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1. Khong gian vectd

1. Khong gian vecto

DPinh nghia. Cho V la mét tap hgp véi phép toan +. V' duge goi la
khong gian vecto trén R néu moi u,v,w € V vaa, B € R ta c¢6 8
tinh chat sau:

(1) utv = v+u;

(2) (u+v)+w = ut(v+w);
(3) ton tai 0 € V : u+0 = 0+u = u;
(4

(5) (aB)u = a(fu);

( + B)u = au + Pu;

(
(

7) a(ut+v) = autav;

) (

)t

) ton tai v/ € Vi v/+u = u+u = 0;
) (

6) (a

)
)

8) 1l.u = u.

v
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1. Khong gian vectd

Khi doé ta goi:

mdi phan t u € V 1a mot vecto.
mdi s6 a € R 13 mot vo hwdng.
vecto 0 1a vecto khong.

vecto U’ 1a vecto doi cia wu.

Vidu. XétV =R"={(z1,22,...,2,) | z; ERY,i € 1,n}.

Véi u = (a1, az2,...,a,), v=(b1,ba,...,b,) € R" va a € R, ta dinh
nghia phép céng + va nhan . vd6 huéng nhu sau:

Khi d6 R" 1a khéng gian vecto trén R. Trong dé:

utv = (a1 + by,ag + ba, ..., an + by);

au = (aa, aag, ..., 0ay).

> Vecto khong 1a 0 = (0,0,...,0);

>

Vecto dbi ctia u 1a —u = (—a1, —ag, ..., —ay).
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1. Khong gian vectd

Vi du. Tap hop My, «n(R) v6i phép cong ma tran va nhan ma tran véi
mot s6 thiye thong thuong 14 mot khong gian vecto trén R. Trong doé:

> Vecto khong 1a ma tran khong
> Vecto dobi ctia A 1a —A.

Vidu. Tap hop
Rlz] = {p(z) = apz™ + ... + a1z +ag|n € N,a; € R,i € T,n}

gom cac da thic theo x vdi cac hé s6 trong R 14 mot khong gian vecto
trén R v6i phép cong vecto la phép cong da thic thong thuong va phép
nhan vo huéng vé6i vecto 1a phép nhan thong thuong mot s6 véi da
thiic.

Vi du. Tap hop R,[z] gom cac da thitc bac nhé hon hodc biang n theo
x Vvéi cac he s6 trong R 14 mot khong gian vecto trén R.

v
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Vidu. ChoV = {(z1,72,23) € R® | 2z1 + 323 + 23 = 0}.
Khi d6 V la khong gian vecto trén R.

Vi du. Cho W = {(x1,22,23) € R? | 21 + 29 — 223 = 1}.
Khi d6 W khong la khong gian vecto, vi

u=(1,2,1) e W,v=(2,3,2) ¢ W,

nhung v +v = (3,5,3) ¢ W

Meénh dé. Cho V la mot khong gian vecto trén R. Khi dé vdi moi
u €V vaa€eR, ta co

i) au=0< (=0 hay u=0);
i) (=1)u=—u.
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2. T6 hgp tuyén tinh

2. T6 hop tuyén tinh

1.1 Té hgp tuyén tinh

1.2 Doc lap va phu thudc tuyén tinh
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2. T6 hgp tuyén tinh

2.1 T6 hop tuyén tinh

Dinh nghia. Cho ui,u,..., Uy, € V. Mot t6 hop tuyén tinh cua
UL, U, . . ., Uy 12 MOt vectd cd dang

U= aiui +asus + ...+ amlim vli a; € R

Khi d6, ddng thic tren dude goi 1a dang biéw dién cla u theo cac

vecto uy, ug, . .., Umny.

Vi du.

e Vecto u = (4,4,2) 14 t6 hgp tuyén tinh ciia cac vectd
up = (1,-1,2),up = (2,3, —1),u3 = (0,1, ~2), vi

u = Uy + 2us — ug.
e Vecto 0 luon luon 1a mot t6 hop tuyén tinh ctia uq, us, ..., U, Vi

0=0u; +0us + ...+ Ouy,.

v
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2. T6 hgp tuyén tinh

Ho6i. Lam cach nao dé biét w 1a to hgp tuyén tinh clia i, ug, ..., upm? J

Ta c6 u 1 td hgp tuyén tinh ctia uy, us, ..., Uy khi phuong trinh
U= ul + aoug + ... + gy (%)
c6 nghiém aq, ao,...q,;, € R.

Xét truong hgp khong gian R™. Gia s

u = (bl,bz,...,bn)
ur = (u11,u21...,Un1);
Uz = (u12,u22 .- -,UnQ);
Um = (Ui, U2m - - - s Unm)-
U1 + U2 + .o+ Uiy, = by
Khi do (<) U1 + U + ... + U2y, =  bo; ()
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2. T6 hgp tuyén tinh

Uil U2 Ulm bl
Ma tran héa (x#) ta duge | 2+ 22 s, | b2

Upl  Un2 Unn | b
Thc la

Nhu vay, dé kiém tra « 1a t6 hgp tuyén tinh ctia ug,us, ..., u,, trong R”
ta lam nhu sau:
e Lap ma tran hoa (u] ug ... u) |u') (1)
e > Néu (1) vo nghicm, két luan u khong phai 1a t6 hop tuyén tinh
cla Up, U, ...y Uy

> Néu (1) co nghicm aq, asg, . ..y, thi v 1a t6 hgp tuyén tinh va
c6 dang biéu dién theo 1a wuq,ug, ..., U, :

U= Ul + Uy + ... + AUy,
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2. T6 hgp tuyén tinh

Vi du. Xét xem u = (—3,1,4) ¢6 1a t6 hgp tuyén tinh clia cdc vecto J
u

- (17 2, 1)7 ( 1, -1, 1)7 3 = (_27 1, 1) hay kh()ng?
1 -1 -2|-3
Giai. (u{ ug ug |u')=12 -1 1| 1
1 1 1 4
1 -1 -2 -3 10 3 4
oi=do2di g 5| g | izdidd [ g 5| o
dyi=d3—d; 0 o 3| 7 ) d=ds2 00 —7|—7
s (109]:
dy:=dy—3d
dy=dy—5d; \ 0 0 1|1

Hé phuong trinh ¢6 nghiem duy nhat (aq;ag;as) = (1;2;1).
Vay u la t6 hop tuyén tinh ctia uq, us, us.
Dang biéu dién ctia u 1 u = uy + 2ug + us.
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2. T6 hgp tuyén tinh

Vi du. Xét xem u = (4,3,5) c6 1a t6 hgp tuyén tinh ciia céc vecto
); u

up = (1,2,5),ue = (1,3,7),us = (—2,3,4) hay khong?
1 1 -2]4
Giai. (u{ ug uj |u')=12 3 3|3
5 7 4|5
1 1 -2 4 10 -9 9
do:=do—2dy 01 7| —s di:=dy —d> 01 7|5
Gor=ds=h\ g 2 14|15 ) ®TEE N0 0 o0f-5

Hé vo nghiem vi 0z + Oy 4+ 0z = —5. Vay u khong 1a t6 hop tuyén
tinh cta uq, us, us.
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2. T6 hgp tuyén tinh

Vi du. Xét xem u = (4,3,10) c6 1a t6 hop tuyén tinh clia cac vecto J

up = (1,2,5),ue = (1,3,7),us = (—2,3,4) hay khong?
11 -2| 4
Giai. (u{ ug uj |u')=1{2 3 3| 3
5 7 4110
1 1 =2 4 1 0 -9 9
_tai=da—2dy | 0 1 71 —5 _du=di—dy 0 1 71 -5
d=d=5h \ g 2 14]-10 ) ®=B2 \o 0 0| 0

Nghiém ctia hé 1a (ag; ag;a3) = (94 9t, —5 — Tt t)
Vay u la t6 hop tuyén tinh ctia uq, us, us.

