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LOI NOI PAU

§TRINH GIANG DAY TOAN CAO CAP
TREN MOON.VN NAM HOC 2016 - 2017

Chlic ming céac ban da budc vao mot ngudng cird moi cia eude doi. Viec dd
Pai hoc mé ra cho cac em mot trang mai voi day co hdi nhung khong kém thach
thirc. Thach thie khong chi ¢ viéc hoc xa nha hoidc & méi trudng ma co hoi tiép
xtc dé hoi dap vai Giang vién rat han ché trén nhiing giang duong Ion hang trim
Sinh vién ma & khéi luong kién thirc d6 xo.

Tai bac hoc Pai hoc, mot mén-hec duoc chia ra lam cac phan mén (hay con
goi la hoc phan). Cac hoc phan c6 tinh doc 1ap twong doi vé ndi dung kién thirc nén
duoc t6 chuc hoc va danh gia két qua hoc tap doc lap hoan.

Bai tap hoan toan dugc tap trung don vao cudi §hoic chuyén dé cht khéng
theo bai (cac budi hoc). Cac bai tap ciing duoc giai theo tinh chu dong hoc tap cua
Sinh vién. Rat nhidu ban Sinh viénngd.ngang véi viéc hoc & bac Pai hoc nén két
qua hoc tap cac mén hoc Pai cuong thuong thip hon nhitng mén hoc chuyén
nganh ¢ nam tha 3, thir 4 (hoac tha 5).

Tuy nhién, §trinh giang day Toan Cao Cap tai Moon.vn van thiét ké bai tap
tai cudircac bai hoc Iy thuyét (qua Video theo truyén thng & Moon.vn) va cudi cac
§(Phan‘luyén tap chuyén dé). Ciing nham dé 1am quen véi cach hoc & Pai hoc, mot
s6 video bai tap dugc dua ra véi muc dich huéng dan cac em cach 1am bai tap va
trinh bay & bacPai hoc.

Thay thiét ké §trinh véi lich phat séng sém dé cac em c6 co hoi tiép can sém
véi kién va ki nang lam bai tap tot. Hy vong véi su chuan bi som va tét, cac em sé
thanh dat bai theo kinh nghiém: 95% thanh céng do viéc chuan bi.
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Dé céc ban Sinh vién tién theo dai §trinh hoc, Thay thiét ké §trinh dao tao
duoc danh ma s chi tiét theo cac phan doan don vi kién thic tuan tu dé cac em dé
dang theo ddi. Cac em c6 thé vao duong link sau dé biét rd vé toan bo Strinh:
http://moon.vn/KhoaHoc/MonHoc/7

Tai bac Pho théng, cac em hoc mot §trinh Toan duy nhat con dbi véi Toan Cao
Cap thi su khac biét rat 16n dugc thé hién & timg Truong, tham chitung khoi
nganh hoc trong Truong.

e Dbi vai cac khbi nganh Ky thuat, Khoa hoc (Su pham, KHTN), Cong nghé,
§trinh Toan Cao Cap duoc hoc 1a Toan A gdm c6 4 hoc phén riéng biét véi
duong link chinh cho Toan A (http://moon.vn/Pro/7/212):

o Toan Al: Pai s6 tuyén tinh
o Toan A2: Giai tich 1
o Toan A3: Giai tich 2
o Toan A4: Giai tich 3

e Dbi véi cac khoi nganh Nong — LAm =Y — Duoc, §trinh Toan Cao Cép dugc
hoc 14 Toan B gdm c6 2 hoe.phan riéng biét véi dudng link chinh cho Toan
B (http://moon.vn/Prof7/213):

o Toan B1: Pai sb tuyén tinh
o Toan B2:.Giai tich

e Dbi véi cac khodi nganh Kinh.té; Thuong mai, Tai chinh, Ngan hang, Luat
hozc Quan trj kinh doan ... §trinh Toan Cao Cip duogc hoc 1a Toan C gdm c6
2 hoc phan riéng biét v6i duong link chinh cho Toan C
(http://moon.vn/Pro/7/214):

o Toan Cl: Pai so tuyén tinh
o Toan C2: Giai tich

Tai Moon.vn, kién thirc ly thuyét da dugc bd tri véi cac noi dung chi tiét cho
tirng khéi nganh thong qua hé théng video bai giang cliing gido trinh day di ciing
nhu cac tom tat Iy thuyét van dung dé nhanh chéng cé thé giai bai tap cho ca Toan
A, Toan B va Toan C. Bi kém 1y thuyét co ban 1a mot kho dir liéu khong bai tap
duoc tong hop tir cac Pé thi gitra va cudi Hoc ky cac nim gan day cua cac khoi
nganh:

e Toan Al, A2, A3 va A4: hon 3500 bai tap
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e Toan B1 va B2: gan 2000 bai tap
e Toan C1 va C2: gan 2000 bai tap

Céc bai tap trong yéu dugc quay Video di kém 10i giai gilp cac em on tap dé
dang, tiép can phuwong phap giai nhanh chéng va chinh xac.

Thay va doi ngii cac Supper Mods (ciing déu 1a cac Giang vién day Pai hoc) rat
vui dugce trao d6i trén dién dan Toan cao cap tai Moon.VN trén Facebook véi
duong link sau: https://www.facebook.com/groups/TCC.moon/

Cac em ciing c6 thé thac tryc tiép vai thay tai trang Facebook ca nhan véi
duong link sau: https://www.facebook.com/Thay.Trung.Toan

Chuc cac em nhanh chong thu lugm dugc nhitng kién thuc, hoan thién ki nang
va van dung sang tao !
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PHAN |. PHUONG TRINH VI PHAN
Phuong trinh vi phan 14 phuong trinh ¢6 dang F(X, y, Y, y", ... , ™) = 0,
trong d6 x 1a bién doc 1ap, y = y(x) la ham phai tim, y', ..., y™ 1a c4c dao ham cua
no.
Céap cao nhat cua dao ham co trong phuong trinh, goi 1a cip cua phuong
trinh. Gido trinh nay chi xét cac phuong trinh cap 1 va 2.
Nghiém ctia phwong trinh vi phan 1a moi ham sé théa man phuong trinh di cho.
Nghiém cua phuong trinh c6 thé tim duge dudi dang tuong minh y = y(x),
hodc dang tham sé x = x(t); y = y(t); hoic dang an ®(x,y) = 0.

§1. PHUONG TRINH VI PHAN CAP |.

1. Pai cwong vé phwong trinh vi phin cép 1
Pinh nghia. Phuong trinh vi phan cap 1 13 phuong trinh dang F(X,y,y") = 0. Néu
tir phuong trinh da cho giai dwoc theo y' thi.phuwong trinh c6 dang y' = f(x,y).

Bai toan Cauchy. La bai toan tim nghiém cua phuong trinh y' = f(x,y) thoa
man diéu kién y(Xo) = Yo, trong.do (xo, Yo) la cac gia tri cho truéc. Bai toan Cauchy
duoc viét

biéu kién (2) goi ladiéu kién ban dau, hay diéu kién Cauchy.

Pinh Iy ton tai va duy nhat nghiém. Xét bai toan Cauchy (1), (2). Gia sir
f(x,y) lién tuc trén D = R?, va (X0,Yo) € D. Khi @6, trong mét an can nao do cua
Xo, bai toan Cauchy (1), (2) ludn c6 nghiém. Néu c6 thém diéu kién f;,(x,y) lién

tuc trén D, thi nghiém I duy nhét.
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Nghiém téng quét. Ta goi ghiém téng quét cua phuong trinh y' = f(x,y) 1a ham
s6 y=o(x,C), trong d6 C 1a hing sb tly y, thoa man cac diéu kién sau:

a) Ham sé y = ¢(x,C) théa mén phuong trinh da cho voi moi gia tri cua C.
b) V(Xo,Yo)eD, véi D la mién ma diéu kién ton tai va duy nhat nghiém

duoc thoa man, luén tim dugc gia tri caa hang s6 C=C,,-sa0 cho nghiém

y=¢(X,Cp) thoa man diéu kién ban dau (2).

Nghiém riéng, tich phan riéng. Néu trong cong thirc aghiém tong quat hoac tich
phan tong quét, ta cho C gia tri cu thé Cy, thi nghiém nhan duoc.goi 1a nghiém
riéng hoac tich phan riéng.

Nghiém ky di. C6 thé ton tai cac nghiémkhdng nam trong ho nghiém tong quét.
Nhitng nghiém nhu vay goi la nghi¢ém ky di.
2. Phwong trinh phan ly.
La phuong trinh dang f(x)dx + g(y)dy = 0.
Cach giai: Tich phan hai V& phuong trinh, dwoc j f(x)dx +g(y)dy =C.

Goi F(x) va G(y) 1a cac nguyén ham twong Gng, thi tich phan tong quét caa
phuong

trinh 13 F(x)+ G(y) =C.

Vi duz Giai phuong trinh (eX +1)ydx +(y+1)dy=0.

Giai: Néuy# 0, chia hai vé cho y, duoc (ex +1)dx+(1+ 1jdyzo Tich phan
y

hai vé,dugc e* +x+y+Injy|=C. Ngoai ra, y(x) = 0 ciing 1a nghiém. Nghiém nay

khong nam trong ho nghiém tong quéat, nén la nghiém ky dj .

Link http://moon.vn/KhoaHoc/NoiDungKhoaHoc/599/7 9

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

TLTK: LT - TOAN CAO CAP A4 - GIAI TICH 3 (NAM HQC 2016 -2017)
GIANG VIEN: TS. NGUYEN PUC TRUNG

3. Phwong trinh thuin nhat.
La phuong trinh c6 dangy' =f (X) .
X

Cach giai: Dit y = tx. Pao ham theo x, dugc y' = xt' + t. Thé vao phuong trinh
da cho,dugc xt'= f(t)—t. Néu f(t)—tZ£0, chia hai vé cho x(f(t)= t) dugc

dt dx I dt dx
f(t)-t x

%)
= =|— = In|x|=0®(t)+InC_= x=Ce \*/.
f(t)-t 7 x
H_J
(1)
Néu f(t)=t, thi y' = y/x. Nghiém tong quat lay = Cx.
Néu ton tai t, sao cho f(to) = t, thi the truc tiép, thdy v = tox 1a nghiém riéng.

Vi du: Giai phuong trinh y'= Xy
X-y

Giai: Chia tir va miu cho'x, d& thay ddy 1a phuong trinh thuan nhat. Dat y = tx,
duoc
+t I+t .1+t dx  1-t

xt'+t:1—:>xt':——t= :>—:—2dt.
1-t 1-t 1-t X 1+t

Tich phan. hai wve, duoc In|x|=arctant —%In(1+ t) + InC. Vay
y
arctan| =
JXZ+y° =Ce (X)
4. Phwong trinh khuyét bién.
a) Phuong trinh khuyét y. Dang phuong trinh 1a F(x,y") = 0.

+ Néu giai dugc y' = f(x) thi nghiém tong quat 1ay = _[f (x)dx + C.
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+ Néu giai duwoc x = gy) thi dit y = t duoc
dy =tdx =tg'(t)dt =y = [tg" (t )at

Ngodi ra x = g(t). Vay nghiém tong quat dang tham sé 1a x = g(t);

= [tg'(t)dt

Vi du: Giai phuong trinh x = y? +y' + 1.

Giai: Daty' =t, dugc x = t? + t + 1. Tir d6 dy = tdx = t(2t+ 1)dt,

213t 2% t _
y:?+2+C NghlemCuaphu’ongtrlnhlay_?+2+C X=t2+t+1.

+ Néu giai dugc x, y' dang tham sb x = f(t) ; y' = g(t).thi dy = f(t)dx = g(t)f
(H)dt.
x=f(t)
Do déy= .fg(t '(t)dt+C. Vay nghiém tong quat la { _[9 e+
Vidu: X* +y?=1.
Giai: dat X = cost;-y"= sint. Tir d6 dy = sintdx = —sin? tdt =(1 + cos2t)dt/2.

Vay y= t+SA:n2t C.Dbap sb {x=cost; t+SA:n2t

+ C}L
b) Phuong trinh khuyét x-"Dang phuong trinh 1a F(y,y') = 0.

