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Mot s6 ky hiéu
o K: Truong (Q,R,C)
e M, (K): Tap clia tat cd cdc ma tran vuong cap n trén truong K.

e I,,: Ma tran don vi cap n

diag(A1y. .., An): Ma tran duong chéo
e V: Khong gian vectd n chiéu trén truong K.
e By : Co sé chinh tic cta V.

(B — B’): Ma tran chuyén co s tit B sang B’

[f]5: Ma tran biéu dién 4nh xa tuyén tinh f theo co sé B

Endg (V): Tap cac toan tit tuyén tinh f:V — V

o Idy: Anh xa dong nhét tren V
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Gi6i thisu

Bai toan 1. Cho f € Endg (V) 1a mot toan t1t tuyén
tinh. Ton tai hay khong mot co sé B ciia V sao cho
[f]5 1& ma tran duong chéo?

Bai toan 2. Cho A € M, (K) la mot ma tran
vuong. Ton tai hay khong mot ma tran kha nghich P
sao cho P~1AP 13 ma tran dudng chéo?
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Nhac lai.

Néu B = {uy,ug,...,u,} 1a co sé ctia V thi

[flB = ([f (u1)]B [f(u2)]B - - - [f (un)]B).

Vi du. Cho toan ti tuyén tinh f : R? — R? xac dinh béi
f(x1,29) = (31 + 429,621 + H22).

va cd s6 B = {u; = (—1,1),u2 = (2,3)}. Tim [f]?

Dap an.
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-1 -1
0o 1 -
1 0
-1 -1 0
Dap an. Pl = 1 2 1
1 11
2 2 0 -1 -1 1
PlAP = (P'AP = -2 —4 -2 0 1 -1
11 1 1 0 1
-2 00
= 0 -2 0
0 01
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1.1. Tri riéng va vectd riéng

1.1. Tri riéng va vecto riéng
Dinh nghia. Cho f € Endg (V). Vecto v € V' duge goi 1a mot vecto
riéng cia f néu:

(i) v #0;

(ii) ton tai A € K sao cho f(v) = Awv.

Khi d6 ta n6i A 1a mot tri riéng cia f, va v 1a vecto riéng @ng vdi
tri riéng .

Nhan xét. Néu v la vecto riéng 1ing vdi tri rieng A thi pv (u # 0)
cting la vectd riéng ung vdi tri riéng .

Vi du. Cho toan ti tuyén tinh f : R? — R? xac dinh béi
f(x1,22) = (21 + 229, —21 + 422).

Ching t6 A = 2 14 mot tri riéng ctaa f.
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ectd riéng

f(x1,me) = (1 + 2x9, —x1 + 4xa) VA X = 2
Giai. Gid stt v = (x1,x2). Xét phuong trinh f(v) = Av
flv)=Av
& (a1 + 2w, —x1 + 422) = 2(21, T2)
& (—x1 + 2x9, —x1 + 222) = (0,0)

—x1 + 222 =0,
—x1 + 229 = 0.

Chon v = (2,1). Ta c6 f(v) = 2v. Suy ra A = 2 1a mot tri riéng cia f.
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1.1. Tri riéng va vectd riéng

Dinh nghia. Cho f € Endg (V) va B la mot co s6 cia V. Ta dit
A :=[f]|B, khi d6 da thic dac trung cia f duge dinh nghia la

Py () :=det(A — AI,).

Nhan xét. Da thiuc dac trung ciua f khong phu thudc vao cich chon
cd sd cua khong gian V.

Giai thich. Gia st B va B’ 1a hai co s6 cia V. Khi d6
[flsr = (B— B) 7 '[fls(B — B').
bat A:=[flg, A :==[flp va P:= (B — B'), ta ¢

|A" = AI,| = |P7'AP — \I,|
= |P7Y(A-)I,)P|
= |P7Y|A = AL|P|
|A — AL,
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ectd riéng

Vi du. Cho toan ti tuyén tinh f : R? — R3 xac dinh béi
f(.:l,‘l, T9, .’Eg) = (31,‘1 + x9 4+ x3, 221 + 49 + 223,21 + 9 + 3333).

Tim da thic dac trung caa f?

