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Chuong 3. KHONG GIAN EUCLID ]

1. Tich vo6 huéng va khong gian Euclid

2. Svu truc giao.

w

Co sé truc giao va cd sé truc chuan. Qua trinh truc
giao héa Gram-Schmidt

Khoang cach tit mot vécto dén mot khong gian con
Ma tran biéu dién cta tich vo6 huéng

Toan ti déi xing

N & sk

Toan t tryuc giao
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3.1. Tich vo6 huéng va khong gian Euclid

Dinh nghia. Cho V 1a khong gian vecto. Anh xa

(Y : VxV-—R
(u,v) +— (u,v)

dudc goi 1a mot tich vé hwdéng trong V néu Vu,v,w € V,Va, 3 € R,
thoéa cac tinh chat sau:

(i) {au+ Bv,w) = au,w) + B{v,w);
(i) (u,av+ pw) = au,v) + B{u,w);
(iii) (u,v) = (v, u);

)

(iv) (u,u) >0, trong dé (u,u) =0< u = 0.

Dinh nghia. Ta goi mot khong gian vecto hitu han chiéu véi tich vo
huéng 1a mot khong gian Fuclid.
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Vi du. Cho khong gian vects V =R", v6i u = (z1,...,2,) va
v=(y1,...,Yn) ta dinh nghia

(u,v) :=x1y1 + -+ * + TpYn.

Khi d6 V 1a khong gian Euclid. Tich vo huéng nay dugce goi la tich vo
hwéng chinh tdc trong R™.

v

Vi du. Véi u = (21, 22),v = (y1,y2) € R?, ta dinh nghia

(u,v) = 21Y1 + 27192 + 222Y1 + 5T2Y0.
Khi dé
a) Ching t6 (,) 1a mot tich vo huéng trong R2.
b) Tinh {(2,3), (—1,2))?

Dap an. b) ((2,3), (~1,2)) = 30.
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Vi du. Xét khong gian vecto Mo (R) gom cac ma tran vuong cap 2
tren truong s6 thuc R. V6i A, B € M3(R), ta dinh nghia

(A, B) :=tr(A"B).

Ching t6 M3(R) la khong gian Euclid véi tich vo hudng (, ).

Vi du. Véi cac da thic P,Q € Rz], ta dinh nghia
1
(P.Q) = | P)Q@)de.

a) Chung t6 (,) la mot tich vo huéng trong Rlx].
b) Tinh tich vo huéng ctia 222 + z va = + 1.

1
Pap an. b)/ (222 + z)(x + 1)dx = 2.
0
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Vi du. Xét khong gian vecto (C|[a, b],R) gom cac ham thyc lien tuc
trén [a, b]. Khi d6 (C[a, b],R) 1a mot khong gian Euclid véi tich vo

huéng b
(f,9) =/ f(x)g(x)dx.

Nhan xét. Cho W la khong gian vecto con cia V. Gid si trong V' ¢
tich vo hudng (,Yv. Vdi moi u,v € W, dinh nghia

(u,v)w = (u,v)v.

Khi dé (,)w la mot tich vo hudng trong W.
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Dinh nghia. Cho V 1a khong gian Euclid va u € V. Ta néi
@ Chuan hay do dai cia vecto u, ky hiéu ||u||, duge dinh nghia

lull == v/ {u, u);

© u la vecto don vi néu |ju|| = 1.

Tinh chit. Chou €V va A € R. Khi dé
(i) (u,u) = [ul?.

(i) |lu]| =0 u=0.

(i) [[Aull = |A[l|ul]-

Vi du. Cho V = R3 vé6i tich vo huéng chinh tic va u = (1,-2,3). Tim
[lwll?

Pap an. |ju|| = v14.
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B6 dé. [Bat ding Cauchy-Schwarz] Vdi moi u,v € V, ta cé
(u,0) < lull|lv]|*.

Hon nita, dau = xdy ra khi va chi khi w va v phu thudc tuyén tinh.

Chitng minh. Néu |Jul| = 0 = ||v|| thi u = 0 = v. Suy ra bat ding thitc
ding.

