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1.1. Dinh nghia va ky hiéu

Dinh nghia. Mot ma tran cip m x n trén R 14 mot bang chit nhat
gom m dong, n cot véi mn hé sé trong R c6 dang

aii ai2 Ain

a a a
A= 21 22 2n

Gml Om2 Amn,

Viét tat: A = (aij)mxn hay A = (aj;), trong d6 a;; € R.
a;j hay Aj; la phan tit & vi tri dong i cot j cia A

M, %n(R) 12 tap hop tat cd nhitng ma tran cap m x n trén R.
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1.1. Dinh nghia va ky hiéu
Vi du.

1 2 3 L2
A= S ngg(R); B = 01 S ngg(R).
01 2 9 3

> Ma tran c6 cac phan tit bang 0 dugce goi 1a ma tran khong, ky hieu
Omxn ( hay 0)

Vi du.
00 0 O
O3x4=1 0 0 0 O
00 0 O
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1.2. Ma tran vuong

Dinh nghia. Néu A € M, «,(R) (s6 dong bang s6 cot) thi A duge goi
la ma tran vudng.

ail  ai2 Aln

a a a
A= 21 22 2n

anl an2 Ann

M, (R): Tap hgp tat ci cAc ma tran vuong cap n trén R.

Vi du.
-1 3 2 0 00
A= 2 -1 1 )eMR); 03=[( 0 0 0
5 23 0 00
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1.2. Ma tran vuong

Dinh nghia. Néu A = (a;;) € Myxn(R) thi duong chia cac phan ti
11,99, - . - , py dugc goi 1a dudng chéo chinh hay duwong chéo cta

A.
ai; a2 ... Glp
A= a1 a2 a2n
anl Qan2 Unn
Vi du.
1 3 5
A= -2 -3 3
2 -2 1
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e Néu cac phan tit nam dudi duong chéo ctia A déu bang 0 (nghia la
a;j = 0,Vi > j) thi A dugc goi 1a ma tran tam gidc trén.

e Néu cac phan ti nam trén dudng chéo ctia A déu bang 0 (nghia la
a;j = 0,Vi < j) thi A dugc goi 1a ma tran tam gidc dudi.

e Néu moi phan tit nam ngoai dudng chéo bang 0 thi A (nghia 1a

a;j = 0,Vi # j) dugc goi la ma tran duong chéo, ky hiéu

diag(aj,a9,...,an).

1 5
Vidau. A=|0 -3 3|, B=| 2 0 0
0 1

\
[\
\
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Ma tran don vi

Ma tran vuong cap n cé cac phan ti trén dudng chéo bang 1, cac

phan tit nam ngoai dudng chéo bang 0 dugc goi 1a ma tran don vi
cap n, ky hieu I, (hozc I.)

Vi du.

S
|
VRS
S =
)
N
&
|
S O =
S = O
= o O

Nhan xét. Ma tran A la ma tran duong chéo khi va chi khi vita la ma
tran tam gidc via la ma tran tam gidc dudi.

v
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1.3. Cac phép toan trén ma tran
a) So sanh hai ma tran

Cho A, B € My, xy. Khi d6, néu a;; = b;j, Vi, j thi A va B dugce goi
13 hai ma tran bang nhau, ky hiéu A = B.

. . 2 r+1 1 . 3y —4 1
Vi du. T1mx,y,zde<2$_1 z>_<y—1 2z+2>' J
Giai. Ta c6
r+1 = 3y—4; r = 1
20-1 = y-1L &y = 2
z = 2z+42. z = =2
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1.3. Cac phép toan trén ma tran

b) Chuyén vi ma tran
Cho A € My,xn(R). Ta goi ma tran chuyén vi cia A, ky higu
AT, 1a ma tran cip n x m, c6 dugc tit A bing cach xép cac dong ciia A
thanh cac cot tuong ng, nghia la

ail @12 ... QAln ai;p a1 ... Qamil
A= asy a9 N 0 2 e) thi AT: a1g a2 ... Qam2
aml Am2 Amn A1n A2n Gmn
Vi du.
Lot s oo
A=|6 -8 01 |=AT=
0 4 -3 6 o3
5 1 6
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IE———.y ok Sl

e Néu AT = A thi ta néi A 1a ma tran doi xing.

e Néu AT = — A thi néi A 1a ma tran phdn xing.
1 2 =2
Vi du. A= 2 4 5 | la ma tran déi xing.
-2 5 6
0 -2 1
B = 2 0 -3 | la ma tréan phan xing.
-1 3 0

Tinh chat. Cho A, B € My,xn(R). Khi dé:
D) (AT)T = 4;
ii) AT=BT & A=B.
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¢) Nhan mot so v6i ma tran

Cho ma tran A € My, xn(R), @ € R. Ta dinh nghia oA 13 ma tran
c6 tit A bang cach nhan tat ca cac hé s6 ctia A vé6i «, nghia 1a

(OéA)ij = ()éAij,Vi,j.

Ma tran (—1)A duge ky kieu la —A dugc goi 1a ma tran doi cla
A.

. P (3 4 1 .
Vi du. NeuA(0 1 _3>th1

6 8 2
2= (05 &)

-3 —4 -1
_A_< 0 —1 3>'
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Tinh chat. Cho A la ma tran va a, § € R, ta ¢é
i) (aB)A = a(4A);
i) (d)T =aAT;

iii) 0.A=0va 1.4 = A.

Lé Van Luyén (DHKHTN HCM) Ma tran va Hé PT tuyén tinh 06/04/2010 14 / 84



d) Tong hai ma tran

Cho A, B € My,xn(R). Khi d6 tong ciia A va B, ky hieu A + B la
ma tran dudgc xac dinh bdi:
(A+ B)ij = Aij + Bij.
Nhu vay, dé tinh A + B thi:
e A va B ciing cap;
e Cac vi tri tuong tng cong lai.

Ky hieu A —B:= A+ (—B) va goi la hiéu cia A va B.

