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Chuong 6

DANG CHINH TAC JORDAN

6.1 Su tam giac hoéa

Néu mot ma tran vuong A chéo héa duge thi, nhu ching ta da thay ¢ Chuong
5, n6 ¢6 thé c6 kha nhiéu tng dung thd vi. Tuy nhién, khong phai ma tran
vuong nao ciing chéo héa duge. Vay, ching ta phai lam gi néu A khong chéo
hoa duge? Ton tai nhimg dang rat gon khéc ciia ma tran vuong (hay cta
todn t1t tuyén tinh) ma nhitng ting dung ctia ching ciing rat dang dugce quan
tam. Trong muc nay chung ta sé xem xét mot su rit gon nhu vay, duge goi
la su tam gidc hoa.

Meénh dé 6.1.1. Moi ma tran tam gidc trén déu dong dang vdi mot ma tran
tam gidac dudi nao do.
Ching minh. Gid sit A 1a ma tran tam giac trén cip n véi cic hé so trén
truong K. Ta chon f € Endg(K") sao cho ma tran biéu dién f theo co s6
chinh tac By = (e1,...,e,) 12 A. Xét co 86 B = (ey,...,e1), ta co
/15 = (Bo = B) "' [f]5,(Bo — B).

Dat A" := [f]g va P := (By — B), ta thiy ma tran A’ la ma tran tam giac
dudi va A’ = P71AP. Suy ra A’ dong dang v6i A. |

Bai toan dit ra la khi nao thi ma tran A € M, (K) dong dang v6i mot
ma tran tam giac? Do Ménh de nén ta chi can xét khi ndo ma tran A
dong dang v6i mot ma tran tam giac trén (hay A duge goi 1a tam gidc héa
dugc). Theo ngon ngit clia cac toan ti tuyén tinh thi van dé dat ra la khi



nao mot toan ti tuyén tinh duge biéu dién bing mot ma tran tam giac trén
theo mot co sé nao do.

Dinh ly 6.1.2. Todn ti f € Endg(V) tam gidc héa duge khi va chi khi da
thitc dac trung cua f phan ra trén K.

Chitng minh. Gié st f tam giac hoa duge va B = (uq, ..., u,) la mot co s6
cua V sao cho
A *
[fls =
0 An
T do ta co
Al — A *
Pp(X) = det =M =A)...(A =),
0 An — A

nghia la Pr(\) phan ra trén K.

Nguge lai, gid st Pr(A) phan ra tren K. Ta ching minh bang qui nap
rang toan ti f tam giac hoéa dugc.

Néu n = 1 thi khong c6 gi dé chiing minh. Vay, gia sit n > 1 va khang
dinh ding véi n — 1. Goi Ay € K la mot nghiém nao dé ctia Pr(A) va u; 1a
mot vectd riéng tng vai tri rieng A;. Ta bd tic them n — 1 vecto vao (u;) dé

c6 mot o s6 C = (uq, ug, ..., u,) cia V. Khi d6
Mby .. by
A= [f]c = ;
0 B
v6i B 1a ma tran vuong cap n — 1. Xét khong gian con W = (uy, ..., u,)

va toan tit tuyén tinh g € End, (W) sao cho ma tran biéu dién g theo cd s6
(ug,...,u,) la B. Ta ¢

Pr(A) = det(A — A,) = (M — A)det(B — A1) = (M1 — ) Py(N).

V1 P;(\) phan ra trén K nén P,(\) ciing phan ra trén K, do d6 theo gia thiét
qui nap ma tran B tam gidc hoa duge. Vay ton tai mot co s6 (vg, ..., v,)
ciia W sao cho ma tran biéu dién g theo co sé nay 1a ma tran tam gidc trén.
Khi d6 ma tran biéu dién f theo co 86 (uy, vs, ..., v,) ciing c6 dang tam gidc
trén. |



Heé qua 6.1.3. Moi ma tran A € M,(C) déu tam gidc héa dugc.

Nhan xét 6.1.4. 1) Néu ma tran A dong dang v6i ma tran tam giac A’ thi
trén duong chéo chinh ctia A’ chi toan la céc tri riéng ctia A.
2) Moi ma tran A € M,(R) déu tam giac hoa dugc trén C.
Hé qua 6.1.5. Cho ma tran A € M,(R) va pho cia A la Spc(A) =
{A,.. ., \n}. Khi dé ta co
tr(A) =X+ -+ X, vadetA = A...\,.

Chitng minh. Do cic ma tran dong dang déu c6 cting vét va cting dinh thic

nén nhitng diéu can chitng minh la hién nhién. |
—4 0 -2

Vi du 6.1.6. Ma tran A = 0 1 0 |c6 da thic dac trung Pa(\) =
5 1 3

—(A+2)(A — 1) nén theo Dinh 1y [6.1.2) A tam gidc hoa duge tren R. Ta
xem A nhu ma tran biéu dién toan ti tuyén tinh f theo co s chinh tic. Khi
d6 ton tai mot co s6 B = (uy, ug, u3) sao cho ma tran bicu dién f theo B c6
dang tam giac trén

1 a b
[f]lg = O 1 C
00 -2

Ta sé tinh cic vecto uq, up va us. Nhan xét rang u; chinh 13 vecto riéng ting
v6i tri rieng Ay = 1. Xét hé phuong trinh (A — I3) X = 0, ta c6

5 0 —2 5 0 -2

A-L= o0 o= 01 o
d2 (—>d3

51 2 00 0

Cho 3 = 5 suy ra r; = —2. Vay ta c6 the lay u; = (—2,0,5).
Tinh uy: Ta ¢6 f(ug) = auy +us = (f — Id)(u2) = auy. Do d6

-5 0 =2 T —2
00 0 o |=a 0
5 1 2 T3 5



Giai hé phuong trinh trén

-5 0 —2|—2a -5 0 —2|—2a
00 0 o |%4 01 0| 3a
d2(—>d3
5 1 2| ba 00 O 0
Choa = —1,23 = 4. Ta c6 ©1 = —2,75 = —3. Vay ta c6 thé lay u, =
(—2,—3,4).
Tinh us: Ta biét rang ton tai vecto rieng v tng vdi tri rieng Ay = —2,
nghia 1a f(v) = —2v. Ta c¢6 thé chon uz = v,b=c = 0. Ta c6
-2 0 -2 Y 1 01 v 1 01
Av2l;i=( 03 0]|—=030]|]"=|010
d375d1 d3*d2
5 1 5 010 0 00

Do d6 c6 thé 1ay uz = (—1,0,1). Kiém tra dé& dang uy, us, us doc lap tuyén
tinh, do d6 ching tao thanh mot co sé ctia R3. Ma tran biéu dién f theo co
s6 B la

1 -1 0
A=10 1 0
0 0 =2
Ma tran chuyén tit co sé chinh tic sang co s B 1a
-2 -2 -1
P = 0 -3 0
5 4 1

Cubi ciing ta c6 A’ = P7LAP.

6.2 Da thic triét tiéu. Dinh ly Hamilton -
Calley

Cho V 1a mot khong gian vecto trén truong K va @ € KJt]:
Q(t) = amt™ + Q1 t™ 4 -+ + art + ay.
Néu f € Endg(V) thi ta ky hieu Q(f) 1a mot toan ti tuyén tinh trén V xac
dinh béi
Q(f) = amf™ + am-1 f"" + -+ arf +aoldy.



Nhan xét 6.2.1. Néu P,Q € K[¢] thi
P(fQ(f) =Q(f)P(f), Vf € Endg(V).

Dinh nghia 6.2.2. Cho f € Endg(V) va Q(t) € K[t]. Ta néi Q(t) la da thic
triét tieu toan tit f néu Q(f) = 0.

Meénh dé 6.2.3. Gid s Q(t) la da thic triet tiéu todn ti f va X la mot tr
riéng cua f. Khi dé A la nghiém cia Q(t).
Ching minh. Goi v la mot vecto riéng cua f tng véi tri rieng A. Khi dé
f¥(v) = Mo, Vk € N. Gia stt
Q) = amt™ + apm-1t™ "+ + art + ag
la da thtc triet tieu f. Khi do ta co
A f™ 4 et [+ arf +agldy =0

= (amf™ 4 @yt f" o arf +agldy)(v) =0

= A f™(V) F G fH W) + -+ ar f(v) F agldy (v) =0

= AN+ A N U4+ v+ agu =0
(amA™ 4 @ A"+ @A+ ag)v = 0.

4

Do v # 0 nén tu d6 suy ra
A A" + A A AT ap A+ ag = 0 hay Q()\) = 0. L

Ap dung menh dé vita ching minh ta thiy ring néu toan ti f théa f2 = f
thi cac gia tri rieng ctia f chi c6 thé 1a 0 hosic 1. Néu f3 = f thi cac tri riéng
ciia f chi c6 thé 1a 0,1 hosic —1.

Tuy nhién, ciing can thiét luu ¥ rang khong phai tat ci cidc nghiém cla
Q(t) déu la tri rieng cta f. Vi du, néu f = Idy thi da thic Q(t) = ¢* — ¢
triét tieu f nhung 0 khong phai la tri riéng cia f.

Cau hoéi dau tien ma ta c6 thé dat ra la: Phai chang déi véi moi toan
tt tuyén tinh f € Endg(V) déu ton tai mot da thic 0 # Q(t) € K]
triet tieu f? Cau tra 10i 1a khang dinh. That vay, néu dimg(V) = n thi
Endg(V) = M,(K), suy ra dimg(Endg(V)) = n? Do d6 cac phan ti
Idy, f, f2, ..., f" phu thuoc tuyén tinh trong Endg(V), suy ra ton tai céc
phan ti ag, a1, as, . .., a,2 € K, khong phai tat ca déu bang 0 sao cho

Clo[dv —+ alf + &sz + e+ Canfn2 =0.



Vay Q(t) = ag + ait + agt> + - -+ + a2t la da thite triét tieu f.

Dinh 1y Hamilton - Calley ma ta sé chiing minh dudi day cho thay da
thic dac trung cua f la da thic triét tieu da thic triét tieu f.

Dinh 1y 6.2.4 (Hamilton - Calley). Cho f la mot todn ti tuyén tinh trén
khong gian hitu han chiéu V. Khi dé da thic dac trung Pp(\) triét tiéu f,
nghia la Pr(f) = 0.

Goi B = {uy,us, ..., u,} 1a mot co s§ cia V vi A 1a ma tran biéu dién f

theo co s6 B. Nhu vay,

n

f(uz) = Zajiuj, 1 S 1 S n.

j=1

1 néui=yj

n
Hon ntta u; = ) §;ju; v6i 6;; = { nén ta co
j=1

0 néui#j

Z(aﬁ[dv =6 f)(u;) =0, 1<i<n

i=1
Goi B = (b;;) 1a ma tran vuong vdi céc he s6 1a cac toan tit tuyén tinh dugc
xac dinh bdi

bij = aji]dv — 5l]f

Do Pj(x) = det(A — x1,) = det(A — zI,) ", ma ma tran nay c6 cic hé s6 la
nhitng da thtc

[(A — J]In>—r]ij = aideV — (52‘]'%,

nén ta c6 Pr(f) = detB. Nhu vay dé chiing minh P;(f) = 0, ta can chiing
minh

(detB)(ug) =0, Vk=1,...,n.

That vay, do dinh nghia ctia B, cac vecto uy, us, . . . u, thoa phuong trinh

j=1

Goi B = adj (B) la ma tran pho ctia B. Khi do
(detB)I, = BB.



Suy ra, v6i moi 1 < k <n ta co

5kjdetB = Z Ekzbz] .
=1

Lay &nh cia u; theo hai vé, rdi liy tong theo j,

Z(SkjdetB uj) = Z (ZB’“ i (1 )

7=1 J=1 =1

Suy ra
det B (uy) ZB;“(ZbU u; > = 0.

Dudi day ta sé chiing minh mot két qué rat quan trong vé cac da thiic
triét tiéu.

Bo6 dé 6.2.5 (B6 dé can ban). Cho f € Endg(V) va Q(t) = Q1(t) ... Q,(t),
trong dé Qu, ..., Q, la nhing da thic nguyén t6 cung nhau. Khi dé, néu Q(t)
triet tieu f thi

V =KerQy(f) & - @ Ker Q,(f).

Chitng minh. Ta sé chitng minh bang qui nap theo p.

Néu p = 1 thi Q(t) = Q1(t), do d6 néu Q(f) = 0 thi Q:(f) = 0 va
V = Ker Q:(f).

Truong hop p = 2: Gia st Q(t) = Q1(t)Q2(t), trong dé Q1 va Q2 1& nhiing
da thiic nguyén t6 cting nhau. Khi d6, ton tai nhitng da thic U; va U, sao
cho

UlQl + UQQQ = 1.
Tu do suy ra
Ui(/)Q1(f) + U2(f)Q:(f) = Idv.
Do d6 Vu € V| ta co

u=U(f)Q:1(f)(u) + Us(f)Q2(f)(w), (1)
kéo theo

V =Im (U (£)Q:(f)) + Im (Ua(£)Qa(f)). (2)



V1 Q1(f)Qo(f) = 0 nén Qx(f)Ur(f)Q1(f) = 0, suy ra
Im (U1 (£)@1(f)) € Ker Q2()-

Hoan toan tuong tu, ta c6

Im (Ua(f)Q2(f)) € Ker Q1 ().
Do do, tur (2) ta c6 V = KerQ1(f) + Ker Qa2(f). Gia st u € KerQy(f) N
Ker Q2(f). Tt (1) suy ra ngay u = 0. Vay
V =KerQ:(f) @ Ker Qz(f).
Truong hop p > 2: Ta co

Q) = (Qu(t) ... Qp—1(1))Qp(2).
Dat Q(t) = Qi(t)...Q, (), ta c6 Q(t) va Q,(t) 1a nhimg da thiic nguyen
td cting nhau. Theo trudng hop p = 2 ta ¢6

V = Ker Q(f) & Ker Q,(f).

Dit W = Ker Q(f) va f = f|w. Ta ching minh f € Endg (W). That vay,
VuNG W, ta co f(u) = f(lNL) Do u € VI{ nén Q(f)(u) =0, suy ra @(f)f(u) =
fQ(f)(u) = 0. Hon nita Q(f) f(u) = Q(f)(f(u)), do d6 f(u) € Ker Q(f).

= 0.

Ngoai ra, do f = f|w nén Q(f)
nhan dugc

Vay, ap dung gid thiét qui nap, ta

W =KerQ,(f) @ ®KerQ, 1(f).

Viel,p—1,taco
Ker Qi(f) = {u € W|Qi(f)(u) = 0}
={u e W|Qs(f)(u) =0}
Ngugc lai, gid st u € Ker Q;(f). Khi do,
Q) (w) = Qi(f) - Qia()Qisa(f) - Qpr (/)Qi(f)(w) = 0,

suy ra u € W. Diéu nay ching t6 u € Ker Q;(f). Do d6
Ker Q;(f) = KerQ;(f),Vie1,p—1.

C Ker Qi(f).

Vay
V=KerQi(f)® - ®Ker@Q,_1(f) ® KerQ,(f). u

10



Hé qua 6.2.6. Cho f la mot todn tii tuyén tinh trong khong gian vecto n
chieu V trén K va gid st da thic dac trung Pp()\) phan ra trén K:

Pr(A) = (=1)" (A= A)M ... (A=Ap).

Khi do
V=Ker(f —MId)™ & - - ®Ker(f — N\ Id)™.

Dinh nghia 6.2.7. Cho f 14 mot toan t1t tuyén tinh trong khong gian vecto
n chiéu V tren K va gid st da thiic dac trung Pr(A\) phan ra tren K:

Pr(A) = (=1)"(A = M) ... (A = Ap)7.
Ta goi

N(N\;) = Ker (f — \Id)™
la khong gian ddac trung, ing véi tri riéng A;.
Theo Hé qua [6.2.6, khong gian V' dugc phan tich thanh téng truc tiép

cua cac khong gian dac trung.
Nhan xét 6.2.8.

1) Khong gian rieng luon nam trong khong gian dic trung (ting véi cung
mot tri riéng)

E(\) C N(V).

That vay, néu v € E(\) thi (f — Ad)(u) = 0, suy ra (f — AMd)*(u) = 0
(a 12 6 boi ctia \) hay u € N(N).

2) Khong gian dic trung la bat bién ddi véi f, nghia la
FIVO) € NV,
That vay, gi4 st u € N(A). Khi d6
(f = Md)*(u) = 0= f(f = Md)*(u) =0
= (f=Md)“f(u) =0= f(u) € N()\).
Dé két thic muc nay, dudi day ta sé xét mot tng dung ctia B6 dé can
ban.

Gia stt f € Endg(V) sao cho f2 = f. Khi d6 Q(t) = t(t — 1) la da thiic
trigt tieu f. Vay, theo B6 dé(6.2.5 V = Ker f @ Ker (f — Id). Ta thay V 1a
tong truc tiép clia cac khong gian riéng ctia f suy ra f chéo hoa dugc.

11



Dudi day 1a mot két qua tong quéat hon vi du ching ta vita xét.
Dinh 1y 6.2.9. Todn ti tuyén tinh f chéo héa duoc khi va chi khi ton tai
mot da thic phan ra trén K, co toan nghiém don va triét tiéu f.

Chitng minh. Gia st f chéo héa duge. Khi d6 ton tai mot co s B =
(uq,...,u,) gom toan cac vecto rieng ctia f. Goi Aq,..., A\, 1a cdc tri rieng
doi mot khac nhau cia f. Khi d6, Vu € B ton tai mot \;, 1 < ¢ < p sao cho
(f = Xild)(u) = 0. Tt d6 suy ra

(f = MId)...(f = \Id)(u) =0, Vu € B.

Vay da thic Q(t) = (t — A1) ... (t — A,) phan ra trén K, chi ¢6 toan nghiém
don va triét tiéu f.

