, — ,
Yn — y khi n — co. CM lim, o d(zp, ypn) = d(z,y).

(b) Cho (f,) va (g,) la hai diy ham hoi tu déu trén C[a,b] (a,b €
R,a < b. CM f,+ g, va fng, cling hoi tu déu trong Cfa, b]. Chiing
minh nay c6 thé 4p dung trén khong gian ham nio rong hon?

(c) Cho (z,) la mot day trong khong gian metric (X, d). CM day (z,,)
hoi tu n€u va chi n€u moi day con (z,,) hdi tu t6i cing mot gidi
han.

(d) Cho (x,) la mdt day trong khdng gian metric (X, d). CM day (x,)
hoi tu n€u va chi néu ba diy (22,), (T2n41), (¥3,) hoi tu. C6 thé
tong quat héa dudc k&t qui nay khong?

4. Cho A, Bla tap con ctia khong gian metric (X, d), u,v,z,y € X. Chling
minh mot sO tinh chit cia khodng cdch sau day:
@) |d(u,v) —d(x,y)| < d(u,z)+ d(v,y).
(b) d(w1,2,) <30 dwi, wis1) (0> 2).
(©) [d(z,A) —d(y, A)| < d(z,y).
(d) A C B suy ra diamA < diamB.
(e) diam(AU B) < diam A + diam B néu AN B # 0.
(f) d(A, B) < d(x,y) < diam(AU B) n€u z € A, y € B.
(g) diam(AU B) < diam A+ d(A, B) + diam B.

2. P6ng m¢

DPinh nghia. Trong khéng gian métric (X, d).

a) V6i mdi r > 0,z € X ta dinh nghia B(z,r) = {y € X : d(z,y) < r}.
Ta néi B(x,r) 1a qud cdu mé tAm x, ban kinh r.

b) Pi€m x goi 1a mdt diém dinh cia mot tap hgp A néu v6i moi r > 0 ta
c6 B(z,r)N A # (. Tap hop cdc di€m dinh cla A goi 1a bao déng cla A,
ky hiéu 1a A.



¢) Piém x goi 12 mot diém tu cta tip A néu véi moi r > 0ta cé (B(x,7)\
{z})N A # 0. Tap hdp cdc diém tu clia A ky hiéu 1a A'.

d) Pi€m x goi 12 mot diém trong cia A néu ton tai r, > 0. sao cho
B(x,7,) C A. Tip hop cdc di€m trong clia A dudc goi 1a phdn trong clia A.
Ky hiéu 13 A.

e) Pi€m x goi 12 diém bién clia tip hgp A néu x 1a di€m dinh cla A va
clia X \ A. Tap hdp cdc di€m bién clia A ky hiéu 1a A

Ménh dé. Piém xo la mot diém dinh ciia A néu va chi néu ton tai z, € A
sao cho x,, — xo khi n — oo.
Pinh nghia. Tip hop A goi 12 tdp md n€u moi di€m clia A déu 1a di€m
trong. TAp A goi la tAip déng n€u né 12 phin b clia tip md.
Pinh ly. Tdp hop A déng néu A chita tét cd cdc diém dinh ciia né.
Pinh ly. Tdp hop A la tdp déng néu va chi néu A = A. Tdp hop A la tdp mé
néu va chi néu A =A.
Ménh dé. Tdp A déng néu va chi néu: véi moi day {x,} C A, x, — xo thi
Ty € A.
Ménh dé. Tap ;1 la tdp md 16n nhdt chita trong A. Tap A la tdp déng nhé
nhdt chita A. Ngoai ra A= AUOJA = AU OA.
Ménh dé. Qud cdu mé la mot tip mé.
Dinh ly. Trong khéng gian métric X, tdp A md khi va chi khi tgp X \ A déng.
Pinh ly. Trong mot khong gian métric X

a) Hoi bat ky cdc tdp mé la tdp mé.

b) Giao hitu han cdc tdp md la md.

Pinh ly. Trong mot khong gian métric X
a) Giao bat ky cdc tdp déng la tap dong.
b) Hji hitu han cdc tdp dong la dong.

Ménh dé (tdp mé, déng trén R). Trén R vdi metric d(z,y) = |z — y|
a) Cdc khodng dong [a,b],|a,0), (—o0,b| la cdc tdp dong.
b) Cdc khodng md (a,b), (a,o0), (—00,b) la tdp md.
c) Moi tdp méd trén R déu viét dugc dudi dang hoi hitu han hay dém dugc



ciia cdc khodng md.

Phuong phap chitng minh tip déong

Mu6n chitng minh mot tdp hdp A 1a déng, ta 14y mot di€m dinh bat ky
clia A rdi chitng minh diém dinh 4y 12 mot phan ti cda A.

Mudn chitng minh mdt tip hgp A khong phdi 1a tAp déng, ta tim mdt
di€m dinh cu thé khong chita trong A, nghia 13 ta tim mot di€m zy ¢ A va
moét day (z,) C A sao cho d(z,,xy) — 0.