+ Néu giai duoc y' = f(y) thld—y—dx = X= I—+C

f(y) Injy|

+ Néu giai dugc y = g(y") thi dat y' = t. Do dy = tdx nén g'(t)dt = tdx. Vay

dx = %t)dt = X = I@ +C. Vay nghiém tong quét 1a
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x:j—g (t)dt +C
t
y=9(t)
Vi du: Giai phuong trinh y=(y")*e™".
Giai: bat y' =t, nhan dugc

y=t%e . Cody= y'dx<:><2t —tz)e‘tdt =tdx = dx=(2=t)e 'dt = x=(t-1)e”"
. Vay nghiém tong quat 1a x = (t-1)e '+ C; y=t% ",

+ Néu giai dugc y, y' dang tham s y = f(t) ; y»= g(t) thi do dy = y'dx,

f'(t)dt . : e 1
nén f'(t)dt = g(t)dx. Do d6 X :j ( (2 dt+ C Vay nghiémtong quat la

g(t)
y =f(t)

™ f'(t)dt+
RTINS

Viduy? + y? =1
Giai: Tt phuong trinh da cho, dugc y=cost ; y'=sint. Do dy = y'dx

nén costdt =costdx; dt = dx, x =t + C. Pap s6 y=sint =sin(x —C).

5. Phuong trinh tuyén tinh.
La phuwong trinh c6 dang y' + p(X)y = f(x).
Néu f(x) =0 thi phuong trinh trén duoc goi 1a phuong trinh thuan nhat
a) Giai phuong trinh thuan nhat y' + p(x)y = 0.

Néu y= 0, chia hai vé cho y, phuong trinh tro thanh phan ly bién
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dy _
y
nghiém

p(x)dx, Injy| = [p(x)dx; y=Ce P Truong hep y = 0 cing Ia

va la nghiém riéng khi C =0

b) Giai phuong trinh khéng thuan nhaty' + p(x)y = f(x).

Ching ta tim nghiém dudi dang y = C(x)e_I Px)dx trong d6 C(x) 1a-ham s6 can
tim.

Tinh dao ham tir biéu thirc cua y roi thé vao phuong trinh da choy duoc

[ x)e 7% ppope 0T 4 pgchige ™™ ~1(x)

C, (%) =T (x)el%; € (x) = [ (x)el"0)™dx

Vay nghiém téng quét la|y= (If (X)ejp(x)dxdx N K)e—jp(x)dx |

Phuong phap tim nghiém nhu trén goi la phuong phap bién thién hang s6. Néu
da biét
mot nghiém riéng thi ta dé dang tim dugc nghiém tong quat nho dinh ly sau:

Pinh Iy. Goi Y(x) 1a nghiém tong quat cia phuong trinh thuan nhat y' + p(x)y =

va goi y*(x) la nghiém riéng ciia phuong trinh khong thuan y' + p(x)y = f(x),

thi nghiém tong quét ciia phuong trinh khong thuan nhat 1ay = Y(x) + y*(x).

Vi du 1: Tim nghiém riéng cua phuong trinh y'—x =x2,y(1) = 1.
X
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Giai: Theo cong thire nghiém téng quat, duoc
ax _dx 3
y:eJ X [K+Ix2e / X ]: Kx+x?.

Khi x = 1, thay vao nghiém téng quat, dugc K = 1/2. Vay nghiém riéng can tim la

y=x(1+x%)/2.
Vi du 2: Giai phuong trinh e + (xey —1)y' =0.
Giai: Coi x 12 ham cta y, phuong trinh di cho viét thanh e’x' + (xe” - 1) = 0, hay

X +x = ¥, Vay nghiém téng quét 12 x =e ) dy(K + e Vel dydy) =eY(K+y)

6. Phuwong trinh Bernoulli.
La phuong trinh c6 dang y' +p(X)y =y“q(x) (Véi o #1).
Céch giai: Chia hai vé cho y*, duoc y *y+p(x)yr* =q(x). Pat z=y*¢,
dugc 7' = (1- o)y "%y Phuong trinh tr¢ thanh z'+ (1-a)z = (1—o)q(X).
Pay la phuong trinh tuyén tinh da biét cach giai.

Vidu: v+ L= x4,
X

3
Gii: Chiarhai vé cho y* duoc yy'+Y— =x2. Ptz =y, duoc ' = -3y ..
X

Phuong trinh tr¢ thanh y‘4y'+% =3x2. Nghiém téng quat 12
X

3dx

oA _J'?’dix 1
z=¢ X K+I3x2e x |=x*(K+3In[x|), Thay z=y > thi y =

x.§/K+In|x|

Link http://moon.vn/KhoaHoc/NoiDungKhoaHoc/599/7 14

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

TLTK: LT - TOAN CAO CAP A4 - GIAI TICH 3 (NAM HQC 2016 -2017)
GIANG VIEN: TS. NGUYEN PUC TRUNG

7. Phwong trinh vi phan toan phan.
La phuong trinh dang P(X,y)dx + Q(x,y)dy =0,
trong do P, Q lién tuc cung cac dao ham riéng cua chdng trén mién D nao do.
Ngoai ra P, =Q,, V(x,y)eD.
Cach giai: Voi diéu kién da cho, vé trdi ciia phuong trinh 13 vi phéan toan phan
cua ham u(x,y) xac dinh bai mot trong hai cong thirc sau

X

y
u(x,y)= J' P(Xo,y)dx + JQ(x,y)dy hoac
X Yo

u(x,y)= )I( P(x,y)dx + TQ(x,yo)dy

o

Trong d6 (o, Yo) 12 diém bat ky trong mién D. Khi dd c6 ham u(x,y) nhu trén
thi nghiém tong quat 1a u(x,y) = C.

Vi du: Giai phuong trinh (4xy® + y)dx + (4x°y + x)dy = 0.

Giai: D& kiém tra diéu kién dé vé phai 1a vi phan toan phan. vay tich phan téng

quat cua phuong trinh la

}0dx+}(4x2y+x)dyzc = 2x2y2+xy:C.
0 0

Nhan xét: trong trueong hop P;, # Q'y, V(x,y)eD maton tai ham p=p(x,y)deé
phuong trinh p(x,y)[P(x,y)dx+Q(x,y)dy] =01a phuong trinh vi phin toan
phan.Khi d6 ham

n=pn(x,y) dugc goi la thira s6 tich phan.N6i chung khong c6 phuong phap
chung dé tim p = p(x, y) khi n6 phu thudc vao ca hai bién x,y.

Pac biét khi = p(x) thi ta ¢

Link http://moon.vn/KhoaHoc/NoiDungKhoaHoc/599/7 15

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

TLTK: LT - TOAN CAO CAP A4 - GIAI TICH 3 (NAM HQC 2016 -2017)
GIANG VIEN: TS. NGUYEN PUC TRUNG

' ' oP d aQ d P _ Qr
[wP], =[nQ], = =Qt+ps= b=t X
Y oy dx OX i Q
. d PP _Q
Tuong t Khi j1=pi(y)thi ta ciing tinh dugc - = —VTQX qua d6 ta tim duoc
1)

thira s6 tich phan twong Gng,tir d6 ¢6 dugc phuong trinh vi phan tean phan va tim
duoc nghiém tuong ung.
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§2. PHUONG TRINH VI PHAN CAP HAI

1. Pai cuong vé phwong trinh vi phin cép 2.
Pinh nghia. Phuong trinh vi phan cép 2 1a phuong trinh dang F(x,y,y",y") = 0.
Néu giai dugc phuong trinh trén theo y' thi né c6 dang y" = f(x,y,y").

Bai todn Cauchy. La bai todn tim nghiém cua phuong trinh y' ={(x,y,y") thoa
man diéu kién y(Xo) = Yo, Y'(Xo) = Yo' , trong d6 Xo, Yo Yo' | C4e gia tri cho'trudc.

Bai toan Cauchy duoc viét
y'=f(xy.y") (3)
Y =Yoi Yy =Yo  (4)

Diéu kién (4) goi 1a diéu kién ban dau, hay diéu kién Cauchy
Pinh Iy ton tai va duy nhat nghiém. Xét bai toan Cauchy (3, 4). Gia sir cac

ham sb

f(x,y,y"), o (x.y.y ) 6f(x,y,y)"én tuc trén mién V < R3.
o

oy

Khi d6, véi v(xoyo,y;)) eV thi trong mot 1an can nao d6 clia diém Xo, ton tai

nghiém
duy nhat y = y(x) ctiia phuong trinh (3) théa man diéu kién ban dau (4).

Nghiém téng quat. Ta goi nghiém tong quat ctua phuong trinh y' = f(x,y,y") 1a
ham s6

y =o(x,C;,C,), trong d6 C1,C; 1a hang sé tly y, théa méan cac diéu kién sau:
a) Ham s6 y = (x,C;,C,) théa man phuong trinh da cho véi moi Cy, C,.
b) v(xo,yo,ylo) e D, véi D la mién ma diéu kién ton tai va duy nhat nghiém

duoc
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thoa man, luén tim dugc gi4 tri cua cac hang sé Ci, C, sao cho nghiém
y =(x,C,;,C,) thoa min diéu kién ban dau (4).

Nghiém riéng, tich phan riéng. Néu trong cong thic nghiém téng quét ta cho
C,, C, cac

gia tri cu thé thi nghiém nhan dugc goi 1a nghiém riéng.

Nghiém ky di. C6 thé ton tai cac nghiém khéng nam trong ho nghiém tong
quat.

Nhirng nghiém nhu vay goi la nghiém ky di.

2. Phuwong trinh Khuyét.

a) Phuong trinh khuyét y, y'. Dang phueng trinh F(x,y") = 0.
Pit y' = t, dugc F(x,t") = 0. Pay la phuong trinh cap 1 khuyét bién t da biét cach
giai.
Néu nghiém cia phuong trinh nay la t'= f(x,C) thi nghiém phuong trinh ban
dau 1a
y =T(x,C) + D, trong:do T(x) la nguyén ham cua f(x).
Vi du: Giai phuong trinh y"=x* + xe* + 1.
Giai:
2 x3 x* X2
y':f(x +xe* +1)dx == xe¥ - +x+C=>y="—+"—+xe*+Cx +D
3 12 2
b) Phuong trinh khuyét y. Dang phuong trinh 13 F(x,y',y") = 0.

Pit y' =t, duoc F(x,t,t') = 0. D6 1a phuong trinh cap 1 dbi vai t.

Vi du: Giai phuong trinh y"(l+ x2) =2xy'5 Y|, =1, Y], _, =3
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2X
1+x?

= In|t|:jfi(:)2( :In(1+x2)+InC

Pit t =y, dugc t'(1 + x?) = 2xt tT:
2 : 2 C.s
<:>t:C(1+x )<:>y :C(1+x )<:>y:§x +Cx+D
Thay diéu ki¢n dauduoc y|  =D=1;y'|  =C=3. Nény=x+3x+1.

¢) Phuong trinh khuyét x. Dang phuong trinh 1a F(y,y',y")= 0.

baty' =t, dugc y"= t'y.ylx = tt'y. Thé vao phuong trinh, duoc F(y, 1, tt'y) =0.
Pay la phuong trinh cap 1 d6i vai t(y).

Vi du: Giai phuong trinh 2yy" = y” +1.

baty'=t, duoc y"=t.t] . Thé vao phuong trinh da cho, duoc 2ytt], = t2 +1;

2tdt _d_y
t? +1 Yy

& In(t2+1):ln|y|+InC<:> y=C(t2+1).

Mt khéc, do y' = t, nén dy = tdx. Thé y tix két qua trén vao day,
duoc C2tdt =tdx < x=2Ct+D.

Pap s6 y = C(t%+ 1) ; x =2Ct + D (dé dang viét dang tuong minh).

3. Phwong trinh tuyén tinh thuan nhat.
Do 1a phuong trinh dang y" + p(X)y' + q(x)y = 0. (5)
a) Cautric nghiém téng quét.
Pinh 1. Néu yi(x) va y,(x) 1a hai nghiém ctia phuong trinh thuan nhat (5),
thi y(x)=Cy;(x)+ Dy, (x)ciing la nghiém ciia phwong trinh nay.

