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> Chuong 1. Ma tran - Pinh thirc
§1. Ma tran

§2. Pinh thire

§1. MA TRAN
(Matrix)

1.1. Cac dinh nghia

a) Pinh nghia ma tran

« Ma trén 4 cip mxn trén R 1a 1 hé thong gdm
mxn sd a, €R (i=1m; j=1n) va duge sip

thanh bang gdm m dong va n cot:
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> Chuong 1. Ma tran - Pinh thirc

all CL12 . aln
A= an a22 e a271,
ml m2 amn

b Céc sO a, duogc goi 1a cac phan tir cia A & dong thir 4
va cot thir 7.

» Cip sO (m, n) dugc goi 1a kich thudc cua A.

r Khi m =1, ta goi:

A=(a, a, .. a,)lamatrindong.

> Chuong 1. Ma tran - Pinh thirc
all

r Khin =1,tagoi A= ... | 1a ma trén cot.

ml
r Khi m =n =1, ta goi:
A= (a,,) lama tran gdm 1 phan tir.

P Ma trén O = (0,))
duoc goi 1a ma tran khong.

, O tat ca cac phan tir déu bang 0)

mx

¢ Tap hop cac ma trdn A trén [ duoc ky hiéu la
M, (), de cho gon ta viet1a 4= (a;)

m,n mxn *

> Chudng 1. Ma tran - Pinh thirc

P Ma trin vudng
= Khi m = n, ta goi A 1a ma tran vudng cép n.
Kyhiéula A= (a,)

n'

= Puong chéo chira cac phan

t a,,a,,,...,a dugc goi 2 3

la dwong chéo chinh cua 5 8
4=(a,),.

duong chéo con lai dugce goi

14 dwong chéo phu. 2 1 0
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P Cac ma tran vuong dic biét
= Ma trin vudng cé tit ca céac
phian t nim ngoai duong —
chéo chinh déu bang 0 dugc
goi 1a ma trgn chéo (diagonal
matrix).
Ky hiéu: diag(a,,,a,,,...,a ).

—_

o O
o ot O
o O O

= Ma trén chéo cip n gdm tat ca
cac phan tir trén duong chéo
chinh déu bang 1 dugc goi la I, =
ma trgn don vi cip n (Identity
matrix). Ky hiéu la: I .

o O =
o = O
_= o O

> Chuong 1. Ma tran - Pinh thirc
= Ma tréin ma tran vudng cip 7 c6 tit ca cic phan tir
nam phia dudi (trén) duong chéo chinh déu bang
0 dugc goi 1a ma trén tam gidc trén (dwoi).
0 0
0 0

= Ma trdn vudng cap n co tat ca

céc cap phan tir d6i  ximg
nhau qua duong chéo chinh 4>><
bang nhau (a, = aﬂ.) dugc 1 9

1/5/2016

goi 1a ma trdgn doi xirng.

> Chuong 1. Ma trén — Dinh thiic
b) Ma tran bing nhau
Hai ma trdn A = (a,) va B = (b,) dugc goi la bang
nhau, ky hiéu A = B, khi va chi khi ching cung
kich thudc va a, = bl]7 Vi, j.

1 0 -1
va B = .
2 u 3
Ta co:

A=Ber=06y=-Lz2=2u=2;t=3.

1 Yy
VD 1.Cho A =
— z 2t




> Chuong 1. Ma tran - Pinh thirc
1.2. Céc phép toan trén ma tran
a) Phép cfng va trir hai ma tran

Cho haima trin A = (a vaB=(,),,,taco:

ij )mxn mxn’

|A +B=(a, £b) .

2] (2 0 2] (1 0 4

4]+[5 -3 1}2[7 0 3];

-1 2) (2 0 2] (-3 0 o0

[2 —4]_ 5 -3 1]:[—3 6 —5]'
Nhan xét

Phép cong ma tran c6 tinh giao hoan va Kkét hop.

-1
VD 2.

w o w o

> Chuong 1. Ma tran - Pinh thirc
b) Phép nhan vo huéng

Chomatran A = (a,), . va A € R, taco:

mxn

A = (Aa//)mxu'

-1 1 0 3 -3 0
vD3. -3 = ;
- -2 0 -4 6 0 12

2 6 4 5 1 3 2

-4 0 8 “|-2 0 4
Chu y

» Phép nhan v6 hudng c6 tinh phan phéi dbi voi phép
cong ma tran.

1/5/2016

» Ma tran —1.4 = —A duoc goi 1a ma tran d6i cia A.

> Chudng 1. Ma tran - Pinh thirc
¢) Phép nhan hai ma tran
Chohaimatrin A= (a ),  vaB=(,) . taco:
AB = (c

?k)mxp'

o
I
=
3
N

n
Trong do, ¢, = Zaijbjk (z =1m;
i=1

VD 4. Thuc hién phép nhan (1 2 3) 2




> Chuong 1. Ma tran - Pinh thirc

. 1 -1 0
VD 5. Thuc hién phép nhan (1 2) Lo sl

> Chuong 1. Ma tran - Pinh thirc

2 0
VD 6. Tinh bl 1
. 111 _2 O 3 —1].
1 3
2 ]'
1al.
—2 0

Tinh chit

Cho cac ma trgn A, B,C € M (R) va sO A€ R.

Gia thiét cac phép nhan déu thyc hién dugc, ta co:

1) (AB)C = A(BC);

2) AB+C)=AB+AC; 3)(A+B)C=AC + BC;
4) NAB) = (A\A)B = A\B); 5) Al =A=1 A.

1 0 -1 -1 -2 1
VD7.ChoA=(2 -2 0|vaB=|0 -3 1|
3 0 =3 2 -1 0

Thuc hién phép tinh: a) AB; b) BA.

1/5/2016




> Chuong 1. Ma tran - Pinh thirc
VD 8. Thuc hién phép nhan:

1 -1 20 1 3|2 -1 2]|-1
A=|12 =3 0f|-1 =2 1|1 0 =21
-1 1 4|2 -1 =3||13 1 0]|-2

Nhdn xét
Phép nhan ma tran khong c6 tinh giao hoan.

= Lily thira ma tran
Cho ma tran vuoéng A € M (R).
¢ Lily thira ma trin A dugc dinh nghia theo quy nap:
A'=1; A" = A; AR = AF A VE e N.
P Néu 3k € N\ {0; 1} sao cho A" = (0,), thi A dugc
g0i 12 ma trgn liy linh.
S6 k€N, k>2 bé nhit sao cho 4" = (Oi])n duogc
goi 12 cdp ciia ma tran lity linh A.
010
VD9.Matran 4=|0 0 1 |laliiy linh cap 3.
0 0O

Tinh chit

1) (On)k = On,; (In)k = I’”” Vk € N

2) Ak--%—m, — Ak.Am, VA c M”(R), Vk,m eN
3) A" = (A")", YA€ M, (R), Vk,m € N.

Chu y
1) Néu A = diag(a,,,a,,,...,a )€ M (R) thi:
A = dz'ag(afl,a;,...,a:n).
2)Néu A, B € M (R) théa AB = BA (giao hoén) thi

cac hing déng thirc quen thuc cling ding v6i A, B.
Khi AB = BA thi cac hang dang thirc d6 khong con
dung nira.

nn
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1 -1
VD 10. Cho f(z) = 22° —42* va A = 0 1 ]
Tinh f(A)+ I,

20
VD 11. Cho A = ) 0], gia tri cua (I, — A)™" la:
-1 -1 -1 1 0 -1 -1 0
A. ; B. ; C. ; D. .
0 1 -1 0 -1 1 -1 1

VD 12. Tim ma trgn D = (ABC)’, trong d6:

—2 1 30 0 1
,B= .
1 o] [8 ~1 1 2}

cosa —sin a]

A= C=

VD 13. Cho ma trdn A(«) = [ )
sina  cosa

Hay tim ma tran [A(a)r, YneN?

> Chudng 1. Ma tran - Pinh thirc

VD 14. Cho A = (a,) la ma trdn vudng cép 40 co cac
Ao itj Ao , 2 1.
phan tir @, = (—1)"". Phan tr a,, cua A° la:

A. a,, =0;B.a, = —40; C. a, = 40; D. a, = —1.

VD 15. Cho A =(a,) la ma tran vudng cap 100 co

céc phan tir a, = (—1)".3’. Phan ti a,, cua A* la:

3 100 3 100
Aa,=—(1-3"); B.a,=—@3"-1);
4 4
3° 3°
C. a34 = ?(3100 —1), D. (134 = 3(1— 3100).
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> Chuong 1. Ma tran - Pinh thirc

d) Phép chuyén vi (Transposed matrix)
Cho ma trén A = (a,)

mxn "
Khi d6, A" =(a,), . dwoc goi 1a ma tran chuyén vi
cuia A (nghia 1a chuyén tt ca cac dong thanh cot).

)
2 3

4

1
VD16.ChoA:4 AT =2 s5/.
—— 3 6

\J

Tinh chit

) (A+B)" =A" +B;

2) (M) =A\A";

3) (A")" = A;

4) (AB)" = B"A";

5) A" = A < A lama tran d6i xtng.

1/5/2016

> Chudng 1. Ma tran - Pinh thirc

1 -1

VD17.A=|0 2| B=
—3 -2

a) Tinh (AB)".

b) Tinh B" A" va so sanh két qua véi (AB)".

0 1 -2
-1 0 -3|




1.3. Phép bién doi so cip trén dong ciia ma tran
(Gauss — Jordan)
Chomatrén A= (a ), (m >2). Cdc phép bién ddi
so cap (PBDSC) dong e trén A la:
1) (¢,) : Hoan vi hai dong cho nhau A—"=%— 4’
2) (¢,) : Nhan 1 dong véi sé A = 0, A—24— A",
3) (e,) : Thay 1 dong boi tong ciia dong do6 vai A 1an
dong khac, A —4=4h A
Chii y
1) Trong thuc hanh ta thuong lam A— -
2) Tuong ty, ta cling c6 cac phép bién doi so cap trén
cOt cua ma tran.

d,—pd,+\d, B
: .

> Chuong 1. Ma tran - Pinh thirc

VD 18. Dung PBDSC trén dong dé dwa ma tran

2 1 -1 1 -2 3
A=[1 -2 3|vB=|0 1 -7/5|
3 -1 2 0 0 0
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> Chudng 1. Ma tran - Pinh thirc

1.4. Ma tran béc thang
r Mot dong cua ma tran co tat ca cac phan tur déu bang
0 dugc goi 1a dong bang 0 (hay dong khong).

trong ma tran dugc goi la phin tir co' s¢' ctia dong do.

» Ma trén bac thang 1a ma tran khdc khéng cap m x n

(m, n >2) thoa hai diéu kién:

1) Céc dong bang 0 (néu c6) ¢ phia dudi cac dong
khac 0;

2) Ph?}n tlr co s& cua 1 dong bt ky ndm bén phdi
phan tir co s& cuia dong & phia trén dong do.

» Phéan tir khac 0 ddu tién tinh tir trai sang cua 1 dong




> Chuong 1. Ma tran - Pinh thirc

VD 19. Céc ma tran bac thang:

102 (0123 1o
003/ 00451 0
000 (0001

0 0 1

Céc ma tran khong phai la béac thang:
0 00 0 27 13
3 1 4y, 0 3 4|, 0 0
0 0 5 0 05 2 1

W =~ Ot

1/5/2016

= Ma trén bac thang rut gon
Ma trén bac thang rat gon la ma trn bdc thang c6
phan tir co' s¢ cua mot dong bat ky déu bang 1 va la
phéan tu khac 0 duy nhat ciia c¢dt chura phan tir do.

1300 010 3
VD20. 7, A=[0 0 1 0,B=|0 0 1 2
0001 0000

la cac ma trén bac thang rat gon.

0 01

1 3
Ma tran C' = ] khong 14 bac thang rut gon.

1.5. Ma tran kha nghich

a) Dinh nghia

P Ma tran A € M (R) duoc goi la khd nghich néu ton
tai ma tran B € M (R) sao cho:

AB=BA=1I.

 Ma tran B duogc goi la ma tran nghich ddo cua A.
Ky hiéu B = A™'. Khi dé:
ATA=AA" =1 ;A=A

o

Chii y :
Néu B la ma tran nghich dao cua A thi B 1a duy nhat
va A ciing 1a ma tran nghich dao cta B.

10



3 -5
-1 2
nghich déo cuanhau vi AB = BA=1,.

2
VD21.A:1 va B =

] 1a hai ma tran

001
VD 22. Cho biét matran A={0 1 0] thoa:
1 00

A=A —A+1,=0, Tim A2

1) Néuma trdn A c6 1 dong (hay cft) bang 0 thi
khong kha nghich.
2)I'=1I; (AB)'=B"4".