Phudng phiap chitng minh tip mé

Muén chitng minh mdt tdp hdp A 1a md, ta chiing minh phan ba X \ A 1a
tap déng. Ta ciing c6 thé€ chitng minh moi di€m z, clia A déu 1a di€m trong
cia A.

Mu6n chitng minh mot tip hgp A khong phdi 1a tip md, ta tim mot diém
cu thé clia A khong phdi 1a di€m trong cia A, hay ta tim mot diém zp € A
sao cho ¢6 mot day (z,) C X \ A sao cho z,, — .

Phuong phiap chitng minh mét di€m 1a di€m bién, diém trong

Mu6n chitng minh mot di€m 13 di€m bién cda tap hgp A, ta ching minh
né 1a di€m dinh clia tdp A va clia X \ A

Mu6n chiing minh mot di€ém khong phdi 13 di€m trong clia A ta chiing
minh né 1a di€m dinh cia X \ A

Muén chitng minh mot di€m = € A 13 di€m trong clia tip hgp A ta c¢6 thé

* Tim mot s6 r, > 0 sao cho B(z,r,) C A

* Gid st x 12 diém dinh cia X \ A va suy ra diéu vo 1y

BAI TAP
1. Cho khdng gian metric (X, d). Cho A, B C X. CM
(@) X\ A= X \ A.
(b) (X\A4)r°=X)\A
(©) (A)° =A.
(d) AN B=(ANB).
(e) AU BC (AU B)°. D4u bing c¢6 xdy ra khong?
2. Cho khong gian metric (X, d). Cho A, B C X. CM



(@) (A)=4
(b) AUB=AUB.
(c) ANB D> AU B. Diu bing c6 xdy ra khong?
3. Cho khdng gian metric (X,d). Cho A, B C X. CM
(a) 0A la tap déng va A d6ng khi va chi khi 0A C A.
(b) A=AUA".
(c) 0A=0(X \ A).
(d 0A=AN X\ A.

(€) A=0dAU A.
(f) (AU B) C 9AUIB. Cho vi du cho thdy diu bing chua chic
Xay ra.

4. Cho khong gian metric X, A C X va G 1a mot tdp md trong X. Gid st
GUA=0.CMRGNA=.

5. Cho khong gian metric X, A C X vd A = X. Ta néi A trit mdt trong
X. Cho U la m6t tip mé trong X.CM U C ENU.

6. Cho khong gian metric (X,d), A, B C X. CM céc két qua vé khodng
cach sau
(a) d(z, A) = 0 khi va chi khi x € A.
(b) d(z, A) = d(x, A).
(c) d(A, B) = d(A, B).
(d) diam A = diam A.

7. Cé4c tap hdp sau dong (hay md) trong R* (k = 1,2,3)? Chdng minh
khing dinh.

(a) A=10,1)
(b) A=(-1,1)

© A=U,2(0, )
@ A=UZ (= 7%)



(e) A= ﬂff:l(—% HL-H)
0 A={(z,y):a+4* <5}
(@ A={(z,y):2®+sinaxy > 7}

3. Lién tuc

DPinh nghia. Cho khong gian metric (X,dx), (Y,dy), D C X va f: D — Y.

a)Anh xa f goi 12 ¢6 gidi han yo € Y tai xo € D' (tip cdc di€m tu ciia D)
néu: véi mdi € > 0, tdn tai § > 0 sao cho dy (f(x),y0)) < € v6i moi x € D
thdéa dx(x,z¢) < 6. Ta néi f(x) — yo khi z — z( hay

Yo = lim f(z).
T—T0
b) Anh xa f goi 1a lién tuc tai xy € D néu: véi mdi e > 0, ton tai 6 > 0

sao cho dy (f(z), f(0)) < € v6i moi = € D théa dx(z,z¢) < 6. Anh xa f
goi 1a lién tuc trén D néu f lién tuc tai moi x € D.

Ménh dé. Cho hai khong gian metric (X, dx),(Y,dy), D C X va f: D — Y.
a) Véixg € D', ta cé lim f(x) = yo néu va chi néu: vdi moi day (x,) C D
T—T0

héi tu vé x, ta c6 f(z,) — yo khi n — oo.
b) f lién tuc tai xg € D néu va chi néu: véi moi day (x,) C D hdi tu vé
xo, ta cé f(x,) — f(xo) khi n — oo.

Ménh dé. Cho (X,dx),(Y,dy),(Z,dz) la cdc khong gian metric. Cho cdc
dnhxa f: X =Y, g9:Y — Z. Gid sit f lién tuc tai vy € X, g lién tuc tai
f(xg). Khi dé6 h =go f: X — Z lién tuc tai xo.

Ménh dé. Cdc khdng dinh sau la twong dwong
a) f: X =Y lién tuc trén X.
b) Vi moi tdp U mé trong Y, dnh ngugc f~(U) md trong X.
c) Véi moi tap V dong trong Y, dnh ngugc f~1(V) déng trong X.