Ngugc lai, gia sit
Q)= =) .. (E=Xp), N # N, Vi #
va Q(t) triet tiu f. Khi d6 theo Bo dé , ta 6
V=Ker(f—MId)® - & Ker(f —\,Id)
=EM\)®--- @ EN).
Suy ra f chéo héa dudc. [

6.3 Da thic tdi tiéu

Dinh nghia 6.3.1. Da thic don khéi bac nhé nhat triét tiéu toan ti tuyén
tinh f dugc goi 1a da thic toi tiéu cta f va ky hieu la my.

Ménh dé 6.3.2. Da thic Q(t) € K|t] triét tiéu f khi va chi khi Q(t) chia
hét cho my(t) trong K[t].
Ching minh. Gia sit Q(f) = 0, ta chia Q(t) cho m¢(t):

Q(t) = P(tymy(t) + R(t), deg(R) < deg(my)

(theo qui uée, da thitc 0 ¢6 bac —o0). Vi Q(f) = 0 nén suy ra R(f) = 0, kéo
theo R(t) = 0 do dinh nghia da thic téi tieu. Do d6 Q(t) = P(t)my(t).

Nguge lai, néu Q(t) = P(t)ms(t) thi Q(f) = P(f)ms(f) = 0, nghia la
Q(t) triet tieu f. |

Hé qua 6.3.3. my la udc cia Py.

12



Chitng minh. Ap dung Dinh 1y Hamilton-Calley va Ménh d¢(6.3.2 |

Hé qua 6.3.4. Da thic toi tiéu la duy nhat.

Chitng minh. Gia st m; vd mo 13 hai da thic téi tiéu cta toan ti f. Khi
d6, theo Menh dé[6.3.2) my 1a udc clia my va my 1a ude ciia my. Do my va
my déu la cac da thice don khéi nén tit d6 suy ra m; = ms. [ |

Meénh dé 6.3.5. Tap nghiém ciia my tring vdi tap nghiém cia Py.

Ching minh. Tu Hé qua suy ra moi nghiém ctua m; déu 1a nghiem
ctia Py. Tt Méenh dé suy ra moi nghiém ctia Py déu 1a nghiem ctia my.

01
Vidu6.3.6.a) ChoA=| 1 0 .Taco Pa(t) = —(t+1)(t+2)(t—3).
1 2

S NN

Ap dung Ménh dé [6.3.5|suy ra ma(t) = (t + 1)(t + 2)(t — 3).

-1 1 1
b) Cho A = 1 =1 1 |.Taco Pa(t) = —(t —1)(t +2)%. Ap dung
11 -1
Menh dé[6.3.5 suy ra
t—1)(t+2),

(t—1)(t+2)>

Ta c6 (A — I3)(A+ 213) = 0. Vay ma(t) = (t — 1)(t + 2).
Dinh 1y 6.3.7. Todn ti tuyén tinh f chéo héa duoc khi va chi khi da thic
toi tiéu ciia no phan ra trén K va cé toan nghiém don.

Chitng minh. Diéu kién di 14 dang do Dinh 1y [6.2.9, Nguoc lai, gia sit f
chéo hoa duge. Khi do

Pr(t) = (=1)"(t = A)™ ... (t = Ap)* P, N # N\, Vi # 5.
Theo chiing minh Dinh 1y6.2.9| da thic Q(¢) = (t — A1) ... (t — ) triét ticu

f. Ap dung Ménh dé|6.3.5 suy ra m(t) = Q(t). |
—1 1 1

Vi du 6.3.8. a) Xét ma tran A = 1 —1 1 |. Da thic téi tiéu cta
1 1 -1

Alamu(t) = (t —1)(t — 2). Theo Dinh 1y/6.3.7, A chéo hoa dugc.

13



b) Matran A=| —1 0 1 |c6 da thic dac trung Pa(t) = —(t—1)3 nén
11
t—1
ma(t) = | (t—1)2
(t—1)3

Theo Dinh 1§ [6.3.7, A chéo héa duge < ma(t) =t —1 < A— I3 =0. Do
A # I3 nén tit do suy ra A khong chéo hoa duge.

3 —1 1
c) Matran A= 2 0 1 |c6da thic dac trungla P4(t) = —(t—1)(t —
1 -1 2
2)%, do d6
( _1)<t_2)7
t) =
MO -0 -op

Theo Dinh Iy ta c6

A chéo héa duge & ma(t) = (t—1)(t —2) & (A—I3)(A —21;3) = 0.

Nhung bang cach tinh toan tryc tiép ta thiy ring
(A~ Iy)(A—21y) £0,
do d6 A khong chéo hoa duge.

6.4 Dang tam giac khbi

Trong muc ta da biét néu da thic dic trung clia toan tit f trén khong
gian vecto hitu han chiéu phan ra trén truong co sé K thi f tam giac hoa
dugc, nghia 1a ton tai mot co s6 B clia V sao cho trong dé ma tran biéu dién
f theo B c6 dang tam giac (trén hodc dudi). N6i chung, diéu nay ciing da
cho chiing ta nhitng tng dung kh4 t6t. Trong muc nay ching ta tiép tuc viéc
rit gon toan tit f sao cho c6 thé “t6t” hon nita. Chinh xac hon, néu da thic
dic trung ctia f phan ra tren K thi ta c6 thé dua f vé dang tam gidc khoi.

B6dé 6.4.1. ChoV=V,®...® V,, trong dé V; la cac khong gian con bat
bién doi vdi f. Khi d6, néu By, ..., B, tuong ing la cic co sé cia Vi, ...,V
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thi ma tran cia f theo co sé B= (Bi,...,B,) la
:
fls = =: diag(M, ..., M,),
0 M,

trong dé M; la ma tran biéu dién cia han ché cia f len V; theo co sé B;.

Ching minh. Gid st By = (u1,...,up,), ..., By = (u1,...,up,). V1 f(V;) C
Vi,Vi =1, p nén ta co

f(ul) = a11U1 4+ ...+ Apqi1Unys

Do d6
[f]g = diag(My, ..., M,). [
Dinh 1y 6.4.2 (Rut gon theo dang tam giac khéi). Cho f la mot todn

ti tuyén tinh trén khong gian vecto n chiéu trén truong K. Gid st da thic
dac trung cua f phan ra trén K:

Py = (~1)" 0= A)™ oo (0= A%, Ay £ A Vi .
Khi dé ton tai mot co sé B = (By,...,B,) cia V, trong dé B; la mot co sd
cia N(N\;) sao cho
[f]g = diag(Ml, . ,Mp),

vdi M; la ma tran biéu dién cia han ché cia f lén khong gian dac trung
N(\;) theo co s B; va M; c6 dang tam gidc trén.
Chitng minh. Vi N()\;) bat bién déi véi f nén theo He qua va Dinh
1y 6.4.2} ton tai mot co sé B = (By,...,B,) cia V sao cho

[f][)’ = dia’g<M17 ey Mp)v
trong do B; 1a mot co sé cua N(N\;), M; = [fi]s,, v6i fi 1a han ché cha f

len N();). Do d6 ta chi con can chiing minh rang M; tam giac hoa dugc va
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Theo dinh nghia, N(\;) = Ker (f — \;Id)* nén (f — \;[d)*(u) = 0,Vu €
N(N\;). Vay (A — \)% 1a da thiic triet tieu f;, do d6 da thic tdi tieu cta f;
c¢6 dang

myg(A) = (A= N)", voi 1l < < a.
Ap dung Menh dé , suy ra da thitc dac trung ctua f; c6 dang
Pr(A) = (=1)%(A = X)*, véi 3 < ;.
Vay Py, (\) phan ra tren K va Spr(f;) = {\i, ..., \i}, kéo theo M, tam giac
hoéa duge. Ta con can phai chitng minh §; = o, Vi € 1, p. Thuec vay, ta c6
Pr(A) = | My — My, | ... M, — X5, |
= Pr(\) ... P (\) = (=1) e (N — X)L (A= A
=(=1)"(A =) . (A=A
T do6 suy ra §; = o, Vi € 1, p.

Dé thuan tién, ta giit nguyén cac ky hiéu vé co sé va ma tran biéu dién
cic toan ti khi ta dua vé dang tam giac trén trong qué trinh nhu trén. Nhu

vay ta c6 diéu can ching minh. |
1 -1 2 2
. R 0 01 -1 R
Vi du 6.4.3. Cho ma tran A = ] L1 ol Xem A nhu ma tran
1 -1 1 0

clia toan tit tuyén tinh f: R* — R* theo co s6 chinh tac By = (ey, ea, €3, €4).
Vi Pp(A) = N2(A+ 1)(A — 3) nén ton tai co s B = (u1,ug, u,uy) sao cho
theo co s6 nay ma tran clia f c¢6 dang tam giac khoi

-1 0 0 0

o O O
S O W
o O O
o & O

Diéu nay c6 nghia

flur) = —uy,
f(ug) = 3ug,
f(uz) =0,

f(uyg) = aus.
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Ta c6 vecto u; 1a vecto rieng ciia f tng véi tri rieng A = —1. C6 thé lay
u; = (—2,0,1,1). Vecto uy 1a vecto riéng tng v6i tri rieng A\ = 3. C6 thé
lay us = (2,0,1,1). Vecto ug 1a vecto rieng ting véi tri rieng A = 0. C6 thé
lay uz = (1,1,0,0). Cudi cung cho a = 1 ta tinh dugc uy = (0,1,1,0). Dé
dang kiém tra ring cic vecto ui, us, us, uy doc lap tuyén tinh, do d6 ching
tao thanh mot co sé ciia R* ma ta can tim. Ma tran chuyén co sé tit By sang

B la

-2 2 10
0 011

P =
1 101
1100

Nhu vay ching ta da thay ring néu mot ma tran tam giac hoa duge thi
ta c6 thé lam duge nhiéu hon thé nita bang cach dua ma tran biéu dién né ve
dang tam giac khoi. Diéu nay c6 1gi hon trong cac ing dung. Thuc vay, néu
déi véi mot ma tran tam giac viec nang lén lity thita néi chung la khong thé
duge. Tuy nhién, néu ching ta dua né vé dang tam giac khéi thi viéc nang
len lfiy thita sé dua vé tinh lfiy thita clia cac khoi trén dudng chéo chinh. Vé
phan minh, méi khoéi nhu vay déu la mot ma tran tam gidc ma tat cd céc
phan ti nam trén duong chéo chinh déu bang nhau. Vay bai toan thuc chat
dua vé viéc nang lén liiy thita clia ma tran tam giac dang

A *
A=

Phan tich A = A\ + N, trong d6 N = . Ta chiing minh ton tai
0 0

p < n sao cho N? = 0. Thuc vay, ta c6 Py(t) = (—1)"t", nén my(t) = t?,

v6i p < n. Do my(N) =0 nén NP = 0. Bay gio nhan xét rang A\ va N giao

hoan v6i nhau nén ta dé dang tinh duge A*¥ = (Al + N)* biang cach khai

trién nhi thitc Newton.

6.5 Toan tw luy linh

Trong muc nay V' ludn luon 1a khong gian vecto n chiéu trén truong K.
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Dinh nghia 6.5.1. Gid st A € K vA n > 2, ta goi ma tran vuong cap n
dang sau day 14 mot khoi Jordan:

A1 0

J(A) =
o1
0 Y

Néu cap ciia khéi bang 1 thi ta qui uée J(A) = (N).

Bo6 dé 6.5.2. Gid st J = J()\) la mot khoi Jordan cap n. Khi dé ta cé nhiing
dieu khdang dinh sau day:

(i) Py(t) = (=1)"(t = A)".
(i) my(t) = (t = A)".
(iii) dim E(\) = 1.

Chitng minh. Bing cach tinh toan triyc tiép ta thay ngay nhitng diéu can
chiing minh. |

Dinh nghia 6.5.3. Ta néi toan ti tuyén tinh « trong khong gian V' 13 mot
todn ti ldy linh néu ton tai mot s6 nguyén m > 1 sao cho u™ = 0. S6 nguyén
duong 3 nho nhat théa u’® = 0 duge goi 1a bac liy linh cia u.

Ménh dé 6.5.4. Todn ti tuyén tinh u la liy linh néu va chi néu ton tai mot
co sd ciia V sao cho trong dé ma tran biéu dién u cé dang tam gidc trén ma
trén duong chéo chinh chi toan la 0.

Chitng minh. Gia st v 1a toan tit liy linh bac 8. Khi d6 da thic téi tiéu
my(t) = t7, kéo theo da thic dic trung P,(t) = (—=1)"t". Do d6 u tam giac
héa dudgc, nghia 1a ton tai mot co sé ctia V ma trong dé ma tran bicu dién
u c6 dang tam gidc trén véi cac phan tit 0 ndm trén dudng chéo chinh. Diéu
nguac lai 1a hién nhien. [ |

Dinh nghia 6.5.5. Cho u la toan tit tuyén tinh trong khong gian vecto V.
Néu ton tai mot vecto z trong V sao cho cac vecto x,u(z),...,u" ! (x) tao
thanh mot co sé ctia V' thi ta néi u 1 todn tii zyclicva B = (z, u(z), ..., u" " (x))
la co sd xyclic.

B6 dé 6.5.6. Cho u la todn ti liy linh vdi bac liy linh B > 1. Khi do, cdc
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dieu kién dudi day tuong duong:
(i) B =mn, nghia la P,(t) = (—1)"t" va m,(t) = t".
(i) w la toan ti xyclic.

(iii) Ton tai mot co s¢ B cia V sao cho [u]g = J(0).

Chitng minh. (i) = (ii). Gia st diéu kien (i) dugc thoa man. Khi d6 vt #
0. Do d6 ton tai 0 # x € V sao cho u"!(x) # 0. Gia st

ax + apu(z) + -+ + au"H(x) = 0, V6i ay,as, ..., a, € K.

Tac dong w"~! 1én hai vé, nhan duge a;u™ ! (z) = 0. Tt d6 suy ra a; = 0.
Bay gio tac dong v"~? lén hai vé, nhan dudc ay = 0. Ctt tiép tuc nhu thé,
cudi cung nhan duge a; = ag = -+ = a, = 0. Vay, (z,u(z),...,u" (z)) la
cd sd xyclic ctia V.

(i) = (iil). Gia st (z,u(z),...,u" ! (x)) 1a co s xyclic cta V. Dat B =
(u"(x),...,u*(x),u(z),z). Khi dé ta co
[u]s = J(0).
(iii) = (i). Néu c6 (iii) thi theo B& dé ta c6 = n. |

Trong cac bo dé tiép theo ta luon gia thiét v 1a toan ti liy linh véi bac
lfiy linh 8 > 1.

Bo dé 6.5.7. Vdi moi p € 0,3, ky hicu K, := Ker (u?). Khi dé ta c6 day
tang ngdat sau day:
OZK()CKlCKQC...CKg_lCKﬁ:V
Ching minh. Vi v?(z) = 0 = v (2) = 0, nén K, C K, 1. Mat khac, néu
ton tai p € 1,8 — 1 sao cho K, = K, thi ta c6
K,=Ky.1=...=Kg=V.

Diéu nay dan dén p la bac liy linh clia u, 1a diéu mau thudnvip< 3. W
B6 dé 6.5.8. Ton tai cdc khong gian con M, . . . , Mg khong tam thuong théa
man cac dieu kién:

(Z) Kp = Kpfl ©® Mpap € m;

(ii) w(My) € M, 1,p € 3,5,
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Chitng minh. Véi p = 3, chon Mz la mot phan b nao dé cia Kz ; trong
Kz = V. Gia st da xay dung dugc cac khong gian con Mg, Ms_4,..., M,
thoa man cac diéu kien (i) va (ii). Ta sé xay dung khong gian con M,_; sao
cho n6 ciing théa man (i) va (ii). Truéc hét ta kiem tra cac didu kién sau
day:

a) u(My) € Kp1;

b) u(M,) N K, o =0.

Gia st # € M,. Vi M, C K, nén v?(x) = 0, hay v '(u(z)) = 0, nghia 1a
u(z) € K,_;. Ta da chiing minh (a).

Bay gio, gia st y € u(M,) N K,_5. Khi d6, ta ¢c6 y = u(x),x € M, va
uP~%(y) = 0, kéo theo uP~(z) = 0, nghiala x € K, 1. Vay, z € K, 1N M, =
0, suy ra z = 0, kéo theo y = u(x) = 0. Ta da ching minh (b). Két hop (a)
va (b) ta co

Ky ®u(M,) C Kp-1.

Do d6 ton tai G,—1 la phan bu cta K,_» ® u(M,) trong K, 1, nghia la
Kp1 =Ky ®u(M,) ®Gp1.
Bay gio néu dat
My = u(M,) & Gy
thi ta thay M,_; thoa cac dieu kien (i) va (ii). [

Bo dé 6.5.9. Vdi cic ky hieu My, My, ..., Mg nhu trén, ta cé
V=MOM.. &M

Ching minh. Ta co
V=Kg=Kpg_1 D Mg
= Kg_o® Mp_; ® Mg

=M +SMy; @ ... D Msg. [ |

Tiép theo, ta sé xay dung mot co s6 clia V' bang cach xay dung co sé
cho méi khong gian con M, sau d6 sip xép lal cac vecto co sé bang cach
phan hoach n6 thanh cac co sé xyclic ctia cac khong gian con ctia V. Theo
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¢ s6 cudi ciing nay ma tran biéu dién f sé c6 dang khéi dudng chéo ma trén
duong chéo chinh 1a cac khoéi Jordan.

B6 dé 6.5.10. Anh ciia mot co sd cua M, la mot ho doc lap tuyén tinh trong
M

p—1-

Ching minh. Gia st (uq,...,u,) 1a mot co sé cia M, va A,..., A € K
sao cho

Aru(ug) 4 -+ Au(u,) = 0.

