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2.1. Su tam giac héa

Nhéc lai. Cho ma tran vuong A = (a;j) € M, (K). Ta néi
o A la ma tran tam gidc trén néu a;; = 0, Vi > j.

o A la ma tran tam gidc dudi néu a;; =0, Vi < j.

Meénh dé. Moi ma tran tam gidc trén déu dong dang vdi mot ma tran
tam giac dudi.

v

Chtng minh. Gia s

allr a12 A1p-1 Gln

0 a2 a2p-1  Q2n

A= 0 0 a3n-1  a3n
0 0 0 Ann,

la ma tran tam giac trén va f € Endg(K™) sao cho [f]p, = A v6i
By ={e1,...,en} 1a co s6 chinh tac.
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Xét cos6 B={en,...,e1}. Taco

Ann, 0 0 0
[f]g = asn Qa3np-1 ... 0 0
agn G2p-1 ... a2 0
alp Aip-1 ... Q12 011

Ro rang [f]p 1& ma tran tam giac dudi. Hon nita

(1o = (B — Bo) " [f15(B — Bo).
Suy ra [f]p, dong dang vdéi [f]p hay A dong dang v6i mot ma tran tam
giac dudi. |

Bai toan 1. Cho A € M, (K) la mot ma tran vuong. Khi ndo ma tran
A dong dang v6i ma tran tam giac?

Bai toan 2. Cho f € Endg (V) 1a mot toan tit tuyén tinh. Ton tai hay
khong mot sé B cta V sao cho [f]p 1a ma tran tam giac?
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Dinh 1y. Cho todn ti tuyén tinh f € Endg (V). Todn ti f tam gidc
hoéa dude khi va chi khi da thic ddc trung cia f phan rd trén K.

Chimmg minh.

(=) Gid st f tam giac hoa duge. Khi d6 ton tai co s6 B ctia V' sao cho

)\1 *
[fls =
0 An
Ta c6
A1 — A *
Pf()\): =M =) ...(A—=A).
0 A — A

Suy ra Py(A) phan ra trén K.
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(«=) Gid st Pf(\) phan ra trén K. Ta ching minh f tam giac hoa
dude bang qui nap theo s6 chiéu cia V.

e Néu n = 1, hién nhien.
e Gia sit n > 1 va khang dinh ding véi n — 1.

Goi A\; € K la mot nghiém nao dé ctia Pr(A) va vy la mot vecto riéng
tng véi tri rieng A1. Ta bo tic thém n — 1 vecto vao (u1) dé c6 mot co
s6 C = (u1,ug, ..., uy) cia V. Khi d6

A= [fle = < )(\)1 bl.l.g.bn >

v6i B 1a ma tran vuong cap n — 1.

Xét khong gian con W = <u2, . ,un> va g 1a toan ti tuyén tinh trén
W sao cho ma tran biéu dién g theo cd s8 (ug, ..., u,) 1a B. Ta c6

Pr(A) = |[A = AL| = (A — A) [B = AL,_1] = (A1 — )P, (N).
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Pr(A) = |A— AL, = (A — N)|B = M_1| = (A1 — A)P,(N).
Vi Pf(A) phan ra trén K nén Py(\) cing phan ra trén K.
Theo gia thiét qui nap, ta c6 B tam giac héa duge. Nhu vay ton tai
mot cd s§ (vs, . ..,v,) ciia W sao cho ma tran biéu dién g theo co sd
nay la ma tran tam giac trén. Khi d6 ma tran biéu dién f theo cd s6
(ul, V2, ... ,Un)

ciing la ma tran tam giac trén.

Hé qua. Moi ma tran A € M, (C) déu tam gidc héa dugc trén C.

Nhan xét. Néu ma tran A dong dang véi ma tran tam gidgc A’ thi
trén duong chéo chinh cia A’ chi toan la cdc tri riéng cia A.
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Dinh nghia. Gia st da thic ddc trung Pa(A) c6 cac nghiém
AL .- Ap € K, v6i k; 1a boi ciia ;. Khi d6 ta viét

S A) ={ A1,y Ay ey Apyeeas A
P (A) {1 : 1 D p}
1 kp

va goi né la pho cia ma tran A.

Vi du. Gid st ma tran A c6 Pa(A) = (A + 1)2(A — 2)3(A — 4). Khi dé

Spr(4) ={-1,-1,2,2,2,4}.

Vi du. Gia st toan tit f ¢6 Pp(A) = A2 + 1. Khi d6

Spr(f) = 0 va Spc(f) = {—4,1}.
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Hé qua. Cho A € M,(R) va Spc(A) ={\1,...,\n}. Khi dé ta ¢ J
tr(A) =X +---+ A\, vadetAd =N\ ... \,.

Chitng minh. Do cac ma tran dong dang déu c6 cling vét va cling

dinh thttc nén nhitng diéu can chiing minh I3 hién nhién. [ ]
—4 0 —2
Vi du. Cho ma tran A = 0 1 0 |].Héi A c6tam giadc hoa
5 1 3

dugc trén R khong? Néu duge, hay tim ma tran kha nghich P sao cho
P~1AP 1a ma tran tam giac?

Giai. Da thic dic trung cta A,

—4-X 0 —2
Pa(N) = |A - AI3| = 0 I-X 0 |=-(A+2)(A-1)>%
5 13-\
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Vi P4(A) phan ra trén R nén A tam gidc hoa duge trén R.

Ta dé dang tim dugc toan ti f sao cho [f]z, = A. Vi f tam giac hoa
dugce nén ton tai mot co sé B = (uq, ug, u3) sao cho

\
)

[fls =

O =

b
c
1

o O

Suy ra
Q f(u1) =—2uy

Q f(u2) = auy +up
Q f(u3) = buy + cuz +u3
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e Tim ul

f(ul) = 2u; & (f + QIdv)(ul) =0.
Suy ra u; la nghiém cta hé (A + 213)X = 0.