Néu c6 thém diéu kién hai nghiém riéng y1(X) va y»(x) doc 1ap tuyén tinh thi
nghiém

y = C y1(X) + D y,(x) 1a nghiém tong quét cua (5).
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(Hai ham sé yi(X), ya(x) duoc goi 1a doc lap tuyén tinh néu phan thic
Y1(X)/y2(X)

khong dong nhat bang hang s6)

Chitng minh: D& kiém tra rang néu y,(X) va y»(x) la cac nghiém cua (5) thi y(X)
cling 12 nghiém cua (5). Ta s& chitng minh y(x) 1a nghiém tong quat. Xét diéu kién

N . L YOZCY1(X0)+DY2(X0)
dau bat ky y‘xzxo =Yo: y"X:X0 =Y, Khi d6 { , , ,
Yo = Cy1(Xo) + DYz (o)

Pay 1a hé phuong trinh dai s6 tuyén tinh véi dinh thae caa hé.khac 0(do giai
thiét vé tinh doc 1ap tuyén tinh caa y; va y,). Vay, hé ludn ¢6 nghiém, tic 1a ludn
tim dugc céc hang sé C, D dé nghiém y thoa méan diéu kién ban diu. PFCM.

Pinh Iy trén cho thay, dé tim nghiém tong quat cia phuong trinh thuan nhat, chi
viéc tim hai nghiém riéng doc 1ap tuyén tinh 1a duoc. Nguoi ta chua c6 cach chung
dé tim hai nghiém nay. Tuy nhién, néu da biét mét nghiém riéng thi cd thé tim
duoc nghiém riéng tha hai bang phuong phap duéi day.

b) Phuong phap tim nghiém riéng thi hai.

B6 dé . Néu yi(x), Y2(X)1a hai. nghiém riéng cua phuong trinh (5) thi dinh thic
yi(x) ¥2(X)

, , thoa man hé thuc W = ce PO
y1(X). ya2(x)

Wronsky W=

Chang minh. Viyi(x), y2(x) 1a hai nghiém cua phuong trinh (5), nén

{yi +p(x)y; +a(x)y; =0
Y2+ Pp(X)y5 +q(X)y, =0

Nhan hé thie dau vai -y,, sau vai yy, roi cong lai, dugc
[vi¥5 = yayi]+P(X)[v1Y2 — Yo¥1]=0Ma

W=[yiys — ya¥i], W =[yiy5 + yay5 —yoyi - Va¥i]=[vays - ya¥i].
Thé vao két qua trén, dugc

Link http://moon.vn/KhoaHoc/NoiDungKhoaHoc/599/7 20

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

TLTK: LT - TOAN CAO CAP A4 - GIAI TICH 3 (NAM HQC 2016 -2017)
GIANG VIEN: TS. NGUYEN PUC TRUNG

W'+ pO)W = 0 = deW =—[P(x)dx = W(x) = Ce 1P preM.

Pinh 1y. Néu y,(x)#0 1a mot nghiém riéng cia phuong trinh (5) thi nghiém
riéng thir hai y,(x), doc lap vai yi(x) tim dugc theo cong thic

Chting minh. Theo b6 dé, co

y1y2 yzyi Clr0)

W =Ce PO oy ;= CeTTPOI™ X o

Y1 Y1

(C=1,D=0)
i(ﬁj C eTridx o Yo _ 1 © opbdeg, 1 p Yy, = yl_fize'jp(x)dxdx
dx\y1) i Yi Vi %

Vi du: Giai phuong trinh(l— xz)y"+ 2xy'— 2y =0, biét mot nghiém riéng y = x.
Giai: Chia hai vé cho 1- x4, thi
2XdX
jp I ; In(xz—l).

Vay nghiém thir hai la

In(x*-1)
Yo (X)= yl(X)J‘L/ftX) efp(x)dxdx} = xj{ize_fp(x)dxdx} - x.[ © = dx = x(x + %j

Tir d6 nghiém tong quat y = Cx + D(X* + 1).

4. Phwong trinh tuyén tinh khong thuin nhat.

La phuong trinh c6 dang  y"+p(x)y+q(x)y="F(x). (6)
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Pinh ly. Nghiém tong quat cua phuong trinh tuyén tinh khdng thuan (6) bing
téng cua nghiém tong quéat cua phwong trinh thuan nhat twong ung (5) voi mot
nghiém riéng nao d6 ctia phwong trinh khong thuan (6).

NGi cach khéc, nghiém tong quét cuia (6) 12y = Y(X) + y*(x), trong d6 Y(x) la
nghiém téng quéat caa (5), y*(x) 1a nghiém riéng cua (6).

a) Phuong phap bién thién hing sb. Gia s da biét nghiém tong quat cua
phuong trinh thuan nhit (5) 12 Y(X) = Cyi(x) + Dy,(x). Chi-cdn phai tim nghiém
riéng cua (6) 1a xong. Ta Coi C, D Ia cac ham phu thudeX, va phai tim cac ham sé
nay dé biéu thirc y(x) = C(x)y1(x) + D(X)y2(X) 1a nghiém cua phwong trinh (6).

Coy'=Cy; +C'y, + Dy, + D'y, . Chon C, D sao choC'y; + D'y, =0. Khi do6
y'=Cyr'+Dy;" (7)

Lay dao ham, dugcy”=C'y; +Cy]+D'y,+Dys. Thé y' va y" vao phuong
trinh (6), duogc

[C'y;+Cy; +D'Y, + Dy3]+p[Cyy+ Dy5]+q[Cy, + Dy,]=f(x) ;

Clyi+py1+ay1]+ D[y +pys +ay,]+C'y1 +D'y5 = (x) .
Vi y1, ¥, 1a nghiém cua phuong trinh'thuan nhat, nén
C'y; #D'Y5 =F(x) (8)

Tong hop didukién (7)(8) nhan duoc két qua:

Pinh ly: Biéu thiicy = Cy, + Dy, la nghiém riéng cia phuong trinh khong
thuan nhat (6) , néu thoa man hé {C'yl +Dyz =0

C'y;+D'y,' =f(x)

Hé trén 12 hé dai sb tuyén tinh véi an C', D'. Tir d6 tim duoc C, D.
Vi du: Giai phuong trinh (1—x2)y” +2xy -2y =1-x? , biét mot nghiém riéng

ctia phuong trinh thuan nhét tuong ung 1ay = x. (xem vi du & muyc trén)
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y=1

Giai: Phuong trinh viét thanh y'+ 2X2 y'— 2 5
1-x 1-X

Theo bai giai dd c6 & trén, nghiém tong quét caa phuong tinh thuan nhit tuwong
ung la
Y=Cx+D(*+1),0ddyy; =Xy, =x*+ 1.

Dé tim nghiém riéng, ta giai hé

2 x-1
C'=-1- C=x—Inf—
C'x+D'(x?*+1)=0 2 _
{ ( ) PN X° -1 - X+1
C' +D2x =1 D'= 2X D:lln‘xz—l‘
X -1 2
x=1| x%+1

Vay nghiém riéng 1a y*=—x?—xIn

+ In‘x2 —1‘. Nghiém téng quét
X+1 2

la

x=1 +X2 +1In‘xz _1‘
2

X+1

y =Cx +D(x2 +1)+—x2 —xIn

5. Phuwong trinh tuyén tinh c¢6 hé so khong doi.
D6 1a phuong trinh c6 dang y" + py' + qy = f(x), trong d6 p, q 1a cac hang so.
1) Giai phwong trinh thuan-nhat
y'+py+ay=0__(9)

Ta s&tim c&c nghiém riéng doc 1ap tuyén tinh ctia phuong trinh thuan nhat dudi
dang

y = e, trong d6 k la hdng sé can tim. Coy' = ke ; y" = ke Thé y" y', y
vao phuong trinh da cho, dugc

k%€ + kpe*+qe* =0 hay kZ+pk+q =0 (10)
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phuong trinh (10) duoc goi 1a phuong trinh dac trung. Xét cac trueong hop:

a) Néu (10) c6 hai nghiém don k;, ko. Khi d6 phwong trinh thuan nhat (9) c6 hai
nghiém riéng y, =’ ; y, =eKX, Hai nghiém nay doc lap tuyén tinh. Vay
nghiém tong quat 12 y = Ce** + DekeX.

b) Néu (10) c6 nghiém kép ko. Khi d6 phuong trinh thuan‘nhat (9) c6 mot
nghiém riéng y, =e*~*. Nghiém tong quat 1a y = (C + Dx )e"*.

¢) Néu (10) c6 nghiém phuc k = a+bi. Khi d6 phuong trinh.thuan nhat (9) c6
hai nghiém riéng

y, =e(ahix _ gax (cosbe+isinbe); y, = g8 PIX  gax (cosbe—isinbe).

Tu d6, 7, = 3/1;23’2 =e™cosbe ; Z, = % =e™sinbe ciing 13 hai nghiém
riéng. Chung doc 1ap tuyén tinh, vay nghiém téng quét 1a
y =(Ccosbe + Dsinbg)e™.
Vi du: Tim nghiém tong quat cua cac phuong trinh sau
@ y' -3y +2y=0
(b) y'+4y'+ 4y=0
(c) y'+ 2y"+5y=0

Gidi: (a) Phuong trinh dic trung k- 3k + 2 = 0, k = 1, k = 2. Nghiém tong quét
la

y =Ce*+De?.

(b) Phuong trinh dic trung k* + 4k + 4 = 0, k = -2 1a nghiém kép. Nghiém téng
quat ciia phuong trinh vi phan lay = (C+Dx)e™*.
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(¢) Phuong trinh dic trung kK + 2k +5=0, (k +1)>+ 4 =0, k = -1 + 2i. Nghiém
téng quat ciia phuong trinh vi phan lay = (C cos2¢+ Dsin2¢p)e™
2) Phuong trinh ¢6 vé phai dic biét.

Xét phuong trinh y" + py' + qy = f(x). Trong trudng hop tong quat, ta da biét
cach giai phuong trinh thuan nhat, nén c6 thé dung phwong phap bién thién hang sé
dé tim mot nghiém riéng, tir d6 tim duoc nghiém tdng quat cua phuong trinh khong
thuan nhat da cho.

Truong hop vé phai f(x) c6 dang dic biét, chung ta tim duoc nghiém riéng mot
cach nhanh chdong nhu trinh bay dudi day.

a) Truong hop f(x) =P(x)e™, (P(x) la da thirc bac n cho trurée).

Ta sé xac dinh dang cua nghiém riéng y*(x), tuy theo cac truong hop a coé la
nghiém cta phuong trinh déc trung hay khong

+ Néu a khong la nghiém caaphuong trinh dic trung, y* =e™*Q(x).

+ Néu a 1a nghiém don cta phuong trinh dic trung, y* =xe**Q(x).

+ Néu o 1a nghiém kép cua phuong trinh dic trung, y* = x%e**Q(X).

Vi du: Tim nghiém tong quat cua cac phuong trinh sau

(@) y"-3y'+2y =2x
(b) y'—3y'+2y = xe*

(c) y"=2y+y=2(x+1)e*

Giai: (a) Phuong trinh dic trung k*- 3k + 2 = 0, k = 1, k = 2. Nghiém téng quét
ctia phwong trinh thuan nhit twong ung 1a Y = Ce*+ De?.

Vé phai f(x) = 2xe™, (o = 0). Vay tim nghiém riéng dang y* = ax + b. Tinh céc
dao ham cua y* rdi thé vao phuong trinh di cho, dugc

-3a+2(ax+b) =2x, tedoa=1,b=3/2.
Link http://moon.vn/KhoaHoc/NoiDungKhoaHoc/599/7 25

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

TLTK: LT - TOAN CAO CAP A4 - GIAI TICH 3 (NAM HQC 2016 -2017)
GIANG VIEN: TS. NGUYEN PUC TRUNG

Pap s6 y = Ce*+ De® + x + 3/2.

(b) V& phai f(x) = xe*. C6 o = 1 la mot nghiém riéng cua phuong trinh dic
trung. VAay tim nghiém riéng dang y* = x(ax + b)e* = (ax* + bx)e*. Tinh cac dao
ham:

v*) :(ax2 +bx + 2ax + b)eX :[ax2 +(b+2a)x+ b]ex.