Khi d6, u(Aug + -+ + Au,) = 0, hay Mug + -+ + \u, € Keru =
K, C K,—. T do6 suy ra \jug + -+ + ANu, € My N Kp,—; = 0, kéo theo
AM ==X =0. |

Bay gio ta sé lan luot xay dung co s6 cho M; bat dau tit i = 3. Trong Mp
(ma ta con ky hieu 1a Gg), lay mot co s6 bat ky nao d6. Tiép theo, bang qui
nap lui ta sé xay dung co s6 trong M,_; nhu sau:

Ta c6 M,_1 = u(M,) & G,_1. Lay dnh qua u ctia co s6 da xay dung trong
M, hop v6i mot co s6 ctia G,—q ta sé c6 mot co s6 cua M,_;. Bang cach nay

ta xay dung dudc cac cd sé Bg, Bs_1 ..., By tuong ting cua Mg, Mg_y ..., M;:

Bﬁ = (ul, e ,unﬁ),
~———

Gp
Bg1 = (w(ur),. .., u(tng), w1, wWny_,),
T
Bg—o = (u*(u1), .- u(Ung ), w(wi), -« -, w(Wng_y)s 215+ -+ 5 Zng_y)s

Véipe1,Bva0#x e G, dit
L(z) = (v,u(x),..., v’ (z)).

Khi dé nhitng khang dinh trong bo dé duéi day la hién nhien.
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B6 dé 6.5.11. Vdi moip € 1,8, ta ¢é
(i) dim H,(x) = p.
(ii) H,(z) la khong gian con bat bién doi vdi u.
(ii1) u|p, @) la todn ti zyclic.
Bay gio ta da c6 du diéu kien dé nhan dugce dinh 1y chinh duéi day.
Dinh ly 6.5.12. Cho u la mot toan tu luy linh trong khong gian vecto V.

Khi dé 'V phan tich thanh tong truc tiép cdc khong gian con bat bién doi vdi
u, sao cho han ché cia w lén moi khong gian con nay la mot todn tii zyclic.

Chitng minh. Qua cich xay dung céc khong gian con H,(z) ta nhan thay
rang V la tong truc tiép clia cic khong gian con

H@(ul), ey Hg(unﬁ),ng_l(wl), ey Hﬁ_l(wnﬁ_l),
Ce ,Hl(l‘l), ceey Hl(flfnl).

Hon nita, moi khong gian con néi trén déu bat bién ddi véi u va han ché
cua u lén moi khong gian con dé6 14 mot toan ti xyclic. [

6.6 Dang chinh tic Jordan

Dang tam giac khéi néi chung da cé thé dung kha tét cho nhiing tng dung.
Tuy nhién, ta c¢6 thé tién hanh rit gon trong ting khoi cho dén khi nhan
duge mot dang ma theo mot nghia nao do 1a don gidn nhat. D6 chinh 1a dang
chinh tac Jordan ma ta sé dé cap tdi trong dinh ly duéi day.

Dinh ly 6.6.1 (Jordan). Cho f € Endg (V) sao cho Ps(t) phan ra trén K.
1) Gia s f chi c6 mot tri rieng va
Py(t) = (=1)"(t = N)",my(t) = (t = N’ dimE()\) = .
Khi dé, ton tai mot co sé B cia V sao cho

Ji(A) 0

[fls = HY) . = J(\),
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trong do:
a) Ji(N) la khoi Jordan;
b) cap cia khoi lon nhat la 3;
c) so cac khoi Jordan la .
2) Néu f c6 cdc tri rieng khdc nhau ay, ..., o, va
Py(t) = (~1)"(t = \)™ (£ — Ap)

thi ton tai mot co sé B cia V' sao cho

J(A\1) 0

J(X2)

[fls =

0 J(p)

Ching minh. 1) Gia st Py(t) = (—1)"(t — A\)™. Vi Py(t) phan ra trén K
nén f tam giac hoa dudge. Do d6 ton tai mot co sé B’ sao cho

A *
[fle = = A.
0 A
0 *
Phan tich A = M\, + N, v6i N = = [u]g. Luu y rang
0 0

f = Mdy + u. Theo Menh dé u 1a todn tit Iy linh. Goi 3 1a bac liy
linh ctia u. Vi ma tran biéu dién toan t& A/ dy trong moi co sé déu 1a AI, nén
ap dung Dinh 1y , ta tim duge mot co s6 sao cho trong dé6 ma tran bieu
dién f c6 dang khoi duong chéo ma trén duong chéo chinh 1a cac khéi Jordan
dang J(A). Theo cach xay dung céc khong gian con H,(x) trong ching minh
Dinh 1y [6.5.12|thi khong gian con ¢6 s6 chiéu 16n nhat chinh 1a Hg(z). Do d6
cap ctia khéi Jordan 16n nhat 1a 3. Vi mdi khoi Jordan chi chia ding mot
vecto riéng nén so cac khoi Jordan ding bang s6 chiéu clia khong gian riéng

E(\).

2) Truéc hét phan tich V' thanh tong truc tiép clia cac khong gian dac
trung, sau d6 ap dung Phan 1) ddi véi mdi khong gian dic trung. Nhu vay
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dinh ly da dugc chiing minh hoan toan. |

D6i véi toan tt tuyén tinh f, viéc tim co sé va ma tran biéu dién f theo
co sd ay nhu da lam trong Dinh ly Jordan dugc goi 1a viéc dua f vé dang
chinh tic Jordan. R6 rang bang ngon ngit ma tran ta ciing c6 thé néi téi viec
duwa ma tran vé dang chinh tic Jordan.

Vi du 6.6.2. Cho ma tran

10 0 0

A 0o 1 0 0
1 2 3 1

-2 -4 -4 -1

Xem A nhu ma tran biéu dién toan tit tuyén tinh f € Endg(R*). Ta sé
tim co s6 ciia R* trong d6 f c¢6 dang chinh tic Jordan.

Ta c6 P4(A\) = (A =14 Do A —1I; # 0 vd (A — I;)* = 0 nén mu(\) =
(A —1)2. Ta tinh duge dim E(1) = 3. Theo 1) ctia Dinh 1y (6.6.1, dang chinh
tac Jordan A’ clia A gom 3 khoéi Jordan, trong d6 khdi 16n nhat cé cap 2.

Vay
1 000
, o100
A= 0011
0001

Goi (uy, ug, uz, uy) 1a co s6 trong do f c6 dang chinh tac noi trén. Ta thay
cic vecto up, up va uz can phai chon sao cho chiing tao thanh co sé ctia khong
gian rieng F(1). Hon nita u3 can phai duge chon sao cho ta c6 thé tim duge
uy théa f(uz) = usz + ug v cac vecto uy, us, us, uy doc 1ap tuyén tinh véi
nhau. Bing cach tinh toan truc tiép ta co thé lay cac vecto sau:

uy = (0,1,0,—-2),us = (1,0,0,—1),u3 = (0,0,1, —2),uy = (1,0,0,0).

Vidu 6.6.3. A=

o O O =
S O N O
S NN O O
N W O N

Xem A la ma tran biéu dién toan ti tuyén tinh f € Endg(R?*). Ta c6
P;(\) = (A—1)(A—2)3. Theo He qua[6.2.6, R* phan tich thanh téng triec tiép
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clia cac khong gian dic trung N(1) = Ker (f — Id) va N(2) = Ker (f —21d)?,
nghia la

R* = N(1) ® N(2).

Theo Dinh 1y [6.4.2] néu f1 1a han ché chia f lén khong gian dic trung
N(1) thi Py, (A\) = A — 1. Tuong tu, néu f, 1a han ché ctia f len khong gian
dac trung N(2) thi Pp,(\) = (A — 2)3. Theo Dinh ly Phan 2), ton tai
co s6 trong d6 dang chinh tac Jordan ctia f 1a ma tran khéi duong chéo gom
hai khoéi: khoi thit nhat 1a dang chinh tac Jordan ctia f; va khoi thit hai la
dang chinh tac Jordan ciia fy, ma cac dang chinh tic nay dudc xac dinh béi
Dinh 1y , Phan 1). Do dim E(2) = 2, nén ma tran biéu dién f, c6 hai
khéi Jordan. Do dim N(2) = 3 nén ma tran biéu dién f, c6 mot khéi Jordan

cap 1 va mot khdéi Jordan cap 2. Vay dang chinh tic Jordan ctia A 13

1 000
A=

o O O
N = O

2 0
0 2
00
Co s6 can tim sé bao gom mot vecto rieng u; ng vdi tri rieng \; = 1,

hai vecto riéng us, ug 1a cac vectd co sd ctia khong gian riéng F(2) tng véi tri
rieng Ay = 2 va cudi cling 1a vecto uy duge tinh tit cong thite f(uy) = uz+2uy.

BAI TAP

Bai 6.1. Déi v6i mdi ma tran dudi day hay dua vé dang tam gidc va chi ro
ma tran kha nghich P lam tam giac héa no:

3 -1 1 32 -2
@A=[2 01 }tmAa=[-10 1
1 -1 2 11

dX
Bai 6.2. Giai hé phuong trinh vi phan T AX, v6i A la ma tran trong
Bai 6.1
Bai 6.3. Tim da thifc tdi tiéu cia cac ma tran trong Bai .

Bai 6.4. Gia sit toan tit tuyén tinh f : R®> — R? ¢6 ma tran biéu dién theo
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co s chinh tac 1a
100
A= 1 21
-1 0 1
Hay tim da thic toi tieu ctia f va phan tich R? thanh tdng truc tiép cia
cac khong gian dac trung.

Bai 6.5. Tim dang chinh tac Jordan ctia cac ma tran

1 1 0 0 1 -3 0 3
0 1 0 0 92 —6 0 13
A=l 1 5 5 1Y ¢ 31 3]
2 _5 —4 —1 1 -4 0 8
IS G
9 -3 -7 —1 '
) SRR 0 0 1 1
-
00 2 0o 0 0 .. 1

Bai 6.6. Cho V 1a khong gian vecto n chiéu tréen K va f 1a toan tit tuyén
tinh trén V. Gia st c6 k € N sao cho f¥ = 0. Chiing minhf™ = 0.

Bai 6.7. Tim mot ma tran vuong A cap 3 c¢6 da thiic téi tidu Py (t) = 2,
Bai 6.8. Gia st toan tit f : R® — R® ¢6 ma tran biéu dién theo co s chinh
tac 1a
3 01
A= 2 11
-1 11
a) Tinh da thitc téi ticu ctia f. Tl d6 it ra két luan gi vé tinh chéo hoa clia
toan tit f?

b) Tim co sé clia R? sao cho trong d6 ma tran biéu dién cia f c6 dang chinh
tac Jordan. T d6 hay chi ra mot co s cho mdi khong gian dic trung ciia

f.
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Bai 6.9. Tim da thiic tdi tiéu cia ma tran A =

3 1 0
-4 -1 0
4 -8 =2

. Ma tran

A ¢6 chéo hoa duge trén truong s6 thuyc R hay khong?

1 3 0
Bai 6.10. Cho A =| 3 —2 —1 |. Hay tinh A" d6i v6i moi s6 nguyén
0 —1 1

duong n.

Bai 6.11. Tim ma tran B sao cho B chéo hoa duge trén R va B? =

1 00
-1 3 0
-8 2 4

Bai 6.12. Cung mot cau hoi nhu trong Bai 6.9 cho cac truong hgp sau:

3 1 —1 6 —6 5
a) A= 13 -1 |.b)A=| -4 -1 10
02 2 7T —6 4
Bai 6.13. Cho ma tran

-1 1 1 0

-1 2 1 -1

5 -3 =2 5

4 -2 -2 3

a) Tim da thic ddc trung cua A.

b) Hay tim mot ma tran Jordan A’ dong dang véi A va chi rd ma tran kha
nghich P théa man A’ = P~tAP.

¢) Ap dung Cau b) dé tinh A", v6i n 1a mot s6 nguyén duong bét ky.
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Chuong 7

KHONG GIAN EUCLID

Trong chuong nay ngoai trit nhitng trucng hop riéng sé duge noéi ro, ta chi
xét cac khong gian vecto trén truong so6 thic R.

7.1 Tich vdé huéng va khong gian Euclid

Trong cac chuong trude ching ta da khéo sat cac khong gian vecto tong quét.
Tuy nhién, khai niém khong gian vecto chua mé rong mot cach day du céac
khong gian 2 hoidc 3 chiéu ctia hinh hoc giai tich. Chang han, cho dén nay
ching ta van chua dé cap dén tich vo huéng, do dai vecto hay goc gitta hai
vecto ,...va vi vay ching ta chua phét trién duge 1y thuyét hinh hoc metric
phong phu da biét trong truong hop 2 hodc 3 chiéu. Trong chuong nay ching
ta sé bd sung cho nhitng khiém khuyét do.

Dinh nghia 7.1.1. Cho V 1a khong gian vecto . Anh xa

(,)y: VxV — R
(u,v) +— (u,v)
duge goi 1a mot tich vé hudng trong V néu Vu,v,w € V,Va, 8 € R, ta co
(i) {au+ B, w) = afu, w) + fv, w);
(i) (u, v + fw) = alu, v) + F(u, w);
(iil) (u,v) = (v, u);
) {u,u) >0, trong d6 (u,u) = 0 néu va chi néu u = 0.

(iv
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Dinh nghia 7.1.2. Ta goi mot khong gian vecto hitu han chiéu véi tich vo
huéng la mot khong gian Euclid.

Sau day 1a mot s6 vi du vé cac khong gian Euclid.
Vi du 7.1.3. Tap hop tat ca cac vecto trong khong gian thic 3 chiéu véi

tich vo huéng quen thuoc da duge dinh nghia trong cac sach gido khoa vé
toan so cap la mot khong gian Euclid.

Vi du 7.1.4. Cho khong gian vects V = R", v6i u = (x1,...,2,) va v =
(y1,--.,Yn) ta dinh nghia
<u7 U> =TI + -+ TnlYn-
Khi d6 V la khong gian Euclid. Tich v6 huéng vita dinh nghia dugde goi la
tich vo hwdng chinh tdc trong R™.
Vi du 7.1.5. V6i u = (1, 72, 73),v = (Y1, Y2, y3) € R? ta dinh nghia
(u,v) = T1y1 + 2T9ys + 3T3Y3 + T1Y2 + T2

Dé dang thay rang céac tinh chat (i)-(iii) trong Dinh nghia dugce thoa
méan. Hon nita, nhitng tinh toan dudi day cho thay tinh chat (iv) ciing dugc
thoa man.

(u,u) = 23 + 2235 + 323 + 27175
= 22 + 21179 + 25 + 25 + 373
= (21 + 22)* + 25 + 323 > 0.
T d6 suy ra
(u,u) =0 x1+ax9 =29 =23=0

<:>LE1:ZZ'2:£U3:O.
Vi du 7.1.6. Xét khong gian vecto My(R) gom cdc ma tran vuong cap 2
trén truong s6 thue R. Khi d6 (A, B) := Tr(ATB) 1a mot tich vo hudng
trong Ms(R).
Vidu 7.1.7. V6i cac da thic P, Q € R[z|, ta dinh nghia
1
(P.Q) = [ P)Q)s
0

Hién nhién céc tinh chat (i)-(iii) trong Dinh nghia dugce théa man.
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Ta sé chiing t6 tinh chét (iv) ciing duge théa man. That vay, ta c6 (P, P) =

[} P(x)?dz > 0. Giasit (P, P) = 0. Vi P(z) 1a mot ham lien tuc va P(z)? > 0

nén tur diéu kién fol P(z)*dr = 0 suy ra P(z) = 0 véi = € [0,1]. Do da thic
P(z) chi c6 thé c6 mot s hitu han nghiém nén tit d6 suy ra P(x) = 0.

Vidu 7.1.8. Cho W la mot khong gian con ctia khong gian vecto V. Gia st
trong V' ¢6 tich vo hudng (, ). V6i moi u,v € W, dinh nghia
(u, V) = (u,v)y.

Dé thay day l1a mot tich vo huéng trong W.
Dinh nghia 7.1.9. Xét khong gian Euclid V, ta néi chudan hay do dai cia
vecto u, ky hieu ||ul|, 1a 6 thuc \/(u,u), nghia la ||u|| = \/{u, u). Néu mot
vectd c¢6 do dai bang 1 thi ta sé néi né 1la mot vecto don vi.
Nhan xét 7.1.10. Chou € V va A € R, ta co

i) |Ju|| > 0. Hon ntta ||u|| =0 < u = 0.

i) [[Aul] = [A][[ul].
Vi du 7.1.11. a) Trong khong gian Euclid 6 Vi dy do dai ctia céc vecto

xac dinh nhu trong Dinh nghia chinh 1a d6 dai quen thudéc ma ta da
biét trong Hinh hoc so cap.

b) Do dai cia vects u = (zy, ..., x,) trong khong gian ¢ Vi du duge

xac dinh nhu sau:
lull = /a3 + -+ 2

c¢) Do dai ctia vecto P(t) trong khong gian 6 Vi du 1a
b
IP@Il =/ [ Pl

Bo dé 7.1.12 (Bat dang thiic Cauchy-Schwarz). Vdi moi u,v € V ta
co

(u, 0) < |Jul|*[]o]|*
Hon nita, dav “ =" xdy ra khi va chi khi w va v phu thudc tuyén tinh.

Chitng minh. Néu |[|u|| = ||v|| = 0 thi u = v = 0 v& bat dang thiic hién
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nhién duge théa man.
Gia st ||v]| # 0 va A € R 1a mot s6 thuce bat ky. Ta ¢o
w4+ Av||* >0
= [|ul|® + || v]|? + 2{u, \v) >0
= N[ || 2 + 2\ (u, v) + [|ul|* > 0.
Vé tréi clia bat déng thiic sau ciing 1a mot tam thiic bac hai theo \. Dé

tam thitc nay luon nhan gia tri khong am déi véi moi A thi diéu kién can va
du 1a biet s6 A’ < 0, nghia 13

(u, 0)” = J[ul? o[> < 0
hay

(u, 0)* <l [ |v] .
Bay gio, gia st dau “ = 7 xay ra, nghia la (u,v)? = |[|u|]* ||v]|*. Khi d6
tam thitc bac hai néi trén c6 nghiém kép, nghia 1a ton tai A € R sao cho
Nl 42X (u, v) + [[ul > = 0

hay ||Ju 4+ Av||? = 0. T d6 suy ra u + Av = 0 hay u va v 1a cac vecto phu
thuoc tuyén tinh. |
Meénh dé 7.1.13 (Bat dang thic tam giac). Vdi moiu,v € V ta c6

[u+ ol < Jful| + [|v]].