3) Néu ac — bd = 0 thi:

> Chudng 1. Ma tran - Pinh thirc
2 1
3 2/

Thyc hién phép tinh: a) (AB)™';  b) B'A™".

2
VD23.Ch0A:1 va B =

19 12

Gidi. a) Taco: AB =
1 7

] valg.7—-11.12=1

1/5/2016
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> Chuong 1. Ma tran - Pinh thirc

-3 —4 1
, B= .
-2 3
Giai. Ta co:

-2
AX=B& A'AX=A"B& X=A"'B.

Tim ma trdn X théa AX = B.
. —2 3|(-4 1] (-2 -7
Vay X=- T2 —12

5
VD 24. Cho hai ma trdn A = 3

-3 5||-2 3

b) Tim ma trin nghich dio bang phép bién dbi
so cap trén dong (tham khao)
Cho A € M (R) kha nghich, ta tim A™' nhu sau:
Buwoce 1. Lap ma tran (A|In) (ma tran chia khéi) bé‘lng
cach ghép ma tran I vao bén phai cua A.
Buwéc 2. Dung phép bién doi so cap trén dong dé dua
(A|In) vé dang (Iﬂ |B)

A 1 -10 1
Khi do:. A7 =B. 0 -1 1 0

VD 25. Tim nghich déo ctia A = .
- 0 11
0 0 01

> Chudng 1. Ma tran - Pinh thirc

1 -1 0 111 0 0 O
. 0 -1 1 00 1 0O
Giai. Ta co: (A|I4): 00 110010
0 0 0 10 0 0 1

1 0 0 01 -1 1 -2

dydd, 01000 -1 1 -1
fffjjf;j:,% 00100 0 1 -1/

g 00 gok 0 O Jl

I A

1/5/2016

12



§2. PINH THU'C

2.1. Dinh nghia
a) Ma tran con cép k
Cho A=(a,) €M (R).

b Ma tran vudng cép k dugc 1ap tir cic phan tr nim
trén giao cua k dong va k cot cia A dugc goi la ma
trdn con cap k cua A.

> Ma tran Miy' ¢6 cp n —1 thu duge tir A bang cach
bo di dong thir 7 va cdt thir j dugc goi la ma tran con
ctia A g v&i phan tir a,.

> Chuong 1. Ma tran - Pinh thirc

1 2
VD1.Matran A=|4 5 c6 cac ma tran con ung

3
6

7 8 9] voi céc phan tir o, 1a:
4
7

5 6 6 4 5
MU:S 9’M12: 9’M13:7 8’
2 3 1 3 1 2
M21: 8 9’ M22: 7 9’ M23: 7 8’
2 3 1 3 1 2
M31: 5 6’ M32: 4 6’ M33: 4 5'

b) Dinh thirc (Determinant)
Dinh thtc ctia ma tran vuéng A € M (R), ky hi¢u
det A hay ‘A ,1a 1 s6 thuc dwoc dinh nghia:
*"Néu A= (a,)thidetA=aq,.

J4 |Gy Oy s .
" Néu 4 = thidetA=a, a6 —a,.a

11722 127°21°

a, a,
* Néu A =(a,), (chp n > 3) thi:

detA=a,A +a,A,+...+a A
trong do, A = (—1)"' det M va s thuc A, duge

g0i 12 phan bai dgi 56 cia phén tir a .

1/5/2016
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Chu y
detl =1, detO =0.

Téng cua tich cac phan tir trén dudng chéo nét lién trir
di tong cua tich cac phan tir trén duong chéo nét dut).

> Chuong 1. Ma tran - Pinh thirc

VD 2. Tinh dinh thitc clia cac ma tran sau:
1 2 -1
3 =2
A= ,B=13 -2 1
1 4
2 1 1
VD 3. Tinh dinh thirc ctia ma tran:
0 0 3 —1
4 1 2 -1
A= .
31 0 2
2 33 5

> Chudng 1. Ma tran - Pinh thirc

2.2. Céc tinh chit co bén ciia dinh thurc

) € M (R), taco cac

i

Cho ma tran vuéng A = (a
tinh chét co ban sau:

a) Tinh chat 1

det(AT) — det A.

VDb4. |2 -2 1=|3 -2 1|=-12.

1/5/2016
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b) Tinh chit 2
Néu hoan vi hai dong (hoéc hai cdt) cho nhau thi

dinh thirc d6i dau. o
1 3 2 -1 1 1} |1 -1 1
VD5. |2 -2 1f+—[2 -2 1f=]-2 2 1
-1 1 1 1 3 2 |3 1 2
Hé qua. Néu dinh thirc ¢4 it nhat 2 dong (hodc 2 cot)
giong nhau thi bang 0.
3 3 1 r
VD 6. 2 2 1=0; 1 ¥ y’|=0.
117 1 v vy

¢) Tinh chit 3
Néu nhén 1 dong (hodc 1 cot) vai sb thyc A thi
dinh thtre tang 1én A lan.

31 0 3.1 h oo -1
VD7. |2 1 -2 |=3] 1 —2|;
3 1 7 3 1 7
z4+1 z 2° 1 z 2°
z+1 y ¥l=@@+D)L y o°|
z+1 2z 2° 1 2z 2

> Chudng 1. Ma tran - Pinh thirc

Hé qui
1) N‘é'u dinh thirc 6 it nhit 1 dong (hodc 1 cot)
bang 0 thi bang 0.
2) Néu dinh thirc ¢6 2 dong (hodc 2 cot) ti 1& voi
nhau thi bang 0.
z 0 1 6 —6 -9
VDS8. |2 0 y|=0; 2 2 3=
0y -8 -3 12

1/5/2016
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> Chuong 1. Ma tran - Pinh thirc

d) Tinh chit 4
Néu dinh thirc c6 1 dong (hodc 1 ¢6t) ma mdi phan
tir 12 tong ctia 2 s6 hang thi ta ¢6 thé tach thanh tong
2 dinh thic.

VDI9.|z+1 z—1 1 -1 0 T xr T

T

x y  Yl=lz v Ytz oy ¢
3 B
z

1 1 z 2 1 2z 2
cosz 2 3| [sin®z 2 3 |1 2 3
sinz 5 6|+cos’z 5 6= 5 6|
sinz 8 9| |cos’z 8 9 1 8 9

1/5/2016

e) Tinh chét 5 o
Dinh thire s& khong doi néu ta cong vao 1 dong
(hodc 1 cft) vdi 4 1an dong (hodc ct) khac.

VD 10. Str dung tinh chat 5 ¢ dwa dinh thic sau vé

1 2 3
dang bac thang: A =|—-1 2 —1|.
2 3 4

> Chudng 1. Ma tran - Pinh thirc

Chu y
12 3|, ., 12 3
Phépbiéndéi|0 4 2 |=====[0 4 2|lasai
0 -1 -2 00 —6

vi dong 3 (trudce khi thay doi) dd nhan véi sb 4.
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> Chuong 1. Ma tran - Pinh thirc

1/5/2016

2.3. Pinh 1y (khai trién Laplace)
Cho ma trdn vubng A = (a”) € M (R), taco cac

khai trién Laplace ciia dinh thirc A:
a) Khai trién theo dong thir i

n

det A = ”’,|A,| +(1,12A[2 +..4a A = a A .

m-im i
J=1

Trong do, A, = (=)™ det(M,).

b) Khai trién theo cdt thir j

detA=a A +a, A +..+a A = a A .
o1y 257725 nj~ njg — iy i

> Chudng 1. Ma tran - Pinh thirc
1 0 0 2

2 .
VD 12. Tinh dinh thuc 1 3 bang hai cach

3 2
30 21

khai trién theo dong 1 va khai trién theo cot 2.

VD 13. Ap dung tinh chat va dinh 1y Laplace, hay tinh

1 1 1 2
2 -1 1 3
dinh thirc .
1 2 -1 2
3 3 2 1

17



> Chuong 1. Ma tran - Pinh thirc
Cic két qua dic biét cin nho
1) Dang tam giac

nl an? e ann

2) Dang tich: [det(AB) = det A. det 5|

3) Dang chia khoi
A : B
. .|=detAdetC,véi A, B, C € M (R).
o : C

n

> Chuong 1. Ma tran - Pinh thirc

1 2 3 4
0 -2 7 19
VD 14. Tinh det A = .
- 0 0 3 0
0 0 0 -1
0 0 3 4
3 =2 7 19
VD 15. Tinh det B = .
E— 1 3 7
0 8 —1

11 —1lf2 1 4
VD 16. TinhdetC =[2 0 32 1 3|.
12 -3||1 21

1 1 1|2 411-3 1 4
VD 17. TinhdetD=|2 0 3 ||2 3]0 1 2
1 2 -3||1 2 1 21

1/5/2016
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> Chuong 1. Ma tran - Pinh thirc

zr 1 0 O
1 0 )
VD 18. Phuong trinh = 0 c6 nghiém
2 x r —2
3 8 2 =z
r==1
la:A.z =41, B.x=1;, C.z=-1; D. .
=22

2.4. Ung dung dinh thirc tim ma trian nghich dio
a) Pinh ly
Ma tran vudng A kha nghich khi va chi khi:

VD 19. Gi4 tri ciia tham sb6 m dé ma tran

m 1||m 0 ! m—1 0
A= )

0 m||[l m-1 1 m
kha nghich la:

E C.m=0; D.m=1.

m=1" m =

m=20 m =0
. B.{

> Chudng 1. Ma tran - Pinh thirc
b) Thuit toan tim 4™

P Budc 1. Tinh det A. Néu det A = 0 thi két luan A
khong kha nghich. Nguoc lai, ta lam tiép budce 2.

e Burée 2. Lap ma tran (A ) VA == 1) det M.

i
Suy ra ma tran phu hop (adjunct matrix) cia A la:

T
adjA = {(A/y,) ] .
e Burde 3. Ma tran nghich ddo cia A la:
A = ! .adjA.
det A

1/5/2016
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> Chuong 1. Ma tran - Pinh thirc

VD 20. Tim ma tran nghich déo (néu c6) cua:

1/5/2016

1 21
A= 1 2]
5 4

w =

2 1
VD 21. Choma trdn A = 1 1|. Tim A%
2 3

—_ o =

> Chuong 1. Ma tran - Pinh thirc

2.5. Hang ctia ma tran

a) Pinh thirc con cap k

Chomatran A = (a_ ) . Binh thirc ctia ma tran con
mxn

%

cap k cua A dugc goi la dinh thire con cdp k cua A.
Dinh Iy | o
Néu ma tran A 0 tat ca cac diph thirc con cap k déu
bang 0 thi cac dinh thirc con cap k + 1 ciling bang 0.
b) Hang ciia ma tran (rank of matrix)

Cép cao nhét cia dinh thirc con khac 0 ctia ma tran A
dugc goi 1a hang ctia ma tran A.

Ky hiéu 1a 7(A).

> Chudng 1. Ma tran - Pinh thirc

Chu y
*Néu A = (ai ) khac 0 thi 1 < r(A4) < min{m,n}.

mxn

*« Néu A 1a ma trdn khéng thi ta quy uée r(A) = 0.

¢) Thuét toan tim hang ctia ma tran
b Bude 1. Pua ma trin can tim hang vé bac thang.
» Burde 2. SO dong khac 0 ciia ma tran bac thang chinh
1a hang cia ma trén da cho.
P Dic biét )
Néu A 1a ma vudng cap n thi:
[r(A) =n < det A= 0

20



> Chuong 1. Ma tran - Pinh thirc

VD 22. Diéu kién cua tham s m dé ma tran

m —1 =2
A=|0 3 2 |c6hangbing 3 la:
0o 1 1

A m=1, Bm=-1;, Cm==1; D.m=0.

> Chuong 1. Ma tran - Pinh thirc

1 -3 4 2
VD23.Cho A=|2 —5 1 4| Tim r(A).
3 -8 5 6
2 1 -1 3
0 -1 0
VD 24.Cho A = . Tim r(A).
0o 1 2
0o -1 1 -4

> Chudng 1. Ma tran - Pinh thirc

[Ta co theé hoan vi c0t cua ma tran roi dua vé bac thang,
VD 25. Gi4 tri ciia tham s6 m dé ma tran
m+1 1 3
A=| 2 m+2 0[cor(4)=2Ila:
2m 1 3
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VD 26. Tuy theo gia tri m, tim hang cia ma tran:
-1 2 1 -1 1

m -1 1 -1 -1
A:

1 m 0 1 1

12 2 -1 1

§1. Hé phwong trinh téng quat
§2. HEé phuwong trinh thuan nhat

§1. HE PHUONG TRINH TONG QUAT
1.1. Dinh nghia
Hé gébm n an z, (i = 1,2,...,n) va m phuong trinh:
axr +ar +..+a =D

1171 12772 1n""n 1

a, T, +a,r, +...+a, r =0,

2171 22772 2n"n (I)

a T +a,r,+..+a T =b

ml1™1 mn- n m

trong d6, hé s6 a;, b €R (i=1,...,n; j=1..,m),

1/5/2016

duogc goi 12 hé phwong trinh tuyén tinh tong qudt.