-2 0 -2\ ., 101
A+2I5 = 03 0 |—=— 0 30
5 1 5 ) ®@h 01 0
) 101

392
RN 010
ds—d> 000

Chon z3 =1, ta ¢6 u; = (—1,0,1).
e Tim uo

flu2) = aur + uz < f(u2) — us = auy
< (f —Idy)(u2) = (—a,0,a).

Suy ra ug la nghiém ctia hé (A — I3)X = 0.
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50 -2][-a) 5 0 —2|—a
A—1Is 00 0 et 01 0] 0
51 2 dz+ds 00 0| 0

Ta chon a =0 va x3 = 5, ta ¢6 ug = (—2,0,5).
e Tim usg

flusz) =buy +cug+us < (f —Idy)(us) = buy + cus
& (f—Idy)(us) = (=b—2¢,0,b+ 5¢)

5 0 —2|—b—2¢ -5 0 —2|—b—2¢
00 o|l o st 01 0| 3¢
0 0

51 2| b45e ) 200 0] 0
Chon b=0,c=1vaxz3 =1, tacé ug = (0,3,1).
Nhu vay ta c6 u3 = (—1,0,1), us = (—=2,0,5), ug = (0,3,1). Dé dang
kiém tra ui, uz,us doc 1ap tuyén tinh, do d6 B = {u1,us2,u3} 1a cd s6

cua V.
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Hon niwa

-1 -2 0
P=By—B=| 0 0 3
1 51
va
-2 0 0
PAP=| 0 11
0 1
—1 1 3
Vi du.(tylam) Choma tran A= | —8 5 8 |. Héi A c6 tam giac
2 -1 0

héa dugc trén R khong? Néu duge, hay tim ma tran kha nghich P sao
cho P~ AP 13 ma tran tam giac?
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2.2. Da thic triét tiéu, dinh ly Hamilton-Calley

Dinh nghia. Cho V 1a mot khong gian vectd trén truong K va
Q(t) € Klt],

Q) = amt™ + am_1t™ 1 4+ - + art + ag.

Véi f € Endg(V) va A € My, (K), ta c6 da thic Q(t) theo
@ ma tran A la

Q(A) =a, A™ + A1 AT 4o a1 A+ agl,,

e toan tu f 1a

QUf) =amf™+ am—1f™" ' +---+a1f + aoldy.
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1 2

Vidu. Cho Q(t) =2t> =3t +4 va A = ( 5

). Tim Q(A)?

Giai. Ta c6
Q(A) =242 — 3A + 4I5.

o[ 14 -4 (3 6 (40
2A_<_6 20>,BA_<9 _6),412_(0 4>.

e=(_§ ")

Do
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Vi du. Cho Q(t) = —2t2 + 5t — 4 va f : R? — R? xac dinh bsi

Tim Q(f)?

Ta co
Q(f) = —2f% 4+ 5f — Aldge.
Hon ntta
o fix,y) = f(flz,y) = f(z+2y,—x+y) = (—x+ 4y, -2z —y).
o Idg(z,y) = (x,¥).

Suy ra
Q(f)(z,y) = Bz + 2y, —z + 3y).
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5 -3 -3

Vidu.(tglam) Cho A= [ 0 —1 0 |vadathic Q) =t>—t—2.
6 -3 —4

Tinh Q(A)?

Vi du.(ty lam) Cho toan ti tuyén tinh f : R? — R? x4c dinh bdi

flz,y) = (x —y,z +2y)

va da thite Q(t) = t? — 3t + 4. Tim cong thitc Q(f)?
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Nhan xét. Cho P(t),Q(t) € K[t]. Khi dé

o Vf € Endg(V), P(f) Q(f) = Q(f) P(f).
o VA € M,(K), P(A)Q(A) = Q(A) P(4)

Dinh nghia. Cho f € Endg (V) va Q(t) € K|t]. Ta néi Q(t) la da
thic triét tiéu toan tit f néu Q(f) = 0.

Ménh dé. Gid st Q(t) la da thic triét tieu todn ti f va A la mot tr
riéng ciua f. Khi dé A la nghiém cia Q(t).

Chtng minh. Goi v 1a moét vecto riéng ctia f ng vdi tri rieng A. Khi
dé
f*(v) = Ao, VE € N.
Gia st
Q(t) = amt™ + am_1t™ + -+ art + ag
la da thuc triét tieu f.
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Khi d6 ta c6
am f™ + a1 f N Farf Fapldy =0

= (amf™ + am 1 f" 4+ arf + agldy)(v) = 0

= anf"W) + am1 W)+ +arf(v) +apldy (v) =0

= AN+ am N o4+ i Av+agu =0

= (@A™ + Ay A AT a4 ag)v = 0.
Do v # 0 nén

A" + A A 4+ a A+ ag =0

hay Q(A) = 0. Suy ra A la nghiém cta Q(¢). [ ]
Nhan xét.

@ Néu f? — f =0 thi cdc tri riéng cia f chi c¢6 thé la 0 hodc 1.
@ Khong phdi tat ca cac nghiem cia da thic triét tiéu cia f déu la
tri riéng cua f.
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Hoi. Cho toan tit tuyén tinh f € Endg (V). Ton tai hay khong da thiic
0 # Q(t) € K[t] ma triét tieu f?

Cau tra 15i 1a cO.
Chitng minh. Néu dimg (V) = n thi
Endg (V) = M, (K).

Suy ra
dimg (Endg (V)) = n?.

Do d6 cac phan tit Idy, f, f2,..., f*° phu thuoc tuyén tinh trong
Endg (V). Suy ra, ton tai cdc phan tit ag,a,as,...,a,2 € K, khong
phai tat cad déu bang 0, sao cho

aoldV +aif +asf? + -+ a2 f* = 0.