Vi du.
23 0 + 10 -4\ (3 3 —4
1 2 -3 78 -3) \ 8 10 -6 )
23 0) (10 —4Y_( 1 34
1 2 -3 78 -3) \ -6 -6 0)/°
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IE———.y ok Sl

Tinh chat. Vdi A, B,C € Myxn(R) vi o, 8 € R, ta co
i) A+ B= B+ A (tinh giao hoan);

ii) (A+B)+C =A+ (B+C) (tinh két hop);
D) Opxcn + A=A+ O = A;

) A+ (=4) = (—A) + A = Omxn;

v) (A+B)T=AT +BT;
i)
i)
i)

iii

iv

vi) a(A+ B) = aA+ aB;
vii

(a+ B)A = A+ [A;
(—a)A=a(-A) = —(ad).

viii
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e) Tich hai ma tran
Cho hai ma tran A € Mp,xn(R), B € My xp(R). Khi d6, tich cha A
v6i B (ky hieu AB) la ma tran thudc Mp,x,(R) duge xac dinh béi:

(AB)ij = AinB1j + AieBaj + ... + Ain By

Nhu vay, dé tinh AB thi:
e Sb cot clia A bang s6 dong ctia B;
e Phan tit thit 4, j cia AB bang dong i ctia A nhan cot j cia B.
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1 3
Vide Void=( L 2 ) B={2 1].c=(% ")
: 31 2 1 0
3 -1
ta co:
1 3
12 -1 2 6
31 2 5 1) 11 8
1 3 10 5 5
BA:21<:15?_;>: 55 0 |;
3 —1 05 —5
1 3 5 —1
BC=|2 1 (i_é): 5 =2 |;
3 —1 5 -3
nhung AC va C'B khong xac dinh.
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Tinh chéat. Vdi A € Myxn(R), B, By, By € Myyp(R), C € Myyy(R),
D1, Dy € Mgun(R), ta co

i) IyA = A va Al, = A. Dac biét, véi A € M,(R), ta cé

I,A = Al, = A.

ii) OpxmA = Opxn V04 AOpyxg = Opmxq. Ddc biét, vdi A € My(R), ta co
OnxnA = AOnxn = Opnxn.

iii) (AB)T =BTAT,

iv) (AB)C = A(BC).

v) A(B1+ B2) = AB1 + ABs

(D1 4+ D9)A = D1 A+ Dy A.
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f) Lay thita ma tran
Cho A € M, (R). Ta goi liay thia bac k cia A 1a mot ma tran
thuoc M, (R), ky hieu A¥, duge xac dinh nhu sau:
AV =1, A = A; A% = AA; .. AR = AR A,
Nhu vay A* =A... A.
——

k lan
Vi du. ChoA:<(1) ?).TinhAQ,A?’, tit d6 suy ra 4200, J
Giai.
1 3 1 3 1 6
2 _ _ _
wear=(o 7)o 7)=(a ")

wera=(5 1) (0 1) =0 1)
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1 200><3>

200 _
Suy ra A —(0 1

Vidu. Cho A= ( é 1 ) Tinh A0,
1 1 1

Vidu. ChoA=| 0 1 1 |.Tinh A" v6in > 1.
0 01

Tinh chat. Cho A € M, (R) va k,l € N. Khi do:
i) I* =1,
i) AR = Ak AL
iii) AM = (Ak)!

Lé Van Luyén (DHKHTN HCM) Ma tran va He PT tuyén tinh 06/04/2010

21 / 84



g) Da thic ma tran Cho A € M,(R) va

f(x) = apz™ + 1™V 4 arx+ ag
14 mot da thic bac m trén R (o; € R). Khi d6 ta dinh nghia
f(A) = 0 A™ + a1 A" 4+ A+ ol
va ta goi f(A) 1a da thic theo ma tran A.

Vidu. Cho A= < _f _i’ > va f(z) = 32% — 22 + 2. Tinh f(A). J

7 -9

ens A2
Gidi. Ta co A° = ( _3 4

), f(A) =3A2 —2A +2I,.

Suy ra
7 -9 2 3 10 27 —33
f(A):?’(—a 4>_2< 1—1)”(0 1):(—11 16)
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2. Céac phép bién ddi sd cap trén dong

2. Cac phép bién doi so cap trén dong

2.1 Céc phép bién doi so cap trén dong
2.2 Ma tran bac thang

2.3 Hang ctia ma tran
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2. Cac phép bién ddéi so cap trén dong

2.1 Cac phép bién doi so cap trén dong

Dinh nghia. Cho A € M,,x,(R). Ta goi phép bién déi so cap trén
dong, viét tat 1a phép BDSCTD trén A, la mot trong ba loai bién
déi sau:
Loat 1. Hoan vi hai dong 7 va j (i # 7).
Ky hiéu : d; < dj
Loai 2. Nhan dong ¢ cho mot s6 « # 0.
Ky hiéu: d; := ad;
Loai 3. Cong vao mot dong i véi 8 lan dong j (5 # ).
Ky hiéu: d; := d; + Ad;
V6i ¢ 13 mot phép bién doi so cap, ky hieu ¢(A) chi ma tran cé tir A
qua .

Vi du. =2 M,(Q 3)@)(2 3

1 -2 2 —4 )
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2. Cac phép bién ddéi so cap trén dong

Vi du.

dieds, L3 6 -1 -3

do:=2do
—_—

—_
|
[\]
w
[N

di:=d1+2d3
—_

— O
—
[\
|
[\
|
(=)
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2. Cac phép bién ddéi so cap trén dong

Twong duong dong

Nhan xét.

1) ASZY, = 4 B9 g,

e di:=Ld;
9) A d=edi qr o g BTN 4,

d;—pd;

d;:=d;+0d; d;:=
A gy g BBy

3) A

Dinh nghia. Cho A, B € My,xn(R). Ta néi A tuong duong dong
véi B, ky hieu A ~ B, néu B c6 dudc tit A qua hitu han phép bién doi
sd cap trén dong nao d6. Vay,

A ~ B < Ton tai cac phép BDSCTD ¢4, ..., ¢ sao cho

AZS A2 P AL = B.

v
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2. Cac phép bién ddéi so cap trén dong

Nhan xét. Quan hé tuong duong dong la mot quan hé tuong duong
trén My, xn(R), nghia la VA, B,C € My,xn(R), ta cé:

i) A~ A (tinh phin za).
ii) A~ B = B~ A (tinh dbi zing).
iii) A~ Bwva B~C= A~ C (tinh bic cau).

