Loi néi dau

Xit Iy anh s6 (Digital Image Processing) hiéu theo nghia rong bao gom tat ca
cac thao tac trén anh s6 nhu ting cuong anh, phuc hoi dnh, nhan dang, phan doan
anh,. .. Tuy nhién néu xét theo nghia hep, hay nghia c6 dién, thi n6 14 mot quy trinh
x1t Iy ma dau vao 1a dnh s6, va dau ra ciing 1a anh s6. N6i nhu vay nghia 1a viéc nhan
dang 4nh khong nam trong pham vi xtt 1y theo nghia nay. Thay vao d6, viec xit 1y
anh hiéu theo nghia tu nhién nhat chinh la tang cudng anh, tic 1a lam anh tré nén
dep hon, t6t hon hay ro hon. O day ching toi ciing chi quan tam dén khia canh nay.

Vé mit 1y thuyét, c6 nhiéu phuong phap ting cuong anh, nhung nhin chung ching
chi thuoc mot trong hai loai sau: xi 1y trén mién khong gian va xit 1y trén mién tan
s6. Xt Iy anh trén mién khong gian tuy truyc quan hon nhung khong du sic sdo va
khong dap ting dugce nhiing yéu cau cao vé anh. Véi Iy do nhu vay, bai viét nay nham
gi6i thieu téng quan phuong phap tang cudng anh trén mién tan s6. O day, ching toi
mo ta mot cach chi tiét co s§ Iy thuyét clia phuong phap nay, hon 1a tap trung vao
cac tng dung cu thé ciia né.

Tuy da hét stc ¢ ging nhung bai viét nay chic chin khong thé tranh khéi nhing
sai s6t. Vi vay ching t6i rat mong nhan dugce nhitng ¥ kién chan thanh tir doc gia.
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Chuong 1

Co sé xt 1y anh trén mién tan sob

1.1 Han ché cua xi Iy anh trén mién khoéng gian

Bién phap xi 1y 4nh trén mién khong gian 1a kha tryc quan. Trén mién khong gian,
do xam tai mot pixel trong anh mdéi bing mot biéu thic tuyén tinh giita do xam cla
cac pixel ké can trong anh cii. Nhu vay, dé lam céc chi tiét trén anh tron hon, ta cé
thé tinh do xam tai pixel (x,y) trén 4nh mdi bang trung binh cong do xam ctia chinh
né va 8 pixel lan can trong anh ci

1

o) =5 3 fatiy+)) (1.1

t,j=—1

Néu mudn lam cac chi tiét trén &nh noi bat hon, ta c6 thé tinh do xam tai pixel (x,y)
trén anh mdi bang mot trung binh c6 trong s6 do xam clia chinh né va 8 pixel lan
can trong anh cfi, trong dé trong sb tng v6i f(z,y) 1a 1én nhét, chang han:

9(0.9) = —(flx—Ly— 1)+ fley— D)+ fla+1Ly—1)

10
—l—f(x—1,y)+2f(x,y)+f(x+1,y)

No6i tém lai, xit 1y trén mién khong gian 1a mot phuong phéap rat tryc quan, phu hop
v6i cdm gidc tu nhién ctia chiing ta: nhin vao cac biéu thitc (1.1) va (1.2), ta ciing
hinh dung dudc phan ndo vé anh két qua.

Tuy nhién, ciing chinh do tinh don gidn nhu trén ma phuong phép xti ly trén mién
khong gian 14 khong duge tinh té. Chiang han he s6 clia mat na (filter mask) thudng
dugce chon la duong

1 11111 1 1121
§>< 1111 hay EX 214
11111 11211
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D1 nhién, trong mot s6 truong hgp, méit na co6 thé chita cac he s am. Mot thi du khac
la cdc mat na thuong la ma tran déi xting. Hién nhién ta thay rang mit na khong
nhat thiét phai 1a ma tran doi xing. Hon nita, cac hé s6 clia miit na ciing khong nhat
thiét nguyen hay hitu ty. D6i véi cac truong hop nhu vay, cac hé sd phai duge chon
bang mot phuong phap nao dé, chit khong con 1a bang tric quan nhu trude day.
Phuong phap xtt Iy anh trén mién tan sé 1a mot trong s6 dé. Sy can thiép sau sic
clia toan hoc cho ta nhitng déi tugng, nhitng dai lugng an dudi 16p vé truc quan clia
anh. Do d6, néu chi don thuan quan sat, phan tich anh bang thi giac thi ta khong dé
gl cam nhan duge cac dai luong nay. Thay vi thao tac truc tiép trén do xam clia cac
pixel (truong do xam), ta sé thao tac, xi 1y trén cac doi tugng méi nay.

1.2 Y tudng xu ly trén mién tan so
Gia stt ta c6 mot may chup anh dic biét, c6 thé chup duge ding mot doan thing trén
mot vat phang. Khi do, &nh ta nhan dugc la mot doan théing ma trén mdi diém cé

mot do xam nao dé. Do xam nay c6 thé duge mo ta bdi ham mot bién f nhu Hinh
1.1, & day doan [a, b] 1a mién khong gian dnh. Mién khong gian anh lac nay duge xem

T

1
]
L}
1
1
1
(]
L]
L]
[l
]
b

Hinh 1.1: D& thi ham f(z)

nhu mién lién tuc, chit khong phai 1a mién rdi rac gom cac pixel nhu trude day. Hon
nita, ta c6 thé xem [a, b] = [—7, 7).

Ta nhac lai mot dinh Iy quan trong vé chudi Fourier nhu sau:

Cho ® € L?(—m, w). Khi d6 ta c6 khai trién

d(z) = % + Z(an cos nx + by, sinnx)
n=1

|CL0|2 -
2| =7 (T +) (lanl® + [ba]?)
n=1
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trong do

1 s
an:—/ O (x) cosnxdx Yn=0,1,2,...

b, = —/ O (x) sin nzdz Vn=1,2,3,...

—T

Ap dung véi @ 1a truong do xam f:
Néu f € L?(—m, ) thi ta c6 khai trién

f(z) = % + Z(an cosnx + by, sin nx) (1.3)
n=1
va
2 |CL0|2 2 b 2 14
AP =m| =~ + > (anl* + [baf*) (1.4)
n=1
trong do

1 s
ap = — f(z) cosnzdx Yn=0,1,2,...
™ —Tr

1 s
bn:—/ f(z)sinnxdx vn=1,2,3,...
™ —T

Cong thite (1.3) néi lén ring ham f c6 thé duge phan tich thanh tdng ctia vo han céc
ham hinh sin hoac cos, ma ta goi la cac song.

Thi du

Véi f(x) = x thi

1 s
a, = —/ xcosnxdr =0

ﬂ- —Tr

1 T 2 s _1 n+1
b, = _/ xsinnxdx:—/ :vsinnxda::%rﬁ

™) _» ™ Jo n

Do do
ey =y on
T) = T sinnx
n=1 n

Trén Hinh 1.7, ta thay chi can lay tong 5 s6 hang dau trén trong chudi Fourier
clia f 1a da c6 mot xap xi tot cho ham f roi.
Mot diém dang Iwu ¥ nita tit (1.3) la: khi n cang 16n thi caAc ham a,, cos na va b, sin nx
dao dong cang nhanh quanh gia tri 0. D6 1a béi vi chu ky tuan hoan ctia né cang nhé
khi n cang lén.
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Hinh 1.2: D6 thi ham y = by sinx

Hinh 1.3: D6 thi ham y = by sin 2z

Hinh 1.4: D6 thi ham y = b3 sin 3z
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6 |
4t n
21 _
ol |
2t |
4l _
6 |

-4 -3 -2 -1 4] 1 2 3 4

Hinh 1.5: D6 thi ham y = by sin4x

8 T T T T T T T
sl i
al i
2} i
of i
5| i
b i
&l i
Ha 3 = 3 0 ] 2 3 p!

Hinh 1.6: D6 thi ham y = bs sin bx

Hinh 1.7: D6 thi ham y = >0, bysinkz vy =
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JE———

Hinh 1.8: D6 thi ham y = cosz,y = cos 3z, y = cos 9x

Céc song a, cosnz va b, sinnz déu ¢6 chu ky la 27, tic la 6 tan s6 5=, Hinh 1.8
cho ta thay sy dao dong clia ham cosnz véi n = 1,3,9. St dao dong nhanh ciia cac
song a, cos nx va by, sin nz nhu trén gay ra su bién ddi dot ngot gia tri ciia f. Chinh
nhitng thanh phan nay (khi n 16n) gay ra sy xdo tron manh mé cho gia tri cia ham
f, vivdo d6 lam gidm tinh tron ctia f (tic la su lién tuc hay khé vi ctia f). Tuy nhién,

néu nhin vao (1.4) thi ta thay cac chudi s6

oo o
Z lan|” va Z |b,|> phai hoi tu.
n=1 n=1

Vi vay, ta phai co

lim |a,| =0 va lim |b,| = 0.

n—oo n—oo
Do dé, cac séng a, cosnz va b, sin na thay doi gia tri nhanh nhung bién do thay doi
cang nho khi n cang 16n. Déi véi truong hop f(x) = 2 ¢ Hinh 1.7, ta thay diéu do6 rat
rd: bien do clia song b, sinnz 1a |b,| = 27“ — 0 khi n — oo.
Nhu vay, ta rat ra nhan xét: khi n cang 16n thi cac song a, cosnx va b, sinnx dao
dong cang day dac nhung v6i bién do cang nhé.
Vi vay, cac séng nay cang thé hién tinh "nhiéu". Nhiéu & day dudc hiéu theo nghia
lam mat tinh 6n dinh gia tri ciia f va dan dén lam giam tinh tron cta f.
Néu loai bé cac séng a,, cosnx va b, sin nx thi khi n du 16n, ham f dude xap xi bang

N
~ aO 1
f(z) ~ 5 E (a, cosnx + b, sinnw) (1.5)

n=1

Vé phai ctia (1.5) 1a ham kha vi liéen tuc moi cap, nghia 1a n6 rat tron. Diéu nay kha
phtt hop vé6i phan tich vé 4nh hudng clia cac séng v6i n 16n ma ta da néu & trén.

9
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Quay lai véi y nghia la "truong do xam" cua f, ta nhan xét, truong do xam ma may
anh thu dugc tit vat duge chup thuong kho lien tuc. Chang han nhu khi ta chup miit
ngudi, duong bién ngan cach mat ngusi véi moi truong xung quanh ro rang la bude
nhay 16n vé gia tri mitc xam. Ddi v6i cac anh siac nét, ta thay cé nhicu duong bién
ngin cach cdc mién c6 mitc xam khac nhau. Vi vay, f bi gian doan ho#c khong tron
tal cac duong nay.