Gid st |[v]] # 0 va A € R 1a mot s6 thuc bat ky. Ta ¢6
lu+ Av||* >0
& Jlul* + |Mo)|? + 2{u, \v) >0
& N2|ol? + 2 (u, v) + [Juf? > 0.
Vé trai clia bat dang thitc sau ciing 13 mot tam thitc bac hai theo A. Dé

tam thitc nay luon nhan gia tri > 0 d6i v6i moi A € R thi diéu kién can
va di 1a bigt 6 A’ < 0, nghia 1a {(u,v)? — ||Jul]?||v]|> <0
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(u,0)? = [lu*[v]* < 0

hay
(u, ) < [ful o]

> Gia stt ddu = xdy ra, nghia 1 (u,v)? = ||ul|?|lv||?. Khi d6 tam thitc
bac hai néi trén c6 nghiem kép, nghia 1a ton tai A € R sao cho

N [vll? + 2X(u, v) + [lu® =0

hay |lu + Av||? = 0. Suy ra u + Av = 0 hay u va v 1 céc vecto phu
thuoc tuyén tinh. |

Ménh dé. [Bat ding thiic tam giac] Vdi moiu, v €V, ta c6
lu 4ol < [lull + vl

Hon nita, khi w # 0, dau = xdy ra khi va chi khi ton tai X > 0 sao cho
v = Au.
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Chimng minh. Ta c¢6

[lw+ol[* = Jlull* + Jo]* + 2(u, v)
<l + floll* + 2w, v)|
< w4 [Jv]|* + 2|lull[Jv]] (do bat ddng thitc C-S)

([l + ol
Suy ra |[u + || < [lul| + [Jv]].
> Néu v = Au, v6i A > 0 thi ta co
lu+ vl = Jlu+ Aul| = [[(1+ A)ul
(L4 Nlull = full + Allu

= Jull + IXall = ffull + o]
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Ngugc lai, gid st
[lu +vl] = [lull + [[v]]. (1)
Ta c6
lu+ol* = [|ul® + [[o]|* + 2(u, v)

Hon nita, tir (1) ta ¢6

lu+ol* = [ful® + [[v]]* + 2]l [Jo]]-
Suy ra

(u,0) = |ullllv]] = (u,0)? = [[u?[lo]|.

Theo B6 dé trén, ta c6 u vd v phu thude tuyén tinh.
Gia st v = Au. Vi (u,v) = ||u||||v]] nén (u,v) > 0. Thay v = A\u ta c6
(u,v) = {u, \u) = Mu,u) = M|ul|> > 0. Suy ra A > 0. [ ]

Nhan xét. Gid st u va v la hai vecto khdc khong cia V. Ap dung bét
dang thitc C-S, ta cé
|{u, v}

il

<1.
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Dinh nghia. Cho V la khong gian Euclide va u, v € V. Goc gita haz
vectd u va v 1a 6 € [0, 7] thoa
(u, v)

cosf = :
[Jwllf|v]l

Luu y. Goc gitta vects 0 va mot vecto u bat ky duge xem 13 tiy . J

Vi du. Cho V = (CI0, §],R) véi tich v huéng
2
(t.0) = |7 f@pa(e

Tim gbc gitta sin x va cosz?

Giai. (sinz,cosz) = &; ||sinz|| = 3/7; |[cosz|| = 4/7. Do d6

) 9 2
(sinz,cosx) =. Suy ra 6 = arccos (-).

cosf = —————— =
|lsinz||[|cosz| 7 T
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3.2. Su truc giao

Dinh nghia. Cho V 1a mot khong gian Euclid.
a) V6iu,v € V, ta néi u truc giao véi v néu (u,v) = 0, ky hieu u L v.

b) Néu () # A C V thi ta dat
At :={u € V|(u,a) =0,Va € A}.

Khi d6 A+ 13 mot khong gian con ctia V va ta goi AL la khong
gian truc giao véi A.

Nhan xét.
(i) {0}t =V va V+ = {0}
(i) A+ = (4)*t.

(iii) At N A c {0}.
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Nhan xét. Dé tim khong gian truc giao vdi khong gian vecto sinh bdi
mot tap hop thi ta chi can tim khong gian truc giao vdi tap hop do.

Vi du. Cho V = R* véi tich vo huéng chinh tic va W sinh béi
{ul = (17 2,1, 1)a Uz = (25 3, —2, 1)7 us = (47 7,0, 3)}
Tim W7

Giai. Gia st u = (z,y,2,t) € W+. Ta c6

(u,u1) =0 r + 2y + 2z + t = 0
(u,ug) =0 Suyra{ 2z + 3y — 2z + = 0
(u,u3) = 0. dr + Ty + 3t = 0.

