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Todn GIAI TICH A4 GV Nguyén Thanh Vi- 2009 Trang 1

CHUONG 1 PHUONG TRINH VI PHAN CAP MOT

1. DINH NGHIA PHUONG TRINH VI PHAN
1.1 Khai niém
— Xét mot phuong trinh ma an 1a ham s6 mot bién y, chang han nhu
y'"-3xy+5y'y =0,
trong d6 c6 chira dao ham cua y. Phuong trinh nay dugc goi 1a phuong trinh vi phan .
Cép cao nhit ciia dao ham trong phwong trinh 13 cap 2, nén phuong trinh nay duoc goi la phuong
trinh vi phén cép 2.
— Phuong trinh  y''=3xy'+ 5y = 0 dugc goi la phuong trinh vi phan tuyén tinh cip 2.

— Phuong trinh  3y'+7xy =sinx dugc goi la phuong trinh vi phan tuyén tinh cap 1.
— Phuong trinh  y''-3xy +5y'y =0 1a phuong trinh vi phan nhung khong tuyén tinh.
— Phuong trinh vi phan y' = 2xy-3y” c6 dang y'=f(x,y) va dugc goi la phwong trinh da gidi ra
doi v6i dao ham.
— Coi phuong trinh vi phan y'=1. Nghiém trén R cua phuong trinh vi phan nay c6 dang y=x+C véi
C 1a hing sb tiy y. Nguoi ta goi  y=x+C, trong d6 C 14 hing sé tiy v, 1a nghiém tong quat ( general
solution) ciia phuwong trinh vi phan y'=1trén R.
Céac ham s& y=x+1, y=x+2 dugc goi 12 cic nghiém dic biét (particular solution) ctia phuong

trinh vi phdn y'=1trén R.
— Puong biéu dién cia nghiém y = y(x) duoc goi 1a dwdng cong nghiém hay dwdng cong tich phin
cua phuong trinh vi phan.

— Xét phuong trinh vi phan yy'=—x . Liy tich phan hai vé ta dugc y* = —x” +C . Hé thiic

y> =-x"+C duoc goi 1a nghiém an ( implicit solution) ciia phuong trinh vi phan. Khi nao nghiém
¢6 dang y=f(x) thi n6 dugc goi 1a nghi€ém twong minh ( explicit solution).

1.2. Pinh nghia phwong trinh vi phan
— Mot phuong trinh vi phan 12 phuong trinh ham ( mét bién ) c6 chita dao ham cta ham can tim. Néu
béc cao nhat ctia dao ham trong phuong trinh vi phan 1a n, thi phwong trinh nay dugc goi la phuong
trinh vi phan cap n.
— Xét phuong trinh vi phan cip n
F(x,y, ¥, y") =0,
trong do biéu thic F(x, y...., y(n)) thuc sy chira y(n).
Ham s6 y = y(x) duoc goi 1a nghiém ctia phuong trinh vi phan trén khoang I (v6i I < R) néu ham
sO y = y(x) thoa tinh chét
vx e I, F(x, y(x), y'(X), ..., y"(x)) = 0.
Chi thich:
Tinh chét trén bao ham hai tinh chat sau
e Ham s6 y kha vi t6i cap n trén L, tirc cdc dao ham y'(x), y"(X).... y(n)(x) ton tai voimoix € 1.
o Vx € L, (X, Y(X),..., y"(x)) thudc mién xéc dinh cua F.

1.2 Pinh nghia nghiém

— Mot h¢ thirc G(x,y)=0 dwoc goi 1a nghiém an trén khoang 1 cuia phuong trinh vi phan néu ton tai
mot ham s0 y vira thoa hé thue G(x,y(x) )=0 vira thda phuong trinh vi phan v4i moi x thude 1.
Vidy: Xét phuong trinh vi phan yy'+ x=0.

2 2

Lay tich phan hai vé ta dugc )/7 + X? =C hay y* + x* =K v6i K 1a hang s6.