(y*)":[ax2+(b + 2a)x+b+2ax+b+2a]ex :[ax2+(b + 4a)x+2a+2b]ex

Thé vao phuong trinh da cho, dugc

[ax? + (b + 4a)X + 2a + 2b]e 1
VF={-3ax?+(b+2a)x +b Je* t=(-2ax+2a—-b)e* =xe*= a:_E
+2[ax? + bx Je* b=-1

Pap s6 y = CeX + De* —G —1)eX |

(c) Phuong trinh dic trung k®- 2k + 1= 0, o = 1 1a nghiém kép. Nghiém riéng

c6 dangy = (ax3 + bxz)ex. Tinh c4c dao ham:
(y*) = (ax3 + bx%4+ 3ax’ + 2bx)ex = [ax3 +(b+3a)x2 + 2bx]ex .
(y*)" = [(ax3 +(b+3a)x* + 2bx) +3ax” +2(b+3a)x + Zb]ex

= [ax3 +(b+6a)x2 +(4b+6a)x + 2b]ex

Thé vao phuong trinh da cho, dugc
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[ax® + (b +6a)x* + (4a + 6b)x + 2b]e* ((4a+2b)x +2b)eX
VF=]-2ad+(b+3)x2+  2bx ¥ L ] _ (2x+2)¢"
+[ax3 + bx?+ 1e* —a=-1:b=1

Dép sé y=(C+Dx)e* +(1-x)e*.
b) Truong hop f(x)=e™| P(x)coshx +Q(x)sinbx |,& d6 P(x) v&Q(x) 1a da
thuc

Ta s€ xac dinh dang ctaa nghiém riéng Y(x), tuy theo cac trueong.hop a=xib cé
la nghiém cua phuong trinh dac trung hay khong

+ Néu a +ib khong 1a nghiém cua phuong trinh dic trung, tim Y dang
Y =e®[ U(x)cosbx +V/(x)sinbx |.
+ Néu a +ib 1a nghiém ciia phuong trinh dac trung, tim Y dang
Y =xe™ | U(x)cosbx+ V/(x)sinbx |.
Trong d6, U va V la.da thtec can tim ¢ bac bang bac cao nhat caa P va Q.
Vi du: Tim nghiém tong quét cta cac phuong trinh sau
(@) y"—3y'+2y=4sinXx —2C0SX
(b)y"+y=cosx.

Giai: (a) Phuong trinh dic trung k*- 3k + 2 = 0, k = 1, k = 2. Nghiém téng quét
ctia phuong trinh thuan nhat twong ung 1a Y = Ce*+ De”.

Vé phai f(x) = sinx + cosx. C6 | khong la nghiém cta phuong trinh dic trung.

B4c cao nhat cua cac da thic P, Q 13 0.

Vay ta tim nghiém riéng dang y* = asinx + bcosx. Tinh cac dao ham cua y*

(y*) =acosx—Dbsinx ; (y*)"=-asinx —bcosx.
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Thé vao phuong trinh d3 cho, duoc

-asinx —bcosx —3(acosx —bsinx)+2(asinx +bcosx) =4sinx —2cos x
(a+3b)sinx+(b—3a)cosx =4sinx—2cosx =a=1; b=1.
Pap s6 y=Ce* +De* +sinx +cosx.

(b) Phuong trinh dic trung k*+ 1 =0, +i 1a nghiém . Bac cao nhét cia cac da
thuc

P, Q la 0. Vay nghiém riéng c6 dangy = ax sinx + bx cosx . Co:
(y*)'=(a—bx)sinx + (b +ax)cosx
(y*)"=(-b—b—ax)sinx +(a+a—bx)cosx = (—2b —ax)sinx + (2a —bx)cosx
Thé vao phuong trinh da cho, dugc
(—2b—ax)sinx +(2a—bx)cosx+ax sinx=+bx cosx =
—2bsinx +2acosx =2cosX. Tudoa=1,b=0.

Pap sdy =Ccosx + Dsinx+ xsinx.
¢) Truong hopf (x) =| P(x)cosbx-+Q(x)sinbx [e®.
bity = ze™, s& dua vé dang da xét.

Vi du: Giai phuong trinh'y"+ 2y'+ 2y = xe *sinx .

Gidi: Paty=ze *.Coy'=(z' - z)e*;y"=(2"-2z'+z)e™ . Thé vao phuong

trinh da cho, duocC 2" + z = xsinx
Theo cach giai cua phan (b), tim dugc nghiém téng quat cua phuong trinh nay

Ccosx + Dsinx +(sinx - xcosx)
4

lay = . Vay nghiém cua phuong trinh da cho la

Ccosx + Dsinx +(sinx — xcosx)e_x
1 .
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d) Truong hop f(x) = f1(X) + fx(x), trong do f1(x), fo(X) c6 dang nhu da xét.

Ap dung nguyén ly chong chat nghiém sau day:

Pinh ly(Nguyén ly chong chit nghiém). Cho phuong trinh

y'+p(X)y+aq(x)y="Ff(x)+f(x) (11)

Néu y*;(x)la nghiém riéng ciia phuong trinh y"+p(x)y'+q(x)y="F (x)va
y'5(x) la nghiém riéng cua phuong trinh y"+ p(x)y+ q(x)y.=fs(x), thi
y =Yy (x)+Yy",(x) langhiém riéng cua phuong trinh (11).

Chirng minh dinh ly 1a dé dang.

Vi du: Giai phuong trinh y" - y' = 2cos*x

Giai: Nghiém cta phuong trinh thuan nhat 1a Y =C + De*

Pé tim nghiém riéng, ta phan tich vé phai: 2cos’x = 1 + cos2x. Vay xét hai

phuong trinh:

(1)y"-y'=1. Nghiémlay, =—x.

. 2 1 .
2)y"—vy'=c0s2x . Nghiém la = ——C0S2X ——SIin2X.
2Qy"-y ghi¢ Y2=~15 10

Pap s6: y=C + De* — X —-2-cos 2X — ——sin2x
10 10
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§3. HE PHUONG TRINH VI PHAN

1. Dai cwong
Pinh nghia. Hé phuong trinh tuyén tinh chuan tic cap 1 1a hé c6 dang

ylz :fl(X’YPYZ’---’Yn)

Yo =5 (X, Y1, Y20 Y ) 12)

Y2 =F0(X.Y1.Y20Yn)

Nghiém téng quat cua hé (12) 1a bé n ham sé¥i(X, Cy, ... , Cn), i =1, 2, ..., n, Vi
Cy, ... ,Cy la céc hang sé tuy y, thoa min cac diéu kién sau:

(i) Théa mén (12) véi moi Cy, ... ,C,.

(i) V&i moi diém (xo, y.°,y2°, .., ya)cua khong gian R™*, ma ¢ do diéu kién
tén tai va duy nhat nghiém dugc thoa man, luén tim duoc céc gia tri cia Cy, ... , C,
sao cho cac ham sd yi(x, Cy, .. ,Cn), i =1, ... »n thoa man diéu kién dau

y\xzxo —yY vi=1..,n

Nghiém riéng 1a nghiém ¢é dugc bang cach cho Cy, ... , C, trong ho nghiém
téng quét cacgia tri xac dinh.

Puwong dong ciia trudng véc to. Gia s trong mién D cua khéng gian R", cho
trudC mot truong vée to F(x)=(f(x),f,(x),...F,(x)). Ta goi duong dong cua
truong F.Ja mét dudng cong (C) sao cho tiép tuyén tai mdi diém cua nd 1a dong
phuong voi F taj diém do.

2. Cach giai h¢ phwong trinh vi phan.

Xét hé (12). Ta ludn dua hé vé mot phuong trinh cap cao bang cach kha nhitng
ham s6 chua biét tir cac phuong trinh cua hé. Phuong phép nay dugc goi la phuong
phap khir. Minh hoa phuong phap bang vi du dudi day.
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Vi dy 1: Giai he {y' =5y+4z (1
z'=4y+5z (2)
Giai: LAy dao ham hai vé (1), rdi thé z' tir phuong trinh (2), duoc
y" =5y'+4z'=5y"+4(4y +5z)=5y'+16y +20z. (3)
Khir z tir (1), dugc z = (y' - 5y) / 4. Thé vao (3), nhan dugc
y"=5y'+16y +5(y'-5y)=10y'-9y , hay y"-10y'+9y =0(4).

Nghiém cua phuong trinh (4) 1a y = Ce* + De®™. Thé nghiém nay.vao (1) duoc
z :%[Cex + 9De% — 5Ce* — 5De9x] =—CeX + De¥*.

Pap sb z =CeX + De™; z =—Ce* + De¥

Vi du 2: Giai hé {y' =yrz A
2'=y+z2+%(2)
Giai: Lay dao ham hai vé (1), rdi thé Z' tir phuong trinh (2), duoc
y'=y +tZ=yt(ytzex) =y ty+z+x (3)
Khtr z tir (1), duwgc z=Yy'~y. Thé vao (3), nhan dugc y" - 2y' = x  (4).

2
Nghiém cua phuong trinh/(4) 14 y=C + De?* + XT_E' Thé y vio phuong

2

rinh (1) ditoc. z=-C4 De2* + X _X_1
4 4 4
2 2
Pap sb:y=C+DeX + 2 X . 7— _Ccipe?X 4 X x 1
4 4 4 4
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PHAN II. LY THUYET CHUOI
§1. PAI CUONG VE HE CHUOI SO

1. Chuoi so

Pinh nghia: Véi mdi s ty nhién n, cho twong tng voi 1 sb thuc a, ta co day sd
ky hicu 12 { a,}

Cho day s6 { a, }, ta goi tdng vo han a, + a, + a 5+....1a.chudi s6, kyhiéu D _a, ,
n=1

a, 1a s6 hang tong quét.

S,= a;+apt+agt...+a, 12 tong riéng tha n. Néu limS, =S thi ta bao I chudi hoi

ty, c6 tong S viét: D> a, =S

n—1

Khi ddy {S,}phan ki thi ta bao.chudi Y. &, phan ky.

n—1

Vi du 1. Xét sy hoi tu vatinh Y q"

n=0

i 1_ n+1
Taco: S, =1+q+q’+q*+...+q" = 1_qq ’

: 1
limS, =—
n 1_q’|q|<1

n—oo

Phan ky khi [g|.> 1.

S 1
Suyra: Z q”=m khi |g|<1

Nhan xét:
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e .2 hoituthi lima, =0 (didu kién cin dé chudi hoi ty)
n—oo

n—l

Chtng minh:  C6 a,=S;-Sp.1; lima,=lim (s,-S;,)=0

. !J_TO a, = 0 hodc khong ton tai thi chudi phan ky Zw: a, phan ky:

n—1

e Thay d6i mot sb hitu han sé hang ddu khong 1am thay ddi tinh hoi'tu hay

phan ky cua chudi.
2. Tinh chat

Giasi:lima =a, limb =b

lim(aa, + b)) =ca+ pb
lim(a,b,)=ab

lim& -2 p .0
b b
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§2. CHUOI SO DUONG

1. Pinh nghia

Nhan xét: 3" a, hoi tu khi va chi khi S, bi chan.
n=1
Trong bai nay ta chi gia thiét xét cac chudi sé6 duong.
2. Cac dinh ly so sanh

Pinh Iy 1.Cho hai chudi s6 duong, a, <b_ , n tiy y hoic tir 1'lac nao dé tré di.

b, hoi tu= Y a, hoi tu
n=1 n=1

Sa, phanky = 3'b, phan ky

Chang minh.
a;ta,+...+a, < b1+b2+. ...by

0< S,<Th

0

Vidu 1. §3n+1

chudi duong.

1 1 -1 1
3:3+1>3"= <—. E—n=— Ol tu.
Taco: 3+1>3 3.1 3 &3 hoi tu

o0

Suy ra chuoi da cho HZ; 311

hoi tu.
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] - 1 %,
Vidu 2. Z chuoi duong.
~Inn
Taco: Inn<n :>0<£<i 'L phan k
' n Inn'nz;ﬁp Y

Suy ra iﬁ phan ky.
n=2

Pinh Ii 2. Cho hai chudi sé duong, Iim% =k#0=> Zan va an cung hoi tu
n—o0 N ) )
hoac cung phéan Ky.

Nhan xét: Doi voi cac chudi s6 duong > a, va Yb,:

n=1 n=1

. @ B A o
1. Néu rIgpob—”=0 va Y'b, hoitu=>"a,
n n=1 =1

2.Néu lim=—co va b, phanky. = 2.a, phan ky.
n=1 n=1

n—oo b

Vidu3. > njz chudi duong
n=1 B
2 2
1+— 1+—
.. N+2 n n 1 n . +2. 1
Ta co: =—. =—. ma lim =1
2n°=3 2n° ;8 2n*, 3 nm 2n® 2n2)
2n® 2n®
00 1 X . 0 + o
Ma >’ hoitu Suyra: ) —— hoitu
n=1 2n -1 <N —
3. Céc tiéu chuan hoi tu
v Fe . | an+1 _ |
a, Tiéu chuan D’Alembert 1M 2
n
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-Khi I<1= Y a, hoi ty
n=1

-Khi I>1= ) _a, phan ky
n=1

Ching minh:
. \ I. an+1 _I 9 J4 A
° I<1: tor IM——==1 chon &£>0 du bé dé
n—oo an
l+e <l=> " <l+&,V n>ng

n

L. a a a _

Mit khéc c6 a,=——.—21.. 2= a <(I+&)"™a, —>0,n=>w
n-1 n—2 a'no

Do d6 lima, =1

n—o

\ H an+1 9 J4 A
3 I>1: tu !]Ena—ﬂ , chon ¢ du bé deé I-¢
n

a
>1 = a”—”>I—g>1:>an+1>an

— Phan ky
Nhan xét khi 1=1 thi khong ¢6 két luan gi.

