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4.1. Dinh nghia dang song tuyén tinh

Dinh nghia. Cho V 1a mot khong gian vecto trén truong K. Mot dang
song tuyén tinh trén V 13 mot 4nh xa
f:VxV—K
(u,v) — f(u,v)

c6 tinh chat tuyén tinh theo ting bién u, v, nghia 1 véi moi w, u, us,
v,v1,v9 €V, va a, 3 € K ta co

o flaus +uz,v) = af(ur,v)+ f(uz,v);

. f(uuBUl + UQ) - IBf(u7 Ul) =+ f(ua 02)'

Dang song tuyén tinh f dugc goi l1a doi xing néu f(u,v) = f(v,u)
v6i moi u,v € V.

Vi du. Mot tich vo huéng trén khong gian Euclid V' 1a mot dang song
tuyén tinh trén V.
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Vi du. Véi méi u = (z1,...,2,),v = (y1,...,yn) € K", dit
flu,v) = 2191 + - -+ + Tpyn.

Khi d6 f 14 mot dang song tuyén tinh déi xing trén K™.

Vi du. Cho 4, B € My(R), dit f(A, B) = tr(AB). Chttng minh f 1
mot dang song tuyén tinh déi xing trén M, (R).

Vi du. V6i mbi u = (21,72, 23),v = (y1,92,¥3) € K3, dit
flu,v) = z1y1 + 2212 + 22241 — Tay2 — T2ys — T3y2 + T3Ys.

Chitng minh f 14 mot dang song tuyén tinh déi xing trén K.
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4.2. Ma tran biéu dién dang song tuyén tinh

Dinh nghia. Cho B = (ug, ..., u,) 1a mot cd s6 ciia V. Ma tran biéu
dién dang song tuyén tinh f theo co sé B, ky hieu [f]s, 13 ma tran
A = (aij)nxn, trong do

a;; = f(us,uz), Vi,j€ln.

Nhan xét. Gid st u,v €V,
U=2T1U] + -+ Tply V4V = YU + -+ YnUn.

Khi do

n n
—f(zxiuiyzyjuj) :szzyj u’L;u] szly]au
i=1 j=1

=1 j=1 =1 j=1
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‘f(1577)) = :E:: :E::izil(j(lij-

i=1 j=1
Biéu thtc nay duge viét dusi dang
aip -+ Glp n

fluv)= (a1 - an)

Gn1 - QOnn Yn

Nhu vay
f(u,v) = [ulg[flslv]s.

Nhan xét.

Q Viico sé B=(uy,..
hoan toan xdc dinh bdi ma tran [f]g.

@ Dang song tuyén tinh f tren V la doi ziing khi va chi khi [f]p la

., Up) cho trude, dang song tuyén tinh f dugc

ma tran doi xiing.
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Vi du. Xét dang song tuyén tinh f trén R3 xac dinh bdi:
u = (1'17 x2, 133), U= (yla Y2, y3)a

fu,v) = z1y1 + 2x1y2 + 4x1y3 + 22y1 — 222Y2 + 3x2y3 + x3y1 + 623y2.

Tim ma tran biéu dién f theo co s chinh tac?

Giai. Ma tran biéu dién dang song tuyén tinh f theo co s3 chinh tic 1a

1 2 4
flgg =11 -2 3
1 60

Vi du.(ty lam) Xét dang song tuyén tinh f trén R? xac dinh bai:
U= ($1,$2), U= (yh yQ)a

flu,v) = 2z1y1 + 221y2 + 3x2y1 — 3T2Y2.

Tim ma tran biéu dién f theo co 56 B = {u; = (1,2),us = (—1,1)}?
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Meénh dé. Cho f la mot dang song tuyén tinh trén V. Gid si B va B’
la hai co sé cia V, khi do
[fls = (B — B)" [f]s (B — B).

Chtng minh. V6i moi u,v € V| ta c6

s = (B — B)[uls va [o]s = (B — B)[v]s-

Hon nita Flu,v) = [ul; [f]5 V]
Do do
flu,v) = (B — B)ulg)" [f]s (B — B[]
= [uly (B — B)T [f]5 (B — B') [v]5.
Mat khac
fu,v) = [u]g [fls [v]B

Suy ra
[flsr = (B—=B)T [fls(B—B) L]
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Vi du. Cho f la dang song tuyén tinh trén R3 v6i ma tran biéu dién f
theo co s chinh tac la

1 2 1
flgo=1{ 1 =2 1
2 1 -1

Cho B = (u1 = (1,—1,—1),u2 = (0,1,2),uz = (1,1,2)). Ching t6 B la
cd s6 clia R? va tim [f]5?