Ta thay hé thicc y* + x* =25 1a mot nghi¢m dn ciia phwong trinh vi phin yy'+ x = 0 trén
khoang 1 =(=5,+5). That vay, ton tai ham s6 y=+/25 — x* xac dinh trén (-5,5) va thoa
y?+x =25

- ,Vxel
yy'+ x =258 — 2 4+ x=0 xe

\25-x2
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GV. Nguyén Thanh Vi- 2009 Téan Gidi Tich A4 Trang 2

— Néu biéu thirc ciia nghiém c6 chira tham s6 va moi nghiém cua phuong trinh déu c6 dang nay
(cac nghiém khac nhau thi ing v6i céac gia tri khac nhau cua tham s0), thi nghiém nay duogc goi la
nghiém tong quat ciia phwong trinh vi phan.

y?+x=25
; Vxel
Wy x=A25x 2y x=0 " C

\25-x2

2. MOT SO PHUONG PHAP GIAI PHUONG TRINH VI PHAN CAP 1

Trong doan nay, mot sé phuong phap giai phuong trinh vi phén cap 1 dugc trinh bay. Myc dich cla
doan nay chi la giéi thi€u phuong phap, do d6 c6 mot s6 chd 1y luan chwa dang nhung ching t6i van
lu6t qua. Ching han, viéc chia hai vé cua phuong trinh cho mot dai lwong ( dai luong nay co thé bang
0) 1a khong dung vé 1y luan. Ching t6i s& bd sung cac chd 1y luan chua ding trong cac doan sau.

2.1. Phuwong trinh tich bién

| Phuong trinh sau duoc goi 1a phuong trinh tach bién : h(y)y' = g(x)

Dang nay c6 thé viét dudi cac hinh thirc sau

h(y) % —g(x) ; hy)dy=gr)dx  :h(y)dy + f(x) dx=0.

2.1.1. Phwong phap giai

Lay nguyén ham hai vé, ta dugc I h(y) dy :'[ g(x)dx

H(y) =G(x) +C,
trong d6 H 1a nguyén ham cua h va G 1a nguyén ham cta g.
Phuong trinh trén khéng con chura dao ham cia y, nghiém y ciia phuong trinh vi phan dugc xac dinh
boi phuong trinh nay.

2.1.2. Thi du. Hay giai phuong trinh  y'= 5x* trén R....

Loi giai : Ly nguyén ham hai vé ta dwoc nghiém tong quat nhusau y = g x2 +C.

2.1.3. Thi du. Hay giai phuong trinh vi phan y y' =x—-5trén R.
Loi gidi.

Lay tich phan hai vé ta duoc J. y2y'dx = j (x - 5)dx

JyZdy =j(x—5)dx

3 2
Y -X bsx+C
3 2

3% 9 1/3
y2{7—15x+30}

Ta thiy 3Cla héng sb tiry ¥ vi C 13 hing sb tiy ¥, do d6 ta viét hing s6 K thay cho 3C.
Nghi¢m tong quat ciia phuong trinh trén R 1a

3% 9 1/3
y = [T -15x + KJ v6i K 14 hing s6 tuy .

2.1.4. Thidu Hay giai phuong trinh  xy' = y2 + 1 trén (0,+0).
Loi gidi.
Chuyén vé clia x va y2 + 1 dé dua vé dang phuong trinh tach bién
1 1

Y+l 7 x
Lay tich phan hai vé

I 7 D= I dx

v +1

arctgy = In|x| +C,véi Cla hang sb.
Suy ra y:tg(ln|x|+C)
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2.1.5. Thi du Hiy giai phuong trinh ~ y'= x’y’ trén R.
Loi giai.
Chuyén vé y2 dé dwa vé dang phuong trinh tach bién
|
Lzz x? .
r r y
Lay tich phan hai vé

j;—;dx = Ixzdx

1 3 § ,
__=X—+C,vc'ri C la hing so.
y 3
___ 3
Y x*+3C
3 C
y=-— v6i k 1a hang sd. (*)
X +

Chu thich
Phuong trinh trén c¢6 dang y’(x)= a(x) b(y) . Phuong trinh ndy c6 mot nghiém dic biét 1a ham hang
y=y,,trongdo y, la s6 thoa b(y,) = 0. Khi chuyén phuong trinh y’(x)= a(x) b(y) qua dang tach

g1 . %
bién my’(x)za(x), nghiém y=y,thudong bi mat.
y
Ham y =0 la m§t nghiém ctia phuong trinh y' = Xzy3 , nhung dang (*) khong chita ham nay.
Bai tap: Tir bai tap 1 t6i bai tap 25 ( & cudi chuong 1).

2.2. Phwong trinh vi phan tuvén tinh cép 1
Sau day la dinh 1y vé nghiém cta phuong trinh vi phén tuyén tinh cap 1 thuan nhat.

2.2.1 Dinh Iy
Cho phirong trinh vi phdn tuyén tinh cap 1 thudn nhat
y'+ px)y =0,
trong do p la ham lién tuc trén khodng I c R.
Goi P la mot nguyén ham cua p(x)
Khi d6, nghiém tong qudat ciia phwong trinh vi phén trén khodng I la
— P
y(x)=Ce 7,
trong @6 C la hdng s tiy y.

