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Cac phép bién doi so cap trén dong

Dinh nghia. Cho A € M,,x,(K). Ta goi phép bién doi so cap trén
dong, viét tat 1a phép BDSCTD trén A, 1a mot trong ba loai bién
doi sau:
Loai 1. Hoén vi hai dong i va j (i # j).
Ky hiéu : d; < dj
Loai 2. Nhan dong i v6i mot s6 o # 0.
Ky higu: ad;
Loai 3. Cong vao dong i v6i 3 1an dong j (j # 1).
Ky hieu: d; + Bd;
Trong thuc hanh ching ta c6 thé st dung phép bién doi

Nhan dong i v6i mot s6 a # 0 sau do6 cong them S lan dong j (5 # 4).
Ky hiéu: ad; + ,ij
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Vi du. 1 7 1 3 0
1 7 -1 -2 -2
214 2 7 0
6 42 3 13 -3

a) Tim dang bac thang ctia A. Tt d6 xac dinh hang cia A.

Cho ma tran A =

b) Tim ma tran dang bac thang rut gon cua A.

Giai. b)

1 7 1 3 0 17 1 3 0
da—ds

1 7 -1 =2 =2 |d2a | 00 —2 =5 -2

2 14 2 7 0 |d-ws6s [00 0 1 0

6 42 3 13 -3 00 -3 -5 =3

S (1T 0 3“1\ dgas (1700 -1
di—dy | 00 1 2 1 |d-3da [0010 1
dg+3d2 000 1 0 dy—3ds 00 0 1 0
0003 0 0000 O
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Hé phuong trinh tuyén tinh

Vi du. Giai hé phuong trinh sau:

r1 + 2x9 — 3x3 4+ Dry = 1;
r1 + 3x2 — 13z3 + 2224 = -—1;
31 + bxy + T3 — 2x4 = 9;
201 + 3x9 4+ 4dxz3 — Txy = 4,

Giai. Ma tran hoa hé phuong trinh, ta c6
1 2 -3 5 1

. 1 3 —13 22| -1
A - 35 1 -2 5
23 4 —7| 4
o 1 2 -3 5 1
da—3d 0 1 —10 17| —2
da—2d; 0 -1 10 —17 2

0 —1 10 —17 2
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1 2 =3 5 1
0 1 -10 17 | =2
0 -1 10 —17 2
0 —1 10 —17 2
iy —2ds 1 0 17 -29 5
dz+ds 0 1 -10 17| -2
da+ds 0 0 0 0 0
0 0 0 0 0

Vay hé da cho c¢6 hai an tu do 1a x3, 24. Cho x5 = t, x4 = s, ta tinh dugc

T = 5 — 17t + 29s;
Ty = —2+10t—17s.

Vay hé da cho c¢6 vo sb nghiém véi hai an ty do
(x1,m2,x3,24) = (5 — 17t +29s, -2 + 10t — 17s,1, s)

véi s,t € R tuy .
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Ma tran kha nghich

Dinh ly. Cho A € M, (K). Khi dé cic khdng dinh sau tuong duong:

(i) A kha nghich.
(ii) 7”(A)
)
)

s
2

(iii

(iv) Ton tai cic phép BDSCTD o1, ..., bién ma tran A thanh ma

tran dom vi I,:
A A — B A=,

Hon nia, khi dé qua chinh cac phép BDSCTD ¢1,--- , ok, ma
tran don vi I,, sé€ bién thanh ma tran nghich ddo A=!:

I, &Bl—> ﬁ) Bk:A_l.
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Phuong phap tim ma tran nghich dao

Lap (A|l,) va dung cac phép BDSCTD dua A vé dang ma tran bac
thang rat gon:

(A|L) 25 (A1 Br) — - 5 (Ay| By) — -+ .

Trong qué trinh bién déi c6 thé xay ra hai truong hop sau:

e Trudng hop 1: Ton tai p sao cho trong day bién déi trén, ma
tran A, ¢6 it nhat mot dong hay mot cot bang 0. Khi d6 A
khong khé nghich.

e Trudng hop 2: Moi ma tran A; trong day bién doi tren déu
khong c6 dong hay cot bang 0. Khi d6 ma tran cudi ciing ctia day
tren c6 dang (I,|B). Ta c6 A kha nghich va A~! = B.

v
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Vidu.Cho A= [ 1 2 2 | Xét tinh kha nghich ctia A va tim A™!
12 3
(néu co).
Giai.
111|100 11 1] 100
A)=[122/0 10| 2% o1 1|/-110
12 3[0o0 1) ®% 01 2|-101
100 2 -10
A g1 1]-1 10
s —d2 001 0 —1 1
100 2 -1 0
rds g1 01 2 -1
001 0 -1 1

(15|47
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Vi du. Xét tinh kha nghich ctia A va tim A~ (néu c6)

1 2 3 4
25 4 7
A=137 8 12
4 8 14 19
Giai.
12 3 4/1 00 0
25 4 7/0100
(Alla) = 37 8 120 01 0
4 8 14 19/0 0 0 1
12 3 4] 100 0
do—2d1
d3—3d, 01 -2 —-1]/-2 1 0 0
da—Ady 01 -1 0/-3 010
00 2 3/-400°1
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Dinh thic ma tran

Nhic lai.Cho A = (ajj)nxn € My(R). Khi d6, ta c6 thé tinh dinh thitc

cua A nhu sau

dong 1
Al === Zam 1)L k)|

cot
d Zak DM A(k|5)]

Trong doé tran A(i|j) duge goi la ma tran c6 duge tit A bang cach xzéa

di dong i va cot j cia A.