Dang biéu dién ctia u 1a u = (9 + 9t)uy + (=5 — Tt)ua + tus.
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2. T6 hgp tuyén tinh

Vi du. Trong khong gian R* cho cac vecto u; = (1,1,1,1);
ug = (2,3,—1,0); uz = (—1,—1,1,1). Tim diéu kién dé vectc
u = (a,b, c,d) 1a mot t6 hgp tuyén tinh ctia uq, us, us.

Giai.
1 2 —1la 1 2 —1la
1 3 —1|b 0 1 O0|b—a
T, 17T, T Ty
(wiugug fur)=1f 1 1 1.7l o0o 3 2/ca
1 0 1|d 0 -2 2|d—a
02 —1| a 02 —-1| a
01 0|—a+b 01 0|—a+b
— —
00 2| —4a+3b+c 00 2| —4a+3b+c
00 2|-3a+2+d 00 O0|la—-b—c+d

Dé u 1a mot t6 hop tuyén tinh ctia uy, us, us thi hé c6 nghiem, tic 1a
at+d=b+ec.
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2. T6 hgp tuyén tinh

2.2 Doc lap va phu thuoc tuyén tinh

Dinh nghia. Cho wuy,us,...,uy, € V. Xét phuong trinh
aqu] + asug + ...+ aptly, = 0. (%)
e Néu (x) chi c6 nghiém tam thuong oy = ag = ... = ay, = 0 thi
ta noi uy, us, ..., uy (hay {ur,ua, ..., uy}) doc lap tuyén tinh.
e Néu ngoai nghiém tam thuong, (*) con c6 nghiém khac thi ta noéi
U1, U2, .. ., Uy (hay {ui,ug, ..., un}) phu thuodc tuyén tinh.
No6i cach khéc,
> Néu phuong trinh (%) c6 nghieém duy nhat thi uy, us, ..., uy, doc
lap tuyén tinh.

> Néu phuong trinh () ¢6 vo sb nghiem thi uy, ug, ..., u, phu
thudc tuyén tinh.
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2. T6 hgp tuyén tinh

Vi du. Trong khong gian R? cho cac vecto u; = (1,2, —3);

ug = (2,5,—1); us = (1,1, -9). Hbi w1, uz,us doc lap hay phu thudc
tuyén tinh?

Giai. Xét phuong trinh
aqul + agug + aguz = 0

< a1(1,2,-3) + a2(2,5,-1) + as(1,1,-9) = (0,0,0)

ar + 20 4+ o3 0;
& 200 4+ bag + ag = 0;
—30&1 — Qo — 9013 = 0
1 2 1
Ma tran héa hé phuong trinh, A = 2 5 1
-3 -1 -8

Ta c¢6 r(A) = 3 nén hé c¢6 nghiém duy nhat. Suy ra wuy, us, ug doc lap
tuyén tinh.
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2. T6 hgp tuyén tinh

Vi du. Trong khong gian R? cho cac vecto uy = (1,1,1); uz = (2,1, 3);
ug = (1,2,0). Hdi uq,ug, ug doc lap hay phu thuoc tuyén tinh?

Giai. Xét phuong trinh
a1ul + agug + aguz =0

& (a+202 + az,a+ az + 2a3,a + 3az) = (0,0,0)

a; + 200 + a3 = 0
=4 a1+ as + 2a3 = 0
a1+ 3ag =0
1 21
Ma tran héa hé phuong trinh, A = 1 1 2
1 3 0

Ta c6 7(A) = 2 nén he vo s6 nghiém. Suy ra uj, us, u3 phu thuoc
tuyén tinh.
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2. T6 hgp tuyén tinh

Nhan xét. Ho vecto ui,us, ..., Uy, phu thudc tuyén tinh khi va chi khi
ton tai vecto u; 1o t6 hop tuyén tinh cia cdc vecto con lai. That vay,

o Néu ui,us, ..., Uy phu thuoc tuyén tinh thi cé aq, as, ...,
m

am € R khong dong thoi biang 0 sao cho > ajuj = 0. Gid si
j=1

a; # 0, khi d6

- E :O‘JUJ

i

o Néu c6 u; sao cho u; =Y Bju; thi Z Bjuj =0, trong do
J#i
Bi = —1#0, diéu nay ching té ui,us, ..., uy phu thuoc tuyén
tinh.
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2. T6 hgp tuyén tinh

Ménh dé. Cho V la khong gian vecto trén R va S = {ui, ua, ..., Un}
la tap hop cdc vecto thuoc V. Khi do
o Néu S phu thudc tuyén tinh thi moi tap chita S déu phu thudc
tuyén tinh.
o Néu S doc lap tuyén tinh thi moi tdp con cia S deu doc lap
tuyén tinh.

Hé qua. Cho ui,us,...,un, la m vectd trong R™. Goi A la ma tran cé
duogc bing cach xép ui,us, ..., Uy thanh cic dong. Khi do
UL, U2, . . ., U dOc lap tuyén tinh khi va chi khi A ¢6 hang la r(A) = m.

v

T He qua trén ta sé xay dung thuat toan kiém tra tinh doc lap
tuyén tinh clia cac vecto trong R
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2. T6 hgp tuyén tinh

Thuat toan kiém tra tinh doc lap tuyén tinh ciia cac
vectd trong R™

Budc 1: Lap ma tran A bang cach xép uy, us,. .., U, thanh cic dong.

Budc 2: Xéc dinh hang r(A) cta A.
> Néu r(A) = m thi uy, ug,. .., uy, doc lap tuyén tinh.
> Néu r(A) < m thi ui,us,. .., u, phu thudc tuyén tinh.

Trudng hdp m = n, ta c6 A la ma tran vuong. Khi dé cé thé thay Budc
2 bang Bué6c 2’ sau day:

Buéce 2’: Tinh dinh thic detA.
> Néu detA # 0 thi uq, us, ..., u, doc lap tuyén tinh.
> Néu detA = 0 thi uq,us, ..., u, phu thudc tuyén tinh.
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2. T6 hgp tuyén tinh

Vi du. Trong khong gian R® cho cac vecto u; = (1,2, -3,5,1);
ug = (1,3,-13,22, —-1); ug = (3,5,1,—2,5). Hay xét xem uy, ug, uz doc
lap tuyén tinh hay phu thudc tuyén tinh.

Giai.
U1 12 -3 5 1
Lap A= w | = 1 3 —-13 22 -1
u3 3 5 1 -2 )

1 2 =3 5 1
1 -10 17 -2
0 -1 10 —-17 2

do:=do—dy
—_—
ds:=d3—3d1

[en}

—_

2 =3 5 1
1 -10 17 -2
0 0 0 0 O

d3:=d3+ds

[en}

Ta c6 r(A) = 2 < 3. Suy ra ug, us, ug phu thuoc tuyén tinh.
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2. T6 hgp tuyén tinh

Vi du. Trong khong gian R? cho céc vecto
up = 2m+1,—-m,m+1);
ug=(m—2,m—1,m—2);
ug=(2m—1,m—1,2m—1).
Tim diéu kién dé uq,ug, uz doc lap tuyén tinh.

Uy 2m+1 —m m+1
Gidi. Lap A= | us | = m—2 m—1 m-—2 | Taco
Uu3 2m—-—1 m—1 2m—1
2m+1 —m m+1 o m  —m m—+1
Al =|m-2 m—1 m-2 === 0 m—-1 m—2
2m—1 m—1 2m—1 0 m—1 2m—1
5 —1 —2
Cotlm‘z_l 22_1‘—m(m—1)(m+1).

Do d6 w1, u9, us doc lap tuyén tinh khi va chi khi
Al A0 < m(m—1)(m+1) #0< m #0 vam # +1.
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3. Co sG va s6 chiéu cuia khong gian vecto

3.1 Tap sinh

3.2 Cd sd va sd chiéu
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3. Cd s3 va sb chiéu ctia khong gian vectd

3.1 Tap sinh

Dinh nghia. Cho V la khong gian vects va .S C V. S dugce goi la tap
sinh ctia V néu moi vecto u ciia V déu 1a to hop tuyén tinh ctia S. Khi
do, ta néi S sinh ra V hoac V dugce sinh béi S, ky higu V = (S).

v

Vi du. Trong khong gian R?, cho
S={u=(1,1,1);u2=(1,2,1);u3 = (2,3,1)}.
Héi S 6 1a tap sinh ctia R? khong?