Giai. Ma tran biéu dién f theo co s chinh téc la

31 1
A:[f]Bo: 2 4 2
11 3
Khi dé
Pr(A) = [A— A
33—\ 1 1
= 2 4\ 2
1 1 3—\
= =23+ 10)\% — 28\ + 24.
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1.1. Tri riéng va vectd riéng

Meénh dé. Tri rieng ctia todn té f la nghiém cia phuong trinh dic
trung
Py(A) =0.

Vi du. Cho toan ti tuyén tinh f : R? — R? xac dinh béi
f(x1,22) = (21 + 229, —21 + 422).

Tim tri riéng cta f?

Giai. Da thiic dic trung cta f la
Pr(A) =A% —5A+6= (A —2)(A - 3).

Nhu vay toan t f c6 hai tri riéng 1a Ay = 2, Ao = 3.
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1.2. Khong gian rieng

1.2. Khong gian riéng
Dinh nghia. Cho f € Endg (V). Néu A 1a mot tri rieng ctia f thi
E\) :={veV]| f(v)=Av}

la mot khong gian con ctia V' va ta goi no6 la khong gian riéng cia f
ing vdi tri riéng .

Nhan xét. EX) = {veV|[(f-Aldy)(v) =0}

= Ker(f — Aldy).

Ngoai ra, néu f € Endi(K™) c6 ma tran biéu dién theo co sd chinh tdc
la A thi E(X) chinh la khong gian nghiém cia hé phuong trinh

(A — AI,)X = 0.
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1.2. Khong gian riéng

Vi du. Cho toan tit tuyén tinh f: R? — R3 x4c dinh béi
f((L'l, X9, 1'3) = (3%1 — 229, —2x1 + 39, 51‘3).

Tim céac tri riéng ctia f va khong gian riéng tng véi céc tri riéng nay?

Giai. Ma tran biéu dién f theo co sé chinh tic la

-2

o W
o O O

3
A=[flg, = —2
0

- Da thiic dac trung
Pi(A) = |A = A3| = —(A = 5)*(A —1).
- Tri riéng
Py(A\) =04 A=5(boi 2), A=1 (boi 1).

Vay f ¢6 2 tri rieng la Ay =5 (boi 2), Ay =1 (boi 1).
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1.2. Khong gian riéng

- Khoéng gian riéng

e V6i A\; = 5, khong gian rieng E'(5) la khong gian nghiém ctia hé

-2 =20 1 0
(A — 5[3)X =0& -2 =2 0 0 = 0
0 00 3 0
—21‘1 — 21‘2 = 0;
< { —22y — 2wy = 0. (1)

Giai hé (1) ta tim dugc nghiém tong quét
(x1,m2,23) = (—t,t,8), t,s€R.
Suy ra E(5) ¢6 dimE(5) = 2 véi co s
By ={(-1,1,0); (0,0,1)}.
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1.2. Khong gian riéng

e V6i A9 = 1, khong gian E(1) la khong gian nghiém ctia hé

2 =20 T 0
(A-I)X =0« —2 20 T2 |= 0
0 0 4 rs3 0

21 — 2x9 = 0

& —2r1 4+ 2x9 = 0

433‘3 =0

Giai hé (2) ta tim dugc nghiém tong quét
(1‘1,1‘2,333) = (t>ta0)7 teR.
Suy ra E(1) ¢c6 dimE(1) =1 v6i co s6

By ={(1,1,0)}.
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1.2. Khong gian riéng

Nhic lai. Cho Wy, Wa, ..., W, la cac khong gian con ciia V. Ta néi W
1a khong gian tong truc tiép ctia Wi, Wa, ..., W, k¥ hieu

W=WioWed...0W,

neuW =Wy +Wo+---+W, vavéimoiie€1l,n

W,;ﬂ( zn: Wj) = {o}.

i#j=1

v

Meénh dé. Cho Ay, ..., )\, la cdc tri riéng khdc nhau cia todn tii tuyén
tinh f. Khi d6 E(\1) + -+ + E()\p) la mot tong truc tiép.

v

Ménh dé. Cho f € Endg (V). Néu X\ la mot tri rieng boi m ciia f thi
dimE(A) < m.

v
Chitng minh. Gia stt dimE(A) > m. Khi d6 ton tai vy, ..., Um, Umt1
la cac vecto doc lap tuyén tinh cia E(\).
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1.2. Khong gian riéng

Bd tiic ho céc vecto nay thanh mot co sé B ciia V:

B = (v1,-- s Vm; Um+t1, Wint2, - - - Wn).
Ta c6
A 0
A
fls =
/] 0 N
0 | B
Tu do6 suy ra
A—t 0
A
Pe(t) = det
£ () 0 N
0 | B—tly—m—1

= (A—t)""det(B - tI,,_1n_1).