Giai. Lap ma tran

U1 1 -1 -1
A= uw |=1 0 1 2
U3 1 1 2

Ta tinh duge r(A) = 3. Do d6 B = (uy, uz,u3) l1a tap doc lap tuyén
tinh. Hon nita, dimR® = 3 bing s6 vecto ctia B. Suy ra B la co s6 clia
R3.
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Ta co

Hon nia

[fl5 = (Bo — B) " [f]s, (Bo — B)

1 -1 -1 1 2 1 1 01
=10 1 2 1 -2 1 -1 11
1 1 2 2 1 -1 -1 2 2
-6 5 3
= 6 -2 3
4 2 8
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4.3. Dang toan phuong

Dinh nghia. Cho f la mot dang song tuyén tinh déi xiitng trén
V. Khi d6 anh xa Q:V-—K

u — f(u,u)

dugc goi 1a dang toan phuong trén V ing véi dang song tuyén tinh
déi xting f. Ta goi f 1a dang cuc ctia dang toan phuong Q.

Vi du. Xét dang song tuyén tinh f trén R3 xac dinh bdi:
u = (1'17 x2, 1’3), U= (yla Y2, y3)a

f(u,v) = z1y1 + 22192 + 421y3 + 220y1 — 2T2y2 + 3T2y3 + 4x3y1 + 3x3Y2.

Chiing t6 f d6i xting va tim dang toan phuong tuong tng véi f?

Giai. D& dang kiém tra f doi xing. Khi dé dang toan phuong tuong
ung véi f la
Qu) = f(u,u) = ff% +4z120 + 81173 — 2:1:% + 6z9x3.

1lvluyen@hcmus.edu.vn Chuong 4. Dang song tuyén tinh 3/12/2015



Nhan xét. Dang cuc f cia dang toan phuong Q duge hoan toan rac
dinh bdi Q.

Giai thich. Ta c¢6

flu+v,u+v) = flu,u) + flu,v) + f(v,u) + f(v,v)
= f(u7u) + 2f(u,v) + f(vvv)’

Suy ra

fu,v) = [f(u+vvu+v)_f(u7u)_f(v7v)]

[Qu+v) — Qu) — Qv)]

N =N =

Vi du. Cho dang toan phuong @ trén R? dudc xac dinh baéi:
u = (z1,22) € R?,
Q(u) = 22 + 6x119 + 43

Xéc dinh dang cyc cua Q.
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Q(u) = 2% + 6x119 + 423,
Giai. Véi u = (z1,72), v = (y1,92) € R?, ta c6
o Qu+v) = (z1+y1)*+6(z1+y1)(@2+y2) + 422+ y2)%
o Q(u) = 22 + 6x179 + 423;
o Q(v) =y} + 6192 + 4u3.

Ap dung cong thic

Suy ra
f(u,v) = z1y1 + 3z1y2 + 322y1 + 422y0.

1lvluyen@hcmus.edu.vn Chuong 4. Dang song tuyén tinh 3/12/2015



Vi du.(ty lam) Cho dang toan phuong @Q trén R? duge xac dinh béi:
u = (21,79, 73) € R3,

Q(u) = 227 + 4z 23 + 23123 + T35 + 273

Xac dinh dang cyc cia Q.

Dap an. Véi u = (21, 72,23), v = (y1, 2, y3) € R3,

fu,v) = 2z1y1 + 22192 + 222y1 + T1Y3 + 23Y1 + T2y2 + 223Y3.
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Nhan xét. Trong khong gian R™, cho dang toan phuong Q) xdc dinh
bdi: u = (x1,x2,...,T,) € R,

n o n
= E E aijximj.
=1l =1l

Khi do, dang cuc cia Q duoc xdc dinh nhu sau
U = (1131,132,.-',13”), U= (y17?/2,-~~,?/n) S R"™

f(u7 U) = Z ;Y + Z xly]‘

i=1 1<i#5<n

Vi du.(ty lam) Cho dang toan phuong @Q trén R3 duge xac dinh béi:
u = (21,79, 73) € R3,
Q(u) = IE% + 62179 + 8T913 — :L‘% + 2:17%.

Xac dinh dang cyc cia Q.
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Dinh nghia. Cho @ 1a mdt dang toan phuong trén V ting véi dang
song tuyén tinh d6i xting f va B 1a mot co s6 ctia V. Khi d6 ma tran
biéu dién dang toan phuong Q theo cd s3 B, ky hieu 1a [Q]5, 14 ma
tran biéu dién dang song tuyén tinh f theo co sé B.

v

Vi du. Cho dang toan phuong @ trén R? dugce xac dinh béi:
u = (21,79, 73) € R3,

Qu) = 202 + 4129 + 2x123 + 22 + 222
1 2 3

Tim ma tran biéu dién dang toan phuong @ theo co sé chinh téc?

Giai. Ma tran biéu dién dang toan phuong @ theo co s& chinh téc la:

2 2 1
@, =] 2 10
10 2
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Nhan xét. Cho Q la dang toan phuong trén V wva B la mot co sd cia
V. Ta co

Q [Q|s la ma tran doi xing.
Q Vioiu=ziuy + 22U + -+ + Tpu,y €V,

Qu) = [ul5[Qlsluls = D ) aimix;

i=1 j=1

_Za,,az + Z M) 585570 (%)

1<i<j<n

(%) dugc goi la biéu thiic toa do cia dang toan phuwong Q
theo co sé B.