2 1
Vl'duB.Z—
: n:ln!
Taco: 8,=—>0
|
lim 2t jim—t - Cjim " _jim—L—0<1

e g mow(n+D)! Nl noe (n+l)! noeltn
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Vay suy ra:

n=1 '%=

b, Tiéu chuan Cauchy

Giast limyfa, =1

n—oo

Néu I<l = ian hoi tu

n=1
Néu I>1 =3 a, phan ky
n=1

Nhan xét. Néu I=1 khdng c6 két luan gi.

2n— 1

Vidu 4. Z( +2
Ta co:

2n-1 2n-1
a = >0 nfa =
" 3n+2 \/T 3n+2
Ma limg/a, = —<1 - Suy ra chudi (Zn 1)

o Z 3n+2) hoity

¢, Tiéu chuan tich phan

o) b ) k
C8 méi lién hé hay khong gira [ £ ()dx= fim [ £ (x)dx va 32, =lim 3 a,
[fodx<a +a,+..+a, <a+[ f(x)dx
1 1

Néu f(x) Ia ham lién tuc, duong giam v x>1 va lim f(x)=0, f, =&, khi do

Zan va j f(x)dx cuing hoi tu hodc cling phan ky.
n=1 1
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. > 1
Vidu 5. HZ_;‘nInn

1 -
f(x)=77— duong giam voi x>2 vaco lim f(x)=0

d(Inx)
X

i~ limin(inx)[;= lim(In(inb) ~In(In 2)) = o0

b—

Tf(x)dx: Iimjl

—+00

| £09dx phan ky

1

o) 1 ) .
= ninn phan ky

n

2 2 > 1
TO at cO thé xé ——— hol hikhi g >1
dng quat co thé xét nzzl(nlnn)q oi tu chikhi g
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§3. CHUOI SO CO DAU VOI HANG TU BAT KY

1. Chudi véi s6 hang c6 diu bat ky

Pinh nghia: Zan duoc goi 12 hoi tu tuyét ddi < ZI a. | hoi tu. Chudi Zan
n=1

n=1 n=1

duoc goi 1a ban hoity < | a, [phan ky va D2, héi ty.
n=1 n=1

binh ly. Y la, [hoi tu = D a, hoitu

n=1 n=1

n?+n

Vi du 1. Xét su hoi tu tuyét déi cua chudi sé sau Y (-1) 2.
n=1

|=

2n

- N . a 1 > N
: — 5 lim—=2t==<1 — hoi
Xetzzi,2n taco: m a2 2 = ;‘2” holtu
i 0 n?+n n N
Vay D (-1) ? on oty
n=1

Nhan xét: Néu D |a, | phan ky theotiéu chuin D’lambert hoic Cauchy
n=1
= > a, phanky.
n=1

2. Chuéidan dau
n-1

Pinh nghia.- Y (-1) a, , a,>0 duoc goi 1a chudi dan d4u
n=1

. o n-1
Dinh Iy Leibnitz: DAy {a,} giam, a,>0, liMa, = %'(-1) a, hoityvaco

n=1

0 n-1
YD a<a
n=1
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Ching minh:

-V6i n=2m:

co Som=(a,—a,)+(a;,—a,) +...+ (8,4, —a,,) ={S,,} ting
Sam= 8, = (8, =8,) = (8 =) —.. = (B ~ Byms) ~ By <& ={S,}
Tu do 3 !nm S, =S vaco S<ay

-V6i n=2m+1

Som+1=Som*a2m+1

Do lima,,, =0=>limS,, =S

Dinh ly dugc ching minh

Vi du 2. Xét su hoi tu tuyét ddi vaban hoi tu tuyét déi cua chudi sé sau:

0 (_1)n—l
%

o n-1 . x. z
Ta co: Z( D 13 chudi dan diu
n=1

,}n
13 giam va g6 lim—==0'. Hoi tu theo tiéu chuin Laibnitz
3 a = ) o1 lu a
=19 lim— i L

3" L phan Ky = ban hai ty
n=1 n

3. Tinh chat ciia chudi hdi tu tuyét doi

- > la,1=S= chudi s6 nhan dugc tir chudi ndy bing cach dbi thir tu cac s
n=1

hang va nhém tly y cac sb hang ciing hoi tu tuyét ddi va cé tong S.
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[ee]

-Cho D_a, =S, > |a,|phan ky =c6 thé thay ddi thu tu cac sé hang cia n6 dé
n=1

n=1

chudi thu duoc hoi tu va co tong 1a mot sé bat ky cho trude hodc tré nén phan ky.

Pinh nghia. Cho Z a, va Z b, khi d6 ta dinh nghia cho phép nhan chudi:
n=1

n=1

Zan an =ch , 0do anzn:akbml—k

n=1 n=1 n=1 k=1

~Yla,l=sy, b =S, = Yla,l.>|b, (=S, S,
n=1 n=1 n=1 n=1

] . . F Y o 1 e 1
Vi du 3. Xét sy hoi tu caa tich cac chudi so sau: zn va Z o1
n=1 n=1
- 1 - A L= s c l A A A=
> —— hoi ty tuyét déi va Y= hoi tu tuyeét doi
n=1 ny/n n=1 2
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84. CHUOI HAM SO

1. Chudi ham s6 hdi tu
Pinh nghia: Cho day ham sé {un(x)} xac dinh X, ta dinh nghia chudi ham sé

ul(x)+u2(x)+...:iun(x) (1)
iun(x) hoi tu tai Xo < iun(xo) hoi tu

> u,(X) phan ki tai xp & 3u, () phan ky
n=1 n=1

Tap cac diém hoi tu cua (1) goi la tap hoi tu caa nd. Tong cac chudi ham sé 1a
ham s xac dinh trong tap hoi tu cua no.

Vi du 1. Tim tap hop hoi tu chudi ham sb sau: > x""

n=1

Xét chudi sé: D1 %" |

1
+) 2I X" | i tu véi [Xo|<1 va phan Ky tai [Xo>1
Tap hoi tu la |x|<1

2. Chubi ham s6 hoi tu déu
Pinh nghia. 2un (X) hoi tu déu dén S(x) trén tap X

< €¢>0bétuyy 3 ng € N:Vn>ng(e), taco|Sy(X)-S(X)| < & ¥VXEX
Y nghia hinh hoc vé&i n du 16n, S,(x) thuoc dai (S(X) —&; S(x)+ €)
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Tiéu chuan Cauchy. Y U,(X)hoi tu déu tréntap hop X « R <> Ve >0 bé tly y

n=1

3 ng(e) € N: p>g> N(e), ta cd | Sp(X)-Sy(x )|<e, VXEN

Tiéu chuin Weierstrass. N&u ¢6 [uy(x)|<an, YNE N, YXE X va 3, hoi tu =
n=L

D u,(x) hoi ty tuyét dbi va déu trén X.

n=1

Tiéu chuan Dirichlet. U,=v,W,, |V,| don diéu khong ting va -0 ,

1> w, [<c,vn= hoi tu déu.

k=1

1
Vi du 2. Xét sy hoi ty déu cua chdi ham Z( :n
(—1 Py v 1
J— \v’ —_—
NP Rl ,an

Chudi da cho héi tu tuyét d6i va déu trén R

3. Tinh chat cta chuoi ham so hoi tu déu

Pinh Ii 1. Chudi > U,(X) hdi tu déu vé S(x) trén X, uy(x) lién tuc trén X, voi

n=1

vne N= S(x) lién tuc trén X.

Pinhli 2. DU, (X) hoi tu déu dén S(x) trén [a;b], un(x) lién tuc trén [a;b], Yn=

n=1

j S(X)dx = j Zu (x)dx = j)'un(x)dx

a n=1 n=1 a

Link http://moon.vn/KhoaHoc/NoiDungKhoaHoc/599/7 43

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

TLTK: LT - TOAN CAO CAP A4 - GIAI TICH 3 (NAM HQC 2016 -2017)
GIANG VIEN: TS. NGUYEN PUC TRUNG

Pinh Ii 3. D_u,(X)=S(x) trén (a;b), cac ham u,(x) kha vi lién tuc trén (a;b),
n=1

D u' (X) hoi tu déu trén (a;b) = S(x) kha vi trén (a;b) va c6 S’ (x)=( D, U,(X))’=

n=1 n=1

pITHEY

. (e s . . 2 (-1)"x
Vi du 3. Xét tinh kha vi ciia ham sau : f(x)=) o x
n=1

x#-n 12 chudi dan dau hoi tu theo Leibnitz

n . ST : \ _
u'h(X)==———7 liéntuc vx=-n, Zun hoi tu déu theo ti€u chuan Diichlet
(n + X) n=1
F=(1)"—"  x#n
n=1 (n+X)2 ’
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§5. CHUOI LUY THUA
1. Pinh nghia

a, +aX+a,x> +..+a X" +... (1)
Ky higu 1a Y. a,Xx" | & dé an 12 sb thuc , x 13 bién sé.
n=0

Ta bao chudi lity thira hoi tu ( phan ky) tai X, < chudi'sé Y.a,X," hoi tu(phan
n=0

ki), chudi D_a,x" hoi tu trén khoang (a;b) < chudi s6. a,%" hoi tu, X, ty y €
n=0 n=0

(:b).

Vidul X X" =1+Xx+x*+....

n=0

Phan ky [x|>1

Pinh ly 1(Abel). D> a,x" hoi ty tai Xo20= hoi tu tuyét ddi tai x: [X|<|Xo|
n=0

Chang minh:
> a,%," hoi tu tai X,#0 = lima x; =0=|a,x;| <MVnx=N,
n=0 %
a, Xy | =|ax" [l <M|—
XO XO
X = X " s . , , - n N N A -
= <l=>M z hoi tu (Pinhlisosanh1) = ZanX hoi tu tuyét doi.
0 n=1 n=0
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Nhan xét. Tur dinh li Abel suy ra:

+ Néu > a,x" phan ki tai x, =phan ky tai x: |[X|>|X|
n=0

+ Tap hoi tu khac rong

.. la, ] o _
Pinh Iy 2. Néu Eﬂl% =p (hoc limgfa,| = o ) thi ban kinh hi tu R cua
E,O < p <o
o P
chudi lily thira Y. 8,X" duoc xéc dinh bgi R=10, 2. 0
n=1 od ~0
P

Nhan xét. Quy udc viét R=0 , R=+w, tir d6.co thé phat biéu gon dinh ly nay

nhu sau: Moi chudi lity thira Y a,X" déu c6 1 ban kinh hoi tu R véi 0<R<too, khi
n=0

d6 chudi hoi tu tuyét d6i véi|x|<R va phan Kiwvéilx|>R.

hO.’;lC R=1im 1
n—mﬁ

n

e X
Vi du 2. Tim khoang céch hoi tu chudi ZF

n=1

_|a,
Céch tinh ban kinhrhgirty R R = lim L

n+1

a, ol 1 _(n+l)2
a [ n* (n+1)? n

. |a

lim—|=1

e a‘n+1

R=1, chudi hoi tu voi [x|<1, phan ky véi [x|>1
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, mat khac Z— hoi tu do d6 chud lity thira hoi tu tai

] , | X
Tai [X|=1¢0 | Z|=
n _1

IX|=1.

Khoang hoi tu la [-1;1].

Nhan xét: > a,(x-a)" (1) duoc goi 1a chudi lity thira tai x=a,

n=0

bat z = x-acé Zanz“ (2), tim ban kinh hoi tu R cua‘chudi (2), thi cd tap hop
n=0

hoi tu ctia chudi (1), cu thé hoi tu vai :-R<x-a<R hay a-R<x<a+R va phan ky voi

x<a-R, hodc x>a+R; dé nhan duoc khoang hoi tu ta can Xét tai x=a-R va x=a+R.