Suy ra A la tri rieng boi 16n hon hogc bang m + 1 (mau thuén). [ |
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1.3. Toan t& va ma tran chéo héa dugc

1.3. Toan t& va ma tran chéo héa dugc
Toan ti chéo héa ducce

Dinh nghia. Cho f € Endg (V). Toan ti f dugc goi 1a chéo hoa
duge néu ton tai mot co sé B cia V sao cho [f] 14 ma tran duong
chéo.

Dinh ly. Todn tii tuyén tinh f € Endg (V) chéo héa dugc khi va chi
khi ton tai mot co sé cia V. gom toan cdc vecto riéng cia f.

Chiing minh. (=) Gié stt f chéo héa dugc, nghia la ton tai mot co
s6 B = (v1,v2,...,v,) sao cho [f]p = diag(A1, A2, ..., Ay). Khi d6,

f(v1) = Moty f(v2) = Ava, ..oy f(vn) = Antn,
nghia & v, v9, ..., v, déu la cic vecto riéng clia f.
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1.3. Toan t& va ma tran chéo héa dugc

(<) Gia st B = (v1,v9,...,v,) la co 86 gom toan cac vecto rieng cia
f. Khi do

f(v1) = Mwr, f(vr) = Aava, ..o, f(vn) = Apun.

Do do
[flg = diag(A1, A2, ..., An).

Dinh ly. Todn ti tuyén tinh f € Endgx (V) chéo héa duge khi va chi
khi cdc dieu kién dudi day dudc théa
(i) Pr(X\) phan ra trén K, nghia la Pr(X\) ¢6 thé phan tich thanh dang
P A) = (—1)"(A =)™ ... (A= Ap)™?
VO A, .., p € K vamy + -+ mp =n.
(i1) Vi € 1,p, dimE(XA;) = m;.

Hé qua. Néu f cé n tri rieng khdc nhau thi f chéo héa dugc.
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1.3. Toan t& va ma tran chéo héa dugc

Vi du. Xét toan tit tuyén tinh f € Endr(R?) duge x4c dinh bsi
f(l‘l, T2, 563) = (.7;1 + 2x9 — 223,321 + 229 — 473,221 — xg).

Héi f ¢6 chéo hoa duge khong?

Giai. Ma tran biéu dién f theo co s chinh téc la

1 2 =2
A= 3 2 —4
2 -1 0

Da thic dac trung ctia f 1a Pr(A) = |A — Al3] = (1 — A)(A% —2X —6).

Suy ra f cé 3 gia tri riéng khac nhau 1a

1+7 1—7
5 M T

M=1,)0 =

Nhu vay f chéo héa dugc.
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1.3. Toan ti vA ma tran chéo héa dudc

Thuat toan chéo hoéa toan tir

Buéc 1. Chon mot co sé bat ky B ciia V' (thong thuong 1a co s6 chinh
tac). Lap A = [f]s.

Buéc 2. Tim da thic dac trung Pr(A) = |[A — Al

e Néu Pf(A) khong phan ra thi f khong chéo héa duge va thuat
toan két thic.

o Ngugc lai, chuyén sang budc tiép theo.

Buéc 3. Tim tat ci cdc nghiem \q,

...y Ap clia Pr(X) = 0 va cac sb boi
mi,...,mp cla ching. Dbi véi méi ¢ € 1, p, tim dimE();).

e Néu ton tai mot ¢ € 1,p sao cho dimFE()\;) < m; thi f khong chéo
héa duge va thuat toan két thic.

e Ngugc lai, f chéo héa duge va chuyén sang budc tiép theo.
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1.3. Toan t& va ma tran chéo héa dugc

Budc 4. V6i mdi i € 1, p, tim mot co s6 cho E();), goi 1a B; chang
han. Khi d6 B = (Bi,...,B,) 1a co s clia V. Ta ¢6 ma tran biéu dién f
theo B 1a

[f]B = diag()\l, e ,)\1,. . .,A,,«, cee 7)\7*)-
SN——r SN———

m1lan m,-1an

Vi du. Xét toan tit tuyén tinh f : R? — R3 dugc xéc dinh béi
f(l’l, To, xg) = (4%1 + x9 — x3, —62x1 — 29 + 223,221 + 9 + 333).