Nhu da néi 6 trén, viéc loai bd cac séng c¢6 tan so cao sé lam tang tinh tron ctia ham
f. Do d6, anh méi thu dude sé c¢6 trudng do xam thay doi mém mai hon, hé qua la
sé¢ md hon, nhoe hon, kém sic nét hon anh ban dau. Nguge lai, néu loai bé cac song
c6 tan sb thap (ttc 1a nhiing s6 hang tng véi n nhé), ta thu duge ham

oo
g(x) = (@, cosnx + by, sin nx)
n=N

Ham ¢ chi dao dong kha bé quanh gia tri 0 nén khong thé 14 mot xdp xi ciia ham
f. Viéc loai bd cac séng c6 tan sd thap da lam mat di gid tri trung binh cia f. Tuy
nhién, ham g phan dnh sy nhiéu loan cua f xung quanh "dudng trung binh" ctia no.
Do d6, anh g cho thay céc chi tiét sic nét ctia f nhu duong bién, cac dinh, cac not,
cac dom co 1ap. Vi g(z) dao dong xung quanh gid tri 0 nén mau nén ciia 4nh mdi sé
la den.

Néu quan sat ki hon cong thiic (1.11) thi ta thay ring dé lam dnh tron hon, ta khong
nhét thiét phai chit cut chudi Fourier ctia f. Thay vao d6, ta c6 thé nhan méi sd
hang clia n6 véi mot s6 h(n) ndo dé

fi(z) = %h(o) + 3 h(n) (an cos n + b, sin na) (1.6)

trong d6 |h(n)| phéi cang nhé khi n cang 16n nham lam gidm bién do clia cac séng
tan s6 cao. Chi ¥ riang tong hop ctia hai séng a,, cos nx va b, sinnz ciing 13 mot séng
hinh sin. That vay, ta co

a b
a, cosnx + b, sinnx = \/a2 + b2 | ———= cosnx + ————sinnzx 1.7
"\ Vaz + b2 a2 + b2 (L7)

an

sin a,, =

. N ~, 2 (12 +b2
Goi a € (—m, m| la géc thoa Vot
cos a, = —=

a2 +b2

n n

Thé vao (1.7), ta dugc

a, cosnx + by sinnx = /a2 + b2 (sin o, cos nx + cos a, sin nx)
= a2 +b2sin(nx + «y,)

Do d6 (1.6) dugce viét lai thanh
filz) = %h(O) + Z h(n)+/a2 + b2 sin (nx + «,)
n=1

10
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Lic nay f1(r) la tong hop clia cac song co bien do dang |h(n)| /a2 + b2. Do d6, ly
do dé chon h sao cho |h(n)| cang nhé khi n cang lén 1o rang.

Nguge lai, dé lam noi bat len céc chi tiét ctia f, ta chon h sao cho |h(n)| 16n khi n
bé, v bé khi n 16n. Tém lai, ta hoan toan c6 huéng dé xit Iy anh néu truong do xam
ctia né duge phan tich thanh téng ctia cac séong hinh sin hay cos nhu trén. Mudn vay,
ham f phai thuoc khong gian L?(—m, 7). Tiép theo, ta xem xét tinh hgp 1y clia giad
thiét nay.

Do xam ciia anh 14 do nguon sang chiéu tdi vat dude chup va st phan xa dnh sang
clia vat dé. Do nang lugng séng ting véi cac bude song trong ving nhin thay dudge 1
hitu han nén do xam cting phai hitu han. Hon ntta, do xam khi dugc ma hoa thanh
s6 lutu trong may tinh bao git ciing c6 gia tri bi chin (tiy thudc vao s6 bit biéu dién
cia nd). Do d6, ham f luén bi chan trén (—m, 7):

|f(z)] < M, Vx e |[-n,7]
Do dé

/|f(x)|2dm < /|M|2dx:2M27r.

Cho nén f € L? (—m, ).

That ra véi cach thé hien do xam thong qua céac pixel, ta dé dang nhan ra f 13 ham
bac thang. Nhu vay, ta vita chiing minh xong f € L? (—m, 7), tiic 1a f luon dap tng
14 diéu kién di dé né cé khai trién chudi Fourier.

Trén day ta da phan tich Gng dung ciia khai trién Fouirer vao xit 1y &nh mot chiéu.
Tuy nhién, 4&nh mot chiéu ma ta vita néi trén chi 14 mot mo hinh tudng tuong nham
phat sinh § tudng. anh thic té ma ta thay phai 1d anh hai chiéu. Nhu vay, ta can
phai tim mot thi thuat nao dé nhim tong quat ¥ tudng ¢ mot chiéu len hai chiéu.
O trudng hop mot chidu, ta tim cach bidu didn ham mot bién thanh tdng ciia vo sb
song dang sin va cos. Ta ciing st dung lai ¥ tuéng dé & day, tic 1a ta sé cd gang biéu
dién ham hai bién f = f(z,y) thanh tong ctia nhic¢u séng dang sin(mz + ny) hodc
cos(mz + ny).

Gi& stt ham f = f(z,y) xéc dinh trén Q = [—7, 71] x [—7, 7]. Ung v6i méi y € [—m, 7],
ta c6 khai trién Fourier ctia f theo bién z:
i A——
flz,y) = 50 + Z (a?, cosmx 4 b, sinmx) (1.8)

m=1

trong do

1 ™
a¥ = —/f(x,y) cos mxdx (1.9)
7r

1 ™
by = —/f(m,y) sin madx (1.10)
m

11
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—1T| T

Ung v6i mbi = € [—m, 7], ta lai c6 khai trién Fourier ctia f theo bién y:

o0

flz,y) = %—k%(aﬁcosny—l—bﬁsinny) (1.11)
trong do

1 ™

ay = —/f(x,y) cos nydy (1.12)
T
- .

b = —/f(x,y) sin nydy (1.13)
T

Thé (1.11) vao (1.9) va (1.10), ta duge

i
%

[ee)
+ Z (ay, cosny + by, sin ny)] cos mxdz,

n=

—_

%0 + ; (ay cosny + by, sin ny)] sin madzx.

Gia st dau tong c6 thé lay ra ngoai tich phan dudgc, ta co

1 K " 00 s
al, = — / % cos (mx) dr+ Z / (a¥ cos (ny) cos (mx) + b} sin (ny) cos (mx)) dx |,
T
g n=1 -

1 K " ) ™
o= — /%sin (max) daH—Z/(afL cos (ny) sin (max) + by, sin (ny) sin (mx)) dx
7r
n:l_7r

-7

12

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Thé (1.12) va (1.13) vao hai biéu thic trén, ta duge
1 1 s s
ap, = = {—/ f(x,y) cos (0y) cos (mzx)dydz+
™ - J -7
+ Z [(/ f(z,y) cos (ny) cos (mm)dydm) cos ny+

- / " g sin (o) COS(mx)dydfff) Siﬂ”y”

+ Z [(/ f(z,y) cos (ny) sin (mx)dyd:z:) cos ny+
+ </ f(z,y)sin (ny) sin (mx)dydx) sin ny} }
Chuyén tich phan hai 16p thanh tich phan boi dé viét lai gon
1 (1
an, = = {— / f(z,y) cos (Oy) cos (mx)dA+
™ |2 Jq
+ Z {(/ f(z,y) cos (ny) cos (mx)dA) cos ny+
n=1 Q

( /ﬂ f(2,y) sin (ny) cos (mx)dA) sin ny] }

by = % {%/Qf(x,y) cos (Oy) sin (mx)dA+

+ i:: K / J(,y) cos (ny) sin (m;z;)dA) cosnyt

+ < (x,y) sin (ny) sin (ma:)dA) sin ny}}
Q

+

13
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Thé hai biéu thitc trén vao (1.8), ta dugc

flz,y) = L{

f(z,y) cos(0y) cos(0x)d A+

£ o~
D\

Mg
| —— DN | —

(x,y) cos(ny cos(Ox)dA) cos(ny)+

f(z,y) sin(ny) COS(O:E)dA) sin(ny)] } +

% {% (/f(x,y) cos(0y) Cos(mx)dA) cos ma+
Q

(f(x,y) cos(ny) cos(mx)dA)) cos(ny) cos(mzx)+

+
2

3
Il

+
NE
——

~
o—

3
Il

iNgL
1

f(z,y) sin(ny) cos(mm)dA) sin(ny) COS(TI’L?L‘)] }

{ (/f x,y) cos(0y) sm(mx)dA) sin ma+

[(/ (f(z,y) cos(ny) sin(mx)dA)) cos(ny) sin(mx)+

Q

I/
De—

_I_
>]|H

n
NE

i
I

+
:o\

f(z,y)sin (ny) sm(mx)dA)) sin(ny) sm(mx)] }}
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Viét gon lai:

f(x,y)—i{

+ Z [ (/ f(z,y) cosny cos mdi) cosny cos mx + (/ f(z,y) sin ny cos mdi) sin ny cos max
n=1 Q Q

+ (/ f(x,y) cosnysin mdi) cos ny sinmax + (/ f(z,y) sin ny sin mdi) sin ny sin mx] }}
Q Q

1
=25 [ o
1 OO
+2_ {(/ f(zy CosnydA) cosny + (/ flz,y smnydA) smny]
1
+ﬁ [(/ flz,y COSWMdA) cosmx + (/ flx,y Slnmdi) smmm}

1 o0
—2 Z [( f(z,y) cosny cos m:r;dA) COS NY COS M + (/ f(z,y) sinny cos m:vdA) sin ny cos m

hay

/ x,y) cosny sin mdi) cos ny sin mx + (/ f(z,y) sin ny sin mdi) sin ny sin mx}
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Tom lai,

1

1 — '
flz,y) = Zaoo + B Z(%n cosny + by, sinny)
n=1

1 [oe)
+§ Z (@mo COSMT + Cpo SIn MT)

oo
+ E (@mn cOSME COSNY + by, COS MT SIN MY

+Cpn SIN M cOSNY + dypyy SINMT SIN MY )

trong do

1

A = —Q/f(x,y) cosmx cos nydA
™ Jo
1

bn = —2/f(x,y) cos mx sin nydA
™ Ja
1 .

Con = —Q/f(x,y) sinmax cos nydA
™ Jo
1 . .

dpn = —Q/f(x,y) sinmax sin nyd A
™ Ja

(1.14)

(1.15)
(1.16)
(1.17)

(1.18)

Khi m,n cang 16n thi cac song a,y,, cos mx cos ny, b,,, cos mx sinny, ¢, sin mx cosny,
Ay sin ma sin ny dao dong cang nhanh, nhung bién do ciia chung (14 ||, |brnls |Cmnl,
|dyn|) cang lic cang bé. Do d6, nhiing séng nay chi déng vai tro nhiéu. Vi vay, cing
gibng nhu truong hgp mot chiéu, ta nhan méi s6 hang chudi Fourier ciia f ¢ (1.14)

v6i ham hai bién h = h(m,n) dé dugc

~ 1 1
flz,y) = Zh(o’ 0)ago + 3 Z h(0,n)(ag, cos ny + by, sin ny)

n=1
1 & —_ .
+2 mz:l (m, 0)(@mo cOSME + Cmp SINn M)
o0
+ Z h(m,n)(amn, cos mx cosny + by, cos mz sin ny
m,n=1

+Cn SIN M COSNY + dypyy SIN T SIN MY )

(1.19)

Néu mué6n thu duge anh tron hon thi ham A phai duge chon sao cho |h(m,n)| kha bé
khi m,n 16n; con néu mudn c6 anh ndi bat, sic nét hon thi chon & sao cho |h(m,n)|

nho6 khi m,n bé.