Vay Q(t) = ag + ait + agt? + -+ - + a,2t"" 1a da thic triet tieu f.

1lvluyen@hcmus.edu.vn Chuong 2. Dang chinh tdc Jordan 05/10/2015 20/71



Dinh 1y. [Hamilton-Calley] Cho f la todn ti tuyén tinh trén khong
gian vecto hitw han chiéu. Khi dé da thic dac trung Pr(\) triét tieu f,
nghia la Pr(f) = 0.

Dinh nghia. Cho f € Endg (V). Gia st da thitc dic trung Pr(\)
phan ra trén K:

Pr(N) = (=1)™(A = A)™ (A = A)™2 ... (A — Ap)™.

Ta goi
N(A,) = Ker(f — )\Z’Idv)mi

la khong gian ddc trung tGng véi tri riéng A;.

Vi du. Cho toan tit tuyén tinh f: R? — R3 x4c dinh bdi
f(q:l, T2, xg) = (131 + x3, —4x1 + 329 + 423,221 — xg)

Tim khong gian dac trung tuong tng vdi cac tri riéng cua f7.
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Giai. Ma tran biéu dién ctia f theo co sd chinh tac la

1 01
A=|flp,=| -4 3 4
2 -1 0

- Da thuc dic trung
Pr(\) = |A = A3 = —(A = 1)*)(A —2).

- Tri riéng

Pi(A\) =0 A=1(boi2), A=2(boil).
Vay f ¢6 2 tririeng 1a A\; =1 (boi 2), A2 =2 (boi 1).
- Khéng gian dic trung
e VGi A1 = 1, khong gian dic trung

N(1) = Ker(f — Idgs)?.
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Nhan xét, N(1) la khong gian nghiém ctia hé phuong trinh

(A—I13)°X =0.
Ta c6 0o 0 1\ 2 -1 -1
(A-L?=[ -4 2 = 0 0 0
9 —1 -1 9 -1 -1
9 —1 -1
I
0 0 0

Chon x9 = t, 23 = s, ta tim dudc nghiém tdng quét 1a

t+ s

,t,s), t,seR.
2 )

(z1, 22, 23) = (
Suy ra N(1) ¢6 dimN (1) = 2 v6i co s6

Bl = {u1 = (1,0,2);71,2 = (1,2,0)}.
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e V6i Ao = 2, khong gian dac trung
N(2) = Ker(f — 2Idgs).
Nhan xét, N(2) la khong gian nghiém ctia hé phuong trinh

(A—2I3)X =0.
Ta co6

1 0 1 01

(A-2I3)=| -4 1 i, 0 10

9 —1 —9 ) df 0 —1 0

10 1
Astda, 01 0 |

00 0

Chon x3 = t, ta tim dugc nghiém téng quat 1a
(z1,22,23) = (¢,0,t), teR.
Suy ra N(2) ¢6 dimN(2) = 1 v6i ¢ s6
By = {us = (1,0,1)}.
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Vi du.(ty lam) Cho toan ti f : R® — R3 xac dinh bsi
f(x1, 29, 3) = (221 + x3, —221 + 322 + 323,221 — T2 + X3)

Tim khong gian dic trung tucng tng v6i cac tri riéng cia f7.

Nhan xét.
@ Khong gian riéng luon nam trong khong gian ddac trung, nghia la
E(N) C N(N)
v X la try riéng.

@ Khong gian ddc trung la bat bién doi véi f, nghia la

FIN(A)) CNX).
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Meénh dé. Cho f € Endg(V). Gid st da thic dac trung Ps(\) phan
ra trén K:

Pr(A) = (=1)"(A = A)™ (A = A)™2 .. (A — Ap)™.

Khi do
V=NA)®NMA) B & NOy).

Dinh 1y. Todn tii tuyén tinh f € Endk (V) chéo héa duge khi va chi
khi ton tai mot da thite phan ra trén K, cé toan nghiém don va triét
tieu f.
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2.2. Da thiic tbi tidu

Dinh nghia. Da thitc Q(t) € K|t] dudc goi 1a da thic don khdi néu
n6 ¢6 he s6 & bac cao nhat bang 1, nghia 1a Q(t) c6 dang

Q(t) =t™ + am—_1t™ "+ -+ + art + ao.

Dinh nghia. Cho f € Endg (V) 1a toan ti tuyén tinh. Da thic don
khéi bac nhoé nhét triet tieu f duge goi la da thite toi tiéw cla f va
ky hieu la m .

Ménh dé. Da thic Q(t) € K|[t] triet tieu f khi va chi khi Q(t) chia
hét cho m¢(t) trong K[t].

Chitng minh. (=) Gid st Q(¢) triét tieu f, nghia la Q(f) = 0.
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Chia Q(t) cho mg(t)
Q(t) = P(t) my(t) + R(t), v6i deg(R) < deg(my).

Vi Q(f) =0neén R(f)=0. Do dé R(t) la da thic trigt tieu f. Hon nia
m¢(t) 1a da thic t6i tiéu va deg(R) < deg(my) nén R(t) = 0. Suy ra

Q(t) = P(t) my(t).

(<) Gia st Q(t) chia hét cho m(t), nghia la ton tai da thic P(t) sao
cho Q(t) = P(t) my(t). Do do

Q(f) = P(f) msg(f) =0.
Nhu vay Q(t) triét tieu f.

Hé qua. Da thic toi tiéu la wdc cia da thic ddc trung. J

Chiing minh. Ap dyng Dinh 1y Hamilton-Calley.
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Hé qua. Da thic téi tiéu la duy nhat J

Chitng minh. Gia sit m; va mo 1a hai da thic toi tiéu clia toan ti
tuyén tinh f. Khi d6, m; chia hét cho ms v& mo ciing chia hét mq. Hon
nita m; va mq déu la cac da thic don khéi nén m; = ma.