Héi f ¢6 chéo hoa duge khong?

Giai. Ma tran biéu dién f theo co s chinh tic la

4 1 -1
A=(flay=| -6 -1 2
2 1 1
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1.3. Toan ti vA ma tran chéo héa dudc

- Da thuc dic trung
Pi(A) = [A= AL = (A -1’2 - ).
Ta thdy Py(A) phan ra tren R.

- Tri riéng
Pi(AN) =0 A=1 (boi2), A=2(bail).

Vay f ¢6 2 tririeng la Ay =1 (boi 2), A2 =2 (boi 1).
- Khong gian riéng

e V6i A; = 1, khong gian rieng F(1) chinh 1a khong gian nghiém ctia hé
phuong trinh (A — I3)X = 0. Ta c6

31 -1 10 -1
(A-L)=| -6 -2 2 |=|01 2
2 1 0 00 0

Vay, hang ctia A — I3 bang 2, suy ra dimF(1) = 3 — 2 = 1 nhé hon s6
boi cta tri rieng Ay = 1. Do d6 toan tt f khong chéo hda dugc.
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1.3. Toan t& va ma tran chéo héa dugc

Vi du. Xét toan tit tuyén tinh f € Endg(R3) duge x4c dinh bsi
f(xl, T9, 1‘3) = (4$1 + 229 — x3,—6x1 — 419 + 313,—611 — 62 + 5$3).

Hoi f c6 chéo hoa duge hay khong? Néu dude, hdy tim mot co sé B clia
V sao cho [f]p 1a ma tran duong chéo.

Giai. Ma tran biéu dién f theo co sé chinh tic la

4 2 -1
A=[flg,=| -6 -4 3
6 —6 5

- Da thtc dic trung
Pr(A) = A= A3 = =23+ 527 =8\ +4=—(A - 1)(A —2)~
- Tri riéng
Pr(A) =0 A=1(boi1), =2 (boi?2).
Vay f c6 2 tri rieng \y =1 (boi 1), Ay =2 (boi 2).
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1.3. Toan ti vA ma tran chéo héa dudc

- Khong gian riéng

e V6i A\ = 1, khong gian riéng E(1) chinh la khong gian nghiém ctia hé
phuong trinh (A — I3)X = 0. Ta ¢6

3 2 -1 3 2 -1

A-L= -6 -5 3| 22419 1 1
6 —6 4 ) BT \o —2 2

301

dhl o -1 1

B2 N0 00

Chon z3 = t, ta tim dugc nghiem tong quat 1a
1
(wl,xg,xg) = (—gt,t,t), t € R.
Suy ra E(1) ¢6 dimE(1) =1 v6i co 86 By = {u; = (1,—-3,-3)}.
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1.3. Toan ti vA ma tran chéo héa dudc

e V6i A\ = 2, khong gian riéng E(2) chinh la khong gian nghiém ctia hé
phuong trinh (A — 2I3)X = 0. Ta ¢6

2 2 _1 2 2 —1
A—2I;=| -6 -6 3 |28, o0 o
6 —6 3 /)BT g 0 o

Chon x1 = t, x5 = s, ta tim dudc nghiém tdng quét 1a
(r1,29,23) = (t,8,2t +2s), t,s€R.
Suy ra E(2) ¢6 dimE(2) = 2 v6i co s
By = {uz = (1,0,2);u3 = (0,1,2)}.

Do s6 chiéu ctia cac khong gian rieng déu bang s6 boi ciia tri rieng
tuong ng nén f chéo héa duge. Hon nita co sé can tim 13

B={u =(1,-3,-3);u2 = (1,0,2);uz = (0,1,2)}
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1.3. Toan t& va ma tran chéo héa dugc

[f]s =

O O =
o NN O
N OO

Vi du.(ty lam) Cho toan tit tuyén tinh f : R® — R3 x4c dinh bdi
f(xl, xTo, 333) = (—4x1 — ng — 33:3, —I] — I3, 7$1 + 5$2 + 6$3).

Hoi f c6 chéo hoa duge hay khong? Néu dude, hdy tim mot co sé B clia
V sao cho [f]p 1a ma tran dudng chéo.

.
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1.3. Toan ti vA ma tran chéo héa dudc

Ma tran chéo hoéa dudgc

Nhic lai. Cho A, B € M, (K). A duge goi la dong dang véi B néu
ton tai ma tran kha nghich P sao cho A = P~'BP. Ky hieu A ~ B.