1 2 -2 3 2 3 -2 1
Vidu. A=|12 51 |~|58 13 ]|=8B.
2 3 -2 1 3 6 -6 9

Vi B ¢6 dudge tit A qua lan lugt cac phép BDSCTD sau: dy « ds,
do := do + 2d1, d3 := 3d3s.

v

Hoi. Lam cach nao kiém tra hai ma tran tuong duong dong véi nhau?J
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2. Cac phép bién déi so cap trén dong

2.2 Ma tran bac thang

Dinh nghia. Cho A € M,;,«»(R). Phan tit khac khong dau tien ctia
mot dong ké tit bén trai duge goi 1a phan i co sd cia dong dé.

0o -1 21
Vi du. Cho ma tran | 3 1 —2 3 |.Khidoé:
0 0 00

Dong 1 ¢6 phan t1t co sé 134 —1, dong 2 ¢6 phan t1 co s 1 3, dong 3
khong c6 phan tit co sé.

v

Dinh nghia. Mot ma tran dudc goi 1a ma tran bac thang néu nod
thoa 2 tinh chat sau:

e Dong khong c¢6 phan tit co s6 (néu ton tai) thi ndm dudi cung;

e Phan t1t co s6 clia dong duéi ndm bén phai so véi phan tit co s6
ctia dong trén.

)
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2. Céac phép bién ddi sd cap trén dong

Nhu vay ma tran bac thang sé c6 dang

0O ... 0 L’lkl e e Ay oeee e A1k, -.. Qln
0O ... 0 0 0 A2y +vr eee A2k, ... Q2n

O ...0 0 ... O 0 ... 0 lapg, .- Grn

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
1 2 5 4 2 2 3 21
p 100317 1 00 4 2
Vidw A=150014]" B=lo1 03
000 0O 0 00O
A la tran bac thang, B khong la ma tran bac thang.
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2. Cac phép bién ddéi so cap trén dong

ma tran bac thang rat ngon

Dinh nghia. Ma tran A dugc goi 1a ma tran bac thang rut ngon

néu théa cac diéu kién sau:
e A la ma tran bac thang.

e Cac phan tit co sé déu bang 1.

e Trén cic cot c6 chita phan ti co s6, tat ca cac hé sd khac déu

bang 0.
1000 4 13027
) o100 -7 lo1000
Vidw C=1 g 11 o P=1 00100
0000 O 0000 0

C la ma tran bac thang rat gon.

D khong 1a ma tran bac thang rat gon.
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2. Cac phép bién ddéi so cap trén dong

2.3 Hang ctia ma tran
Dang bac thang

Dinh nghia. Néu A tuong duong dong véi mot ma tran bac thang B
thi B dugc goi 1a mot dang bac thang cia A.

Vi du. Cho
1 2 3 -2 1 2 3 -2
A=| -2 -5 1 -4 |, B=|0 -1 7 -8
3 6 9 —6 0 00 O

Khi d6 B la mot dang bac thang cia A vi B ¢6 duge tir A thong
qua cac phép bién doi: dy := dy + 2d4, d3 = d3 — 3d;.

Hoi. Dang bac thang ctia mot ma tran c6 duy nhat khong? J
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2. Cac phép bién ddéi so cap trén dong

Hang ctia ma tran

Nhan xét. Mot ma tran A thi cé nhiéu dang bac thang, tuy nhién cdc
dang bac thang cia A déu cé chung s6 dong khdc 0. Ta goi s6 dong
khdc 0 cia mot dang bac thang cia A la hang cia A, ky hiéu r(A).

Meénh d&. Cho A, B € My,n(R). Khi dé:

)

i) r(A)=0< A =0;
) 7
)
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2. Cac phép bién dé

Dinh nghia. Néu A tuong duong dong v6i mot ma tran bac thang rit
gon B thi B dudgc goi 1a dang bac thang rit gon cia A.

v

Nhan xét. Dang bac thang rit gon ctia mot ma tran A la duy nhat va
ki hiéu Ra.

v

1 2 3 =2
Vidu. ChoA=| -2 -5 1 —4 |.Khidé
3 6 9 —6
1 0 17 -—-18
Ra=| 01 -7 8
0 0 O 0

R, c6 duge tit A thong qua cac phép bién doi: dy := do + 2d4,
d3 = d3 — 3dy,ds := —1do,dy := dy — 2ds.

v
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2. Céac phép bién ddi sd cap trén dong

Thuat toan Gauss
Tim mot dang bac thang cia A = (a)ij € Mpmxn(R)

Buéc 1: i :=1,7 :=1.
Buéc 2: Néu i > m hodc j > n thi két thuc.

Budc 3: Néu a;; = 0 thi sang Budc 4. Néu a;; # 0 thi thyc hién cac
phép BDSCTD sau:
Qi

dy :=dj — —2d; v6i k> 1.
Qi

Sau d6i: =i+ 1,5 :=j+ 1 va quay vé Budc 2.

Buéc 4: Néu ag; = 0 v6i moi k > i thi j := j + 1 va quay vé Budc 2.
Néu ay; # 0 v6i mot k > ¢ ndo d6 thi chon mot k& nhu vay va thuc hien
phép BDSCTD: d; « dj, va quay vé Budc 3.
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2. Céac phép bién ddi sd cap trén dong

Vi du. Tim mdt ma tréan dang bac thang R ctia ma tran

7T 1 3 0
7T -1 -2 =2
4 2 7 0
42 3 13 -3

DN ==

Tu d6 xac dinh hang cta A.

