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1. Dinh nghia

1.1 Anh xXa

Dinh nghia. Cho X va Y la hai tap hgp khac rong. Anh za gita hai
tap X va Y la mot qui tic sao cho mdi x thuoc X ton tai duy nhat
mot y thuoe Y dé y = f(x).
Ta viét
f: X—Y
z—y = f(z)

Nghia laVz € X, Jly € Y,y = f(x).

Vi du.
e f:R — R xé4c dinh béi f(z) = 2 + 2 — 1 1a anh xa.

e g:R? — R? xac dinh béi g(x,y,2) = (22 +y,x — 3y + 2) 14 anh
xa.

o h:Q — Z xac dinh béi A(2) = m khong 1 anh xa.
n

4
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1. Dinh nghia

Dinh nghia. Hai 4nh xa f va g tit X vao Y dugc goi 1a bang nhau
néu Vz € X, f(z) = g(z).

Vi du. Xét anhxa f(z) = (z —1)(z+1) vag(x) =22 -1ttt R — R.
Taco f=g.

Dinh nghia. Cho hai anhxa f: X - Y vag:Y’' — Z trong d6
Y CY'. Anh xza tich h cla f va ¢ 13 4nh xa tit X vdo Z xac dinh bai:

h: X —Z
x — h(z) = g(f(z))
Ta viét: h = gof.

Vi du. Cho f,g:R — R xac dinh béi f(z) =2z + 1 va g(x) = 2> + 2.
Khi do
fog(z) = f(g(x)) = f(2® +2) = 2(z® +2) + 1 =222 + 5.

gofsa:; = g;f:a:; =g(2x +1) = 2z + 1)2 +2 = 422 + 4 + 3.
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1. Dinh nghia

Anh va anh ngugc ciia anh xa

Dinh nghia. Cho f: X — Y la anh xa, A C X, B C Y. Khi dé:
o f(A)={f@)lzeA}={yeY[IrecAy=/[()}
dugce goi la danh cua A.
e f71B)={xe€ X|f(x) € B} dugc goi la dnh nguoc cia B.
e f(X) dugc goi la danh cia anh xa f, ky hiéu Imf.

Vidu. Cho f:R — R duge xac dinh f(x) = 2% + 1. Khi dé:

F([L,3]) = [2,10] f(=2,-1]) = [2,5]
f(1=1,3]) = [1,10] f((1,5)) = (2,26)

FH) = {0} @ ={-11
fH=5)=0 FH2.5) = [-2,-1]U[1,2]
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1. Dinh nghia

Phan loai anh xa

a) Pon anh. Tanéi f: X — Y 1a mot don dnh néu hai phan tit khac
nhau bat ky ctia X déu c6 anh khac nhau.

Nghia la: Vry,x0 € X, 21 # xo = f(21) # f(x2).

Vi du.
e f:N — R dugc xac dinh f(z) = 22 + 1 (14 don anh)

e g: R — R dugc xac dinh g(x) = 22 + 1 (khong don anh)

b) Toan anh. Tanéi f: X — Y 1a mot toan dnh néu f(X) =Y.
Nghia la: VyeY,dx € X, f(x) =y.
Vi du.

e f: R — R dugc xac dinh f(z) = 2° 4+ 1 (Ia toan anh)

e g: R — R dugc xac dinh g(x) = 22 + 1 (khong toan anh)
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1. Dinh nghia

¢) Song anh. Tanéi f: X — Y 1la mot song dnh néu f la don anh
va toan anh.

Vi du.
e f:R — R dugc xac dinh f(z) = 2z + 1 (1a song &nh)
e g: R — R dugc x4c dinh g(x) = 2% + 1 (khong song 4nh)

Anh xa ngudc

Xét f: X — Y 1a mot song anh. Khi d6, véi moi y € Y, ton tai duy
nhat mot phan ti x € X thoa f(z) = y. Do d6 tuong ting y — x 1a
mot anh xa tit Y vao X. Ta goi day la anh xa ngugce cia f va ky hiéu
f 1. Nhu vay:

fl:y —X
y+— f~(y) =z sao cho f(z) =y

1
Vidu. Cho f:R — R véi f(z) = 2z + 1. Khi d6 f~1(y) = yT

y
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1. Dinh nghia

1. 2. Anh xa tuyén tinh

DPinh nghia. Cho V va W la hai khong gian vectd trén truong R. Ta
néi f:V — W la mot anh xza tuyén tinh néu né thoéa hai diéu kien
duéi day:

) flutv) = f(u)+ f(v),Vu,v €V,

i) flau) =af(u),VaeR,VueV.