Luu y. Quan hé dong dang 1a mot quan hé tuong duong, nghia la:
o VA e M,(K), A~ A.
e VA,B € M,(K), néu A~ B thi B~ A.
e VA,B,C € M,(K),nétu A~BvaB~CthiA ~C.

Dinh nghia. Cho A € M, (K). Ma tran A dudc goi la chéo hoa duoc
néu n6 dong dang v6i ma tran dudng chéo.

v
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1.3. Toan ti vA ma tran chéo héa dudc

Nhic lai. Cho B, B’ 1a hai co s6 ctia V va f 1 toan tit tuyén tinh trén

V. Khi doé
[fle = (B— B '[fls(B— B).

Gia st f chéo héa dugc bing co s B va xem xét A 1a ma tran biéu
dién f theo co s6 B. Ta dat

D :=|[f]p va P:=(B— B').

Khi dé
A= P 'DP.
Suy ra A chéo hoa dugc.

Nhu vay bai todn chéo héa ma tran A chinh 1a bai toan chéo héa toan
tt f v6i A la ma tran biéu dién ctia f theo mot co sé nao do.

Tuong ty nhu trén toan ti, ta ciing c6 cac dinh nghia vé viéc chéo hoa
trén ma tran.
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1.3. Toan ti vA ma tran chéo héa dudc

Thuat toan chéo héa ma tran

Budc 1. Tim da thic dac trung Pa(A) = |A — AI|.

e Néu P4(A) khong phan ra thi A khong chéo hoa duge va thuat
toan két thic.

o Ngugc lai, chuyén sang budc tiép theo.
Budc 2. Tim tat ci cac nghiem Aq,..., A\, clia Pa(A) = 0 va céc s6 boi

mi,...,m, cla ching. Dbi v6i mdi ¢ € 1,p tim s6 chiéu cia ctia khong
gian nghiém E();) cta hé phuong trinh (4 — \;1)X = 0.

e Néu ton tai mot ¢ € 1, p sao cho dimFE()\;) < m; thi A khong chéo
héa duge va thuat toan két thic.

e Ngugc lai, A chéo hoa dugc va chuyén sang budc tiép theo.
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1.3. Toan t& va ma tran chéo héa dugc

Budc 3. V6i méi i € 1, p, tim mot co 86 B; cho E()\;), Ta dit P 1a ma
tran c6 dude bang cach dung cac vects trong B; thanh cac cot. Khi do6
ma tran P lam chéo A vi P~'AP 1a ma tran duong chéo

diag()\l,...,)\1,...,)\7«,...,)\71).
S—— N——
mqlan mylan
3 3 2
Vi du. Cho ma tran thuyc A = 1 1 —2 | . Tim tri riéng va
-3 -1 0

vecto rieng ctia A. X4c dinh co s8, s6 chiéu clia cdc khong gian riéng
tuong tng.

Giai. - Da thic dac trung

3-\ 3 2
Pa(\) = |A = \3| = 1 1-Xx =2 |=—(A—4)(\+4).
-3 -1 =
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1.3. Toan ti vA ma tran chéo héa dudc

- Tri riéng

PA()\):0<:>>\:4.

Do d6 ma tran A chi c¢6 mot tri rieng A =4 (boi 1).

- Khong gian riéng E(4) 1a khong gian nghiém ctia hé phuong trinh

(A—4I3)X = 0. Ta c6

~1
(A—al) = 1
-3

Ta c6 nghiém tong quat

(‘,1717 x9, :1:3) = (_tv -

Suy ra dimFE(4) =1 v6i co sé B = {(—-1,—1,1)}.

—dy 1 -3 -2
mdi o f g g
da+3dy 0 —10 —10
~1gds 1 0 1

Aifdds g1

d2trds 00 0
teR. chont =1
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1.3. Toan t& va ma tran chéo héa dugc

Vi du. Chéo hbéa ma tran thuc

1 3 3
A=| -3 -5 -3
3 3 1
Giai. - Da thuc dac trung
1-Xx 3 3
PAAN) =|A-X3=| -3 —5-X -3 |=-(A-1)(A\+2)>2%
3 31—

- Tri riéng
Ps(A)=0< A=1(boi 1), = —2(bai 2).
Vay A c6 2 tri rieng 1a A\ = 1(boi 1), Ao = —2 (b0i 2).
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1.3. Toan ti vA ma tran chéo héa dudc