Nhu vay, ¥ tuéng ding khai trién Fourier dé xt Iy anh hai chiéu da r6. Tiép theo, ta

sé di chi tiét hon vé mat tinh toan.
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1.3 Tinh toan chi tiét

Ta t6n cong di tim khai trién Fourier cho ham hai bién f = f(z,y) & muc trén la dé
c6 dugc cong thite (1.19). Ham f = f(z,y) 6 (1.19) chinh la 4nh két qua ma ta nhan
duge. Nhu vay, dé ¢ tuéng bén trén thuc hién dugc, ta phai tim ra giai phép tinh s6
cho f(x,y).

Trong cong thiic (1.19), ham h = h(m,n) dugc quyén chon nén di nhién ta biét gia
tri s6 ctia n6. Van dé bay gid nam & chd lam thé ndo tinh duge cac hé s6 Fourier am,,
brns Coms VA oy 1 f.

Trén thuc té, anh duge may tinh biéu dién bang mot ma tran do xam, kich thudc
M x N. Mai hé s6 ctia ma tran nay la do xam trén pixel vi tri ctia n6. Nhu vay,
truong do xam f lic nay la mot ham bac thang, xac dinh trén hinh chit nhat kich
thuée M x N.

Y

314

¥n
314 314

0 s
y1
y0

-3.14

Hinh 1.9: Cac pixel clia 4nh s6
Khoéng [—7, 7] trén truc hoanh duge chia lam M khoang bang nhau bdi zo < z; <
o<y, VOL T = ?V—’}j—ﬂ.

Khoéng [—m, 7] trén truc tung dugce chia lam N khoang bang nhau bdi yo < y; <

17
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< yn, VOl yp = Tk —
Tri gid ctia f trén 6 Aji = [z, Tj11] X [k, Ykt1) 18 frn. Khi do:

f(xvy) = Z fijA]‘k (Jf,y)
0<j<M-1
0<k<N-1

T day, ta c6 thé tinh dudc cac amn, byms Cmn, VA A
e Tinh a,,, tit (1.15):

1
A = —Q/f(x,y)cosmxcosnydA
™ Ja

1
= F/Qz:fjkcosm:vCosny)(AjkalA
jk

1
= —25 fjk/ cos mx cos nydA
™
J.k J

A
1 Tj41 Tj+1
= = ijk (/ cos mxdx) (/ cos nydy)
T I T zj
* Néum,n > 1
— 37 Fiulsin(mage) —sin(ma;))(sin(ngis ) —sin(ng)) (1.20)
U = —5— 2 k(sin(maj 1) —sin(ma;)) (sin(nyg.1) —sin(nyy )

j7

*Neum=0,n>1

Qon = — ijk (/%H d;v) (/:jH cos nydy)

J

sin(nyg,1) — sin(nyy)
ijk Tjt1 — ;) = "

tic la
2m
= Z fik(sin(nyg41) — sin(nyy)

Qon,
T2Mn

) — sin(nyx)) (1.21)

*Néum >1,n=0, tmmg tu nhu trén, ta ciing c6

Z fin(sin(myg11) — sin(myy)) (1.22)

Amo = Nm

18
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*Neum=n=20

1 Tj41 Tj+1
o - () (1)
s

J J

1
- 2 Z Fie(@jen — 25) (Yrs1 — Yi)
gk

1 2 21
=Py
gk
tuc 1a 4
= — , 1.23
Qoo MN jZk:fgk ( )

o Tinh by, tit (1.16)

1
bn = —Q/f(x,y)cosmxsinnydA
™ Ja

1
= —Q/ijk cosmx sinnyX 4., dA
™ m
1 .
= = Z fjk/ cos mx sin nydA
A 3k Aji,
1 Tj+1 Yk+1
= = Z fik / cosmxdx (/ sin nydy)
T ik Tj Yk
* Néum > 1
1 . . .
byn = = Z fik(sin(maj41)—sin(ma;))(cos(nyg) —sin(nyg+1)) (1.24)
jik

* Neum =0

1 Tj41 Tji+1 .
bon, = ﬁz’;fﬂk (/w dm) (/x smnydy)
7, J

J

1 cos(nyx) — cos(nYx+1)
= 5D filwin — )
L

n

1 Z 27 cos(nyg) — cos(NYx+1)
— "

72 e Nf n
Jk
hay
2 Z
bon = Mnm .k fir(cos(nyx) — cos(nyg+1)) (1.25)
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e Tinh ¢, tit (1.17)

1
Con = p/f(x,y)sinmxcosnyd/l
Q

1 .
= F/Qz:fj;,csmmxcosnyXAjkalA
gk

1
= —2ij;€/ sin mx cos nydA
ik Aik

1 Tj4+1 Yr+1
= = ijk (/ sin mxdm) (/ Ccos nydy)
™
g,k T Yk

J

* Néun>1
Com = —21 Zfjk(cos(mxj)—cos(mxj+1))(Siﬂ(nykﬂ)_sm(”yk» (1.26)

Tmn <
Jsk

* Néun =0

1 Titr Zj+1
Cmo = ﬁzkfjk (/I smm:ul:v) </x dy)
7, J

J
1
TN > Fin(rer — v
ik

cos(ma;) — cos(mxji1)

m

1 27 cos(mx;) — cos(ma ;)
= =l lny : .

: N m
Jk
hay
2 Z
“m0 = N o fx(cos(ma;) — cos(maji)) (1.27)

o Th dy, tit (1.18)

1
Ay = P/f(q:,y)sinmxsinnydfl
Q
1 . .
= P/QZ:fjks1nmacsmnyXAjde
gk

1
= —ZZka/ sin max sin nyd A
m ik A

1 Zj+1 Yk+1
= = ijk (/ sin mxd:c) </ sin nydy)
s
gk Tj Yk

J

1 cos(mx;) — cos(mx;i1) cos(nyy) — cos(nyg41)
R n ,
7.k
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hay

2

dmn =
Nmm

Z fir(cos(ma;) — cos(mxjiq))(cos(nyx) — cos(nyr+1)) (1.28)

Jik

Tt céc cong thiic (1.20)-(1.28), ta hoan toan tinh duge f & (1.19).
Trén thyec té thi mién khong gian anh 1 [0, M| x [0, N] chit khong phai [—7, 7] x [, 7]
nén ta ding phép bién doi sau

[0>M] X [07 N] - [_ﬂ-:ﬂ-] X [_ﬂ-aﬂ']

(x,y) — —7T+27T—x—7r+27r—y
’ M’ N

Do d6, khai trién Fourier cho anh [0, M] x [0, N] la:

1 1 & 2 9
f(% y) = Zaoo + 5 ; (a()n cosn (—7‘(‘ + %y) + by, sinn <—7r + %)

> < ( 27r:c) . ( 27?50)
Qmocosm | —m+ — | + CposSInM | — + ——

DO | —

- M

m=1

- 2 2
o Z (amn Ccosm <—7r + %) cosn (—ﬂ' T %

m,n=1

2\ . 2Ty
+b,,m COS™M —7T—|—W sinn | —7 +

+cppsinm | — +27r_x cosn | — +27r_y
mn 7T Wi 7T N

, ( 27rm> , 21y
+dpn sinm | —m + sinn | —m +

trong do
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v6i Q = [0, M] x [0, N]
Dé tan dung dugc két qua tinh toan cho amun, bmn, Cmn VA dipn 6 (1.20)-(1.28), ta ding
phép ddi bién

[—7, 7] X [-7, 7] — [0, M] x [0, N]

(r,5) > (2,y) = ((T +2;T>M, (s z:)N)

Khi dé, ta dat

Flr.s) = flay) = f <<r+w)M (S+7T)N>

2r 7 2«
thi
1 ~
Uy = —/f(x,y)cosmrcosnsdA
2
1 = .
byn = —Q/f(x,y)cosmrsmnsd/l
™ Ja
1 _
Con = —2/f(x,y)sinmrcosnsdA
™ Ja
1 ~
Ay = —/f(x,y)sinmrsinnsdA
72
voi Q = [—m, 7] X [—7, 7]

Khi d6, cic he $6 amn, bimn, Cmns dmp v duge cho bdi (1.20) — (1.28) v6i fjy, 1a gia tri
xam ctia anh ban dau trén o [j,7 + 1] x [k, k + 1]. Tém lai, ta da tinh toan xong tat
¢4 cac chi tiét cAn thiét dé tim anh két qua f khi biét ham loc h(m,n). Doc gid ¢6
thé tham khao phan cai dat chuong trinh ¢ Chuong 4.

22

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Chuong 2

Cai tién ky thuat

2.1 Han ché cua ky thuat truéc

Quan sat cong thic (1.19) ta thay, khi dua vao mAy tinh chudi Fourier phai dugc
chat cut. Gia st mién chay ctia cac chi s6 m van120,1,2,..., K —1. Theo cong thic
(1.20), dé tinh a,,, ta phai dimg 2M N phép cong, 2M N phép nhan va 4M N phép
tinh lugng gidc. Tuong tu ddi Vi by, Cmn, VA Ay,

Nhu vay, v6i mdi (z,y) v6i 0 < x < M + 1,0 <y < N — 1, ta phai dung khoéng
2K2MN phép cong, QKiMN phép nhan va 4K2M N phép tinh luong gidc. Do do,
dé c6 duge két qua anh f , ta phai ton 2K2M2N? phép cong, 2K2M2N? phép nhan
va 4K?M?N? phép tinh lugng gidc.

Vé6i anh c6 kich thuée nhé 100 x 100, vd K = 10 thi ta can khoang 20 triéu phép
cong, 20 triéu phép nhan, 40 triéu phép tinh luong gidc. Diéu d6 doi hoi thoi gian
chay chuong trinh qua l6n. Sau day 1a két qua thit nghiem:

Kich thuéc M x N | K | Thoi gian(giay)
32x32 10 116.237
40x40 10 275.96
45x45 10 420.518
50x50 10 648.992
50x50 ) 165.553

Do vay, mot nhu cau biic xtic dit ra ¢ day 1a lam sao gidm mot cach dang ké thoi
gian thyc hién chuong trinh, hay noéi cach khac la phai tim mot phuong thic tinh
toan nao do nhanh hon. Bién doi Fourier 16i rac 1a mot trong nhing giai phap nhu
vay. 6 do6, ta loi dung triet dé tinh roi rac ctia anh sb.

2.2 Phuong phap cai tién

Nhu muc trén da néi, ¥ tudng ciia viec 4p dung khai trién Fourier nim & chd ta muén
phan tich mot ham hai bién f = f(x,y) bat ky thanh tong clia vo han céac séong dang
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sin hay cos. Tuy nhién, khong nhat thiét chi c6 khai trién Fourier méi cho tao mot
cach phan tich nhu vay. Hon nita, truong do xam f ma ta dang xét la ham bac thang,
tic 14 c6 hitu han gia tri nén f hoan toan cé thé dude phan tich thanh séng mot
cach don gian hon. Ta bat dau xét cach phan tich "don gidn hon" nay dudi dang mot
chiéu dé thay ré ¥ tudng.