Nhan xét. Diéu kién i) va i) trong dinh nghia cé thé dugc thay thé
bing mot dieu kién :

flau+v) = af(u) + f(v),Va € R,Yu,v € V.

K¢ hisu.
e L(V,W) la tap hop céc anh xa tuyén tinh tax V. — W.

e Néu f € L(V,V) thi f dugc goi la mot todn ti tuyén tinh trén
V. Viét tat f € L(V).
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1. Dinh nghia

Nhan xét. Néu f € L(V,W) thi
o f(0)=0;
o f(—u)=—f(u),YueV.

Vi du. Cho anh xa f:R3 — R? xac dinh béi
f(CL‘,y,Z) = ($+2y - 32?2x+z)
Chitng t6 f 14 anh xa tuyén tinh.

Giai. Vu = (21,y1,21),v = (22,92, 22) € R3. Ta c6

flu+v) = flz1+x2, 51+ Y2, 21 + 22)
= (@1 + 22+ 2y1 + 2y2 — 321 — 322,221 + 222 + 21 + 22)
= (1 +2y1 — 321,221 + 21) + (22 + 2y2 — 322,222 + 22)
= flu)+ f(v).
Tinh chat Va € R, f(au) = af(u) kiém tra tuong tir.
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1. Dinh nghia

Dinh 1y. Cho V va W la hai khong gian vecto, B = {uy,ug,...,u,} la
co 6 cia V. Khi d6, néu S = {v1,va,...,v,} la mot tap hop cia W thi
ton tai duy nhat mot f € L(V,W) sao cho

flur) = vy, flug) = va, ..., fluy) = vy.

aq

£ Qa2
Hon nia, néu [ulp = ) tha

F(u) = o f(ur) + o (uz) + ...+ cn ()

Vi du. Trong khong gian R? cho cac vecto:
up = (1,—1,1);u2 = (1,0,1);us = (2,—1,3).
i) Chiing t6 B = (u1,us, u3) 13 mot co sé ciia R3.
ii) Tim anh xa tuyén tinh f:R3 — R3 thoéa:
flur) = (2,1, =2); fluz) = (1,2, -2); f(us) = (3,5, 7).
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1. Dinh nghia

Giai.

a) Chitng t6 B = (u,us, uz) 1a mot cd sG caa R3. J
Ul 1 -1 1

Lap A= w2 | =11 0 1 |.Tacéd|A|=1.Suyra B doc lap
us 2 -1 3

tuyén tinh. Vi dimR3 = 3 bing s6 vecto ctia B nén B 1a mot co sé ciia
R3.

b) Tim anh xa tuyén tinh f: R — R3 thoa:
flur) = (2,1, -2); f(uz) = (1,2, =2); f(ug) = (3,5, =7). J
Cho u = (z,y,2) € R3. Tim [u]s.
Lap
11 2|z 1 0 0lz—y—=
(uf ugug [u')=1 -1 0 =1y | =10 1 0[22+y—=
11 3|z 0 0 1|—-2+=%
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1. Dinh nghia

T—y—2
Vay [ulp=| 2z4+y—=z

—T+z
Suyrau=(x—y—2)u; + 2z +y— z)us + (—z + 2)us.
Vay, ta co

fw) = (x—y—2)f(ur) + 2z +y — 2)f(u2) + (=2 + 2) f (u3)
=(x—y—2)(2,1,-2)+ 2z +y —2)(1,2,-2)
+ (=2 +2)(3,5,-7)
=(r—y,y+2z,x—3z2).
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2. Nhan va anh ctia anh xa tuyén tinh

2. Nhan va anh ctia anh xa tuyén tinh

1.1 Khong gian nhan

1.2 Khong gian anh
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2. Nhan va anh cta anh xa tuyén tinh

2.1 Khong gian nhan

Dinh nghia. Cho f:V — W la mot anh xa tuyén tinh. Ta dit
Kerf ={ueV|f(u) =0}

Khi d6 Kerf 1a khong gian con ciia V', ta goi Kerf 1la khong gian
nhan cua f.