Meénh dé. Cho Q la mot dang toan phuong trén V. Gid st B va B' la
hai co sd cua V, khi do
Qs = (B—B')" [Q]s (B — B).
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Hang va tinh suy bién ctia dang toan phuong

Dinh nghia. Cho @ 1a mdt dang toan phuong trén V' va B 1a mot co
sG cia V. Hang cia ma tran [Q]p dudc goi la hang cia dang toan
phuong @, ky hiéu la rank(Q) hay »(Q)).

Nhan xét. Hang ctia Q khong phu thudc vao cdch chon co sd B. J

DPinh nghia. Cho dimV = n va @ 1a mot dang toan phuong trén V.
> Néu r(Q) = n thi ta néi Q khong suy bién.
> Ngudc lai, néu r(Q) < n thi Q suy bién.
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Vi du. Cho dang toan phuong @ trén R xac dinh béi:
u = (z1, 22, 73) € R?,

Qu) = x% - 390% + 2z129 — 42123 + 8T223.

a) Tim hang va khéo sat tinh khong suy bién ctia Q7

b) Tim biéu thitc toa do ctia @ theo co sd
B = (u; =(0,-1,1),us = (1,2,2),u3 = (1,1,4)) va chi ra phép bién
déi toa do khong suy bién tuong tng.

v

Giai. Ma tran biéu dién Q theo co s chinh tic la

1 1 -2
[Q]Bo = I -3 4
-2 4 0

a) Ta ¢6 7([Q]g,) = 3. Suy ra hang clia @ 1a 3. Do d6 @ khong suy bién.
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b) Ta c6

01 1
(By — B) = -1 2 1
1 2 4
Hon nwa
[Qls = (Bo — B)" [Qls, (Bo — B)
0 -1 1 1 1 -2 01 1
= 1 2 2 1 -3 4 -1 2 1
1 1 4 -2 4 0 1 2 4
-11 3 -12
= 3 17 26
—12 26 16

Vay biéu thitc toa do ciia @ theo co sé B dinh béi:

Q(u) = —11y3 + 17y3 + 16y3 + 6y1y2 — 24y1ys + 52y2ys.

v6i u = y1uy + yauo + ysus € R3.
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Ta ¢6 [u]g, = (Bo — B)[u]p. Suy ra phép bién ddi toa do khong suy
bién tuong ting 13

T 01 1 Y1
T2 = -1 2 1 Y2
T3 1 2 4 R}
Do d6 1= Y2+ ys;
T2 = —y1+2y2+y3;
T3 = Y1+ 2y2 +4ys.

Vi du.(tu lam) Cho dang toan phuong @ trén R3 xac dinh béi:
u = (z1, 22, 73) € R3,

Q(u) = 227 + 23125 — dmyw3 + 273

a) Tim hang va khao sat tinh khong suy bién ctia Q7

b) Tim biéu thiic toa do ctia Q theo co s6
B=(u=(1,-1,—-1),u2 = (0,1,2),us = (1,1,2)) va chi ra phép
bién déi toa do khong suy bién tuong tng.
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4.4. Dang chinh tic cia dang toan phuong

Dinh nghia. Cho @ 1a mdt dang toan phuong trén V c¢é dang cuc la
f. Cosé B=(uy,...,u,) cia V dugc goi 13 moét co sé Q-chinh tdc
néu

f(ui, uj) =0 v6i moi @ # j.
Diéu nay tuong duong véi tinh chat ma tran [Q]g 1a mot ma tran
dudng chéo, hay biéu thiic toa do ciia Q theo cd sé B c¢6 dang

Q) = Y ai? (*)
=1

v6i moi u = xyuy + -+ - + xpu, € V. Khi d6 ta goi (*) 1a dang chinh
tdc cia dang toan phuong Q.

Dinh 1y. Cho Q la mot dang toan phuong trén V. Khi dé trong V' ton
tai mot co sé Q-chinh tdc.
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Chitng minh. Ta ching minh dinh 1y nay bang cach di tim dang
chinh tac cta Q.

Gi4 sit biéu thitc toa do clia dang toan phuong @ theo co s6
B = (u1,usg,...,u,) dinh béi

Zaux + Z 2a;;x;x (%)

1<i<j<n

VOl u = x1ug + - - - + Tpu,. Dé dua @ vé dang chinh tic ta chia bai toan
thanh 3 truong hgp sau:

Trudng hop 1. Ton tai a; # 0 véi mot ¢ ndo d6. Sau khi danh s6 lai
cac phan ti clia ¢ s6 B néu can, ta c6 thé gid sit a; # 0. Khi dé

Q(u) = ai; [:1:1 +2xlz—azl+ (zn:slljxi)ﬁ + Q1(z2,...,xy)
=2

=a (3:1 + Z —3&) + Q1(xa, ..., xp).
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nooay;

Y1 = w1+ Y, )
Dat i=2 411 Khi doé
Yi = x; vOi 1 > 1.

Q(u) = ally% + Ql(y27 cee 7y?’b)

trong d6 Q1(y2, .- .,¥yn) 1& dang toan phuong v6i n — 1 bién. Ta c6 the
stt dung phuong phéap qui nap dé dua @ vé dang toan phuong chinh
tac.