2. Cac tinh chit ciia chudi lity thira

a, Chudi liy thira Y,2,X" hoitu.déu trén moi doan [a;b] ndm trong khoang hoi
n=0

tu caa no.

b, D a.X" =S(x) , [x|<R#£0= S(x) lién tuc trén khoing (-R:R).
n=0

C, Zanx” =S(x), |x|<R#0= S(x) kha tich trén moi doan [a;b] < (-R;R) va cé
n=0

eSSy

d, Zanx” =S(x), |x|<R#£0= S(x) kha vi trén khoang (-R,R) va co:
n=0

p X

PR
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X—>X
n=0 0

Nhan xét. Thuc chat tir a, ta c6: im (Zanxn) lem(a x")

Vi du 3. Tim biéu thirc chudi lity thira cia In(1+x)

Mién xac dinh: |x|<1.

1
£(x) “Tix o do dat f(x)=In(1+x)

o X S n Xn+1
f(x)—f(0)= tn = -1
(0~ (0) Zj[ B2 S
n+l n 2 X3 4
Do f(0)=0 nén c6 In(1+x)="> RX-T At Ix|<1

3. Khai trién thanh chudi liiy thira

Pinh nghia. )| (x=%)" duoc goi 1a chudi Taylor cua ham sé f(x) tai

n=0

lan can diém Xo.

SHANCY
n!

= £0(x,)

Néu x,=0ta co Z X" dugc goi la chudi MacLaurin ciia ham sb f(x).
n=0

n!

Pinh nghia. Néu Z n( 0) X" =f(x) ta bao ham s f(x) duoc khai trién thanh

n=0

chudi Taylor.
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Pinh 1i 3. f(x) c6 dao ham moi cép trong 1an can ctia xo, liMR, (x) =0,

(n+1) B ")
f—@)(x_xo)1§ ¢ gitra Xo va X = f(X)=an—(IXO)(x_XO)”

0=,

Pinh Ii 4. f(x) c6 dao ham moi cap trong 1an can nao d6 cua diém Xq;

0 f(n)
‘f(n) (g)‘ <M, V¢ thude 1an can xo noi trén = f (x) = Z n(l
n=0 H

XO)(X_Xo)n

Cha y. C6 ham kha vi vo han khong duoc khai trién thanh chudi Taylor, vi du

-1
eX x=0

f(x)=
0,x=0

= f™(0)=0, n ty nhién bat ki

That vay co ngay:

o f(x)=f(0) .. e
£(0)=tim )= T (O) Ly e
x—0 X—=0 X0 X x—0
Tir d6 c6 dao ham moi cap tai x=0 ciing bang 0.
Chudi Taylor cua ham f(x) 1a 0+0+0+...
Chudi nay hoi tu, ching hoi tu vé 0

Nén f(x) néi trén khong dugc khai trién thanh chudi Taylor

f (n+1) (é/) n+1

5 R(X) = X 5 ) inh IV
Sodu  Ry(x) (D) nhan duoc do st dung dinh ly Rolle.

4. Khai trién mgt so ham so0 so’ cap co ban

a) Mot s6 khai trién
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1. f(x)=¢"

f(V(0) =1 ‘f(”)(x)‘zex <e*=M,Vxe(-A A),A>0

e =YX vxe (AN A>0=e =X vxeR
~ n! — n!
2. f(x)=cos(x)
k
f(”)(O):Coan: (-1) .n=2k ‘f(“)(x)‘zcos(x+n£jsl,VXER
2 0,n=2k+1 2
2 4 2n
c:osx:l—x—+x——...+(—1)n X o .XeR
21" 41 (2n)!
3. f(x)=sin(x)
3 5 2n=1
sinx:x—x—+X——...+(—1)n_1 X +..,.XeR
3! 5l (2n-1)!

4.f(x)=(1+x)",a eR

a a(a-1) . W, a(a-1)...(a—n+]) "

+...,—1<x<1l
11X 2! n!

f(x)=1+

5. f(x)=In(1+x)

2 3 n
In(1+x)= x—X—+X——...+(—1)”71X—+...,—1< x<1
27 3 n
6. f(x)=arctan x
3 5 2n-1
arctan x = x—x—+x——...+(—1)”_1 X xeR-l<x<1
3 5 2n-1

Vi du 4. Khai trién thanh chudi Maclaurin: f (x)=a",0<a=1
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0 n

In
Ta Cé: ax — exlna exlna _ z
= n!
n=0

a
X", xeR

b) Ung dung caa chuéi liy thira
< Tinh gin ding

Vi du 5. Ap dung chudi lity thira tinh gan dtng

Sin 18° v& d6 chinh xac 10°°

$ oy e
10 4&(2n-1)t 10

2n+1

Rl< —7%  <10° = n>3
Rl (2n+1)10*™ »

®,

¢ Tinh gi6éi han

3 X5 X7

sinx—x+—|——l+—I
Vi du 6. lim 3t o 7

x—0 X9

X3 X5 X? X9

2. : _h N ThRessen N 9
Ta co: sinx=X 3!+5! 7!+9!+0(x)

X9
—|+O(x9) 1
A= |im9-—9:_

X0 X 9!
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§6. CHUOI FOURIER

1. Chubi lwgng giac chudi fourier
a, Chudi lwgng giac
Pinh nghia. Chudi luong giac la chudi ham s ¢é dang

a,+_(a,cosnx+b,sinnx),a, b, R (1)

] n?
n=1

+Néu D _|a, .Y Ib, | hoi tu= chudi (1) hoi tu tuyét déi trén R

n=1 n=1

+ Tuy nhién Y |a, [, |b, |hoi tu khdng phai 1a diéu kién'can dé chudi (1)hoi
n=1 n=1
tu.
b, Chudi Fourier

B6 dé. V p,k € Z ta co:

1.ISinkXdX:O Z.ICOSkXdX:O,kio
3. | coskxsin pxdx =0 4. | coskxcos pxdx:{o'k #P
i - 7Z',k: pio

0,k=p

. | sinkxsin pxdx =
5jﬂsm sin pxdx {ﬁ,kZDiO

Gia st f(x) tuan hoan véi chu ky 2~ va ta co:
f(x) :%+Z(an Cos NX + b, sin nx) (2)
n=1

Str dung bo dé trén va tinh toan ta co:
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T

ao:%:[f(x)dx;an:%:[f(x)cosnxdx,n=1,2,...

17 (3)
b :—j f (x)sinnxdx,n=1,2,...

n
T

Pinh nghia. Chudi lugng giac %+Z(an cos NX + b, sin nx) vgi.cac hé sb ay, an,

n=1

br

X4c dinh trong (3) duoc goi la chudi Fourier cia ham f(x).

2. Piéu kién dé ham s6 khai trién thanh chudi Fourier

Pinh nghia. Chudi Fourier ciia ham f(x)-hoi tu vé ham f(x) thi ta bao ham f(x)
duoc khai trién thanh chudi Fourier
Dinh ly Dirichlet. Cho f(x) tuanhoan véi chu ki 27, don diéu tirng khic va bi
chan trén [-n,m]= chudi Fourier.caa nd héi ty tai moi diém trén doan [-w,x] va c6
S(x)=F(x), tai diém lién tuc cna f(x).
f(c+0)—f(c—-0)
2

Con tai diém gian doan X=c¢o s, =

Vi du 1. Khai trién thanh chudi Fourier ciia ham s6 f(x) tuan hoan véi chu ki
27, xac dinh nhu sau:

10<x<rx
o0 = -1, -7 <X<0

+) & =£J‘ f(X)dXZ%(ﬂ'—ﬂ')IO

17 17 17
+) a ”I (x)cos nxdx ﬂ_jﬂ COS NX x+ﬂ£cosnx X

-

Link http://moon.vn/KhoaHoc/NoiDungKhoaHoc/599/7 53

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

TLTK: LT - TOAN CAO CAP A4 - GIAI TICH 3 (NAM HQC 2016 -2017)
GIANG VIEN: TS. NGUYEN PUC TRUNG

17 . 17 . 17, 2 2 n
b, == [ f dx = — [ —sinnxdx+ = [sinnxdx = = (1 =S pn-(
] 7,.[ (x)sin nxdx ”_J; sinnx x+”£sm nxdx n7[( cosnz) n7{[ (-1)"]

-

+) f(x) =i(sinx+§sin3x+%sin5x+...j
T

3. Khai trién ham chin 18

a. Néu f(x) 1a ham s6 chin = f (x)coskx la ham chin; f (x)sinkx 12 ham ¢

a, :%J' f (x)coskxdx;b, =0,k e N

0

Vidu 2.

f(x)= tuan hoan Vi chu.ky 2z, khai tricn ham f(x) thanh
chudi Fourier.
H)(-x)=f(x)

+)b,=0,v keN

{E—KOSXSE

T+ X -1 <X<0

TR SET T

0

T VA

a, =EJ f (x)coskxdx:EJ'(yz—x)coskxdx=§sinkx|g —%!xd(

% 7T

sin kxj
k

0=

—2| xsinkx™ % sinkx 2 —coskx , 2 2 K
:_{ 5 O—j ” dx}:; % | ”kz(l—coskﬂ)_ kz(l_(_l))

VA T

0

T 2 T2 4
+) f(x)= o7 kZzl:%(l—(—l)) coskx = EHZ:;‘ ns1) cos(2n +1)x
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b. Néu ham f(x) 1a ham s6 1é = f (x)coskx 1a ham I¢, f(x)sinkx 1a ham chan,

— a:=0; b, =§I f (x)sinkxdx; vk e N

0

Vi du 3. Cho ham s6 f(X)=x,-z<x<x , tuan hoan v&i chu ki 2x va khai trién
ham f(x) thanh chudi fourier
+) ham f(x) 1¢

+)a, =0,vk e N’

9 _ 2% 2% —Ccos kx
bk:;lf(x)smkxdx:zlxsmkxdx=;£xd( > )

% cos kx } 2{—7rcosk7r sin kx
dx +

+)
2| xcoskx 2 K+l
il T T = _1
n{ |+j k k? 0} k( )

k 7 3 Kk
k+1

f(x)= kZ‘j:(—l) Esin kx

1
c. Néu f(x) tuan hoan véi chu ki 21, don diéu tirng khic va bi chan trén
= F(x') tuan hoan véi chu ky 2. Str

dogn [11]. G bién x'=Z x 5 £ (x)= f(lzx'j_

dung khai trién fourier cho ham nay ta co:

f(x):iJrZ(an cosn%x+bnsin n%x)

n=1
| |

& d6 & =|}J. f (x)dx, a, =H f (x)cosn”Tde,Vne N -
-1

b :I}j f (x)sin nﬂl—xdx,Vne N

n
—l

d. Néu f(x) don diéu tirng khic va bi chiin trén [a;b], muén khai trién f(x)
thanh chudi Fourier, ta xay dung ham sé g(x) tuan hoan véi chu ki >(b-a) sao cho
g(x)=f(x),vxe[a;b]
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Khai trién ham g(x) thanh chudi Fourier thi tong cua chudi bang f(x) tai
vX€[a;b]( trir ra c6 ching 1a cac diém gian doan cua f(x). Vi ham g(x) khdng duy
nhat nén cd nhiéu chudi Fourier biéu dién ham sé f(x), néi riéng néu ham sé g(x)
chén thi chudi Fourier cia né chi gdm nhitng ham sé cosin, con néu ham sé g(x) 1é
thi chudi Forier ciia n6 chi gdm nhitng ham sé sin.
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PHAN III. PHUONG PHAP TOAN TU LAPLACE
§1. PHEP BIEN POI LAPLACE VA PHEP BIEN DOI
LAPLACE NGUQC

1. Phép bién doi Laplace

Phép bién déi Laplace: L£{f (t)}s=F(s) bién phuong trinh vi phan vdi 4n
ham f(t) thanh 1 phuong trinh dai s6 v& an ham F(s) c6 10i gidgiduoc tim ra dé hon
nhiéu. Chang han nhu ddi véi phuong trinh vi phan cap.cao

y" ray" . va, L yray=f (X))

Véi diéu kién ban dau nhan dugc cong thirc ¢ nghiém tuong minh biéu dién

qua tich chap Laplace.

Giai mot phuong trinh vi phan cap-cao vai hé'sé ham'sé (dicu nay khong thé
1am duoc véi cac phuong phap da biét), chang han
xy"—(4x+1)y'+2(2x+1)y=0

Giai hé phuong trinh vi phan tuyén tinh cap cao

yl(n) = Za’lkyk + fl(x)
k=1

yr(1n) = Z ank yk + fn (X)
k=n
Giai mot hé phurong trinh vi phan tuyén tinh cap cao véi hé s6 ham sb.
2. Dinh nghia.