Nhan xét. Duva vao Dinh nghia, ta duogc

u € Kerf < f(u) =0.
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2. Nhan va anh ctia anh xa tuyén tinh

Vi du. Cho f:R3 — R? dugc xéac dinh baéi:
flryy,2)=(xr+y—2,2x+ 3y — 2,3 + by — 2)

Tim mot co sG cia Kerf.

Giai. Goi u = (z,y,2) € R3.
ueKerf < f(u)=0

r + y — 2z =0

&S 2 + 3y — 2z =0

3z + 5y — 2z = 0
11 -1 1 0 —2
Matranhéa, A= 2 3 -1 | - 0 1 1
3 5 —1 00 0

Heé phuong trinh ¢6 nghiém (z,y, z) = (2t, —t,t) véi t € R.
Nghiém co ban cta hé 1a u; = (2, —-1,1).
Vay, Kerf c6 co s6 la {u; = (2,-1,1)}.

Lé Van Luyén (DHKHTN HCM) Chuong 4. Anh xa tuyén tinh 25/05/2010

16 / 31



%

2. Nhan va anh ctia anh xa tuyén tinh

2.1 Khong gian anh

Dinh nghia. Cho f:V — W la mot anh xa tuyén tinh. Ta dit
Imf ={f(u)|ueV}

Khi d6 Imf 1a khong gian con ctia W, ta goi Imf la khong gian danh
cua f.

Dinh 1y. Cho f:V — W la mot dnh za tuyén tinh. Khi dé, néu

S = {ul,ug,...,um}
la tap sinh cia V' thi

la tap sinh cia Imf.
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2. Nhan va anh ctia anh xa tuyén tinh

Nhan xét. Dwa vao dinh lyj trén, dé tim co sé Imf, ta chon mot tap
sinh S ciia V (dé don gidn ta c6 thé chon co sd chinh tdc). Khi dé Imf
sinh bdi tap dnh cia S.

v

Vi du. Cho f:R3 — R3 dugc xéac dinh béi:

flzyy,2) =(xr+y—22x+ 3y — 2,3z + 5y — 2)

Tim mot co sé cua Imf.

Giai. Goi By = {e1, e, e3} 1a cd s6 chinh tic ctia R3. Ta c6

f(el) :f(17070) - (1a273)
f(e2) :f(O,l,O) = (17375)
f(e?)) :f(0,0, 1) = (_17_17_1)

Ta c¢6 Imf sinh béi {f(e1), f(ez2), f(e3)}.
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2. Nhan va anh ctia anh xa tuyén tinh

fler) 1 2 3 12 3
Lapmatran A= | f(e2) | = 1 3 5| —=(01 2
f(e3) 1 -1 -1 00 0

Do d6, Imf ¢6 co s6 1a {v; = (1,2,3),v2 = (0,1,2)}.

Dinh 1y. Cho f:V — W la dnh za tuyén tinh va V hitu han chiéu.
Khi do
dimIm f + dimKer f = dimV.

Meénh dé. Cho f:V — W la dnh za tuyén tinh. Khi do
i) f la don cau khi va chi khi Kerf = {0}.
ii) f la toan cau khi va chi khi Imf = W.
iii) f la ding cau khi va chi khi Kerf = {0} va Imf = W.
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3. Ma tran biéu dién anh xa tuyén tinh

Dinh nghia. Cho V ¢6 co 86 B = (u1,ug, ..., u,), W cb co s6
B = (v1,v9,...,0y) va f € L(V,W). Dat

P = ([f(u)ls [f(u)lp - [f(un)ls)

Khi d6é ma tran P dudgc goi la ma tran biéu dién cha anh xa f theo
cap co s6 B, B, ky hieu P = [tz 5 (hoic [f]g/).