Ménh dé. Cho (X,d) la khéng gian metric, Y la mot khong gian dinh chudn.
Cho D C X, xg la mét diém tu ciia D, f,g: X — Y va a, 3 € R.
a) Gid sit lim f(x), lim f(x) ton tai. Ta cé
T—T0 T—T0

lim (af () + Bg(e)) = o lim f(z) + 5 lim f(z).

T—T0 T—T0



b) Gid siwu € D va f,qg lién tuc tai u thi f + g,af lién tuc tai u.

Ménh dé. Cho (X,d) la khéng gian metric. Cho D C X, x¢ la mdt diém tu
cia D, f,g: X — R
a) Gid sit lim f(x), lim f(x) ton tai. Ta cé

lim (@) + 9(e)) = a lim f(2) + 5 Jim gfa),
Jim (f(z)g(z)) = lim f(z) lim g(z).
lim f(x)
o Sf@) et
rlgg)@ " lim g(x) (mlirlg}()g(x)%O).

Tr—x(

b) (Bdo toan bdt ddng thiic) Néu f < g trén D thi lim f(x) < lim g(x).

Tr—x( Tr—x(

c¢) (Tinh chat Sandwich) Néu h : D — R théa f < h < g vdi v € D va néu

lim f(z) = lim g(x) =L

Tr—x( Tr—x(

thi lim h(z) tén tai va béng L.

T—T0
d) Gia sit uw € D va f,qg lién tuc tai u thi f + g,af, f/g (vdi g(u) # 0)
lién tuc tai u.

Phuong phip chitng minh tip mé, déng bing 4nh xa lién tuc

ChoT:X — R, U C R. B€ kiém tra tip hop {z € X : T'(z) € B} md
(déng) ta c6 thé lam nhu sau:

B1: Chitng minh 7' lién tuc trén X.

B2: Ching t6 B md (d6ng) trén R.

B3: Ap dung dinh 1y vé 4nh ngugc.

Vi du. CM tap hop A = {feCO 1: 1A dt>5} 1a mot tap dong
trong C[0, 1].

Gidi Bat T(f) = [, f(t)dt thi T : C[0,1] — R. Ta chng minh T lién
tuc trén C[0,1]. Lay f € C0,1] va giad st f, € C[0,1] théa d(f., f) =



max | f,(t) — f(t)] — 0 khi n — oo. Khi d6 ta c6

0<t<1

T(fa) =T =

mfm@—ﬂmﬂ

IN

Amw%ﬂMﬁ
SKAMMﬁﬁZﬂMﬁ-

Do d(f,, f) — 0 khi n — oo nén tir bt ding thic trén ta c6 T'f, — T f khi
n — oo. Vay T lién tuc tai f. Vi f chon bat ky trong C[0, 1] nén T lién tuc
trén C[0, 1].

Biy gid ta c6 thé vit A = {f € C[0,1] : Tf € B} = T~YB) véi
B = [5,00). Vi B déng trong R va T lién tuc trén C[0, 1] nén ta suy ra
A =T~1(B) déng trong C[0,1].

BAI TAP

1. Tim cdc gidi han néu c6

i 2x

lim @——.
(2.)—(0,0) 2 4 322 4 32
(b) lim  In(1 4 2%?).

(a)

(I,y)—>(0,—1)
2,2
© lim =2
(z,y)—(0,0) T° + Yy
1
d lim 22 + 1?) sin .
@ (m,we(om( v) 22 4 2

2. C6 £(0,0) dé cdc ham sau lién tuc tai d6 khong? Né&u c6 hdy tim gid
tri 6. Cho f(z,y) 1a

x3+y3
x? + y?
r+vy
x? + y?

(¢) (z+y)sin Xsin i

(a)

(b)
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3. Chitng minh cdc dnh xa sau li€n tuc

(@) T:C[0,1] — R, T(f) = [, sin f(t)dt.
(b) T:C[0,1] =R, T(f) = [y |£(t)]?dt.
(©) T:C[0,1] = R, T(f) = [, exp(f(t))dt
(d T:C0,1] =R, T(f) = Sup ().

(e) T:C[0,1] =R, T(f) = inf |f(¢)].

0<t<1

4. Khdo sit sy d6ng m3 cla cdc tap trong R?

(@) A={(z,
(b) A={(z,
(©) A={(

(d) A={(z,
(e) A={(r,

y) : a3 +sin(z +y) > 4}
y) e[+ |yl <5}
z,y) : maz{|z|, |y|} <5}
y) - 1 <max{|z|, |y|} <5}
y) : mazx{|z|, |y|} <5, x > 1}

5. Khdo sét sy dong mé trong C|a, b] hay C'[a, b]

(a) A— {feCOl

Ji £ dt<6}

() A={feC0,1]: [y el Ol >4 f(0)+f(1)

©) A= {fec —11): A

d A={feC0,1]:
() A={feC0,1]:
M A={fecClo1]:
(@ A={feClo1]:
(h) A={feC'0,1]:

i) A:{feC[O,Z]:

i A={recp.2:

() A={feCl-12: [*sinf(t)dt<2|f]>1}

dt<4}

max,eo] f(x) > 5}

mMaX,e(o,1] f x) > 5}

miNge[o,1] f(x —1}

mlnmE[O 1] f —1}
maXe(o,1] f( ) >4, f'(0) + f'(1

INFG 2aht<5}
12 ) dt<5}

11

:0}

) #0}



10.