Meénh dé. Tap nghiém cia m § trung vdi tap nghiém ciua Py. J

Chitng minh. Vi my 1a u6c cia Py nén nghiém ctia my cing déu la
nghiém cta Pr.

Ta c6 tap nghiém ctia Py la tap céc tri rieng A cta f. Vi my triét tieu
f nén A la nghiém ctia my. Suy ra nghiém ctia Py ciing la nghiém ctia
my.

Vi du. Cho A = . Tim da thiic téi tiéu ctia A?

i )
N O =
S NN
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Giai. Da thtc dac trung

—t 1 2
Pat)=|A—-tls|=| 1 —t 2 |=—=(t-3)t+1)(t+2).
1 2 —t

Suy ra da thtic tdi tiéu ciia A 1a

ma(t) = (t — 3)(t + 1)(t +2).

-1 1 1
Vi du. Cho A = 1 —1 1 |. Tim da thic t6i tiéu ciia A?
1 -1

Giai. Da thuc dic trung
—-1—-1 1 1
Pa(t) = |A—tI3] = 11—t 1 =—(t—1)(t+2)%
1 1 —-1—-1
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Suy ra
(t—1)(t+ 2);
ma(t) = )
(t—1)(t+2)
Hon nira,
(A — I)(A +2I3) = 0.
Vay
ma(t) = (t —1)(t +2).
1 01
Vidu.(tylam) Matran A= [ —4 3 4 |. Tim da thic téi tiéu
2 -1 0
cua A?
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Dinh 1y. Cho todn ti tuyén tinh f € Endk (V). Todn ti f chéo héa
dugc khi va chi khi da thic toi tiéu my cla f phan ra trén K va tat cd
cac nghiém cia my déu la nghiem don.

0 1
Vidu. Chomatran A=| 1 0 . Khi do
1 2

S NN

ma(t) = (t — 1)(t +2).

Suy ra A chéo hoéa dudgc.

3820 —2
Vidu.Matran A= —1 0 1 |c6 da thitc dic trung
11 0

Pa(t) = —(t — 1)".
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Suy ra

t—1;
ma(t) = | (t—1)%
(t—1)3.

Ta c6 A chéo héa dugec < ma(t) =t —1< A— I3 =0. Do A # I3 nén
A khong chéo hoa duge.

3 1
Vidu.Cho A= 2 0 1 |.Hbi A c6 chéo hoa duge R khong?
1 -1 2

Giai. Ma tran A c6 da thitc dac trung la
Pa(t) = —(t—1)(t — 2)%

Do dé
(t=1)(t—2);

(t—1)(t —2)%

1lvluyen@hcmus.edu.vn Chuong 2. Dang chinh tdc Jordan 05/10/2015



Ta c6 A chéo hoa duge khi va chi khi
ma(t) = (t = 1)(t —2)
iS4 (A — Ig)(A — 2[3) = 0.

Béng viéc tinh toan, ta ¢6 (A — I3)(A — 2I3) # 0. Suy ra A khong chéo
hoéa dugc.

3 -2 -2
Vidu.(twlam) Cho A= | 0 —1 0 |. Tim da thtc tdi tiéu cta
4 -2 -3

A? Hoi A ¢6 chéo hoa duge trén R khong?

3 -1 1
Vi du.(ty lam) Tim da thic t6i tiéu cia B= | —4 3 4 |2 Héi B
2 -1 2

c6 chéo hoa duge trén R khong?
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Vi du.(ty lam) Cho toan tit f : R? — R3 ¢6 ma tran biéu dién trong
o s6 chinh tac 1a

7T —4 =3
A=14 -3 0
6 -3 —4

Tim da thtc t6i tiéu ctia f? Tit d6 rit ra két luan gi vé tinh chéo hoa
cua f?
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2.4 Dang tam giac khéi

Nhic lai. Cho f € Endg (V) va W 1a khong gian con ciia V. W duge
goi 1a bat bién déi véi f néu f(W) C W.

Dinh nghia. Cho f € Endg (V) va W la khong gian con clia V bat
bién do6i véi f. Khi d6 toan tit han ché cta f len W (ky hieu f|w)
dugce xac dinh

Flw (w) = f(w), Vo € W.

Gia stt C 1a co s6 ctia W. Khi d6 [f|w]c dude goi 1a ma tran bicu dién
han ché ctia f len W theo C.

Vi du. Cho toan ti tuyén tinh f : R? — R3 xac dinh béi
f(l‘l, T2, xg) = (:1;1 + x3, —4xq + 329 + 43,221 — .7:2)

va W sinh béi {uy = (1,0,2);up = (0,1, —1)}. Chitng t6 W bét bién
doi v6i f va tim flw?
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f(x1, 22, 23) = (w1 + w3, =421 + 3w2 + 423,221 — T2)
ut = (1,0,2), up = (0,1, 1)
Giai. Ta co
o flur) = f(1,0,2) = (3,4,2) = 3uy + dusy
° f(uQ) f(O, 1, _1) = (_17 _17_1) = —U1 — U2

Nhu vay f(u1), f(uz) € W. Suy ra W bat bién ddi véi f.

Vé6i u € W, u ¢6 dang u = auq + busg. Ta cé

flw(u) = f(u) = flaur + bus)
af(ur) +bf (ug)

a(3uy + 4ug) + b(—u1 — ug)
= (3a —b)us + (4a — b)us.
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Dinh ly. Cho V=V ®---® V), trong dé V; la cic khong gian con bat
bién doi vdi f. Khi dé, néu By,...,B, tuong ing la cdc co s cia
Vi,...,Vp thi ma tran cia f theo co s6 B=B1U...UB, la

0

[fls = =: diag(M, ..., Mp)
:

trong dé M; = [f|v.]s, la ma tran biéu dién f|y, theo B;.