Trudng hgp 2. a;; = 0Vi nhung ton tai a;; # 0 v6i i # j nao d6. Sau
khi danh s6 lai cdc phan tit ctia cd sé B néu can, ta cé thé gia st
a2 # 0. Thuc hién phép bién déi toa do

T = Y1+ Y2
T2 = Y1 — Y2

Ta co 2a10x1209 = 2a12(y% - yg)

R6 rang heé s6 cta y7 1a 2a19 # 0. Ap dung lai Trudng hop 1.
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Truong hop 3. a;; = 0 véi moi 4, j. Khi d6 Q(u) = 0 v6i moi u nén Q
c6 dang chinh tic trong bat ky co s nao ctia V. [ |

Vi du. Cho dang toan phuong
Q(u) = 22 + 22 + 22 — 222 — 22120 + 201203 — 23174 + Tox3 — 4202y

v6i u = (21, 22,73, 74) € R3. Dua Q vé dang chinh tic va tim co s
Q-chinh tac?

Giai.

Q(u) = 3 + x3 + 23 — 222 — 2x1x0 + 22173 — 2x 124 + Tox3 — 401y
= 27 + 231 (—@2 + T3 — T4) + 25 + x% — 223 + xoxy — dxomy
= (v1— 22+ a3 —24)® — (22 + 33 — 4)° + 25 + 35 — 227 + o735 -

= (z1 — o2 + @3 — 24)% — 322 + 3023 — 6Toxy + 2324

1
= (1 —x2+ 23 — x4)2 — 3[1’421 + 2x4(z2 — g.’ﬂg)] + 3zox3
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1
= (xl — T2+ X3 — $4)2 — 3[.7}421 + 2.2174(%2 - §x3)] + 3zox3

1 1
=(r1 —z2+ 23— :n4)2 —3(xg + w2 — fx3)2 + 3(xg — fx3)2 + 3973

3 3
1 1
= (:cl — X9+ X3 — fL‘4)2 — 3(1‘4 + 2o — §$3)2 + 3:13% + gacg + Tax3
1 1 1
= (.’El — X9+ x3 — $4)2 — 3($4 + T2 — §x3)2 + 3(:62 + 6%3)2 + Zl‘%
Dat
Yr = T1— T2+ T3 — T4;
Y2 = T4+ T2 — %363;
Y3 = 1U2+%$3;
Ya = 3.

Khi d6 ta dua @ vé dang chinh tac

1
Q(u) =y — 3y3 + 3y5 + Zyi

VOi u = y1u1 + yous + ysus + ysug, trong dé co sé Q-chinh tic
B = (ula Uz, us, U4).
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Tim B. Ta ¢6

Y1 1 -1 1 -1 T
v | |0 1 —% 1 To
Y3 0 1 6 0 I3
Y4 0 0 1 0 Ty
Hon naa
[ulg = (B = Bo)[uls,-
Suy ra
1 -1 1 -1
0o 1 -+ 1
(B — By) = 0 1 % 0
0 0 1 0
Ta c6 11 0 -2/3
_ 1 _| 00 1 -1/6
(B()—>B)—(B—>Bo) = 0 0 0 1
01 -1 1/2
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Suy ra cd s Q-chinh tic 1a B = (u1,us, us, uq) véi ug = (1,0,0,0);
ug = (—1,0,0,1);u3 = (0,1,0, —1);uq = (2/3,—-1/6,1,1/2).

Vi du. Cho dang toan phuong
Q(’U,) = r12T2 + 2%11’3 — 2.732.7}3

v6i u = (21,22, 73) € R3. Dua Q vé dang chinh tic va tim co s&
Q-chinh tac?

o2 2. s
Giai. Doi bién

1 = Y1ty x1 110 Y1
T2 = y1—Y2s & | 2 |=( 1 -1 0 Y2 (1)
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Khi d6 .
Qu) =y1 — 5 +2(y1 + y2)yz — 2(y1 — ¥2)y3

=y} — y3 + 4y2ys3
= — (3 — dyoys + 4y3) + 4y3
=7 — (y2 — 2u3)% + 493

Dat
Z1 = Y Z1 10 0 (7
29 = y2—2y3; = 29 = 01 -2 Y2 (2)
zZ3 = Y3. zZ3 0 0 1 Y3

Khi d6 ta dua @ vé dang chinh tac
Qu) = 21 — 25 + 423

VOi u = z1uy + 2ous + 23u3, trong dé co sd Q-chinh tic B = (uy,us, us).
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Tim B. T (1) va (2) ta co

X1 1 1 0 Y1 Z1 1 0 0 Y1
z9 |=1 1 -1 0 Y2 |; z |= 0 1 -2 Y2
I3 0 0 1 Y3 Z3 0 0 1 Y3
Suy ra
T 1 2 zZ1
o = 1 - —2 zZ9
3 0 1 zZ3
Vay
1 1 2
Bo—=B) =1 -1 -2
0 0 1

Suy ra co sd Q-chinh tac 1a

B={uy=(1,1,0),us = (1,—1,0),u3 = (2,—2,1)}.
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Vi du.(ty lam) Cho dang toan phuong
Q(u) = x% — ac% — :U§ + 4x179 — 27173 + 37223

v6i u = (w1, T2, 23). Dua Q vé dang chinh tic va tim co s6 Q-chinh tac?