Dinh 1y. Cho A, A’ € M,(R). Khi dé

(i) Néu A % A thy | A = —|A|;

(i) Néu A LNy |A'] = alAl;

P di+pd R
iuli Néu A ——"25 A" thy |A'] = | Al
Chuong 0. On tap Dai s6 Al 08/09/2015 11/60




Luu y. Vi |[AT| = |A| nén trong qua trinh tinh dinh thitc ta c6 thé sit
dung céc phép bién déi so cap tréen cot.

Vi du.(ty lam) Tinh dinh thic cdc ma tran sau

11 2 -1 3 2 -1 1

23 5 0 23 -2 0

A= 326 -2 B = -3 1 4 =2
-2 1 3 1 41 3 1

Pap an. |A| =-19; |B|= —30.

Vi du.(ty lam) Tinh dinh thic cdc ma tran sau

13 18 6 -1 7 3 4 2 1 3

4 7 3 41 2 -3 5 1 8

C= 7T 93 -1 4|y D=| -4 -7 2 =2 4
6 9 3 -2 3 3 =5 4 35

6 3 1 -2 3 8 6 —4 1 2

Chuong 0. On tap Dai s6 A1 [I08/09/Z075 12/60
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Ma tran phu hogp

Dinh nghia. Cho A = (ai;) € M,,(R). Dat C = (¢;;) vdi
cij = (=1)"M]A(4, §)|

I phan bl dai s6 ctia a;;. Ta goi ma tran chuyén vi C'T ctia C la ma
tran phu hop cia A, ky hiéu la adj(A).

2 3 1
Vidu.Cho A= 2 -1 2 |]. Tim ma tran phu hgp cta A?
3 4 =2
—6 10 11 —6 10 7
Giai. Taco C = 10 =7 1 |=adj(A) = 10 -7 =2
7T -2 =8 11 1 -8

Chutong 0. On tap Dai s6 A1 [IN08/09/Z075 13/60
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Nhan dién ma tran kha nghich

Dinh 1y. Ma tran vuong A khd nghich khi va chi khi |A| # 0. Hon nia,

111
Vidu.Cho A= 2 3 1 |. Hoéi A c6 kha nghich hay khong? Néu
340

c0O, hay tim ma tran nghich dao cta A.

Dap an.
) L[4 4 2
A = —adj(A) = — 3 -3 1
4] 2\ 1

Chuong 0. On tap Dai s6 A1 [IN08/09/Z075 14/60
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To hgp tuyen tinh
Dinh nghia. Cho uy,us, ..., un € V. Mot t6 hop tuyén tinh cia
UL, U, .« ., Uy 18 MOt vectd ¢ dang
U= qru1 + Qoug + -+ + Uy, VOl o € K.

Khi d6, ding thic tren duge goi l1a dang biéu dién cla u theo cac
vecto uy, ug, . .., Uny.

Dé kiém tra u 1 to hgp tuyén tinh ctia uy, us, ..., Uy, trong R™ ta ap
dung cac budc sau:

Buéc 1. Lap ma tran md rong (u] ug ... u) |u') (%)
Budc 2. Giai hé phuong trinh (%).

> Néu (x) vé nghiém, két luan u khong phai 1a t6 hgp tuyén tinh ciia

UL, U2y oevy Up -
> Néu (%) ¢6 nghiém oy, s, ..., a,, thi u la t6 hgp tuyén tinh clia
UL, U2, ..., U VA c6 dang bidu dién 1a

Chuong 0. On tap Dai s6 A1 [I08/09/Z075 15/60




Vi du. Xét xem u = (—3,1,4) c6 1a t& hgp tuyén tinh ciia cic vecto
uy = (]-a 2, 1)7”2 = (_15 -1, 1)7“3 = (_27 L, ]-) ha’y khéng?

1 -1 —2]-3
Giai. Lap (u] ug ug |u')=12 -1 1] 1
1 1 1] 4
1 -1 —2]-3 10 3| 4
d2d g 5| 7 |t 1 5| 7
ds—di | 3| 7 ) B2\ g o —7|—-7
g 10 0]1
‘ 01 0|2
azi \o o0 11

Hé phuong trinh ¢6 nghiem duy nhat (aq, az, a3) = (1,2,1).
Vay u 14 t6 hop tuyén tinh clia uq, ug, us3.

Dang biéu dién ciia v 1 u = uy + 2us + us.

Chuong 0. On tap Dai s6 A1 [I08/09/Z075 16/60
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Poc lap va phu thudc tuyén tinh

Dinh nghia. Cho uy,us,...,uy, € V. Xét phuong trinh

ai1ul + agug + -+ amty, = 0. (%)

e Néu (x) chi c6 nghiegm tam thuong a; = as = -+ = a;, = 0 thi
ta n6i uy, uz, . .., Uy (hay {ui,ug,...,un}) doc lap tuyén tinh.

e Néu (*) c¢6 nghiem khong tam thuong thi ta néi uy, us, ..., un

(hay {u1,us,...,un}) phu thudc tuyén tinh.
No6i cach khac,
> Néu phuong trinh (*) ¢6 nghiém duy nhat thi uy, us, ..., U, doc
lap tuyén tinh.

> Néu phuong trinh () c6 vo sd nghiem thi uy, us, ..., um, phu
thuoc tuyén tinh.

Chutong 0. On tap Dai s6 A1 [IN08/09/Z075 17/60
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Thuat toan kiém tra tinh doc lap tuyén tinh cta
cac vectd uq, us, ..., u, trong K"

Buéc 1. Lap ma tran A bang cach xép wuq,us, ..., u,, thanh cac cot
hoac thanh cac dong.

Budéc 2. Xac dinh hang r(A) cia A.

> Néu r(A) = m thi ug,us, ..., u, doc lap tuyén tinh.