- Khong gian riéng

e V6i A\; = 1, khong gian rieng E'(1) 1a khong gian nghiém ctia hé
phuong trinh (A — I3)X = 0. Ta c6

0 3 3 d—%ddz 1 2 1
A-L)=| -3 -6 -3 | ===, [ 0 -3 -3
3 3 o¢o) % 0 3 3
—3d2 1 0 -1
ﬂ) 0 1 1

ds—3dso 0 0

Ta c6 nghiém téng quét

(x1,29,23) = (t, —t,t), teR. chont=1

Suy ra E(1) ¢c6 dimE(1) =1 v6i co 86 By = {u; = (1,—-1,1)}.
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1.3. Toan ti vA ma tran chéo héa dudc

e V6i A9 = —2, khong gian riéng E(—2) la khong gian nghiém ctia hé
phuong trinh (A + 213)X = 0. Ta ¢6

3 3 3 —3d1 11 1
(A+2I;)=| -3 —3 —3 | 284, [0 0
3 3 3/ d3h 000

Ta c6 nghiém téng quét
(r1,29,23) = (=t — s,t,8), t,s€R.
Suy ra E(1) ¢6 dimE(1) = 2 v6i co s
By = {us = (—1,1,0),u3 = {—1,0,1}}.
Vi cac khong gian E();) ctia A ¢6 sb chiéu bang s6 boi clia cic tri rieng

tuong tng nén A chéo hoéa duge.
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1.3. Toan t& va ma tran chéo héa dugc

Lap ma tran P bang cach lan lugt dyng cac vecto trong
Bl = {ul = (]" _17 1>} va 82 = {u2 = (_L 1,0),U3 = {_1’0’ 1}}

thanh cac cot

-1 -1
P=1 -1 1 0
1
Khi do
1 0 0
PlAP=10 -2 0
0 0 -2
Vi du.(tu lam) Chéo héa ma tran thyuc
1 -4 —4
8 —11 -8
—8 8 5
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1.4. Mot vai tng dung su chéo hoa

1.4. Mot vai ing dung su chéo héa
Tinh Ity thtta ctia ma tran

Bai toan. Cho A € M,,(K) va A chéo héa duge tren K. Tim A*?

Giai. Vi A chéo héa dude tréen K nén ton tai mot ma tran kha nghich
P sao cho

P'AP=D (1)
la mot ma tréan duong chéo. Gia sit
D = diag(\1, ..., An).
Tit (1) ta c6 A = PDP~! nén
AF = (PDP~YHYF = pDFP~! = Pdiag(\F, ..., \F)P~L.

1 -1

V1d1,1.ChoAz<2 4

>. Tinh A™?
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1.4. Mot vai itng dung sy chéo héa

Giai.
- Da thic dic trung
Pa(A) = (A—2)(A—3).

- Tri riéng
A ¢6 2 tririéng 1a Ay =2, Ay = 3.
- Khong gian riéng

E(2)=(u=(-1,1)) va EQ3) = (v=(-1,2)).
_ -1 -1, s L N
Vay P = < 1 5 >la ma tran lam chéo A va
o1 (20
D =P AP = ( 0 3 )

Ta ¢c6
A=PDP
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1.4. Mot vai itng dung sy chéo héa

Do do
A" = pp"pP~ L,

Do D 1a ma tran dudng chéo nén dé dang tinh dugc
2" 0
n __
D= ( - )
-2 -1
-1 _
(2

2n+1 —_3n on _ gn
—antl 4 2.3n —2m 423" )

Tiép theo, tinh duge

Ta co6
A" = pD"P~ ! = (

-1 -2

Vi du.(ty lam) Cho A = ( -

>. Tim cong thic A™?
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1.4. Mot vai itng dung sy chéo héa

Tinh luy thira cia toan tw

Bai toan. Cho f € Endg (V) va f chéo héa dugce trén V. Tim cong
thitc ctia f*?

Giai. Vi f chéo hoa duge nén ton tai mot co s6 B = {uq,ug, ..., u,}
cia V sao cho [f]|p la ma tran dudng chéo. Gia st

[f]B = diag(A1, Az, .., An).
Goi By 1a co sd chinh téc ctia V, ta dé dang lap ma tran [f]g,. Khi d6
[fls = (Bo — B)~'[f]s,(Bo — B)

hay
(150 = (Bo — B)[f15(Bo — B)~".
Do do
([f150)* = (Bo — B)([f]5)"(Bo — B)~".
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1.4. Mot vai itng dung sy chéo héa

Hon nia

[fk]Bo = ([f]Bo)k'

Suy ra
(M8 = (Bo — B)([f15)" (Bo — B) ™.