Néu f € L(V) thl ma tran [f]g g dugc goi 1a ma tran biéu dién toan tit
tuyén tinh f, ky hieu [f|z

v

Vi du. Xét anh xa tuyén tinh f: R? — R? xac dinh béi

flx,y,2) = (z -y, 22 +y+2)

va cip ¢o 86 B = (u; = (1,1,0),us = (0,1,2),us = (1,1,1)),
C= (v =(1,3),v2=(2,5)). Tim [f|p¢c.
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3. Ma tran biéu dién anh xa tuyén tinh

Ta c6
f(ul) = (073)
fluz) = (-1,3)
f(U3) - (074)

Véi v = (a,b) € R?, tim [v]c.

1 2

tap o of 10— (5 3

a\ _ 1 0| —-5a+2b

b 0 1|3a—-0
—b5a + 2b

Suy ra [U]c:< 35—6 )

Lan lugt thay f(uy), f(u2), f(us) ta co

e = (5 ) twae = (15 )t = (_3).

foe=( 215,
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3. Ma tran biéu dién anh xa tuyén tinh

Vi du. Cho anh xa tuyén tinh f : R* — R? dinh béi
f@y,2t)=(@—2y+z—t,o+2y+z+t2z+22).

Tim ma tran biéu dién 4nh xa tuyén tinh f theo cip co s& chinh tic.

Giai.
1 -2 1 -1
feosy, =11 21 1
2 0 2 0

Vi du. Cho f € L(R?) x4c dinh béi f(z,y) = (22 + v,z — 4y). Khi d6
ma tran biéu dién f theo co s6 chinh tic By la:

[f]B():(? _i)
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3. Ma tran biéu dién anh xa tuyén tinh

Dinh ly. Cho V va W la cdc khong gian vecto hiu han chiéu; B, B’ va
C,C' tuong ting la cdc cdp co sé trong V va W. Khi dé, vdi moi dnh xa
tuyén tinh f : V — W ta cé

i) Vu € V,[f(u)lc = [flBcluls.
i) [fleer = (€ —=C) HflpeB — B).

Hé qua. Cho B va B' la hai co 56 ciia khong gian hitu han chiéu V.
Khi dé doi vdi moi todn tii tuyén tinh f € L(V) ta cé

i) Yu € V. [f(u)ls = [f]s[ulB.
i) [flg = (B— B)7'[fls(B— B).

Vi du. Trong khong gian R? cho co sé
B= (u1 = (1, 1,0);71,2 = (0,2, 1);U3 = (2,3, 1))

va anh xa tuyén tinh f : R? — R3 dinh bdi:
flz,y,2) = 2x4+y—z,2+2y— 2,2x —y+3z). Tim [f]s
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3. Ma tran biéu dién anh xa tuyén tinh

Giai. Goi By 1a co s6 chinh tic cia R3, ta c¢6

2 1 -1
flsg =11 2 -1
2 -1 3

Ap dung hé qua, ta c6

[f18 = (Bo — B) ™[ f]5,(Bo — B),

1 0 2
trong d6 (By — B) = (u] ug ud)= |1 2 3|, dodo
0 1 1

-1 2 -4
(By—B)t=|-1 1 -1
1 -1 2
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3. Ma tran biéu dién anh xa tuyén tinh

Suy ra

~1 —4\ /2 1 -1\ /1 0 2
fls=|-1 1 —1|{1 2 —1|[ 1 2 3
1 -1 2/\2 -1 3/\o0o11
-8 7 —13\ /1 0 2 -1 1 -8
=1-3 2 -=3|[1 2 3|=[-1 1 -3
5 -3 6/ \0 1 1 2 0 7

Vi du. Cho anh xa tuyén tinh f : R? — R2, biét ma tran biéu dién
ctia f trong cdp co sé B = (u1 = (1,1,1);ue = (1,0,1);us = (1,1,0)) va
C=(mn=(11);v=(21))la

mse= (23 71).