Hon nita, khiu # 0, dau = xdy ra khi va chi khi ton tai X > 0 sao cho v = \u
hodc u = Av.

Chitng minh. Ta c¢6
[+ ol = [Jul[* + [Jo|[* + 2(u, v)

< Jul® + [[v]* + 2| (u, v)|
< |u|[® + ||v]|* + 2||u|| ||v|| (bat ding thitc C-S)
= (Il + [|0]1)*.

Suy ra [|u+ v[| < [|ul] + [[v]].

Néu v = Au, v6i A > 0 thi ta co
|[u+ | = [lu+ Aul| = [[(1 + Au)ul|
= (L4 M[lul| = [|u]] + Alfull
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= [Jul[ + [[Aull = [lul[ +[[o]]

Ngugc lai, gia sit

[lu+ol| = [[ul] +[Jv]].
Khi do
[l +ol* = [[ul]® + [ol|* + 2(u, v)
= [lul[® + [[0][* + 2] [ul| 0]
Tit d6 suy ra (u,v) = ||ul| ||v]|, kéo theo (u,v)? = ||u||?||v||>. Theo Bo dé

7.1.12, u va v phu thuoc tuyén tinh. Gia s, chang han v # 0 vi v = Au. Khi

do tit bat dang thite C-S ta con 6 |{u, v)| = ||ul|||v]], suy ra (u,v) = [{u, v)].
Thay v = \u vao dang thiic cudi ciing, nhan duge A ||ul| = |A| [|u||. T d6
suy ra A > 0. [ |

Gia st u va v 1a hai vecto khéac khong ciia V. Ap dung bat déng thitc C-S,
ta co

o)l
el 1o

T d6 suy ra ton tai duy nhat mot goc 6 € [0, 7] sao cho

fwv)

cosf = < 1.
[l ]]v]]

Ta goi 0 1a gdc (khong dinh hudng) gitta cac vects u va v. Géc gitta vects 0
va mot vecto u bat ky duge xem 1a tiy ¥.

Cudi cuing, dé két thic tiét nay, luu ¥ rang tich vo huéng cé thé dugc
biéu dién qua chuan béi cong thic dusi day:

1
(u,v) = S([[uol* = [ful[* = []o[]*)

7.2 Su truc giao

Dinh nghia 7.2.1. Cho V' la mot khong gian Euclid véi tich vo hudng (| ).

(i) Ta néi cac vecto u,v € V truc giao v6i nhau, va viét u L v, néu
(u,v) =0.

(i) Néu A C V 1a mot tap con khac @ ctia V' thi ta dat
At :={uecV|{u,a) =0,Va € A}.
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Khi d6 A+ 1a mot khong gian con ciia V' va ta goi AL 1a khong gian con
tryc giao véi A.

Dé dang nhan thay 0+ =V va V+ = 0.

Bay gio gia st V' la khong gian vecto trén truong K va V* 1a khong gian
déi ngau ctia n6. Néu W 1a khong gian con ctia V thi dat

W= {feV*|f(v)=0vYveW}
Dé thay W9 1a khong gian con ctia V* va ta goi né 1a linh héa tii ctia W.
Hién nhién, néu {vy,...,v,} 1a mot co sd ctia W thi
Wo={feV*|f(n) =" = f(v,) = 0}.

Ménh dé 7.2.2. NéuV la khong gian vecto hiu han chiéu tréen K va W la
khong gian con ciua V' thi

dimV = dim W + dim W°.

Chitng minh. Gid stt dimV = n va {vy, ..., v,} 1a mot co sé ciia W. Bo tic
them cac vecto ctia V' vao tap hop néi trén dé nhan dude mot co sé ctia V:

B={v1,...,0p,Ups1,...,Un}.

Goi B* = {p1,. .-, Pps Pps1s- - -» Pu} 14 cO 86 dbi ngdu ctia B. Ta sé ching

minh {ppi1,...,pn} 12 co 86 ctia WP.
V6i moi k € p+1,n ta c6 pr(vy) = -+ = pp(vy) = 0, suy ra p, € WO
Do ppi1,---,pu} 12 cac vecto doc 1ap tuyén tinh nén ta chi can chiing minh

chiing sinh ra W° 13 du. Vay, xét Vf € W° va Vu € V. Ta c6
U =21V + -+ TpUp + Tp1Upy1 + -+ + TpUp.

Khi d6 f(u) = zps1f(vpr1) + -+ + xnf(vy). Dt Ay = f(vg), v6i moi k €
p+1,n, taco

f(u) = /\p+1pp+1<u) +eeet )‘npn(u)
T do suy ra f = App1p1 + -+ + Appn. |

Trd lai véi khong gian Euclid n chiéu V. Nhu trén da nhan xét, V* ~ V.
Duéi day ta sé xay dung mot ding cAu tu nhien gita V va V*.
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Ménh dé 7.2.3. Cho V la khong gian Euclid vdi tich vo hudng (,). Anh zq

o: V. — V
v — o(v),

trong do
ov): V. — R*
u — (u,v)

la. mot dang cau gitta V va V*. Hon nita, néu W la mot khong gian con cia
V thi o(W+) = WP,

Chitng minh. Dé dang kiém tra o 12 mot anh xa tuyén tinh. Do dim (V) =
dim (V*) nén dé chiing minh o la dang ciu ta chi can ching minh o 1a
don cau la du. Vay, gid stt v € V sao cho o(v) = 0. Diéu nay c6 nghia la
(u,v) = 0,Vu € V. Néi rieng, 1ay u = v ta c6 (v,v) = 0, kéo theo v = 0. Vay
o la don cau, kéo theo o la dang cau.

Tiép theo ta c6
o'W ={veV]ol) e W}
={veV]|o)(u)=0,Yue W}
={veV|{uv)=0YuecW}=Ww
Do o la dang cau nén tit d6 suy ra o(W=) = WO, |

Hé qua 7.2.4. Néu W la khong gian con clia khong gian Euclid V' th
dim (W) = dim (V) — dim (W).

Ménh dé 7.2.5. Néu W la khong gian con ciia khong gian Buclid V' th

(i) V=WaWw

(ii) WL = (WhH)t =w.
Ching minh. (i) Tt nhan xét rang W N W+ = 0 va tit He qua suy ra
ngay V=W @ W+,

(i) Vu € W, Vo € W ta c¢6 (u,v) = 0, suy ra u € W+, Vay W C Wit
Ap dung He qua|7.2.4] ta c6
dim (W) = dim (V) — dim (W)
=dim (V) — (dim (V) — dim )(W) = dim (W).
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Tit d6 suy ra dim (W) = dim (W), kéo theo W+ = W. |

7.3 Cod sd truc giao va cod sé truc chuan. Qua
trinh truc giao héa Gram-Schmidt

Dinh nghia 7.3.1. Cho V la khong gian Euclid n chic¢u va B = (ey, ..., ¢e,)
1a mot co sé cua V.

(i) Tanéi B la co sd truc giao néu (e;,e;) = 0,Vi # j.

(ii) Tano6i B 1a co sd truc chuan néu (e;, e;) = §;;, Vi # j, trong d6 d;; 1a s6
Kronecker.

Hién nhién néu (ey, ..., e,) la co s6 truc giao thi (fep> -+ IIZHH) 14 co s6

truc chuan.
Ménh dé 7.3.2. Cho B = (e, ...,e,) la mot co sd truc chuan va u la mot
vecto bat ky ciia khong gian Euclid V. Khi dé ta cé

u=(u,er)e; + -+ (u,e,)e,.

Chitng minh. Gia st u = x1e1 + 2965 + - - - + x,e,. Khi do
<Ua 6i> = I1<€1, €i> + $2<€2, €z'> +-+ $n<€m €i>-

Vi B 1a co 86 truc chuan nén (e;, e;) = d§;; Suy ra (u,e;) = z;. |

Dinh 1y 7.3.3. Trong mot khong gian Euclid bat ky luon ton tai cic co sd
trice chuan.

Chitng minh. Do nhan xét phia trén nén ta chi can chiing minh sy ton tai
co 86 tric giao 1a di. Diéu nay sé duge ching minh bang qui nap theo n.
Néu n = 1 thi khong c6 diéu gi dé chiing minh. Gia st diéu khéng dinh 1a
dtng cho nhitng khong gian s6 chiéu bé hon n. Xét mot vecto 0 £ v € V va
dat W = (v)t. Khi d6 V = (v) & W va dim (W) = n — 1. Theo gia thiét
qui nap trong W ta tim dugc cd s tryc giao, ching han (u, ..., u,_1). Dat
u, = v, hién nhién ta c6 mot co s tryce giao ctia V 1 (ug, ..., Up_1,u,). W

Ménh dé dudi day cho ta mot dicu kien can va dit dé mot co sé 1a triyc
chuéan.
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Ménh dé 7.3.4. Cho B = (ei,...,e,) la mot co sd ciia khong gian Euclid
V. Khi dé, B la co s6 truc chuan néu va chi néu doi vdi moi vecto u,v clia
V ta co

<U, U> = Z TiYi,
i=1
trong do |u]p = L vs = : |la toa do ciua u va v theo co sd B.

Chitng minh. Gia sit B 1a co s6 triyc chuan, ta cé
(u,v) = (Z LiCi, Zyj€j> = Z Z%‘%@u €j) = szyz
i=1 j=1 i=1 j=1 i=1
Dé don gian hoa, trong truong hop nay, ta cé thé viét lai
T
(u, v) = [ul [v]B.
Diéu nguge lai 1a hién nhien. [ |
Tit ménh dé vita chitng minh ta suy ra ngay hé qua sau:
Hé qua 7.3.5. Cho B = (e, ...,e,) la co sd truc chuan trong khong gian
FEuclid V. Khi dé ta cé phép dang ciu sau day gitta V. va khong gian Fuclid
R™ wdi tich vo hudng chinh tdc:
B : V — R"?

u=>yr wie; — (T1,...,T).

Tt cong thitc V = W @ W+ trong Ménh dé suy ra moi vecto u € V
déu viét duge mot cach duy nhat dudi dang v = x¢ + v, trong d6 zo € W
va v € W, Ta goi xg 1a hinh chiéu triuc giao ctia u léen W va ky hieu la
1o = prw(u). Ménh dé sau day cho ta mot cach tinh hinh chiéu tric giao
cia mot vecto u 1én khong gian con W cia V.

Meénh dé 7.3.6. Cho V la khong gian Fuclid va W la mot khong gian con
ciia V. Gid st (e, ..., em) la mot co sd truc chuan cia W va u la mot vecto
bat ky ciua V. Khi dé ta cé cong thic

prv(u) = (u,e1)er + -+ + (U, €m)en.
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Chitng minh. Goi (e,,41,. .., ¢€,) 1 mot co s6 tryc chuan ciia phan bu true

giao W+. Khi d6, theo Ménh dé ta co (1. .., €ms Emat,---,e€n) 12 MmOt
i

o s6 truc chuan cia V. Ap dung Heé qua 2, nhan ducc

u= ((u,er)e; + -+ (u,em)em) + (U, emi1)emer + -+ + (U, en)ey).

Luu ¥ rang (u,ej)e; + -+ + (u, e) e, € W va
(U, Emi1)emsr + -+ (u,en)e, € W
Do d6 ap dung Ménh dé |7.3.2] suy ra
prv(u) = (u,er)e; + -+ + (U, €)em. |

Qua trinh truc giao héa Gram-Schmidt

Qua Heé qua ta thay rang c6 thé dong nhat mot khong gian Euclid
n chiéu V véi khong gian R™ cuing tich vo huéng chinh tac. Tuy nhién khi d6
can phai xay dung dugc trong V mot co sé trie chuan. Dudi day ta sé mo ta
mot thuat toan cho phép nhan duge mot co sé trie giao tit mot co s6 bat ky
cia V' (nhu da néi phia trén, tit mot co s6 truc giao ta dé dang nhan dugc
cd sé truce chuffm). Mot thuat toan nhu vay thuong duge goi la quad trinh truc
giao hoa Gram-Schmidt.

Dinh ly 7.3.7. Cho (vy,...,v,) la mot ho cdc vecto doc lap tuyén tinh cia
khong gian Euclid V- va W = (vy,...,v,) la khong gian con cia V' sinh bdi
cac vecto noi trén. Khi do, tu cic vecto vy, ..., v, ta co thé zay dung mot co
sd true chuan cho W.

Néi rieng, ti mot co sé bat ky cia V ta cé thé xdy dung dugc mot co sd
trice chudn cia V.

Chitng minh. Nhu da nhan xét & trén, ta chi can xay dung mot co sé tric
giao (u1,...,u,) cho W la du.

bat u; := vy
U := Vg + AUy, V6i A1 € R sao cho uy L uy.
V6i diéu kién nay ta c6

0 = (ug, u1) = (V2 + uy,uy) = (v, u1) + A1 {ug, uy).
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Do u; # 0 nén tut d6 suy ra

<'U2,'U,1>
[ [|?

)\1:—

Tiép theo, tim uz duéi dang
Uz := V3 + A1u1 + Agg, V61 A1, Ay € R sao cho uz L uy va ug L us.
Tim A\; nhu sau:
0 = (ug,u1) = (v3 + A\juy + Agus, uq)
= (v, u1) + M| Jur|]* (do (ug,uy) = 0).

(v3,u2)
[Juzl|?

Tu dé suy ra Ay = — (‘TZ;T‘Q . Hoan toan tuong tu, nhan duge Ay = —

Gia st da tim dugc cac vects truc giao uq, ..., u,—1. Ta sé tim vecto w,
dudi dang sau

Up = Up + /\1U1 + 4 )\p_lup_l.

T diéu kién u, L u; ta tim duge \; = fosti) Ny vay ta da xay dung

[lwill?

duge mot ho cac vecto true giao (uq, ..., u,). Bay gio ta chi can ching minh
(Ury ..oy up) = (U1, ..., Up).

Ta co (ug) = (v1). Gid st 1 < i < p—1va (uy,...,u;) = (v1,...,0).

Khi d6 méi mot vecto ux(l < k < 4) déu la t6 hgp tuyén tinh ciia cac

vecto vy, ..., v;. Theo cach xay dung thi w;,q 1& t6 hop tuyén tinh clia céc

vectd jqq, Ui, ..., u;, do d6 u;., cing 1a t6 hgp tuyén tinh clia cac vecto
Vit1, V1, ..., v;. Ta da chiing minh

(U ..y uip1) S (1, .0, Vi)
Hoan toan tuong tu ta cling co
(U1, vip1) C (U, Uig). u

Vi du 7.3.8. Trong khong gian Euclid R* véi tich vo huéng chinh tic cho
vectd u = (1,2,0,3) va cho khong gian con W duge sinh ra béi cic vecto

v = (1,1,0,0),v2 = (1,0, —1,1),v3 = (0, 1,1, 1).
Hay tim hinh chiéu tric giao clia u len W.

Giai. Trudc hét ta sé ding qua trinh tryc giao héa Gram-Schmidt dé xay
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dung mot co s6 trie chuan cho W, sau d6 ap dung cong thiic trong Ménh
dé [7.3.6| dé tinh hinh chiéu tryc giao ctia u léen W. Nhan xét rang cac vecto
v1, Vg, v3 doc lap tuyén tinh nén chiing tao thanh mot co sé ctia W.

Dat u; := v

Ug 1= Vg + A\uq, VO A\ = —ﬁﬁ’fﬂ? = —%. T do

1 1
upy = (1,0, 1,1) + (=5)(1,1,0,0) = 5(1,~1,-2,2).

Nhan xét rang néu ta thay us bdi u)y = aus, o € R thi cac vecto u; va u)y van
tryc giao véi nhau. Do d6 ta c6 thé 1y us = (1, —1,—2,2). Bay gid tim us
dudi dang
ug = v3 + A + Mg,
4t o (va,u1) 1 .~ o (vs,u2) 1 . 2

vei A\ = — Hf“”lg = —5Vva A = — HZ2||22 = —1g- Do d6 uz = £(—1,1,2,3).
Tuy nhién ta c¢6 the lay ug = (—1,1,2,3). Truc chuan héa co sé (uq, ug, us)
ta nhan dugce co sé truc chuan cia W nhu sau

( —1 (1,1,0,0) —1 (1,-1,-2,2) —1 (—-1,1,2,3))
€1 = s Ly Yy , €2 = y T Ly T 4y , €3 = —L L4 .
V2 SVT) VT
Ta c6

o (uer)er = 5(1,2,0,0)2(1,1,0,0) = £(1,2,0,0),

o (u,e)ey = \/%(1, —2,0,6)\/%(1, —-1,-2,2) = +(1,2,0,12),
o (u,ex)ey = %5(—1,2,0,9)%5(—1, 1,2,3) = =(1,2,0,27).
Vay hinh chiéu tryc giao ctia u len W 1a

prv(u) = (u,e1)er + (u, ea)es + (u, e3)es = %(20,40, 0,90).
7.4 Khoang cach trong khong gian Euclid

Dinh nghia 7.4.1. Cho u va v 1a hai vecto trong khong gian Euclid V. S6
thuc khong am ||u — v|| duge goi la khodng cdch gitta céc vects u va v va
dugc ky hieu la d(u,v). Vay

d(u,v) = [|u = vl|.