B:(b b)TvélX:(ac1 xn)T

1 m

lan luot 1a ma trdn hé s6, ma trdn cdt hé so tu do va
ma tran cOt an.

Khi dé, hé (I) tré thanh [AX = B]
I3 T
» BO séa:(a1 an) hoécaz(al; e an)

duoc goi la nghiém cua (I) néu Ao = B.
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VD 1. Cho h¢ phuong trinh:

T, — 1, + 2z, +4z, =4
2z, + 1, +4z, =3
2z, — Tz, =5.

H¢ phuong trinh dugc viét lai dudi dang ma tran:

x
ol| *|=|-3
:EB
2 =70 )
T

va a = (1;—1;—1; 1) 1a 1 nghiém cua hé.

1.2. Pinh ly Crocneker — Capelli
Cho hé phuong trinh tuyén tinh AX = B. Goi ma trin

a'll 0,12 aln bl

mo rong la A= (A|B) = ..
o Gy eoa b

Pinh Iy _

Hé AX = B c6 nghiém khi va chi khi|r(A) = r7(A).

Trong trudng hop hé AX = B ¢6 nghiém thi:

= Néu r(A) = n : két luan hé cé nghi¢m duy nhit,

= Néu r(A) < n : két luan hé cé vé sé nghiém )
phu thudc vao n — r tham so.

VD 2. Tuy theo dicu kién tham s6 m, hay bién luan so6
nghiém cua hé phuong trinh:
rT+my—32=0
(1—m*)z=m—1.

VD 3. Diéu kién ctia tham s6 m dé hé phuong trinh:
mx +8—-Tt=m-—1
3r+my+2z+4t=m

mz+ 5t =m’ —1
5z —mt =2m+2
6 nghiém duy nhat la:
A m=0, B.m=1, C.m==%l; D.m=45.
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1.3. Phwong phap giai hé phwong trinh tong quat
a) Phuong phap ma trin (tham khao)
Cho hé phuong trinh tuyén tinh AX = B, voi A la
ma trdn vudng cap n kha nghich.
Ta co:

(AX = Beo X = A'B)

VD 4. Giai hé phuong trinh tuyén tinh sau bang

phuong phap ma trén:
2z +y—z=1
y+32=3

20 +y+2z=—1.

b) Phwong phap dinh thirc (h¢ Cramer)
Chohé¢ AX = B, v6i A 1a ma tran vudng cip n.
p Burdc 1. Tinh cac dinh thirc:

an (11]. (11"
A=detA=|... ... ... ... .|
a a . a
nl nj nn
all bl aln
Aj = ,i=Ln
e bla
nl n nn

(thay cOt thtr j trong A béi cot tu do).

b Burde 2. Két luan:
= Néu A = 0 thi hé c6 nghiém duy nhat:
A _

R R
x/—A,VJ—Ln.

= Néu A=A =0,Vj=1 n thihé co v6 s nghiém

(ta thay tham sb vao hé va tinh tryc tiép).

* NéuA=0va3A =0, j=1 n thi hé v0 nghi¢m.

1/5/2016
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VD 5. Giai hé phuong trinh sau bang dinh thtrc:

2z +y—2z=1
y+3z=3
2v+y+2z=-1.

A o |m+ Dz +y=m+2
VD 6. H¢ phuong trinh
z+(m+1y=0

c6 nghiém khi va chi khi:
B.m=-2Am=0;

A.m=-2;
C.m=0; D.m = —-2.

¢) Phwong phap ma tran bac thang
(phwong phdp Gauss)
Xét hé phuong trinh tuyén tinh AX = B.

* Buéc 1. Pua ma trin mé rong (A| B ) vé dang bac
thang béi PBDSC trén dong.

* Budc 2. Giai ngugc tir dong cudi cung 18n trén.

Chii . Trong qua trinh thuc hién budc 1, néu:
= c6 2 dong ti 1€ thi x6a di 1 dong;

= c6 dong nao bang 0 thi x6a dong do;

= ¢6 1 dong dang (o...0|b), b = 0 thi hé v6 nghiém.

VD 7. Giai hé sau bang phuong phap Gauss:

20 +y—z=1
y+32=3

2z4+y+z2=-1

VD 8. Giai hé phuong trinh tuyén tinh:

Sz, — 2z, + 5z, — 3z, =3
4z + =z, + 3z, — 2z, =1
2z + Tz, —z, =—1.




x4+ 4y + 5z =—1
VD 9. Tim nghiém cta h¢ {2z + 7y — 11z =2
3z+1ly—6z=1
A .z =15y =—4,2=0; B.Héco vd sd nghiém;

z=15—T9% z =15+ 79«
C.iy=—-4-2la; D.{y =—-4-2la.
z=a€R z=a€R

) 3r—y+2z=3
VD 10. Tim nghiém ctia h¢ .
20 +y—22="7

Ay =T7-2qa; B.jy =342«
z=a€R z=a€R

C. H¢ c6 v0 s0 nghiém; D. H¢ v6 nghiém.

VD 11. Gia tri cia tham s§ m dé hé phuong trinh

r4+2y+(7T—m)z=2
tuyén tinh {2z + 4y — 5z =1
3z +6y+mz=3
¢6 vo s6 nghiém la:
A m=+41; Bm=1;, Cm=-7, DDm="7.
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Chu y

» Khi hé phuong trinh tuyén tinh c6 v s6 nghiém, ta
g0i nghiém phu thudc tham s6 1a nghié¢m tong quat.
Néu cho céc tham sb béi cac gia tri cu thé ta dugc
nghiém riéng hay con goi 1a nghiém co bdn.

» Mubn tim diéu kién tham sé dé 2 hé phuong trinh c6
nghiém chung, ta ghép chung thanh 1 h¢ roi tim diéu
kién tham so dé hé chung do c6 nghi¢m.

VD 12. Tim diéu kién ctia tham s6 m dé 2 hé phuong
trinh sau c¢6 nghiém chung:
r+y—z+t=2m+1 |22+dy — 2242t = 2m+1

r4+T7y —bz—t=—m |3z+7y —32+3t =1

§2. HE PHUONG TRIiNH THUAN NHAT

2.1. Pinh nghia

Hé phuong trinh tuyén tinh thudn nhat 13 truong hop
dac biét cua hé phuong trinh tong quat, c6 dang:
a2, +a,r, +..+a,r =0

T, + AT, + .o+ a, T = 0 (D).

a v.+a x.+...+a x =0

ml™1 m272 mn- n

H¢ (II) tuong duong véi AX = (0

zj)mxl'

1/5/2016
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Chii§
» Do r(A) = r(A) nén h¢ thuan nhat luén c6 nghiém.

» Nghiém (0; 0;...; 0) dwoc goi 12 nghiém tim thuwong.

2.2. Dinh Iy 1
He¢ (II) chi c6 nghiém tAm thudng khi va chi khi:

Wm_
VD 1. Tim diép kién tham s6 m dé hé phuong trinh
tuyén tinh thudn nhat sau chi c6 nghiém tam thuong:
3z4+m’y+(m—5)2=0
(m+2)y+=z =0

4y +(m+2)z=0.

2.3. Dinh 1y 2
Xét hé phuong trinh tuyén tinh tong quat AX = B (I)
va hé phuong trinh thuan nhat AX = O (1).
Khi do: )

» Hi¢u 2 nghiém bat ky cua (I) 1a 1 nghiém cua (II);

» Tong 1 nghiém bét ky cua (I) va 1 nghiém bat ky cua
(II) 12 1 nghiém cua (I).
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VD 2. Cho 2 hé phuong trinh tuyén tinh:

x4+ 4y+ Hz=-1 x4+ 4dy+52=0
20+ Ty —11z2 =2 (I) va {22 4+ 7Ty — 11z = 0 (1D).
3z+1ly—6z=1 3z 411y —62=0

Xét 2 nghiém ctia (I) va 1 nghiém cua (IT) lan luot 1a:
a, = (15;—4; 0), a, = (—64; 17;—-1)
va 3 = (—158; 42;—2), ta co:
P o, —a, = (79;—21; 1) 1a 1 nghi¢m cua (II);
P o, + (3 = (—143; 38;—2) la 1 nghiém cua (I).

§1. Khai niém khdng gian vector )
§2. Sy dgc 14p tuyén tinh va phu thudc tuyén tinh
§3. Co s6, s0 chieu cua kgvt — Toa dd cua vector
§4. Khong gian sinh béi hé vector
§5. Khong gian Euclide
§1. KHAI NIEM KHONG GIAN VECTOR
(Vector space)
1.1. Pinh nghia

» Cho tap V khac r5ng, mdi phé”ln t thudc V' dugce goi
1a mét vector. Xét hai phép toan sau:
VxV -V RxV =V

(7, y) =z +y; (A, 2) = Az.

 Ta ndi V' cung voi hai phép toan trén 1a mét khong

gian vector (viét tit 1a kgvt) trén R, hay R — khong

gian vector, néu thoa 8 tinh chat sau:
D(z+y)+z=z+(y+2), Va,y,z2 €V;

230V iz+0=0+z=2z, VeV,
HVeeV,I(—z)eV:i(-z)+z=z+(—z)=0;
Hzr+y=y+z, Ve,yeV;
HANz+y)=X e+ Ay, Ve,y e V, VI e R;

6) AN+ p)x =+ px, Ve eV, VA, p € R;

7 (Ap)z = Apz), Ve e V, VA, u € R,

)l =z Ve eV.

Trong d6, 0 € V dugc goi 1a vector khong.

1/5/2016
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» Chuong 3. Khéng gian vector

VD 1.
r Tap R" = {(zl,xz,...,xn)hz eR,i=1, n} cac bo sb

thuc 1a mot khong gian vector.
» Tap nghiém V' cta hé phuong trinh tuyén tinh thuan
nhat 1a mot khong gian vector.
 TapV =M

m,n

nhan vo hudng 1a mot khong gian vector.

(R) véi hai phép toan cdng ma trén va

P Tap P [z] cac da thirc co bac n:
{p(@)=0a2"+..+az+a,a €R, i=0,..,n}
v6i phép cong da thire va nhan sé thuc véi da thirc 1a
mot khong gian vector.

» Chuong 3. Khong gian vector

1.2. Khong gian vector con (Vectorial subspace)

= Pinh nghia
Cho kgvt V, tap W CV duoc goi la khong gian
vector con cua V néu W ciing 1a mot kgvt.

* Dinh Iy '
Cho kgvt V', tap W C V la kgvt con cua V' néu:
Va,y e W, VAR thi (z + \y) e W.
VD 2.
» Tap W = {6} 1a kgvt con ctia moi kgvt V.

b Tap W = {(a, 0,....0) o € R} 1a kgvt con cia R".

» Chuong 3. Khdong gian vector

§2. SU'PQC LAP TUYEN TINH
PHU THUQC TUYEN TINH
2.1. Pinh nghia
Trong kgvt V', xét n vector u, (i = 1,...,n).
Khi d6: n
P Tong A\ u, +Au, +...+ A u = Z)‘z”w A ER,
i=1
duoc goi 12 mét 16 hop tuyén tinh cua n vector u,.
t Hé gdm n vector {u,,uy,...,u, } dugc goi la déc lip
tuyén tinh (viét tit 1a dltf) néu:
zn: Au, =0 thix =0,Vi=1,...,n.

i=1

¢ H¢ {u,,u,,...,u } khong la doc lap tuyén tinh thi
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duoc goi 1a phu thudc tuyén tinh (viét tit 1a prtr).
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VD 1. Trong R’ xét su dltt hay pttt ciia hé 2 vector:
A={y =1-1), u, = (2 3)}.

VD 2. Trong R?, xét sy dltt hay pttt cua hé 3 vector:
B={u = (-1 3;2),u, = (2; 0; 1),u, = (0; 6; 5)}.

VD 3. Trong MM(R), xét su dltt hay ptit cla hé:

1 2 0 2 30 01 0
A= ,B= ,C = .
3 0 1 4 0 1 2 01
VD 4. Trong P [z], xét su dltt hay pttt cua hé:

2 n—1 n
{fu, =Ly =z,u, =2",...,u =1 z"}.