Ngoai ra ta c6

o ([fls)* = diag(\, Mf, ..., \%).
o (By — B) = (u{ ug ... u,)).
Do d6, ta dé dang tinh [f¥]g,. Tit d6 suy ra dugc cong thiic ctia f*.
Vi du. Cho toan ti& tuyén tinh f : R? — R? xac dinh béi
f(z1,22) = (z1 — 29,221 + 422).

Tim cong thic f7
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1.4. Mot vai itng dung sy chéo héa

Giai.

Buéc 1. Tién hanh chéo héa toan ti ta dude tim duge mot co sé
B = {’LL1 = (—1, 1),UQ = (—1,2)} va

Buéc 2. Ta co

va
(B — B) ™! = < _f _1 >
Ngoai ra
[fl5 = (Bo — B) ™' [f]5,(Bo — B)
hay

[flg, = (Bo — B)[f]s(Bo — B) ™.
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1.4. Mot vai itng dung sy chéo héa

Suy ra

([fls)" = (Bo— B)([f]5)"(Bo — B)™

2n+1 —3n on _ 3n
- ( —ontl po3n _9n 4 23" >
Nhu vay cong thic caa f* 1a

(1, 20) = (271 =3M) 21 4+(2"—3") 29, (=271 4-2.3™) 2y +-(—2"42.3")25).
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Chuong 1. S chéo hoa

1.4. Mot vai itng dung sy chéo héa

Tim moét day s6 théa cong thiic truy hoi

Minh hoa cho trudng hop hai day sb.

Vi du. Gia st cac day s6 thuc (up)pez+ va (vn)nez+ thoéa cac cong

thitc truy hoi
Uptl = Up — Up; voi 1 w0 = 2
Un41 = 2Up + 4vy, vg = 1.

Tim cong thitc tinh cac s6 hang téng quat cua u, va v,.

Dat
: Up, . . 1 -1
fom (5 Ywa () )

Cong thitc (1) dugce viét lai nhu sau:
X1 = AX,, v6i Xo = ( ? )
Tu dé tinh duge X,, = A" X,.

22/09/2015
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1.4. Mot vai itng dung sy chéo héa

St dung phuong phap chéo hoéa ta tinh duge

A 2n+1 —_gn on _ gn
- < —ontl 423" —9n 4 2.3" >

Suy ra
up \ ontl _ gn 2" — 3n 2
vn ) —ontl 4 93n  _on 4 230 1
2nt2 —2.3m 4 2n — 3"
- < —2nF2 443" 9" 4 23" )
Vay

Up = 5.27 — 30+
v = —5.2" + 6.3™.
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1.4. Mot vai tng dung su chéo hoa

Giai hé phuong trinh vi phan tuyén tinh hé sb

hing

Bai toan. Tim nghiém ctia phuong trinh vi phan tuyén tinh

da:l
. 1171 + a1222 + ... + A1pTp;
d.CL'Q
E = @911 + 4222 + ...+ A2nTy;
dz,

S An1T1 + Gp2%2 + ... + AppTn,

trong d6 moi a;; € K va moi z; déu 1a ham kha vi theo bién ¢.
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1.4. Mot vai itng dung sy chéo héa

T
T2 .
Goi z = (x1,22,...,2y). Khi d6 X = [z]p, = .| He (1) dugc viét
In
lai duéi dang ma tréan nhu sau:
dX

Gia st A chéo hoa dugce, nghia 13 ton tai ma tran chéo D va ma tran
kha nghich P sao cho
D=PlAP. (3)

Ngoai ra, ta c6 thé xem A nhu ma tran ctia biéu dién toan ti tuyén
tinh f € Endg(K™) theo co s6 chinh tac By. Khi d6 ton tai mot co sé
B = (uj,ug,...,u,) sao cho ma tran

D = [f]g va P = (By — B).
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1.4. Mot vai itng dung sy chéo héa

Goi X' = [z]g, ta ¢

[2]s = (B — Bo)lzs, ¢ [2]s = (Bo — B)™'[a]s,

hay
X' =rP'X
Lay vi phan theo t, ta c6
dx’ dX
=p 71—
dt dt
Thé (2) vao (5)
dx’
= P 'AX.
dt
Tit (3) ta c6 P~1A = DP~L. Thé vao (6), ta dugc
dx’
= DP'X.
dt
Mait khac X’ = P~1X. Suy ra
dXx’
= DX'.
dt
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1.4. Mot vai itng dung sy chéo héa

= DX, (7)

Vi D la ma tran dudng chéo nén ta d& dang tim ra X’. Sau d6 dé tim
X ta dung cong thic X = PX'.