F(s)= ﬁ{ f (t)}(S) = J-efst f (t)dt , & d6 s,f(t)€C. Nhung trong §nay ta chi cn sir dung s,
0

f()eR

Link http://moon.vn/KhoaHoc/NoiDungKhoaHoc/599/7 57

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

TLTK: LT - TOAN CAO CAP A4 - GIAI TICH 3 (NAM HQC 2016 -2017)
GIANG VIEN: TS. NGUYEN PUC TRUNG

0

1 1 _00 —st _ 1_5100_- 1—bs 1_1
Vidu 1. Tinh £{1}(s) —ge dt—[—ge } —tl)m{—ge +§}§’S>O

Khong ton tai £{1}(S) khi s<0

Vidy2 f(t)=e"t>0 Tinh £L(e"),acR

. _oo wa _oo Lsa)gy 1 _e(sfa)t
,C{et}(s)—_!e ‘e tdt__([e dt—mg( S—ajo

= Iimi(l—e(”)b) =—— néus>a
b= §—@ s—a
Phan ki khi s<a )

Vi du 3. Cho f(t)=t",a>-1. Tinh £{f (1)} va £{t"},neN
L{t*}(s) = [etdt
0

:d?u co: L{ta}: ! Te‘“uadu:r(ijl) , $>0
0

a+l
S

3. Tinh chit ciia phép bién ddi Laplace
Pinh'ly 1. Tinh tuyén caa phép bién ddi Laplace
Cho a, plahang sé va 3 £{f (t)}(s) va £{g(t)}(s), kni do
Llaf (1)+Ba(t)}(s)=al{f ()}(s)+BL{g(1)}(s) vs

Chang minh:
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Llaf+p9)(s)= [ (af (t)+ fo (D)t
= LE{!TG“ (af (t)+pg(t))dt =Lmies‘ (af (t)dt+£ilpoie5tﬂg (t)dt
= aTeStaf (t)dt+/3Te“g (tydt =aL{f}+pBL{g}

3
Vi du 4. Tinh £{3t2 +4t2}

Ta co:

r(ljzﬁ

2

() g e

Str dung (2) ta co:

e} =82 o

52 4.2

5
3 |
£{3t2+4t2}=3.&+4—52:£+3 Z
2

s s® s

Vidu 5. Tinh £{coshkt}, £{sinhkt}, £{coskt}, L{sinkt}
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L{coshkt} = ﬁ{ekt Zekt } L(cfe) e cfe))

1/ 1 1 S
Theo vidu 2 ¢ ﬁ{COShkt}:E(S—k+S+kj:SZ—k2 ,$>k>0

Tuong tu L£{sinhkt} :ﬁ,s >k >0

—st

s
s? +k?

" (ksinkt—scoskt)| " =

L kt =w ~ cosktdt =
{coskt}(s) J;e cos i

ikt —ikt
(hoac L‘{coskt}:/:{e e }:1( 1 1 j ° s>0)

—t — | = ;
2 2\ s—ik s+ik ) s*+k®
. k
Tu’Ol’lg tu' L{Sln kt} :SZ+—k21S>O

4. Phép bién ddi Laplace ngugc

Pinh nghia. Néu F(s)=2£{f (t)}(s) thi ta goi f(t) |a bién doi Laplace nguoc cua
F(s) va viét f(t)= £ {F(s)}

Viduy 6./51{32ikz}:coskt,s>0;£{%k2},s >k >0
f(t) F(s)
: L (s0)
S
t 1
e (s>0)
v (n=0) " (>0)
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t (@>-1) Fa+D) (550
S

r(s)= [t%"dt (Re s>0)
¢ L (s>a)

S—a
cos kt sz Jsr - (s>a)
sin kt serLkz (5>a)
cosh kt sZ—LkZ (s >k
sinh kt 52 Ekz (s >|k|)
u(t-a) e” (s>0)

S

Nhan xét. Phép bién d6i Laplace c6 tinh chat tuyén tinh.

That vay, ta co:

aF + G =al{th+ pL{g}=L{af + B9} =L{al {F}+pL{G}}

Tir d6'va dinh nghta c6 L{af +Bg}=L{al*{F}+BL"(G}]

Pinh nghia. Ham s6 f(t) duoc goi la lién tuc tirng khic trén [a;b] néu nhu f(t)
lién tuc trén moi khoang nho (& d6 [a;b] duoc chia thanh hitu han khoang nho); f(t)
c6 gigi han hitu han khi t tién t6i hai diém bién caa mdi doan nay.

Vi du 7. Tinh

£{ua(t)},a>0,ua(t):u(t_a):{l

0 t<a
t>a
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b

b—o0 S

£ (0} = e e e gm| -5

t=a
—as

- Elim(e‘sa —e‘Sb) =&

,$>0,a>0
S b—w

S

Pinh nghia. Ham f dyoc goi & bac mii khi t—oco néu tn tai caching sé khéng
am M,c,T sao cho [T} =Me®, vt=T

Pinh Iy 2. Su ton tai cua phép bién doi Laplace

Néu ham f lién tuc tung khic véi t=0 va 1a bac mii khi t=>oo ti tontai
L{f(t)}(s).vs>c

Chang minh:

, ct
Tir gia thiét f 13 bac mi khi t—oo =11 ()] < Me, vt =0

Ta co: T‘e‘“ f (t)‘dt = 'Te‘“ f (t)\dt < ie‘“Me“dt =M .Te(”)‘dt < i, s>cC
0 0 0 0

S—C

© h M
Cho b+c0 ¢ |F (5) sﬂe U (t)lot s

Cho s—+oo=3F(s),s>c vaco
H¢ qua. Néu f(t) thao man gia trj cta dinh Iy 2 thi lim F(s)=0

Chd'y. Mét ham hitu ti ( bac tir nhé hon bac mau) 1a anh cua phép bén doi
Laplace

Dinh Iy 2 khong 1a diéu kién can, vi du:
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Ham f (t) :% khong lién tuc tirng khuc tai t=0 va la bac mii khi t—+co, nhung

e
- T
ovidu3co E{tz }=—1= —
52 >
Pinh Iy 3. Su bién ddi duy nhét caa Laplace nghich dao
Gia st rang ham f(t),g(t) thao man gia thiét cua dinh 1y 2.dé ton tai

F(s)=L{f(t)}(s).G(s)=L{g(D)}(s)
Néu F(s)=G(s), Vs>c thi cd f(t)=g(t) tai t ma ca‘hai_ham lién tuc

Cha y hai ham lién tuc ting khtc, 1a bac mii va bang nhau'qua phép bién doi
Lalace thi ¢ thé khac nhau tai nhimg diém gian doan ¢6 lap. Diéu nay khdng quan
trong trong hau hét cac tng dung thuc té.
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§2. PHEP BIEN POI CUA BAI TOAN VOI GIA TRI BAN PAU
1. Phép bién doi ciia dao ham

Pinh ly 1. Cho f(t) lién tuc va tron tirng khuc vai £0 va la bac mii khi t—+oo ,
tic ton tai hang sb khéng am ¢, M va T thoa méan:

£ (1) =Me*, t=T (2.1)

Khi d6 ton tai £{f ')} véis>cva co:
L{f'(t)=sc{f(t)}-f(0)=sF(s)-f(0)
Chang minh:

L{F ()= e (t)dt = [edf (t)=e £ () [ +s[e " f (t)ct
0 0 0
Do | f (t)|=Me",t=T = e f (1) —2-0 khis>e
Trdinh 1i 2 (bai 1) = [ F ()t haii tu voi s50
0

Tirds £{17(8)=sL{T}(s)- f(0)

Pinh nghia. Ham f dugc goi 1a tron tirng khic trén [a;b] < no kha vi trén [a;b]
trir ra hitu han diém va £(t)1ién tuc tirng khuc trén [a;b]

2. Nghiém ciia bai todn gia tri ban ddu. Hé qua. Phép bién doi cia dao ham
bac cao

Gia su rang cac ham s f, f',..., ™ [ién tuc va tron tirng khic voi t=0 va 14
bac mil khi t—-+co. Khi d6 ton tai £{ (1)} voi s>c va co
E{f(”) (t)} =s"L{f (t)}-s"f(0)—s"2f (0) —...— " (0)
=s"F(s)—s"*f (0)—s"2f'(0)—...— f"V(0)
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‘ !
Vi du 1. St dung dinh ly 1, chitng minh réngﬁ{t“e"’“} =n—M,n =1,2,3,...

Chung minh bang quy nap

+) n=1;
f(t):teat:>f'(t):ateat+eat:>SF(S)—f(O):aF(S)_Fi:F(S): 1 .
S—a (S—a)
k!
+H)n=k: Lite"t=—-"—
)n {tet (s—a)"
|
+) L{tkﬂeat}:E,C{tkeat}: k+1 k! R (k+1)

) (o)
Vi du 2. Giai phuong trinh: X"—X'—6x =0'éi diéu kién x(0)=2,x’(0)=-1
Taco: L{X'(t)}=sX(s)-2

L{x"(t)} =52X (x)—sx(0) —x'(0)=s>X () - 25 +1
Thay vao phuong trinh da cho c6:

(s°X(5) 25 +1) —(sX (5) =2) ~6X(s) =0 <= (s° —5—6) X (5)—25+3=0

25s-3 2s—-3 3

1 7 1
= = =—.—+—.
XO=5 526 (s—a)(s+2) 55s-3 5 5+2
1 1 _pat aa z _3 3t 7 -2t ga <A ) N , s
Do £ - =e” nén co x(t)_ge +§e la nghiém cua bai toan gia tri ban
dau .
Vi du 3. Giai bai todn véi diéu kién ban dau: x"+4x =sin3t,x(0)=x'(0)=0
Tir diéu kién ban dau c6: L£{x"(t)}=5?X(s)—sx(0) - x'(0) =s*X(s)
3
s +3
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Thay vao ta co:
3 _As+B Cs+D

< X(s) = (32+9)<Sz+4) B <32+4)+(52+9)

S°X(S)+4X(s) =

s’ +9
Ddng nhat hé sb ta c6 A=C=0, B=3/5, D=-3/5, do d6

3 2 1 3
X(s)=—. ——.
(5) 10 s?+4 5 5°+9

: 2 . 3 , ,
Do L{sin2t} = < +4,£{sm 3t} = &, 3 hentaco X(t) :%sm 2t—%sm3t

Nhan xét: Nhu vay phuong phap bién do6i Laplace cho loi giai tryc tiép tim
nghiém cua bai toan gié tri ban dau ma khéng can phan biét d6 13 phuong trinh vi
phan thuan nhat hay 1a khdng thuan nhat.