Ching minh
Gia st P 1a mdt nguyén ham cua p.
Nhan hai vé phuong trinh vi phan cho ep(x)), ta duoc
¢"yi(x)+ p(x)e’y(x) =0

(" v()) =0

e’ y(x)=C véi C 1a hang s6

Vay y(x) = Ce "™

— Chui thich:

Phuong trinh y'+ p(x)y = 0 ¢6 dang y’(x)=a(x) b(y) va c6 thé giai bang phwong phép tach bién
nhu vi du 2.1.5.

2.2.2 Pinh Iy
Cho phirong trinh vi phdn vi phan tuyén tinh cap 1
Y tp)y =q(x)
trong do p, q la cdac ham lién tuc theo x trén khodng I.
Goi P la mot ngyén ham cua p(x)
Nghiém tong qudt ciia phirong trinh ndy trén khoang I la

y(x)=e " ()
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Chu thich: Nghiém c6 thé ghi dudi dang sau

y(x)=e"F(x) véi F(x)= Ie””q(x)dx

hay  y(x)=e " (F(x)+C) v6i F, la mot nguyén ham cua (eP(X)q(x)) :

Chung minh
Gid st P 1a mQt nguyén ham cua p.
Nhén hai vé phuong trinh vi phan cho ¢"™), ta dugc
e"Dyx)+ p(x)e"y(x) = e Vg (x)

hay (") =e"q(x)
e"y(x) = J‘ep(x)q(x)dx
Vay y(x)= e’P(’“)IeP”)q(x)dx
Chu thich:

— Hamsé p(x)=e"™ dugc goi la thira sb tich phan. ,

— Dinh 1y 2.2.1 1a truong hop déac biét dinh 1y 2.2.2. Thay vi chimg minh tryc tiép dinh ly 2.2.1, ta
c6 theé ap dung dinh 1y 2.2.2 d¢ chung minh dinh 1y 2.2.1

y(x)=e [ g(x)dx = e [0dx=e".C
2.2.3. Thi du. Hiy tim nghiém tong quat ciia phwong trinh vi phan
y'-xy=x, Vx € R.
) Loi gidi.

Phuong trinh nay c6 dang tuyén tinh y' + p(x)y = q(x) véi p(x)=-x va q(x)=x.

2

. X

—Tacod jp(x)dx :—dex: —7+ C,.
2

Chon P(x) = —X? thi P 1a m§t nguyén ham cua p.

-P(x) _ e 2

X2 X2

—Ta co F(x)= Ie'D(X)q(x)dx =Ie_7xdx = —e_7 +C

— Vay nghiém téng quat trén R cua phuong trinh vi phan 1a

X

“Taco fWoe 2 i e

y(x)=e"WF(x)= e? [—ez + CJ= -1+Ce? , v6iCla hﬁng $0.

2.2.4. Thi du. i
Hay tim nghiém tong quat cua phuong trinh vi phan
1 g—2—y—xcosx =0, Vx € (0, +0).
x dx x2

Loi giai.
2
Phuong trinh tuong duong la  y'——y = x%cos X, Vx € (0, +o0).
X
Phuong trinh ny c6 dang tuyén tinh  y'+ p(X)y = q(x).
-2
~Taco [p(x)dx = [—Zdx=-2In|x|+C; .
X
Chon P(x) =—2In | X | =In (sz) thi P 1a m6t nguyén ham cua p.
In[x2
~Khido ¢"M=e ( j =x2va e "W < e2|n\x\ = x?
— Tacbd F(x)=IeP(X)q(x)dx = J. x?x*cos x dx =J cos x dx = sin x + C, v6i C 1a hing sb.

— Vay nghiém téng quat trén R ciia phwong trinh vi phan 1a
y(x)=e"F(x)= x*(sinx+C)= x%sin x + Cx%.
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2.2.5. Pinhly Cho bai toan diéu kién dau nhw sau
y'+p¥y=dx), VxeR
y(Xo) :yo/
trong @6 pva q la cac ham so lién tuc trén R, x, va y, la cdc hang s6 cho truede tiry y.
Khi do, bai todn c6 mot nghiém y duy nhat.