Giai he ta dugc u = (Ta + b, —4a — b,a,b) véi a,b € R. Suy ra W ¢6
co sG la
{(7,-4,1,0),(1,—1,0,1)}.
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Vi du. Trong khong gian R* cho tich vo6 huéng (,) duge dinh nghia
nhu sau:
Vol u = (21, T2, T3, T4); 0 = (Y1, Y2, Y3, Ya);

(u,v) = z1y1 + 272y + T3Y3 + 274y
D#t W 1a khong gian sinh béi cac vecto:
up = (1,1,3,1); ug := (5,1,—1,-3); ug = (—1,1,5, 3).

Tim mot co sG cho khong gian con W?

Huéng dan. Gia st u = (x,y,2,t) € W+. Ta c6

(u,u1) =0 r + 2y + 3z + 2t = 0
(u,ug) =0 Suy ra bz 4+ 2y — 2z — 6t = 0
(u,u3) = 0. - + 2y + 5z + 6t = 0.

Giai hé ta dugc u = (a + 2b, —2a — 2b,a,b) v6i a,b € R. Suy ra co s
. 1 1s
ctia W= la {(1,-2,1,0), (2,-2,0,1)}.
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Hoi. Cho W la khong gian vectd con clia khong gian Euclide V.

V=Waoew'?

Ménh dé. Néu W la khong gian con ciia khong gian Euclid V' thi

dimV = dimW + dimW.

Hé qua. Néu W la khong gian con ciia khong gian Euclid V' th
() V=WaoWw.
(ii) Dat Wt .= (WHt, ta co Wt = Ww.

Chitng minh. (i) Ta c6 W N W+ = {0} va tit ménh dé trén, suy ra

V=WeW.
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(ii) Gia st u € W. V6i moi v € W+, ta c6 (u,v) = 0. Suy ra
u€ Wt Do do W Cc Wit

Ap dung hé qua trén ta c6
dimV = dimW+ + dimW++.

Suy ra
dimW++ = dimV — dimW+

= dimV — (dimV — dimW)
= dimW.
Viw c Wt va dimW = dimW++ nen W = WL+,
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3.3. Co sd truc giao va cod s truc chuan

Dinh nghia. Cho V la khong gian Euclid n chiéu va B = {uy,...,u,}
1& mot co s6 cua V.

e Ta néi B 1a co sd truc giao néu
<uiauj> =0, Vi # j.

e Ta néi B la co sd truc chuan néu B la co sd tryc giao va

luill = 1, ¥i = T, .

Hién nhién néu {ui,...,u,} 1a co s6 tryc giao thi { “ e Un }
) ||l ||unl|
1& co sé truc chuan.

Dinh 1y. Trong mot khong gian Euclid bat kyj luon ton tai cdic co sé
truc giao.
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Chitng minh. Ta st dung qui nap theo s chiéu n cia V.
> Néu n = 1 hién nhién.

> Néu n > 2. Gia sit diéu khing dinh 1a ding cho nhitng khong gian c6
chiéu nhoé hon n. Xét mot vecto 0 # u € V, khi do

V = (u) @ (u)y* va dim(u)t =n — 1.

Theo gia thiét qui nap trong (u)* ta tim dugc co sd tryc giao, ching
han {ui,...,up—1}. Khi dé

{u,u,...,up—1}

1a mot co s truc giao cua V. [ ]

Nhan xét. Néu B = {u1,...,u,} la co sd truc chuan cia V. Vdi moi
cap vecto u =y | Tiu; V4V = 2?21 yiu; cua V, ta cé

<uav> = leul7zy]uj> = Z xzy]<uwuj> = szyz

,5=1
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Dinh ly. Cho B = (u1,...,u,) la mot co sd cia khong gian Euclid
V. Khi dé, B la co sd truc chuan néu va chi néu doi vdi moi vecto u,v
ctia 'V ta co

(u,v) =191 + - - + TnYn,

21 Y1
trong do [u|g = : wa [v]g = © |l toa do cia cac vecto u,v

T Yn
trong co sd B.

Chitng minh. (=) Gia st B = (uq,...
u,v € V. Ta c6

(u,v) = <Z$iuiazyjuj> = ZZCEZ?JJ(““Uﬁ = sz?/z
i=1 j=1

i=1 j=1

,Up) 1 cd s6 tryc chuan va

1 néui=j

(<) Hién nhién, vi ta tinh duge (u;, uj) = { 0 néuij
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Ménh dé. Cho B = {u1,...,un} la mot co sé truc chuan cia khong
gian Buclid V va u € V. Khi do

u = (u,ur)us + -+ + (U, Up ) Up.