Chtng minh. Gia s
By = (ut,...,Un;),. .., By = (v1,...,0p,).

Khi dé
B = (u1,...,Uny,.. V1,0, Uny).

Tim [ ()]s [ (0:)]57
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Vi f(V;) C V;, Vi nén ta co

flu1) = anruy + -+ 4 ain, Un,;
f(unl) = Gn,1U1 + -+ Gning Ungs

f(v1) = brivr + -+ - 4 b1, Uny;
f(Unp) = bnplvl +eee bnpnpvnp'

Suy ra

[f(ui)]s = o | [f(vi)ls = bt

Do d6 [f]p = diag(My, ..., Mp).
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Dinh 1y. Cho f € Endg (V). Gid st da thic dac trung Py(X) phan ra
tréen K:

Pf()\) = (—1)n(>\ — /\1)m1 aoc ()\ — )\p)mp, Ai # )\jVi =£ J.

Goi f; la toan tii han ché cia f lén khong gian ddc trung N(X\;). Khi
do f; tam gidc hoa dugc.

Hon nita, néu B; la co sd cia N(\;) lam tam gidc héa f; thi
B=DB1U...UB, la co sd ciaV va

[f]s = diag(M1, ..., M)

trong dé M; = [f;]s, la ma tran biéu dién f; theo B;.

Chitng minh. Ta can chiing minh f; tam giac héa dugc va

Spr(fi) = (Niy .o, M)

m; lan
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Theo dinh nghia,

N(Xi) = Ker(f — AiIdy)™

(f — N Idy)™i(u) =0, Yu € N(\).

Suy ra
(fi = Aildn(a,))™ = 0.

Vay (t — \;)™ 1a da thiic triet tieu f;. Do d6 da thiic téi tiéu ctia f; c6
dang
my,(t) = (t — X)", ki <mi.

Suy ra da thic dac trung cia f; c6 dang

Py (t) = (E—X)"™, ri 2 ki

gio ta can chitng minh r; = m;.
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Ta c6
V=N @& NO).

Theo Dinh ly trudc, néu B; 1a co s6 ciia N()\;) lam tam gidc hoa f; thi
B=BiU---UB,lacoséciuaV va

[fls = diag(Mq, ..., M)
trong d6 M; = [fi]p, 1& ma tran biéu dién f; theo B;. Ta c6

Pi(A) = |[My—X|...|M, — |
= Pp(A)...Pp,(N)
= (=)A= A)F (A=)

Hon ntta Pr(A) = (=1)"(A = A)™ ... (A = Ap)™?nén

ki =my, Vi Em.
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1 -1 2 2
o O 0 1 _]. N ~ - 2 o= 2 2
Vi du. Cho A = 1 -1 1 la ma tran biéu dién toan tit
1 -1 1 0

f € Endg(R?) theo cd s6 chinh tic By. Tim mot co s6 B ciia R* dé [f]z
13 ma tran dang tam giac khoi?

v

Giai. VI Pr(A) = A?(A + 1)(A — 3)nén ton tai co sd
B = (u1,uz,us3,us)

sao cho

oo oo
o o oOR
o oo
w o oo

Nghia 1a f(u1) =0, f(uz) = auq, f(ug) = —ug va f(ug) = 3ug.
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- Tim w7

R6 rang uy 1a vecto riéng cia tri rieng A = 0. Ta ¢6 F(0) 1a nghiém cta
he AX =0.

1 -1 2 1 -1 2 2
B 0 01 -1 ds—d 0 0 1 -1
A= 1 -1 1 da—dy 0 0 -1 =2
1 -1 1 0 0 0 -1 -2

1 -1 2 2

dy—ds 0 01 -1

ds+da 0 00 =3

0 00 O

Chon u; = (1,1,0,0).
- Tim ug?

Ta c6 f(uz) = au; = a(1,1,0,0) = (a,a,0,0).
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Xét hé phuong trinh

1 -1 2 2|a 1 -1 2 2la
0 01 —-1]a ds—d; 0 0 1 -1]a
1 -1 1 010 dyi—dy 0 -1 =210
1 -1 1 00 0 -1 =210
1 -1 2 2]a
dq—d3 0 01 —1|a
d+ds 0 0 0 =30
0 00 0]0
Chon a = 1, sau d6 ta chon uy = (0,1,1,0).
Tuwong ty nhu uy, ta c6 ug la vects riéng cla tri rieng A = —1 va uy 1a

vecto rieng clia tri rieng A = 3. Ap dung tuong tu cac bude di tim w1,
ta chon uz = (—=2,0,1,1) va ug = (2,0,1,1).

Dé dang kiém tra {uy,us,us,us} doc lap tuyén tinh, suy ra
B = (u1,us,u3,uyq) 1a co s§ clia R* va la co 6 can tim.
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2 -3 1 —4

Vi du.(ty lam) Cho A = _1 _? _g i 14 ma tran biéu dién
1 -1 1 0

toan tit f € Enkg(R3) theo co s§ chinh tic By. Tim mot co sé B clia
R* dé [f]s 1a ma tran dang tam gidc khoi?

Giai. Da thiic dic trung P4a(A\) = (A + 1)2(A — 2)%.

320 1
. R R -1 1 1 -1 . R
Vi du.(ty lam) Cho ma tran A = 1092 -1 | Tim ma tran
1 0 1 0

kha nghich P sao cho P~'AP la ma tran tam giac khoi.