Giai.

dyidy—dy r7 1 3 0
4 da=ds—2d 00 -2 -5 -2

_—
dar=ds—6d; 0 0 0 1 0
00 -3 -5 -3
17 1 3 0
da=da—3dy 00 -2 -5 -2
00 o 1 o0
00 0 3 0
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2. Céac phép bién ddi sd cap trén dong

dyr=ds—3dy

dy=ds—32dg

SO O = OO O -

OO O N OO0 o

1
-2
0
0

1
-2
0
0

3
-5
1
5

2
3
-5
1
0

0

Ta c6 A ~ R va R c6 dang bac thang v6i 3 dong khac 0 nén A ¢6

hang la r(A) = 3.

Luu y. Trong qué trinh dua ma tran vé dang bac thang, ta c6 thé
diing cac phép BDSCTD phit hop dé tranh viéc tinh toan céc so 18.
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2. Cac phép bién ddéi so cap trén dong

Vi du.
Tim hang clia ma tran sau:
1 2 3 3
A=12 4 6 9
2 6 76
23 1 4
B = 34 2 9
-2 0 -1 -3
11 -1 21
23 -1 45
¢= 32 -3 7 4
-11 2 -3 1
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Vi du. Tim tit ci gid tri m dé r(A4) = 3 v6i
11 1 2

A=1 2 3 4 1

32 m m+1

Vi du. Tim tit ci gid tri m dé r(B) = 2 vdi

1 m m
B = m 1 m
m m 1
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2. Cac phép bién ddéi so cap trén dong

Thuat toan Gauss-Jordan
Tim mot dang bac thang riat gon cia A = (a)ij € Mmxn(R)

Chi khac Thuat toan Gauss § Bude 3, ta can thie hién cac phép bién
déi sau:

dy = dy— 24, voik #£i;
j
1
aij

Vi du. Tim ma tran dang bac thang riat gon ctia ma tran

7T 1 3 0
7
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2. Céac phép bién ddi sd cap trén dong

Giai.

—_
w

0
-2
0
-5 -3

7 1 3 0 dyimdy—d
7 _1 _2 _2 d3::d372d1
B
14 2 7 0 d4q:=ds—6d;
42 3 13 -3

|
[\
|
— ot

0

DN ==
|
w

d1:=d1+%d2

dyr=ds—3dy
_—
dy:=—1d,

) N|UT = OO

dy:=dy— 3 ds

dar=da—2ds
_—
dyr=ds—2ds

— o

OO O+ OO O, OO O
O OO OO N OO0 o

OO RO OO~ O
|
OO R K OO -

=
(]

Ta thay R4 la ma tran dang bac thang rat gon ciia A.
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2. Cac phép bién dé

3 cap trén dong

Tim dang ma tran bac thang rat gon ctia cac ma tran sau:

Vi du.
4
a) [ O
0
1
b) [ 2
3
1
1
c) 5
1
1
2
d) 1
-2

3 2 2
2 1 1 |;
0 3 3
2 3 6
3 1 6 |;
1 2 6
-1 5 -1
1 -2 3
-1 8 1|
3 -9 7
3 -2 -1
5 =2 1
1 6 13
-6 8 10

v

Lé Van Luyén

(PHKHTN HCM) Ma tran va Hé PT tuyén tinh 06/04/2010

41 / 84



3. Hé phuong trinh tuyén tinh

3. Hé phuong trinh tuyén tinh

3.1 Dinh nghia
3.2 Nghiém hé ctia phuong trinh tuyén tinh
3.3 Giai hé phuong trinh tuyén tinh

3.4 Dinh ly Kronecker - Capelli
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3. Hé phuong trinh tuyén tinh

3.1 Dinh nghia hé phuong trinh tuyén tinh
M6 dau

207 — 239y 4+ x3 — x4 + x5 = L

1 + 2xy — x3 + x4 — 225 = 1
4r1 — 10z 4+ bxy — dry + Tz = 1;
20y — 1l4x9 4+ Txz — Txy + 1las = -—1.
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3. Hé phuong trinh tuyén tinh

3.1 Dinh nghia hé phuong trinh tuyén tinh

Dinh nghia. Mot hé phwong trinh tuyén tinh trén R gdm m
phuong trinh, n an s6 1a mot hé ¢6 dang

anry + appxre +---+  apr, = by
axnxry + axry +---+  agr, = by (%)
Am1T1 + amaT2 + -+ QmpTn = bm:

trong do
e a;; € R: céc he sb;
e b; € R: cac hé sb tir do;

e I1,%2,...,%,: Cac an s6 nhan gia tri trong R.
Néu (*) c6 cac he s6 tu do =0 thi ta noi (*) 1a hé phuong trinh
thuan nhat trén R. )
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3. Hé phuong trinh tuyén tinh

air a2 ain z b1
a1 G2 aonp x2 b

A= X = . B=
Aml Am?2 Amn Tn bm

Ta goi A 1a ma tran hé s6, X 1a cot cac an, B 1a cot cac he so tu do
ctia he (x). Khi d6 he (x) duge viét dudi dang AX = B.

Dit
allr a2 ... aip | b1
~ a a e.oa b
A _ (A’B) _ 21 22 2n 2
Aml Am2 Qmn ‘ bm
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3. Hé phuong trinh tuyén tinh

3.2 Nghiém hé phuong trinh tuyén tinh

Dinh nghia. Ta néi u = (a1, ag,...,a,) la nghiém cia hé phuong
trinh (%) néu ta thay thé z1 := a1, 22 1= ag, ... 1, := ay, thi tat ci cac
phuong trinh trong (x) déu thoa.

DPinh nghia. Hai hé phuong trinh dugc goi 1a twong duong nhau
néu ching c6 cling tap nghiem.

Nhan xét. Khi gidi mot hé phuong trinh tuyén tinh, cic phép bién
doi sau day cho ta cdc hé tuong duong:

e Hodn doi hai phuong trinh cho nhau.
e Nhan hai vé ciia mot phuong trinh cho mot s6 khdc 0.

o (Cong vao mot phuong trinh maot boi cia phuong trinh khdc.

v
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3. Hé phuong trinh tuyén tinh

Dinh 1y. Néu hai hé phuong trinh tuyén tinh cé ma tran md rong
tuong duong dong vdi nhau thi hai hé phuong trinh do tuong duong

nhau.