Chimg minh. Gid st v = z1uq + Tous + ... + Tpuy,. Khi doé
(u,wiy = p{ur, u;) + xoug, us) + ... + Ty (Un, us).

Vi B 1a ¢o s6 truc chuan nén
1 néui=7j

(ui, us) :{ 0 néui##j

Suy ra (u, ui) = ;.

Vi du. Cho co s6 tryc chuan ctia khong gian Euclid R3 véi tich vo
huéng chinh tac 1a

o= (- (o D () - ()

Hay tim toa do vecto u = (3, —2,1) theo co sé B.
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T
Giai. Gia st [u]g = | 22 |. Khi dé
z3

z1 = (u,u1) = \/36; r1 = (u,uz) = \}i; x1 = (u,uz) = \%

DPinh nghia. Cho W 1a khong gian con ctia khong gian Euclid V. Khi
d6 véi méi u € V deu viét duge mot cach duy nhat dudi dang

u = ug + v, trongd()uoeVVvavEWJ‘.

Ta goi ug 1a hinh chiéu truc giao ciia u len W va ky hiéu 1a
ug = prw(u).

Dinh 1y. Cho V la khong gian Fuclid va W la mot khong gian con
cia V. Gid st {uy,...,un} la mot co sd truc chuan cia W va
u € V. Khi doé

prw (u) = (w,u1)ur + -+ + (U, U ) Um,.
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Chitng minh. Goi {um1,...,us} 13 mot co s tryc chuan ctia khong
gian W+, Khi d6, {u1, ..., Un, Umi1,. .., Us} 1 modt co s§ tryc chuan
cua V. Ta cé

U = <U, U1>’U,1 + et <u7 um>um+<ua um+1>um+1 +--- 4 <ua un>un

Luu ¥ rang
(uyur)ug 4+« - + (U, um)um € W
va
(Uy U +1)Umt1 + + =+ + (U, up)uy, € W,
Suy ra

prw (u) = (u,ur)ug + -+ + (U, Up, ) U, u
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Qua trinh truc giao héa Gram- Schmidt

Dinh 1y. Cho {vy,...,vn} la mot ho cdc vecto doc lap tuyén tinh ciia
khong gian Fuclid V- va W = (v1,..., vy ). Khi do, t¥ cic vecto
V1, ..., Um ta c6 thé zay dung mot co sé truc chudn cho W.

Néi riéng, tit mot co sd bat kj cia V ta ¢ thé zay dung duoe mot co sd
true chuan cia V.

Chitng minh. Ta chi can xay dyng mot co sé tryc giao cta W.
> Dbiat u =1

U9 = v9 + A1u1, v6i A1 € R sao cho ug L ug.
Véi dieu kién nay ta co

0 = (ug,u1) = (va + Aug,u1) = (o, ur) + Ay {ug, ug).

Do u; # 0 nén tit d6 suy ra

A = v

[Jug] >
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> Tiép theo, tim uz dudi dang
Uz = v3 + AUy + Aaus, véi A1, Ao € R sao cho uz L uy va ug L us.
Tim A\ nhu sau:

0= (uz,u1) = (U3 + Arus + Aaug, uq)
= (v3, u1) + Aif|u1]]* (do (uz,ur) = 0).

Tu d6 suy ra Ay = —W. Tuong ty, nhan duge Ap = — <’”3’ TZ)
ul Us
> Gia su da tim dugc cac vecto tryc giao uy, . .., Up,—1. Ta s& tim vecto

Uy, dudi dang sau

Um = VU + AU+ -+ A1 Um—1.

. N Vs Uj R o
Tu dieu kién u,, L u; ta tim dudc \; = —W. Nhu vay ta da xay
U
dung duge mot ho cac vecto truc giao {uq, ..., un}.
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Bay gio ta chi can chitng minh

(Ulyee oy Um) = (V5.0 5 Um).
Ta c6 (u1) = (v1). Giast 1 <i<p—1va

(ul,... ,ui) = (’Ul,.. . 7Ui>-

Khi d6 mdi mot vecto uy, (1 < k < i) déu 1a td hgp tuyén tinh ciia cic
vecto vy, ..., v;. Theo cach xay dung thi u; 1 1a t6 hgp tuyén tinh ciia
cac vecto viy1, U1, ..., u;, do d6 u;y1 ciing 1a t6 hgp tuyén tinh ciia cac
vectd vi41, V1, ..., v;. Ta da chitng minh

(U1, uip1) S (V1,5 Vig1)-

Hoan toan tuong tu ta ciing cé

(V1,5 vig1) © (Ui, ..., Uig1). u
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Vi du. Trong khong gian Euclid R* véi tich vo huéng chinh tic cho
vecto u = (1,2,0,3) va khong gian con W dugc sinh ra bdi céc vecto

v1 = (1,1,0,0), v = (1,0, —1,1),v5 = (0,1,1,1).

a) Tim mot co sG trie chuan ciia W?

b) Tim hinh chiéu tryc giao ctia u len W?