Vi du.(ty lam) Cho dang toan phuong
Q(u) = 23712 + 21‘22 T 3.%'32 —dx1x3 + 4oy — 8roxy — 14374

voi u = (x1, 22,23, 74). Dua Q vé dang chinh tic va tim co s6 Q-chinh
tac?

Vi du.(ty lam) Dua cac dang toan phuong @ sau vé dang chinh tac va
tim co s6 Q-chinh tac?

a) Q(w1,x2,x3) = 4102 + 47123 + 4T273;

b) Q(ml, X2, £C3) = X1Tr2 — 31’21‘3 + 2.’13'1:63.
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4.5. Pua dang toan phuong thuc vé dang chinh

tac bang cac toan t truc giao

Dinh nghia. Cho V 1a mot khong gian Euclid va @ 14 mot dang toan
phuong trén V. Co s B dudc goi 13 mot co sd Q-chinh tdc truc
giao néu B la mot cd sé truc chuan dong thoi ciing 14 mot co s6
Q-chinh téc ctia V. Khi d6 biéu thitc toa do ciia Q trong co sé B dudc
goi 13 dang chinh tdc truc giao cia Q.

Nhic lai.
© Ma tran vudng A dugc goi 1a chéo héa truc giao duoc néu ton
tai ma tran truc giao P sao cho P~'AP la ma tran dudng chéo.
@ Moi ma tran déi xitng thiyc déu chéo hoa trie giao dudgc.

@ Trong khong gian Euclid V, cho B va B’ 1 hai co s6 ciia V. Néu B
13 ¢ s6 true chuan va (B — B') 1a ma tran triyc giao thi B’ 1 co sd
truc chuan.

v
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Dinh ly. Cho V' la mdt khong gian Fuclid va @ la mot dang toan
phuong trén V. Khi dé trong V' ton tai mot co sé Q-chinh tdc truc giao.

Chitng minh. Xét By 1a mot c¢o s3 truc chuan nao dé cia V. Khi dé
ma tran [Q]g, 14 ma tran doi xiing nén chéo hoa truc giao dugc, nghia
la ton tai ma tran tryc giao P sao cho P71[Q]p, P 1a ma tran duong
chéo. Goi B 1a co s6 ctia V' sao cho (By — B) = P. Khi d6

[Qls = (Bo = B) " [Qls,(Bo = B) = P [Qls, P = P [Qls, P
1a ma tran chéo. Vi [Q]p 1a ma tran chéo nén B la co s6 @Q-chinh t&c.

Mit khac, do (Byp — B) = P la ma tran truc giao nén B 1a mot co s6
tryc chuan. Suy ra B 1a mot co s6 Q-chinh tic truc giao cia V. |

Tt chitng minh Dinh 1y trén ta thiy dé dua Q vé dang chinh tic truc
giao ta diing phép bién ddi toa do

[u]5, = (Bo — B)luls
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Thuat toan dua dang toan phuong () trén khong

gian Euclid V vé dang chinh tic truc giao

Budc 1. Xac dinh [Q]g, v6i By 1a mot co sd tric chudn nao dé clia V.

Budc 2. Chéo hoa tryc giao ma tran [Q]g,, tim ma tran tryc giao P
lam chéo [Q]z,-

Buéc 3. Co s6 Q-chinh tac tryc giao B = {uy,us,...,u,} dinh bdi
(By — B) = P va phép bién ddi toa do truc giao 1a X = PY véi
X = [u]gy; Y = [u]p. Khi d6 dang chinh tdc tryc giao ciia @ la

Q) =Y aw,
=1

VO u = yru1 + Yous + - -+ + YpUn.
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Vi du. Dua dang toan phuong sau day vé dang chinh tic tryc giao:
Q(z1, 2, T3) = 27172 + 27173 + 2T2T3.

Chi ra cd s6 Q-chinh tic tric giao va phép bién ddi toa do truc giao
tuong tng.

Giai. Budc 1. Ma tran biéu dién @ theo co sé chinh tic 1a
01 1
A=11 0 1
1 1 0
Buéc 2. Chéo hod tryc giao ma tran A.