Vi du. Giéi phuong trinh

r — y — 2z = =3
20 — y + 2z = 1 (1)
r + y + z = 4.
] 1 -1 —2|-3 - 1 -1 —2]-3
Giagi. A= 2 —1 1| 1 | ®=EE2A g 1 5| 7
1 1 1| 4 ) %4 0 2 3| 7
3 1 0 3| 4 P 1 001
=didds g 5 7 | 2222001 02
damd=2d \ g o0 —7| -7 ) @ZR7EE \o o 1)1
Lé Van Luyén (DHKHTN HCM) Ma tran va He PT tuyén tinh 06/04/2010 47 / 84




3. Hé phuong trinh tuyén tinh

z + 0y + 0z = 1;
(1) < 0Oz + y + 0z = 2
Oz + Oy + =z =1
x = 1
& y = 2
z = 1.

Vi du. Giai hé phuong trinh

r + y — 2z = 4
2r + 3y + 3z = 3 (2)
5r + Ty + 4z = 10.
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3. Hé phuong trinh tuyén tinh

Giai. Ma tran héa hé phuong trinh tuyén tinh, ta cé

. 11 —-2| 4
A=\ 2 3 3| 3
5 7 4110
11 =2 10 =9 9
A d2:=d2—2d1 0 1 7 . d1:=d1—d2 0 1 7 _5
da=ds=dh \ g 9 14|-10 ) BB N0 0 0] 0
Nhu vay,
T - 92 = 9
(2)®{ y + Tz = =5
Nhu vay nghiém cta (2) la
z = 9+ 9%
y = —5-Tt
z = t.
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3. Hé phuong trinh tuyén tinh

Vi du. Giai hé phuong trinh

r + y — 2z = 4
2r + 3y + 3z = 3; (3)
5 + Ty + 4z = 5.

Giai. Ma tran hoéa hé phuong trinh tuyén tinh, ta cé

11 —2]4
A= 2 3 3|3
5 7 4|5
11 —2| 4 10 9] 9
j =2 g 7| 5 | de=hh g 1 7] 5
da=ds=sdi \ (9 qq|_15 ) =BT\ o o o] _5

Hé (3) vo nghiém vi Oz + Oy + 0z = —5.
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3. Hé phuong trinh tuyén tinh

Nhan xét. Hé phuong trinh tuyén tinh thuan nhat

annr1 + appzre +---+  apzr, = 0;
axnxy + axry +---+  agr, = 0;
Am1T1 + amar2 +- A+ ampT, = 0,

luon ¢6 mot nghiem u = (0,0,...,0). Nghiém nay duoc goi la nghiém
tam thuong.

Dinh 1y. S6 nghiém cia phuong trinh tuyén tinh chi cé 3 truong hop
sau:

o Vo nghiém;
e Duy nhat mot nghiém;

o Vo s6 nghiem.
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3. Hé phuong trinh tuyén tinh

3.3 Giai he phuong trinh tuyén tinh

Cé6 2 phuong phap
e Gauss

e Gauss - Jordan

Phuong phap Gauss
Bude 1. Lap ma tran mé rong A = (A|B).
Budc 2. Dua ma tran A vé dang bac thang R.

Bué6c 3. Tiy theo truong hop dang bac thang R ma ta két luan
nghiém nhu sau:

- Truong hop 1. Xuat hién mot dong
(0000...00] #0).

Két luan hé phuong trinh vo nghiém.
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3. Hé phuong trinh tuyén tinh

- Truong hop 2. Ma tran R ¢6 dang

C11  C12 Cln | 01
0 co29 Con | 2
0 0 Cnn | O
0 0 0 0
0 0 00

Khi d6 hé phuong trinh c¢6 nghiém duy nhat. Viéc tinh nghiém
dugce thuce hién tu dudi lén trén.
- Truong hop 3. Khac 2 truong hgp trén. Khi d6 hé c6 vo s6
nghiém, va:
e An tuong tng véi cac cot khong c6 phan tit co s6 sé 1a an ti
do (lay gia tri tuy ¥).
e An tuong ting véi cot ¢6 phan tit co s6 sé duge tinh ti dudi
lén trén va theo céac an tu do.

(DHKHTN HCM) Ma tran va He PT tuyén tinh 06,/04,/2010 53 / 84



3. Hé phuong trinh tuyén tinh

Vi du. Giai hé phuong trinh sau:
1 + 220 + 33 + 4dxy = T
Ty + 211 + 223 + 34 = 6
3r1 + 2x9 + 2x4 + xr3 = 7,
dr; 4+ 3z2 + 223 + x4 = 18,
Giai. Ta c6
1 2 3 4 7
~ 2 1 2 3 6
A=(A]B) = 3 21 2 7
4 3 2 1| 18
i 24 1 2 3 4 7
dai—ds—3d, 0 -3 —4 5| -8
dya:=ds—4dq 0 —4 -8 —10 —-14
0 -5 —-10 —-15| —10
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3. Hé phuong trinh tuyén tinh

do:=do—2d1

dz:=d3—3d1
T

dy:=ds—4dy

do:=da—d3
—_

ds:=d3+4ds
s

dy:=dy+5d2

Lé Van Luyén

(DHKHTN HCM)

1 2 3 4
0 -3 -4 -5
0 -4 -8 -10
0 -5 —-10 —-15
1 3 4
0 1 4 )
0 -4 -8 -10
0 -5 —-10 -15
12 3 4 7
01 4 5 6
0 0 8 10 10
0 0 10 10| 20

Ma tran va He PT tuyén tinh

—14
—10

—14
—10
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3. Hé phuong trinh tuyén tinh

1 2 3 4 7 1 2 3 4 7
01 4 5 6 dsds 01 4 5 6
B
0 0 8 101 10 dgi=-Lds 001 1 2
0 0 10 10| 20 0 0 8 10| 10

1 2 3 4 7
dy:=ds—8d3 01 45 6

_—
0011 2
00 0 2| —6

Vay hé da cho tuong duong véi hé sau:

r1 + 229 + 3x3 + 4dxy = T T = 2;
o + 4x3 + Sx4 = 6 o) T2 = 1;
T3 + my = 2 r3 = 5
2:6‘4 = — Ty = -3.
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3. Hé phuong trinh tuyén tinh