Giai. V6i u = (7,y, 2) € R3, kiém tra xem u c6 14 t6 hop tuyén tinh
cua u1,uz,us khong?

Ta lap hé phuong trinh
2| x

1 2|z 1 1
2 3y — 1 0 1 1| —z+vy
1 1]z 00 —-1|—-x+z2

(ul ug ug [u')=

—_ =
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3. Cd s3 va sb chiéu ctia khong gian vectd

Hé c6 nghiem. Suy ra v la t6 hop tuyén tinh ctia uq, us, us3. Vay S la
tap sinh ctia R3.

Vi du. Trong khong gian R3, cho
S={{ur=(1,1,—1);u2 = (2,3,1);us = (3,4,0) }.

Héi S ¢6 1a tap sinh ctia R? khong?

Giai. V6i u = (7,y, z) € R3, ta lap he phuong trinh

1 2 3|2 1 2 3|z
(u] ug uj |u') = 1 3 4|y |—-101 1|-2x+4y
-1 1 0]z 0 0 0|4 —3y—+=

Véi up = (1,1,1) thi hé trén vo nghiém.

Vay ug khong 1a t6 hop tuyén tinh ciia w1, ug, ug. Suy ra S khong la
tap sinh ctia R3.
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chiéu ctia khong gian vecto

Vi du. Trong khong gian Re[x], cho
S={fi=2"+z+1;fo=22"+3x+1; f3 = 2” + 2z + 1}.

H6i S ¢6 la tap sinh cta Ry[z] khong?

Giai. V6i f = az? + bz + ¢ € Ro[z], kiém tra xem f c6 1a t6 hop tuyén
tinh caa fi, fo, f3 khong?

Xét phuong trinh oy f1 + aafo + asfs = f.

o1 + 202 + a3 = a;
& a1 + 3as + 2a3 = b
oy + oy + as = C.
1 2 11a 1 2 1 a
Ma tran héa, A= 1 3 2|b | - 0 1 1 —a+b
1 1 1]¢ 0 0 1|—-2a+b+c
Hé c6 nghiem. Vay f 1a t6 hop tuyén tinh ctia fi, f2, f3. Suy ra S 1a

tap sinh cta Ro[z].
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& va sb chiéu ctia khong gian vecto

3.2 Co s6 va sb chieu

Dinh nghia. Cho V' la khong gian vecto va B 1a con cia V. B duge
goi 1a mot co sd ctia V néu B 1a mot tap sinh va B doc lap tuyén tinh.

Vi du. Trong khong gian R3, cho

B={u1=(1,1,1);us = (1,2,1);u3s = (2,3,1)}.

Kiém tra B 1a co sG clia R3.

Giai. B 1a tap sinh ctia R3. (theo vi du trén)
Kiém tra B doc lap tuyén tinh.

U1 1 11

Lap ma tran A = | us = 1 2 1

U3 2 31

Ta c6 r(A) = 3 (hodc |A| = —1). Suy ra B d

oc lap tuyén tinh. Vay B 1a
co s clia R3.
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Vi du. Trong khong gian R?, cho

S={u =(1,1,-2);u2 = (2,3,3);us = (5,7,4) }.

Héi S ¢6 1a co 56 ciia R? khong?

Vi du. Trong khong gian R?, cho
S={u =(1,1,-1);u2 = (2,1,0);uz = (1,1,0); us = (1,-4,1) }.

Héi S 6 1a co sé ciia R? khong?

Vi du. Trong khong gian Re[x], cho

S={fi=a?+ax+1;fo=2202+a+1;f3=0>+22+2}

Hoi S c6 1a co sé ctia Ro[z] khong?
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3. CJd s3 va sb chiéu ctia khéng gian vecto

S6 chieu

Bb6 dé. Gid stV sinh bdi m vecto, V = (ui,ua, ..., up). Khi dé moi
tap hop con doc lap tuyén tinh cia V cé khong qud m phan ti.

Hé qua. Gid stV c6 mot co sé B gom n vecto. Khi dé moi co s
khdc cia V hitu han va co ding n vecto.

Dinh nghia. Cho V la khong gian vectd, s chiéu clia V, ky hieu la
dimV, 1a s6 vecto clia tap co sd. Trong truong hgp vo han chiéu, ta ky
dimV = oo.

Vi du. Trong khong gian R3, cho
B={ui=(1,1,1);us = (1,2,1);u3s = (2,3,1)}.

Khi d6 B 1a co s6 ctia R3. Do d6 dimR? = 3.
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3. CJd s3 va sb chiéu ctia khéng gian vecto

Vi du. Trong khong gian R™, xét By = {e1, €9, ..., e,}, trong dé

er = (1,0,0,...,0),

Vé6i u = (x1,x9,...,2,) € R". Ta cb

u = x1€1 + T2e2 + - -+ + Tpeén.

Do d6 By 1a tap sinh ctia R™. Mat khac By doc lap tuyén tinh nén By 1a

co 86 ctia R™. By duge goi 1a co s& chinh tac cia R™. Nhu vay

dimR"™ =n

Lé Van Luyén (DHKHTN HCM) Chuong 3. Khong gian vecto

22/05/2010

30 / 86



3. Co sb va sb chieu cia khong gian vectd

Vi du. Khong gian vecto M, xn(R) c6 co s6
By = {EZJ | ,i€lm,j e 17777‘}’

trong d6 E;j la ma tran loai m x n chi ¢c6 mot he s6 khac 0 duy nhat 1a
hé s6 1 & dong i cot j. Do d6 M, x,(R) hitu han chiéu va

dimM,, xn(R) = mn.

Vi du. Khong gian R,[z] gom cac da thitc theo x bac khong qua n véi
hé s6 trong R, 14 khong gian vecto hitu han chiéu trén R c6
dimR,[z] =n+ 1 v6i co s6 By = {1,z,...,z2"}.

Vi du. Khong gian R[z] gom tat cdc da thitc theo x véi he s6 trong R,
14 khong gian vectd vo han chiéu trén R vé6i co s6 By = {1, x,22,...}.

v
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3. Co sé va sb chiéu ciia khong gian vecto

Hé qua. Cho V la khong gian vecto ¢ dimV = n. Khi do

i) Moi tap con cia 'V chia nhiéu hon n vectd thi phu thudc tuyén
tinh.

i) Moi tap con cia V' chita it hon n vecto khong sinh ra V.

B6 dé. Cho S la mot tap con doc lap tuyén tinh cia V vau €V la
mot vecto sao cho u khong la to hop tuyén tinh cia S. Khi dé tap hop
S1 = SU{u} doc lap tuyén tinh.

Dinh ly.
Cho V la mot khong gian vecto hitu han chiéu véi dimV = n. Khi dé

i) Moi tap con doc lap tuyén tinh gom n vecto ciia V déu la co sd
cua V.

ii) Moi tdp sinh ciia V. gom n vecto déu la co sd cia V.

v
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va s6 chiéu ciia khong gian vecto

Nhan dién co sé cua khong gian V' ¢6 dimV =n
Vi dimV = n nén moi cd s6 ciia V phai gom n vecto. Hon nita, néu
S C V va s6 phan tit ctia S bang n thi

SlacosdciaV <« S doc lap tuyén tinh.

< S la tap sinh ctaa V.

Vi du. Kiém tra tap hop nao sau day 13 co s6 ctia khong gian vecto
ciia R3?

a) By ={u; =(1,2,3),u2 = (2,3,4)}.

b) Bs = {u; = (2,1, ) =(2,1,4),u3 = (2,3,1),ug = (3,4,5)}.
¢) By ={u; =(1,— ) ug = (1,3,2),us = (—2,1,-2)}

d) By={u; =(2,-1 0) =(1,2,3),us = (5,0,3)}

v
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chiéu ctia khong gian vecto

Giai.
a) b) By, By khong phéi 1a co sé ctia R3 vi s6 vectd khong bing 3.