- Da thic dic trung

-2 1 1
PN =|A=X|=| 1 X 1 |=-\+1>3*\-2).
11 =
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- Tri riéng
Pa(\) =0 A= —1(boi 2), A = 2 (boi 1).
Vay A c¢6 2 tri riéng 1a A\ = —1(boi 2), A2 = 2 (boi 1).
- Khong gian riéng
e V6i A\; = —1, khong gian riéng E(—1) la khong gian nghiém ctia hé
phuong trinh (A + I3)X = 0.
1 1 1 1 1 1
A-I)=[111|—(000
1 1 1 000
Ta c6 nghieém téng quat
(r1,29,23) = (—t — s,t,8), vVv6it,se€R.
Suy ra E(—1) ¢6 dimE(—1) = 2 vdi co s6
By = {u; = (—1,1,0),us = (1,0, 1)}.
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Ta xay dung cd s3 trire chuan ctia E(—1) bing qué trinh tric chuan
Gram-Schmidt:

1

(uz, v1) y

1
Ulzulz(_leO); V2 = U2 — ”,U1H2 V1 = _57_571)‘
U1 ( 1 1 0) V9 ( 1 1 2 )
w1 = =\———7=, —=,Y); Wwo = ===, —=).
ol V2 V2 [|va]] V6 V6 V6

e V6i A9 = 2, khong gian riéng E(2) 1a khong gian nghiém ctia hé
phuong trinh (A — 213)X = 0.

2 1 1 10 -1
A-20)= 1 -2 1 |]—|0 1 -1
1 1 -2 00 0

Ta c6 nghiém téng quét
(z1,29,23) = (t,t,t), v6iteR.
Suy ra E(2) ¢6 dimE(2) =1 vdi co s6
By = {us = (1,1,1)}.
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Ta xay dung co s3 trire chuan {ws} ctia F(2) véi

e HZ;\ - (Jﬁ%%)

Dat B = {wy,wz,w3}. Ta c6 B 1la mot co s6 trire chuan ciia R? v

-1 0 0
PlAP = 0 -1 0
0 0 2

Slesl-gl-
Sl-sl-sl-
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Buéc 3. Tir két qua budce 2, ta suy ra dang chinh tac trie giao ctia Q 1a

Q(u) = —yi —y5 + 23
vOil u = y1w1 + yowe + ysws, trong do
1 1 1 1 2 1 1 1
w1 = (_Ea 570)7 w2 = (_%7_%7 %)7 (737 ) 7)

Co 86 chinh tac tryc giao tuong ting 1a B = {wy, wa, w3}

w
w

Phép bién doi toa do truc giao tuong ting X = PY, nghia la

1 1 1
xr, = — ;
1 1\@‘% 1\/5y 1\/§y3
x = — ;
2 \??Jl \{(—)ﬂ \/§y3
r3 = ——=yo+
3 \/6112 ﬁys
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Vi du. Dua dang toan phuong sau day vé dang chinh tic tryc giao:
Q(x1,x9,23) = Zx% — 27129 — 27173 + 21‘% — 22073 + 2x§.

Chi ra co s6 Q-chinh tic tric giao va phép bién ddi toa do truc giao
tuong ing.
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4.6. Dang chuan tic. Luat quan tinh va tiéu

chuan Sylvester

DPinh nghia. Cho @ 1 mdt dang toan phuong trén V' va
B = (u1,us,...,u,} 13 mot co sé ctia V. Gid sit biéu thitc toa do clia Q
theo co sé B ¢6 dang

Qu) =} + -+ a5 — a5y — -] (%)

V6i u = z1U1 + - - + Tpuy, trong d6 7, s 14 cac s6 nguyen thoa
0<s<r<n.Khidétanéi Blamot co sd Q-chuin tic va (%) la
dang chuan tdc cia Q.

Dinh ly. Cho V la mét khong gian vecto thiuc hitu han chiéu va Q la
mot dang toan phuong trén V. Khi dé trong V ton tai mot co sd
Q-chuan tdc.
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Chitng minh. Ta goi B 1a mot co s Q-chinh tic ctia V. Dt
r = rank(Q). Bing cach danh s6 lai néu can ta c6 thé gia sit biéu thic
toa do cia @ trong cg s trén ¢6 dang

Q(u) = a12? + azx3 + -+ - + a,x?
va ton tai s6 nguyeén 0 < s < r sao cho
a; >0 Vi=1,8; a;<0 Vi=s+1,r.
Diing phép bién déi toa do khong suy bién
néu 1l <i<s;

Ti = néu s+ 1<i<nr;

Ui nfur+1<i<n
ta c6 dude dang chuan tic ciia Q 1a
Qu)=yi+ - +vyl—yop1 — - — i

Co s6 tuong ting chinh 1a co s6 Q-chuan tic can tim.
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Vi du. Cho dang toan phuong @ trén R* duge xac dinh nhu sau
Q(x1, %2, 3, 4) = 422 — 3235 + 923 — 2.

Tim dang chuan tic clia Q va cd sé Q-chuan tic ctia R*?

Giai. Ta thay @ 1a mot dang chinh tic. Do dé dé dua vé dang chuan
téc thi ta can sit dung phép bién doi toa do

yi = 2a1; e %11/1;
y2 = 3wxs; Ty = 593

& 1
ys = 3wy T3 = Ly o
Yy = X4 T4 = UYa.