Dinh nghia 2.2.1. Goi g la mot ham c¢é mién xdc dinh roi rac nhu sau
g:{0,1,.. M -1} - R
khi d6 ham G - {0,1,...,M — 1} — C zdc dinh bdi

M-1

2

£
I

Sk

=

=
Q

L

5

(2.1)

8
=]

dugc goi la bién doi Fourier rvi rac (Discrete Fourier Transform hay viét tat la DFT)
cua g.

Cong thitc (2.1) cho thay mdi ham rdi rac g déu ¢6 DFT. Hon nita, khi biét DFT
ctia g 1a G, ta co thé tim ngudc trd lai g bang cong thic

M—1
g(x) =Y Gu)e 5 (2.2)
u=0
That vay, ta ¢
1 = -
Glu) = 72 3 gla)e

xr=

Nhan e?"3 § hai vé clia phuong trinh trén, ta duge
| M-
G(u eiQW% _ T e—iQWﬁ(x—y)
e = 57 3 o)

LAy tong véi w tit 0 dén M — 1, ta dudc

M—1 | Moy | M-1M-l
> Glu)e i = — g(z)e 2w = — g(x)e 2w
u=0 M u=0 z=0 M =0 u=0
hay
M—1 | Ml M-1 )
G(u)e i = o7 D glx) Y e (2.3)
u=0 =0 u=0
*Véi x =y, ta co
M-1 M-1
—i2mZ=Yq
g(x) ) et =g(y) ) 1= Mg(y)
u=0 u=0
24
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M—1 _ .

* Véi x # y, khi d6 Y. e % * la mot cAp s6 nhan véi cong boi ¢ = e 27w # 1
u=0

nén

Mz_:leﬂ”mf\/fy“ 11— V! 11— e~i2m(z=y) 1 —cos(2n(x —y)) +isin(2m(z —y)) 0
= T—q e p——
Do do

M-1

g(2) Yy e W =g(z).0=0

u=0
Do vay, tut (2.3), ta suy ra

M-1

> Gu)e™ i = g(y)

u=0

Tém lai ta da ching minh duge (2.2).

Cong thiic (2.1) va(2.2) cho thay sy tuong ting 1 - 1 gitta mot ham roi rac va DFT
ctia n6. Khi biét g, ta c6 thé tim duge G va nguge lai. Tuy nhién, didu dac biet lai
nam G cong thic (2.2). Ta biét rang

¢ = cosf +isinf
nén (2.2) duge viét lai nhu sau
i, 2rau 2 au
g(z) = ZO G (u) <cos v s T > (2.4)

Vi G la ham nhan gia tri phiic nén ta c6 thé biéu dién né dusi dang
G (u) = R(u) —il (u) Vu € {0,1,.... M — 1}

trong d6 R va I chi nhan céc gid tri thyc. Thé vao (2.4), ta duge

g(x) = le (R (u) — i (u)) (cos%;;“ +isin 27;;“)

u=0
hay

M-1

o) = 3 (weos T 1 s R ) > (F0)sin 57 = o 57 )

u=

Vi ¢ chi nhan gia tri thiic nén phan 4o & vé phai bang 0. Do d6

M-1

g(x)= Z (R (u) cos 27;;“ + I (u) sin 27;;71) (2.5)

u=0

25

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Ro rang (2.5) 1a mot sy phan tich ham ¢ thanh tdng clia cac séng sin hay cos. Chit
¥ rang tong & day la tong hitu han, chit khong phai 1 tong vo han (chudi) nhu khai
trién Fourier ma ta da xét ¢ muc truée.

Mobi séng thanh phan 1a R (u) cos 2”% va I (u)sin 2”% ting v6i moi u, cac séng nay
déu c6 chu ky la & tic la ¢6 tan s6 1a 2. Do d6, khi u cang 16n (tiic la cang gan
M) thi tan s6 dao dong clia cic séng nay cang cao. Tiép theo, ta xét bien do clia céc
song nay. Tu (2.1), ta cd

1 == 2mru
R (u) = i 2 g () cos i (2.6)
M-1
1 2
I(u) = v 2 g (z)sin ?\ju (2.7)

Vi R (u) cos 222 va [ (u) sin 222¢ 13 hai séng cling tan so (séng két hop) nén tong hop
cua hai séng nay ciing c6 dang sin hoac cos. Do

G(u) = R(u) —il(u)

nén
G(u)| = v R?(u) + I*(u)
Vi vay
2mau . 2mau R (u) 2rau I (u)
R (u) cos +1 (u)sin = u cos +
ey s Ty = <>’<\/Rz(u)+12(u) M- /R (u) + 17 (u)
COS Oy, = %
Goi o, € (—m, 7| la goc thoa _ v %J )
sinq, = ————u
R2(u)+1?%(u)
Khi d6
2 2 2 2
R(u) cos ?\;u + I(u)sin Eu = |G(u)| (COS Qty, COS T4 sin vy Sin 7;\;“)
2
= |G(u)]|cos ( Eu + au>

Do d6 (2.5) duge viét lai nhu sau

9 = 3 16 W) eos (5 o) (2.5)

Cong thiic (2.8) cho ta thay g c¢6 thé phan tich duge thanh tong ctia M séng c6 bién

do duong. M&i séng nhu vay c6 tan s6 1a 1%, véi u € {0,1,2,..., M — 1}. Ta mong
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muon rang khi n cang 16n thi bien do ctia cac séng trén cang nho.
Theo cong thite (2.8) thi bien do cfia song ting véi u = 0 1a |G(0)]. O (2.1), ta c6

M—1
G(0) = 47 > g(x), tic la gid tri trung binh ctia g. Ta sé ching minh rng
=0

G ()] <|G0)], Vue{0,1,..,M—1}

Diéu can chitng minh tuong duong véi

M-1 M-1
> gla)e ™ | < |3 g(a)
=0 =0
hay
M—1 2 M—1 2 M—1 2
(z g(wm) . (z g<x>bx) < ( g<x>> 29
r=1 =1 =1
v6i . wa
a, = COS 2T —, b, = sin2r—

(Z_ g@a] = 3 (o()a)+2 > g(x)g(y)azay,
(Z @b ) = 3 (gl)be) +2 > 9(x)g(y)baby,
( o)) = Y@+ 23 g@gly)

Ta c6 duge bat ding thitc tuong duong véi (2.9):

> 9(@)g(y)(azay + baby) < g(w)g(y)

<y <y

Ap dung bat ding thitc Bunyakovski-Cauchy-Schwarz, ta c6

auay + boby < /(a2 + 12)(3 + 12)

Ma a2 + b2 = az + bz = 1 nén ta c6 ngay diéu phai chitng minh.
Nhu vay, song ting v6i u = 0 ¢6 bién do 16n nhat. Néu quan sat ky (2.6) va (2.7), ta
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sé phat hién ra mot tinh chat dic biet nita ctia G.
Theo (2.6), thay u béi M — u, ta dugc

1 2mx
R(M—-u) = — g () cos (— (M—u))
M gt M
M—1
1 2
= 2 g (x)cos | 2mx — 7;\;“)
1 i (2) 2rau
= 2 g(@)cos | —-
= R(u

[(M—u) = %;g(x)sin (%(M—u))

1 2
i 2 g (z)sin (27Tx - 7;\;”>
o i 3 (x) sin 2ma
T TmM&d M
= ()

Do d6, v6i moi u € {0,1,..., M — 1}, ta ¢

Vi vay nén

G (M —u)| = |G (u)|

Diéu d6 ¢6 nghia la dd thi cta |G| d6i xting qua dudng thing u = 4.

Do d6, that ra ta chi can biét |G(u)| v6i 0 < u < & 1a ¢6 thé suy ra gid tri cla

cac |G(u)| voi & <u < M —1.

Tuy nhién, ngay ca trén mién 0,1, ..., % ta ciing chua chic c¢6 |G (u)] > |G (u + 1)|.

S
Hinh 2.1 va 2.2 1a4 mot thi du véi

(z) = A néu 0<z<K-1
g 10 néu K<z<M

thi

1 A K-1
- A€72M%X[O,K—l] _ (6727@%)50
M M;
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Hinh 2.1: D5 thi ham |G|

v

0 8 16

Hinh 2.2: D6 thi ham ¢
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Véi u = 0 thi G(0) = 4K

M
o uK
Voi 1< u < A thi G (u) = 50
hay
Gu) = él — COoS (27%) + 2sin (QW%)
W= M 1 — cos (QW%) + i sin (27r%)
éQsin2 (ﬂ'%) + 2¢sin (W%) cos (ﬂ'%)
M 2sin? (ﬂ'%) 4 2isin (7?%) cos (W%)
B A sin (ﬂ'%) sin (ﬂ'%) + % cos (ﬂ'%)
M sin (7‘(’%) sin (W%) + 7 cos (7‘(’%)
Do dé

_ A fsin (m57)|

- M [sin (m35))

Hinh 2.1 1a do thi ctia |G| ting v6i M = 16, K = 4, A = 5. Ta c6 thé thay ngay rang
tren khoang [0, 8], gia tri |G (u)| c6 xu huéng gidm dan khi u 16n (nhung khong gidm
theo nghia |G (u)] > |G (u+ 1)|). Do d6, ta cling ¢6 thé chidp nhan rang cic séng
|G (u)] cos (3%~ + ) chi dong vai tro 1a nhiu khi u khé xa 4.

Trén day ta vita dua ra mot cach bicu dién séng cho ham mot bién ¢. ¢ d6, mot
s6 song dong gop 16n vao gid tri trung binh ctia G (khi u gan 0 hodc gan M), trong
khi mot s6 song khac chi déng vai tro nhiéu (khi u gan %) Trén tinh than do, ta
ciing c6 mot cach khai trién tuong tu cho trusng hop ham hai bién.

Ung v6i mdi = € {0,1,..., M —1}, 14y Fourier r3i rac theo bién y ciia f(x,y) ta duge

|G (u)]

Fi(z,v) = Jla,y)e 2%

| M=
F(u,v) = MZFK%U)B_Z%%
=0
M—1 N—1
1 : uxr 1 U
_ M €_l2ﬂ—ﬁﬁ f(x,y)e 2 Y
=0 y=0
| Mo1nN-
= MN fla,yye )

Nhu vay, ta c6 bién doi Fourier 1di rac cho ham hai bién f(z,vy) la

M-1N-1

F(u,v) = L Z Z f(m,y)eii%(%JrLf\?) (2.10)
MN

z=0 y=0
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véiu=0,1,...

M—10v=0,1,...

N —1.