¢) By = {uy = (1,-2,1),up = (1,3,2),u3 = (-2,1,—-2)}

w1 1 -2 1
LapA=| w | = 1 3 2
us —2 1 -2

Ta c6 detA = 3. Suy ra B3 doc lap tuyén tinh. Mat khac s6 vecto
clia B3 bing 3 = dimR? nén B3 1a co s6 ctia R?

d) By = {ug = (2,-1,0),us = (1,2,3),us = (5,0,3)}

(51 2 -1 0
LapA=1| us | =] 1 2 3
u3 5 0 3

Ta c6 detA = 0. Suy ra By khong doc lap tuyén tinh. Vi vay By
khong 1a co sé clia R3
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chiéu ctia khong gian vecto

Vi du. Trong khong gian Re[x], cho
S={fi=a’+a+1;fo=22"+32+1;fs =2+ 2z +1}.

Hoi S ¢6 1a co s6 ciia Ry[x] khong?

Giai. Vi dimRy[z] = 3 va s6 phan t cia S bang 3 nén S 14 co sd cla
Ry[x] khi S doc lap tuyén tinh hodc S la tap sinh.

Cach 1. Kiém tra S doc lap tuyén tinh.
Xét phuong trinh oy f1 + asfo +asfs =0

ar + 200 + a3 = 0

& ar + 3as 4+ 2a3 = 0

a1 + oy + a3 0
1 2 1|0 1 2 1|0
Ma tran héa, A= 1 3 2|0 | —=[ 0 1 1]0
1 1 110 00 1]0
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3. Cd s3 va sb chiéu ctia khong gian vectd

Heé c6 nghiem duy nhat a; = as = a3 = 0. Vay S doc lap tuyén
tinh. Suy ra S 1a co s ctia R[]

Cach 2. Kiém tra S la tap sinh.

Vi du. Trong khong gian R?, cho
S={u =(1,m—-2,-2),ug =(m—1,3,3),u3 = (m,m +2,2)}.

Tim diéu kiem m dé S 1a co s6 clia R3.

Giai. Do s6 phan tii ctia S bing 3 nén S 1 co s6 ctia R? khi S doc lap
tuyén tinh.

ul 1 m—2 =2
LaipA=1{ u | =] m-—1 3 3 . Ta c6 detA = m — m?.
U3 m m+2 2

Suy ra, S doc lap tuyén tinh khi detA # 0. Nhu vay, dé S 1a co s clia
R3 thi m # 0 va m # 1.
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4. Khong gian vectd con

4. Khong gian vecto con

4.1 DPinh nghia
4.2 Khoéng gian sinh bdi tap hop
4.3 Khong gian dong ciia ma tran

4.4 Khong gian tong
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4. Khong gian vectd con

4.1 Dinh nghia

Dinh nghia. Cho W 14 mot tap con khéac () ctia V. Ta néi W 14 mot
khong gian vecto con (goi tat, khong gian con) ctia V, ky hieu
W <V, néu W vé6i phép toan (+,.) dugc han ché tir V ciing la mot
khong gian vecto trén R.

Vidu. W ={0} va V la cac vectd con ctia V. Ta goi day la cac
khong gian con tam thwong cia V.

Dinh 1y. Cho W la mét tap con khdc () cia V. Khi dé cac ménh dé
sau tuong duong:

HW<V.
i) Voi moiu,veW ;a€R, tacou+veW viaueW.
iii) Vdi moiu,v € W; a € R, ta c6 au+v e W.

v
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gian vecto con

Vidu. Cho W = {(z1,z2,23) € R®| 221 + 29 — 23 = 0} . H6i W ¢6 1a
khong gian con ctia R3 khong?

Giai.
Ta c6 W C R3.
0=(0,0,0) €W (vi 2.0+ 0—0 = 0). Suy ra W # 0.
V6i moi u = (21, x2,x3) € W, nghia la 2z +x9 — 23 =0,
v=(y1,Y2,y3) € W nghiala 2y; + yo —y3 =0
va a € R. Ta c6
o utv=(r1+y1,r2+ Y2, 3+ y3). Ta cod
2(r1 +y1) + (2 +y2) — (w3 +y3) =
(2x1+$2—x3)+(2y1+y2—y3) =04+0=0.
Suyrau+veW. (1)
o au = (axy,azs,axs). Ta co
201 + axg — arg = a(2x1 + 19 — x3) = 0 = 0.
Suy ra au € W. (2)
Tit (1) va (2) suy ra W < R3.
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gian vecto con

Nhan xét. Cho V la khong gian vecto va W C V. Khi dé:
e Néu W la khong gian con cia V thi 0 € W.

o NéuO¢ W thi W khong la khong gian con ctia V.

Vidu. Cho W = {(:L’l,xg,xg) € R3 | 3x1 + 229 — 423 = 1}. Héi W ¢6
la khong gian con ctia R? khong?

v

Giai. Ta c6 0= (0,0,0) ¢ W (vi3.042.0-4.0=0%#1). Suy ra W
khong 1a khong gian con ctia R3.

Vi du. Cho W = {(z1,32,23) € R® | 21 = 2z9x3} . H6i W ¢6 1a khong
gian con ciia R? khong?

Giai. Véi u = (2,1,1) vav = (4,2,1). Ta c6 u,v € W.

u+v=(6,3,2) ¢ W (vi 6 # 2.3.2). Suy ra W khong la khong gian
con ctia R3.
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4. Khong gian vectd con

mot khong gian con cia V.

Dinh ly. Néu Wy, Wy la khong gian con ciia V thy W1 N Wy ciing la J

Chimng minh.

e WinNWyCcVViW,CV, WyCV)

e 0 eWLTNWy (vi0e Wy, 0e Ws)

e V6i moi u,v € Wi NWy; a € R.
Viu,v€ Wy nén au+veW; (vi Wy <V).
Viu,v € Wy nén au+v € Wy (vi Wo < V).

Suy ra au +v € Wi N Wa.
Vay WinWy < V.
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4. Khong gian vectd con

Dinh ly. Néu Wi, Wy la khong gian con cia V, ta dinh nghia
Wi+ Wy = {w1+w2 | wy € Wi, wy € Wg}.

Khi do W1 + Wy cing la mot khong gian con cia V.

Chimg minh.
° W1—|—W2CV(V1W1CV,W2CV)

e 0=040eW;+Wsy (vi0 e Wy,0e W)

e Vi moi u =u; +us,v=v1 +v9 € Wi + Wy, € R.
Vi ug,v; € Wi nén auy +v; € Wy (vi Wy <V).
Vi ug, vy € Wi nén aug + ve € Wo (vi Wy < V).

Ta c6
au+v = a(ug +uz)+ (vi+v2) = (aqui+v1)+(aua+vy) € Wi+ Ws.
Vay au +v € Wi + Wa.

Vay W1 + Wy < V.

Lé Van Luyén (DPHKHTN HCM) Chuong 3. Khong gian vecto 22/05/2010 42 / 86



gian vecto con

4.2 Khong gian con sinh béi tap hop

Dinh ly. Cho V la khong gian vecto trén R va S la tap con khdc rong
ctia V. Ta dat W la tap hop tat cd cic to tuyén tinh cia S. Khi dé:
) W<V
ii) W la khong gian nhé nhdt trong tat cd cic khong gian con cia
V' ma chita S.
Khong gian W duogc goi la khong gian con sinh bdi S, ky hieu W = (S).
Cu thé, néu S = {u1,ua, ..., um} thi

W = (S) = {a1us + agua + - -+ + sy, | a; € R}

Vi du. Trong khong gian R?, ta xét S = {u = (1,2)}. Khi d6
W =(S)={a(1,2) | a € R} = {(a,2a) | a € R}.
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gian vecto con

Vi du. Trong khong gian R?, ta xét
S={u =(1,2,1),us = (—1,2,0)}.
Khi dé
(S) = {tus +suz | t,s e R} = {(t — 5,2t +2s,t) | t,s € R}

Nhan xét. Vi khong gian sinh bdi S la khong gian nhé nhat chia S
nén ta quy wdc (0) = {0}.