Vi du. Giai hé phuong trinh sau:
1 + 29 — 3x3 + dxy = 1;
r1 + 3x2 — 13z3 + 2224 = -—1;
3r1 + bz + T3 — 2x4 = 9;
201 + 3x9 +  4dx3 — Txy = 4,
Giai. Ta c6
1 2 =3 5 1
~ 1 3 —-13 22| -1
A=(AlB) = 3 5 1 -2 5)
2 3 4 -7 4
dyimdy—dy 1 2 -3 5 1
d3:=d3—3d; 0 1 —-10 17 -2
_
da:=dy—2d4 0 -1 10 —-17 2
0 -1 10 —17 2
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3. Hé phuong trinh tuyén tinh

2 =3 ) 1
1 =10 17| -2
10 —-17 2
-1 10 -17 2

o O O
|
—_

1 2 -3 5 1
d3:=d3+d2 0 1 -10 17 -2
_
dy:=dy+ds 0 O 0 0 O
00 0 0 0
Vay hé da cho tuong duong véi hé sau:
1 + 20 — 3x3 4+ bSxy = 1;
rog — 10x3 + 17xy = —2.
Chon x3 = a, x4 = 3, ta tinh dugc
Tog = —2+4+10x3 — 17z4 = -2+ 10a—173;
r1 = 1—2x9+3x3—5x4 = 5—17a + 290.

PN S, I S T .
Ma tran va Hé PT tuyén tinh 06/04/2010
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3. Hé phuong trinh tuyén tinh

Vi du. Giéi hé phuong trinh sau:

T1 — 2x9 4+ 3x3 — 4dxy = 2;
3r1 + 3x9 — bxry + Ty = —3;
—2x1 + To + 2x3 — 3ry = 9;
3$1 + 3$3 - 101’4 = 8.

Giai. Ta co

. 3 3 -5 1| -3
A=(A]B) = 2 1 2 -3| 5

3 3 —10| 8
e 1 -2 3 —4] 2
doi—dy+-2d 0 9 —14 13| -9
dy:=dyg—3dy 0 -3 8 —11 9

0 6 —6 2 2
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3. Hé phuong trinh tuyén tinh

Nej
|
—_
s
—_
w
|

do<d3

OO O+~ OO0 O
Ne) (@)
|
— |
W~ =
—_
w [\
|

N O© O N N O O

d3:=d3+3d2
i SN
dga:=d4+2ds

-3 8 11 9
0 10 —20 | 18

dg:=ds—d3
—_—

oS o+ OO O
o o
—_
o
|
[\~
]
DO
o
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3. Hé phuong trinh tuyén tinh

1 -2 3 -4 2
0 -3 8 —-11 9
0 0 10 —20 | 18
0 0 0 0 2

Vay hé da cho tuong duong véi hé sau:

r1 — 229 + 3xz — 4dxy = 2
— 39 + 8xz — 1llzy = 9
10z3 — 20x4 = 18;

0o = 2

Hé nay vo nghiém. Do d6 hé da cho ciing vo nghiém.
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3. Hé phuong trinh tuyén tinh

Phuong phap Gauss - Jordan
Budc 1. Lap ma tran mé rong A = (A|B).
Bué6e 2. Dua ma tran A v dang bac thang rut gon R4.

Bué6c 3. Tiy theo truong hop dang bac thang riat gon R4 ma ta két
luan nghiém nhu sau:

v

- Truong hop 1. Xuat hien mot dong (00 0 0...0 0] # 0). Két luan
hé phuong trinh vo nghiém.

- Truong hop 2. Ma tran R4 ¢6 dang

1 0 Oa1

1 ... 0| ay
00 1] o
00 0] 0
00 ..0]0
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3. Hé phuong trinh tuyén tinh

Khi d6 hé phuong trinh c6 nghiém duy nhat 1a
Tl =01, Tg = Q2,...,Tp = Op.
- Truong hop 3. Khac 2 truong hgp trén. Khi d6 hé c6 vo s6
nghiém, va:
e An tuong tng véi cac cot khong c6 phan ti co sé 1 sé 1a an
tu do (lay gia tri tuy ¥).
e An tuong tng véi cot ¢6 phan ti co s3 1 sé duge tinh theo
cac an tu do.

S6 an tu do dugc goi la bac tw do ctia hé phuong trinh.
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3. Hé phuong trinh tuyén tinh

3.4 Dinh 1y Kronecker- Capelli

Dinh ly. Néu gl = (A|B) la ma tran md rong cia hé gom n an dang
AX = B thir(A) = r(A) hogc r(A) =r(A) + 1.
Hon nia,
(A) =r(A)+ 1 thi hé vo nghiém;
o néur(A) =r(A) = n thi hé c6 nghiém duy nhat;

o r(A) =r(A) <n thi hé c6 vo s6 nghiém vdi bac tu do la n—r(A).

v

Vi du. Giai va bién luan hé phuong trinh tuyén tinh sau theo tham sb
m

3r1 + bxes 4+ 3x3 — dxy = 1;

21 4+  3x2 + T3 —+ zy = 0

5r1 + 90 + 6xrs — 1bzy = 2;
13x1 + 2220 + 1323 — 2224 = 2m,

v

Lé Van Luyén (DHKHTN HCM) Ma tran va Hé PT tuyén tinh 06/04/2010 64 / 84



3. Hé phuong trinh tuyén tinh

A=(AB) =

di:=d1—d2
_—

do:=da—2dy
ds: =d3—5d;
—_— =

dy: =dyg—13d1

dz:=d3—d2
_
dy: =dg—4d2

(DHKHTN HCM)

3 95
2 3
5 9
13 22
1 2
2 3
5 9
13 22
1 2
0 -1
0 -1
0 —4
1 2
0 -1
0 0
0 0

3 -4
1 1
6 —15
13 —22
2 =5
1 1
6 —15
13 —22
2 -5
-3 11
-4 10
—-13 43
2 =5
-3 11
-1 -1
-1 -1

Ma tran va He PT tuyén tinh
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2m

[y
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3. Hé phuong trinh tuyén tinh

1 2 2 -5 1

ds:=ds—ds 0o -1 -3 11 -2
—_—

da: =ds—4ds 0 0 -1 -1 -1

0 0 -1 —-1]| 2m—-5

1 2 2 -5 1

dy:=ds—d3 0 -1 -3 11 -2
_

0 0 -1 -1 -1

0 0 0 0| 2m—4

Bién luan:
1) 2m —4 # 0 < m # 2: Khi d6 hé (1) vo nghiém nén hé da cho ciing
vO nghiém.