Y

Tuong tu nhu trudng hop mot chiéu, ta ciing c6 thé tim lai f néu biét DFT ctia né

bang cong thiic

f(zy) =

That vay, véi mdi « € {0,1,..
(2.10), ta dugc

M—-1N-1

Z Z F (u,v) 2mi(5 )

u=0 v=0

(2.11)

.,M — 1}, nhan "% cho hai vé ctia phuong trinh

| MoiN-d ( )
i2rye —2m (B4 jorua
z=0 y=0
| Mo1N-1
— T e—iQW%ue—iQW%
T f(z,y)
=0 y=0
= M-1
_ e—iQW% T e—iZwm;/Io‘u
TN f(z,y)
y=0 =0
Lay tong véi u tit 0 dén M — 1, ta dudc
M-1 N—-1 M-1 M-1
Z F(u,v)e™ 5 = L e N flz,y) e 2N (2.12)
7 9 *
u=0 NN y=0 =0 u=0
*Véi x = a, ta co
M-1
e—i27rz]\_f‘u - M
u=0

M-1
*Véiz # a, khido Y e
u=0

M—

[y

N ~ £ A ~ 2,0 ~ ~ l r—a ~
13 mot cap s6 nhan véi cong boi g = €?™ m nén

o2 1—g" _ 1= e~ 2me—a) _ 1 —cos (2m(x — «)) 4+ isin 27(z — «))
= 1—gq 1 — e~ i2m 5" 1 — e—i2n i
Do d6 ¢ (2.12) ta suy ra
M—1 ;N
Z F(u,v)e™™ 5 = UN fla,y)e ™™~ M
hay
— PP Qe
F(u,0) 0”78 = 23 (,y) ¥ (2.13)
u=0 y=0
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Véi mbi B € {0,1,..., M — 1}, nhan ™% & hai vé ctia (2.13), ta dugc

M-1
UZ:O F(u, v)e i 2% = % ygo fla, y)e 7% 27 = % 2 fla,y)e 75
Lay tong véi v tit 0 dén N — 1, ta dugc
M—-1N-1 e s 1 N-1 N—-1 s
%;F(“v“)e Me MZNyOf(a,y);e g (2.14)

*Vo6iy = 0, ta co

N-1 o i
*V6iy # 3, khi d6 > e~ 275 13 cap sO0 nhan v6i cong boi g = e ’ 7é 1 nén
v=0

=
L
=2

s, L—g¥ 101 cos(2n(y — ) + isin (2n(y — §))

e = = = — fr O
gt 1— q 1 — efz27ry s 1 — e*i2ﬂ%
Do d6, tur (2.14) ta suy ra
M-1N-1 ]
Z ZF u, v)e? i T = Nf(oé,ﬁ)-N = f(e, B)
u=0 v=0
Vay
M-1N-1
fla,B) = Z Z F(u,v)e™ s ™
u=0 v=0
Nghia la (2.11) da duge chiing minh.
Néu viét
F(u,v) = R(u,v) — il (u,v)
thi (2.11) dugc viét lai thanh
M—1N-1 . y ”
;; v) —il(u,v)) <0082W<M+?jv)+zsm27r(M gj\f))
Do f la ham gia tri thyc nén phan 4o ctia vé phai bang 0. Ta c6
M-1N-1 o v
0 = 2 (g + ) + 1 wysinze (374 55 )|
f(z,y) ;;[ uvcost—i-N—i-(uv)smﬂM—i—N
M-1N-1
R(u,v) Yv I(u,v) Y
- F 12 G+ )+ 2 (7 + %)
2 UZO\ (u, v)\LF( )’cos ™ M+N +|F(u,v)]SIH i M+N
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Gol ay, € (—m, 7] 1a goc théa

COS Qyyy = —;EZ’Z;'
Sho = I(u,v) (215)
uu |F(u,v)]

Ta co
Z Z | cos [ (M + ?j\z;) + auv] (2.16)

Nhu vay, ham hai bién f ciing duge phan tich thanh téng ciia MN séng dang sin hay
cos, ma khong can dén khai trién Fourier cho ham hai bién.

Tiép theo, ta xét bien do clia cac song nay, tic 1a |F(u,v)|. Dang thitc (2.10) c¢6 the
dugc viét lai thanh

MZ

R(u,v) + il (u,v) —MLMZ [cosQw(%+y—;)+iSin2ﬂ<M+gj\if))}
=0

Il
o

Y

Do do6
| MonNa "
R(u,v) = TN ; 2 f(z,y) cos 2w (M + N) (2.17)
| MoaNa . A
I(u,v) = UN 2.2 f(z,y)sin 27 (M + N) (2.18)

T (2.17) suy ra
R(M —u,N —v) = R(u,v)

T (2.18) suy ra
I(M —u,N —v) =—1(u,v)

Do do6
R*(M —u, N —v) + I*(M —u, N —v) = R*(u,v) + I*(u,)
hay
’F<M - U,N - U)| = ’F<u>v)‘ (219)
Nhu vay, ham |F| d6i xiing qua duong thang
u= U
o= 1%
Tu (2.10), ta co
| MoIN-
F0,0) = ——
=0 y=0
33

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

titc F(0,0) la gia tri trung binh ctia f. Ta sé chiing minh rang
F(0,0) = max |F(u,v)]

0<u<M—1
0<v<N—1
That vay, ta co
1
F(0,0) = WZJC(%ZJ)
F(u,v) = Zfa:y [cos27T(M ?j\?;)—i-zsm%r(M—i—%))]

Do d6 diéu can chitng minh thanh

(Zf(:v,y)) > <Zf(:r,y)ax7y> + (Zf(:v,y)bx,y)

ax’y:COSQﬂ'(M—i-%) bx,y:sin27r<M+y;)

Dat f(Nz+y+1) = f(2,9); aNety+1 = Quy; DNeiryr1 = bz, thi diéu can ching minh

thanh
(Z f(n)> > (Z f(n)an) + (Z f(n)bn> (2.20)

voil <n < MN.
Khai trién hai vé ctia(2.20):

v6i

(Z fan | = Y (f(m)an)’ +2)  f(n)f(m)anan,
<Z F)ba ) = D (F0)b)? +2> f(n)f(m)bub
(Z fm)] = D (f(m)*+2) f(n)f(m

V6i chu y réng a? + b2 = 1, (2.20) tuong duong véi

> ) f(m)(anam + babr) < Y f(n)f(m) (2.21)

nm n<m
Ap dung bat ding thitc Bunyakovski-Cauchy-Schwarz

Up iy + bpby, < \/(a% + b%)(a%n + b?n)
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Ma a2 + b2 = a2, + b, = 1 nén (2.21) da dugc chiing minh.

Vay ta da chiing minh duge |F(u,v)| dat gia tri 16n nhat tai (u,v) = (0,0). Diéu
d6 c6 nghia la trong cac séng thanh phan ciia f, séng c6 bién do 16n nhat 1a séng
ing véi (u,v) = (0,0), va bien do nay bang gia tri trung binh clia f.

Dudi day 1a bidu do do cao ctia ham F(u,v) véi

flany) = 5 néul0<wu,v<4
Y=Y 0 néu 5 <wu,v <15

Theo Hinh 2.3 thi |F(u,v)| cang nhé khi (u,v) cang gan (4, ). Do do, cac song

===

IFCel

Hinh 2.3: D6 thi ham |F|
ting v6i (u,v) gan (4, 5) c6 bien do nhé (va do d6 chi déng vai tro nhiéu), con cac
song ting véi (u,v) gan (0,0),hay (M, 0), hay (0, N), hay (M, N) thi c6 bieén do 16n.
Tiép theo, ta xét kha nang van dung bién d6i DFT hai chié¢u & (2.10) va (2.11) vao
viéc xtt If &nh. Ham f gio day 1a truong do xam, trong d6 f(z,y) 1la do xam cia anh
tai pixel ¢6 toa do la (x,y).

Gi4 st ta muon lam tron anh, tigc 13 lam tron ham f. Cong thic (2.16) goi ¥ réng
anh két qua g sé c6 dang
M-1N-1

g(x,y) = Z Z H(u,v)|F(u,v)|cos [2# <% + %) + Ozw} (2.22)

u=0 v=0
trong d6 H (u,v) kha nhé khi (u,v) gan (4, %) dé lam giam bien do clia céc nhiéu
nay. ¢ day, tit "gidam" c6 thé hiéu theo nghia H(u,v) = 1 khi (u,v) kha gan (0,0),
hoac (M, 0), hodc (0, N), hodc (M,N), con 0 < H(u,v) < 1 khi (u,v) kha gan (&, 5).
Dé tien cho viéc tinh toan sau nay, ta dilng phép bién ddi sau

~ M N
F(u,v) :F(u—?,v—g)
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Khi d6 |F(u,v)| kha bé khi (u,v) xa (4, ).
¢

M
2

Phép bién doi nay tuong duong véi phép bién doi tren mién dnh (titc 1a doi anh) sau
(=

f(l',y) )x+yf($,y)
That vay,
Sf(z,y)] = SI(=1"f(x,y)]
LSS ey e
= v flz,y)(—=1)" Ve "M+ x
MN =0 y=0
| MoIN- byt |
= — f(x,y)em @ tvlemrem Sy
MN ; 2
| MoInN )
= N fla,y)e v )+x v-y
MN =0 y=0

Cong thic (2.22) lac nay thanh
M—-1N-1

yv
H (u,v)|F 2r (57 + ) + 2.23
uz%vz% (u, v)|F(u,v)| cos 7TM—|—N +a (2.23)
trong d6 H (u, v) kha nhé khi (u,v) xa (&, ). Ta c6 thé hiéu1a 0 < H(u,v) < 1 khi
(u,v) kha xa (%, %), con H(u,v) =1 khi (u,v) kh& gan (%, %)
Su d6i bién nay chi 1a sy doi diém séng nhat tren |F(u,v)]| tit (0,0) sang (%, %) ma

thoi (Hinh 2.4)

Hinh 2.4: (a) Truée khi dai truc, (b) Sau khi di truc

Anh § thu duge & (2.23) 1a anh két qua ctia anh da duge déi bién. Do d6, anh két
qua ung v6i f la g phai thoa

g(z,y) = (=1)"g(x,y)
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tic 1a
glz,y) = (=1)"g(x,y)
Nhu vay, quy trinh bién ddi &nh gom céac bude sau (Quy trinh 1):
1. Déi anh: f(z,y) = (—1)*TVf(z,y).
2. Lap bién déi DFT hai chidu F(u,v) cla f.
3. Tao mot loc H(u,v).

e Néu mudn lam tron anh

e Néu muon lam sic anh: nguge lai
4. Tim g tit (2.23).
5. Anh két qua g(z,y) = (—1)""g(z, y) .