? un+1 -

» Chuong 3. Khong gian vector
2.2. Pinh ly

Hé gdm n vector 1a prtt khi va chi khi ton tai mot
vector 1a to hop tuyén tinh ciia n — 1 vector con lai.
Nghia la:

u,=Au A U A

j—1 -1

Uy +..+Au

non’

= H¢ qua

> Heé co vector khéng thi phu thudc tuyén tinh.
b Néu c6 mot bo phan cua hé prre thi hé prre.

VD 5. Hé {v, = 2°,v, = =32°,v, = (z —1)’,v, = 2"}

1a pttt vi b phan {v, = 2, v, = —32°} pitt.

» Chuong 3. Khdong gian vector
2.3. Hé vector trong R"

r _ . n
Xét m vector u, = (a,a,,...,a, ), i =1,m trong R".

Ma trin A = (a ) duoc goi 1a ma trgn dong cua hé
L mxn
m vector {u,, uy,..., u_}.

VD 6. He {u, = (,—1-2), u, = (4 2,—3)}

1 -1 -2
4 2 =3/

co matran dong la A =
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= Dinh Iy
Trong R", cho hé gdm m vector {u,, uy,...; u } o
ma trdn dong 1a A.

Khi dé:
+ Hé doc 1p tuyén tinh khi va chi khi [r(4) = m]

b Hé phuy thudc tuyén tinh khi va chi khi [r(4) < m]

= Hé qua

» Trong R", hé c6 nhiéu hon n vector thi prrt.

» Trong R", hé n vector dltt <

VD 7. Xét su dltt hay pttt ciia cac h¢ vector:
a) B ={(-12;0), (25 1)};

b) B, ={(-12;0), (1; 5 3), (2 3; 3)}.

VD 8. Trong R?, tim diéu kién m dé hé sau 1a prr:
{(=m; 1), (1—4m; 3; m +2)}.

VD 9. Trong R?, tim diéu kién m dé hé sau la dlr:
{(m; 1, 1), (1, m; 1), (1; 1; m)}.

VD 10. Trong R*, cho 4 vector:
u = (5=10;1), u, = (m; m;—1; 2),
u, = (0;2; 0; m), u, = (2; 2,—m; 4).
bi€u kién m d€ u, 1a t6 hop tuyén tinh cta u,, u,, u,?
Giai. Ta cé:" '
u, 1a t6 hop tuyén tinh cla u,, u,, u,

< hé {u,, u,, u,, u,} 1a phu thude tuyén tinh.
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§3. CO SO, SO CHIEU CUA KGVT
TOQA PQ CUA VECTOR
3.1. Co s¢ cua khong gian vector
= Pinh nghia
Trong kgvt V, hé n vector F' = {u,u,,...,u } dugc

goi 1a mot co 56 (basic) cua V néu hé F 1a dltr va moi
vector cua V' déu dugc biéu dién tuyén tinh qua F'.

VD 1. Trong R?, xét hé F = {u,=(1;—1), u,=(0; 1)}.
Ta c6: hé F' 1a doc lap tuyén tinh.
Mit khac, xét vector tuy ¥ = = (a; b) € R” ta ¢6:
r = au, + (a +d)u,.

Vay hé F 1a 1 co s& cua R,

VD 2. Trong R?, xét hé 2 vector:
B ={u =(10;0), u, = (0; 1; 0)}.

Ta co: au, + Bu, = (1; 1; 1), Vo, B € R.

Vay hé B khong phai 1a co so ciia R®.

» Chuong 3. Khdong gian vector
VD 3.
» Trong R", hé n vector:
E={e =(a,;0a,.;4q,),i=12...,n}
trong do: a, = 1néui=jy, a, = Oneui=j

duoc goi 1a co' sé chinh tiic.

* Khong gian vector P [z] ¢6 1 co sé la:
Lo-L@-1:(@-1%@-1"}

= Chu y
Mot khong gian vector c¢6 thé cé nhi€u co s& va so

vector (hiru han) trong cac co s 1a khong doi.
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» Chuong 3. Khéng gian vector

3.2. S6 chiéu ciia khong gian vector

= Pinh nghia

S6 vector ¢6 trong 1 o SO bat ky cua khong gian
vector V' dugc goi 1a so chiéu (dimension) cia V.

Ky hi¢u la: dim V.
VD 4. Tacé: dimR" = n, dim P,[z] = 5.

= Chu y
* Trong R", moi hé gém n vector dltt d&u 13 co s6.

> S6 chiéu cua kgvt ¢ thé vo han. Trong chwong trinh,
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ta chi xét nhitng kgvt hitu han chiéu.

» Chuong 3. Khong gian vector

3.3. Toa d¢ ciia vector
a) Dinh nghia
Trong kgvt V, cho co s¢ F' = {u,,u,,...,u }.
Vector 2 € V tiy ¥ c6 biéu dién tuyén tinh mot cach
duy nhit qua co s6 F la z = Zaluz, a € R.
i=1
Tanéi z c6 toa dp ddi véi co sé F 1a (0,550 ).

Ky higu la: [z], =| *|=(o, o, ... a).

» Chuong 3. Khdong gian vector

= Quy woc
trong R" 1a [z] hodc viét duéi dang 2 = (a ;.5 ).

VD 5. Trong R*, cho z = (3;—5) va 1 co sé:
B ={u, =(2—-1), u, = (1; 1)}. Tim [z] ,?

Ta viét toa dd cua vector x do6i véi co s chinh tac F
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» Chuong 3. Khéng gian vector
VD 6. Trong P,[z], cho vector p(z) = z' + z° va mot

co so: )
A:{ulzl; u, =v—1; u, = (v —1)7;

u, = (-1 u = (x—1)4}

Hay tim [p(m)]/-l ?

VD 7. Trong R?, cho 2 co sé:
B ={u, = (1;0), u, = (0;=1)},
B, ={v, = 2-1), v, = (1; 1)}.
Cho biét (], 1a (1; 2). Hay tim [«],, ?

» Chuong 3. Khong gian vector
b) Toa do ciia vector trong cac co sé khac nhau
= Ma trin chuyén co sé

Trong kgvt V', cho 2 co so:

B ={u}, B, ={v},i=12,.,n.
Ma trén ([’UL]B [v,], - [UH}B) duoc goi 1a ma trin
chuyén co sé tir B, sang B,.

Ky higu la: P,

—B. "
B,

Dic biét
Trong R", ta cé:
Py = (0] [0,) 1w,

(ma tran cgt cua cac vector trong B)).

= Cong thirc ddi toa dd

[z], =P [:L‘]”:.

) B—B,
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» Chuong 3. Khéng gian vector
VD 8. Trong R?, cho hai co s¢ B, va B,.

1 -1 2 1
Chobiét P, , =|0 1 3 |vafo] =|2|
0 0 -2 3

Tim toa d¢ cua vector v trong co s¢ B, ?

VD 9. Tim ma tran chuyén co s& P, , trong VD 7.

» Chuong 3. Khong gian vector

= Dinh ly
Trong kgvt V', cho 3 co s B, B, va B,. Khi do:
. PBﬁBl =1 (1=1273);
: PBl_'B:s - PB1_‘B:7 -PB‘z_'st;
-1
PBl_'Bz = (PBZ_)B1) ’
= H¢ qua

Trong R", ta c6:

1
PB1 B, PB1 obs B, (PE »Bl) b, ‘B,

VD 10. Dya vao h¢ qua, giai lai VD 7.

§4. KHONG GIAN SINH BOI HE VECTOR

4.1. Pinh nghia

Trong kgvt V cho hé gdm m vector S = {ug,...;u }.
Tap hop tt ca cac t6 hop tuyén tinh cia S dugc goi
la khéng gian con sinh boi S.

Ky hiéu la: < S > hodc spansS'.
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» Chuong 3. Khéng gian vector

4.2. H¢ vector trong R"
Trong kgvt R", xéth¢ S = {u,,...,u _} taco:
<S§>= [:r ER'|o =" Au, )€ R}.
i=1
Goi A 1a ma trén dong m vector ciia S.
Khi do:
e dim < 5 >=r(A) vadim < S > <n.

b Néu dim < S >= k thi moi hé con gdm k vector

dltt ctia S déu la co s ciua < S >.

» Chuong 3. Khong gian vector

VD 1. Trong R?, cho hé vector:
S={u, =1 0;-1), u, = (0; ,-1)}.
Hay tim dang toa do ctia vector v € < .S > ?

VD 2. Trong R*, cho hé vector:
S ={1234), (24%6), (1,253), (1,2:6;3)}.
Tim s6 chiéu ctia khong gian sinh < § > ?
VD 3. Trong R*, cho hé vector S:
u,=(—2;4;—2—4),u,=(2,—5—3;1),u,=(—1;3;4;1)}
Hay tim dim < S >valcosocia<§ >?

» Chuong 3. Khdong gian vector

§5. KHONG GIAN EUCLIDE
5.1. Pinh nghia
r Cho khong gian vector V' trén R. Mot quy luat cho
twong tmg cip vector , y bat ky thudc V véi sb

thuc duy nhat, ky hiéu <L‘ y> (hay (z, y)), thoa man:
1)< | >>Ové< |$>:0<:>a::9;

2 (s]y) = l):
o= o+ o v
4) (Aaly) = A(a]y), VA€ R
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duoc goi la tich vé huong ciua x va y.
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» Chuong 3. Khéng gian vector

b Khong gian vector V hitu han chidu trén R c6 tich
v6 hudng nhu trén dugc goi 1a khong gian Euclide.

VD 1. Kgvt R" ¢6 tich v hudng thong thuong:

<x|y> = <(:z71,...,:c")| (yl,...,yn)> =zy +..+zy

la mét khong gian Euclide.

VD 2. Trong C[a; b] — khong gian cac ham sb thuc

lién tyc trén [a; b], ta xac dinh dugc tich vo hudng:

(flg) = ]f<x>g<m>dx

1/5/2016

Vay Cla; b] c6 tich vo huéng nhu trén 1a kg Euclide.

» Chuong 3. Khong gian vector
5.2. Chuin ciia vector
a) Pinh nghia
» Trong khong gian Euclide V/, s6 thuc <u‘ u>
duoc goi la chuén (hay d¢ dai) cua vector u.
Ky hiéu 1a "u"

| = T,

b Vector u dugc goi 1a vector don vi néu "u" =1

Viy,

> d(u,v) = "u — v" duoc goi 1a khodng cach gitra u, v.

» Chuong 3. Khdong gian vector
VD 3. Trong R" cho vector u = (u,,1,,...,u ), ta co:

170"
”u":\/<u|u> :\/ul2 +u§ +...+ui = iuf

VD 4. Trong khong gian Euclide C[a; b], ta co:

=77~ ﬁ
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» Chuong 3. Khéng gian vector

b) Pinh ly
Trong kg Euclide V cho 2 vector u, v bat ky. Ta co:

» Bt dang thie Cauchy — Schwarz
(o) < ol el
» Bit ding thice tam giac

ol =l < ol < el + ol

1/5/2016

» Chuong 3. Khong gian vector
VD 5. Trong R", bat déng thirc Cauchy — Schwarz la:

‘Zwy < \/me/Zy :
i=1 i=1 i=1

< \/] fz(m)dx\/]‘ g*(z)dz.

[ Hteyia

VD 6. Trong Cfa; b], bat dang thirc Cauchy—Schwarz:

» Chuong 3. Khdong gian vector

5.3. Co s true chuin

a) Pinh nghia i
Trong khong gian Euclide n chi¢u V, ta dinh nghia:

cac vector cua co so la truc giao ting d6i mat;
> Co s6 {u,,u,,...,u } dugc goi la co sé truc chuin

néu co s la truc giao va ”“1" =1 (i=1..,n).

b Hai vector u, v dugc goi 4 trurc giao néu <u | v> =0

P Co s6 {u,,u,,...,u } dugc goi la co sé truc giao néu
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» Chuong 3. Khéng gian vector

VD 7. Trong R?, ta c6:

e Hé {(2;—1), (—3;—6)} 14 co s truc giao;

P HE {|—;——|, | ———;———|} 1a co s& truc chuan
2 2 2 2
b) Pinh ly

Moi kg Euclide n chiéu déu ton tai co s truc chuan.
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* Thuit toan trwe chuin héa Gram — Schmidt
b Buéc 1. Trong khong gian Euclide n chiéu V, chon
co 8O {u,Uy,...,u } bat ky.