Giai. a) Dé dang chiing minh {vy, vy, v3} mot co sé cia W.
> Dat uqg := vs.

1
Sy Ly gy

> Tim us. Ta c6 ug := vy + Aquy, véi Ay = 5
|| 2

1 1
up = (1,0,~1,1) 4+ (=3)(1,1,0,0) = 5(1,~1,~2,2).

Nhan xét ring néu ta thay us bdi uhy = aug, (a # 0) thi cac vecto uy va
ufy van trie giao véi nhau. Do d6 ta c6 thé 1ay ug = (1, —1,—2,2).
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> Tim ug. Ta c¢6 ug = vy + Aug + Aaug, véi

(v3,u1) 1 (v3, u2) 1
A= — =——val=— =——.
P el T 2 T w2 T 10
5 2
Do dg us = (~1,1,2,3).

Tuy nhién ta c6 thé lay uz = (—1,1,2,3). Tryc chuan héa co sé
(u1,u2,u3) ta nhan dugce co sé trire chuan sau ciia W nhu sau

1 1 1
<U1 = ﬁ(l, 1,0,0)7 €9 = \/T>0(]., —17 —2,2), €3 = \/TE(_17 1,273)> .
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Vay hinh chiéu tryc giao ctia u len W 1a

prv(u) = (u,e1)er + (u, ea)ea + (u, e3)es
4 5 1
— (=, 2,2,3).
(3’ 3" 3 )

Vi du.(ty lam) Trong khong gian Euclid R* véi tich vo huéng chinh
tac, cho W 1a khong gian vecto sinh béi

{(1,0,1,1),(0,1,1,1), (1,1,1,1)}.

a) Tim mot co s3 tryc chuan ctia W?
b) Cho u = (1,2,—1,2). Tim pryy(u)?
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Vi du. Cho khong gian Euclid R* véi tich vo huéng chinh tic va W la
khong gian con ctia R* ¢6 co s6 1a

B={u = (2,-1,1,0), uz = (=2,1,0,1)}.
Tim hinh chiéu ctia vecto u = (1,1,0,1) len W.

Giai. Ta viét u duéi dang u = pry (u) + v trong dé
prv(u) = aju + agug € W v v € wt.
Khi 46 u = aqu + agug + 0.
Vive W nen (v,u1) =0, (v,u3) = 0. Do dé, ta c6
(u,u1) = ar(ur,ur) + az(uz, u) { 61 — bBag = 1
(u,u2) = a1{ur, ug) + az(uz, ua) —da1 + 6baz = 0

6 5
Ta giai = — = —.
a giai duge oy 11,042 11 Suy ra

(u) = + — 3;123
prw(u) = aqpuy + auz = 1101111 )
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3.4. Khoang cach trong khong gian Euclid

Luu y. Trong phan nay,
e V dugc ky hiéu la khong gian Euclid véi tich vo huéng (, ).
o W <V dugce ky hiéu la W la khong gian vects con ctia V/

DPinh nghia. Cho u, v € V. Khi d6 khodng cach gita hai vecto u
va v dugc dinh nghia la

d(u,v) := ||lu — v||.
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Dinh nghia. Cho W <V va u € V. Khodng cach gita u va W (ky
higu d(u, W)) duge dinh nghia 14 khodng céch gitta u va hinh chiéu
truc giao ctia n6 1én W, nghia la

d(u, W) := ||lu — prw (u)||.

v

Ménh dé. Cho W <V wau € V. Khi dé d(u, W) la khodng cdch ngdn
nhdt t w dén cdc vecto ciia W.

v

Ta dat w = prw (u), ta can ching minh, véi moi v € W,
[l = || = [|u—w]|.
Ta c6 u—v=(u—w)+(w—uv).