> Néu r(A) < m thi ug,us, ..., U, phu thudc tuyén tinh.
Trudng hgp m = n, ta c6 A la ma tran vuong. Khi d6 cé thé thay Budc
2 bang Buéc 2’ sau day:
Budc 2°. Tinh dinh thtc cua A.

> Néu detA # 0 thi uy, uo,. .., u, doc lap tuyén tinh.
> Néu detA = 0 thi uy,us,...,u, phu thudc tuyén tinh.

Chutong 0. On tap Dai s6 A1 [NI08/09/Z075 18/60



Vi du. Trong khong gian R* cho cic vecto uy = (—1,2,—1,2);
us = (2,2, —4,2); ug = (1,3,1,2). Hay xét xem u1, us, ug doc lap tuyén
tinh hay phu thugc tuyén tinh?

Giai.

-1 2 1N e B 21
2 2 3 | dar 6 5

- T T Ty B NN
Lap A = (ul U U3) - -1 -4 1 d4+2d; 0 —6 0
2 2 2 0 6 4
12 1 1 2 1
d34-ds 0 6 5 | datids 0 6 5
i | 00 5 005
00 —1 000

Ta c6 7(A) = 3. Suy ra ug, uz, uz doc lap tuyén tinh.

Chutong 0. On tap Dai s6 A1 [NI08/09/Z075 19/60



Vi du. Trong khong gian R5 cho cic vecto u; = (1,2, -3,5,1);
ug = (1,3,-13,22,—1); ug = (3,5,1,—2,5). Hay xét xem w1, uz, us doc
lap tuyén tinh hay phu thudc tuyén tinh?

Giai.
U1 1 2 -3 5 1
Lap A= wy |= 1 3 —-13 22 -1
u3 3 5 1 -2 )

1 2 =3 5 1
1 -10 17 -2
0 -1 10 -17 2

do—dq
d3—3d1

o

—_

2 -3 5 1
RN 01 —10 17 -2
00 0 0 0

Ta c¢6 r(A) = 2 < 3. Suy ra uy, ug, ug phu thuoc tuyén tinh.
Chuong 0. On tap Dai s6 A1l 08/09/2015 20/60
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Tap sinh

DPinh nghia. Cho V 1a khong gian vecto va S 1a tap con cua V. Tap S
dugc goi la tap sinh ctia V néu moi vecto ctia V' déu 1a t6 hgp tuyén
tinh ctia S. Khi d6, ta néi S sinh ra V hoac V duoc sinh bdi S, ky
hieu V' = (S).

Vi du. Trong khong gian R3, cho
S={u; =(1,1,1);us = (1,2,1);uz = (2,3,1)}.
Héi S 6 1a tap sinh ctia R? khong?

Giai. V6i u = (z,y, 2) € R3, ta kiém tra xem u c6 1a t& hgp tuyén tinh
cua uy,ug, us khong?

Lap hé phuong trinh

11 2|x 11 2| x
(uj ug ug [u)=11 2 3|y |- 0 1 1|-z+y
1 1 1|z 00 -1|—2z+=2

Luyén Chuong 0. On tap Dai s6 Al 08/09/2015 21/60




Hé c6 nghiem, suy ra u 13 td hop tuyén tinh ctia w1, ug, ug. Vay S la
tap sinh ctia R3.

Vi du. Trong khong gian R3, cho
S={u =(1,1,-1);u2 = (2,3,1);us = (3,4,0) }.

Héi S 6 1a tap sinh ctia R? khong?

Giai. V6i u = (7,y, z) € R3, ta lap he phuong trinh

1 2 3|2 1 2 3|z
(u] ug uj |u') = 1 34|y |—=101 1|-z+y
-1 1 0]z 0 0 0|4 —3y—+=

V6i ug = (1,1,1) thi he trén vo nghiém. Vay ug khong 1a t6 hgp tuyén
tinh clia w1, ug, u3. Suy ra S khong la tap sinh ctia R3.

Chuong 0. On tap Dai s6 A1 [II08/09/Z075 22/60
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Co sé

Dinh nghia. Cho V 1a khong gian vecto va B 1a tap con cua V. Tap B
dudc goi 1a mot co sd ctia V néu B 1a mot tap sinh ctia V va B doc
lap tuyén tinh.

Vi du. Trong khong gian R3, cho
B = {ul = (17 L, 1);u2 = (L 2, 1);“3 = (273’ 1)}

Kiém tra B 1a co s6 clia R3.

Giai. B 1a tap sinh ctia R3. (theo vi du trén)

Kiém tra B doc lap tuyén tinh. Lap ma tran

U1 1 11
A= uz |=[ 1 2 1 |. Tacor(A) =3 (hoac |A| = —1). Suy ra
U3 2 3 1

B doc lap tuyén tinh. Vay B la co sé clia R3.
Chuong 0. On tap Dai s6 A1l 08/09/2015 23/60



SO chieu

Nhan dién co sd ciia khong gian V ¢6 dimV =n
Vi dimV = n nén moi cod sé ctia V phai gdm n vecto. Hon nita, néu S
13 tap con ctia V va s6 phan tit cia S bang n thi
S 1acosdctiaV <= S doc lap tuyén tinh.
<= S la tap sinh ctaa V.

Vi du. Kiém tra tap hop nao sau day la co sé clia khong gian R3?
) By ={u1 =(1,2,3),u2 = (2,3,4)}.

b) By = {u; = (2,1 3) =(2,1,4),u3 = (2,3,1),us = (3,4,5)}.
C) B3 - {ul (17 ) Uz = (173a 2)3“3 = (72, ]-a 72)}
d) By={u1=(2,-1,0),u2 = (1,2,3),u3 = (5,0,3)}

Chuong 0. On tap Dai s6 Al
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Khong gian vectd con

Dinh ly. Cho W la mot tap con khdc rong cia V. Khi dé cic ménh dé
sau tuong duong:

(i) W<V
(ii) Voi moiu,v e W ;o€ K, ta c6 u+v €W va au € W.
(i) Vdi moi u,v € W; a € K, ta ¢c6 au+v € W.