P Burde 2. Xay dung co so truc giao {v,,v,,...,v, }:

bat v, = u;
<u2|vl>
v, = U, ————=U;
o
(i) {ule)
Uy = Uy — > U~ 5 Uy
[ —

» Chuong 3. Khdong gian vector
et (1,]0,)
n n Z 2 'U]. :
el

» Burde 3. Xay dung co so truc chuan {w,w,,...,w }
bang viéc chuan hoa cac vector & budc 2:

VD 8. Trong R*, hay truc chuan héa co so:
F={u, =100, v, =(0; 1; 1), uy = (0; ,—1)}.
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> Chuong 3. Khéng gian vector
- Dinh Iy ,
Néu {u,,...,u }1a mét co s¢ truc chuan cta kg Euclide
n chiduV va u € V thi:

n

U = Z<’U,|’U41>UZ.

i=1

VD 9. Trong R*, hay truc chuin héa co sé:

{u, = (-1, 0), u, = (0; ,-1), u, = (1, ,-1)}.
Tim toa d¢ ctia u = (1; 2; 3) trong co s& truc chuin do
VD 10. Trong R*, cho hé S gdm 3 vector:

{u,=(1 1; 0; 0), u,=(1; 0; 1; 0), u,=(=1; 0; 0; 1) }.
Hay tim mot co s truc chudn ciia khong gian < S >.

§1. Anh xa tuyén tinh
§2. Tri riéng — Vector riéng
§3. Chéo héa ma trian vudng

§1. ANH XA TUYEN TiNH

1.1. Khai niém anh xa tuyén tinh tong quat
a) Dinh nghia
Cho X, Y la2kgvttrén R. AnhxaT: X —Y duge
goi 1a dnh xg tuyen tinh (hay toan tu tuyén tinh) néu
théa man 2 diéu kién sau:

1) T(az) = aT(x), Vz € X, Va € R;

N T(x+y)=T(x)+T(y), Vo,y € X.

= Chu y

» D6i v6i anh xa tuyén tinh (viét tit 1a AXTT),

ky hiéu T'(z) con duoc viét la Tx.

» Hai diéu kién cia dinh nghia trong duong véi:
T(z + ay) =Tz + aTy, Y,y € X, Ya € R.

+ 7(0,) = 0,. Trong d6 0, 6, lan lugt 1 vector khong
cuia X vaY.

1/5/2016
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> Chuong 4. Anh xa tuyén tinh

VD 1. Cho 4nh xa T : R* — R’ duoc dinh nghia:
T(x; x,; x,) = (v, — 2, + 2,5 2z, +31,).
Trong R?, xét 2 = (x5 25 2,), ¥y = (Y5 Yys Uy)-
Voi a € R tuy y, ta co:
T(z+ay) = T(x, + ay,; =, + ay,; ©, + ay,)
=(z, + oy, —z, — oy, + 1z, + oy,
2z, + 20y, + 3z, + 3ay,)
= (v, =z, +x,; 22, + 3z,)

+aly, —y, +y,; 2y, +3y,) = Tz +aTy.

Vay anh xa 7' 14 anh xa tuyén tinh tir R® vao R

L > Chuong 4. Anh xa tuyéntinh

VD 2. Cho 4nh xa f: R* — R’ xac dinh nhu sau:
f(w; y) = (& —y; 24 3y).

Xétu = (1; 2), v=(0;—1) tacoé:
Flu+v)=fL;1) = (1—1 2+ 3.1) = (0; 5)
fw)+ f(v) = (=1 8) + (L,=1) = (0; 7)

)

~18
= flu+v) = f(u)+ f(v).

Vay anh xa f khong phai 1a AXTT tir R* vao R*.
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> Chudng 4. Anh xa tuyén tinh

VD 3. Cac AXTT thudng gip trong mit phang:

b Phép chiéu vudng goc xudng truc Oz, Oy:

T(z; y) = (2; 0), T(x; y) = (05 y).

» Phép ddi xing qua truc Oz, Oy:

T(w; y) = (:-y), T(z; y) = (-3 y).

» Phép quay 1 goc ¢ quanh gbc toa do O:

T(z; y) = (zcosp — ysiny; zsing + ycosp).
Y

M, asinp +bcosp
1) W oM
S’R H
0 a

acosp —bsing
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VD 4. Goi C[a; b] 14 tap hop cdc ham mot bién s lién
tuc trén [a; b]. Trén Cla; b], xac dinh phép toan cong
hai ham s6 va nhan v6 hudng thi C[a; b] 1a 1 kgvt.
Céc phép lay tich phan sau 1a nh xa tuyén tinh:

T :Cla; b] — Cla; b], Tf = ff(m)dx;

S : Cla; b] — Cla; b], Sf = ]f(t)dt, z € [a; b].

VD 5.Cho A€ M, (R), taco:
T,:R" — R", T,z = Az la 4nh xa tuyén tinh.

b) Nhén va anh ciia 4nh xa tuyén tinh
= Pinh nghia
Cho anh xa tuyén tinh 7: X — Y.
P Tap {v € X : Tx =0, } dugc goila nhdn cia T'.
Ky hiéu la KerT.
Vay KerT ={zr € X :Tx =0, }.

> Tap T'(X) ={Tx : x € X} dugc goi la dnh cia T.
Ky hiéu la RangeT hodc ImT'.

Vay ImT = {Tz:z € X}.

* Tinh chét
Cho anh xa tuyén tinh 7' : X — Y, khi do:
» KerT la khong gian con cia X
» Im 7" 1a khong gian con cua V'
b Néu S 1a tap sinh ctia X thi T(S) 1a tap sinh cta Im 7T';
P 7' 1a don anh khi va chi khi KerT = {0, }.
= Pinh ly
Cho 4anh xa tuyén tinh 7' : X — Y, khi do:
[dim(KerT) 4+ dim(Im 7") = dim X |

1/5/2016
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> Chuong 4. Anh xa tuyén tinh

sz

> Chu y
» Tir ddy vé sau, ta chi xét loai AXTT f:R" — R™.

» Khi n=m, ta goi f:R" — R" 1a phép bién déi
tuyén tinh (viét tit 13 PBDTT).

1/5/2016

> Chuong 4. Anh xa tuyén tinh
1.2. Ma trin ciia 4nh xa tuyén tinh
a) Dinh nghia

Cho 4nh xa tuyén tinh f: R” — R™ va hai co s6 cua
R”, R™ lan luot 1a:

B = {u,u,,...,u } va B, = {v,v,,...,v_}.
Matrin A € M, (R): ([f(ul)]B ()] Jr,)], )
duoc goi la ma trgn ciia AXTT f trong cdp co s6 B, B,

Ky hiéu 1a: ]} hodc viét don gian la A.

> Chudng 4. Anh xa tuyén tinh
Cu thé 1a, néu:

flu)=a,v +a,v, +a,0,+..+a v

2172 3173 ml - m

flu,) =a,v +a,0, +a,v, +...+a v

3273 m2-m

flu)=a, v +a,v,+a, v, +..+a v

mn - m

all al‘l o (1] n
a?l a22 T a? n

] B, _
thl [f]Bl - a31 a32 e a?i n
aml am? o amu
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> Chuong 4. Anh xa tuyén tinh

= Truwong hop dic biét

Cho PBDTT f:R" — R" vacosé B = {u,,...,u }.
Ma trédn vuéng A cap n: ([f(u1)]3 [f(uz)][,. ...[f(un)]B
dugc goi l1a ma trdn ciia PBDTT f trong co so B.
Ky hiéu 1a: [f], hodc [f] hodic viét don gidn 1a A.

Chu y
Néu A 12 ma trén cia AXTT f: R" — R" trong cip

cos¢ chinhtic £ , E_thi f(z) = Az, z € R".

L > Chuong 4. Anh xatuyéntinh

VD 6. Cho AXTT f:R* — R® xac dinh nhu sau:
flzy;2t) =Bx+y—2z; =2y +t; y+32—2t).
Tim ma trin A = [f];'? Kiém tra f(v) = Av, v € R*?
VD 7. Cho AXTT f: R*> — R? xac dinh nhu sau:
fla; y) = (3x; & — 2y;—5y).
Tim ma tran [f ]? ?
VD 8. Cho PBPTT f: R* — R* x4c dinh nhu sau:
flo; s 2) =B +y— 2z 2 —2y; y+ 32).

Tim ma trgn [f]_ ?

E,
3
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> Chudng 4. Anh xa tuyén tinh

VD 9. Cho PBDTT f: R* — R? c6 biéu thirc:

[l y) = 2z —y; 3y).

Hay tim ma trin cia f trong cip co sé chinh tic E va
cos6 B ={u =(1;2), u, = (=1 3)} ?

VD 10. Cho PBDTT f: R* — R* c6 ma tran cia f
ddi véicoss F = {u, =(1;0), u, = (; 1)} la

1 .
A= . Hay tim biéu thuc cta f ?

3

VD 11. Cho PBDTT f: R* — R”. Biét rang:

f(1;2) = (—4; 3) va f(3; 4) = (—6; 7). Hay tim [f]?
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-3
VD 12. Cho AXTT f: R* — R* e [f] =

2

e

Tim ma trin [ f ]ZZ, biét hai co s6:
B ={u =11), u, = (1;2)} va
By ={v, =1 0:1),v, =L L 1),0, = (L 0; 0)}.

b) Pinh Iy
Néu AXTT f:R" - R" co [f|] = A, [1] = 4,
VwP=P, _, P'=P,  th: ’

B,—B,’ BB,

A =(P')"A.P.
= Pac biét

Néu PBDTT f:R" —R" ¢ [f], = A, [f], =B
va P =P, thi

A»Bz °

[=piarl

> Chudng 4. Anh xa tuyén tinh
/
P

1/5/2016
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VD 13. Cho PBDTT f(z; y) = (z + y; = — 2y).

Tim [f],, véicose B ={(2; 1), (,—1)} ?
VD 14. Cho PBPTT f: R* — R® ¢6 biéu thic:
flzsy;2)=@4+y+zz—y+z,2+y—2).
Tim [f],, v6i F = {(2; 1; 0), (1; 0; 1), (—=1; 0; 1)} ?

VD 15. Cho AXTT f: R? — R? ¢6 biéu thirc:
fay2)=@+y—zz—y+2).
Tim ma trdn cua f trong cap co so:
B={(510),(0;11), (5 0; 1)}
va B ={(21), (1, 1)} ?

> Chudng 4. Anh xa tuyén tinh

¢) Thuat toan tim ma tran cia AXTT
Cho AXTT f: R" — R™ va hai co s lan luot la:
B ={u, u,..., u }vaB ={v, v,..., v }.

> Bwée 1. Tim cac ma tran:
S = ([”1]5” [v,_)]Em...[vm I )

m

(ma trén cQt cac vector cia B)),
Q= ([, U, [fw)], ).
r Bude 2. Dung PBDSC dong dua ma tran (S| Q)
vé dang (I|[f}gl)
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VD 16. Cho PBDTT f(z; y) = (z + y; = — 2y).

Dung thudt todn tim [f], véi B = {(2; 1), (1)} ?
VD 17. Cho AXTT f: R* — R? ¢6 biéu thirc:
[y 2)=(@+ty—zz—y+2).

Dung thuit toan tim ma tran cuia f trong cdp co so:
B={110),(0;151), (10 1)}
va B’ ={(2 1), (1)} ?
VD 18. Cho AXTT f(z; y) = (x +y; y — ; x) va
cap coso: A= {(1; 0; 0), (1; 1; 0), (1 ; 1)},
B ={(1;-2), (3; 4)}. Dung thuat toan, tim [f]; ?

d) Hang ciia anh xa tuyén tinh
= Pinh nghia
Hang cia AXTT f:R" — R"™ 1a sé chiéu cua
khéng gian anh cta no.

Nghia la:

Ir(f) = dim(Im f) |

= Dinh ly .
Hang cia AXTT bang hang ma tran cta no.

> Chudng 4. Anh xa tuyén tinh

VD 19. Cho PBDTT f: R* — R’ c6 ma trin trong
1 2
2 4|

Vay r(f) =r(4) =1.

cosd F'la A=

VD 20. Cho AXTT f:R* — R’ c6 ma tran trong cip
1 1 0
2 0 1

7

cosd B, B la[f]s =

1/5/2016
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§2. TRI RIENG - VECTOR RIENG
2.1. Ma tran dong dang
= Pinh nghia
Hai ma tran vudng A, B cip n duoc goi 1a dong dang
v&i nhau néu ton tai ma trin kha nghich P thda:

0

1 3
VD1. A= 6 va B = X la dong dang véi

-1

1
nhau vi ¢6 P = 5 kha nghich théa B = P"'AP.

= Dinh ly
Hai ma tran vudng cing biéu dién mot PBDTT (trong
hai co so twong ung) thi dong dang véi nhau.

2.2. Pa thirc dic trung
= Pinh nghia
» Cho A € M (R). Da thic bac n clia A:
P () =det(A— Xl )
duoc goi 1a da thiec ddac trung (characteristic
polynomial) cia A va phuong trinh P (\) = 0 duoc
201 1a phwong trinh dic trung cia A.