Hon nita, viv,w e WvaV =W e WL néentacéu—we W' va
w—v € W. Suy ra u — w tryc giao v6i w — v, nghia la

(u—w,w—v)=0.
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Ta c6
u—v=(u—w)+ (w—0o)
= flu—vl = |[(v—w) + (w -0
& lu—of? = [[(u = w) + (w = v)|
& lu—v]* = |ju—w|?® + ||w—v||* + 2{u — w,w — v)
<~

lu—v)? = flu = w|* + w —v]* (v {u—w,w—wv)=0)

lu—v]* > Jlu — w||* hay [Ju—vf| > [lu — wl|. u
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3.5. Ma tran biéu dién cia tich vé6 huéng

Nhan xét. Gid st B = {uy,u2,...,u,} la co sé cia V. Khi dé vdi
mot u,v € V, ta cé

U = x1Uu1 + Tau2 + - -+ + TpUp,

V= Y1U1 + Youo + - - + Yply.
Khi do

(u,v) = <Zn:xiui,zn:yjuj> = Zn:zn::ciyj(ui,uj).
i=1 j=1

i=1 j=1

Dinh nghia. Cho V 1a khong gian Euclid véi tich vo huéng (, ) va
B = (u1,us,...,u,) 13 mot co s6 ciia V. Khi d6 ma tran biéu dién
tich v6 huodng (,) theo co s6 B la

A= (aij) vGi aij = (u,-,uj).

Ta ky hieu (, )5 dé chi ma tran nay.
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Vi du. Véi u = (z1,72),v = (y1,%2) € R?, ta c6 tich vo huéng
(u,v) 1= x1Y1 + 221Y2 + 222Y1 + ST2Y2.

Tim ma tran biéu dién (,)
a) theo co sG chinh tac By = (e, e2),
b) theo co s6 B = (u; = (—1,2),us = (2,1)).

Giai. a) Ta c6 (e1,e1) =1, (e1,e2) =2, (e2,e1) =2, (e2,e2) = 5. Suy

i on= (1 2)

b) Ta ¢6 (ui,u1) = 13, (u1,u2) = 14, (ua,u1) = 14, (u2,u2) = 17. Suy

ra
13 14
<7>B = < 14 17 >

1lvluyen@hcmus.edu.vn Chuong 3. Khéng gian Euclid 02/11/2015



Vi du. Cho V = Ry[z] véi tich vo huéng duge dinh nghia
1
(P.Q) = [ P@)Q@)de.

Tim ma tran biéu dién (,) theo co s& chinh tic

By = (Pi(z) = 1, Py(z) = x, P3(x) = 2°).

Giai. Ta co

<P17P1

/01 1 1
(P1, Ps) / v?dr = 3’ (P, Po) = / r?dx =
0 0
1
= [ atar =

1

1
dr =1, (P1, P2) Z/ zdr = 53
0 2

7

OT\H w\>—~

1
<P27P3 ; <P37P3>:/ Sdaj_
0

02/11/2015

36/51

Chuong 3. Khéng gian Euclid

1lvluyen®@hcmus.edu.vn




Suy ra

())B:

Wi NI~ =
= Wl NI~
U= = o=

Vi du.(ty lam) Véi u = (21,22, 23),v = (y1,92,y3) € R3, ta c6 tich vo
huéng
(u,v) := 211 + 2@2y2 + T3y3 + T1Y2 + T2y1
Tim ma tran bicu dién ()
a) theo co sd chinh tac By = (eq, es, e3),
b) theo co 86 B = (u1 = (1,2,0),u2 = (0,1,1),u2 = (1,1, —2)).
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Ménh dé. Cho V la mot khong gian Euclid vdi tich vo huwdng {,) va
B = (u1,us,...,u,) la mot co sé cia V. Khi dé B la co s truc chuan
khi va chi khi (,)p = I,.

Chtng minh.

1 néui=yj

Blécdsétrﬂcchuén@(ui,uj):{ 0 néui] & ()= I,

Ménh dé. Cho V la mot khong gian Euclid vdi tich vo hudng {,) va
B la mot co sé cia V. Gid st u,v € V, khi do

(u,v) = [ulg ()5 [v]s.

Ménh dé. Cho V la mot khong gian Euclid vdi tich vo hudng {,) va
B = (ui,ug,...uy), B = (u),ub,...ul) la hai co s cia V. Khi do

<a >B’ = (B — BI)T (a >B (B — B/)'
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Chiing minh. V6i moi u,v € V| ta co
[us = (B — B)[uls va [v]s = (B = B)[v]s.
Hon nta
<U7U> = [u];’j’— <7 >B [U]B'
Do dé
(u,0) = (B = B[uls)" ()5 (B = B)[v]s
= [ulg (B—B)T" (,)5(B— B)[v]s-

Mat khéc (u,0) = [ul (;)m [V

Suy ra
[l () s s = [uly (B—B)" ()5 (B— B')[vs.