V.

Thuéat toan tim s chiéu va cd sé ctia mot khong gian con ciia
K™ khi biét mot tap sinh

Gia st W = (uy,us, ..., up) < K", dé tim s6 chiéu va mot co sG clia
W ta tién hanh nhu sau:

Budc 1. Lap ma tran A bang ciach xép uq,us, ..., u,, thanh cac dong.
Buéc 2. Dung cac phép BDSCTD dua A vé dang bac thang R 4.

Budc 3. S6 chiéu ciia W béang s6 dong khéac 0 cia R (= 7(A)) va cac
vectd dong khéac 0 ciia R tao thanh mot c¢o sG cta W.
Chuong 0. On tap Dai s6 A1l 08/09/2015 25/60




Vi du. Cho W sinh béi S = {u1, ua, us, us} trong dé u; = (1,2,1,1);
uz = (3,6,5,7); ug = (4,8,6,8); ug = (8,16,12,20). Tim mot co sé cua
khong gian W?

Giai. Lap

U1 1 2 1 1 1 2 11
A | v |Z 3 6 5 7 0 01 2
U3 4 8 6 8 0 001
Ug 8§ 16 12 20 0000

Do d6 W ¢6 dimW = 3 va c6 mot co s6

{v1 =(1,2,1,1);v2 = (0,0,1,2);v3 = (0,0,0,1) }.
Nhan xét. Vi dimWW = 3, hon nita, c6 thé kiém ching u, ug, ug doc
lap tuyén tinh neén ta ciing c6 {u1,uz,us} 12 mot co s§ cia W.

Vi du.(tw lam) Tim mot co s cho khong gian con ctia R* sinh béi cac
vecto u1, ug, us, trong do
ur = (1,-2,-1,3); us = (2, —4,-3,0); ug = (3, -6, —4,4).

Chuone 0 Ontap Daist AL T 08/09/20T% 36760



Khong gian nghiém ctia hé phuong trinh tuyén
tinh thuan nhét

Dinh ly. Goi W la tap hop nghiém (z1,x2,...,Ty,) clia hé phuong
trinh tuyén tinh thuan nhat

anxry + apr: + - 4+ apr, = 0;
axnxry + axpr: + - 4+ agr, = 0
Am1T1 + am2Tr2 + + amnTn, = 0.

Khi dé, W la khong gian con cia R™ va so chiéu clia W bing so an tu
do cia hé. Nhu vay

W={uecR"| Au" =0}
vdi A la ma tran cho trudc va u = (x1,22,...,Tp).

Chuong 0. On tap Dai s6 A1 [IN08/09/Z075 27/60




|
Tim cd sé ctia khong gian nghiém
Thuat toan
Buéc 1. Giai he phuong trinh, tim nghiém tong quat.
Buéc 2. Lan lugt cho bo an tu do céc gia tri

ta dugc cac nghiém co ban uq, ug, ..., Up,.

Budéce 3. Khi d6 khong gian nghiém ¢6 c¢o s6 1a {ug, ug, ..., un}-

Vi du. Tim co sé va s6 chiéu ctia khong gian nghiém sau

r1 + 229 — 3x3 + dxry = 0
r1 + 3x2 — 13z3 + 2224 = 0;
3x1 + Sxy + r3 — 2x4 = 0
2¢1 + 3x9 4+ 4dxs — Txy = O.

Chuone 0. On top Dat 6 AT | 08/00/2005 28/60



Giai. Ma tran hoa hé phuong trinh, ta c6

1 2 -3 5 oy 1 2 =3 5
i 1 3 —-13 22 ds—3d; 0 1 —-10 17
3 5 1 -2 dy—2dy 0 -1 10 —17
2 3 4 -7 0 -1 10 —17
iy —2ds 10 17 —29
ds—+ds 0 1 -10 17
da+d2 0 0 0 0
0 0 0 0

Suy ra nghiém cua hé la
u = (x1,x2,x3,24) = (=17t + 295,10t — 17s,t,s) v6i t,s € R.
Cac nghiém co ban ctua hé la
up = (—17,10,1,0),ue = (29,-17,0,1).

Do d6, néu W 1a khong gian nghiém thi B = {uj,us} co s6 cia W va
dimW = 2.
Chuong 0. On tap Dai s6 A1l 08/09/2015 29/60
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Toa do
Dinh nghia. Cho V la khong gian vecto va B = {uy, ug,...,u,} 1a

mot co s6 ctia V. Khi d6 B dude goi 1a co sd duoce sdap ctia V néu thi
tu cac vecto trong B dudgce c¢d dinh. Ta thuong dung ky hiéu

(ulau2’ v 7un)

dé chi co s6 dugc sip theo thit tu wi, us, ..., uy.

Dinh ly. Cho B = (uj,us,...,uy,) la co sé cia V. Khi dé moi vecto
u eV déu duge biéu dién mot cich duy nhat dudi dang

U = iUy + QU2 + -+ - + Qplp..
Ta dat a1
a2
[uls =
(679

Khi do [ulp dugc goi la toa do cia u theo co sd B.
Luyén Chuong 0. On tap Dai s6 Al 08/09/2015 30/60




Vi du. Trong khong gian R?, ta c¢6 co s& chinh téc
By = {e1 = (1,0,0),eo = (0,1,0),e3 = (0,0,1)}.