Vi du. Trong khong gian R?, cho
W ={(a+2b,a—b,—a+2b) | a,be R}
a) Chitng minh W 1a khong gian con ciia R3.

b) Tim mot tap sinh ciua W.

Giai. a) Tac6 0 € W vi 0= (0,0,0) = (04 2.0,0 — 0, —0 + 2.0)
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gian vecto con

Véi u,v e W va a € R,
U= (a1 4+ 2b1,a1 — b1, —a1 + 2[)1) v6i a1, b1 € R

v = (ag + 2by, ag — by, —ag + 2by) v6i ag, by € R. Khi dé:

o u+v=_(ar+az)+2(by + b2), (a1 + az) — (b1 + b2)
,—(a1+a2)—|—2(b1—|—bg) ) eWw (Vi a1 + as, by + by GR)

e au = (aay + 2aby, aay — aby, —aa; + 2aby) € W
(Vi aay, by € R).

Vay u + v, au € W. Suy ra W < R3.
b) Ta c6 W = {(a + 2b,a — b, —a +2b) | a,b € R}
={a(1,1,-1)+b(2,-1,2) | a,b € R}

Vi moi vects thuoc W déu la t6 hop tuyén tinh cta
up = (1,1,—1),us = (2,—1,2) nén S = {uy, us} la tap sinh ctia W.
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gian vecto con

Dinh 1y. Cho V la khong gian vecto va Sy, Se la tdp con cia V. Khi
dé, néu moi vecto cia Sy déu la to hop tuyén tinh cia So va nguoc lai
thi (S1) = (S2)

Chitng minh. Vi moi vecto ctia S déu la t6 hop tuyén tinh ctia Sy
nén Sy C (Sz). Mat khac (S7) 1a khong gian nhé nhét chia Sy nen
(S1) C (S2). Ly luan tuong tu ta c6 (Sa) C (S1).
Vi du. Trong khong gian R? cho

Sl = {’U,l = (1, *1,4),11,2 = (2, 1,3)},

SQ = {’LL3 = (_17 _27 1),U4 = (57 15 10)}
Ching minh (S7) = (S2).
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4. Khong gian vectd con

Dinh 1y. [vé cd sé khéng toan ven] Cho V la mot khong gian vecto
hitu han chiéu va S la mot tap con doc lap tuyén tinh cia V. Khi dé,
néu S khong la co sdé cia V thi cé thé théem vao S mot so vecto dé dugc
mot co sd cia V.

v

Vi du. Trong khong gian R?, cho
S ={u; =(1,0,2,1},ue = (1,0,4,4)}.

Chitng t6 S doc lap tuyén tinh va thém vao S mot sb vectd dé S tré
thanh co sG cia R*.

e, (wm)_ (1021 1021
G‘a"LapA_(u2>_<1044> (0023)‘

Ta c6 7(A) = 2 bang s6 vecto ctia S. Suy ra S doc lap tuyén tinh.

Dua vao A ta c6 thé them vao S hai vecto
us = (0,1,0,0),uq = (0,0,0,1).

Ro rang S = {u1, ug, u3, us} dltt. Suy ra S la co s6 ciia R*,
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4. Khong gian vectd con

Dinh ly. Cho V la mét khong gian vecto hitu han chiéu sinh bdi S.
Khi dé ton tai mot co sé B ciia V sao cho B C S. Néi cich khdc, néu
S khong phai la mot co sé ciua V thi ta cé thé loai b6 ra khéi S mot sé
vecto dé dudec mot co sé cia V.

Vi du. Trong khong gian R3, cho W sinh béi
S={u =(1,1,1),us = (2,1,3),u3 = (1,2,0) }.

Tim mot tap con cta S dé 1a co s6 cia W.

Giai. Xét phuong trinh
aqur + agug + aguz = 0

& (a+2a2 + az,a+ az + 2a3,a + 3az) = (0,0,0)

ar + 200 + a3 = 0
& ar + a 4+ 2a3 = 0
a1+ 3ag =0
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4. Khong gian vectd con

Ma tran héa hé phuong trinh,

1 21 1 2 1 1 0 3
A= 11 2 | —=1]1 0 -1 1 ]—-(01 -1
1 30 0 1 -1 00 O
Suy ra hé c6 nghiém la oy = —3t, g = t, a3 = t. Vay

—3tuy + tug + tug = 0.
Chot =1, ta ¢c6 —3uy + us + ug = 0 nén
U = 3U1 —us.

Suy ra ug 14 t6 hgp tuyén tinh clia u1, uz. Do d6 {uj,us} 1 tap sinh
ctia W, hon nita né doc lap tuyén tinh nén né la co sé ciia W.
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gian vecto con

4.3 Khong gian dong ctia ma tran

Dinh nghia. Cho ma tran A = (a;;) € Myxn(R)

ail ai2 ain
a a a
A= 21 22 2n
Aml Am2 Amn
Dat
’ ur = (a11,a12, .. -,a1n),
uy = (ag1,a22,...,a2,);
Um = (amlvam%”- 7amn)
va
WA = <U1,UQ, ey um>

Ta goi uy,us, ..., un la cac vecto dong cua A, va Wx la khong gian

dong ctua A.

v
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gian vecto con

B6 dé. Néu A va B la hai ma tran tuong duong dong thi Wy = W,
nghia la hai ma tran twong duong dong co cung khong gian dong.

Dinh 1ly. Gid st A € My, xn(R). Khi do, dimWy = r(A) va tap hop
cdc vecto khac khong trong dang ma tran bac thang cia A la co sd ciua
Wy

Vi du. Tim s6 chiéu vi mot co sé clia khong gian dong clia ma tran

1 2 -1 1
29 5 1 4
A=1511 o 3
9 20 —3 14
1 2 -1 1 12 -1 1
2 5 1 4 01 3 2
Giai. A= . 1 o5 |~ o0 01
9 20 -3 14 00 00
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4. Khong gian vectd con

Suy ra dimW,4 = r(A) = 3 va mot co s6 ciia Wy la

{ur =(1,2,-1,1);u2 = (0,1,3,2);us = (0,0,0,1)}.
Thuéat toan tim sb chiéu va cd sé ctia mot khong gian con ciia
R™ khi biét mot tap sinh

Gia st W = (uy,ug, ..., Un) < R"™ (ug,us, ..., u, khong nhat thiét
doc 1ap tuyén tinh). Dé tim s6 chiéu vi mot cd s§ clia W ta tién hanh
nhu sau:

Budc 1. Lap ma tran A bang ciach xép uq,us, ..., u,, thanh cac dong.
Buéc 2. Dung cac phép BDSCTD dua A vé dang bac thang R.

Bué6c 3. S6 chiéu ctia W bing s6 dong khac 0 clia R (do d6 bang
r(A)) va cac vectd dong khac 0 ctia R tao thanh mot co s6 cua W.
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gian vecto con

Vi du. Cho W sinh béi S = {u1,ug, usg, us} trong dé vy = (1,2,1,1);
ug = (3,6,5,7); uz = (4,8,6,8); ug = (8,16,12,20). Tim mot co s cla
khong gian W.

Giai. Lap

U1 1 2 1 1 1 211

U2 3 6 o5 7 0 01 2
A - = —_—

U3 4 8 6 8 0 001

Uy 8 16 12 20 0 00O

Do d6 W ¢6 dimW = 3 va c6 mot co s6
{Ul = (1727 15 ]-);/02 = (0707 172);U3 = (anaoa 1)}

Nhan xét. Vi dimW = 3, hon nita, c¢6 thé kiém ching w1, ug, ug doc
lap tuyén tinh nén ta ciing c¢6 {u1,ug, ug} 1a mot co sé ctia W.
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4. Khong gian vectd con

Vi du. Tim mot co s3 cho khong gian con ctia R* sinh béi cac vecto

u1, u2,uz, trong dé u; = (1, -2,

uz = (3a 76, 747 4)

—1,3); up = (2,—4,-3,0);

Giai. Lap

(51 1 -2
A= u9 = 2 —4
us 3 —6

Do d6 ¢6 dimW = 3 va c6 mot

{Ul = (17 _23 —1,3);’02 =

-1 3 1 -2 -1 3
-3 0 | — 0 0 -1 -6
—4 4 0 0 0 1
co sG

(0,0,—1,—6);v3 = (0,0,0,1)}.