Bing cach chon u va v 1an lugt 13 cac vecto trong co s B, ta suy ra
dugce
(e =B—=B) (,)s(B—=B).
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Vi du. Trong khong gian Euclid R? v6i tich vo huéng (, ), cho co sd
B=(ui = (1,-1,1),us = (1,1,0),u3 = (1,2, —2))

va ma tran biéu dién (,) theo co s¢ B la:

3 -2 —6
(= -2 6 6
-6 6 13

a) Chou=(1,2,—-1) vav=(1,-1,2). Tinh (u,v)?
b) Cho u = (x1,72,73), v = (Y1, Y2, ¥y3). Tinh (u,v)?

Giai. a) Tim [u]g va [v]g. Ta giai duge

1 -2
[U}B = I [U]B = 1
1 -2
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Ap dung cong thic

(u,0) = [ulg ()5 [v]s

3 -2 —6 -2
=(111) -2 6 6 1
-6 6 13 —2

= —6.
b) Cach 1. Tim [u]g va [v]g. Sau d6 ap dung cong thic

<u7v> = [u]g (;)B [U]B

Cach 2. Tim ma tran biéu dién (,) theo co s6 chinh tic. Ta c6 cong
thic
(:)Bo = (B—Bo)T ()5 (B — Bo).

Ta c6
1 1 -1
(Bo—B)=(u] ug ug)=| -1 1 2
1 0 -2
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Mat khac

2 -2 -3
B—=B)=Bs—=B =0 1 1
1 -1 -2
Do do
<7>Bo = (B — BO)T <7>B (B — BO)
20 1 3 -2 —6 2 —2 -3
= 21 -1 -2 6 6 0 1 1
-3 1 -2 -6 6 13 1 -1 -2

Il
O =
S W
= o O

Nhu vay
(u,v) = x1y1 + T1Y2 + T2y1 + 3T2y2 + T3Y3.
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Vi du.(ty lam) Trong khong gian Euclid R? véi tich vo huéng (, ), cho
ma tran biéu dién (,) theo cd s§ chinh tic la:
2 11
(B,=11 2 0
1 0 1

a) Chou=(1,1,2), v =(1,3,-2). Tinh (u,v)?
b) Cho B = (u3 = (—1,0,1), ug = (2,1,—1), ug = (3,0, —2)) 1la mot
cd s6 khéc ctia R®. Tinh (,)5

bPap an. a) (u,v) =38

1 -3 -3
b) (Jg=| —3 11 10
-3 10 10
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3.6. Toan tit déi xing

Dinh nghia. Cho f 1a toan ti tuyén tinh trén V. Toan t f dudc goi
1a todn t& déi xiwng néu

(f(u),v) = (u, f(v)),Vu,v € V.

Nhic lai. Cho B = (u1,...,uy) la co s8 trie chuan ciia V. Gia st
vecto w =Y i Tiu; VA v = Y yiu;, kKhi d6

(u,v) = ZazzyZ Nhu vay (u,v) = [u]j[v]s.
=1

Nhan xét. Theo dinh nghia trén, f la todn t& doi ziing néu vdi moi
u,v €V, thi

(f(u),v) = (u, f(v)).

Gid st B la mot co sé truc chuan cia V, ta cé

1lvluyen@hcmus.edu.vn Chuong 3. Khéng gian Euclid 02/11/2015



Diéu nay dan dén [f]p = [f]} hay [f]s 1a ma tran ddi xing. Do do ta
c6 bo dé sau

Bb6 dé. Cho f € Endg(V). Todn tit f la todn tit déi xing khi va chi
khi ma tran biéu dién f theo co sd truc chuén la ma tran doi xing.

Vi du.(ty lam) Cho V = R3 1a khong gian Euclide véi tich vo huéng
chinh tdc va f € Endg(V) x4c dinh boi

f(z1, @2, x2) = (221 + x2, 1 + 422 + 223, 222 + Hx3).

Chiing t6 f 1a toan tit ddi xitng.
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Dinh 1y. Cho f la todn ti doi xing trong khong gian Euclid. Khi dé
(i) Moi trj rieng cia f déu la so thuc.
(ii) f chéo héa dugc.