V6i u = (21, x2,x3) ta c6: u = x1€1 + T2€2 + T3€3. Suy ra

T
-
[ulp, = | =2 |=u'.
z3
Nhan xét. Ddi vdi co sd chinh tic By = (e1, e, ..., e,) cla khong
gian K™ va u = (x1,22,...,2,) € K" ta ¢
T
x2
-
[up, = =u'.
Tn

Chuong 0. On tap Dai s6 A1 [II08/00/Z075 31/60



___________________________
Phuong phap tim [u]z

Cho V la khong gian vecto ¢6 cd s6 1a B = (uq,us, ..., u,) vau € V. Dé
tim [u]p ta di gidi phuong trinh

u=oqu; + auz + -+ apuy (%)

V6i an ai, o, ..., a, € R. Do B la co sé nén phuong trinh (*) c6
nghiém duy nhat
(a1, a9, ...,0p) = (c1,c2,...,Cn).
C1
2
Khi d6 [u|g = .
Cn

Luu y. Khi V = R", dé giai phuong trinh (*) ta lap hé

Chutong 0. On tap Dai s6 A1 [111108/09/2075 32/60
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Vi du. Trong khong gian R?, cho cac vecto

up = (1,2,1),us = (1,3,1),u3 = (2,5, 3).
a) Chitng minh B = (u1, ug, u3) 13 mot cd sd ciia R3.

b) Tim toa do clia vecto u = (a,b,c) € R? theo co sé B.

Giai.
Ul 1 21

a)Lap A= w2 |= 1 3 1 |.TacodetA =1, suy ra uy,us, us
u3 2 5 3

doc lap tuyén tinh. Vay B 1a co s6 ctia R3.

b) V6i u = (a, b, c), dé tim [u]g ta lap he phuong trinh

1 1 2|a 1 0 0|4a—b—c
(uj ug ug |u')={2 3 5|b |- 01 0|-a+b—c
1 1 3|c¢ 0 0 1|—-a+c

Chutong 0. On tap Dai s6 A1 [NI08/09/Z075 33/60



4a —-b—c
Vay [up=| —a+b—c
—a+c

Vi du.(ty lam) Trong khong gian R* cho
up = (1,2,1,2); ug = (—1,-1,2,1); uzg = (-2,-2,3,1).
Goi W la khong gian sinh béi uy, us, ug.
a) Ching t6 B = (uy,ug, us) la co sé cta W.
b) Cho u = (x,y,z,t) € RY Tim didu kien dé v € W, sau d6 tim [u]g?

v

Huéng dan. b) Dé u € W thi u 1a t6 hop tuyén tinh ctia uq, uz, ug. Ta
xét hé phuong trinh

1 -1 2|z 10 0]—2+y
2 -1 -2 0 1 0|8 —5y+2z
T, 7.7,y _ ) Yy
(wpuzug fu) =17 9 12|17 0 0 1| -52+3y— 2
2 1 1]t 00 0|—xz—2+t
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Nhu vay dé v € W thi —x — z + ¢ = 0. Hon nita

—T+y
[ulp=| 8z —5y+2z
-5 + 3y — =2
V1 du ( am) Cho Bl ( (1 2,3),up = (2,1,1),u3 = (2,1,3)) va
2,5,— —2),v3 = ( 1,—2,1)) la hai co s6 clia

R3 va | . Tim [u]p,?

Dap an. [ulg, = (10 —4 18)T.
Meénh dé. Cho B la co sd cia V. Khi dé, vdi moi u,v € V,a € R ta
co:

o [u+v]p=[up+ [v]B.

o [au]p = afu]p.
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Ma tran chuyén co sd

Dinh nghia. Cho V 14 mot khong gian vecto va
Bi = (ui,ug, ..., uy), Bo = (v1,v2,...,0,)
14 hai co sG cua V. Dat
P = ([v1]s, [v2]B; - - - [valB))-

Khi d6 P dugc goi 1a ma tran chuyén cd sd tit co sé By sang co sd
Bs va dugce ky hiéu (Bl — Bz)

Vi du. Trong khong gian R3, cho

B=(u =(1,-2,3),us = (2,3,—-1),u3 = (3,1,3))

14 co s6 ciia R3. Goi By 1a ¢6 s chinh tic cta R3. Khi d6

1 2 3
(Bo — B) = ([wi]B, [u2ls, [uslg,) = (ui ug ug)=| -2 3 1
3 -1 3
Chuong 0. On tap Dai s6 Al 08/09/2015 e
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Nhan xét. Néu B = (u1,us, ..., u,) la mot co sd cia R™ va By la co
56 chinh tdc cia R™ tha
T T T
(Bo = B) = (uq ug ... u,)

Phuong phap tim (B; — B2)

Gia st By = (uq,u2,...,uy) vd By = (v1,v9,...,v,) 1a hai co s ctia
V. Dé tim (B; — Bs), ta thuc hién nhu sau:

e Cho u la vecto bat ky cta V, xac dinh [u]p,.
e Lan lugt thay thé u bang v1,vs, ..., v, ta xac dinh dudc
[Ul]B17 [,02]817 ey [vn]Bl-

Khi do
(B1 — Ba) = ([v1]s, [vels, - - [vn]B,)-

Chuong 0. On tap Dai s6 A1 [I08/09/Z075 37/60
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Dic biét, khi V = R", dé xac dinh (B; — Bz) ta c6 thé lam nhu sau:
e Lap ma tran mé rong (u] ug ... u, | v] vg ... v,})
e Diing cac phép bién ddi so cap trén dong dua ma tran trén vé dang
(Ln|P).

Vi du. Trong khong gian R3, cho hai co s6
Bl - (Ul - (1? 17 1)7“’2 = (1727 1))“3 = (2a3a 1))

va
BQ = (Ul = (1, —3,2),1)2 = (—1, —2,4),1}3 = (3,3, —2)).

Tim ma tran chuyén co sé tit By sang Bs.