Bo6 dé 7.4.2. Déi vdi moi vecto u,v trong khong gian Euclid V ta c¢é nhiing
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khang dinh sau day:
(i) d(u,v) =0 khi va chi khi v = v.
(i) d(u,v) = d(v,u).
(1) d(u,w) < d(u,v) + d(v,w).
Chitng minh. (i) va (ii) dugc suy ra ngay tit dinh nghia khoéng cach va
chuan.
(iii) Ap dung bat ding thitc tam giac ta c6

[l —wl] = [(u—v) + (v = w)[| < [lu—v[|+[[v—w]l
Tt d6 suy ra diéu can chitng minh. |

Dinh nghia 7.4.3. Cho W la mét khong gian con ctia khong gian Euclid V
va u 1a mot vecto ctia V. Ta goi khodng cach gitta w va hinh chiéu tric giao
ctia n6 len W 1a khodng cdch tu w dén W va ky hieu 1a d(u, W). Vay

d(u, W) = [[u — prw(u)]|.

Meénh dé 7.4.4. Khodng cdch ti mot vecto dén mot khong gian con la khodng
cach ngdn nhat (nhé nhat) t vecto ay dén cdc vecto ciia khong gian con da
cho.

Chitng minh. Gia st u 1a mot vecto va W 1la mot khong gian con ctia khong
gian Euclid V. Dat w = pry (u), ta can ching minh ||u —v|| > ||u—w]|, Vv €
W. Ta c6

[lu =[] = [lu—wl]

[l —vl* > [Ju — wl]?

[l + ol = 2(u, v) > [[ul* + [Jwl[* — 2(u, w)

1] = 2{w, v) > [Jw]]* — 2(w, w)

[10[1* = (llw + o[ = [[w][* = [Jv]]*) > —[Jw]]*

2/ [v]|* + 2[Jw][* — [Jw + v||* > 0.

(I

i3

Theo bat dang thiic tam giac ta co
w4+ o] < [lw]| + [|v]]
hay
w4+ ] |* < [Jwl? + [[o]* + 2| [w]] ||v]]-
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T do6 suy ra
2[vll* + 2[Jw]* = v +wl|* > 2][v]]* + 2[[w]]*
= ([ol* + [[wl[* + 2[[v[] ||wl])
= (llvl] = [lw]})* = 0. u

7.5 Ma tran bieu dién ctia tich vé huéng

Gia st V' la khong gian Euclid v6i tich vo huéng (,) va B = (ey1,...,e,) 1a
mot co sG clia V. Vi cac vecto u =y 1 we; vav =Yy y;e; bat ky trong
V, ta co

(u,v) = Z z;y;(e;, €;).

,j=1

Dit a;; = (e;, ;) va goi ma tran vuong A = (a;;) cap n 1a ma tran biéu
dién tich vo huéng (,) theo co sé B. Ta dung ky hiéu (, ) dé chi ma tran
noéi trén.

Vi du 7.5.1. Xét tich vo huéng trong Vi du Véi u = (21, 22, 23),v =
(y1,%2,y3) € R? ta da dinh nghia tich vo hudng

(u,v) := 21y1 + 272y + 3T3Y3 + T1Y2 + TaY1.
Khi d6 ma tran biéu dién tich vo huéng nay theo co s chinh tic la

1 10
Gys=1 120
00 3
Meénh dé 7.5.2. Cho V la mot khong gian Euclid vdi tich vo hudng (,) va
B la mot co sd cua V. Khi do, vdi moi u,v € V ta co

(u,v) = [ulg ()5 [v]s.

Chitng minh. Dé& dang kiém tra truc tiép. |
Meénh dé 7.5.3. Trong khong gian Euclid V, co s6 B = (eq, ..., e,) la truc
chuan néu va chi néu {,)p = I,.

Chitng minh. B 1a co s truc chuan < (u;, u;) = 05 < {, )5 = In. |
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Trong Ménh dé biéu thiic ctia tich vo huéng duge viét thong qua
viéc chon co s B. Khi d6 cong thitc tinh (u,v) 1a

(u,0) = [ulg ()5 [v]5.
Néu ta chon mot co sd B’ nao khac thi ma tran {, ) bicu dién tich vo huéng
(,) theo co s B’ tat nhién sé thay doi. Tuy nhién cic ma tran {, )z va {,)p
c6 mdi lien hée mat thiét véi nhau.
Ménh dé 7.5.4. Cho V la mot khong gian Euclid vdi tich vo hudng (,) va
B, B’ li hai co sd cia V. Khi doé
(e =B—=8) {)s(B—8),
trong dé (B — B') la ma tran chuyén co sé ti B sang B'.
Ching minh. Vé6i moi u,v € V, ta co
[ulg = (B — B)[ulg va [v]g = (B — B)[v]s.
Hon nita theo Ménh dé ta co

(u,v) = [ulg ()5 [v]5.

Do do
(u,v) = (B = B)uls) ™ () (B — B)]s
= [l (B—B)" ()5 (B B) [u]s.
Mat khac
(u,v) = W] (Y [V]
Suy ra

[l ;) e [Vl = [uly (B —= BT (,)5 (B — B)[v]s-
Bang cach chon u va v lan lugt 1a cac vecto ctia co s6 B, ta suy ra dudge

<,>B/:(B—>B/>T <,>B(B—>B,) [ |
7.6 Toan ti dbi xiing

Trong cac chuong 4, 5 v 6 ta da nghién ctu tinh chat clia cac toan tit tuyén
tinh trong khong gian vecto trén truong K, v6i K 1a truong s6 thyc R hodc
truong s6 phitc C. Vi khong gian Euclid trude hét ciing 1a mot khong gian
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vecto nén n6 thoa man tat cd nhiing tinh chat da deé cap dén trong cac chuong
ké trén. Ngoai ra, khong gian Euclid con duge trang bi tich vo huéng nén
n6 con c¢6 thém nhitng tinh chat khac nita ma nhitng khong gian vecto binh
thuong khong c6. Trong muc nay va muc tiép theo ta sé dé cap dén nhiing
tinh chat nhu vay.

Dinh nghia 7.6.1. Ta ndi toan ti f trong khong gian Euclid V' la mot toan
i doi zing (hay todn ti tu lien hop) néu

(f(u),v) = (u, f(v)),Vu,v € V.

Dé thay ¥ nghia ctia khai niém toan t& déi xiing, ta hay xét mot co sd
tryc chuan B = (ey,...,e,) ciua V. Khi d6, theo Ménh dé cong thic
trong Dinh nghia dugde viét lai duéi dang ma tran sau:

([f]s [u]s) " [v]s = [u]i ([f]5 [v]s)
hay

Lan lugt cho u va v 1 céc vecto ctia co s6 B, ta c¢6 [f]5 = [fls. Vay f
la toan tit d6i xtng khi va chi khi ma tran biéu dién f theo mot co sd truc
chuan (do d6 trong moi cd sd tryc chuan) la ma tran déi xing.

Dinh 1y 7.6.2. Cho f la todn ti doi ming trong khong gian Euclid. Khi dé
ta co:

(i) Moi tri rieng cia f déu la so thuc.

(ii) f chéo héa dugc.

(iii) Cdc khong gian con riéng cia f doi mot truc giao vdi nhau.

Chitng minh. (i) Goi A Ia ma tran biéu dién toan ti f theo mot co sd true
chuan. Khi dé, theo nhan xét phia trén thi A 1a ma tran déi xing thuc. Xét
da thiic dac trung Pa(t) va goi A 1a mot nghiem bat ky trong C ciia né. Khi
d6 hé phuong trinh tuyén tinh thuan nhat

(A= AL)X =0 (1)
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Z1 X1

T _ T
voi X = .2 € M, 1(C) c6 nghiem khong tam thuong. Dt X = ‘2 '
T Ty

trong d6 ; 1a s6 phic lien hgp cia z;. Khi d6

XTX = lex_l = Z |zs]* > 0.

i=1 i=1
Ta co
AX =)0X = AX = )X = AX = \X. (2)
1 AT = A neén ta co
(AX)TX = XTATX = X" (AX). (3)

Két hop (1), (2) va (3), nhan duge
AX)TX = XT(AX).

Tt do suy ra
AMXTX) =MXTX).

Nhung nhu ta da thady X "X 1a mot s6 thuc duong nén tit ding thic cudi
cling suy ra A = A, nghia la A € R.

(ii) Ta sé& chiing minh diéu khang dinh bing qui nap theo s6 chié¢u n ciia
V ring ton tai trong V mot co s6 gom toan cac vecto rieng. Néu n = 1 thi
khong c6 gi dé chitng minh. Vay, gid stt n > 1 va diéu khang dinh ding déi
v6i nhitng khong gian c6 s6 chiéu bang n—1. Xét mot tri rieng A ctia f va u la
mot vecto rieng ting véi tri rieng \. Dat H := (u)*. Khi d6 dim (H) = n — 1.
Trude hét ta chiing minh H 1a khong gian con bat bién déi véi f. That vay,
véi moi v € H, ta ¢6

(u, f(v)) = (f(u),v) = (Au,v) = Au,v) =0,
nghia 1a f(v) € H. Do f la khong gian con bat bién d6i véi f nen f := f|y 1a
toan ti tuyén tinh trong khong gian Euclid H. Hon nia, hién nhien f ciing
1a toan ti dbi xing. Vay, theo gid thiét qui nap, toan tit f chéo hoa duge.
Suy ra ton tai mot c¢o s6 B clia H gdm toan cic vectd rieng clia f (cing la
ctia f). Khi d6 {u} U B la mot co sé clia V' gom toan cac vecto riéng cla f.
Vay f chéo hoa dugc.
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(iii) Gid st u # A la hai tri rieng khac nhau cta f,u 1a vecto riéng tng
véi A, v la vecto riéng tng véi p. Khi do
(f(u),v) = (u, f(v))

= (A, v) = (u, o)

= Mu,v) = p(u,v)

= (A= p){u,v) =0

= (u,v) = 0. [
Cudi cuing Iuu ¥ rang mot ma tran phiic doéi xing khong nhat thiét chéo hoa
dugce trén R ho#c tham chi trén C. Sau day 1a mot vi du minh hoa.

Vi du 7.6.3. ChoA:< 0 g>véia,6€(€. Ta c6
(6%

- A

A I

‘ =\ — A —a’
Néu A = %24 402 = 0 (la dicu c6 thé xay ra ddi véi cac s6 phiic a va 3)

2
thi Pa(A) c6 mot nghiem kép A = £, Khi d6 Pa()) = (A - g) . Vay A chéo

héa duge khi va chi khi ma(\) = A — 5. Nghia la ma(A) = A — 21, = 0 hay
A= gl 2, nhung diéu ndy mau thuan. Vay A khong chéo héa duge.

7.7 Toan tw truc giao

Trong muc nay ta sé nghién cttu nhitng toan tit tuyén tinh ctia mot khong
gian Euclid b4o toan chuan ciia cac vecto, nghia la nghién citu nhitng toan
tt f thoa man tinh chat ||f(u)|| = [Jull.

Dinh nghia 7.7.1. Cho V la mot khong gian Euclid va f 1a mot toan tu
tuyén tinh tréen V. Ta néi f 1a mot todn ti truc giao néu

(f(u), f(v)) = (u,v),Yu,v € V.

Ménh dé 7.7.2. Cho f la todn ti tuyén tinh trén khong gian Buclid V. Khi
dé nhiing diéu sau tuong duong:

(i) (f(w), f(0)) = (u,0),Yu,v € V.
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(@) [[f ()] = |Jull,Yu e V.

(i4i) Néu B la mot co sd truc chuan cia V. Dat A = [f]s tht ATA = I,, =
AAT. Noéi riéng, A la ma tran khd nghich va detA = £1.

Chitng minh. (i) = (ii). Chi viéc cho u = v.

(ii) = (i). Ta 6
(f(w), f(v)) = %(Hf(U) + LI = [IF @I = I f @)

= %(Ilf(uﬂ)ll2 —f @) = [[f()I]?)

= %(H%HUHQ —[lull* = [[ol*) = (u,v).

(i) < (iii). Vi B 1 co 86 truc chuan nén véi moi u,v € V ta c6

¢ ¢ ¢

S
=
o)
=)
&)
S—
_|
—~
=
=
=
&)
S~—
I
=
=
=
=

<~
Phan khang dinh con lai ctia (iii) 14 hién nhien. |

Hé qua 7.7.3. Néu f la mot todn ti truc giao thi detf = £1. Néi riéng, f
la mot tu dang cau.

Ménh dé 7.7.4. Cho f la todn ti tuyén tinh trén V. Khi dé f la mot toan
it truc giao khi va chi khi né bién mot co sd truc chuan thanh mot co sd truc
chuan. Déf théa tinh chat noi trén thi diéu kién di la ton tai mot co sd truc
chuan sao cho f bién né thanh mot co sé tric chuan.
Ching minh. Gia st f 1a mot toan tit truc giao. Theo Hé qua fla
mot ti dang cau, do d6 f bién co s§ thanh co s6. Néu B = (eq, ..., e,) la co
s true chuan thi

(fle), flej)) = (ei €5)) = ;.
Vay (f(e1),. .., f(e,)) ciing 1 co s tryc chuan.

Nguogc lai, gid st ton tai co s6 truc chuan B = (é1,...,€,) sao cho
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(f(e1),..., f(en)) ciing 1a co s6 true chuan. Xét cac vects u,v € V:
n n
u = Z:L‘iei va v = Zyjej.
i=1 j=1
Do (e1,...,e,) va (f(e1),..., f(en)) 1 cac co sd truc chuan nén ta c6

(), F0) = (e > )

= Z zy;(f(e:), f(ej))

ij=1
n n
= Z ;Y0 = Zﬂﬁzyz = (u,v).
ij=1 i=1
Vay f la toan tu truc giao. |

DPinh nghia 7.7.5. Tap hop
O(n,R) :={Aec M,(R)|ATA=1,}
13 mot nhém déi véi phép nhan va dude goi 1a nhém truc giao.

Méi ma tran A € O(n,R) dudc goi 1a mot ma tran truc giao. Mol ma
tran tryc giao déu bidu dién mot toan t1i truc giao theo mot co sé truc chuéan
cua mot khong gian Euclid.

Vi du 7.7.6. Ma tran

2 -1 2

1
A= 3 2 2 -1
-1 2 2

la ma tran truc giao. Ta c6 thé kiém tra diéu nay bing cach thuc hien phép
nhan ma tran

ATA — Ig.
Nhung ta ciing c¢6 thé kiém tra bing cach khac nhu sau:
. 1
Xét khong gian Euclid R? véi tich vo huéng chinh tac. Dat u, = 5(2, 2,-1),

1 1 P
Uy = g(—1,2,2), Uz = 5(2, —1,2). Goi f 1a toan t1t tuyén tinh trén R? thoa

fles) = u;,i € {1,2,3}. Vi f bién co s6 tryc chuan thanh co sé trie chuan
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nén theo Ménh dé(7.7.4 f 1a todn ti truc giao. Ma A 1a ma tran biéu dién f
theo co s truc chuan nén A 1a ma tran tryuc giao.

Ménh dé 7.7.7. Ma tran chuyén co sé tit mot co sd truc chuan sang mot
co s truc chuan la mot ma tran truc giao.

Ching minh. Gia st B = (ey,...,e,) va B = (e],...,e),) 1a hai co s6
tryc chuan. Goi f 1a toan tit thda f(e;) = e}, Vi € T,n. Theo Ménh dé
ta c6 f la toan ti truc giao. Suy ra [f|sz la ma tran truc giao. Hon nita
[f]ls = (B — B’). Nhu vay (B — B’) ma tran truc giao. |

BAI TAP
Bai 7.1. Véi gia tri nao cia A € R cac anh xa dudi day xac dinh tich vo
huéng trong khong gian R3:
a) (u,v) = x1y1 + 1022y2 + 621y2 + A\r3ys — Tays — T3Ys.
b) (u,v) = 2z1y1 + Tx1ye + T22y1 + 8T2ys — 3x3y3 + ATays + A\T3ys.

Bai 7.2. Xét khong gian Euclid R™ véi tich vo huéng chinh tic. Chitng minh
rang voi moi u = (xy,...,2,) € R, ta c6

(50) n(3)

i=1 i=1

Bai 7.3. Cho khong gian vecto M, (R) gom cac ma tran vuong cap n trén

truong s6 thuc R.

a) Véi A = (a;;) € M,(R), hay tinh vét Tr(AA") theo a;;. Qua d6 hay
chitng minh rang |Tr(A)| < /nTr(AAT).

b) Chiing minh ring anh xa (A, B) — Tr(ABT) x4c dinh mot tich vo hudéng
trong khong gian M, (R).

Bai 7.4. Xét khong gian Euclid R? véi tich vo huéng chinh téc.

a) Cho P la mat phéng trong R? dugce xéac dinh bdi phuong trinh @ — 225 +
r3 = 0 v 7 1a phép chiéu trie giao tit R? xuéng P. Hay viét ma tran bicu
dién 7 theo co s6 chinh tic.

b) Cho cac vecto u; = (1,0,1),us = (2,1,0) va ug = (1,1,1). Chiing minh
rang B = (uy,ug,u3) 1a mot co sd cia R3. Xét xem B c6 phéi la co sd
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tric chuan khong. Néu B khong phai la co sé triuc chuan thi hay st dung
qué trinh trye chuan héa Gram-Schmidt dé xay dung tit B mot co s truc
chuan B’ = (ey, ey, €3).

c¢) Cho cac vecto v; = (1,0,1),v2 = (2,1,2) va v3 = (1,1,1). Hay tim s6
chiéu vd mot co sé truc chuan cho khong gian con sinh béi cac vecto
U1, U2, V3.

Bai 7.5. V6i n > 0, xét tich phan suy rong

u2

I, u"e_de.

1 0
L
a) Chiing minh rang tich phan nay luon hoi tu va Iy, = 0,Vk > 0.
b) Chiing minh cong thitc truy hoi
I,=(n—1)1,_9,Yn > 2.

Ap dung dé tinh Iy.
¢) Dinh nghia anh xa
(,):Ru] x Rlu] — R

nhu sau:

u2
2

YP.Q € R[u], (P,Q) — \/% /_OO ¢ 2 Pu)Qu)dz.

Chitng minh rang 4nh xa noéi trén 1a mot tich vo hudng.

d) Xét khong gian con Ry[u] cia R[u]. Hay tinh khodng cach tir u? dén Ry |[u].