Chung minh
Gia st P 1a mQt nguyén ham cua p.
Theo dinh 1y 2.2.2, nghiém tong quat ctia phuong trinh vi phdn  y'+ p(x)y=¢(x) 1a
y(x)=e "™ (E (x)+ C)
v6i F 1a mot nguyén ham cua (eP(x)q(x))
Dua vao didu kién dau y(x,) = yo, ta xac dinh hang s6 C nhu sau:
Y(x)=e " (F(x,)+C) & C=y(x)e"™ = F(x,).
Hing s C dugc xac dinh duy nhit nén nghiém y dugc xac dinh duy nhat. Vay bai toan trén luén
ludén c6 mot nghiém duy nhat. )
Bai tap: T bai tap 26 tdi bai 45 ( ¢ cudi chuong 1)

2.3. Phwong trinh vi phdn toan phiin

— Phuong trinh  M(x, y)dx + N(x, y)dy =0
hay Mxy) +Nxy)y =0
duogc goi 1a phuong trinh vi phin toan phan néu ton tai ham hai bién F thoa
dF(x,y) = M (x, y)dx + N(x, y)dy.
- Khi d6 phuong trinh vi phén trd thanh
dF(x,y)=0.
F(x,y)=C véi C 14 hang sb.

— Trong 1y thuyét ctia ham hai bién, ta c6 cong thiic

oF OF
dF(X,Y) = & (X’ Y)dx +g (Xa Y) dy

. 6(6Fj G{GFJ
va —| === =
oy\ ox ) ox\ oy

Tu d9, ta c6 dinh 1y sau

2.3.1 Pinh ly

Cho phuong trinh vi phan  M(x, y)dx + N(x, y)dy = 0.

Gia sir cac dao ham riéng cap 1 cia M va N lién tyc trén mién D cua R’

va aﬂ - 8_N

oy Ox
Khi dé:

a) Ton tai ham hai bién F trén D thoa

dF(x, y) = Mdx+ Ndy .
b) Phuong trinh vi phén trén tr¢ thanh
F(x,y)=C v6i C 1 hang s6.

2.2.2 Phwong phap giai
Khi gap phuong trinh  M(X, y)dx + N(x, y)dy= 0,
oM _ ON
oy T oox
ta s& tim biéu thuc cta F dua vao

cod
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F M
ox
F_N
oy

Sau d6 két luan F(x,y)=C.

2.3.3 Thi du. Hiy tim nghiém tong quat trén khoang (a,b) ciia phuong trinh vi phan
y— 3xH+ (x — 1)y’ = 0. Biét rang khoang (a, b) khong chira 1.
Loi giai

Ta c6 (y — 3x%)dx+ (x — 1)dy =0 hay Mdx+Ndy=0,
trong do M=y73x2VéN=x71.

DG thdy N va M cé cic dao ham riéng cap 1 lién tuc trén R*.

Pong thoi ta co oM _ oN (vicung bang 1).

oy Ox
Do d6 ton tai ham F xé4c dinh trén trén R? thoa
dF(x, y) = (y — 3x)dx+ (x — 1)dy
— Ta xac dinh F nhu sau
Loy @)

Ox

2 —x—1 £33
—=xel ()
(**)= F(xy)=x-Dy+gkx) va F(x0=gX).
Keét hop voi (*) ta co
, OF 2 3 s ] A
g (x)=a—(X,0)=—3x = g(x) =—x" tKk, vdi k 1a hang so.
X

Chon k=0, taduge F(x,y)=(x-1)y-x"

—Vay phuong trinh vi phén ban dau twong duong véi
(x—1y-x>=C.

Bai tap: Tir bai tap 46 t6i bai tap 59 (¢ cudi chuwong 1).

2.4. Phwong trinh vi phin ding cip ( thuin nhit).

Phuong trinh vi phan y'= h(zj , v6i h 1a ham theo mot bién u = A , duoc goi la phuwong trinh vi
X X

phan dang cép.

Chu thich

— Ham f(x,y) dugc goi la ham thudn nhét bac k néu f(tx,ty)= t¢ f(x,y) voi moi s6 thuc t.

Thidu: f(x,y)=3x%—2xy+5y? la ham thudn nhat bac 2.

—7Néu M va N la cac ham s6 thudn nhit co cing bac k thi phuong trinh sau 1a phuong trinh vi phan
dang cap : M(x,y)+N(x,y)y’=0 .

2.4.1. Phuong phap giai. Phuong phéap giai phuong trinh y'= h(zj nhu sau:
X

Budre 1 ( d6i bién)

Détu=z thiy=uxvay' =ux+u
X

Khi d6, phuong trinh vi phén tr¢ thanh
u'x +u=h(u)
xu'=h(u) —u
Budre 2 (_tach bién)
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Trang 7

j _ Lt du = J. 1 dx.
h()-u X
Phuong trinh s€ c6 dan% sau

H@u)= /n|x| +C
H(Xj =In[x +C.
X
y2 + 2Xy
2.4.2. Thi du. Hay giai phuong trinh vi phdn y'= —
X
Loi giai

Phuong trinh vi phan twong duong la

bat u= Y thi y=uxvay =ux+u
X

Phuong trinh vi phén tr¢ thanh
ux +u=u’+2u
xu'=u’+u
u' 1

u?+u X
1 1
J.u2+u du=I;dx

1 1 1
(5 )au - ox

¢nlul = ¢nlu+1] = ¢nlx| + €n|C|, v6i C 12 hing sb tuy ¥.

enL:£n|Cx|
u+1
L:iCx
u+1
Yk , voi k 1a hing s6 tiy .
u+1

Yy

X —kx
Yoy

X

y = kx
y+ X
(1—I<x)y=/<X2

kx?