Nhan xét. Trong vi du trén, vi 7(A) = 3 nén uy, uz, uz doc lap tuyén
tinh, va do d6 {u1,us,us} ciing la mot co s6 cia W.
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gian vecto con

4.4 Khong gian tong

Dinh 1y. Cho V la khong gian vecto trén R va Wy, Wy la khong gian
con cua V. Khi do:

i) Wi+ Ws la khong gian con cia V.
ii) Néu W1 = <Sl> va W2 = <SQ> tha

Wi+ Wy = (Sl U Sz).

Vi du. Trong khong gian R* cho cac vecto u; = (1,2,1,1);
ug = (3,6,5,7); ug = (4,8,6,8); ug = (8,16,12,16); us = (1, 3,3, 3);
ug = (2,5,5,6); uy = (3,8,8,9); ug = (6,16, 16, 18).

Dat Wy = (uy, ug, us, ug) va Wy = (us, ug, uz, ug). Tim mot co sG va
x4c dinh s6 chiéu ctia mdi khong gian Wy, Wy va Wi + Wh.

Giai.
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4. Khong gian vectd con

e Tim co sG cua Wy

uy 12 1 1 1 21 1
3 |lu | |3 6 5 7 00 1 2
Lap A = w |=12 s 6 s|= o000
Uy 8 16 12 16 000 0

Do d6 Wy c6 s6 chiéu 1a 2 va mot co sé 1a

{v1 = (1,2,1,1);02 = (0,0,1,2)}.
e Tim co sd ctia W

us 13 3 3 1 3 3 3
5 luw | |2 5 5 6 0110
Lap Az = e |13 8 8 9|~ 000o0
ug 6 16 16 18 0000

Do d6 Wy ¢6 s6 chiéu 1a 2 va mot cd sG 1a

{vs =(1,3,3,3);v4 = (0,1,1,0)}
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gian vecto con

e Tim co s6 ciua Wy + Why

Ta c¢6 W7 + W5 sinh bdéi cac vecto

v = (1,2,1,1);v9 = (0,0,1,2);v3 = (1,3,3,3);v4 = (0,1,1,0).

01 1211 121 1
o |w | (o012 0110
LapA=1t 1=l 1333|0012

va 0110 0000

Suy ra W1 + Ws ¢6 s6 chiéu 1a 3 vA mot co s6 1a

{wr=(1,2,1,1);wz = (0,1,1,0);ws = (0,0,1,2)}.
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5. Khong gian nghiém ctia hé phuong trinh tuyén tinh

5. Khong gian nghiém ctia hé phuong trinh
tuyén tinh

5.1 M& dau

5.2 Tim cd s cua khong gian nghiém

5.3 Khoéng gian giao
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5. Khong gian nghiém ctia hé phuong trinh tuyén tinh

5.1 M6 dau

Vi du. Cho W la tap tat ca cac nghieém (z1,z2, 3, 74) clia hé phuong
trinh tuyén tinh thuan nhat:
r1 + 2x9 — 33 + dxry = 0
r1 4+ 3x2 — 13x3 + 22z4 = O
3r1 + S5z + r3 — 2x4 = 0
2¢1 + 3x9 + dxry — Txy = 0.
Ma tran héa hé phuong trinh, ta cé
1 2 -3 5 1 0 17 =29
1 3 —-13 22 01 —-10 17
A= —
3 5 1 -2 0 0 0 0
2 3 4 -7 0 0 0 0

Vay hé c6 nghiém la

(z1,22,23,24) = (=17t + 295,10t — 17s,t,s) v6i t,s € R
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5. Khong gian nghiém ctia hé phuong trinh tuyén tinh

Do do6
W ={ (=17t +29s,10t — 17s,t,s) | t,s € R}
= {(—17t,10t,t,0) + (29s, —17s,0,s) | t,s € R}
= {£(~17,10,1,0) + (29, ~17,0,1) | £,s € R}

Dit up = (—17,10,1,0),us = (29, —17,0,1). Theo biéu thiic trén, véi
uw € W thi u 1 t6 hop tuyén tinh clia ui, us. Suy ra

W = <U1,UQ>.

Hon nita {u1,us} doc lap tuyén tinh, neén {uj,us} 1a co 6 ctia W. Suy
ra dimW = 2.

Nhan xét. Vecto u; va us c¢6 duge bang cach cho lan lugt t = 1,5 =0
vat=0,s = 1. Ta goi nghiém wuy, us dugc goi la nghiém co ban cla
he.
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an nghiém cta hé phuong trinh tuyén tinh

Dinh 1y. Goi W la tap hop nghiém (x1,xa,...,x,) clia hé phuong
trinh tuyén tinh thuan nhat

ay1xr1 + apxre + ... 4+ apxn, = 0
anxry + axpry + ... + apx, = O0;
Am1T1 + Gmar2 + + amprn, = 0

Khi dé, W la khong gian con ciia R™ va s6 chiéu ciia W bang sb an tu
do cua hé.

Nhw vay W = {u € R"* | Au" =0} vdi A la ma tran cho trudc va

U= (131,1'2,. "amn)
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5. Khong gian nghiém ctia hé phuong trinh tuyén tinh

5.2 Tim co s cua khong gian nghiém
Thuat toan
Buéc 1. Giai hé phuong trinh, tim nghiém tong quat.

Buéc 2. Lan lugt cho bo an tu do cac gia tri
(1,0,...,0),...,(0,0,...,1) ta dugc céac nghiém cc ban uy, ug, ..., Un.

Budc 3. Khi d6 khong gian nghiém c6 co s 1a {uy, ug, ..., up}.

Vi du. Tim co s6 va s chiéu ctia khong gian nghiém sau

r1 + 229 — 3x3 + bdxry = 0
r1 + 3x2 — 13z3 + 2224 = 0;
3x1 + dSxe + r3 — 2x4 = 0
2¢7 + 3z + dxs — Txry = 0,

Giai. Ma tran héa hé phuong trinh, ta ¢
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5. Khong gian nghiém ctia hé phuong trinh tuyén tinh

1 2 -3 ) 1 2 -3 )
do:=d2—d;
~ 1 3 —-13 22 d3:=d3—3d; 0 1 —-10 17
A= dyi=ds=3d1 |
2 3 4 -7 0 -1 10 —-17
Y 10 17 =29
ds:=d3+da 0 1 -10 17
—_—
dy:=dy+ds 0 O 0 0
0 0 0 0

Suy ra nghiém cta hé la

u = (z1, T2, x3,24) = (=17t + 295,10t — 17s,t,5) véi t,s € R.

Cac nghiém co ban cia hé la
uy = (—17,10,1,0),ug = (29, 17,0, 1).

Do d6, néu W la khong gian nghiém thi B = {uy,us} co s6 cia W va
dimW = 2.
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5. Khong gian nghiém ctia hé phuong trinh tuyén tinh

5.3 Khong gian giao

Cho V' la khong gian vecto va Wi, W 1a khong gian con ctia V. Khi dé
W1 N W 1a khong gian con ctia V. Hon nita néu Wy = (S1), Wy = (Ss)
thi u € Wi N Wy khi va chi khi u 1 t6 hop tuyén tinh ctia S; v u 1a t6
hgp tuyén tinh ctia So.

v

Vi du. Trong khong gian R* cho cac vecto u; = (1,2,1,1),
us = (1,2,2,3), us = (2,4,3,4), us = (1,3,3,3), us = (0,1,1,0). Dit
W1 = (u1,ug,us), Wa = (ug,us). Tim co s6 ciia khong gian Wy N Wha.

v

Giai. Goi u = (x,y, z,t) € W1 N Wy
e Viu € Wi nén u la td hop tuyén tinh ctia uq, ug, us3.