Trong quy trinh trén, budc rac roi nhat 1a bude 4, bdi vi trong cong thiic (2.23) con
¢6 ay, kha kho tinh. Do do, ta sé phan tich ky hon phuong phap tinh toan & budc
nay. /|

Néu dat G(u,v) = H(u,v)F(u,v) thi (2.23) duge viét lai thanh

M—-1N-1

g(x,y) Z Z |G (u,v)| cos [27r (M + Zj:;) +Oéuu] (2.24)

u=0 v=0

trong d6 a, duge cho béi (2.15) nhung thay R va I bing R va I

08 Quy = |§EZ’Z§| 295
SNl gy = L02Y) (2.25)
w T R (u)

Néu goi 5 la phan thyc cia DFT ngugce ctia G thi 4p dung (2.16) v6i F = G, ta c6

E(x,y) = Z Z |G (u,v)|cos [27r (M H g:;) + o, ] (2.26)

trong d6 o, dugc cho bdi (2.15) nhung thay F bdi G va thay R va I lan lugt la
Re(G) va —Im(G).
Vi

G(u,v) = H(u,v)F(u,v) = H(u,v)R(u,v) — iH(u,v)I(u,v)
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nén véi gia thiét H(u,v) thyc, ta co

Re(G) = H(u, v)%(u, v)

—Im(G) = H(u,v)I(u,v)

Do do
cosal, — H(u,v)R(u,v) _ H(u,v)}i(u,v)
|G<U,U)| ’H(UﬁU)HF(uaU)’
H (u,v)] H (u,v)]
e = w00 H(u0)(w,0)
|G (u,v)] | H (u, 0)|| F(u, v)]
Do d6, néu H(u,v) > 0 thi
coso, = Auwv)
W [Ew)l (2.27)
sina/, = LW
wv " |F(u,v)]

T (2.25) va (2.27) ta suy ra o, = Qyyp-
Do d6 (2.26) dugc viét lai thanh

M-1N-1

g(x,y) = ZO ; |G (u,v)| cos [27r (% + y—;) + auv]

So sanh v6i (2.24) ta suy ra g(x,y) = :gv'(x, y). Diéu d6 c6 nghia 1a § 6 (2.23) chinh 1a
phan thuc ciia bién ddi DFT ngude ciia G(u,v) = H(u,v)F(u,v). Nhu vay, véi han
ché rang ham loc H 1a thyc va khong am thi quy trinh xit 1§ &nh dugce viét lai nhu
sau (Quy trinh 2)

1. Déi anh: f(z,y) = (—1)*"f(z,y).
2. Lap bién ddi DFT hai chiéu F(u,v) ciia f.
3. Tao mot loc thuc khong am H (u, v).

e Néu mudn lam tron anh

H(u,v) =1 néu (u,v) gan (X4, %)
0< H(u,v) <1 néu (u,v) xa (&, 5)

e Néu mudn lam sic anh:

H(u,v) =1 néu (u,v) xa (4,5
0< H(u,v) <1 néu (u,v) gan (

4. Tinh G(u,v) = H(u,v)F(u,v).
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5. Tim g, 1 phan thuc ciia bién déi DFT ngudc ciia G.
6. Anh két qui g(z,y) = (—1)**g(z, y)

Néu anh dau vao la anh mau (RGB) thi quy trinh xtt Iy duge cho bdi

inhmaua) L) dnham L2 Bién obi Fourer®) LU LocF (@) L)

N
N
N
N

Anh xam(g)

Hinh 2.5: So do xit 1i &nh mau

Giai thich cac ddi tuong:
a : Ma tran MxNx3 biéu dién dnh mau.
f: Ma tran MxN biéu dién anh xam tuong 1ing.
F : Bién ddi Fourier roi rac ctia f.
G : két qua cta F sau khi dugce loc.
g : ma tran MxN biéu dién anh xdm da dudc tang cuong.
Giéi thich cac buée:
(1) : chuyén tit 4&nh mau (RBG) sang anh xam. Budc nay duge thyc hién béi lenh
"rgb2gray" cua Matlab, tic la:

f =rgb2gray(a);

(2) : Bién ddi Fourier rdi rac (DFT) f dé dugc F. Budc nay duge thire hien bdi lenh
"fft2" cua Matlab, tic la:
F = fft2(f);

Day chinh 1a budc tao nén tan sé ctia &nh, F(u,v), tit mién khong gian, f(x,y). Ké tit
day, moi thao téc xit Iy anh sé khong dugde thie hién tryc tiép trén f nita, ma sé duoe
thue hién trén F.

(3) : Day 1a phan chinh ctia quy trinh tang cuong anh. Mién tan s6 F sé dugc loc béi
ham loc H. Két qua ctia phép loc nay la mot tan s6 mdéi G, dude cho béi

G(u,v) = H(u,v)F(u,v)

R6 rang viéc loc tan s6 F nhu thé ndo dude quyét dinh hoan toan béi H:

* Néu ta muoén khit hoac lam gidm anh hudéng ciia cac tan so cao trong F lén anh, ta
sé chon H sao cho H(u,v) kha bé khi vu? + v? 16n.

* Néu ta muén khit hodc lam gidm anh hudng clia cac tan s6 thap trong F lén anh,
ta sé chon H sao cho H(u,v) kha bé khi v/u? + v? nhd.

N6i téom lai, viec chon ham H thé nao phu thudc vao tinh trang dnh ban dau va yéu
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cau xit I cu thé.

(4) T tan s6 méi G, ta dung bién doi Fourier nguge dé tim duge khong gian méi g.
Day chinh 13 ma tran biéu dién do xam ciia anh sau khi duge ting cudng.

Tiép theo, ta phan tich do thic tap ctia Quy trinh xit 1y 2.2:

0 quy trinh nay, hai buédc c6 do phiic tap cao la buée 2 va bude 5. D6 1a cac bude
tinh DFT va DFT ngugc ctia mot ham s6.

O (2.10), v6i mdi (u,v) dé tinh dude F(u,v), ta phéai tbn MN phép cong, MN phép
nhan va 2MN phép tinh lugng gidc. Do d6, dé tinh duge hét tat ca cac F(u,v) véi
0 <u < N —1, ta phai téon M2N? phép cong, M?N? phép nhan va 2M2N? phép
tinh lugng giac.

Bién ddi DFT ngude cho bdi (2.11) ciing tuong tu nhu vay, dé tim lai f(z,y) v6i
moix <x<M-—1,0<y< N —1taphai tim M2N? phép cong, M>N? phép nhan,
2M?N? phép tinh luong giac.

Do d6, Quy trinh 2.2 doi héi 2M2N? phép cong, 2M2N? phép nhan va 4M2N?
phép tinh lugng giac. So sanh v6i do phtc tap ctia phuong phap xit Iy anh ctua khai
trien Fourier duge dé cap ¢ muc 2.1, ta thay Quy trinh 2.2 c¢6 do phiic tap thap hon
do ta khong diing dén chi s6 chat cut K.

Tuy nhién, do phiic tap o(M%N?) ciing con khéa 16n. Chang han v6i anh ¢6 nho
M = N = 100 thi s6 phép toan phic tap la cd 2M2N? + 2M2N? 4 4M2N? =
SM?2N? = 8.108, titc 1a 800 triéu phép toan phic tap. Diéu d6 doi héi phai c6 mot
thuat toan nhanh gitp tim DFT va DFT ngudc ctia mot ham s6. D6 chinh 1a dong Iyc
cho sy kham pha mot giai thuat tinh toan méi Fast Fourier (Fast Fourier Transform
hay viét tat la FFT).

2.3 Bién d6i Fast Fourier

Trén tinh than danh gid do phiic tap ctia thuat toan, ching toi chi néu y tudng va
phan tich chi phi ctia thuat todn chit khong di sau vao chi tiét ctia n6. Dé thay ¥
tudng ctia FFT, ta xét truong hop hai mot bién f va véi M c6 dang lity thita co s6 2.
Gia stt DFT ctia ham mot bién f 1a F

M—

—_

1 : ru
F(u)= -7 Z £ (x) emi2m5i (2.28)
Bién déi DFT ngudc tuong tng la
M-1
f(z)= F (u) "5 (2.29)
u=0

Van dé dit ra l1a 1am sao tinh nhanh F(u) véiu = 0,1,2,..., M — 1 tut (2.28) néu
biét f(z) v6iz =0,1,2,..., M —1. Lam sao tinh nhanh f(z)véix =0,1,2,..., M —1
tur (2.29) néu biét F(u) véiu=0,1,2,..., M — 1.
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Vi (2.28) va (2.29) céac cau truc kha giong nhau nén ta chi phan tich vao (2.28) ta

viét lai dudi dang
2 f(x <cos (27‘(%) — isin (2%%))

M—

H

EIH

hay
= % [; f(x) cos <27r—) —1 ZO f(x)sin (27fﬁ>] (2.30)

Néu tinh F(u) tit (2.30) thi v6i mdi u ta phai ton it nhat 2M phép cong, 2M
phép nhan va 2M phép tinh lugng gidc. Do dé, dé tinh ra duge F(u) véi moi u =
0,1,2,...,M — 1, ta phai ton khodng 2M? phép cong, 2M? phép nhan va 2M? phép
tinh lugng giac. Nhu vay, do phtic tap ctia phuong phép & (2.30) 1a o(M?). D6 1a ta
da xem nhu phép tinh lugng gidc c6 chi phi ngang v6i phép cong va nhan. Thuyc té
thi cac phép tinh sin hay cos c6 chi phi 1én hon nhiéu. Do d6, khuyét diem & (2.30)
la ta phai tinh todn qua nhiéu trén cac ham lugng gidc. Cong thiic (2.28) goi y cho
ta mot giai phap.

Néu dat Wy, = e 2™ thi (2.28) dugc viét lai thanh

1 M-1
F(u)= 17 2 f (@) Wiy
Vi M = 2" nén .
Fay= L3 pww
u) = M 2 s
hay
1 2n1-1 1 2n -1
F(u) =+ > f@r) Wi + - > e+ 1wt (2.31)
=0 =0

Dit M = 2K véi K = 2"1, thi ta thay
Do d6 (2.31) dugce viét lai thanh

K—
1 (2z+1)u
Zf (22) Wi +M;f(2x+1)WM (2.32)

Néu s6 hang thtt nhat ctia vé phai (2.32) chi duge tinh véi u =0,1,2,..., K — 1
thi cau tric clia n6 gidng vé phai clia (2.28) nhung f(z) thay béi g(z) = f(2z).
V6i 0 <u< M —1, thay v béi u+ K & (2.32), ta duge

K-1
1 x\u 1 X U
Flut K) =23 f(2) Wk 7 > f Qa4 )W (233
=0

=0

=
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Ta cb

W}:c{(quK) _ W[z(quxK _ 2wt iam Ry —idmx _ —i2w
Do do6
Wl — pya (2.34)
Ta co
WEwH)(HK) _ Wﬁerl)qu(?erl)K _ 6_i2n[W+(2 2+1) 4]
hay
Wﬁerl)(quK) _ e%%%@qzﬂ(zzﬂ)% _ Wﬁx+1)u€in(2x+l) _ _Wﬁx+1)u
Do do6
W]SZJrl)(quK —W (2z+1)u (235>
Thé (2.34) va (2.35) vao (2.33), ta dugc
=
FlutK)=+ Z f(z)Wir — — Z f 2z + 1) Wi (2.36)
=0

Van dé bay gio 1a s6 hang thit hai ¢ vé phai ctia (2.32) hay (2.36) van chua c¢6 cau
tric giong sd6 hang thit nhat clia né. Do d6 ta can phai phan tich tiép s6 hang nay.
Ta thay