Giai. Cho u = (a,b,c) € R3, xac dinh [u]g,. Ta lap hé phuong trinh

1 1 2|a 1 0 0jla—-b+c
(uf ug uglu)y=11 2 3|b |- 0 1 0| -2a+b+c
11 1)c 0 0 1|a-c

Chuong 0. On tap Dai s6 A1 [I08/09/Z075 38/60



a—b+c
Nhu vay [u|g, = | —2a+0b+c |. Thay lan lugt u bdi vy, ve, v3 ta c6
a—c
6 5 —2
[Ul]Bl = -3 7[U2]B1 = 4 7[U3]81 = -5
—1 -5 5
6 5 =2
Vay (Bl — Bg) = -3 4 -5
-1 -5 5

Cach khac. Lap ma tran md rong

11 2 1 -1 3
(u{ ug ug |v{ vy v3)=[1 2 3|-3 -2 3 |—=
1 11 2 4 -2
6 5 -2
.Suyra (Bi—=By)=| -3 4 -5 |
-1 -5 5

Chuong 0. On tap Dai s6 Al 08/09/2015 39/60



Dinh ly. Cho V' la mat khong gian vecto va B, By, Ba, B3 la cdc co sé
cta V. Khi dé

(i) (B— B) =1,.

(ii) Yu € V, [u]g, = (B1 — Ba)[us,
(iii) (Ba — B1) = (B1 — B2)™*
(iv) (B1 — Bs) = (By — B2)(By — Bs).

Nhac lai. Cho B = (u1,us, . .., u,) 1a mot co s6 ciia R” . Khi d6

(Bo — B) = (u] ug ...u, ).

n

Heé qua. Cho By, Bs la hai co sd cia khong gian K™. Khi do
(i) (Bl — Bo) = (Bo — Bl)_l.
(i) Vu €V, [u]p, = (Bo — B1)~[uls,-

(iii) ([)’1 — 82) = (Bo — 81)71(80 — Bg)




Vi du. Cho W la khong gian con ciia R* sinh béi cac vecto:

w = (1,2,2,1),up = (0,2,0,1),u3 = (—2,3, -4, 1).

a) Ching minh B = (uy,ug, u3) 1a mot co sé ctia W.

b) Cho u = (a,b, c,d), tim diéu kien dé v € W. Khi d6 tim [u]z?

¢) Cho v = (1,0,2,0);v2 = (0,2,0,1);v3 = (0,0,0,1). Chitng minh
B’ = (v1,v9,v3) ciing 13 mot co s§ ctia W. Tim ma tran chuyén co
sG tit B sang B'?

Giai.

a) Ching minh B = (u1,u2,u3) 1a mot co s6 cia W.

Uy 1 2 2 1
Lap A= | we |= 0 2 0 1 |.Tacér(A) =3, suyraBBdoc
U3 -2 3 -4 1

lap tuyén tinh. Vi W = (B) nén B la co sé cia W.
Chuong 0. On tap Dai s6 A1l 08/09/2015 41/60
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b) Cho u = (a, b, ¢,d), tim diéu kien dé v € W. Khi dé tim [u]g?

Ta c6 u € W khi u 1 t6 hop tuyén tinh ctia B. Lap hé phuong trinh

10 -2|a 10 0|a+2b—4d
TTTT_22 Sb 010—0—3b+7d
(wr ug uglu)=1 o o 41,17 00 1|p_24

11 1|d 00 0|-2a+c

Dua vao hé phuong trinh, ta thiy dé u € W thi
—2a+c¢=0.
Hon nita
a+2b—4d

[ulp=| —a—3b+7d
b—2d

Chuong 0. On tap Dai s6 A1 [IN08/09/Z075 42/60



¢) Cho v1 = (1,0,2,0);v2 = (0,2,0,1);v3 = (0,0,0,1). Chitng minh
B’ = (v1,v2,v3) ciing 1a mot co sé ciia W. Tim ma tran chuyén co sé tit
B sang B'?

Ta thiy céac vecto v1, v, v3 déu thoa diéu kién —2a + ¢ = 0 nén theo
cau a), cac vects nay thuoc W.

Mt khac, dé thay rang B’ = (v1, v2,v3) doc 1ap tuyén tinh nén B’ ciing
1a co 86 cia W (do dimW = |B| = 3 = |B'| ). Dung két qua & cau b) ta

1 0 —4

= -1 |,[vals=| 1 |,[v2]ls= 7

0 0 -2
1 0 —4
Suyyra(B—-B)=[ -1 1 7
0 0 -2

Chuong 0. On tap Dai s6 A1 [IN08/09/Z075 43/60
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Vi du. Trong khong gian R?, cho
S=(u1=(1,1,3),ue = (1,-2,1),us = (1,—-1,2))
T=(v1=(1,-2,2),v0 = (1,-2,1),v3 = (1,—1,2))
a) Ching t6 S va T la co s6 ciia R3.
b) Tim ma tran chuyén co sé tit S sang 1?7
2
¢) Chou € R3 théa [ulr = [ —3 |. Tim [u]g?
—2

a) Ching t6 S va T 1a co 86 ciia R3.

U1 1 1 3
Lap A= we |= 1 -2 1 |.Tacor(A)=3,suyras doc lap
us 1 -1 =2

tuyén tinh. Hon nita dimR? = s6 vecto ctia S. Vay S 1 co s ciia
R3. Lam tuong ti cho 7.
Chuong 0. On tap Dai s6 A1l 08/09/2015 44/60



b) Tim ma tran chuyén co s tit S sang 177

Lap ma trén mé rong
1 1 1 1 1 1

(u] ug ug |vf vg vi)=|(1 -2 —-1|-2 -2 -1 |-
3 1 2 2 1 2

10 0j-1 00 -1 0 0

1 010[-110|Syra(S>T)=[-11 0

0 01 3 01 3 01
2

¢) Cho v € R? théa [ulr = | —3 |. Tim [u]s?