Do dé dang chuan tic ctia Q la
Q(u) =y +v3 —v3 —vi.

trong d6 u = yru1 + yousa + ysus + yaug v6i B = {u1, ue, usg, us} 1a co sé
Q-chuan tac.
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Tim B. Tt (1) ta ¢6

5 0 00
00 L o
(Bo—)B)I 1\/5
0+ 00
00 01

Suy ra

1 1 1
uy = (5)07050)7 Uz = (0)0705 §)7 us = (07 ﬁuoao)a Ug = (070707 1)

Vi du.(ty lam) Cho dang toan phuong @ trén R® duge xac dinh nhu
sau
Q(z1, %2, x3, 4, T5) = —22 + 402 — 922 — 1622 + 82.2.

Tim dang chuan tic clia Q va cd sé Q-chuan tic ctia R5?
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Dinh nghia. Cho @ 1a mdt dang toan phuong trén V va B la mot co
s6 Q-chuan tac ctia V. Khi d6 biéu thitc toa do clia Q trong co sé B c6

dang Qu)=af+--+al—al, - —al

trong d6 r = rank(Q) va 0 < s < r khong phu thudc vao céch chon co
sG B. Ta goi

o sla chi s6 duong qudn tinh cla Q;

o r—sla chi s6 am qudn tinh cia Q;

e (s,r—s) la cdp chi so qudn tinh cta Q;

Vi du.(ty lam) Cho cong thitc clia dang toan phuong @ trén R theo
cd 5§ nao dé ciia RO 1a
Q(u) = 222 — 422 4 822 — z2 + 622 — Tx.

Xac dinh chi s6 am quan tinh va chi s6 duong quan tinh ctia Q.

—

o

DPap an. s=3;r —s=3.
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Nhan xét. Gid st Q la dang toan phuong cé dang chinh tdc
Qu) = a12? + gz + - + apz?

Xét day a1, az,...,a, (x). Ta cé
(i) Chi s6 duong qudn tinh cia Q bing so cdc so hang duong cia ().

(ii) Chi s6 am qudn tinh cia Q bang so cdc s6 hang am cia (*).

Vi du. Cho dang toan phuong Q c6 dang chinh téac

1
Q(u) =y — 4y5 + 5y3 + gyi

Khi d6 Q c6
- Chi s6 duong quan tinh 1a 3.
- Chi s6 am quéan tinh la 1.

- Cap chi s6 quén tinh la (3,1).
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Dinh nghia. Cho @ la mot dang toan phuong trén V. Ta noéi
1) Q zdc dinh duong néu Q(u) > 0 v6i moi u # 0.

2) Q zdc dinh am néu Q(u) < 0 v6i moi u # 0.

Nhan xét. Q zdc dinh duong khi va chi khi dang cuc cia Q la mot
tich vo huong trén V.

Dinh 1y. Cho Q la mat dang toan phuong trén khong gian vecto n
chiéu. Khi dé

(i) Q zdc dinh duong < Q c6 chi s6 duong qudn tinh bing n.

(i) Q zdc dinh am < Q c6 chi s6 am qudn tinh bang n.

Chitng minh. (i) (=) Gia st Q xac dinh duong nhung chi s6 duong
quan tinh cta @ khac n. Goi B = {uj,ug,...,u,} 1a mot cd s6 Q-chinh
téc ctia V. Khi d6 biéu thiic toa do ctia @ trong B c6 dang

Qu) = ayx? + - + ana?
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Qu) = aat + -+ + anz,
trong do6 c6 a; < 0 v6i mot ¢ nao do.
Ta ¢6 u; # 0 va Q(u;) = a; < 0. Mau thuan véi tinh xac dinh duong

cua Q.

(<) Gid stt Q 6 chi s6 duong quan tinh bang n. Khi d6 ton tai co sd
Q-chuan tic B ciia V sao cho biéu thiic toa do ciia Q trong cd sé B c6
dang nhu sau:

Q(u)zx%—i—m%%-'--—l—x%

VOl u = iUl + Touo + - - + Tplp,.

Néu u # 0 thi ton tai ¢ sao cho x; # 0, dan dén Q(u) > 0. Vay Q xac
dinh duong.

(ii) Tuong tu nhu ching minh (i).
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Vi du.(ty lam) Tim tham s6 m dé cho dang toan phuong trén R3
Q(z1,22,23) = 2% + (m* — )23 + (m + 2)a3.

xac dinh duong?

Vi du.(ty lam) Cho dang toan phuong trén R? xac dinh béi
Q(x1,x2,x3) = 23:% + 2$§ + 173::2)) — 8r123 + 8x013.

Héi @ xac dinh duong hay am?

Hé qua. Moi dang toan phuong xdc dinh duong hay zdc dinh am déu
khong suy bién.
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Vi du. Dua dang toan phuong sau vé dang chuan tic
Q(x,y, 2) = 22° + 9y* + 922 + 8zy + 4wz + 12y2.

Chi ra co s Q-chuan tic va phép bién déi toa do tuong ting. Tt d6 xac
dinh céc chi s6 quan tinh ctia Q. Xét xem Q c6 xac dinh duong hay xac
dinh am khong?

V.

Giai. Dung thuat toan Lagrange dé dua @ vé dang chinh tic.