Tim cong thic cia f.

Giai.
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3. Ma tran biéu dién anh xa tuyén tinh

- 2 1 -3
Cach 1. Do [f]&c = ( 0 3 4 ) .

Ta cb

e [f(ur)le = < g > Suy ra f(u1) = 2v1 + Ovy = (2, 2)
o [f(u2)lc = < :1)) > Suy ra f(u2) = v + 3ve = (7,4)

o [flus)le = ( - ) Suy ra f(ug) = 30, + 403 = (5,1)

Cho u = (z,y,2) € R3. Tim [u]s.

11 1| 1 0 0lz—y—=
Lap (uj ugug u')=| 1 0 1|y | - 0 1 0|2x+y—2
11 0]z 0 0 1|-2+z2
—T+y+=z
Vay [uls = T =y
T —z
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3. Ma tran biéu dién anh xa tuyén tinh

Suy rau = (—x +y+ 2)u; + (r — y)uz + (x — z)us.
Vay, ta co
fu) = (=2 +y+2)f(u) + (& —y)fluz) + (x — 2) f(u3)
=(—2x4+y+2)(2,2)+ (z—y)(7,4)+ (z — 2)(5,1)
(10z — by — 32,3z — 2y + 2).

Cach 2. Goi By va Cy 1an luot 1a co sd chinh tic ciia R3 va R2. Ap
dung cong thtc ta cé

[f]Bo,co = (C = Co) [ f]s,c(B — By).

Ta c6
-1 T.T L2
ce—e) =0 =6lh= (] 7)
111
o (By—B)=(ujuguj)=|( 1 0 1
110
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3. Ma tran biéu dién anh xa tuyén tinh

—1 1
Suy ra (B — By) = (By — B)™! = 1 -1
1 0 -1

Vay

[flBoco = (C—Co) ' [flBc(B— Bo)
-G )
i
- (527

Suy ra f(z,y,z) = (10z — 5y — 3z,3x — 2y + 2).
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3. Ma tran biéu dién anh xa tuyén tinh

Ménh dé. Cho V,W la hai khong gian vecto n chieu va f € L(V,W).
Khi dé f la song dnh khi va chi khi ton tai cdc co sé A, B lan lugt cia
V va W sao cho [f|ap khd nghich.
Hon nita, khi dé f=' : W — V cing la mot dnh za tuyén tinh va
[f B4 = 15
Dac biet, neu’ V=W va A = B thi

[F s =[f15"

Vidu. Cho B= (u1 =(1,1,1),ue = (1,1,2),us = (1,2,1)) 1a co s6
ciia R3. V6i f 1a toan ti tuyén tinh trong R® c6

1 -1 2
fls=[1 0 2
1 21

Chitng minh f 1a song anh va tim f~!.

v
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3. Ma tran biéu dién anh xa tuyén tinh

1 -1 2
Giai. Taco |[flsl=|1 0 2 |=—1.Suy ra [f]s kha nghich. Vay f
1 2 1

la song anh.
Goi By 1a co s6 chinh tac ta c6
[fl5, = (B — Bo)~'[f]8(B — Bo)

= (Bo — B)[f]s(Bo — B)~!
1 11
Tacé (Bo—B)=(uf ug uj)=11 1 2
1 21
3 -1 -1
Suyra (By—B)t=| -1 0 1 |.
—1 1 0
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3. Ma tran biéu dién anh xa tuyén tinh

Vay
111 1 -1 2 3 -1 -1
[flg, = 1 1 2 1 0 2 -1 0 1
1 21 1 21 -1 1 0
315 3 -1 -1
= 4 3 6 -1 0 1
4 1 7 -1 1 0
3 2 -2
= 3 2 -1
4 3 -3
3 0 -2
Suy ra [f_l]Bo:[f][_sOl: -5 1 3
-1 1 0

Vﬁy f_l(x7y7 Z) = (333 - 227 —ox +ty+ 3Z, —33+y)
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