-2

-1 0 0 2 -2

Taco [uls=(S—=>T)ulr=| -1 1 0 -3 |=| -5

3 01 -2 4

Chutong 0. On tap Dai 6 AT |1 11 08/09/2015 45/60



Anh xa tuyén tinh

Dinh nghia. Cho V va W la hai khong gian vecto trén K. Ta néi

f:V — W la mot dnh za tuyén tinh néu noé théa hai dieu kien
sau:

1) fu+v)=f(u)+ f(v) v6i moi u,v € V;

i) f(au) = af(u) véi moi o € K va v6i moi u € V.

Nhan xét. Diéu kién i) va i) trong dinh nghia cé thé dugc thay thé
bing mot dieu kién :

flau+v) =af(u) + f(v),Va € K,Vu,v e V.

e L(V,W) la tap hgp cac anh xa tuyén tinh tu V vao W.

e Néu f € L(V,V) thi f dugc goi la mot todn i tuyén tinh tréen V.
Viét tat f € L(V) hay f € EndgV

Chuong 0. On tap Dai s6 Al 08/09/2015 46/60
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Khong gian nhan

Dinh nghia. Cho f:V — W la mot anh xa tuyén tinh. Ta dat
Kerf ={ue V]| f(u) =0}

Khi dé6 Kerf 1a khong gian con ctia V, ta goi Kerf 1a khong gian
nhan cia f.

Nhan xét. Duva vao dinh nghia, ta dugc

u € Kerf < f(u) =0.

Vi du. Cho f:R3 — R3 dugc x4c dinh bdi:

flx,y,z) =(xr+y—2,2x+ 3y — 2,3z + by — 2).

Tim mot co sé cua Ker f?

Chuong 0. On tap Dai s6 A1 [IN08/09/Z075 47/60



f(:r,y,z):(m+y—z,2ac—|—3y—z,3x—|—5y—z)

Giai. Goi u = (z,y,2) € R®. Ta c6

ueKerf < f(u)=

0

r + y — z =0

S 2 + 3y — 2z =0

3x + 5y — z = 0

11 -1 1 0 —2

Ma tran héa taduge, A= 2 3 -1 || 0 1 1
3 5 —1 0 0

Hé phuong trinh cé nghiém
(x,y,2) = (2t,—t,t) v6i t € R.
Nghiém co ban ctia hé 1a u; = (2, —-1,1).

Vay, Kerf c6 mot co s6 1a {u; = (2,—1,1)}.
Chuong 0. On tap Dai s6 A1l 08/09/2015 48/60
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Khoéng gian anh

Dinh nghia. Cho f: V — W 1a mot anh xa tuyén tinh. Ta dit

Imf ={f(u)|ueV}

Khi d6 Imf 1a khong gian con ctia W, ta goi Imf 1a khong gian danh
cua f.

Dinh 1y. Cho f:V — W la mot dnh za tuyén tinh. Khi dé, néu

S = {u17u2""7um}
la tap sinh cua Vithi

la tap sinh cia Imf.

Chuong 0. On tap Dai s6 A1 [I08/09/Z075 19/60




Nhan xét. Dua vao Dinh Iy trén, dé tim co sd Imf, ta chon maot tap
sinh S cia V (dé don gidn ta c6 thé chon co sd chinh tdc). Khi dé Tmf
sinh bdi tap dnh cia S.

v

Vi du. Cho f: R3 — R3 dugc x4c dinh bai:

f(xvyaz):($+y_z’2$+3y_273$+5y_2)'

Tim mot co sé cua Imf7

Giai. Goi By = {e1, e, e3} 14 cd s6 chinh téc ctia R3. Ta c6

f(el) :f(17070) = (17273)7
f(62) :f(07170) = (17375)7
f(e?)) :f(0,0, 1) = (_1’_1’_1)‘

Ta c6 Imf sinh béi {f(e1), f(e2), f(es)}.
Chuong 0. On tap Dai s6 A1l 08/09/2015 50/60



f(er) 1 2 3 12 3
Lap ma tran A= [ f(e2) |= 1 3 5 |—=11 0 1 2
f(es) -1 -1 -1 0 00

Do d6 Imf ¢6 co s6 1a {v; = (1,2,3),v2 = (0,1,2)}.
Vi du.(ty lam) Cho f: R? — R* dugc xac dinh béi:
flz,y,2) = (v + 2y — 3z, 3z + 2y, 22 + 2y — 2,42 — y + 5z).

Tim mot co sé cua Imf?

Chuong 0. On tap Dai s6 A1 [I08/09/Z075 51/60
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Ma tran biéu dién anh xa tuyén tinh

Dinh nghia. Cho V ¢6 ¢o s6 B = (uy,u2,...,u,), W ¢6 co s6
B = (v1,v2,...,vm) va f € L(V,W). Dat

P = ([f(u)ls [f(u2)lg --. [f(un)]s).
Khi d6 ma tran P dudc goi la ma tran biéu dién cia anh xa f theo
cap co s B,B', ky hieu P = [f]s 5 (hoac [f]§).
Néu f € L(V) thi ma tran [f]p s dudc goi la ma tran biéu dién todn

ti tuyén tinh f, ky hieu [f]s.

.

Vi du. Xét anh xa tuyén tinh f : R? — R? xac dinh béi

f(x,y,z):(:r—y,2ac+y+z)

va cap ¢ s6 B = (u1 = (1,1,0),u2 = (0,1,2),us = (1,1, 1)),
C = (v ( 3),v2 = (2,5)). Tim [f]zs,c?
Chuong 0. On tap Dai s6 A1l 08/09/2015 52/60




taco fw) = (0.3),
fuz) = (-1,3),
flus) = (0.4).