Bai 7.6. Xét anh xa (,) : R* x R* — R cho béi:
(u,v) = 21y1 + 229y2 + 4T3y3 + 18T4ys + T1Y3 + T3y1 + 2T9Ys
+2x4Y2 + 623y + 624Ys.
a) Chiing minh ring 4nh xa nay 14 mot tich vo huéng trong R*.
b) Viét ma tran biéu dién tich vo hudéng nay theo cd sé chinh tic.

c) Cho W la khong gian con ctia R* x4c dinh béi hé phuong trinh tuyén tinh
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thuan nhat

Ty — T +x3 — x4 =0
[I,'2—2£C4:0.

Hay tim mot co s6 ctia W,

Bai 7.7. Trong khong gian Euclide v6i tich vo huéng chinh tic cho cac
vecto uy; = (2,1, —-2,4),us = (2,1, -1, —6),u3 = (—2,3,—4,—8). Goi W =
(u1, ug, uz) 12 khong gian con ctia R* sinh ra bdi cac vecto uy, us, ug va Wt
12 khong gian con ctia R?* tric giao véi W.

a) Tim mot co 86 cho mdi khong gian con W va W+,
b) Cho u = (5,5,—3,1) € R%. Tim hinh chiéu tryc giao pry(u) clia u xudng
W va khoang cach d(u, W) tit u dén .

Bai 7.8. Cho A € O(n,R). Chitng minh ring, néu detA = 1 thi mdi phan
t1t a;; cia A déu bang phan bu dai s6 ctia no6.

Bai 7.9. Cho f la mot phép bién déi truc giao trong khong gian Euclid V.
a) Ching minh ring Ker(f — Idy) = Im(f — Idy)*.

b) Chitng minh ring, néu (f — Idy)? =0 thi f = Idy.

Bai 7.10. Xay dyng mot co s tryc chuan ciia R® tit cdc vecto riéng clia
toan tt f : R?® — R? c¢6 ma tran biéu dién theo co sé chinh tic 1a

5 —1 2
A= -1 5 2
2 22

Bai 7.11. Toan tit f : R* — R?® ¢6 ma tran theo co sé chinh tic 1a

1 -2 =2
1
-2 =2 1

Hay chiing minh rang f 1a toan tit triyc giao trong khong gian Euclid R? véi
tich vo huéng chinh tac.
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Chuong 8

DANG SONG TUYEN TIiNH

Trong chuong nay ky hieu K dé chi trusng s6 thue R hay trusng s6 phiic C
va V dé chi khong gian vects hitu han chiéu trén truong K.

8.1 Dang song tuyén tinh

Dinh nghia 8.1.1. Mot dang song tuyén tinh trén V 13 mot anh xa c6 tinh
chat tuyén tinh theo titng bién u,v, nghia 1 v6i moi u, u, us, v, vy, v9 € V.
va a, € K ta co

(1) flaur +uz,v) = af(ur,v) + f(uz,v);

(i) f(u,Bvr +v2) = Bf(u,v1) + f(u,v2).
Dang song tuyén tinh f dugc goi 1a dang song tuyén tinhnéu f(u,v) = f(v,u)
v6i moi u,v € V.
Vidu 8.1.2. 1) V6i méi u = (x1,...,2,),0 = (y1,...,yn) € R", diit

flu,v) =21y + -+ + TpYn.
Khi d6 f 1a mot dang song tuyén tinh trén R™.
2) Mot tich vo huéng tren khong gian Euclide V' 13 mot dang song tuyén

tinh trén V.

Dinh nghia 8.1.3. Gia st B = (uy, ..., u,) la mot co s6 cua V. Ma tran cia
dang song tuyén tinh f theo co s B, ky hieu [f]s, 1& ma tran A = (a;)nxn,
trong do6 a;; = f(u;,u;) véimoi 1 <14,5 <n.
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V6i moi v = zyuy + -+ + rpu, va v = yiug + - - - + ypu, thude V ota cod

Flu,0) = FO s, Y yju;)
i=1 =1

= Z Z f(uiy ug) iy,

i=1 j=1
=3 aymy; (1)
i=1 j=1

Déo lai, (1) x4c dinh dang song tuyén tinh f trén V c¢6 ma tran theo co
s6 B la A = (aj)nxn- Chi y rang (1) con duge viét dudi dang

a1y Q1n Y
flu,v) =( 24 To | e
an1 Qnn UYn
= [ulg [f]5 [v]s.
Vay v6i moi u,v € V,
f(u,v) = [ulg [fls [v]5- (1)

Ta goi (1) va (1) 1a biéu thitc tog do ciia dang song tuyén tinh f theo co s6
B.

Nhan xét 8.1.4. 1) V6i co s6 B = (uy,...,u,) cho trude, dang song tuyén
tinh f duge hoan toan xac dinh béi ma tran [f]s.

2) Dang song tuyén tinh f trén V la d6i xing khi va chi khi [f]z 12 ma
tran doi xing.

Xét V = K" v6i co s6 chinh tdc By = (eq,...,en). Dat A = [f]g, =

(@ij)nxn. Khi do v6i moi u = (z1,...,2,),v = (Y1,...,Yn) thudc K" ta co
Flu,v) =Y aiay; (2)
i=1 j=1

Dao lai, (2) xac dinh dang song tuyén tinh f trén K" c6 ma tran theo co sd
chinh téc 1a A = (aij)nxn- Dé don gian, trong truong hop nay ta goi A 1a ma
tran clia f va (2) la biéu thic cia f.

Vi du 8.1.5. Xét dang song tuyén tinh f tréen R3 dinh béi: V6i moi u =
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(1:17 T2, $3), v = (y17 Y2, 313)7
f(u,v) = 2191 + 22192 — 421y5 — T2y2 + 322y3 + T3y1 + 9x3Ys.

Ma tran cua f la

1 2 -4
A= 0 -1 3
19 0

8.2 Dang toan phuong

Dinh nghia 8.2.1. Cho f 13 mot dang song tuyén tinh d6i xitng trén V. Khi
dé anh xa
Q:V — K
u — f(u,u)

duge goi 1a dang toan phuong trén V ting véi dang song tuyén tinh doi xing
f. Ta ciing néi f 1a dang cuc clia dang toan phuong Q. Dé don gian, ta goi
mot dang toan phuong trén khong gian vecto thuc (t.w. phitc) 1a mot dang
toan phuong thuc (t.u. phic). Mot dang toan phuong trén K™ (t.u. R™, C")
con duge goi 1a mot dang toan phuong n bién trén K (tu. n bién thuc, n bién
phiic).

Nhan xét 8.2.2. Dang cuc f ctia dang toan phuong ) dugc hoan toan xac
dinh béi . That vay,
flut+v,u+v) = f(u,u) + f(u,v) + f(v,u) + f(v,v)
= f(u,u) +2f(u,v) + f(v,0).
Suy ra
() = 5[Qu +v) = Q) - Q)]

Dinh nghia 8.2.3. Gia stt Q) la mot dang toan phuong trén V ting véi dang
song tuyén tinh déi xtng f. V6i B 1a mot co sé bat ky ctia V, ma tran [f]s
dugc goi 1a ma tran cia dang toan phuong Q theo co sé B, ky hiéu [Q]s.
Nhan xét rang vi f d6i xiing nén ma tran clia dang toan phuong Q
trong mot co sd bat ky luon luon 14 mot ma tran déi xing. Hon nita, véi
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B = (uy,...,u,) la mot co s6 cua V v u = zyuy + - - - + z,u, thude V ta co
Qu) = [ul [Qls [uls = Y Y ayw;. (3)
i=1 j=1
trong do a;; = aj;.

Daéo lai, (3) xac dinh dang toan phuong @ trén V ¢6 ma tran theo co s6
Bl1a A = (aij)nxn- Ta ciing thuong viét (3) dudi dang

Qu) = [ul§ [Qls [uls =D awal + Y 2aimm; (3)
i=1 1<i<j<n

Ta goi (3) va (3') 1a biéu thiic toa do ciia dang toan phuong @ theo co

sé B. Dic biet, xét V = K" v6i co s6 chinh tdc By = (ey,...,e,). Ma tran

(QlB, = (@ij)nxn duge goi la ma tran cia Q. V6i moi u = (xy,...,2,) thudc

K™ ta co
Qu) = XTAX = Zaiix? + Z 2a;;x;1; (4)
i=1 1<i<j<n

T1

trong do X = | 1a mot da thitc thuan nhat bac 2 theo bién x4, ..., z,.
Tn

Do lai, mot da thitc thuan nhat bac 2 theo n bién w1, ..., x, nhu trong (4)

luon luon xac dinh dang toan phuong n bién trén K c¢6 ma tran theo co sé

chinh tdc 1a ma tran d6i xtng A = (a;;)nxn. Ta goi (4) 1 biéu thic cia dang

toan phuong Q.

Vi du 8.2.4. Xét dang toan phuong @ trén R? c6 biéu thiic dinh béi
Q(z1, 79, 3) = 22 — 323 + 2179 — 47173 + 87073

Khi d6 ma tran cua @ la

1 1 -2

A= 1 -3 4

-2 4 0

T

va Q(1, 29, 73) = X TAX, trong d6 X = | x4
Tn
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2) Gia st dang toan phuong @ trén R? c¢6 ma tran 1a

2 3 -1
A= 3 0 5
-1 5 —4
T
Khi d6 biéu thitc ciia Q 1a Q(z1, 72, 73) = XTAX, trong d6 X = | zy |,
I3

hay
Q(.Tl, Ta, .%'3) = ZZE% — 4.T§ + 61‘11’2 - 2.7)11’3 + 101’2%’3.
Dinh 1y 8.2.5. Cho f la mot dang song tuyén tinh trén V. Khi dé vdi By, B,
la hai co sd bat ky cia V, ta cé
[f]Bz = (Bl — BQ)T [f]l’ﬁ (Bl — BQ)

Chitng minh. Dat By = (uy,...,u,), By = (vq,...,v,). Khi d6 v6i moi u,v
thude V ta co

f(u7 U) = [u]gl [f]31 [U]Bl
= ((B1 = By)[uls,) " [f]5,(Br — B2)[v]s,
= [ul g, (By — B2) " [f]s, (By — B2)[v]s,.

T do6 suy ra
[f18, = (By = B2) " [f]5,(B1 = Bo).

Hé qua 8.2.6. Cho Q la mot dang toan phuong trén V. Khi doé voi By, By la
hai co sd bat ky cia V, ta co
[Qls, = (B1 = B2)"[Qls, (B1 — By).

Nhan xét 8.2.7. Cho bicu thiic toa do clia dang toan phuong @ theo co sé
By la

Qu) = Zn: aiix? + Z 2a;;x;1; (%)
i=1

1<i<j<n

VOl u = zuy + - - + Tpuy,. Gia st By = (vy, ..., v,) 1a mot co s6 khéac ctia V
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va biéu thitc toa do clia @ theo co s6 By 1a
Qu) = any? + Z 2biY:y; ()
i=1 1<i<j<n
V6l u = yiuy + - + Yty Khi d6 ma tran (B; — Bs) kha nghich va phép
bién doi toa do khong suy bién

gl n
= (Bl — 82)

Tn Yn

dua biéu thiic ctia dang toan phuong Q tit (%) vé (+*). Dao lai, ting v6i mbi
phép bién déi toa do khong suy bién

Ln Yn

(P 1a mot ma tran vuong cap n kha nghich), goi By 1a co s ctia V sao cho
(By — By) = P. Khi d6 biéu thiic toa do ciia Q theo co s6 By ¢6 dang (),
trong do

(bij>n><n = PT<aij)n><nP-
Dinh nghia 8.2.8. Cho @ 1a mot dang toan phuong trén khong gian vecto

n chicu V' va B 1a mot co s6 bat ky clia V. Hang clia ma tran [Q]s duge goi
l1a hang cia @, ky hiéu rank (@) (hay r(Q)).

Tuw Hé qua cho thay hang ctia @ khong phu thuodc vao cach chon
co 86 B. Hién nhién rank (Q) < n = dim V. Néu rank (Q) = n thi ta néi Q
khong suy bién. Ngudc lai, néu rank(Q) < n thi Q suy bién.
Vi du 8.2.9. Xét Q 1a dang toan phuong 3 bién thyc dinh béi:
Q(Jfl, T2, Ig) = I% - 3.7)%"‘21’11‘2 - 4.7311’3"‘8%’21’3.
a) Tim hang va khéo sat tinh khong suy bién ciia Q.

b) Tim biéu thitc toa do ctia @ theo cd sd B = (uy,us, u3) cia R3, trong
dé up = (1,—-1,0);up = (—1,2,1);u3 = (2,0,3) va chi ra phép bién doi
toa do khong suy bién tuong ing.
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Giai. Ma tran cua @ la

1 1 -2
Qls, = 1 -3 4 |=4A4
2 4 0

a) Ta c6 detA = —20 nén rank (@) = rank (4) = 3, do d6 @ khong suy

bién.

b) Ma tran chuyén tit ¢ sé chinh tic By sang cd s6 B 1a

1 -1 2
Bo—B) = -1 2 0
0 13

Do d6 ma tran ctia @) theo cdo s6 B la

[Qls = (By — B)"[Q]s,(Bo — B)

T

1 -1 2 1 1 =2 1 -1 2
=1 -1 0 1 -3 4 -1 20
0 1 3 -2 4 0 0 1 3
1 -1 0 1 1 =2 1 -1 2
=1 -1 21 1 -3 4 -1 20
2 0 3 -2 4 0 0 1 3
-4 2 -18
= 2 5 28
—18 28 —-20

Vay biéu thitc toa do clia Q theo co s6 B dinh béi: Véi moi u = y1ug + yous +
ysus thuoc R3,

(v v vs) 2 5 28 Yo
—18 28 20 )\ ys

= —4y; + 5y5 — 20y3 + dy1ys — 36y1ys + 56y2y3
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Phép bién doi toa do khong suy bién tuong tng 1a

T U1 1 —1 2 Y1
zg |=Bo—=>B)| v |=| -1 20 Y2
T3 Ys 0 I3 Ys

hay

T = y1— Y2+ 23
Ty = —Y1+ 2
T3 = Yo+ 3y3

Vi du 8.2.10. Xét khong gian R? véi co s B = (uy, ug, us), trong d6 u; =
(1,-1,0);upy = (=1,2,1);uz = (2,0,3). Cho Q la dang toan phuong 3 bién
thuc ¢6 bidu thiic toa do theo co sé B nhu sau:

Q(u) = 23 — 323 + 21179 — 41173 + ST073
v6i moi u = Uy + Taug + T3ug thude R3.
a) Tim hang va khéo sat tinh khong suy bién ciia Q.

b) Tim biéu thitc ctia @ va chi ra phép bién ddi toa do khong suy bién
tuong ing.

Giai. Ma tran ciua @ theo co sé B la

1 1 -2
Qs = A= 1 -3 4
-2 4 0

a) Ta c6 detA = —20 nén rank (Q) = rank (A) = 3, do d6 @ khong suy
bién.

b) Ma tran chuyén tit co G chinh tic By sang co s6 B 1a

1 -1 2
Bo—=B) = -1 2 0
0 13

Suy ra ma tran chuyén tit co s6 B sang co sé chinh téc By 1a

6 5 —4
B=B)=B, =B "'=| 3 3 -2
-1 -1 1
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Do d6 ma tran ctia @ (theo co sé chinh tac By) 1a

[Qls, = (B — Bo) '[Qls(B — By)

6 5 -4\ / 1 1 -2 6 5 —4
| 3 3 -2 1 -3 4 3 3 _9
1 -1 1 2 4 o/\ -1 -1 1
6 3 —1 1 1 -2 6 5 —4
—| 5 3 -1 1 -3 4 3 3 _9
4 —2 1 /\ =2 4 o/\ -1 -1 1
45 34 —30
—| 34 24 —22
—30 —22 20

Suy ra biéu thitc ciia Q la
Qy1, Y2, Y3) = 45y5 + 24y5 + 20y5+68y1y> — 60y1y3 — 44yays.
Phép bién doi toa do khong suy bién tuong tng 1a

I W 6 5 —4 hn
ro |=(B—=By)| vy |= 3 3 =2 Yo
T3 Y3 -1 -1 1 Ys
hay
xy 6y1 + Sy2 — 4ys
To = 3y +3y2 — 2y3
T3 = —Y1— Y2+ Y3

8.3 Dang chinh tac cia dang toan phuong

Dinh nghia 8.3.1. Cho @) la mot dang toan phuong trén V' cé dang cuc la

f-Cos6 B=(u,...,u,) cia V dugc goi 1a mot co s¢ Q-chinh tdic néu
flug,u;) =0v6imoi 1 <i#j<n.

Diéu nay tuong duong véi tinh chat ma tran [Q]s 1a mot ma tran duong chéo,

hay ciing vay, bicu thiic toa do ciia Q theo co sé B c6 dang

n

§ 2
AT .

=1

Q(u) (1)
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v6i moi u = Uy + -+ + Tu, thuoe V. Khi dé ta néi (1) 1a dang chinh tdac
cua Q.

Dinh 1y 8.3.2. Cho Q la mot dang toan phuong trén V. Khi dé trong V' ton
tai mot co sd Q-chinh tac.

Chitng minh. Viéc xay dung mot co s6 Q-chinh tic duge thie hién thong
qua thuat toan sau:

Thuat toan Lagrange dua dang toan phuong vé dang chinh tic

Gia st bieu thiic ctia dang toan phuong Q theo co 86 B = (uy,. .., u,)
dinh bdi

n

Q(U> = Zaiix? + Z 2077 (*)

=1 1<i<j<n
Dé dua Q vé dang chinh t#c ta chia bai toan thanh 3 trudng hop:

Trudng hgp 1. a; # 0 v6i mot ¢ ndo d6. Sau khi danh s6 lai cAc phan ti
clia ¢ 56 B néu can, ta c6 thé gia st a;; # 0. Khi dé
n

Q(u) = ayy (22 + 2z, Z %mi) + (nhing s6 hang khong chita )
— an

=ay(r + Z i z;)? + (mot dang toan phuong ciia s, ..., x,)

=z 211
= anyi + Z bijyiy;
ij=2
trong do

"oay;

Y= T1+ . Z;
i=2 A11

yp = (1>2)

1a mot phép bién ddi toa do khong suy bién. Viec dua @ vé dang chinh tic

dugc qui vé viec dua dang toan phuong (n—1) bién Q1 = > by, ve dang
ij=2

chinh téc. Diéu nay c6 thé thuc hién bing qui nap.