¢ Cho PBDTT f: R" — R". Pa thtrc bic n cua A:
P/(/\) =det(A— A )

dugc goi la da thire dic trung cua f (A 1a ma tran

biéu dién f trong mot co sé nao do) va Pf()\) =0

duogc goi 1a phwong trinh ddc trung cua f.

1 2
VD 2. Cho matran A = 3 4],tacc'):
poy=[? A =B —2
A() 3 4_)\_ - 4.

1/5/2016
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* Dinhly
Hai ma trén dong dang thi c6 cung da thirc dac trung.

VD 3. Cho PBDTT f(z; y; 2)=(z —y; y — 2; 2 — x).
Hay tim phuong trinh déc trung cta f ?

1 -1 0
Gidi. Goi A =[f],,taco: A=|0 1 —1|.
-1 0 1

1-x2 -1 0
PN=0&|0 1-X —1|=0
—1 0 1—A

& -\ +3\ =31 =0.

Chu y

Tir ddy vé sau, ta goi da thic (phuong grinh) dac
trung chung cho PBDTT f va ma tran A biéu dién f.

> Chudng 4. Anh xa tuyén tinh

2.3. Tri riéng, vector riéng

a) Tri riéng, vector riéng cia PBDTT
= Pinh nghia
Cho PBDTT f:R" — R".

» S6 A € R duoc goi 1a #ri riéng (eigenvalue) cta f
néu ton tai vector z € R", 2 = 0 : f(z) = \z (1).

¢ Vector = = 6 thoa (1) dugc goi 1a vector riéng
(eigenvector) cua f ung voi tri riéng .
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> Chuong 4. Anh xa tuyén tinh

VD 4. Cho PBDTT f(x; z,) = (47, —2z,; =, + ).

Xét s6 A = 3 va vector z = (2; 1), ta co:
f@)=121)=(6;3) =32 1) = Az.

Vay z = (2; 1) la vector riéng ung véi tri riéng A = 3

1/5/2016

b) Tri riéng, vector riéng ciia ma tran

= Pinh nghia

Cho ma tran vuéng A € M (R).
» SO A € R duoc goi 1a tri riéng ciia A néu ton tai
vector z € R", z = 0 : Alz] = \z] (2).

r Vector = = 0 thoa (2) dugc goi la vector riéng ciia A
ung véi tri riéng A.

* Pinh ly

b SO thue A 14 trj riéng cua PBDTT f khi va chi khi A
1a tri riéng ctia ma tran A biéu dién f trong mot co
sO B nao do.

» Vector © € R" \ {6} 1a vector riéng clia f Gng véi A
khi va chi khi [z], 1a vector riéng ctia A Gmg v&i .

r Cac vector riéng cua f (hay A) tmg véi tri riéng khac
nhau thi dgc lap tuyén tinh.
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Nhin xét

Alz] = Nz] & (A= AL )[z] = [0] B3).
Pé x =6 1a vector riéng ciia A thi (3) phai c6
nghiém khong tim thudng. Suy ra det(A — A/ )=0.
Vay A 1a nghiém ciia phwong trinh dic trung.

= Phuong phap tim tri riéng va vector riéng

b B 1. Giai phuong trinh dgc trung |4 — AT| = 0 dé
tim gia tri riéng \.

P Burde 2. Giai h¢ phuong trinh (A= XD)[z] =16],
nghiém khong tam thwong la vector riéng.

VD 5. Cho PBDTT f: R* — R? c6 ma tran biéu dién

4 —

laA= ] . Tim tri riéng va vector riéng cia f ?
0 01

VD 6.Chomatran A=|0 1 0.
100

Tim tri riéng va vector riéng ctia A ?

2.4. Khong gian con riéng

= Dinh Iy

Cho PBDTT f:R" — R". Tap hop tit ca cac vector
z € R" thoa f(z) = Az, A € R (ké ca vector khong)
la mot khong gian con ciia R". Ky hiéu 1a F()).

= Pinh nghia
Khéng gian con E(\) = {L eR"

flz) = )\a;} duogc
goi 1a khong gian con riéng (eigenvector space) cua
R" trng v&i tri riéng A.

1/5/2016
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> Chuong 4. Anh xa tuyén tinh
Chu y

* Cac nghiém co ban dlft cua h¢ phuong trinh thuan
nhat (A — \I)[z] =[] tao thanh 1 co s& cta E(N).

« S6 chiéu ctia khong gian con riéng 1a:
[dim E(\) = n —r(A—\]) |

« Néu X 1a nghiém bdi k ciia phuong trinh dic trung
thi:
dim E(\) < k.

VD 7. Xét tiép VD 6, ta co:

» Nghiém co ban ctia (A — A\ I)[z] =[0]1a (1; 0;—1)
nén B(—1) = <(1; 0;f1)> va dim E(—1) = 1.

b B(1) = <(1; 0; 1), (0; 1; 0)> va dim E(1) = 2.

> Chudng 4. Anh xa tuyén tinh

2 4 3
VD8.Chomatrin B=|—-4 —6 -3]|.
3 3 1

Tim s0 chicu cua cac khong gian con riéng ung voi
cac gia tri riéng cua B ?

31 -1
VD9.Chomatran C =|2 2 -—1]|.
2 2 0

Tim mot co s& cia cac khong gian con riéng ing véi
cac gia tri riéng ctia C' ?
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> Chuong 4. Anh xa tuyén tinh

1 3 3
VD 10. Chomatran D =|—-3 -5 -—3|.
3 3 1

Tim tri riéng, dang vector riéng twong ing va co s&
cua cac khong gian con riéng ctia D ?

2.5. Dinh ly Cayley — Hamilton

Néu PBDTT f:R" — R" ¢6 ma tran biéu dién 1a A
va da thire ddc trung la P, (A) thi:

£,(4) =1(0,),-

VD 11. Cho PBDTT f: R* — R? ¢6 ma tran biéu

~ 4
dienla A =
1 1

va P(X) = A\ =5\ +6.

7 0 3
VD 12. Chomatran A=|0 2 0|. Tinh detB ?
301

Trong d6, B = A" —10A° + 14A° + 4A" +81,.

1/5/2016

54



§3. CHEO HOA MA TRAN VUONG
Trong bai nay, ta xét A € M (R) 1a ma tran biéu dién
PBDTT f: R" — R" trong co s& B nao doé cua R".
3.1. Ma tran chéo héa dugc
= Pinh nghia
Ma trin A € M (R) duoc goi 1a chéo héa duwge néu
A ddng dang v6i ma tran duong chéo D.

Nghia la ton tai ma tran P kha nghich, thoa:

L > Chuong 4. Anh xatuyéntinh

0 0 0
VD1.Matrdn A=|0 1 0]lachéo hda duoc, vi:
1 01
1 0 0 0 0 O
c6P=|0 1 0|théa: P'AP=|0 1 0
-1 0 1 0 0 1

3.2. Piéu kién ma tran chéo héa dwoc

= Pinh ly 1

Ma tran A € M (R) la chéo héa duoc khi va chi khi
R" ¢6 mdt co s& gdm n vector riéng cia A.

= Hé qua

Néu ma trdn A € M (R) c6 n tri riéng phdn bi¢t thi
chéo hoa duoc.
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= Dinh ly 2
Choma tran A € M (R) c6 k tri riéng \, (z = L_k)
phén bié¢t va n, = dim E(),).
Khi d6, ba diéu sau déy 1a trong duong:
1) Ma tran A chéo héa dugc;
2) Pa thirc dac trung ciia A c6 dang:
PA)=A=A)"+A=A)"+...+A=A)";

3)n +n,+..+n =n.

3.3. Ma tran lam chéo hoa

# Cho ma trén A € M (R) chéo héa dugc. Khi do, ton
tai ma tran P kha nghich théa P"'AP = D.

A 0 .0
0 A

Trong d6, D = = diag(\,\,,-.-,\).

0 0 .. A

> Chudng 4. Anh xa tuyén tinh

P Xét ma tran P = ([u,] [u,]...[u ]), ta co:

P'AP=D= AP =PD
= Alu] = Plu] = Alu,]= Au] (i =12,...,n).

Suy ra A 1a tri riéng va u, la vector riéng cua A.
» Vay P 1a ma tran c6 cdc cdt 1a cac vector riéng dltt

cua A. Ma tran chéo D gom céc tri riéng twong irng
vai cac vector riéng trong ma tran P.
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> Chuong 4. Anh xa tuyén tinh
1 3 3

VD2. Matran A =|—-3 —5 —3]|co 2 tririéng la:
)\1 =2, /\z =1. 3 3 1
» Ung voi A, = —2 ¢0 2 vector riéng dltt la:
u, = (1; 0;—1), u, = (0; ,—1).

» Ung voi A, =1c¢6 1 vector riéng 1a u, = (1;—1; 1).

1 0 1 -2 0 0
VayP=|0 1 —-1ljvaD=|0 -2 0|
-1 -1 1 0 0 1

L > Chuong 4. Anhxatuyéntinh

Nhdin xét
P'AP=D= A=PDP"
= A* = (PDP")(PDP ') = PD*P"!
= A" = PD'P "' = P.[diag(\,,..., \ )]".P"".
Vay [4" = Pdiag(\,...\').P ')

MTiépVDZ,tacé:
0 —1 —1][2° o o|[1 o0 1
A=1 2 11]/l0 2° ofl0 1 -1
1 1 1|0 0 1f-1 -1 1

1 —1023 1023
=11023 2047 —1023|.
1023 1023 1
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3.4. Thuit toin chéo héa ma trin vudng A4 cip n

Bude 1. Gidi |A — \I| = 0 tim tri riéng thyc ciia 4.

« Truong hop A khong ¢ tri riéng thuc nao thi ta két
luén A khong chéo hoa dwoc.

* Truong hop A ¢6 n tri riéng phén bit thi A chéo
hoa dwoc. Ta lam tiép bude 3 (b6 qua budc 2).

* Truong hop A c6 k tri riéng phan bigt A (i = 1,....k
v6i s6 boi twong tmg n, thi néu:
*n +n,+..+n, <n=Akhong chéo hda dugc.

" n, +mn, +..+n, = n,talam tiép budc 2.

Budc 2. Véimdi A tatim r(A— A1) =r.
Suy ra dim E(\,) =n — 7.
* Néu c6 mot A, ma dim E()) < n, thi ta két luan A
khéng chéo hoa dwoc.
*Néu dim E (A,) = n, v6imoi \thi A chéo héa dwoc

Ta lam tiép budc 3.

Budc 3. Lap ma tran P c6 cac cdt 1a cac vector co sO
cua E()\). Khido, P'AP = D v6i D la ma tran
chéo c6 cac phan tir trén dudng chéo chinh 1an luot
1a A (mdi A xuat hién lién tiép n, 1an).

> Chudng 4. Anh xa tuyén tinh

31 —1
VD4.Matran A= |2 2 —1|cd tririéng bdi hai la
2 2 0

A = 2 (xem VD 9, §2, chuong 4).
Do dim E(2) = 1 < 2 nén A khéng chéo hoa dugc.
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> Chuong 4. Anh xa tuyén tinh

VD 5. Ma tran nao sau day chéo hoa duogc:

10 1 -3 1 3
A: ,B: ’C: .
1 -1

2 3 2 5
A.AvaB; B.BvaC, C.Cvad; D.A,BvaC.

10
6 —1

3 O 2010
VD 7. Cho ma trdn A = 8 1 . Tinh A™.

VD 6. Chéo hoa (néu dugc) ma tran A =

L > Chuong 4. Anh xatuyéntinh

4 2 -1
VD 8.Chéohbamatran A=|—-6 —4 3
-6 -6 5

> Chudng 5. Dang song tuyén tinh - Toan phucng
§1. Khai niém co ban
§2. Pua dang toan phuwong vé dang chinh tic
§3. Luét quan tinh
Xic dinh ddu cia dang toan phwong
§4. Rut gon Conic — Quadratic

§1. KHAI NIEM CO BAN
1.1. Dang song tuyén tinh
= Pinh nghia 1
b Anh xa f:R"XR" - R
(.9)— fly) ,
duogc goi 1a métr dang song tuyén tinh néu f tuyén
tinh theo ting bién z, y.
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Nghia la:
D f@+y, 2) = f(z, 2) + f(y, 2);

)+
2) f(w, y +2) = f(z, y) + f(z, 2);
3) flaw, y) = af(z, y);
4) f(z, ay) = af(z, y)

e Xét mot co sé B = {u,,u

B

, Ve,y,z € R, Va € R.