3. Hé phwong trinh vi phén tuyén tinh

Phép bién doi Laplace cd kha niang bién d6i-hé phuong trinh vi phan tuyén tinh
thanh mot hé phuong trinh dai 6 tuyén tinh

Vi du 4. Giai hé phuong trinh vi phan tuyén tinh

2X"=—6X+2 X \
{ oy v6i diéu Kién ban dau x(0)=x'(0)=y(0)=y'(0)=0

y"=2x—-=2y+40sin3t
Tirdiéu kién ban dau co: L£{x"(t)} =s>X(s)—sx(0)—x'(0) = s*X (s)
Tuongtu L{y"(t)}=s>Y(s)

, thay vao hé phuong trinh ¢6 hé phuong trinh sau:

Do L{sin3t} = 5219

252X (s) =—6X (s) +2Y (S) (s*+3)X(s)-Y(s)=0

120 = , 120
. —2X(s)+(s +2)Y(s)_sz+9

SY (s) =2X(s)—2Y(s) +
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(52+3) -1 ,
= —(s2+1)(s?+4
sl g

0 -1 s+3 0 )
A =] 120 52+2=s£2+09 Ao = o 120 :%

s°+9 s2+9
Do dé X(s)= 120 _ 5 8 .3
©do _(52+4)(32+9)(52+1)_32+1 s’ +4 s¥49
Do d6 x(t) =5sint—sin 2t +sin 3t

120(SZ+3) 10 8 18

3 Y(S)= = + _
Tuong ty ¢ ¥(5) (sz+4)(sz+9)(sz+l) s2+1 s?+4 $2+49
nén cd y(t) =10sint +4sin 2t —6sin3t

4. Nhirng k¥ thuat bién doi bé sung
Pinh Iy 2. Phép bién doi cua tich phan

Néu f(t) lién tuc-tirng khiic véi-t=0 va 1a bac mii khi t—+oo thi

L’{j f (r)dz‘}z%ﬁ{f (t)} =L Vi $>C

Hay la: El{ (S)} r)dr =

Chang minh:

1
—
—
—~~
~
o
N
[
—
%
~—
T
—_——
—~
N
~
o
|

[ T (z)dz lién tuc, tron ting khdc véi t=0 va
0

+) f lién tuc ting khic = g(t)

t
c6 |g (1)< ] f( dr\<Mje°fd

0

( ot 1)<%ect

O|Z
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= g(t) la ham bac mii khi t—>oo

+) St dung dinh Iy 1 tacé £{f (t)}=L{g'(t)}=sL{g(t)}-9(0)

Do g(0)=0 nén ta c6 L‘{;[ f (r)dr}:/l{g(t)} =§£{f (t)}

Vi du 5. Tim nghich dao ctia phép bién doi Laplace cua G(s) = L

T t
;o 1 _p)s—al_f(p1) L o lg _[etrgsn Lfaar
Taco t{s(s_a)}—ﬁ : !E {S_a}df !e dr = (")

Tir d6 va tiép tuc c6
1

1 1 _pi)s—al|_ () A2 B G v
[{sz(s—a)}_E s !E{s(s—a)}d’ P Mae ﬂ

s’(s—a)

t

0
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§3. PHEP TINH TIEN VA PHAN THU'C PON GIAN
1. Mé dau
Phuong trinh vi phan tuyén tinh véi hé s6 hang ¢ nghiém la bién doi Laplace

C 1 A2 b b b _P(s)
nghich dao cua ham hitu ti R(s)= 0

Can dua ra ky thuat cho phép tinh £*{R(s)} duoc thuan lgi.

2. Quy tic phén thirc don gian
a) Quy tac 1. Phan thire don gian tuyén tinh
Néu Q(s) c6 (s-a)" thi R(s) 6 cé4c sé hang sau:

Ai+ a +...+Ln,Aei,i=1,_n

s—a (s—a)2 (s—a)

b) Quy tic 2. Phan thuc don gian bac 2
Néu Q(s) ¢o ((s-a)’ +b2)" thi R(s) ¢6 dang:

As+B; N As+B, - As+B,

(s—a) +b’ [(S_a)2+b2}2 [(s—a)2+b2}

~ ¢ d6 A,B eii=1n

Pinh ly 1. Bién doi trén truc s
Néu. F(s) = £{ f (t)}. ton tai véi s>c, thi ton tai
L{e*f () =F(s=a)=L{f(t)}(s—a)
Hay tuong duong voi £1{F(s—a)}=ef (t)=e*L*{F(s)}(t)

Chang minh:

Taco: F(s-a)= je‘(s‘a)t f(t)dt= Te“ [e*f (t)]dt=L{e"f (t)},s—a>c

0
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Tur két qua nay co:

f(t) F(s)
et (S_n#,s >a (2.1)
e cos(kt) ﬁs >a (2.2)
e sin(kt) ﬁs ~a  (23)
s2+1

Vi du 1. Tim phép bién doi Laplace ngwroc ciia R(s) = T 25 _8s

RS+l A B e
s(s+2)(s-4) s s+2 s—4

s?+1=A(s+2)(s—4)+Bs(s—4)+Cs(s +2)

Thay s=0, s=-2, va s=4 ta co:

8A=1, 12B=5, 24C=17« A- =~ p-> c-1'
8 12 24
RS- S 1/
8 s 12 s+2 24 s-4
15, 17
ﬁ—l R(s)! =— _e—Zt e4t
REI=F 5 2

3. Suw cong hwéng va nhan tir tich 1ap bac 2

Hay ding hai phép bién déi Laplace nguoc caa ham phan thie don gian trong

trrong hop phan tich lap bac hai.
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el - L iink - L L :Zis(sinkt—ktcoskt)

(sz+k2)2 2k (sz+k2)2

Vi du 2. Str dung phép bién ddi Laplace dé gai bai toan véi gia tri ban dau
X"+ x = F, sin at; x(0) =0 = x'(0)

Fo
§% +@°

Téc dong phép bién doi Laplace vao c6 s°X (s)+ a5 X (s) =

SRR P Py e,

F.o Fo 1 1 ‘
0 : (Sz+w§—sz+w2],w¢wo:>tlmduqcx(t)

A 4 Foa)o . r F -
Néu w=wy ta cé X(s) = m khi @6 x(t) = 2(;5 (Sin oyt =e,t cos mt)

0
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§4. PAO HAM, TICH PHAN VA TICH CAC PHEP BIEN POI
1. Mg dau

Phép bién doi Laplace ciia nghiém cua mot phwong trinh vi phan doi khi 1a tich
cua cac bién doi cta hai ham da biét.
Chang han, xét bai toan véi gia tri ban dau x"+ x = cost; x(0) =x'(0) = 0

Tac dong phép bién doi Laplace ta co:

$2X (s) —sx(0) — x'(0) + X (s) = < X (s) = . = L {cost! £{sint
(s) —sx(0) —x'(0) + X(s) 711 (s) 1 o1 {cost} L{sint}
] 1. 1 2 1 S
3 A j Licostsint! =L<—=sin2t;=—. = #
M3t khac ta cd £{ } {2 } T id (32+1)2

Do d6 L{costsint} = L{cost}.L{sint}
R® rang rang, dé giai duoc baitoan trén, ta can tim ham h(t) sao cho

L£{h(t)} = L{cost}.L{sint}

2. Tich chap cia hai ham
Pinh nghia. Tich chap d6i voi phép bién doi Laplace cua 2 ham f,g lién tuc
tung khuc duge dinh nghia voinhu sau:
t

(f*g)(t):j f (T)g(t—r)dr,IZO

0
Tich chap la giao hoan
Vidu 1. Tinh (cos t)*(sin t)

Ta co:
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t
1-. .
t t t—7)=|—- t— 2r—t)|d
(cost)*(sint) jcowsm 7) lz[sm sin(27—t)]dr
t
:E[rsint+lcos(27—t)} =1{tsint+£cost—ic03(—t)}:ltsint
2 2 . 2 2 2 2

Pinh Ii 1. Gia su f(t), g(t) lién tuc ting khic vai t=0; |f (t).]a(t)| bi chan boi

Me® khi t—+o00, cac s6 M,c khong am.
Khi dé taco £{f(t)*g®)}=L{f (t)}£{g(t)} va L*{F(s)G(s)}=F(t)*g(t)

Chang minh:

C6 G(s Ie Sug(u)du Tj.e*(”)g(t—r)dt
0

Do d6 G(s eS’Ie *g(t—7)dt

V61 g(u)=0 khi u<0, co6

F(s)G(s)=G(s)[ e f (r)dr = j e f(£)G(s)dr
0 0
=je-”f(f)(e“je-“g(t—r)dt]df=j[je-“f(r)g(t—r)dt]dr
0 0 0\0
Tir gia thiét dd cho doi thatr 13y tich phan co:

F(s)G(s) = Te“ (T f(r)e gt —z‘)dz‘} dt = _Te” [j f(0)g(t —r)er dt = Te“ [f(t)*g()t

0

Do d6 F(s)G(s)=L{f (t)*g(t)}

3. Vi phan ciia phép bién doi
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Dinh 1i 2. Gia st f(t) lién tuc tung khlc véi t >0, |f (t)| < Me® khi t—+o0, cac s6

M,c khong am thi c6 L{-tf (t)}=F(s),s>c

3.1
=N f(t):ﬁl{F(s)}:-%ﬁl{F'(s)} 3.2
Tong quét ta co: L{t"f (1)} =(-1)"F"(s),n=1,23..
3.3
Ching minh:

- 4 ° —S - Lo A by a =g = A
Tu gia thiét :>Ie " (t)dt hoi tu tuyét d6i déu va g(e tf(t)) lién tyc,s>c
0

Do d6 F'(s) = % T e ™ f (t)dt =T% (e f (t))dt =T e (—tf (t))dt = £{~tf ()}

Ta c6 chitng minh 3.3 bangphuong phip quy nap toan hoc. that vay, n=1, ta c:

L{tf (1)} =—F(s)
Gia sit n=k, tic'o L {tF (t)h=(-1)"F"(s)

Ta ching.minh dtng véi n=k+1, that vay

. < ~d _d K = (k) B kel = (ksd)
it () =a{u )= it s (t)}——E((—l) FO(s))= (-1 F I (s)
Vidy 2:Tim £{t*sinkt}
Tw3.3taco
vl 287 kY d® k d| -2ks | 6ks’-2k’
E{t smkt}—( 1) d32(82+k2)_d52 2 1 K2 _ds{(sz+k2)2}_ (Sz+k2)3
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4. Tich phan ciia phép bién doi

t
binh li 3. Cho f(t) lién tuc timg khuac ddi véi £0, 3lim—== () | f (1) < Me® khi

t—+o0, cac s6 M, ¢ khdng &m c6 E{ } IF Jdo s>c 4.1
< f(t) =Ul{F(s)}=tUI{TF(a)da} 4.2
0
Chang minh:

T gia thiét = I e f(t)dt hoi tu tuyét ddi va déu, s>c
0

Taco: jF )do = er‘“‘f(t)dt]da

Tur d6 doi tha ty 14y tich phantaco

© —ot

IF( )do = j(jefftf(t)daJdt !e

e fO 4 )
f(t)dt_J;e t dt—ﬁ{ t }

o=§

Vi du 3. Tim ﬁ{s':ht}

. Sinht . .cosht
Taco lim = lim

t—=0" .t t»0t 1
E{smht}

E{smht}_llns_ﬂ
t 2 s-1

=1

1°° 1 1 1 oc-11" 1, s+1
——— do== In— =—|n—=
o?-1 2 o-1 o+l

5. Phép bién d6i ciia ham lién tuc tirng khic

a) Pit van dé

Link http://moon.vn/KhoaHoc/NoiDungKhoaHoc/599/7 75

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

TLTK: LT - TOAN CAO CAP A4 - GIAI TICH 3 (NAM HQC 2016 -2017)
GIANG VIEN: TS. NGUYEN PUC TRUNG

Cac md hinh toan hoc trong hé co hoc hay hé dién truong lién quan dén cac
ham khong lién tuc twong wng véi cac luc bén ngoai bat ngo dao chiéu bat hay tit.

Ham don gian bat, tat 14 ham bac thang don vi tai t=a (ham Heaviside)

0 t<a
1 t>a

ua(t) ZU(t—a) :{

b) Phép tinh tién trén truc t

Pinh 1i 4. Néu £{f (t)} ton tai véi s>c, thi co

L{u(t-a)f(t-a)}=eF(s)=e™L{f}
51
L£H{e®F(s)j=u(t—a) f(t-a)=u(t-a)L! {F}(t-a) s>c+a 5.2

Chang minh:

Taco: € °F(s) = J-e_s(”a) f(r)dz
0

Doi bién t=t+a,tacé e “F(s) = Ie_St f(t—a)dt
0

0 t<a
Do u(t—a)(t—a):{f(t_a) (>a

Nén ¢ e “F(s) = Te‘“u(t —a)f(t—a)dt=L{ut-a)f (t—a)}

e—as
Vidy 4. Cho £(®)=>t Tinh £ { x }

as

T 5.2 ¢6 El{%}:u(t—a)bl{s—lg}(t—a) :u(t—a)%(t—a)z
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0 t<a
= %(t_a)z t>a

Ta c6 mot sb bang tra ciru tong hop tir cac bai toan di cho:

fi(t) LT (1)}(s)
1 e™f(t) c{f(t)}(s-a)
2 u(t-a)f(t-a) e L{f(t)}(s)e
’ Ho (-1 S £{FOls)
4 (Fg)() LLT(E)H(s)2{g(1)}(s)
5 @ Tﬁ{f(t)}(r)dr
6 (%) s"L{ f (1)} (s)—s"*f (0)—s"2f '(0)—...— F " (D)
! [y ~L{f (O}(s)
F(s) CHF(9)}(1)
! e LLHF()) 0
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2 F) to {T F (5)d5}(t)
3 F(s-a) "L {F(s)(t)
4 e *F(s) utt—a)c*{F(s)}(t—a)
5 F(s)G(s) (H{F(s)}**{G(s))(t)
° F&) e (5)} (e )ae

S 0
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