11.

1) A= {f €Cl-4,2): [% cos f3(t)dt > 4; | f]| > 1}
(m) A:{feco 1: [ ft)dt <5, £(0) > }

(n) A= {f €Cl0,1]: [ el ldt > 4, £(0) £ 0}

©0) A= {f eCl0,1]: [lelOFdr > 4, f(0) + F(1) # 0}

(p) A= {f € CU0,1): [lell®Pdt > 4, f(0) + £/(1) # 0}

Cho khong gian metric (X, dx), (Y,dy), f : X — Y. Chitng minh cdc
tinh ch4t sau twong duong

(a) f lién tuc trén X.

(b) f(A) C f(A)) v6i moi A C X.

©) f~Y(B)> f-(B) véi moi BCY.

Cho X la mot khong gian metric, D C X va f: D — R. CM

(a) Néu D mé thi tap {z € D : f(z) < k} 1a mot tip mS. C6 thé md
rong k&t qui nay khong?

(b) Néu D déng thi tap {x € D : f(z) =k}, {x € D : f(z) <k} 1a
cdc tap dong.

Cho E 1a mét khdng gian metric va A C E. CM ham ddc trung cia A
xdc dinh bdi
() 1 zeA,
€Tr) =
x4 0 z&A,
lién tuc trén E né€u va chi n€u A 1a tip vira m3 vira dong.

Cho X 1a khong gian metric va f: X — X lién tuc. CM A = {z €
X : f(x) = x} dong.

Cho khong gian metric (X, dx), (Y,dy), f,¢g : X — Y 1a hai dnh xa lién
tuc. Pat A= {zr € X : f(z) = g(x)}. Gid st A # (. CM f(z) = g(x)
v4i moi = € A.

Cho X,Y la hai khdong gian metric, f : X — Y lién tuc. Goi I' =
{(z, f(x)): x € X}. CM T d6ng trong X x Y.
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12. Cho f: X — Y lién tuc v6i X, Y la khdong gian metric. Cho A C X
va A m§. CM f|4 lién tuc tai x € A n€u va chi né€u f lién tuc tai z.
CM diéu kién A md 12 khong thé bd dugc.

13. Trong khong gian metric X,Y’, ta cho U 1la mot tip m§ trong X va
fig: X =Y. Gid st f(z) = g(z) v6i moi x € U va f lién tuc trong
U. CM g lién tyc trong U.

4. Compact

Pinh nghia. Cho X la khong gian métric. Tap K C X goi la tdp compac
cia X néu

i) mdi diy (z,,) C K déu c6 modt diy con hdi tu,

ii) gidi han clia ddy con d6 12 mot phan tif cia K.

Néu X compac, ta néi X 1a khdng gian metric compac.

Ménh dé. i) Néu K la mot tdp compac ciia khdng gian metric X thi K bi
chdn (nghia la K chita trong mot qud cdu) va K la mot tdp dong.

ii) NeuV C K, V déng, K compac thi V compac.
Ménh dé. Cho E = X x Y vdi X,Y la cdc khéng gian metric. E compac
khi va chi khi X,Y compac.
Pinh Iy (tiéu chuidn compact trong R"). Trong R™ moi tdp hop dong va bi
chdn déu compact.
Dinh nghia. Trén khong gian metric X, xét cdc tap hop K va W, (z € I). Ta
n6i {W;}ies 1a mot phii mé clia K n&u mdi W; déu mé va néu K C | W

iel

Ménh dé. Tip K compac trong khong gian metric X khi va chi khi: véi moi
phit mé {W; e ciia K ta déu tim dugc mdt phii con hitu han (nghia la c6

i1y ...,in € I sa0 cho K C U Wi,).

J=1

Ménh dé. Cho hai khong gian metric X,Y va cho dnh xa A : X —'Y lién tuc.
Khi dé néu K compac C X thi A(K) compac trong Y.

Pinh 1y (cuc dai cuc ti€u). Cho ham lién tuc f : X — R tir khong gian
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metric X vao R. Néu K compac C X thi f dat cuc dai cuc tiéu trén K.

DPinh nghia. Cho hai khong gian metric X,Y va cho dnh xa A: X — Y lién
tuc. Khi d6 A goi 12 lién tuc déu trén X néu v6i mdi € > 0 tdn tai § > 0 sao
cho dy (A(x), A(y)) < € khi dx(z,y) < 6.