Véi v = (a,b) € R?, tim [v]c.
1 2

—ba + 2b
3 5 ’

3a—0b

a 10
b )7\ o1
Lan lugt thay f(uy), f(u2), f(us) ta co

e = ( ! ) [f(uz)le = ( u ) F(us)le = ( b )

oe=( 81 %)

Chuong 0. On tap Dai s6 Al 08/09/2015 53/60
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Suy ra [v]e = ( 35_ b )

Vay




.
Vi du. Cho 4nh xa tuyén tinh f : R* — R? dinh béi

@y, z,t) = (& =2y + 2z —t, 0+ 2y + 2 + 1,2z + 22).

Tim ma tran biéu dién 4nh xa tuyén tinh f theo cip co s3 chinh téc.

Giai.
1 -2 1 -1
fleosy, =11 21 1
2 0 2 0

Vi du. Cho f € L(R?) x4c dinh béi f(z,y) = (22 + y,z — 4y). Khi d6
ma tran biéu dién f theo co sd chinh tac By la:

[flB, = ( i _411 )

Chuong 0. On tap Dai s6 A1 [I08/09/Z075 54/60
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Dinh ly. Cho V va W la cdc khong gian vecto; B, B va C,C' tuong
ing la cdc cdp co sd trong V va W. Khi dé, vdi moi dnh xa tuyén tinh
f: V=W taco

(i) Yu € V,[f(uw)le = [flBcluls-
(ii) [flge = (€ =) flse(B— B).

Hé qua. Cho B va B’ la hai co 56 ciia khong gian hitu han chiéu V.
Khi dé doi vdi moi todn tii tuyén tinh f € L(V) ta cé

(i) Yu e V,[f(uw)ls = [f8luls-
(ii) [fls = (B— B)"'[f]s(B— B).

Vi du. Trong khong gian R? cho co s6
B=(u; =(1,1,0);us = (0,2,1);u3 = (2,3,1))
va anh xa tuyén tinh f : R® — R? dinh bai:
fle,y,2)=2r+y—z,2 42y — 2,20 —y + 32).
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Giai. Goi By 1a co s6 chinh tic cia R3, ta c¢6

2 1 -1
flgo =11 2 -1
2 -1 3

Ap dung he qua tren, ta c6

[f15 = (Bo — B)™'[f5,(Bo — B),

1 0 2
trong d6 (By — B) = (u] ug ud)=| 1 2 3 |, dodo6
011
-1 2 —4
Bo—=B)T=-1 1 -1
1 -1 2
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Suy ra

(15 = (Bo = B)~'[f]5,(Bo -
-1 2 —4 2 1 -1 1 0 2
=1-1 1 -1 1 2 —1 1 2 3
1 -1 2 2 -1 3 01 1

—8 7 —13 1

=1|-3 2 -3 1

5 —3 6 0

Vi du. Cho anh xa tuyén tinh f : R? — R2?, biét ma tran bicu dién cta
f trong cap co s6 B = (u; = (1,1,1);us = (1,0,1); u3 = (1,1,0)) va
C=(v1=(11);v2=(2,1)) la

e (23 7%)

Tim cong thic cia f.

Chuong 0. On tap Dai s6 A1 [108/09/Z075 57/60




-3 > Ta c6

>. Suy ra f(uy) = 2v1 + 0vy = (2,2).
>. Suy ra f(u2) =v1 + 3vy = (7,4).
3
4

). Suy ra f(us) = —3v1 + 4vy = (5,1).

(
o [flun)lc = (
(
S

Cho u = (z,y,2) € R3. Tim [u]s.

11 1| 1 0 0lz—y—=
Lap (uj ugug [u )= 1 0 1|y |- 0 1 0|22+y—=2
11 0|z 00 1|-xz+=2
—r+y+=z
Vay [u]s = T—y
T —z

Chuong 0. On tap Dai s6 A1 [IN08/09/Z075 58/60



Suy rau = (—x +y+ 2)u; + (r — y)uz + (x — z)us.
Vay, ta co

f(u)

(—z+y+2)f(u) + (2 —y)f(u2) + (= 2) f(u3)
(—z+y+2)(2,2)+ (z—y)(7,4) + (z — 2)(5,1)
(10x — 5y — 32,3z — 2y + 2).

Cach 2. Goi By va Cy 1an luot 1a co sd chinh tic ciia R3 va R2. Ap
dung cong thtc ta cé

[f]Bo,co = (C = Co) [ fls.c(B — By).

Ta c6
-1 T.T 12
¢ (C—=C) Tt =(Co—C)=(v]v]) = ( - >
111
e (Bo—>B)=(ujugui)=|[1 0 1
110
Chuong 0. On tap Dai s6 A1l 08/09/2015 59/60



-1 1 1
Suyra(B—>Bo)(Bo—>B)1( 1 -1 0).

Vay

[flBoce = (C— Co) ' [flBc(B— Bo)

Suy ra f(z,y,z) = (10z — 5y — 3z,3x — 2y + 2).
Chuong 0. On tap Dai s6 A1l 08/09/2015 60/60



Vi du.(ty lam) Cho f 1a toan tit tuyén tinh trong khong gian R? dugce
xac dinh béi

f(x1, o, x3) = (1 + 3x2, —2x9 + T3, 471 — T2 + 213).

a) Tim ma tran biéu dién f trong co sé chinh tic ciia R3.

b) Tim ma tran biéu dién f trong cd s

B = (Ul = (_1727 1)ﬂu2 = (Oa 1a 1)7“3 = (07 _37 _2))

Chuong 0. On tap Dai s6 A1 [IN08/09/Z075 60/60