(iii) Cdc khong gian con riéng cia f doi mot truc giao vdi nhau.

Vi du. Cho toan tit f : R? — R3 c6 ma tran biéu dién theo co s chinh

tac la 9 1 1
A= 1 2 1
1 1 2

Hay xay dung mot co sé truc chuan ciia R? tit cac vecto rieng ctia f?

Giai.
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3.7. Toan tw truc giao

Dinh nghia. Cho V 1a mot khong gian FEuclid va f 14 mot toan ti
tuyén tinh trén V. Ta néi f 13 mot todn t& truc giao néu

(f(u), f(v)) = (u,v),Vu,v € V.

Ménh dé. Déi vdi todn tii tuyén tinh f € Endg(V) nhimg dieu kien
sau day tuwong duong:

(i) <f(u)7f(v)> = (u,v),Yu,v € V.
(i) [IF @) = llul], Vu € V.

(iii) Néu B = (u1,...,un) la mot co sé truc chuan va A = [f]g thi

ATA=1,=AAT.

Néi riéng, A la ma tran khd nghich va detA = £1.
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Chiing minh. (i) = (ii). Chi viéc cho u = v.

(ii) = (i). Ta co

(), 7)) = (17 + @ =1 F@I = @)
= SO+ )l = IR = 11£@)IP)
= 2l ol = [l = 1[ol?) = {uv).

(i) < (iii). Vi B 1 cd s6 trie chuan nén véi moi u,v € V ta c6

(u) f)) = (u, )
(

Tt e
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Hé qua. Néu f la mot todn ti truc giao thi detf = £1. Néi riéng, f
la mot tu dcfng cau.

Dinh ly. Todn tii tuyén tinh f € Endg(V) la mot todn tii truc giao khi
va chi khi né bién mot co sé truc chuan thanh mot co sé truc chuan.

Chitng minh. (=) Gié st f la mot toan tit truc giao. Theo Hé qua
trén, f 13 mot tu ding cAu, do dé f bién co s thanh co sd. Néu
B={ui,...,uy} 1a co sé tryc chuan thi

(f (ui), fug)) = (ui, uj) = bij.
Vay {f(u1),..., f(un)} ciing 1a cd s8 trye chuan.

(<) Gia st ton tai co s6 truc chuan B = {uy,...,u,} sao cho
{f(u1),..., f(un)} cling 1a co s tryc chuan. Xét cic vectd u,v € V:

n n
u = E TiU; Va v = E YjUj.
i=1 j=1

1lvluyen@hcmus.edu.vn Chuong 3. Kho an Euclid 02/11/2015 49/51



Do {u1,...,un} v& {f(u1),..., f(un)} 12 cic co sé tryc chuan nén ta cé

<f(u E $1Uz E yjuj = § l‘zy]<f(uz)v f(u])>
,7=1
E xzy] ij = E LilYi =

1,7=1

Vay f 1a phép bién ddi truc giao. [ |

Meénh dé. Ma tran chuyén co s tit mot co sé truc chuan sang mot co
sd truc chuan la mot ma tran truc giao.

Chiing minh. Gia st B = {u1,...,un} va B = {u},...,u),} 1a hai co
sd truc chuan. Goi f 1a todn tit tuyén tinh théa f(u;) = ul, Vi € 1,n.
Theo Dinh Iy trén, ta c¢6 f la toan ti truc giao. Hon nita

[fls = (B —=B').

Suy ra (B — B’) la ma tran tryc giao. [ ]
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1
Vi duy. Cho ma tran A = 3 2 2 —1 |.Chtng t6 A 1a ma tran

truc giao?

Giai. Ta kiém tra diéu nay bang cach thuc hién phép nhan ma tran
ATA =1
Ngoai ra, ta cling ¢6 thé kiém tra bing cach khac nhu sau:

Xét khong gian Euclid R? véi tich vo huéng chinh tic. Dit
1 1 1
=-(2,2,-1 =—-(—-1,2,2 =—(2,—-1,2).
Ui 3( y <y )’u2 3( ) 4y )7“3 3( 3 ) )
Toan tit
f:R3— RS
thoa f(e;) = u;,i € {1,2,3} bién cd s6 tryc chuan thanh cd sé trie
chuan. Suy ra f la toan ti tryc giao. Do A 13 ma tran biéu dién f
trong co s6 truc chuan nén A la ma tran truc giao.
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