Pinh Iy Cantor. Cho dnh xa lién tuc A : X — Y tir khéong gian metric X
vao khéng gian metric Y. Néu K compac C X thi A lién tuc déu trén K.

Pinh nghia. Cho hai khong gian metric X,Y. Anh xa A: X — Y goi 1a 4nh
xa compic néu 4nh clia moi tip bi chin trong X déu c6 bao déng compic
trong Y.

DPinh nghia. Cho K la tdp compac trong khéng gian metric X. Ddat C(K)
gom cdc ham f : K — R lién tuc trén K. C(K) la khéng gian dinh chudn
vdi chudn sup || f|| := supyef | f(t)|-Tdp hop A C C(K)
a) goi la bi chdn déu néu tén tai M > 0 sao cho || f|| < M véi moi f € A,
b) goi la dong lién tuc néu, véi méi € > 0, tén tai 6 = §(¢) sao cho

|f(t1) — f(t2)| <€ th,tg € K, dx(tl,tg) < 0.

Pinh 1§ Ascoli (tiéu chudn compact trong C(K)). Cho K la tdp hgp compact
trong mdt khong giam métric X. Cho tgp A C C(K). Tdp hgp A cé A compdc
khi va chi khi A bi chdn déu va dong lién tuc

Hé qua (diéu kién di cho tinh compact trong L?(Q2)). Cho Q md,bi chdn

trong R" va A C C(Q). Néu A cé bao déng compact trong C(Q) thi né ciing
c6 bao déng compact trong [F(Q),1 < p < .

Pinh Iy (tiéu chuin compac cia [? (p > 1)) Tdp hop A C IP ¢6 bao déng
compac khi va chi khi A bi chdn va, véi méi € > 0, ta tim dugc N(e) > 0 sao
cho,

Z lzg|P <€ Vo= (xry,z9,..) € A,¥Vn > N(e).

k=n
1. Tap hgp nao trong cdc tdp hgp sau la compic trong R"
@ A={(z,y,2):2° +y>+ 2] < 3}
b) A={(z,y,2): 2> +y* + 22+ +y+2 <6}
© A={(v,y,2) 2 +y+2<5z>-2,y>-3,2> 4}
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d A={(z,y,2)c+y+z2<box>-2y>-32>-4}
0 A={(z,y):zy=1}

2. Céc tap hgp sau c6 bao dong compic trong C|0, 1] khong?

(@) z,(t) =t"
(b) x,(t) =sinnt
(c) z,(t) =sin(t + n)
(d) zo(t) =sinat, «a€R
(€) zo(t) =sinat, «a€]l,2]
(t)
)

3. Cho M 1a mot tdp hgp bi chdn trong C[a,b]. Ching minh ring tip hgp
A cdc ham c6 dang sau la tdp hgp c6 bao dong compic

y(t) :/0 x(r)dr zeM

4. Cho ki, ky > 0. Chitng minh ring tdp hgp cdc ham khd vi lién tuc trén
khdang [a, b] thda

b
2(0)] < i, / &/ ()Pt < Ky

la tdp compic trong Cla, bl.

5. Cho k > 0. Ching minh ring tip hdp cdc ham khd vi lién tuc trén
khdang [a, b] thda

/ le(6)? + /(1) )t <

la tdp compic trong Cla, bl.

6. Téan t& A: C[0,1] — C[0,1] nao la compac
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(a) Ax(t) =tx(t)

(b) Ax(t) = fotx(s)ds
(c) Ax(t) = fol e*x(s)ds
(d) Az(t) = z(t?)

7. Cho x = (71,9, ...).Téan t& A : [*> — [? nao 1a compac

(a) Ar = (0,1’1,1’2, )

(@) A:C'a,bl — Cla,b], Az(t) = z(t)

(b) A:C'a,b] — Cla,b], Az(t) = z*(t)

(©) A:C[0,1] — C[0,1], Ax(t) = [, sin(tz(s))ds
d) A:C[0,1] — C[0,1], Ax(t) = [ e*ds

(e) A:C[0,1] — C[0,1], Ax(t) = [ e*()ds

() A:C[0,1] — C[0,1], Az(t) = [, cos(tz(s))ds
(g) A:C[0,1] — C[0,1], Ax(t) = fol etlz(®)l gg

(h) A:C[0,1] — C[0,1], Ax(t) = [ el=*ds
(i) A:C[0,1] — C[0,1], Ax(t) = [ =) ds

9. Cho X va Y la hai khong gian metric, f : X — Y sao cho f|x lién tuc
véi moi K compact. CMR f lién tuc trén X.

10. Cho X va Y Ia hai khdong gian metric, f : X — Y sao cho f 1a song
4nh lién tuc. CMR né€u X compact thi f~!:Y — X ciing lién tuc.