Giai. Da thiic diic trung P4(A\) = (A — 1)2(\ — 2)2.
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2.5. Dang chinh tic Jordan

Dinh nghia. Ta goi ma tran dang sau day la mot khéi Jordan

Al 0
J(A) =

1

0 A

Néu cap ciia khéi bang 1 thi ta qui wée J(A) = (A).

Vi du.
Zs P 3 1
e Khoi Jordan cap 2: J(3) = 0 3 /)
-1 1 0
e Khdi Jordan cap 3: J(—1) = 0 -1
0 0 —
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Ménh dé. Gid sit J(N\) la mot khéi Jordan cap n. Khi dé ta co:
@ Pylt) = (—1)"(t— A"
Q@ my(t)=(t—N".
@ dimE()\) = 1.

Dinh nghia. Ma tran Jordan la mot ma tran khdi c6 cac khéi
Jordan trén dudng chéo.

Vi du.
21 00 00
-1 100 02 0 000
3}18 0 -1 0 0 002 000
0 0 4 ’ 0 0 3 1/ 0 00 310
0 0 0 3 0 00 0 31
000 0 0 3
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Dinh nghia. Néu A dong dang v6i ma tran Jordan B thi B dudc goi
1a dang chinh tdc Jordan cia A.

Dinh 1y. Dang chinh tdic Jordan cia mot ma tran duge xdc dinh duy
nhat, sai khdc hodn vi cdac khoi Jordan cia né.

Luu y. Cho J(A) 1a khdi Jordan cap n. Khi d6
0 1 0

@ J(\) = AL, + N, véi N, =
0

@ Ta c6 (N,,)" = 0. Do d6, néu k > n thi

JE(A) = (AL, + Ny,) ZCZ)\’“ i ZCZA’“ i
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Ménh dé. Cho f € Endg (V) sao cho
Pr(N) = (=1)™(t = N my(t) = (t — N)* va dimE(\) = 7.

Khi dé, ton tai mot co sé B cia V sao cho

£l = § = J()

trong do:
e J;(\) la khoi Jordan;
e Cap ciia khoi lon nhat la k;

e S6 cdc khoi Jordan la 7.

Ta goi J(N) la ma tran Jordan tuong dng vdi tri riéng \.
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Nhic lai. A\ B = {z | z € A nhung z ¢ B}

Vi du. Gié si toan tit tuyén tinh f : R3 — R3 c¢6 ma tran biéu dién
theo co s& chinh tic 1a

3 0 -1
A=\ -2 2 2
3 1 1

a) Tim da thitc t6i ticu ctia f?

b) Tim mot cd s6 B ctia R? sao cho [f]s 1a ma tran Jordan?

Giai. a) Da thuc diac trung
Pr(A) = |A = A3 = —(A = 2)°.

Suy ra da thtic téi tiéu ctia f c6 dang
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Ta cb

1 0 -1 -2 -1 0
A-2I3= =2 0 2 |#0; (A-2L)*= 4 2 0 |#£0.
31 -1 -2 -1 0

Nhu vay da thic t6i tiéu 1a mys(t) = (¢ — 2)3.
b) > Tim dimFE(2).?

E(2) := Ker(f — 2Idps) 1a khong gian nghiém ctia hé phuong trinh

(A—2I;)X =0,
Ta co6
10 -1 10 —1
A—2l;=| —2 0 2 |24, [ g 0 o
31 —1 ) B30\ g1 o

Suy ra dimF(2) = 1. Theo Dinh Iy trén ta c6

e S6 céc khoi Jordan 1a 1 (bang dimFE(2))
e Cap ctia khoi 16n nhét la 3 (bang s6 boi clia A = 2 trong m(t)
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Do d6 ton tai ¢d s6 B = (u1,u2,us3) sao cho [f]p c6 dang chinh tac
Jordan la

2 1 0
[fls = ( 0 2 1 )
0 0 2
Suy ra
flur) = 2w & (f = 2Idgs)(u1) =0 (1)
f(UQ) = U1 + 2uy & (f — 2[dR3)<’U,2) = U (2)
flus) = up +2us & (f — 2Idgs)(uz) =uz (3
T (1) va (2), ta c6
(f —2@dps)*(u2) = (f — 2Idgs)(u1) = 0. (4)
T (3) va (4), ta ¢
(f = 21dgs)*(uz) = (f — 2Idgs)*(u2) = 0. (5)
Hon ntta
(f = 2Idgs)?(us) = (f — 2Idps)(uz) = u1 # 0. (6)
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Tu (5) va (6), ta c6
uz € Ker(f — 21dgs)3\Ker(f — 2Idgs ).

e Tim Ker(f — 2Idgs)?. Xét hé phuong trinh (A — 2I3)?X = 0. Ta c6
-2 -1 0 -2 -1 0
(A-2I;)2=| 4 2 o |24 0 00
2 —1.0) ®® 0 00

Suy ra u € Ker(f — 2Idgs)? c6 dang u = (—%,y,z).

e Tim Ker(f — 2Idgs)3. Xét he phuong trinh (A — 213)3X = 0. Ta ¢6
(A —2I3)3 = 0. Suy ra Ker(f — 2Idgs)® = R3.

Vi uz € Ker(f — 2Idgs)? \ Ker(f — 2Idgs)? nén ta chon uz = (1,0,0).
Ta c6

e us = (f — 2Idps)(u3) = (1,—2,3).

o uy = (f —2Idps)(u2) = (2,4, -2).

Suy ra B = (u1,us,us) la co s§ can tim.
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Dé dang kiém ra uy, us, usz doc lap tuyén tinh.

-2 2 4
Vi du. Cho ma tran A := 0 —4 —4 |. Hay tim mot ma tran
0 1 0

Jordan A’ dong dang v6i A va chi r6 ma tran kha nghich P théa man
A= P lAP.

Giai. Goi f 1a toan tit tuyén tinh c6 ma tran biéu dién theo co sé
chinh tic la A.