. u_ } cia R". V6i hai

17 2’

vector batky z,y € R", z = Zuimi, y = Zujyj
— =

n n

tacéd f(r,y) = ZZ]‘

i=1 j=1

> Chudng 5. Dang song tuyén tinh - Toan phucng
bata, = f(u[,uj) ta dugc:

n n

ny) =) a5y

=1 j=1
b Ma trdn A = (a”)nduqc g0i 1d ma tran cta dang song

tuyén tinh f trong co s& B. Ky hiéula A = [f1,-

Khi d6, dang song tuyén tinh f con dugc viét dudi
dang ma tran: |f(2,y) = 2], Aly], (2).
» Néu co s khong dugc chi 16 thi ta ngam hiéu do 1a
co s6 chinh tic E trong R".
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» Dang song tuyén tinh thuong duoc cho ¢ dang (1).

> Chudng 5. Dang song tuyén tinh - Toan phucng

VD 1. Dang song tuyén tinh

flz,y) =2y, — 22y, +31y,c6 A=
Khi do:

f@.y) =[] Aly) = (2, =)

1 3
-2 0f

01 2
VD 2. Cho dang song tuyén tinhc6 A ={3 4 5.
Ta co: 6 7 8
f(x7 y) = Ilyg + 2I1y3 + 3x2y1

+4z,y, +5z,y, + 6.y, + 7y, + 8T,Y,
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= Pinh nghia 2

(twong tmg, phdn déi xirng) néu:
fz,y) = f(y,z), Vz,y € R"

(tLI'O'Ilg l:l‘l’lg, f(f,y) = —f(y7$)7 Vm?ZJ € Rn)'
= Nhin xét

(phan ddi ximg).
VD 3. Dang song tuyén tinh d6i ximg

1
fy) =2y, —2z,y,c6 A=

O d/’\~ ’
_o| d0i xtmg.

> Chudng 5. Dang song tuyén tinh - Toan phucng

Dang song tuyén tinh f trén R" dugc goi 1a déi xirng

1/5/2016

Ma tran cua dang song tuyén tinh f d6i ximg (phan

dbi ximg) trong mot co s& bat ky cua R” 1a ddi xtng

> Chudng 5. Dang song tuyén tinh - Toan phucng
1.2. Dang toan phwong
= Pinh nghia
> Cho f 1a dang song tuyén tinh d6i xirng trén R".
Anh xa Q:R"—R
z — f(z,z)

duoc goi 1a dang toan phwong trén R" timg véi f.

P Néu A4 =] f], thi A cling dugc goi 1a ma trdn cua
dang toan phuong () trong co sé B.
Khi do, ta co:

() = (2} A2, ]

> Chudng 5. Dang song tuyén tinh - Toan phucng

VD 4. Tim dang toan phuong Q(z) ?

Biét ma tran cia Q(z) 1a A =

1 -1
-1 27

* Trong VD 4, hé s0 cua z; va 2 1a a;, va a,, cua A.

= Nhin xét

* Nura h¢ so cua 7,7, 1a a,, va a, cua A.

VD 5. Tim ma tran trong dang toan phuong sau:
Q(z) =2z + 3z — 2] — 4z .z, + 61,7
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§2. PUA DANG TOAN PHUONG
VE DANG CHINH TAC

2.1. Dang chinh tic cia mgt dang toan phwong

= Pinh nghia

Trong R", xét dang to:%ln phuong (viét ’tét 1;‘1 DTP) Q.
Ta ndi @@ dugc dua vé dang chinh tac néu ta chi ra
dugc mot co s& B ma trong co s& nay, ma trdn cua

@ c6 dang duong chéo.

Nghia la:

Q@) = 2]} Ala], = Aa? + Aol + ..+ A2

n_n

A=[f], = diag(\,\,,..., A ), 7], = (7, ... mn)T.
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> Chudng 5. Dang song tuyén tinh - Toan phucng

VD 1. Dang chinh tdc cO ma tran A =

Q@) = Qz,,3,) = [2]' Alz] = =} —2z;.

2

VD 2. Trong R?, dang chinh tic Qz) = :Ef — 5z,

1 0 O
comatrin A=|0 -5 0.
0 0 O

> Chudng 5. Dang song tuyén tinh - Toan phucng

VD 3. Ma tran cta dang toan phuong
Qz,,z,) =z} — 2z, + 627
trong co sd B={(1; 1), (—-1; 1)} la:

5 5 5 5
_1 ; B. A :l ;
B 9|-5 9

A A
5 9
5 =5 5 5

C. A :1[ ]; D. A :1[ ]

73
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> Chudng 5. Dang song tuyén tinh - Toan phucng
2.2. Pua dang toan phwong vé dang chinh tic
2.2.1. Phwong phap bién dbi true giao
a) Pinh nghia
» Ma tran vudng P dugc goi 1a ma trdn triee giao néu:
b Néu c6 ma trin truc giao P lam chéo hoa ma tran A
thi ta ndi P chéo héa truwe giao ma tran A.
= Chu y

K - \ A . . 2
Néu P = (a,), 1a ma trdn tryc giao thi Z;aéj =1

(tbng binh phuong mdi cot ciia P bang 1).

> Chudng 5. Dang song tuyén tinh - Toan phucng
VD 4. Ma tran nao sau day la ma trén truc giao ?
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NER N 0 1 2
Al o 1 V2) B3 —2 2l
\/6—3 1 2 \/6—3 1 2
NEREE TN Y NEREE TN Y
c.1| 0o —2 V2 D.L|-3 —2 2|
\/8—\/5 1 2 Vo 0 1 2

> Chudng 5. Dang song tuyén tinh - Toan phucng

b) Thuit toan
Xét dang toan phuong Q(z) trong R" c6 ma tran 1a A.
Ta di tim ma tran truc giao P sao cho khi ddi bién
[z] = Ply] thi D = P" AP c¢6 dang chéo.
Khi d6, Q = [y]" D[y] c6 dang chinh tic theo bién y:
QW) = Ay + Ay, +.+ Ay,
voi A, 1 =1,2,...,n 1a cdc tri riéng cua A.

» Budre 1. Tim cdc tri riéng A, cua A va vector riéng

o s¢ u, cia khong gian ri€ng mg voi A, i =1, n.
b Bude 2. Truc chuin hoa Gram — Schmidt cac vector

u, thanh w, (xem chuong 3, §5, 5.3).
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> Chudng 5. Dang song tuyén tinh - Toan phucng
P Burde 3. Ma tran truc giao la:
P=([w][w,)] ... [w,]).
Ma tran cta @) trong co sé moi la:
D=P'AP = diag(\,N,,..., A ).

VD 5. Trong R?, cho dang toan phuong:
Qz) = _3333 +4z,3,.

Q(z) cOma tran A = trong co s& chinh tic.

2 -3

Ma trdn A ¢ tri riéng va vector riéng tuong ung la:
A=Lu =(21);\=-4u =(-2).

> Chudng 5. Dang song tuyén tinh - Toan phucng
Truc chuén hoa u,, u, ta duge:

w 2; 1) va w, =

= 2

Ma trdn P ciia phép chuyén tir co sé chinh tic sang

s 112 1
4 trye chua laP=—F :
CO;_SO_ZUCC uan {w'l, w,} la \/3[1 _2]
bdi bien [z] = Ply]:

2 1 1 2
T, = Eyl +Ey2’ Ly :ﬁ% _Eyz'

Thay z, z, trong cong thirc d6i bién trén vao Q(z),

ta duoc dang chinh tic Q(y) =y — 4y..

> Chudng 5. Dang song tuyén tinh - Toan phucng
VD 6. Trong R?, cho dang toan phuong
Qz,,z,) = 3x22 + 4z z,.
Bing phép doi bién truc giao [2] = P[y],

,tadua Q vé dang chinh tac 1a:

-2
vol P = L[

Sl1o2
A Q=—y +4y; B.Q =y —4y;
C.Q=14y’ —y; D.Q=—4y +y..
* Chii §

Céc tri riéng cia A ung voi vector cft cia P.
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VD 7. Trong R?, cho ma tran A ctia DTP Q(z) ¢6 céc
tri riéng va vector riéng co so tuong ung la:
A=3u=>0L1);\=6u=(-15-12)
val =8 u, =(—-110).

Tim ma tran tryc giao P va dang chinh tic cia Q?

VD 8. Bua dang toan phuong sau vé dang chinh tic
bang bién doi truc giao:
2 2 2
Q(z) = 32, + 62, + 31, — 41,7, + 877, + 4,7,

> Chudng 5. Dang song tuyén tinh - Toan phucng
2.2.2. Thuat toan Lagrange

Xét dang toan phuong:
-\ 2
Qz) = Z%"Ez +2 Z a, T,
i=1 1<i<j<n

a) Truomg hop 1 (c6 1 hé s a, = 0)

P Bude 1. Gia str a, = 0, ta tich tAt ca cac sb hang
chira z, trong Q(z) va thém hogc bét dé co dang:

Q(z) = ai(aux1 +..ta x )2 +Q (7., 7,),

1n""n
11

V6i Q (7,,...,7,) chira tdi da n — 1 bién.

> Chudng 5. Dang song tuyén tinh - Toan phucng

Doi bién:
Yy, =a,r +a,%, +...+a,zT,y =1 (z =2, n)
Doi bién nguoc:
1 S —
x, = —(y1 =AYy e alny”), x, =Y, (@ = Q’n).
all
1 e _ Y
all 11
Tacomatrén P =|0 1 .. 0
0 0 1
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Vi bién méi thi Q = aiyf + Q (Yysery,)-
1

b Burde 2. Tiép tuc lam nhu bude 1 cho Q (Yys--rY,)5
... Sau k puég thi () c6 dang chinh tac.
Ma tran doi bién P = P,...P, va [z] = Ply].

b) Trwong hop 2 (hé sb a,=0,1=1..,n)

Giastra, =0,ta ddi bién:

T=Y Y, T, =Y, — Y, T, =y, (i=3,...,n).

Khi d6, @ = 2a,,y; —2a,,y. + ... c6 hé sb cia 3 1a

2a,, = 0. Ta tr6 lai truong hop 1.

> Chudng 5. Dang song tuyén tinh - Toan phucng
VD 9. Trong R?, cho dang toan phuong:
Q(r,z,,7,) = xf + 21’22 + 21,’; + 22,7, — 27,7,
Dung thuat toan Lagrange dwa Q(z) vé dang chinh tic
tadaty =z, +, 9, =, — T, Yy, = T,.

Ma tran d6i bién P 1a:

11 0 1 0 0
A0 1 —1f; B.[1 1 O0f;
00 1 0 -1 1
1 00 1 -1 -1
C.|I-1 1 0f; D.|0 1 1
-1 11 0 0 1

> Chudng 5. Dang song tuyén tinh - Toan phucng

Gidi. Ta co:
Yy =1, +3z, ==Yy
Yo =T, =2, =%, =Y, T Yy
Ys = T, Ty =Y,

Vay tachon D.
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VD 10. Trong R’, cho dang toan phuong:
flz,2,) = -T2} — 2z — 8z x,.

Dung thudt toan Lagrange voi ma tran ddi bién

10
P =
[—2 1

A fly,y,) =2y —yi B. fly,y,) = -2y +y;
C. fly,u,) =y =242 D. f(y,,y,) =y +2y,.

,ta dua f vé dang chinh tic la:

VD 11. Dung thuét toan Lagrange dua DTP sau vé
dang chinh tac va tim ma tran d6i bién P:
Q(z) = —x + 4z + 2w, + 4z T,

> Chudng 5. Dang song tuyén tinh - Toan phucng
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> Chudong 5. Dang song tuyén tinh — Toan phucng
VD 12. Dung thuat toan Lagrange dwa DTP sau vé
dang chinh tac va tim ma trén d6i bién P:
f(z) =222, 4+ 2r 1, — 62,7,

> Chudng 5. Dang song tuyén tinh - Toan phucng
2.2.3. Thuat toan Jacobi (tham khao)

= Dinh thirc con chinh

Cho ma tran vuéng A = (a,), .

a, - a,

Dinh thirc: D, =|... ... ..|(1<k<n)
Qe A,

duogc goi la dinh thirc con chinh cua A.

= Thuit toan

» Cho dang toan phuong Q(z) co matrdn A = (a )

y/n
thda céc dinh thire con D, = 0, k = 1,...,n.
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caccot 1,2,....i —Li+1,...,7 (bo cot ¢) cua A.