11. Cho (X, d) la khong gian metric va {G;};c; 12 mdt ho cdc phd md cia
X. Ta n6i a > 0 1a s6 Lebesgue cia ho phi md§ {G;};c; n€u v6i moi
A C X, diamA < « ta tim dugc ig € I sao cho A C Gj,. CMR néu X
compact thi moi bao phi m§ déu c6 mot s6 Lebesgue.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

Cho khong gian metric (X, d), tip A C X goi 1a ti€n compact néu: vdi
moi € > 0, ton tai mot phi md cda A gdbm mot s hitu han qua ciu ban
kinh nhd hon e.

(a) CMR moi khdng gian metric compact thi tién compact.

(b) Tir ciu trén va bai tAp vé s6 Lebesgue hiy CMR: diéu kién cin
va dd d€ X compact 12 moi bao phi mé ctia X déu c6 mdt pha
con hiru han.

Cho A la mot tdp con clia khong gian metric X. CMR

(a) A tién compact né€u va chi néu A tién compact.
(b) Trong R™, mot tAp hgp 1a tién compact néu va chi n€u né bi chin.

Cho {K,} 1a mdt diy gidm cdc tdp compact, khdc rdng clia khong gian
metric X. CMR (2, K,, 12 tdp compact va khdc rdng.

Cho X la khong gian metric compact, Y 1a khong gian metric. Xét A Ia
tdp con dong cia X xY va tip pro(A) ={y €Y : Jx € X, (z,y) € A}
CMR pry(A) déng trong Y.

cho f tir khdng gian metric X vao khong gian metric compact Y. CMR
néu do thi
F={(r,y) e X xY : y=f(x)}

la mot tdp dong thi f lién tuc trén X.
(Pinh 1y Dini) Cho X la khong gian metric compact va f: X — R 1a
mot ham lién tuc va {f, : X — R} 1a mot ddy don diéu cdc ham lién
tuc. CMR néu f,(z) — f(x) khi n — oo v6i moi x € X thi f, hdi tu
déu vé f, nghia 1a sup|f,(x) — f(x)| — 0 khi n — oc.

zeX

Cho X la khong gian metric compact. CMR X chita mot tdp con khong
qud d€m dugc A va A = X (ta néi A tri mat trong X).

Cho X 1a khong gian metric compact va f: X — R thda f(x) > 0 véi
moi x € X. CMR tbn tai ¢ > 0 sao cho f(z) > ¢ véi moi x € X.

Cho X la khdng gian metric compact, £, F C X khic réng va E
compact. CM

17



(a) TOn tai e € F sao cho d(z, E) = d(E, F).
(b) Ton tai a,b € E sao cho d(a,b) = diamkE.

4. Tinh day dd, tinh tri mat va 4nh xa co

Dinh nghia. Mot day {z,,} trong khong gian métric X goi la diy Cauchy
néu: Véi € > 0 cho trudc, ta tim dugc N, sao cho

d(xp, Tm) <€  VYn,m > N,

Pinh 1y. Moi ddy hoi tu trong khong gian métric déeu la day Cauchy

Pinh nghia. Khong gian métric X dugc goi 12 mdt khdng gian diy dd néu
né thda tinh chit: moi diy Cauchy déu hoi tu. Mot khong gian dinh chuin
day dd goi 1a mot khdng gian Banach

Pinh nghia. Tap A C X goi 12 trd mat néu A — X. Tap B C X goi I
khong diu tri mat trong X néu moi tip md U C X déu chita mot tip md
V cUsaocho VNB=40.

Pinh 1y. Trong khong gian metric day di X, néu G, la cdc tdp md tri mat
ciia X thi (., Gy, ciing tri mdt trong X.

Pinh 1y Baire. Moi khong gian metric day dii X déu khéng thé la hoi dém
dugc cia cdc tdp khong ddu tri mat.

Pinh ly. Trong khéng gian metric X cho E C X. Ba ménh dé sau tuong

duong:
a) E khong ddu tru mdt trong X.
b) E=0.

c) X\ E trie mdt trong X.

Pinh nghia. Mot 4nh xa 7' : X — X goi 1a mot 4nh xa co néu ton tai s6 «
théa 0 < a < 1va d(Tz,Ty) < ad(x,y) v6i moi =,y € X.

Pinh Iy 4nh xa co Banach. Trén mdt khong gian métric day du, moi dnh xa
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coT: X — X déu cé mot diém bdt dong duy nhdt

Pinh 1y Schauder. Cho X la mét khong gian Banach, cho K la mét tdp 10i
dong trong X. Cho T : K — X la m{t dnh xa lién tuc théa

a) T(K) C K

b) T(K) compact trong X
thi T ton tai diém bdt dong trong K.

Phuong phap Newton Cho ham [ : I — I sao cho f'(x) # 0 vdi moi x € 1.
Phuong phdp Newton diing dé gidi phiong trinh f(z) = 0 bing cdch xdy dung
day x,, xdc dinh bdi

Tpt1l = Tp — f/(l’ )
n

1. Ap dung phuong phip Newton d€ tinh gin ding

(a) V2 @ V7 (&) V7
(b) V3 (e) V3 (h) V3
() V5 ® V5 (i) V5

2. CMR céc phuong trinh = Tz ¢6 nghiém trong Cla, b]

(@) Tx(t) =1 fo sin(t — z(s))ds; C[0, 1].