2) m = 2: Hé (1) tuong duong véi hé sau:

1 + 2x9 4+ 2x3 — bdxy = 1;
— ro — 3xz3 + llzy = =2
- T3 - ry = —1.
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3. Hé phuong trinh tuyén tinh

Chon z4 = « ta tinh dugc

r3=1—24=1—q;

To =2 —3xs3+ 1lxy = —1 + 4o
r1=1—2x9 — 223+ 54 = 1 — 21

Vay khi m = 2, hé da cho c6 vo s6 nghiém v6i mot an tu do

(x1,x9,23,24) = (1 — 21, =1 + 1, 1 — o, @)

voi a € R tuy §.

Vi du. Gidi va bién luan hé phuong trinh tuyén tinh sau theo tham sb

m
r1 + X2

1 + 219

xr1T — xI9

dr1 + 3xo

—  x3 +
— 3x3 +
+ 4dx3 —
— x5 +

2.%4
4y
T4
mixg

1;

2;
m
m

)

2 _6m+4,

v
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3. Hé phuong trinh tuyén tinh

1 1 -1 211
~ 1 2 -3 41 2
A=(AlB) = 1 -1 4 —1 | m
4 3 -1 m| m*—6m+4
i 1 1 -1 211
do: —dy—dy 0 1 -2 211
—_—
d4::d4—4d1 O _2 5 _3 m — 1
0 -1 3 m-—8| m?>—6m
1 1 -1 211
ds:=ds+2ds 01 -2 211
_—
d4: =d4+do O O 1 1 m + 1
0 0 1 m—6| m2—6m+1
1 1 -1 211
da:=ds—ds 01 -2 211
_
0 0 1 1| m+1
00 0 m—7|m2=1"Tm
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3. Hé phuong trinh tuyén tinh

1 1 -1 211

01 -2 211

0 0 1 1| m+1

00 0 m—7|m?>=Tm
Bién luan:
1)m—7#0< m # 7: Khi d6 he (1) cho ta

Ty = m;

r3 = m+1—x4:1;

ro = 14+2x3—2x4 =3-—2m;

Ty = 1—x0+2x3—214 = —1.

Suy ra khi m # 7 hé da cho c¢6 duy nhat mot nghiem 1a

(xy, Ty, T3, 4) = (=1, 3—2m, 1, m).
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3. Hé phuong trinh tuyén tinh

2) m = 7: Hé (1) tuong duong véi hé sau:

Ty 4+ xy — x3 + 224 = 1
T2 — 2x3 + 2x4 = 1 (2)
r3 + X4

Chon z4 = « ta tinh dugc
r3=8—14 =8 — q;

ro =14 2x3 — 224 = 17 — 4oy
r1=1—20+23—224=-8+ .

Vay khi m = 7 hé da cho c6 v6 s6 nghiém véi mot an tur do

(1,22, 23, 24) = (=8 + 0,17 — 4,8 — v, )

véi a € R tuy .
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4. Ma tran kha nghich

4. Ma tran kha nghich

4.1 DPinh nghia

4.2 Nhan dién va tim ma tran kha nghich
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4. Ma tran kha nghich

4.1 Dinh nghia

Mé dau
Xét trén tap so6 thuc R. Cho z € R, héi ton tai hay khong y sao cho

zy = 1.

Hoi. Trén tap hgp ma tran thi sao? J

Dinh nghia. Cho 4 € M,,(R). Ta n6i A khd nghich néu ton tai ma
tran B sao cho AB = BA = I,,. Néu B théa diéu kién trén dugc goi 1a
ma tran nghich ddo cua A.

Nhan xét. Ma tran nghich ddo cia mot ma tran khd nghich la duy
nhat. Ta ky hiéu ma tran nghich ddo cia A la A~

v
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4. Ma tran kha nghich

. (3 5 C e a1 2 -5
Vi du. ChoA-(1 2>.Kh1doA —<_1 3>.

Ménh dé. Cho A € M,(R). Gid sit A khd nghich va cé nghich ddo la
AL Khi dé
i) A=Y khd nghich va (A=1)~! = A.
i) AT khd nghich va (AT)™' = (A=1)T.
1
iii) Vo € R\ {0}, oA khd nghich va (aA)~™t = —A~L,

Q

Meénh dé. Cho A, B € M,(R). Néu A va B khd nghich thi AB kha
nghich, hon nia
(AB)"' =B tA™L
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4. Ma tran kha nghich

4.2 Nhan dién va tim ma tran kha nghich

Dinh 1y. Cho A € M,(R). Khi dé cic khing dinh sau tuong duong:

i) A khd nghich.
i) T(A)

i) A~
)

ii

iv) Ton tai cdc phép BDSCTD 1, ..., @ bién ma tran A thanh

ma tran don vi I,:
AN A — S A=,

Hon nia, khi dé qua chinh cic phép BDSCTD o1, ..., 0, ma
tran don vi I, sé bién thanh ma tran nghich ddo A™':

I, 25 B — ... 25 B =41

v
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4. Ma tran kha nghich

Phuong phap tim ma tran nghich dao

Lap (A|l,) vad dung cac phép BDSCTD bién A vé dang ma tran bac
thang rat gon:

(A|L) 25 (A1 B)) — ... 25 (A B,) — ...

Trong qua trinh bién ddi c6 thé xay ra hai trudng hgp:
e Truong hop 1: Ton tai p sao cho trong day bién ddi trén, ma tran
A, ¢6 it nhat mot dong hay mot cot bang 0. Khi d6 A khong kha
nghich.
e Truong hop 2: Moi ma tran A; trong day bién déi trén déu khong
c6 dong hay cot bang 0. Khi d6 ma tran cudi cliing ctia diy trén
c6 dang (I,|B). Ta c6 A kha nghich va A~! = B.