» D6i bién theo cong thirc:

r =y +by, +by, +by, +...+b y,
Ty = Yy + b32y3 + b42y4 +ot anyn’

> Chudng 5. Dang song tuyén tinh - Toan phucng

P Vi j > i, ta dat Dy‘—u 1a dinh thtrc cliia ma tran c6
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cac phan tir nam trén giao cac dong 1,2,....5—1 va

> Chudng 5. Dang song tuyén tinh - Toan phucng

1 b21 nl
Khi do, P = 1 va
0 0 1

Q:DQZJ?‘F&Z}Z-F&:U?—F + Dn y2
171 2 3 n'
Dl D2 anl

VD 13. Dung thuat toan Jacobi dua DTP sau vé dang
chinh tdc: Q(z) = 227 + 2} + 2} + 32,2, + 4z,

> Chudng 5. Dang song tuyén tinh - Toan phucng

2.2.4. Thuit toan bién doi so' cAp ma tran ddi xing
(tham khéao)

» Burde 1. Bién ddi so cap dong cua ma trin (A| In) va
dong thoi 1ap lai cac bién doi cung ki€u trén cac cot
clia (A| In) dé dwa A vé dang chéo diag(\,...,\)).
Khi @6, I sé tr¢ thanh P”.

» Buge 2. 1551 bién [z] = P[y], ta dugc:

Q)= Ayl + Ay, +..+ ANy

VD 14. Dung thuit toan bién dbi so cip, dwa DTP
Q(z) = 2x,3, — 4x x, + 62,7, vé dang chinh tac.
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) §3. LUAT QUAN TiNH
XAC PINH DAU CUA DANG TOAN PHUONG

3.1. Luit quan tinh

a) Dang chuin tic

r Trong R", moi dang toan phuong bat ky déu co thé
dua vé dang chinh tac trong mét co s chinh tac:
Q= /\13712 + /\zxj +...+ /\T.Tf (AA-A = 0) (D).

» Dang chinh tic (1) dugc goi 1 dang chudn tic néu:
|M:LW:L%Mr

> Chudng 5. Dang song tuyén tinh - Toan phucng
» Khong lam mat tinh tong quat, gia su:
As Ay A, >0 vad (A A, <0.

s+17 7 42770

Dé dua (1) vé dang chuan tic, ta d6i bién:
1

xTr =

; K?JH
x:;y j=s+Ls+2,..r
J \/_7)\] J’ ’ L

Ik:ym k:T+1,T+2,...,n.

1=12,...,8

Khi d6, Q = :vf + :v; —|—...+af — :vf+1 —. =2

r

> Chudng 5. Dang song tuyén tinh - Toan phucng
VD 1. Trong R*, cho dang chinh tic:
Q(z) =2z — 327 + 4.

1
Z, \/Eyl’
T, = L Y, = L Y.
Déi bién: { \/7(73) N AT
1 1
Ty = ﬁ% _Eyz’
T, =y,

Trong co s6 mdi, ta dugce dang chuén tic:
Q) =y —v, +v;-
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> Chudng 5. Dang song tuyén tinh - Toan phucng

b) Dinh ly (Ludt quan tinh Sylvester)

S6 s cac s6 hang mang déu “ + ” va s6 p cac sb hang
mang ddu “ — 7 trong dang chinh tac la nhing dai
luong bat bien, khong phu thugc vao phép bien doi
tuyen tinh khong suy bién dua dang toan phuong vé
dang chinh tac.

= Chu y

b S6 s dugc goi 14 chi s6 dwong qudn tinh cia DTP.

> S6 p duoc goi 1a chi so ém qudn tinh cua DTP.

b S6 s — p duogc goi 1a chi sé (hay ky sé) cua DTP.
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> Chudng 5. Dang song tuyén tinh - Toan phucng
VD 2. Trong R?, cho dang toan phuong:
Q(z) = 2 — 3a) — 2z,

P Céch 1. Bién ddi: Q(z) = (v, — z,)’ — 4.
Doi bién y, =T, —1,, Yy, = 1T,, ta dugc:
Qy) =y, — 4.
. e 2., 1 2 4 2
p Cach 2. Bién do6i: Q(z) = —g(ml +3z,)” + 3%
Doi bién 2, =z, +31,, 2, = 7, ta dugc:

1, 4
Q(z) = _§z12 —l—ng2

> Chudng 5. Dang song tuyén tinh - Toan phucng
3.2. Tinh x4c dinh ddu cia dang toan phwong

= Pinh nghia

Trong R", cho dang toan phuong Q(z).

» Q(z) duoc goi 1a xdc dinh dwong néu:

Q(z) >0, Yz € R" \ {0}.

b Q(z) duoc goi 1a xdc dinh dm néu:

Q(z) <0, Yz € R" \ {0}.

> Q(z) dugc goi 14 nika xdc dinh dwong (adm) néu:
Q(z)>0,Vz e R" (Q(z) <0, Yz € R").

» Q(z) dugc goi 1 khéng xdc dinh ddu néu nd nhan

ca gia tri dwong 1an m.
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VD 3. Trong R’, ta c6:
b Q(z) =z + 3z} — 2x,z, 14 x4c dinh duong vi
Qz) = (z, —x,) + 222 >0, Vo € R*\ {0}.

r f(z) = —4a2 — 2} + 4z,x, 12 nira xac dinh am vi
f(z) = =2z, —2,)’ <0, Vz e R”.

b g(z) = 27 — 2 + 2,7, 1a khong x4c dinh ddu vi
g(L,—1)=-1<0vag(l,1)=1>0.

> Chudng 5. Dang song tuyén tinh - Toan phucng
3.3. Céc tiéu chuén x4c dinh diu
a) Pinh 1y 1
» DTP trong R" 1a xac dinh duong khi va chi khi tat ca
cac hé so ¢ dang chinh tac cia n6 deu duong.
» DTP trong R" 1a xac dinh am khi va chi khi tit ca
cac hé so ¢ dang chinh tic cia né déu am.

= HE qua

¢ Dang toan phuong Q(z) 1a xac dinh duong khi va chi
khi ma tran cta né co tat ca cac tri riéng duong.

¢ Dang toan phuong (Q(z) 1a x4c dinh 4m khi va chi
khi ma tran ctia nd co tat ca cac tri riéng am.

VD 4. Trong R?, xét tinh xac dinh déu ctia DTP sau:
Q(z) = 42’ + z. + 52) — 2zx, + bx,7,.

VD 5. Trong R*, xét tinh xac dinh ddu cua DTP sau:
f(z) =72} + 227 — 22 + bz z,.
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b) Pinh ly 2 (Pinh ly Sylvester)
r Trong R", dang toan phuong 1a xac dinh duong khi

va chi khi ma tran ctia n6 c6 tat ca cac dinh thirc con
chinh déu duong.

Nghia la: D, > 0, k =1, n.
 Trong R", dang toan phuong 1a xac dinh am khi va

chi khi ma trdn cta nd cé cac dinh thirc con chinh
cap chan duong, cap 1é am.

Nghia la: (—1)*D, > 0, k =1, n.

> Chudng 5. Dang song tuyén tinh - Toan phucng
VD 6. Trong R3, dung dinh 1y Sylvester xét tinh xac
dinh dau cta dang toan phuong sau:
Q(z) = =2z} — 4z — 32 + 4z x,.

VD 7. Trong ]RS, dung dinh ly Sylvester xét tinh xac
dinh dau cta dang toan phuong sau:
f(z) =Ta? + 222 — 2} + baz,.

> Chudng 5. Dang song tuyén tinh - Toan phucng
§4. RUT GON CONIC - QUADRATIC
(Nhdn dién duong va mdt bdc hai)

4.1. Puomng bic hai trong mit phing toa d9 Oxy

a) Dinh nghia

Trong mit phing Ozy, dudng bic hai 1a tap hop tat
ca cac diém M (z;y) co toa do thoa phuong trinh:

ax® + by’ + 2cxy +2dx +2ey + f =0 (1).

Trong d6, a’ +b° + ¢* > 0.

VD 1. Trong R*, dudng (C) c6 phuong trinh sau 1a
duong bac hai:
o'+ 4y’ —dzy+4x—3y—T7=0.
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> Chudng 5. Dang song tuyén tinh - Toan phucng
b) Phén loai cac dwong conic

= Cac dang chinh tic ciia duong conic
2 2

1) Z 4+ L =1 (duong elip);
a b
2 2

2) % - i—z = +1 (dudng hyperbol);

3) y* = pz hoic z° = py (parabol).

> Chudng 5. Dang song tuyén tinh - Toan phucng
= Phén loai
Trong Ozy, xét duong (C') c6 phuong trinh (1):
azx’ + by’ + 2cxy + 2dx + 2ey + f = 0.

a ¢ d
a ¢ —
DéthaimatrénQ:[ vaéQ: c b el
c
d e f

r Ta co (C) 1a dwong conic < det @ = 0]

» Khi (C') 1a duong conic thi:

1) (C) 1a dwong elip < det@ > 0;
2) (C) la dwong hyperbol < det () < 0;
3) (C) 1a dwong parabol < det @ = 0.

> Chudng 5. Dang song tuyén tinh - Toan phucng
= Chuy

Néu det Q@ = 0 thi (C') khong phai 1a conic (c6 thé 1a
tich ctia hai duong thang).

¢) Rit gon dudng conic

Béng cach xoay truc toa dd va tinh tién, ta s& dua (1)
ve dang chinh tac.

» Bue 1. Pua dang toan phuong az’® + by® + 2cay vé
dang chinh tég a(z')’ + B(y') (khik tich chéo xy)
bang phép bien doi truc giao (phép quay).

b Budc 2. Dat " = 2’ +a’, y" =y’ + b’ (tinh tién
h¢ toa d3) mot cach thich hop dé phuong trinh
(C) ¢6 dang chinh tac.
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VD 2. Xac dinh dang cta duong bac hai
(C): 2 +4y* —4dzy +42—3y—T7=0.
VD 3. Xac dinh dang cta duong bac hai
(C): 2* —4y* — 4z +8y = 0.
VD 4. Trong Ozy, viét phuong trinh chinh tic ciia
conic (C) : 52° + 8y* + 4zy — 32z — 56y + 80 = 0.
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> Chudng 5. Dang song tuyén tinh - Toan phucng

3.2. Mt bac hai trong khong gian tga do Oxyz
a) Dinh nghia
Trong 1}<h6ng gian Ozyz, mat bac hai 1a tap hop tat ca
cac diém M (z,y, z) c6 toa d6 thoa phuong trinh:
ax® + by’ + ¢z’ + 2dzy + 2exz + 2fyz
+ 29z +2hy+2kz+1=0 (2).
Trong d6 a,b,c,d, e, f khong dong thoi bang 0.

VD 5. Trong R’, mit (S) c6 phuong trinh sau 1a mit
bac hai:
32° 4+ 3y” +10zy — 2z — 14y — 13 = 0.

> Chudng 5. Dang song tuyén tinh - Toan phucng

= Cac dang chinh tic ctia mit bic hai
1) 2% +3° + 2* = R (mit chu);
2 2 2

2) x_z + z_2 + 2_2 =1 (mat elipsoid);
ZQ yz 52 .

3) =5+ v =1 (hyperbolic 1 tang);
51132 yz 22 ) .

4) = + o = —1 (hyperbolic 2 tang);
@y 7 R

5) = + PO 0 (non eliptic);
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> Chudng 5. Dang song tuyén tinh - Toan phucng
2 2

6) % + ZZ—Z = 2z (parabolic eliptic);
oy
7 2z Z_z = 2z (parabolic hyperbolic);
2 2

T

Y

8) — + o =1 (mat tru eliptic);
Z? 2
9= — g;_2 = #£1 (mat try hyperbolic);
a
10) 4* = pz hodc z° = py (mit try parabolic).
= Chu y

Céc dang 8), 9), 10) Ia cac mat bac hai suy bién.

> Chudng 5. Dang song tuyén tinh - Toan phucng

b) Phén loai mat bac hai
Cho (5) 12 mat bac hai c6 phuong trinh:
ax’ + by’ + c2’ + 2dxy + 2exz + 2fyz
+ 29z 4+ 2hy + 2kz + 1= 0.

p a d e g
S R A
batQ=|d b flva@= .
e f ¢ k
e [ ¢

1/5/2016

> Chudng 5. Dang song tuyén tinh - Toan phucng

Ta c6, (S) khong suy bién < det @ = 0]

Khi dé:
1) (S) 1a mat elipsoid (ké ca elipsoid ao) khi va chi
khi @ xdc dinh dwong hodc xdc dinh dm.

2) (S) 1a mat hyperpolic (1 ting hoic 2 tang)
khi va chi khi chi s§ s — p coa Q 1a +1.

3) (S) 1a mat parabolic eliptic (hay parabolic —
hyperpolic) khi va chi khi det Q = 0.
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VD 6. Xac dinh dang ctia mat béc hai
(S): 4a” + 4y* — 82" — 10wy + 4az + 4yz
—16x — 16y — 8z + 72 = 0.

VD 7. Xac dinh dang cua rr}at bac hai sau day roi viét
phuong trinh chinh tac:
(S):222° 4+ 28y” + 152" + 8zy —112x
— 184y — 302 + 343 = 0.
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