(t)
(b) Txz(t) = 4f0 cos(t — z(s))ds; C|0, 3].
(c) Tx(t) = fo z(s) sin(ts)ds; C0, 1].
(d) Tx(t) = [ x(s)cos(ts)ds; C[0,1].
(e) Tx(t) = f01551n(t+x(s))ds;0[0, 1].
() Tz(t) = f;x( ) arctan sds; C[0, 1].
(2) Tx(t) = [y x(s)sinsds; C[0, 1].
(h) Ta(t) = [y x(s)cossds; C[0,1].
(i) Ta(t) = [ e=®)ds; C[0,1].
() Ta(t) = [ e ==6D*ds; €0, 1.
(k) Ta(t) = [y 222x(s)ds; C[0, 1].
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M) Ta(t) = [ 2 g(s)ds; C[0,1].
(m) Tz(t) zlf e l=e)Pds: €10, 1].

(n) Tx(t) :fose =) ds; €10, 1].

3. CMR céc phuong trinh z = T'x ¢6 nghiém trong Cla, b]

(a) Tx(t) = [ sin(t — x(s))ds; C[0, 5.

(b) Txz(t) =3 —|—4f0 cos(t — z(s))ds; C|0, 3].
() Tz(t)=t+5— 4f0 s)sin(ts)ds; C[0,1].
d Tx(t) = f x(s) cos(ts)ds; C0, 27].

(e) Tx(t) = fo%ss1n(t+a?( ))ds; C10, 27].

() Tx(t) = f z(s) arctan sds; C'[0, 7 /4].

(g) Tz(t) =In(1+1) 4f0 ) sin sds; C[0, 1].
(h) Tz(t) = fo cos(t — x(s))ds; C0,1].

(i) Ta(t) =t>+t—3 [y e ®ds; C[0, 1.

() Ta(t) = [ e ==6D*ds; €0, 10].

() Ta(t) = [y 22 (s)ds; C[0, ).

() Ta(t) = fy =L (s)ds; C[0, 7).

(m) Ta(t) = [ e =26Pds; C0, 3).

(n) Ta(t) = [y se =GP ds; [0, 2].

4. Ching minh ring v6i A dd nhd, ta c¢6 thé chon M > 0 thich hgp dé
phudng trinh = Tz ¢6 nghiém trong B(0, M) C Cla, b]

(@) Tx(t) =X+ fo s; C[0,1]

(b) Tz(t) = ( )ds Cl0,2]
(c) Tz(t) = +/\f s; C[0,1]
(d) Tx(t) =M+ fo s; C10,2]
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10.

11.

12.

13.

14.

15.

Cho (a,) 1a mot day Cauchy trong khong gian metric (X, d) va (e,) 1a
mot ddy s thyc duong. CM c6 day con (a,, ) sao cho d(anyyys Qny,) < €
véi moi k.

CMR khong gian metric X x Y day dd khi va chi khi X va Y day dd.

Cho X 13 khong gian metric sao cho moi qud ciu déng thi compact.
CM X day du.

Cho X la khong gian metric day di va A C X. CM A tién compact
khi va chi khi A compact.

Cho f: X — Y 1a 4nh xa lién tuc déu tir khong gian metric X vao
khong gian metric Y. CM

(a) Né&u (z,) Cauchy trong X thi (f(z,)) Cauchy trong Y.
(b) N&u A tién compact trong X thi f(A) tién compact trong Y.

Cho f : X — Y la 4nh xa tir khong gian metric X vao khong gian
metric Y. CM f lién tuc déu trén X khi va chi khi: v6i moi € > 0 ton
tai 7 > 0 sao cho v6i A C X, diamA < n thi diamf(A) < e.

Cho X 12 khong gian metric diy dd. CMR néu X d€m dugc thi X
chifa it nhat mot diém co 14p.

(Pinh 1y Cantor) Khdng gian metric X 1a diy di néu va chi néu: véi
moi day {C,,} cdc tdp hgp cia X thda C,, D C), 41 va lim,,_.« diamC,, =
0 thita c6 (-, Cp # 0.

CMR moi tip con déng clia mdt khong gian metric day di (X, d) la
mdt khong gian metric day dd véi cing khodng cich d.

Cho khong gian metric (X,d) va f : X — X thda d(f(x), f(y)) <
d(z,y) v6i v,y € X,z # y. CM néu X compact thi f c6 di€m bat
dong. N&u bd tinh chat compact thi k&t qud con ding khong?