Wﬁéx-i—l)u il W]Q\/a[:u+u 1] e—i2w% L 67127{'(27”+%)
hay
Wﬁz""l)u — 67127r—67227r
hay
2x+1)u TUTT U
War Y = Wi (2.37)
Thé (2.37) vao (2.32) va (2.36), ta dugc
K- K—1
Z; x) Wit — MWM Z fQx+1) Wi (2.38)
hay
K— K—1
F K) x) Wit — —W (2x 4+ 1) Wit 2.39
(u+ Z:; K =M Zf x4+ 1) Wi (2.39)
Dat
fix) = f(22) vii0 <z <K -1

folz) = f(2x + 1) vii0 <z <K -1

va goi Fy(u) va Fy(u) 1an lugt 1a DFT cia ching thi (2.38) va (2.39) duge viét lai

nhu sau 1
F(U) = —F1 (U) +

; Ly B () (2.40)

2
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1 1

Fu+K)= §F1(u) —3

Nhu vay, dé tinh duge tat ca cac F(u) v6iu =0,1,2,..., M — 1 thi ta can phai tinh

Fi(u), Fo(u) va Wi

Néu goi a,, va m, lan lugt 1a s6 phép cong va phép nhan can dung dé tim F(u) &

(2.28) ting v6i M = 2" thi chi phi tinh tat ci cac Fi(u), véiu=0,1,2,..., K —1 1a

An—1+ Mmy_1. Chi phi tinh tat ca cac Fy(u), véiu=0,1,2,..., K =1 1a a,_1 +m,_1.
Dé tinh F(u) & (2.40) va (2.41) ta con phai tinh duge W3,

Wi Fy (u) (2.41)

Wi = e 2731 = cos (27?%) + i sin (27?%) (2.42)

Néu diing (2.42) dé tinh W} thi ta van phai ton dén 2 phép tinh lugng gidc tng
v6i mdi u. titc 1a phai tén 2M phép tinh lugng gidc dé tinh duge tat ca cac F(u). D6
12 chi phi I6n ma ta dang mudn né tranh. Ta thay ring

Wit = Wi Wy

Nhu vay, ta chi can ding 2 phép tinh lugng giac dé tinh duge Wy, roi sau d6 ding
phép nhan hai s6 phitc dé lan lugt tinh duge W3, W3,, ..., Wi . Mot phép nhan hai
s6 phiic ton 4 phép nhan s6 thyc va 2 phép cong s6 thyc. Do vay, chi phi tinh W},
§ (2.40) va (2.41) 1a 4 phép nhan va 2 phép cong. Do d6, dé tinh hét tat ca cac WY,
véiu=0,1,..., K — 1 thi ta phai tén 4K phép nhan va 2K phép cong.

Nhu vay, tit (2.40) va (2.41) ta 6

Ap = 20,1 + M + 2K
My = 2my_1 + 4K + 2K

hay

an, = 2an_1+2.2”

m, = 2m,_1+4.2"

Do dé

a, = Ajn2"

my, = AQ?’LQ”

trong d6 A; va A, 1a cac hing so.
Do d6 chi phi dé tim DFT cta f la

Ay, + M, = (Al + AQ) n2" = (Al + Ag) M (IOg M)
tic la thuat toan c6 do phic tap la M log M.
R6 rang chi phi nay tot hon nhiéu so véi chi phi M? nhu phuong phap tinh thong
thuong.
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Tiép theo, ta ing dung thuat toan FFT nhu trén vao trudng hop 2 chiéu.
Gia st f = f(x,y) 1a ham hai bién va F' = F(u,v) 1a DFT cua f(z,y)

| MoNa ’
F(u,v) = 30 f(z,y) e 2 (G %) (2.43)
z=0 y=0
hay
11— S S
F () = (N f (@) ) e (2.44)
=0 y=0
Ung v6i mbi = va v, ta dat
| N
A.tv = N f (ZL’, y) e_ZQW%
y=0

Khi d6 v6i mdiz = 0,1,..., M—1thi A,, chinh 1a DFT mot chiéu ca f,(y) = f(z,y).
Do dé, chi phi dé tinh dudc cac Ay, véi v = 0,1,...,N — 1 14 Nlog N. Cong thiic
(2.44) dugce viét lai

1 M—-1
F(u,v) = - > Age (2.45)
=0

Nhu vay, chi phi dé tinh dugc tat ca cac Ay, & (2.45) 1a M Nlog N.

Tiép theo, ting v6i méi v = 0,1,2,..., N — 1, vé phai ctia (2.45) chinh 13 DFT cla
go(x) = Ag,. Do d6, chi phi dé tinh dugc tat ca cac F(u,v) véiu=0,1,2,..., M —1
1a M log M. Do d6 chi phi tinh tat cad F(u,v) cta (2.45) véiu=0,1,2,...,M —1 va
v=0,1,2,...,N — 1 1a MNlog M Tém lai, chi phi tinh tat ca cac F(u,v) tu f la

MNlog N + MNlog M = MN log(MN)
Thuéat toan tinh DFT ngugc hoan toan tuwong tuw DFT thuan, tic la cing ¢6 do phic
tap 1a M N log(M N). Nhu vay Quy trinh 2.2 ¢6 do phic tap 1a M N log(MN). R6

rang day 1a chi phi thap hon nhiéu so véi chi phi ctia phuong phap xit Iy anh bang
khai trién Fourier hai chiéu nhu da néu é muc 2.1.
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Chuong 3
U’ng dung

Trong muc nay, ta sé ap dung nhitng co s6 1y thuyét da lap dude 6 cac muc trén
vao bai toan xtt 1§ anh cu thé. Ung dung cu thé ma ta xét & day 1a tang cuong dnh.
D6 la viéc lam cho anh tré nén t6t hon, dep hon, hay ré hon. Véi mot anh nhoe, ta
luon mudn lam cho né ré hon. Khi d6, ta sé loc 1y nhiing séng c6 tan sé cao trong
mién tan sb, vi day la nhitng séng thé hién sy thay déi dot ngot vé do xam ctia anh.
Ltc do, ham loc tan s6 cao (Highpass filter) sé duge dung. Hinh 3.6 14 mot thi du
minh hoa.

Tuy nhién, nhiéu khi khong phai 4&nh nao ré nét ciing dep, ching han nhimg vat
thé ma ban than né da xau thi &nh chup ctia né khong thé dep duge. Tham chi dnh
chup cang r6 nét thi cang xau, vi cai xau da dudc soi rat ro, rat ky. Hinh 3.2 13 mot
thi du cho thay diéu dé. Do d6, déi v6i nhitng anh nhu vay, ta khong mong mudn né
& thém nita, ma mudn né ma di dé che b6t phan nao dé khuyét diém ciia vat trong
anh. Luc nay, ta chi gitt lai nhitng séng v6i tan s6 thap trong mién tan sé (Lowpass
filter), ma bo di cac séng o tan s6 cao thé hien do sic nét clia anh. Véi ta, cac séng
nay gio day chi dong vai tro nhiéu ma thoi.

Hon nita, ta biét rang viec mudn lam tron anh hay lam sic anh chi khac nhau &
cach chon ham loc. Do d6, déi v6i bai toan xit I 4nh cu thé, ham loc phai dudc xéc
dinh mot cach tuong minh. D6 chinh 14 nguyén nhan ra doi nhiéu phuong phap chon
ham loc ma ta sé néu dudi day. Trude hét, ta nhic lai quy trinh xi 1y anh trén mién
tan so:

Loc séng trén mién tan s6 gom cac bude

1. Nhan anh f v6i (—1)*+¥ d@é tinh tién gdc toa do ciia bién doi vao gitta anh.
2. Tinh F(u,v) tit &nh nhan duge & buéde 1.

3. Nhan ham loc H(u,v) vao ham F(u,v)

4. Tinh Fourier nguge ctia ham nhan duge & bude 3.

5. Lay phan thyc clia ham nhan dude & buée 4.
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6. Tinh tién 4nh lai bang cach nhan (—1)**v

Néu f(x,y) biéu dién anh nhap vao, va F(u,v) la bién d6i Fourier ctia né. Khi do
mién tan s6 sau khi loc 1a

G(u,v) = H(u,v)F(u,v). (3.1)
Dé c6 duge anh sau khi loc, ta chi can lay Fourier ngugc ctia ham G(u,v)
Anh da loc = S7G(u, v)] (3.2)

C6 hai kiéu loc co ban 1a loc tan sé thap, va loc tan sé cao. Loc tan sé thap nghia
14 1am suy gidm céc tan s6 cao trong khi d6 lai giit lai cac thanh phan c6 tan s6 thap.
Ngudc lai, loc tan s cao lai gift lai cdc tan s6 cao va lam yéu di cac tan so thap.

3.1 Lam tron anh

O Hinh 3.2a, ta c6 mot doan van ban bi rd, cac ky tir bi vé tao cidc khodng trong,
tuy méat ching ta c6 thé dé dang doc dudc cac ki tu nay nhung v6i may tinh thi viec
nhan dang céc ki tu bi dit nay khéa kho khan. Cach dé khic phuc cac khe hé nhé nay
la lam nhoe &nh dé 1ap cic khe hé (Hinh 3.2b).

Céc tan sb thap trong bién ddi Fourier déng goép 16n cho mitc xam tai nhitng ving
tron ctia anh. Do dé dé lam tron anh ta phai lam mo di cac dudng bién, tic phai
gidm di cac tan s6 cao. Vi vay ta phai st dung kiéu loc tan s6 thap. C6 ba loai loc
tan s6 thap hay dude dung 1a Ideal, Butterworth, va Gauss.

3.1.1 Loc tan s6 thap Ideal

Day 1a cach loc don gidn nhat, ta chi can bo di cac thanh phan tan s6 trong bién doi
Fourier ma khang céch t6i tam 16n hon mot Dy xac dinh. Ta goi day 1a loc Ideal tan
so thap (Ideal Lowpass Filter, hay viét tat 1a ILPF)

1 néu D(u,v) < Dy

H(u,v) = { 0 néu D(u,v) > Dy (33)

Trong d6 Dy 1a s6 khong am, va D(u,v) la khodng cach tit diem (u,v) t6i tam. Néu
anh kich thuéec M x N thi tam clia mién tan s6 1a (u,v) = (M/2, N/2), vay nén

1/2

D(u,v) = [(u — M/2)? + (v — N/2)2] (3.4)

Tuy nhién, con s6 Dy khong mang day du § nghia, vi vay ta can mot tieu chuan dé
xac dinh Dy. Dé lam nhu vay, ta xac dinh lugng nang lugng trong mién dang xét doi
v6i nang lugng tong cong Pr

Pr = P(u,v) (3.5)
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H(u,v)

Hinh 3.1: Ham loc ILPF

XU LY ANH
TREN MIEN
TAR S8

2 LY ANH
TREN MIEN
PAN 8d

Hinh 3.2: (a)Van ban bi rd. (b)Van ban sau khi duge loc tan s6 thap

ti lé phan tram ning lugng trong dudng tron

a =100 [Z > P(u,v)/Pr

v6i (u,v) chay trong mién do.