1 1 2| 11 2|z
2 2 4 01 1jz—=
T T . T1.,,7) — Y
(ol g wgful)=|7 5 317 | = 00 0] -2z+y
1 3 4]t 0 0 O0|z—22z+t

Suyradéu e Wy thi 2z +y=0vazx—2z+t=0 (1)
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5. Khong gian nghiém ctia hé phuong trinh tuyén tinh

e Viu € Wy nén u la té hop tuyén tinh ciia ug, us.

1 0|z 1 0|x
3 1]y 0 1| -3z+y
T T T _
(ul wgful )=\ 35 /|7 |~ 0 0| —y+z
3 0|t 0 0| —-3x+t

Suyradéuec Wythi —y+2=0va -3z+t=0 (2)
Tw (1) va (2) ta co

-2z + vy = 0

T 2z + t = 0

-y + =z = 0

-3z + t =0
-2 1 00
i x 1 0 -2 1
Ma tran héa A = 0 1 1 0
-3 0 01
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5. Khong gian nghiém ctia hé phuong trinh tuyén tinh

-2 1 0 0 1 1 0 -1
P 1 0 -2 1 dy:=d1—dy 0o -1 -2 2
A= 1,
0 -1 1 0 do:=do—dy 0 -1 1 0
-3 0 1 di=di=sdi\ 93 0 -2
P 10 -2 1 dyi=1ds 10 0 —-1/3
di:=d1—d> 01 2 =2 di:=d1+2d3 01 0 —2/3
_—
ds:=ds—ds 00 3 -2 do:=dy—2ds 0 01 —-2/3
d4Z:d4—3d2 0 0 _6 4 d4Z:d4+6d3 0 0 O O
Suy ra nghiém cta hé la
1 2 2
u=(z,y,2,1) = (ga, ga, ga,a) véia € R
1 2 2
Nghiém co ban ctua hé 1a v = (g, 3y 1).
122
Suy ra W1 N Wy ¢6 co s6 1a {u; = <§’ 33 1)}
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Dinh ly. Cho Wy, W5 la hai khong gian con hitu han chiéu ctia V. Khi
do
d1m(W1 + Wg) = dimW; + dimWs — d1m(W1 N Wg)
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6. Toa d6 va ma tran chuyén cd sé

6.1 Toa do
6.2 Ma tran chuyén cd sé
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6. Toa do va ma tran chuyén cd sé

6.1 Toa do

Dinh nghia. Cho V la khong gian vecto va B = {uy, ug,...,u,} 1a
mot cd sé ctia V. Khi d6 B dudc goi 1a co sd duoe sdp ctia V néu thit
tu cac vecto trong B dugce ¢d dinh. Ta thuong dung ky hiéu

(ug,ug,...,uy)
dé chi co s6 dugc sip theo thit tu wi, us, . .., up.
Dinh ly. Cho B = (u1,us,...,uy,) la co sé cia V. Khi dé moi vecto

uw eV déu duge biéu dién mot cich duy nhat dudi dang

U= 01Ul + Uy + -+ + Qply.

Chimng minh.
e Sy ton tai. Vi B la co sé ctia V neén B la tap sinh. Véi u € V thi u
la t6 hop tuyén tinh ctia B. Suy ra, ton tai o, ao,...a, € R dé

U = QU1 + QU2 + - - + Qply.
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6. Toa do va ma tran chuyén cd sé

e Su duy nhét.
Gia st u c6 mot dang biéu dién khéc
u = Pruy + Pouz + -+ + Bpln.
Nghia la:
U= aius + -+ apu, = Brur + Paug + - - - + Buun.
Khi dé
(1 — Br)ur + (a2 — Ba)uz + -+ + (i — Bn)uyn =0
Do B 1a co s6 nén B doc lap tuyén tinh, ta c6
ar—fr=ay—fr=-=ap— 3, =0
hay
a1 = P, = P2,...,an = B

Diéu nay chitng t6 u c6 mot dang bicu dién duy nhat.
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6. Toa do va ma tran chuyén cd sé

Toa do

Nhu vay, néu B = (u1,us, . .

S, Up) lacosdcliaV vau eV thi uséco
dang biéu dién duy nhat la:

U = U1 + au + - -+ Qpln.

Ta dat
aq
(&%)
[ulg =

Qp

Khi d6 [u]s duge goi 1a toa do cla u theo co sé B.

Vi du. Trong khong gian R?, ta c6 co s3 chinh tic

B[) = {61 = (1,0, 0), €y = (0, 1, 0), €3 = (0,0, 1)}
V6i u = (21, x2,x3) ta c6: u = x1€1 + x2e3 + T3€3.
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6. Toa do va ma tran chuyén cd sé

I
Suy ra [ulg, = | z2 | =u
3

Nhan xét. Ddi vdi co sd chinh tac By = (e1,ea, ...

gian R™ va u = (x1,22,...,2,) € R" ta ¢d

1
)
o= | . | =u

Tn

,€n) cta khong

Vi du. Khong gian Ry[x] ¢6 co s6 chinh téc 1a
By = {z? x,1}.
a

Véi f = ax® +bx +c, taco [flg, = | b
c
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6. Toa do va ma tran chuyén cd sé

Phuong phép tim [u]p

Cho V la khong gian vecto c6 co sé 1a B = (ug, ug,...,u,) vau € V.
Dé tim [u]p ta di giai phuong trinh
U= Qrul + aug + -+ auy (%)
v6i an aq, g, . ..a, € R. Do B la cd sé nén phuong trinh () c¢6 nghiem
duy nhat
(1,09, ...,0p) = (c1,¢2,...,¢p)-

C1
2

Khi d6 [u]|g =

Cn

Luu y. Khi V = R", dé giai phuong trinh () ta lap hé
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6. Toa do va ma tran chuyén cd sé

Vi du. Trong khong gian R?, cho cac vecto
up = (1,2,1),us = (1,3,1),u3 = (2,5, 3).
a) Chitng minh B = (uy, ug,u3) 13 mot co s6 ciia R3.

b) Tim toa do ciia vects u = (a,b,c) € R3 theo cd s6 B.

Giai.
1 21

a) Lap A= | wuq 1 3 1 |.Taco|A|=1, suy ra uy,us, us
2 5 3

doc lap tuyén tmh Vay B la co s6 ctia R3.

b) Véi u = (a,b,c), dé tim [u]g ta lap he phuong trinh
1 0 0j4a—-0b—c
— |1 01 0|—-a+b-c
0 0 1|—-a+c

1 1 2
(u] ug ug |u')— 1|2 3 5
11 3

Qo o e

C
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6. Toa do va ma tran chuyén cd sé

Vi du. Trong khong gian Rs[x] cho
fi=a?+a+1,fo=222+3x+1, fs =2* 42z + 1.

a) Chung minh B = (f1, f2, f3) 1&a mot co s6 cua Ro[z].
b) Tim toa do clia vecto f = 2% + 3x + 3 theo cd s6 B.

2
c¢) Cho [g]p = 3 |, timg?
—4

Giai.
a) Kiém tra B 1a co sd (tu lam)
b) Véi f = 22 + 3z + 3, dé tim [f]p ta di gidi phuong trinh

f=aifi+asfo+asfs

a1 + 200 + a3 = 1
& ar + 3as 4+ 2a3 = 3
a + oy + a3 = 3.
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6. Toa do va ma tran chuyén cd sé

~ 1 2 1)1 1 0 0 1
Ma tran héa, A= 1 3 2|3 | - 0 1 0] -2
1 1 13 0 01 4
1
Vay [flp = | —2
4
2
c) Ta co [g]p = 3 |,suyrag=2f +3fo—4fs
—4
g=2(x*+2+1)+3(22% + 3z +1) —4(z2 + 22+ 1)
=422 + 3z + 1.