Tém lai, néu A 1a ma tran chéo héa duge thi he (1) c6 thé duge giai
qua cac budc sau:

o Buéde 1. Chéo héa ma tran A, nghia la tim ma tran kha nghich P

sao cho D = P71 AP 14 ma tran chéo.
/

e Bude 2. Giai he =DX'.

e Budc 3. Tim X bdi cong thic X = PX'.
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1.4. Mot vai itng dung sy chéo héa

dz

@y
Vi du. Giai hé phuong trinh vi phan

@ =2x+4

at Y

Giai.

Bué6e 1. Ma tran cia hé 1a A = (; _411)

Tién hanh chéo héa ma tran A ta tim duge P = <_1 _;> lam chéo A
va
2 0
D =P AP = .
(@ 3)
dx’
Budc 2. Xét X = ( :; > Diat X' = PX, ta c6 - DX’
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1.4. Mot vai itng dung sy chéo héa

/ -

Viét lai he — DX’ thanh he t
& _ g
a Y

Nghiém ctia hé nay 1a
¥ = Ce*
y/ = 02€3t7

trong d6 C; va Cs 13 cac hing s6.

Bude 3. Ta ¢c6 X = PX’'. Do d6
z\ (-1 -1 2\ [ =2 -y
y ) 1 2 v ) o\ =2 +2y )

{m = —C1e? — Cye’,

Suy ra

y = C1e? 4 205e%.
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1.4. Mot vai tng dung su chéo hoa

Vi du.(tu lam)Giai hé phuong trinh vi phan

(d
d—f:—x—Sy—Zz;
d
d—i{:—Qaz—Zy—QZ;
d
£:6x+9y+7z.
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1.4. Mot vai itng dung sy chéo héa

Day Fibonacii
Day Fibonacii 1a day vo han cac so
0,1,1,2,3,5,8,13,21, ...

Mbi s6 hang trong diy Fibonacii (ké tit s6 hang thit ba) bing tong ciia
hai s6 hang ditng ngay trude né

Fk+2 = Fk+1 —|—Fk,k‘ > O,FO = O,Fl =1.

Cau héi. Lam thé nao dé tinh sé hang F,, ma khong can tinh lan lugt
tit cac s6 Fo =0, Fy = 17

Dat ug ::(Fl’;“ )mA: <1 é).Khidé
k

Uk+1 = Auk.
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1.4. Mot vai itng dung sy chéo héa

Tw do6 suy ra
1
up = AFug, v6i ug = ( 0 > (1)
Van dé dan dén viec tinh A*. Ta sé diing phuong phéap chéo héa ma
tran.

Da thitc dic trung fa(A) = A2 — X — 1 ¢6 cac nghiém khac nhau la

14++5 1-5
)\1: 9 ,)\2: 9 . (2)

Do dé A chéo hoa duge vA mot dang chéo cua A 1a

D=P AP = < Aol fz ) Vi P = ( All Af > (3)

1 1 =X
-1 _ 2
P Y ( -1 N ) (4)
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1.4. Mot vai itng dung sy chéo héa

Tt cac cong thite (1), (3) va (4) ta tinh duge

Fk+1 . 1 Ak-‘rl o )\k+2
< Fy ) [ R VRS Vel QP LY

Tu d6 két hop v6i cong thie (2) suy ra

N R
Luu § _2‘/5 < 1. Suy ra (1 _2*/5)k 5 0 khi k — o0. d6, v6i k cang
16n thi

Friq N1+\/5
T2

~ 1,618.
Fy ’

Con s6 1,618 dugc nhitng ngudi Hy Lap cb dai goi 1a ti 1é vang. To
gidy A4 ma ngay nay ching ta dang st dung chinh 13 hinh chi nhat c¢6
ti 1&é vang nhu vay.
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