Trudng hop 2. a; = 0 v6i moi ¢ nhung ¢6 a;; # 0 v6i ¢ # j nao d6. Sau khi
danh s6 lai cac phan tit ctia co s6 B néu can, ta c6 thé gia st a; # 0. Thuec
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hién phép bién ddi toa do khong suy bién

Ty = Y1ty
T2 = Y1 — Y2
o=y (=3)
ta co
20190129 = 2012(Y; — Y3)-
T do

Q(U) = Z ATl = Z bijyiyj

ij=1 ij=1
c6 he s6 clia y? 1a 2a55 # 0. Ta tré vé truong hop 1 da xét.
Trudng hdp 3. a;; = 0 véi moi 4, j. Khi d6 Q(u) = 0 v6i moi u nén @ ¢b
dang chinh tic trong bat ky co sd nao cia V.
Vi du 8.3.3. Dua dang toan phuong thic sau day vé dang chinh tac:

Q(u) = 2% + 23 + xg — 227 — 201094221 T3 — 20174 + ToTy — AToT4

v6i u = (w1, 79, 23,74). Chi ra co s6 Q-chinh tic va phép bién doi toa do
khong suy bién tuong tng.

Giai. Ta co
Qu) = a:f + 2z (—xy + w3 — x4) + :Eg + x% - 23@21 + T9x3 — 4x9Ty
= (z1 —x9+ a3 — x4)2 — (—zg + x5 — x4)2 + x% + x§ — 21‘421 + Toxg — 4xoxy
= (Slil — To + XT3 — (134)2 — 3$Z + 3.1’2563 — 6$2$4 + 21’3334
1
= (Il — To + T3 — [E4)2 — 3[1‘421 + 21‘4([[’2 — g[[‘g)] + 3172.%‘3
2 I I
= (1’1 — Lo + XT3 — SC4) — 3(1’4 + X9 — gl’g) + 3(332 — gl’g) + 31‘21’3

1 1
= (z1 — 2 + 23 — 14)* — 3(z4 + 25 — §x3)2 +3(23 + 2wz ) + §x§

1 1 1
= (Slil — To + X3 — .’134)2 — 3(.7}4 + X9 — §LU3)2 + 3(372 + 6&33)2 + Z:Ug
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Thuc hién phép bién déi toa do khong suy bién

Y1 =T1 — T2+ T3 — T4 Ilzyl—y2+§y4

Yo = T4 + To — 323 o) T =Y Gy

?/32902+%€E3 T3 =Ya

Yy = T3 Ty =1Y2— Y3+ 5Ya
1 1 -1 0 23\(w

1 —1
N N 0 0 /6 Ya

XT3 0 0 0 1 Ys
Ty 0 1 -1 1/2 Y4

Ta dua duge @ vé dang chinh tac

1
Qu) =y — 3y5 + 3y3 + ;Lyi

VOl U = YU +Y2ust+ysus+ysu, trong d6 co sé Q-chinh tac B = (uy, ug, us, uyq)
ctia R* thoa

1 -1 0 2/3

o o 1 -1/6
Bo=B)=|, o | 1
0 1 -1 1/

(Bp 1a co s6 chinh tac cia R?) nghia la

1 1

uy = (1,0,0,0);1@ = (_170707 1)7“3 = (07 1707 —1),U4 - (2/37 _67 L, 5)

Vi du 8.3.4. Dua dang toan phuong thuc sau day vé dang chinh tac:
Q(z1, 9, x3) = T1T9+2x123 — 222X 3.
Chi ra co s Q-chinh tic va phép bién ddi toa do khong suy bién tuong tng.

o2 2. « L
Giai. Doi bién

1 = Nty
Toa = Y1 — Y2
T3 = Ys.

Ta c6

Qu) =yi — s +2(y1 + Y2)ys — 2(y1 — Y2)y3
= yi — y5 + 4ya1s.
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Ta bién déi

Qu) = Z/% - [Z/g — 2y(2ys3)]
=yi — (y2 — 2y3)? + 4y3.

bat
21 =1 Yy = 2
20 =1Ys— 23 & Y2 = 2+ 2z
23 =1Y3 Ys = 23

ta dua dude @ vé dang chinh téc
Q(u) = 27 — 25 + 423.

Phép bién déi toa do khong suy bién tuong tng 1a

rT = 21+ 29+ 22’3
To = 21 — k9 — 223
Trs = 23

Co s6 Q-chinh tac tuong ting 1a B = (u1, us, u3) clia R3 thod

1 1 2
Bo—=B) =1 -1 -2
0 0 1

(By 1a co 86 chinh tac ciia R?) nghia 1a

uy = (1,1,0);u9 = (1, —=1,0);u3 = (2,—2,1).

8.4 Dang chinh tic truc giao ctia dang toan

phuong trén khong gian Euclid

Dinh nghia 8.4.1. Cho @ la mét dang toan phuong trén khong gian Euclid
V. Co s6 B dugc goi 1a mot co sd Q-chinh tdc truc giao néu B 1a mot co s6
triyc chuan dong thoi ciing 1a mot co sé Q-chinh tic ctia V. Khi dé biéu thiic
toa do ctia Q theo co s6 B dudc goi 1a dang chinh tdc truc giao ctia Q.

Dinh 1y 8.4.2. Cho Q la mot dang toan phuwong trén khong gian Euclid V.

Khi dé trong V ton tai mot co sé Q-chinh tdc truc giao.

Chitng minh. Xét By 1a mot co s6 truc chuan nao dé cia V. Khi d6 ma
tran [Q]p, 1a ma tran déi xing thyc nén chéo hoa tryc giao duge, nghia la
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ton tai ma tran tryc giao P sao cho P7![Q]s, P 1a ma tran dudong chéo. Goi
B la co sé ctia V sao cho (By — B) = P. Khi d6

[Q]B - (BO — B)T [Q]Bo (BO — B) - PT [Q]Bo P = P_l [Q}Bo P
1a ma tran duong chéo. Vi [Q] 1a ma tran duong chéo nén B 1a co sé Q-chinh
tac. Mt khac, do (By — B) = P la ma tran tryc giao nén B la mot co sé
truc chuan. Suy ra B 1a mot co sé Q-chinh tic truc giao cta V.

Nhan xét 8.4.3. 1) Gia st Q c6 dang chinh tic tryc giao
Qu) =Y (1)
=1

VOl u = Uy + -+ + TpUy, trong d6 B = (uy, ..., u,) 1a co s Q- chinh tic
tric giao tuong ting. Khi d6 day ay, ..., a, gom tat cd cic tri rieng clia [Q]zs
(ké c& s boi) v khong phu thudc vao viee chon co s Q-chinh tic truc giao
B. That vay, tit (1) ta suy ra

aq 0
Qs =
0 an
nén hién nhién ay,...,a, 1a tat ca cac tri rieng cia [Q]p. Bay gid cho B =
(uy, ..., u) 1a mot co sé Q-chinh tac tryc giao khac ctia V. Khi do

Qu) =) diy} (1)
i=1

vOi u = yuy + -+ - + ypul,. Theo ching minh trén df, ..., a), 1a cac tri riéng
clia [Q]y (ké ca s6 boi). Theo Hé qua m ta c6

Qs = (B~ B) [Qls (B~ B).
Cht ¥ rang do B, B’ 1a hai cd s triuc chuan ciia V nén ma tran chuyén co sé
(B — B') 1a mot ma tran tryc giao, nghia 1a (B — B')" = (B — B)~!. Do
do

Qs = (B— B)"'[Qls (B~ B).

Vay hai ma tran [Q]s va [Q]; dong dang nén cting c6 ciing tri rieng (ké ca s6

boi), nghia l1a hai day ay, ..., a, va d,...,a, tring nhau. Diéu nay ching t6
ai,...,a, khong phu thuoc vao viéc chon co sé truc chuan Q-chinh tic truc
giao B.
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2) Tt chitng minh Dinh 1y ta thay dé dua @ vé dang chinh tac truc
giao ta ding phép bién ddi toa do X = (By — B)Y v6i moi X = [u]g,,Y =
[u]s. VI (By — B) la ma tran tryc giao nén ta néi phép bién doi trén 1a mot
phép bién déi toa do truc giao.

Thuat toan dua dang toan phuong trén khong gian Euclide ve
dang chinh tic truc giao

Cho @ 1a mot dang toan phuong trén khong gian Euclide n chiéu V. Khi
do6 ta dua duge Q vé dang chinh tic trie giao va chi ra co s6 Q-chinh tac
truc giao va phép bién doi toa do truc giao tuong tng thong qua céc budc
sau:

Budc 1: Xac dinh [Q]g, v6i By 1a mot co s truc chuan nao do cia V.
Budc 2: Chéo hoa truc giao ma tran [z, tim ma tran tryc giao P sao cho

PQls, P = ding(ar, ..., a,).

Budc 3: Co sd Q-chinh téc trie giao B = (uy, . .., u,) dinh béi (By — B) = P
va phép bién doi toa do truc giao 1a X = PY. Dang chinh tic truc giao ctia

01a
Qu) =Y
=1

VOl U = U + -+ Ty,
Vi du 8.4.4. Dua dang toan phuong thuc sau day vé dang chinh tac tryc
giao:

Q(x1, 22, 3) = 22109 + 221 23+22223.
Chi ra co s6 Q-chinh tic tryc giao va phép bién déi toa do tric giao tuong
ing.

Giai. Budc 1: Ma tran ciia @ (theo co s6 chinh téc By) 1a

011
A= 1 0 1
110

Bué6e 2: Chéo hoa tric giao ma tran A.
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a) Da thic dac trung ctia A 1a

-2 1
PN =]A=)Ml=| 1 =X 1|=A+12*\N-2).
11 =

b) Tri rieng: A ¢6 2 tri rieng 1a Ay = —1 (bdi 2), Ay =2 (bdi 1)

¢) Khong gian rieng F(A;) ting véi tri rieng A; = —1 14 khong gian nghiém
cua hé

(A—MI5)X =0 (1)
Ta co
1 11 1 11
111 0 00
Nhu vay
To «
(e ri+rot+a3=0¢ 23 =
r = —a—p

Suy ra (1) ¢6 vo s6 nghiem

(21, 29,23) = (—a — B, a0, B).
Do dé

E\) ={(—a—8,a,8)|a,B R}
={a(-1,1,0) + 5(—1,0,1) |a, B € R}
— ((—1,1,0);(—1,0,1)>.

Nhuvay E(A;) ¢6 dim E(\;) = 2 v6i co 6 (ug, ug) voiug = (—1,1,0);us =
(—1,0,1). Ta xay dung co sd tric chuan ctia F(A;) qua qua trinh trie chuan
Gram—Schmidt:

V1 =U = (—1, 1,0),

<U1, Ul> 1 1

Vg = Ug — v =(z,—=
? ? <U17’Ul>1 (’

Ta dat

1 1
o (__7_70)7

wy = —— =
S ] 2’ V2
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1

%7
).

V2

1
el VE

Khi d6 (wy,ws) 1a co sd trie chuan clia E()\

Wy — —

).

Sl

d) Khong gian rieng E()) ting véi tri rieng A = 2 la khong gian nghiém
cua hé

Ta co
—2 1 1 1 -2 1
1 1 -2 0O 0 O
Nhu vay

& T = Tog = T3 = Q.
$2—$3:0

(2)@{ ZE1—2ZL‘2—|—I3:0
Suy ra (2) ¢6 vo s6 nghiem (x1, 22, 73) = (a, @, ). Do d6
E()\Q) = {(Oé,Oé,CY) | o€ R}
— {o(1,1,1)|a € R}
=((1,1,1))

Nhu vay E(Ag) ¢6 dim E(X2) = 1 v6i co s6 (ug) v6i uz = (1,1,1). Ta xay
dung co s trie chuan (ws) ctia E(\g) véi

us _(LLL)
lusl] V3" v/3 V3"

e) Dat B = (wy, wy, w3). Ta ¢6 B lam

W3 =

t ¢ sG trie chudn ctia R? va

o)

o &lHﬁl“
Shesl-S-
)

Buéc 3: Tt két qua tim duge & bude 2, ta suy ra dang chinh tic tryc giao
cua () 1a

Qu) = —yi — v5 + 2y3

VOl u = yywy + Yows + yswz. Co sd chinh tic truc giao tuong tng 1a B =

67



(w1, wy, w3). Phép bién doi toa do tric giao tuong ting X = PY, nghia 13

To= =5y — Yt 5
Ty = \%?ﬂ — \/Lng + \/LgyS
T3 = \/lgy2 + \/Lgyi’)

8.5 Dang chinh tic - Luat quan tinh ctia dang
toan phuong thuc

Dinh nghia 8.5.1. Cho ) la mot dang toan phuong trén khong gian vecto
thuc n chiéu V va B 1a mot co s6 ctia V. Gia sit biéu thitc toa do ctia @ theo
cd 86 B c¢6 dang

Qu) = a4+ a =l — o a? )

VOl U = 21Uy + - - - + Ty, trong d6 1, s 14 cic s6 nguyéen théa 0 < s < r < n.
Khi d6 ta néi B 1a mot co sé Q-chuan tdac va (1) 1a dang chuan tic ctia Q.

Dinh 1y 8.5.2. Cho V' la mot khong gian vecto thic hitu han chiéu va Q la
mot dang toan phuong trén V. Khi dé trong V ton tai mot co sé Q-chuan
tdc.
Chitng minh. Theo Dinh ly ton tai mot co s Q-chinh tic cta V. Dit
r = rank (Q). Bing cach danh s6 lai néu can ta c6 thé gia sit biéu thiic toa
do ctia ) theo co s6 trén c6 dang

Qu) = a1zt + -+ + a,2?

va ton tai s6 nguyen 0 < s <rsaochoa; >0(i € 1,5);a; <0(i € s+ 1,7).
Dung phép bién doi toa do khong suy bién

Y; ntur+1<j<n
ta thu dudge dang chuan tic ctia Q
Qu) =yi + - +ys = Yoy — - — Yy

Co s6 tuong ting chinh 1a co s6 Q-chuan tic can tim.

Dinh 1y 8.5.3. Cho Q la mot dang toan phuong trén V' va B la mot co sd
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Q-chuan tic cia V. Khi dé biéu thic toa do ciia Q theo co s¢ B ¢ dang

Qu) =ai 4+l —af =~y

trong do r = rank (Q) va 0 < s < r khong phu thuoc vio cach chon co sé B.

Ching minh. Hién nhién r = rank (Q) khong phu thuoc vao co sé B. Gia

(1)
(2)

st dimV = n va By = (uy,...,u),Bs = (vy,...,v,) 1a hai co s6 Q-chuan
tac clia V sao cho biéu thitc toa do clia @ trong Bi, B, lan luct 1a
Q)= 4 bt =i =
Qu) =yi + 4y — Y1 — - — Uy
Ta chiing minh s = ¢. Dat
Vi=(ug,...,us) va Vo = (Uyy1,...,0n).

Trude hét ta chi ra rang Vi NV, = {0}. That vay,

U = oqup+ -+ Qg
u = Bip1Ug1 + o+ Buon

é{ Qlu) = a?+---+a2>0

VéquVlﬂVg:>{

Qu) = —fH—-=p1<0
=Qu)=af+-+a’=0
= a; =---=a;=0hay u=0.

nghia 1a V3 NV, = {0}. Két qua trén cho thay
n>dim (V) + V,) =dim V) +dim V, = s + (n — ).

Suy ra s < t. Tuong tu ta ciing ¢6 t < s. Vay s = t.

Dura vao dinh 1y trén, ta thay hée s6 s va r khong phu thuoc vao cach chon

cd sd ctia V, nén ta c¢6 dinh nghia sau

Dinh nghia 8.5.4. Ta goi
e s 1a chi so duong qudn tinh cla Q;
o r — s la chi s6 am qudn tinh cta Q;
o (s,r—s) 1a cip chi so6 qudn tinh cia Q;

o s—(r—s)=2s—rlakysociaQ.
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Nhan xét 8.5.5. Gia st () 1a dang toan phuong thiyc c¢6 dang chinh tic
Qu) = a1} + -+ + a,zs.
Xét day aq,...,a, (%). Ta co
(i) Chi s6 duong quan tinh ctia @) bang s6 cac s6 hang duong ctia (x).
(i) Chi s6 am quan tinh clia ) bang s6 céc s6 hang am cua ().
Vi du 8.5.6. Xét lai Vi du trong , ta thay dang toan phuong @ c¢6 dang
chinh tic I
Q(u) = yi —3y5 +3y3 + iyi
Do d6 @ c6
e Chi s6 duong quan tinh la 3.
e Chi s6 am quan tinh la 1.
e Cip chi s6 quan tinh la (3, 1).
e Ky s61a 2.

8.6 Dang toan phuong xac dinh
Dinh nghia 8.6.1. Cho ) la mot dang toan phuong trén khong gian vecto
thuc hitu han chiéu V. Ta noéi

(i) Q wdc dinh duong néu Q(u) > 0 véi moi u € V' \ {0}.

(i) Q zdc dinh am néu Q(u) < 0 v6i moi v € V' \ {0}.

Nhan xét 8.6.2. () xac dinh duwong khi va chi khi dang cic ctia ) 1a mot
tich vo huéng trén V.

Nhan xét 8.6.3. Cho () 1a mot dang toan phuong trén khong gian vecto
thuc n chieu. Khi dé

(i) @Q xéac dinh duong < @ c6 chi s6 duong quan tinh bang n.