> Da thtc dic trung
Pr(A) = |A = A3 = —(A +2)*.
Suy ra da thtic t6i tiéu ctia f c6 dang

my(t) = (t+2)F, véi k < 3.
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Ta c6 0 2 4
A+2l;=| 0 -2 —4 |#0; (A+23)2=0
0 1 2

Nhu vay da thic t6i tiéu 1a mys(t) = (¢ + 2)%.
> Tim dimFE(-2).

E(—2) := Ker(f + 2Idgs) la khong gian nghiém ctia hé phuong trinh

(A4 2I3)X = 0.
0 2 4 y 01 2

5041
A+2l3=( 0 -2 4 |—=—— [0 0 0
0 1 2/ %2 Ao o0 o0

Suy ra dimFE(—2) = 2. Nhu vay,

@ S6 cac khoi Jordan la 2 (béng dimFE(2))
o Cap cla khoi 16n nhat 1a 2 (béng s6 boi clia A = 2 clia m(t))
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Do d6 ton tai ¢d s6 B = (u1,u2,us3) sao cho [f]p c6 dang chinh tac
Jordan la

—2 0 0
[f]8 = 0 -2 1
0 0 —2
Suy ra
fur) = =2ur < (f + 2Idgs)(w1) = 0 (1)
f(u2) = =2uz < (f + 2Idgs)(u2) = 0 (2)
fluz) = ug2 — 2ug & (f + 2Ldgs)(uz) = u2 (3)
RO rang {uy,ua} 1a co s6 cua khong gian rieng F(—2).
T (2) va (3), ta co
(f + 2Idgs)*(us) = (f + 2Idgs)(us) = 0. (4)

Tt (3) va (4), ta suy ra dugc

uz € Ker(f + 2Idgs)? \ Ker(f + 2Idgs).
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e Tim Ker(f + 2Idgs). Xét hé phuong trinh (A + 213)X = 0.

0 2 4 1
A+2l3=| 0 -2 —4 |—=2—
0 1 2 ) B

0 1 2
0 00
0 00
Suy ra u € Ker(f + 2Idgs) ¢6 dang u = (x, —2z, 2).

e Tim Ker(f + 2Idgs)?. Xét he phuong trinh (A + 213)?X = 0. Ta c6
(A+2I3)? = 0. Suy ra Ker(f + 2Idgs)? = R3.

Vi uz € Ker(f + 2Idgs)?\Ker(f + 2Idgs) nén ta chon uz = (0,1,0).

Ta c6
ug = (f + 2Idgs)(us) = (2, -2,1).

Ta phai chon u; € E(—2) sao cho {u1,us} doc lap tuyén tinh. Do d6 ta
c6 thé chon u; = (1,0,0).

Khi d6 B = (u1,us,us) 1a co sé can tim.

1lvluyen@hcmus.edu.vn Chuong 2. Dang chinh tic Jordan 05/10/2015



1 20

Lap P= (u{ ug ug)=[ 0 —2 1 |. Khids
0 10

-2 0 0

P'AP = 0 —2 1

0 0 —2

Vi du. Gié sit toan ti tuyén tinh f : R* — R* ¢6 ma tran biéu dién
theo co s6 chinh tic 1a

1 0 0 O

0o 1 0 O

A= 1 2 3 1
-2 4 4 -1

a) Tim da thitc t6i tiéu ctia f?

b) Tim mot co s§ B clia R* sao cho [f]z 1a ma tran Jordan?
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Giai. a) Da thic ddc trung Pr(A) = |4 — ALl = (A — 1)% Suy ra da
thic toi tiéu ctia f c6 dang

my(t) = (t—1)F, véi k < 4.

Ta c6
0O 0 0 0
_ 0 0 0 0] 2 _
A—1I;= 1 92 9 1] (A—1,)* =0.
-2 —4 —4 =2
Suy ra

my(t) = (t—1)%
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b) > Tim dimE(1)?

E(1) := Ker(f — Idpa) la khong gian nghiém ctia hé phuong trinh

(A—I,)X =0.
0 0 0 0 12 21
B 0 0 0 0| deds 000 0
A=l = 1 2 2 1| dytoa 0000
—2 4 —4 -2 00 0 0

Do d6 dimE(1) = 3. Suy ra

e S6 céc khoi Jordan 1a 3 (bang dimFE/(1))

o Cap ctia khoi 16n nhét 1a 2 (bang s6 boi clia A = 1 clia my(t))
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Do d6 ton tai ¢d s6 B = (u1,u2,u3,us) sao cho [f]p c6 dang chinh tac
Jordan la

1 0 00

01 00

Uls=1 0 o 1 1

00 0 1

Suy ra

flur) =w & (f — Idga)(u1) =0 (1)
fluz) = ug & (f — Idga)(uz) =0 (2)
f(us) = uz & (f — Idga)(uz) =0 (3)
f(U4) = U3+ ug & (f — IdR4)(U4) = us (4)

RG rang uy, ug, uz € Ker(f — Idga). Tit (3) va (4), ta c6
(f = Idgs)*(ua) = (f — Idga)(us) = 0. (5)
T (4) va (5), ta suy ra duge
uyg € Ker(f — Idgs)?\Ker(f — Idga).
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e Tim Ker(f — Idp4)

0 0 0 0 1 2 21
L 0 0 0 0 | deods 0000
A=l = 1 2 2 1| dyroa 0000
2 4 —4 -2 000 0

Suy ra u € Ker(f — Idga) ¢6 dang u = (—2y — 2z — t,y, z,t)
e Tim Ker(f — Idgs)? Ta c6
(A—1;)*=0.
Suy ra Ker(f —Idgs)? = R*. Vi
uy € Ker(f —Idga)? va uy ¢ Ker(f — Idga).
Nén ta c6 thé chon us = (1,0,0,0). Ta c6

uz = (f — IdR4)(U4) = (0,0, 1, —2).