Q(x,y,2) = 222 + 9y* + 922 + 8xy + 4xz + 12y2
= 20z + 22(2y + 2)] + 9y* + 92° + 12y2
=2z +2y+42)% — 22y + 2)? + 9% + 922 + 122
=2z +2y+2)2 +y® +4yz + 722
=20z + 2y +2)% + (y +22)% + 322
= VB + 2y + )+ (g4 20)% + (V32)2,
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Qu) = [V2(z + 2y + 2)I° + (y + 22)* + (V32)?
Thuc hién phép bién déi toa do

= V2 42y +2) ' V2 22 V2 x
! y+ 2z s | Y 0 1 2 y
" = 3z 2 0 0 V3 2

Ta dua @ vé dang chuan tic

8
|
I

SRS
[l

Qu) =2 +y? + 27 (*)

v6i u = 2'ui + y'ug + 2'us, trong dé trong dé co sé Q-chuan tic
B = {uy,u2,us} dinh boi

V2 2V2 V2
(B—)Bo): 0 1 2
0 0 V3

v6i By 1a ¢o s chinh tic ctia R3.
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Ta c6 % -2 V3
(Bo—+B)=B—=B)'=| 0 1 —Z%
0 0

Do d6

,0,0);u2 = (—2,1,0);u3 = (\/§7 _

5
Sl

( 1
up = (—=
Ve
T () ta suy ra:

- Chi s6 duong quén tinh cia Q 1a 3.
- Chi s6 am quéan tinh ctia Q 13 0.

- @ xac dinh duong.
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Vi du. Dua dang toan phuong sau vé dang chinh tac
Q(x,y,2) = 222 + 9y + \2% + Szy + 4oz + 12y2.

Xac dinh tham s6 A € R dé @ khong suy bién; va @ xéac dinh duong.

Giai. Dung thuat toan Lagrange dé dua @ vé dang chinh tic.
Qz,y,2) = 2(z + 2y +2)° + (y +22)° + (A - 6)2”.
Thuec hién phép bién déi toa do

¥ = r+2y+z x 1 21 x
y = y+2z sl v |I=1 01 2 Yy
Z = z 2! 0 01 z
Suy ra
x 1 -2 3 x r = 2 —2y + 3
y |=10 1 =2 y ey = ¢y -2
z 0 0 1 2 z = 2
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Khi d6 dang chinh tic cliia Q 1a
Qu) = 20" + 9 + (A —6)2"". (%)
T () ta co
- @ khong suy bién < X — 6 # 0 < \ # 6.

- @ xac dinh duong < A —6>0< A > 6.

Vi du.(ty lam) Xac dinh tham s6 m dé dang toan phuong sau khong
xac dinh duong va khong xac dinh am.

Q(x1,x9,x3) = l‘% + 51‘% + m:n% — 4x1x9 + 62123 + 2T91T3

Pap an. m < 58.
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Tiéu chuan Sylvester

Dinh nghia. Cho A = (aij)nxn 12 mot ma tran vuong cap n. Dinh

thiic con chinh cap k (1 <k < n) clia A 13 dinh thtic con sinh béi
cacdong 1,...,k vacaccot 1,...,k:

aixz - a1k

Ay

ag1 -+ Qkk

Dinh 1y. /Tiéu chuan Sylvester] Gid sii Q la mot dang toan phuong
trén V' cé ma tran biéu dién theo mot co sé nao dé la A. Khi dé

(i) Q zdc dinh duong < moi dinh thiic con chinh cia A déu duong.

(i) Q zdc dinh am < moi dinh thiic con chinh cip chdan cia A déu
duong va moi dinh thitc con chinh cap 1é cia A déu am.
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Vi du. Xéc dinh tham s6 A € R dé dang toan phuong sau xéac dinh
duong
Q(z,y,2) = 2 + My® + (A + 3)2% — 22y + 4z2 — 6yz.

Giai. Ma tran ctia dang toan phuong @ theo co sé chinh tac 1a

1 -1 2
A= -1 A -3
2 -3 A+3

Cac dinh thitc con chinh cia A 1a

Ay =1.
1 -1
Np=| | |=r-1L
1 -1 2 1 -1 2
A= -1 X =3 |[=]0 A=-1 —1|=(A-1)2-1=)2-2\
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Theo tiéu chuan Sylvester ta c6

A; >0 1>0
Q@ xac dinh duong < ¢ Ay >0 & ¢ A—-1>0 SA> 2.
Az >0 A2 —2X>0

Vi du.(tw lam) X4c dinh tham s6 m dé dang toan phuong sau xac
dinh duong

Q(z1, 2, x3) = x% + 4x% + mx% — 2x1w9 + 8x123 + 4dwo13.

Pap an. m > 28.

Vi du.(ty lam) Cho dang toan phuong thuc phu thuoc vao tham s6
AER:
Q(z,y,2) = 22 + (6 — Ny? + 422 + dzy — 222 + (2) — 8)yz=.

a) Vi A =1, dua @ vé dang chinh téc va tim co s6 Q-chinh tac
tuong tng?

b) Tim diéu kién A dé Q xac dinh duong?
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