(i) @ xac dinh am < @ c6 chi s6 am quéan tinh bang n.

Chitng minh. (i) (<) Gia st Q c6 chi s6 duong quan tinh bang n. Khi d6
ton tai co sé Q-chuan tic B ctia V sao cho biéu thitc toa do ciia @ theo co
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sé B nhu sau:
Qu) =27+,

VOl u = xup + - + Tpu,. Néu u # 0 thi ton tai ¢ sao cho z; # 0, dua dén
Q(u) > 0. Vay @ xéac dinh duong.

(=) Gia st Q xac dinh duong nhung chi s6 duong quan tinh ctia Q khac
n. Goi B = (uy,...,u,) & mot co s Q-chinh tic ctia V. Khi d6 biéu thiic
toa do clia ) trong B c¢6 dang

Qu) = ayai + -+ + apa2,

trong d6 ¢6 a; < 0 v6i mot i nao dé. Dat u = u;. Tacéu # 0va Q(u) = a; < 0.
Mau thuan véi tinh xac dinh duong ctia Q.

(ii) suy ra (i) cung v6i nhan xét: @ xac dinh am < —@Q xac dinh duong.

Heé qua 8.6.4. Moi dang toan phuong zdc dinh dwong hay xdc dinh am deéu
khong suy bién.

Dinh nghia 8.6.5. Cho A = (ajj)nxn 12 Mot ma tran vuong cap n. Dinh
thiic con chinh cap k (1 <k <n) ctia A 1a dinh thiic con sinh béi cac dong
1,...,kvacaccot 1,...k:
a1 - Ak
A =

k1 - Qkk

Dinh 1y 8.6.6 (Tiéu chuan Syster). Cho Q la mot dang toan phudng trén
khong gian vecto thuc hitu han chieu V va A la ma tran biéu dién cia Q theo
mot co sé nao do ciua V. Khi dé

(i) Q xdc dinh duong khi va chi khi moi dinh thic con chinh cia A déu
duong.

(ii) Q zdc dinh am khi va chi khi moi dinh thic con chinh cap chin clia A
deu duong va moi dinh thiic con chinh cap 1é cia A déu am.

Chitng minh. (i) Ta chi can xét truong hop @Q khong suy bién. Goi f 1a
dang cuc cta Q. Gia st B = (uy,...,u,) la co s6 V va [Q]zg = A. Chu y
rang véi gia thiét @ xac dinh duong ho#ic moi dinh thitc con chinh ctia A
déu duong, tuong tir nhut qua trinh tryc chuan hoa Gram-Schmidt ta xay
dyng dugc co s§ f-trie giao B’ = (vy,...,v,). Diéu nay hién nhién néu Q
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xac dinh duong vi khi d6 f xac dinh mot tich vo huéng trén V. Vay ta chi
can xét truong hop moi dinh thic con chinh ctia A déu duong. Ta chon céc
he s6 a;; € R thda he sau sao cho (vy,...,v,) la mot co s cta V :

.
U1 = 011U
Vg = Qia1U1 + QipoUs

Up = Qp1Uy + Qpols + - - - + Qpply
. V1§k§naV1§]§k_17 f(ujvvk):07f<ukvvk):1

Vi k =1:1= f(UhUl) = f(UhOénul) = Oé11f(U17U1) = apia11 =
a11Aq. Suy ra agp = A%.

Xét 1 < k < n. Gia st da xac dinh duge cac he s6 ;5,1 <i<k—-1,1<
j <. Khi d6

a1101 + A100gy  + ...+ A1)k =0

() d ()
A(k—1)10k1 + Qe—1)2Qk2  + ...+ Qr—1)K Ok =0
A1 Qg1+ QpeQpe + ...+ QppQpg =1

Ma tran hé s cia hé (xx) ¢6 dinh thic bang Ay # 0 nén cac hé s6 ax;, 1 <
j < k duge xac dinh duy nhat, trong do

an T a1(k—1) 0
1 P “ e “ e . Ak‘*l
Al — —— = 0.
Ap | ag—1n -+ ag—1y—1) O Ay 7
agr o Gpe-1) 1
Vi
11 0 0
Qo1 Qg2 - 0 .
= 011022 . .. Opy
0
Ap1 Qpa - Qpp
1 A A, 1
= == 0
JANIAY A, A,
nén (vy,...,v,) la mot co s6 cia V. Mt khéc, tiut (%) ta suy ra
V1 <i<n, V1 <j<n,f(v,v;) = 0gja;
nén (vy,...,v,) la mot co sé f-truc giao ctia V. Khang dinh trén dugc chitng
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minh. Trong co sé B’ = (vy,...,v,), ma tran cta @ c¢6 dang chéo
Q(Ul) 0

0 Q(vn)

V6i moi 1 < k < n, goi Ay, By, 1an lugt 1a cac ma tran co tit A, B bang cach
x04 di n — k dong cudi va n — k cot cudi. Khi d6 Ay, By, 1an lugt 1a cdc ma
tran ctia dang toan phuong @ thu hep lén khong gian sinh béi {uy, ..., ux}
trong cac cd 86 (ui,...,ux) va (vy,...,v). Goi Py 13 ma tran chuyén tit co
sG trude sang co sG sau, ta co

B, = (P,) " ALP,.

Chu ¥ rang tuong tur qua trinh tryc chuan hod Gram-Schmidt ta c6 Py la
ma tran tam gidc trén c6 cac hé so6 tréen duong chéo deu khac 0. Do do
det(Py) = det(P,) # 0. Suy ra

det(Ay) = adet(Bg) = aQ(v1) ... Q(vg) (a > 0).
Ta ¢6 Q xéac dinh duong < Q(vg) > 0 v6i moi k = 1,...,n & Ay =
det(Ag) > 0 v6i moi k = 1,...,n. (ii) suy tu (i) cung véi nhan xét: @ xac
dinh am < —(@ xac dinh duong.

Vi du 8.6.7. Dua dang toan phuong thic sau vé dang chuan tic

Q(z,y, 2) = 22% + 9y* + 92° + 8xy + 4az + 12y2.
Chi ra co s6 Q-chuan tac va phép bién ddi toa do tuong ting. Tt d6 xéac dinh
cac chi s6 quan tinh cia Q. Xét xem @ c6 xac dinh duong hay xac dinh am
khong.
Giai. Truée hét ta dua @ vé dang chinh tic bang thuat toan Lagrange:
Q(z,y, 2) = 2[2* + 22(2y + 2)] + 9y° + 92° + 12y2
2(r + 2y + 2)* — 2(2y + 2)* + 9y® + 92 + 12yz
2(x + 2y + 2)* + oy + dyz + 727
2+ 2y +2)° + (y +22)* + 32°
[(z + 2y + 2)V2)* + (y + 22)* + (2V/3)?
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Thuc hién phép bién déi toa do khong suy bién

2= (z+ 2y + 2)V2 x :\/Lia:’ — 2y ++/37
Y =y+2z e y=y -5
2 =23 z:\/igz’
x \% -2 3 /
S|y |= 0 1 —\% Y
z 0 0 \/ig 2

Ta dua  vé dang chuan tic
Q) = 4y 4 )

vOi u = 2'uy + y'ug + 2'usz, trong do co sé Q-chuan tic B = (uq, us, uz) dinh
béi

1
iV
0 0 7

(B3 1a co sé chinh tac ciia R?) nghia la
1 2
ur = (—=,0,0);us = (—2,1,0); uz = (V3, ——,
1 (\/5 ) 2 ( ) 3 ( 3

T (1) ta suy ra:

).

Sl

e Chi s6 duong quan tinh ctia Q 1a 3.
e Chi s6 am quan tinh ctia Q 1a 0.

e () xac dinh duong.

Vi du 8.6.8. Dua dang toan phuong sau vé dang chinh tac
Q(z,y, 2) = 227 + 9y* + X% + Swy + 4xz + 12y2.
Xac dinh tham s6 A € R dé @ khong suy bién; Q xac dinh duong.
Giai. Bién ddi tuong tu nhu trong Vi du ta dugc
Q(x,y,2) =2(x + 2y +2)* + (y +22)> + (A — 6)2°.
Thuc hién phép bién déi toa do khong suy bién

¥=x4+2y+z x=ux —2y + 32
Y =y+2z S y=y —27
Z/:Z Z:Z/
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Sl y |=1 0 1 =2 Y
z 0 0 1 2
ta dua Q vé dang chuan tic
Q(u) = 22" +y” + (A — 6)2"” (2)

T (2) ta suy ra:
e () khong suy bién < XA —6 # 0 < \ #£ 6.

e () xac dinh duong < A —6 >0< X\ > 6.

Vi du 8.6.9. Xac dinh tham s6 A € R dé dang toan phuong sau xac dinh
duong

Q(z,y,2) = 2> + M + (A +3)22 — 22y + 4oz — 6yz.

Giai. Ma tran ctua dang toan phuong @ la

1 —1 2
A= -1 A -3
2 =3 A+3
Céac dinh thtc con chinh cua A 1a
A =1
1 -1
2 1 )\ )
1 -1 2
Az=|-1 X =3|=0A-1>*-1
2 =3 A+3
Theo tieu chuan Sylvester ta c6
A >0 1>0
Q@ xac dinh duong < < Ay >0 < ¢ A—1>0 S A > 2.
Az >0 A=1)2%2-1>0

Tu chiing minh Dinh 1y ta c6 thuat toan tim co sé Q-chinh tac
Thuat toan Jacobi dua dang toan phuong vé dang chinh tic

Gia sit dang toan phuong Q c6 biéu thiic clia theo co s6 B = (uy, . .., u,)
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dinh béi
Q(U) = Z a”xf -+ Z 2@1']‘1'1'1"7
i=1 1<i<j<n
sao cho ma tran A = (a;;) ¢6 cac dinh thitc con chinh A, # 0,V1 < k < n.
Khi d6 ta c6 thé xay dung co sé Q-chinh tic B’ = (vy,...,v,) va xac dinh
biéu thiic clia @ theo co sé B’ nhu sau:

Buéc 1: Tinh cdc dinh thite con chinh Ay (1 < k < n) va kiém chiing
Ay #0,V1 <k <n.

Budc 2: Q c6 bicu thiic ctia theo co s6 B’ = (vy, ..., v,) nhu sau:
N Apq
u) = .
Q=Y Sy

i—1
VOl u = y1v1 + Yavo + -+ YnUn, Ao = 1.
Budc 3: Xay dung co s6 Q-chinh tac B’ = (vy, ..., v,) nhu sau:

V1 = 011w
Vg = Q21U1 + Qoolin
Up = apiUy + Op2Uo + -+ OpnUn
A L1 0
) k-1 . . .
Trong d6 ag, = A va Ay : =\ : (1<k<n),
k
Qe 1

Vi du 8.6.10. Dua dang toan phuong thyc sau vé dang chinh tac bang thuat
toan Jacobi:

Q(z,y,2) = 22° + 9y* + 92% + 8wy + 4az + 12yz.
BAI TAP
Bai 8.1. Dua cic dang toan phuong thuc ) sau day vé dang chinh tic. Chi

ra cd s6 Q-chinh tic v phép bién doi toa do khong suy bién tuong tng. Xac
dinh tap hop Q(R?) :

a) Q(u) = 2% + 5z2 — 422 + 22119 — 4wy 73

b) Q(u) = 4x? + 23 + 23 — 4z 79 + 42173 — 37973

76



¢) Q(u) = 22% + 1873 + 823 — 127129 + 81173 — 27973
) ( ) - 2.1‘11’2 - 31’11’3 - 6$21’3
e) Q(u) = 3z129 + 423 + 122923
trong d6 u = (11,29, 73) € R3
Bai 8.2. Dua cac dang toan phuong thiyc @ sau day vé dang chinh tac tric

giao. Chi ra co sé Q-chinh téc truc giao vi phép bién doi toa do truc giao
tuong ting. Xac dinh tap hop Q(R?) :

a) Q(u) = 373 + 222 + 2% + 4119 + 42013

b)

Q(u) = 323 + 323 + 4x1 29 + 42173 — 27273

¢) Q(u) = 2?3 + 23 + 52 — 6119 — 27173 + 27273
Q(
Q(u

d)
)

trong d6 u = (x1, 19, x3) € R3.

u) = 23 + 23 + 23 + dw79 + 4oy 33 + 47073

) = 627 + a3 + Ta; + dwyxe + 4z 23

Bai 8.3. Xac dinh tham s6 thyc m dé dang toan phuong thic Q sau day
xac dinh duong:

a) Q(u) = 223 + 22 + 322 + 2mw 29 + 27173
b)
c)
d)
e)

trong d6 u = (x1, 19, 73) € R3.

Q(u) = 23 + 23 + 523 + 2ma w9 — 22173 + 47973
Q(u) = 523 + 23 + ma3 + 4z w9 — 27173 — 27973
Q(u) = 223 + 223 + x5 + 2ma 19 + 62173 + 27273
Q(u

) = x? + 4a3 + x5 + 2may 1o + 102173 + 61073

Bai 8.4. Cho () 1a mot dang toan phuong trén khong gian vecto thuc hitu
han chiéu V.

a) Gid st Q(u) # 0 v6i moi u € V '\ {0}. Chitng minh réng @ hodc xac dinh
duong hodc xac dinh am.

b) Gia st Q khong suy bién va ton tai u € V'\ {0} sao cho Q(u) = 0. Chiing
minh Q(V'\ {0}) =
c) Gid st Q suy bién. Chiing minh rang ton tai u € V' \ {0} sao cho Q(u) =
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Cho vi du dé thay riang trong trudng hop nay Q(V \ {0}) c6 thé bing R,
c6 thé khac R.
Bai 8.5. Cho @ la dang toan phuong thuc dinh bdi
Q(z,y,2) = 2* + 3y* — 4oy + 222 + 2yz2.
Tim tat ca cic khong gian con W ctia R? ¢6 dim W = 2 va Q(u) > 0 v6i moi

ue W\ {0}.

Bai 8.6. Cho @ la mot dang toan phuong xac dinh duong trén khong gian
vecto thyc hitu han chieu V va f 1a dang cuc ctia Q. Chiing minh rang véi
moi u,v € V ta co

a) [f(u,v)] < /Q(u)Q(v);
b) VQ(u+v) < VQ(u) + /Q(v).
Bai 8.7. Chiing minh ring mot dang toan phuong thuc 1a xac dinh duong

khi va chi khi ma tran A clia né (trong mot co sé nao dé) duge biéu dién
duéi dang A = CTC véi C 1a mot ma tran thuce kha nghich.

Bai 8.8. Cho )7 va Q5 la hai dang toan phuong thuc, trong dé6 mot trong
hai dang la xac dinh duong. Chiing minh ring c6 thé dua dong thoi Q, va
(), vé dang chinh tac (tic 1a ton tai mot co sé B sao cho cac ma tran clia Qy
va Q2 theo co s6 nay déu la ma tran chéo). Chi ra riang gid thiét x4ac dinh
duong khong thé bé duoe.

Bai 8.9. Cho Q 1a mot dang toan phuong thic c6 bicu thitc toa do theo co
sé B = (uq,...,u,) c6 dang

Qu) = fi+ - +fe=fl— = [2
VOl U = x1uy + - - -+ Ty, trong d6 fi, ..., f. 1 cAc dang tuyén tinh thyc cla
cac bién xq,...,r,. Ching minh rang @ c6 chi s6 duong quan tinh khong

vigt qua s va chi s6 am quan tinh khong vugt qua t.

Bai 8.10. Cho @) va @, la hai dang toan phuong trén V. Ta néi ¢ € End(V)
dua Q1 vé Q2 néu Qz(u) = Q1(¢(u)) v6i moi v € V. Néu ton tai mot phép
bién doi tuyén tinh khong suy bién trén V dua Qq vé Qs thi ta néi Q; va Q-
tuong duong. Chiing minh rang

a) Hai dang toan phuong la tuong duong khi va chi khi ching ¢6 cing dang
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chinh tic.

b) Hai dang toan phuong thuc la tuong duong khi va chi khi ching ¢6 cuing
cac chi s6 quan tinh.

Bai 8.11. Cho Q; vd Q, 13 hai dang toan phuong thiyc. Chitng minh ring
néu tit mdi dang nay cé thé dua vé dang kia bang mot phép bién ddi tuyén
tinh (c6 thé suy bién) thi Q; va Q, tuong duong.
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Chi muc

bac liy linh, dinh thtc con chinh,
biéu thtc cia f, do dai,
biéu thitc clia dang toan phuong,
5 & P & giao héa Gram-Schmidst,
biéu thiic toa do clia dang song hinh chiéu truc giao,
tuyen tinh, hang ctia dang toan phuong,

’ Hamilton - Calle
cap chi s0 quan tinh, Vs

c6 sd Q-chinh tac, ky s0,

co sd Q-chinh tac tric giao, khoi Jordan,

co 86 Q-chuan tac, khong gian dic trung,

cd s6 tryc chuan, khong gian con tric giao,
cd sd truc giao, khong gian Euclid,

co s6 xyclic, khong suy bién,

chi s6 am quan tinh, khoang cach,

chi s6 duong quan tinh, '
chuén, linh héa t1,

dang cuc, Ma tran cia dang song tuyén

dang chinh téc, A tnih’ _— 5
dang chinh tic Jordan, ma trz;m cua afng tn phuong, |53
dang chinh tic tryc giao, ma tran tryc giao,

dang song tuyén tinh, nhém true giao,
déi xiing,

dang toan phuong, pho,

dang toéu{ phL?IOng thue, sty bitn,

da thitc t6i tiéu,

da thiec triét tieu, tich vo huéng,
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tich vo huéng chinh tac, toan ti xyclic ,
tuong duong, truce giao, [32]
tam giac hoa dugc,

. vecta don vi, |30
toan ti doi xing, 180

toan tit liay linh, xac dinh am,
toan ti truc giao, , xac dinh duong,
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