Trén Hinh 3.2a ta c6 mot van ban bi 161, cac ki tu bi vé tao cac khodng trong,
tuy mét ching ta c6 thé dé dang doc dudc céc ki tu nay nhung v6i méy tinh thi viec
nhan dang céc ki tu bi dit nay kha khé khian. Cach dé khic phuc cac khe hé nhéd
nay la lam nhoa anh dé 1ap cdc khe hd (Hinh 3.2b). Hinh 3.3(a) 1 mot biic anh kich
thude 500 x 500 va pho Fourier ctia n6 1a Hinh 3.3(b). Cac vong tron ban kinh lan
lugt 1a 5, 15, 30, 80, va 230, bao quanh vung chita ning lugng « tuong ting la o =
92.0, 94.6, 96.4, 98, va 99.5%.

(3.6)
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Hinh 3.3: (a) Anh véi kich thuée 500 x 500 pixels (b) Phé Fourier ctia anh. Cac vong
tron véi ban kinh 1an lugt 1a 5, 15, 30, 80, va 230 pixel.

3.1.2 Loc tan s6 thap Butterworth

Ham loc Butterworth tan s6 thap (Butterworth Lowpass Filter, hay BLPF) bac
n v6i Dy cho truée duge dinh nghia nhu sau

1

H(w,0) = T o) /Do

(3.7)

v6i D(u,v) duge dinh nghia nhu (3.4). Khong giong nhu ILPF la cit bo hoan toan
cac thanh phan tan s6 cao, BLPF chi lam gidm cuong do ctia cac thanh phan tan so,
va tan s6 cang cao thi cuong do cang bi gidm di nhiéu. Vi du nhu v6i D(u,v) = 0 thi
H(u,v) = 1, nghia la thanh phan tan s6 tai tam khong doi, trong khi H(u,v) = 0.5
khi D(u,v) = Dy thi cuong do tai day giam di 50%.

3.1.3 Loc tan s6 thap Gauss

Ham loc Gauss (Gaussian Lowpass Filter, hay GLPF) duge dinh nghia nhu sau
H(u,v) = e D*w0)/208 (3.8)

Dy cho thay sy trai rong ctia dudng cong Gauss, nghia 1a khi Dy cang nhoé thi ham

loc H lam gidm cac tan s6 cao manh hon, va nguge lai. Khi D(u,v) = Dy thi cuong
do tai day sé giam con 0.607 so v6i ban dau (Hinh 3.5).
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Hinh 3.4: Ham loc BLPF

Hinh 3.5: Ham loc GLPF
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3.2 Lam sic anh

Do céc canh hay cac bién trén vat thé duge thé hién qua céc thanh phan tan sé
cao nén ta st dung kiéu loc tan s6 cao dé lam séc anh. Do loc tan s6 cao la trai ngudc
v6i loc tan s6 thap nén ham loc tan sé cao c6 thé duge tinh nhs quan hée

Hpy(u,v) =1 — Hyp(u,v) (3.9)

trong d6 H,(u, v) 1a loc tan s6 thap. Phan nay ta ciing sé néi dén ba loai loc tan sb
cao: ideal, Butterworth, va Gauss.

3.2.1 Loc tan s6 cao Ideal
Ham loc tan s6 cao Ideal (Ideal Highpass Filter, hay IHPF) dugc dinh nghia nhu sau

~ [ 0 néu D(u,v) < Dy
H(u,v) = { 1 néu D(u,v) > Dy (3.10)

3.2.2 Loc tan s6 cao Butterworth

Ham loc tan s6 cao Butterworth (Butterworth Highpass Filter, hay BHPF) dugc dinh

nghia nhu sau
1

H(u,v) (3.11)

" 1+ [Do/D(u, )20

Hinh 3.6: (a) Anh nhoe, (b) Anh sau khi duge loc Butterworth véi Dy = 320, n = 2

3.2.3 Loc tan sé cao Gauss

Ham loc tan s6 cao Gauss (Gaussian Highpass Filter, hay GHPF) dugc dinh nghia

nhu sau
H(u,v) =1 — ¢ Pw0)/2D5 (3.12)
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Chuong 4
Chuong trinh Matlab

4.1 Dung khai trién Fourier
Co s6 1y thuyét ctia phuong phap nay duge néu 6 phan 1.2 va 1.3.

clc;
clear all;
a = imread(’7.jpg’);
f = rgb2gray(a);
[M,N] = size(f);
x = linspace(-pi,pi,M+1);
y = linspace(-pi,pi,N+1);
K = 10;
h = zeros(K,K);
for i = 1:K

for j = 1:K

h(i,j) = 1;
end

f = zeros(M,N);
f = double(f);
time = clock;

%Tinh a00
a00 = 0;
for j = 1:M
for k = 1:N
a00 = a00 + f(j,k);
end
end

a00 = a00/ (MxN)*4;
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for r = 1:M

for s 1:N
S
f_(r,s) = f_(r,s) + 1/4xh(1,1)*a00;
%Cong voi so hang thu hai
for n = 1:K
%Tinh aOn, bOn
alOn = 0;
bOn =
for j

fo

)

n o
Ilé

1
k
aln
bOn

1:N
aln + f(j,k)*(sin(n*y(k+1))-sin(n*xy(k)));
bOn + £(j,k)*(cos(nxy(k))-cos(n*xy(k+1)));

P

end
end
aOn = aOn/(M*n) /pix*2;
bOn = bOn/(M*n) /pi*2;
f_(r,s) = f_(r,s) + 1/2xh(1,n)*(aOn*cos(n*y(s)) + bOn*sin(nxy(s)));

end
%Cong voi so hang thu ba
for m = 1:K

%Tinh am0, cmO

am0 = 0;

cmO

for j

I
N o

H
o

R
=

1:N
am0 + f(j,k)*(sin(m*x(j+1))-sin(m*x(j)));
cm0 + £(j,k)*(cos(m*x(j))-cos(m*x(j+1)));

S B
o O
o

end
end
am0 = amO/ (N*m) /pi*2;
cm0 = cm0/ (N*m) /pix*2;
f_(r,s) = f_(r,s) + 1/2xh(m,1)*(amO*cos(m*x(r)) + cmO*sin(m*x(r)));

end

%Cong voi so hang thu tu

for m = 1:K

for n = 1:K

%Tinh amn, bmn, cmn, dmn
amn = 0;
bmn = 0;
cmn = 0;
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for j 1:M
for k = 1:N
amn = amn + f(j,k)*(sin(m*x(j+1))-sin(m*x(j)))
*(sin(n*y (k+1))-sin(nxy(k)));
bmn = bmn + f(j,k)*(sin(m*x(j+1))-sin(m*x(j)))
*(cos (nxy (k))-cos(n*xy (k+1))) ;
cmn = cmn + f(j,k)*(cos(m*x(j))-cos(m*x(j+1)))
*(sin(nxy (k+1))-sin(nxy(k)));
dmn = dmn + f(j,k)*(cos(m*x(j))-cos(m*x(j+1)))
* (cos (nxy (k))-cos (nxy (k+1)));
end
end
amn = amn/(pi*pi*m#n) ;
bmn = bmn/(pi*pi*m*n) ;
cmn = cmn/(pixpi*m#*n) ;
dmn = dmn/ (pi*pi*m*n);

f_(r,s) = f_(r,s) + h(m,n)*(amn*cos(m*x(r))*cos(n*y(s))
+ bmn*cos (m*x (r))*sin(n*y(s))
+ cmn*sin(m*x(r))*cos(n*xy(s))
+ dmn*sin(m*x (r))*sin(n*xy(s)))

end
end
end
end
timel = etime(clock,time);
fprintf (’Thoi gian thuc hien = %g (s)\n’,timel);
g = uint8(round(f_));
imshow(g) ;

4.2 Dung FFT
Co s6 1y thuyét ctia phuong phap nay duge néu ¢ phan 2.2 va 2.3.
Ham xdc dinh Do (cutoff frequency)

function DO = cutoffFrequencyCircleShape (F,anpha)
[M,N] = size(F);

m = floor(M/2);

n = floor(N/2);

minHalfSize = min(m,n);

% Tinh nang luong tong cong Ptotal

Ptotal = 0;
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for u = 1:M
for v = 1:N
Ptotal = Ptotal + abs(F(u,v))"2;
end
end
% Tinh nang luong xap xi
P = Ptotal*anpha/100;
DO = 1;
s = abs(F(m,n))"2;
while ((s < P)&&(DO < minHalfSize))
DO = DO + 1;
uLower = 1 - DO + m;
uUpper = DO - 1 + m;
for u = uLower:uUpper
beta = ceil(sqrt((D0-1)"2-(u-m)"2));
gamma = ceil(sqrt(D0~2-(u-m)~2)) - 1;
vLowerl = beta + n;
vUpperl = gamma + n;
for v = vLowerl : vUpperl
s = s + abs(F(u,v))"2;
end
vLower2 = n - beta;
vUpper2 = n - gamma;
for v = vLower2 : vUpper?2
s = s + abs(F(u,v))"2;
end

end
end

4.2.1 Lam tron anh

Ham loc dung phuong phap Ideal Lowpass néu ¢ muc 3.1.1

function H = ideallowpassFilter(M,N,DO)
H = zeros(M,N);

m = M/2;
n = N/2;
for u = 1:M
for v = 1:N
if (sqrt ((u-m)~2+(v-n)~2)<D0O)
H(u,v) = 1;
else
H(u,v) = 0;
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end
end
end

Ham loc dung phuong phap Butterworth Lowpass néu ¢ muc 5.1.2

function H = btwllLowpassFilter(F,M,N,DO,h)
H = zeros(M,N);

m = M/2;
n = N/2;
for u = 1:M
for v = 1:N

D(u,v) = sqrt(u~2 + v~2);
H(u,v) = 1./(1 + (D(u,v)./D0)."~(2%h));
end
end

Ham loc dung phuong phap Gauss Lowpass néu ¢ muc 5.1.3

function H = GausslLowpassFilter(F,M,N,DO,h)

H = zeros(M,N);
m = M/2;
n = N/2;
for u = 1:M
for v = 1:N
D(u,v) = sqrt(u~2 + v~2);
H(u,v) = exp(-(D(u,v).~2)./(2x(D(u,v)"~2)));
end
end

4.2.2 Lam sic anh

Ham loc dung phuong phdp Ideal Highpass néu ¢ muc 3.2.1

function H = idealHighpassFilter(M,N,DO)

H = zeros(M,N);
m = M/2;
n = N/2;
for u = 1:M
for v = 1:N
if (sqrt ((u-m)~2+(v-n) ~2)>DO0)
H(u,v) = 1;
else
H(u,v) = 0;
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end
end
end

Ham loc dung phuong phap Butterworth Highpass néu ¢ muc 3.2.2

function H = btwlLowpassFilter(F,M,N,DO,h)

H = zeros(M,N);
m = M/2;
n = N/2;
h
for u = 1:M
for v = 1:N
D(u,v) = sqrt(u~2 + v~2);
H(u,v) =1./(C 1 + (DO./D(u,v)).~(2%h));
end
end

Ham loc dung phuong phap Gauss Highpass néu ¢ muc 5.2.5

function H = GausslHighpassFilter(F,M,N,DO,h)

H = zeros(M,N);
m = M/2;
n = N/2;
for u = 1:M
for v = 1:N
D(u,v) = sqrt(u~2 + v~2);
H(u,v) = 1- exp(-(D(u,v)."2)./(2*x(D(u,v)."2)));
end
end
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