Luu y. Néu bai todn chi yéu cau kiém tra ma tran A c6 kha nghich
hay khong, ta chi can tinh hang cia ma tran (dung Gauss).

v
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4. Ma tran kha nghich

Vi du. Xét tinh kha nghich ctia A va tim A~! (néu c6)

1 2 3 4
25 4 7
A= 3 7 8 12
4 8 14 19
Giai.
12 3 41 0 0 O
25 4 7/0 100
(Alfy) = 37 8 12/0 0 1 0
4 8 14 19/0 0 0 1
dyimdy—2ds 1 2 3 4 1 0 00
d3:=d3—3d; 01 -2 -1}/-2 100
s
dy:=dy—4d; 01 —1 0|—-3 0 1 0
0 0 2 3/—-4 0 0 1
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4. Ma tran kha nghich

di:=d1—2ds
— =
d3:=d3—d2

di:=dy—Td3
do:=d2+2d3
R

dy:=dy—2d3

d1:=dy+dy
do:=do—dy
_ = =

d3:=d3z—d4

Lé Van Luyén (DPHKHTN HCM)

OO O+ OO0 OO+ OO o

2 3 4] 1 0 O
1 -2 -11-2 1 0
1 -1 0|-3 0 1
0 2 3|-4 00
0O 7 6] 5 =20
1 -2 -1(-2 1 0
0 1 11-1 -1 1
0 2 3|-4 00
00 —-1}12 5 =7
10 1|-4 -1 2
01 1(-1 -1 1
0o 1(-2 2 =2
000510 7 -9
100 -2 -3 4
010 1 -3 3
00 1|-2 2 =2

Ma tran va He PT tuyén tinh
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4. Ma tran kha nghich

Nhu vay, A khéa nghich va
0 7 -9 1

-2 =3 44
AT = 1 -3 3 —1
—2 2 =2 1
Vi du. Xét tinh kha nghich ctia A va tim A~! (néu co)
1 2 3 4
2 11 0
A= 3 0 2 1
4 -1 0 =3
Giai.
1 23 411000
2 11 00100
MW =13 o2 1|00 10
4 -1 0 -3 |0 0 0.1
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4. Ma tran kha nghich

o 1 2 3 41 1.0 0 0

dy: —ds—3dy 0 -3 -5 —-8/-2100

—_—

dy:=d4—4d; 0O -6 -7 —-11/-3 0 1 0
0 -9 —12 —-19|—-4 0 0 1
1 2 3 4/ 1 000

dsi—ds—2ds 0 -3 -5 -8[-2 100

_—

dy:=d4—3ds 0 0 3 5 1 -2 10
0 0 3 5| 2 -3 01
1 2 3 4/ 1 0 00

dy: —=ds—ds 0 -3 -5 —-8[-2 1 0 0

_
0 0 3 5| 1 -2 10
O 0 0 0 1 -1 -1 1

Ta c6 r(A) < 4. Suy ra A khong kha nghich.
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5. Phuong trinh ma tran

5. Phuong trinh ma tran

Dinh ly. Cho cic ma tran A, A" € M, (R) khd nghich va
B e Mnxp(R)7 Ce men(R); D e Mn(R) Khi do
i) AX=B& X=A"'B;
iii) AXA'=D& X =A"1DAL

5 2 2 5

Vi du. Giai phuong trinh ( 31 )X = < -2 3 > .

Giai. Phuong trinh ¢6 dang AX = B. Ta ¢6 A kha nghich, nén

(2 5)(22) (),
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5. Phuong trinh ma tran

. . 3 1\ (-2 3
Vi du. Giai phuong tr1nhX< 5 9 ) —< 9 5>. J

Giai. Phuong trinh ¢6 dang XA = B. Ta ¢6 A kha nghich, nén
o (-2 3 2 -1\ [ -19 11
X =54 _< 2 5 -5 3 ) \ =21 13 )°
Vi du. Tim ma tran X thoa

1 11 1 -2
1 2 2 X(i§>: 3 1
1 2 3 2 -1

Giai. Phuong trinh ¢6 dang AXB = C. Ta c6 A, B kha nghich, nén

X =A1cB™!
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5. Phuong trinh ma tran

2 —1 0 1 -2 L
X=A"'CB™! -1 2 -1 3 1 < 43 >
0 —1 1 2 —1.
-1 -5 3 _9
= 3 5 4 3
-1 =2
17 —13
=1 —-11 9
5 —4
) X ) , 1 2 -1\, [ 1 -2
Vi du. T1mmatranXthoa<_2 _3 1)X—<_1 1>. J
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5. Phuong trinh ma tran

1 I2

Giai. bat X = | z3 x4 |.Taco
Ts Te
( 1 2 —1>X_( T1 + 2x3 — T5 IL‘2+21‘4—£L‘6)
-2 =3 1 —2x1 —3x3+ x5 —2T9 —3x4 + 26 )
1+ 23 —15 = 1;
N . To+2x4 —x¢ = —2
Suy ra hé phuong trinh { 9wy —3ws + a5 = —1
—2x9 —3T4+ x5 = 1.
1 0o 2 0 -1 0 1
i - 0 1 0o 2 0 —-1|-2
-2 0 -3 0 1 0| -1
0 -2 0 -3 0 1 1
10 00 1 0] -1
0100 O 1 4
“loo10 -1 o 1
0 001 0 —-1|-3
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5. Phuong trinh ma tran

Suy ra
.
\
—1—-1
Vay X = 1+t

t

Lé Van Luyén (DPHKHTN HCM)

o O o

L1
T2
T3
T4
L5
L6

0 0O 1
1 00 O
01 0 -1
0 0 1 0
= —-1-4t
= 4—s;
= 141
= —3+s;
= s.
4—s
—3+s
s

0|-1
1] 4
0| 1
-1|-3
t,seR

véi t, s tu do.
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