Cho X 1a khong gian metric ddy dd va (f, : X — R) lién tuc. Gid st
v6i moi z € X ta ¢6 sup,, |fn(z)] < co. CMR ¢6 qud cadu mé B C X

sao cho sup |f.(x)| < oc.
reB,neN
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16. Cho f : R — R kha vi tai moi diém. CMR c6 mdt khodng mé I C R
sao cho f Lipschitz trén I.

5. Anh xa tuyé&n tinh

Pinh 1Iy. Cho X va Y la hai khong gian dinh chudn. Téan tit tuyén tinh
A: X =Y lién tuc trén X khi va chi khi

a) no lién tuc tai 0,

b) ton tai s6 ¢ sao cho ||Az|| < c[|z|

DPinh nghia. Cho X va Y la hai khong gian dinh chudn. Ta ky hiéu L(X,Y)
la tdp hop cdc dnh xa tuyén tinh lién tuc tiw X vao Y. Ta ky hiéu

Ax
4 = sup 121

Ve e L(X,Y).
w40 ||7]|x

NéuY = R, ta ky hitu L(X,Y) = X*, néu Y = X, ta ky hieu L(X,Y) =
L(X).

Pinh ly. £(X,Y) la khéng gian dinh chudn. Néu Y la khong gian Banach thi
L(X,Y) la khéng gian Banach.

1. Trén R" (n = 2,3), cho khong gian con L cho phi€m ham tuyé&n tinh
f. Tim phi€m ham thdc trién ctda f trén R" bio tdoan chuin cla f.
(@) L={r=(z1,72): 2w1 — 22 = 0}, < x, f >= 11, chudn Euclide
b) L ={x = (z1,72) : 21 — 3wy = 0}, < z,f >= 71 + 29, chudin
Euclide
() L={x = (v1,22) : 22, — 29 =0}, < 2, f >= 21, chuin |.|;
(d) L ={z = (x1,22) : 71 —4ay = 0}, < &, f >= 11 + 279, chudn
|-[oo
() L =A{zx=(x1,29,23) : 207 —x2 =0}, <z, f >= 321 + 23 + 3,
chuin Euclide

() L ={x= (1,22, x3) : 31 —223 =0}, <z, f >= 3z + 22 — 213,
chudn Euclide
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(g) L ={x = (z1,29,23) : 207 —x2 =0}, <z, f >= 31 + 2 + 3,
chuén |.|;

(h) L ={z=(x1,22,23) : 321 — 223 =0}, <z, f >= 3z + 29— 213,
chuin ||

2. Chitng minh riing cdc téan t tuyé&n tinh sau lién tuc va tinh chuin ctia
no:

(@) A:C[0,1] = C[0,1]; Ax(t) = [ a(t)dt

(b) A:C[-1,1] — C[0,1]; Ax(t) = [, x(t)dt
(c) A:C[-1,1] = C[0,1]; Az(t) = x(¢)

) A:C[0,1] — C[0,1]; Az(t) = t22(0)

(e) A:C[0,1] — C[0,1]; Az(t) = =(t?)

0 A:CY0,1] — C[0,1]; Az(t) = 2(t)

(g) A:CY0,1] — C[0,1]; Ax(t) = 2/(t)

(h) A:L*0,1) — L*(0,1); Ax(t) =t [, x(r)dr

1) A:H
G) A:H!

3. Chdng minh riing cdc phi€m ham thudc (C[—1,1])*, tim chudn ctia né

1(0,1) — L*(0,1); Ax(t) = 2(t)
(0,1) — HY(0,1); Az(t) = z(t)

(@) <=, f>=3[z(1) +a(-1)]

(b) <z, f>=2[x(1) — z(0)]

(C) <z, f >= ZZ:l Oékl’(tk), t1,...,t € [—1, 1].

d <z f>= i[x €) + x(—e) —22(0)], ee[—1,1]\ {0}

(
(e) <th>:j3 (t)dt
6 <z f>=—x( 0)+f
(®) <. f>= [ a(t)dt fo
() <z, f>= [ a(t)dt mzk:_n:ﬂ(%)
4. Ching minh ring cdc phi€m ham sau lién tuc, tim chuin cda né

@) <z, f >= f_ll te(t)dt, = e C[—1,1]
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(b) <z, f >= fol tz(t)dt, =€ C'—1,1]

(c) <z, f>= f_ll tz(t)dt, x € L'(-1,1)

@ <z f>= f_ll trx(t)dt, x € L*(—1,1)

(e) <uxz, f>= fol t B3 (t)dt, =€ L*0,1)

) <z, f>=x1+22, = (11,22,...) €I*

(@ <z f>=>72,% o= (v1,29,...) €’

(h) <z f>=372,% o= (r1,15,...) €l

i) <z, f>=>", (1 — %) rp, = (11,19,...) €

() <=z, f>=x1+x2, = (x1,79,...) €L (k/g cdc day bi chin)

k) <, f>=>0 27" ey, @ =(r1,29,...) € o (k/g cdc day ti€n
vé 0)

D) <z, f >=1lim,_x,, € c (k/lgcdc day hdi tu)
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