Meénh dé. Cho B la co sd cia V. Khi dé, vdi moi u,v € V,a € R ta
co:

o [u+v]g=[up+ [v]B.

o [au|p = afuls.
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6. Toa do va ma tran chuyén cd sé

6.2 Ma tran chuyén co sé

DPinh nghia. Cho V la mét khong gian vecto va
Bi = (ui,ug, ..., up), Ba = (v1,v2,...,0p).
l1a hai co s& cia V. Dat
P = ([v1]B, [v2]B, ---[vn]By)-

Khi d6 P dugc goi 1a ma tran chuyén co sd tit ¢o sé By sang ¢ sG
Bs va dugce ky hieu (B; — Bs).

Vi du. Trong khong gian R3, cho
B=(u =(1,-2,3),us = (2,3,—-1),u3 = (3,1,3))

1a co sé ctia R3. Goi By 1 ¢6 s6 chinh tic ctia R3. Khi d6
1 2 3
(Bo — B) = ([u1]B, [u2ls, [uslg,) = (u] ug ug)=| -2 3 1
3 —1 3
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6. Toa do va ma tran chuyén cd sé

Nhan xét. Néu B = (ui,us, ..., u,) la mot co sé cia R™ va By la co
sd chinh tdc cia R™ thi
(Bo — B) = (u] ug ... u,)

Phuong phap tim (B; — B2)
Gia st By = (u1,ug,...u,) vd By = (v1,v2,...v,) 1a hai co s6 cua V.
Ta thuc hién nhu sau:

e Cho u la vecto bat ky ciia V, xac dinh [u]g, .

e Lan luot thay thé u bang vy, vs,...v, ta xac dinh dugc

[v1]Bys [V2]Bys - - s [Vn]By -
Khi dé
(Br — B2) = ([v1]s, [v2]B, - - [vn]B,)
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6. Toa do va ma tran chuyén cd sé

Dac biet, khi V = R”, dé xac dinh (B; — Bs) ta c6 thé lam nhu sau:

e Thanh lap ma tran mé rong (u] ug ... u, |v] v ... v,)

e Diung cac phép bién ddéi so cap trén dong dua ma tran trén ve
dang (I,|P).

e Khi d6 (B) — B2) =

Vi du. Trong khong gian R3, cho hai co s&
Bl = (u1 = (1, 1, 1),71,2 = (1,2, 1),U3 = (2,3, 1))

va

BQ = (111 = (1, —3, 2), Vo = (—1, —2,4), V3 = (3, 3, —2)).
Tim ma tran chuyén co sé tit By sang Bs.

Giai. Cho u = (a,b,c) € R3, xac dinh [u]g,. Ta lap
11 2|a 1 0 Ojla—-b+c
(uj ug uglu™)— | 1 2 3[b | =01 0|-2a+b+c
1 1 1|e¢ 0 0 1I|la—c
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6. Toa do va ma tran chuyén cd sé

a—b+c
Nhu vay [u]p, = | —2a+b+c¢
a—c
Thay lan lugt u bdi vy, ve, v3 ta dude
6 5 —2
[vl]Bl = -3 7[,02]61 = 4 7[’03]31 = )
1 -5 5
6 5 —2
Vay (Bi — Ba)= | -3 4 -5
-1 -5 5

Cach khac
Lap ma trén md rong

1 1 2 1 -1 3
(uf ug ug |v{ vg v4)— [ 1 2 3| -3 -2 3 | —
1 11 2 4 =2
100/ 6 &5 =2 6 5 -2
01 0|-3 4 =5 |.Suyra(Bi—By)=| -3 4 -5
00 1]-1 =5 5 -1 -5 5
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6. Toa do va ma tran chuyén cd sé

Dinh 1y. Cho V la moét khong gian vecto hitu han chiéu va By, B2, B3
la ba co sd cia V. Khi do

Hé qua. Cho By = (uj,ug,...,uy); Be = (v1,v2,...,v,) la hai co sd
ctia khong gian R™. Goi By la co s6 chinh tdic cia R™. Ta cé

v
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6. Toa do va ma tran chuyén cd sé

Vi du. Cho W la khong gian con ctia R* sinh béi cac vecto:
up = (1,2,2,1),u2 = (0,2,0,1),us = (—2,3,—4,1).

a) Ching minh B = (u1,u2,u3) 1a mot co s6 cia W.
b) Cho u = (a, b, c,d), tim diéu kién dé v € W. Khi d6 tim [u]s.

¢) Cho v; = (1,0,2,0);v2 = (0,2,0,1); v3 = (0,0,0,1). Chitng minh
B’ = (v1,v2,v3) ciing 1a mot ¢ s6 ciia W. Tim ma tran chuyén co sé tit
B sang B'.

v

Giai.

a) Ching minh B = (u1, us,u3) 13 mot co sd ctua W. J
Ul 1 2 2 1

Lap A= | ue | = 02 01 ].Tacor(A)=3,suyralBB
U3 -2 3 -4 1

doc lap tuyén tinh. Vi W = (B) nén B la co s ctia W.
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6. Toa do va ma tran chuyén cd sé

b) Cho u = (a, b, ¢, d), tim diéu kien dé v € W. Khi d6 tim [u]g. J

Ta c6 u € W khi u 1a t6 hop tuyén tinh cta B.
Lap hé phuong trinh

1 0 —2]|a 1 0 0|a+2b—4d
2 2 3|0 01 0|—a—3b+7d
wl g uglu) =5 0 ale | 7 00 1 b-2d
11 1|d 0 0 0|—2a+c
Dua vao hé phuong trinh, dé v € W thi —2a + ¢ = 0. Suy ra
a+2b—4d
[up=1 —a—3b+7d
b—2d
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6. Toa do va ma tran chuyén cd sé

¢) Cho v1 = (1,0,2,0);v2 = (0,2,0,1);v3 = (0,0,0,1). Chitng minh
B’ = (v1,v2,v3) ciing 1a mot cd s§ ctia W. Tim ma tran chuyén co s tit
B sang B'.

Ta thay cac vecto vy, vo,v3 déu thoéa diéu kien —2a + ¢ = 0 nén theo
cau a), cac vecto nay thuoc W.

Mat khac, dé thay rang B’ = (v1,v9,v3) doc lap tuyén tinh nén B’ cling
1a co 86 cia W (do dimW = |B| = 3 = |B'| ). Dung két qua & cau b) ta
co

1 0 —4

=1 =1 | ,[wvals=| 1 |,[v2]sg= 7

0 0 —2
1 0 —4
Suyyra(B—-B)=[ -1 1 7
0 0 -2
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6. Toa do va ma tran chuyén cd sé

Vi du. Trong khong gian R3, cho
S=(u1=(1,1,3),ue = (1,-2,1),u3 = (1,—1,2))
T= (vl = (17 —2,2),’1}2 = (17 _23 1),03 = (17 _172))
a) Ching t6 S va T 1a cd s6 ciia R3.

b) Tim ma tran chuyén co sd tit S sang T (ki hieu (S — T))).

2
¢) Chou € R3 thda [u]lr = [ —3 | . Tinh [u]s.
-2
Ching t6 S va T 1a co sé ciia R? J
Ta c6 dimR? = 3 = s6 vec to ctia S. Do d6, S 1a co s6 ctia R3 khi S doc
(51 1 1 3
lap tuyén tinh. Lap A= | wo | = 1 -2 1 |].Tacor(A) =3,
us 1 -1 -2

suy ra S doc lap tuyén tinh. Vay S 1a co sé ctia R3.
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6. Toa do va ma tran chuyén cd sé

b) Tim ma tran chuyén co sé tit S sang 7' (ki hieu (S — T))

Lap ma tréan md rong
1 1 1 1 1 1

(uj ug ug |v{ vg v3)— | 1 -2 —1|-2 -2 -1 | —
3 1 2 2 1 2

1 0 0j-1 00 -1 0 0
—-1010/-110].Swyra(S—=T)=| -1 10
0 01| 3 01 3 01
2
c) Cho v € R3 théa [ulr = | —3 | . Tinh [u]s.
—2
-1 0 0 2 -2
Taco [ulg=(S—>T)ulr=| -1 1 0 -3 = -5
3 01 -2 —4
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