1lvluyen@hcmus.edu.vn Chuong 2. Dang chinh tic Jordan 05/10/2015



Vi uy,ug € Ker(f —Idga), ta co thé chon
Uy = (_2’ 1a0a0)7 U2 = (—2,0, 1,0)

RO rang uy, us, ug, us doc lap tuyén tinh. Suy ra B = (u1,us, us, uq) 1a
¢6 sd can tim. Hon nita

-2 =2 1 1 1 0 0 O
1 0 00| .. o100
P=1L g 1 1o WP AP= 4 01
0 0 -2 0 0 0 0 1
2 1 0 1
. R R 0 2 0 O R R
Vi du.(ty lam) Cho ma tran A = 002 1| Hay tim mot ma
0 0 0 2
tran Jordan A’ dong dang v6i A va chi rd ma tran kha nghich P thoa
man A’ = P~1AP.
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Dinh 1y. Cho f € Endi (V). Néu f cé cdc tri riéng khdc nhau
ALy ...y Ap Sa0 cho

Pi(t) = (=) (t — A))™ ... (£ — Ap)™.

thi ton tai mot co sé B cia V sao cho

J(A\1) 0
J(A2)
[fls =
0 J ()
3 3 4
Vidu.Cho A=| -2 —2 —4 |. Tim ma tran kha nghich P sao
1 2 4

cho P71 AP 13 ma tran Jordan.
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Giai. Goi f 1a toan tit tuyén tinh c6 ma tran biéu dién theo co sé
chinh tac 1a A.

> Da thtc dic trung
Pi(A) = |[A—= A3 = —(A = 1)(A - 2)%
> Tim ma tréan Jordan tuong tng v6i A\; = 1.

Ta c6 E(1) := Ker(f — Idgs). Xét hé phuong trinh (A — I3)X = 0.

2 3 4 1 0 -1
A-Iy= -2 -3 -4 |— | 0 1 2
1 2 3 00 O

Nhu vay u € E(1) ¢6 dang u = (z,—2z, 2).

Suy ra dimE(1) = 1. Do d6 J(1) chi c6 1 khéi Jordan. Hon nita cip
ctia J(1) bang 1 nen J(1) chi ¢6 1 khdi Jordan cap 1. Nghia la

J(1) = (1). (1)
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> Tim ma tran Jordan tuong tng véi Ay = 2.

Ta c6 E(2) = Ker(f — 2Idgs). Xét hé phuong trinh (A — 213)X = 0.
1 3 4 1 01
A—2I3 = -2 4 -4 |— 011
1 2 2 0 0 0

Nhu vay u € F(2) ¢6 dang u = (—z, —z, 2).

Suy ra dimFE(2) = 1. Do d6 J(2) chi ¢6 1 khéi Jordan. Hon nita cap
ctia J(2) bang 2 nén J(1) chi ¢6 1 khdi Jordan cap 2. Nghia la

j2) = < (2) , > (2)

Tu (1), (2) va dinh ly trén, ta suy ra ton tai mot co sé B = (uq, uz, us)
sao cho

100
[fls = =10 21
00 2
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Suy ra

fur) = w1 & (f = Idgs)(u1) =0 (3)
f(u2) = 2us & (f — 2Idgs)(u2) =0 (4)
f(U3) = ug + 2uz < (f - QIdR:s)(u;;) = U9 (5)

Ro rang u; € Ker(f — Idgs) = E(1).
Tt (4) va (5), ta co
(f = 20dgs)*(us) = (f — 2Idgs)(uz) = 0. (6)
T (5) va (6), ta suy ra duge
uz € Ker(f — 2Idgs)*\Ker(f — 2Idgs).
Tim u1. Viu € E(1) ¢6 dang u = (z, —2z, z) nén ta c6 thé chon

uy = (1,-2,1).
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Tim us.

e Tim Ker(f — 2Idgs)?. Xét he phuong trinh (A — 213)?X = 0.

-1 -1 0 110

—2I3)° = —
A —2I3)? 2 20 00 0
-1 -1 0 00 0

Suy ra u € Ker(f — 2Idgs)? ¢6 dang u = (—t,t, 5).

Vi uz € Ker(f + 2Idgs)?\Ker(f + 2Idgs) nén ta chon uz = (—1,1,0).
Ta c6
Ug = (f - QIdR?,)(U,g) = (4, —6, 3)

Nhu vay B = (u1,us,us3) 1 co sé can tim. Lap

1 2 -1
P=(u ug ug)=| -2 -2 1
1 1 0
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Khi do

10
P71AP = 2 1
0 0 2
1 1 0 2
P < ~ 01 0 -1 . . 2
Vi du.(ty lam) Cho ma tran A = 00 2 . Tim ma tran kha
0 0 0
nghich P sao cho P~'AP la ma tran Jordan.
2 -1 =2 2
Vi du.(ty lam) Cho ma tran A = _; _411 _éll _; . Tim ma
0 -1 -2 4

tran kha nghich P sao cho P~'AP 1a ma tran Jordan.

Gai §. Pa(\) = (A= 3)(A — 2)?
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I =1 =2 2

Vi du.(ty lam) Cho ma tran A = (1) g _11 - . Tim ma tran
0 0 -1 3

khé nghich P sao cho P~1AP la ma tran Jordan.

Gai §. Pa(A) = (A — 1)2(A — 2)2

=1 =2 =2 2
Vi du.(ty lam) Cho ma tran A = (1) 3 _411 ;l Tim ma
=2 =1 =1 3

tran kha nghich P sao cho P~'AP 14 ma tran Jordan.

Goi 7. PA(N) = (A — 1)(A+ 1)(A — 2)?
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