— *
Y 1—kx ©

Chu thich: Két qua (*) chwa hoan chinh
Bai tap: Tu bai tap 60 toi bai tdp 70 (¢ cudi chuong 1).

2.5. Pao ham la ham sé theo bién ax + by

trén mién (1,+o0).

Xét phuong trinh vi phan c6 dang
. y'=h(ax+by),
trong do6 a va b 1a hang so6 khac 0.

2.5.1. Phuong phap gidi
bat u=ax+by,tacod

u'=a+by' hay y’=%.

Phuong trinh y' = h(ax + by)  tré thanh
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u'-a

=h(u
o (w)
_ u'=a+bh(u) )
Dua vé phuong trinh vi phan dang tach bién
u'
- - -1
a + bh(u)
[
a + bh(u)
Hu)=x+C

H(ax+by)=x+C

2.5.2. Thi du. Hay giai phuong trinh vi phdn y'=x-y +1+

y-x
Loi giai.
bait u=y-x,tacod
u'=y'—1 hay y'=u+1
Phuong trinh vi phan trén tr¢ thanh
u’-1r1=u+1+l
u
. 1
hay u=u+ —
u
2“ u'=1 hay 2” du =dx
u® +1 u®+1
u T¢ 2u
du=|dx hay — du=|dx
J.u2+1 J. 2J-u2+1 I
%In‘u2+1‘:x+k, v6i k 14 hiing s6 tity §.

|n(u2 +1)=2x+2l<

2

il = er+2/< _ e2l<82x .

u?+1=Ce?* véi C 1a hing sé duong tity ¥.
(y—x)2 +1=Ce?¥

Bai tap: Tir bai tap 71 t6i bai tap 75 (¢ cudi chwong 1).

2.6. Phwong trinh vi phan Bernoulli

Xét phuong trinh ¢6 dang
y' + Py = QX)y", ,
trong d6 P, Q 1a cac ham so lién tuc trén khoang (a, b) va n 1a so thyec.
Phuong trinh nay duoc goi la phuong trinh vi phan Bernoulli.

2.6.1.Phwong phap gidi
e Trudng hop n = 0 hay n = 1: Phuong trinh trén c6 dang 1a phuong trinh vi phan tuyén tinh cép 1.
Phuong phap giai da trinh bay trong doan 2.3.
o Truong hgpn=0van= 1:
Xét y+ Px)y = Qx)y"
LYY HPEYTT=Q00 |
bat u=y " thiu'=(1 —n)y y'.Khido, phuong trinh trén trd thanh

u + P(x)u=(1-n)Q(x)
—-n

u'+ (1 —n) Pu = (1 -n) Q(x) ) )
Ta da dua vé dang phuong trinh vi phan tuyén tinh cap 1, phuong phap gii cuia phuong trinh nay da
dugc trinh bay trong doan 2.3.
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2.6.2.Thi du. Hay giai phuong trinh vi phan y' — 5y = —g Xy3 trén R.

Loi giai
Chia 2 vé cho y3, ta duoc
yly -5y ?=- 5x.
2
bit u= y72 thiu' =— 2y73y'. Phuong trinh trén trd thanh

1
——u'-5u= —Ex

2 2

u'+10u=>5x
Phuong trinh nay c6 dang phuong trinh vi phan tuyén tinh cép 1, ta tim dugc

u= E—L+CefloX
2 20
L X i + Ce10x (*).

y2 2 20
Chu thich: y=0 la m6t nghiém cta phuong trinh vi phan nhung (*) khong chua nghiém nay.
Bai tap: Tu bai tap 76 toi bai tap 80 (& cudi chuong 1).

2.7. Mét dang phwong trinh dwa vé dang ding cip

- . +byy +
Xét phuong trinh vi phan dang y'= X+ D1y + ¢
agsX +boy + g

2.7.1. Phuwong phap giai

o) Truong hop ajby = asb;,
Luc d6 ton tai hing s6 k thoa a; = kay va by = kbs.
L k(a,x+b,y)+c,

Do d6 ' =h(a,x+b,y)
a,x+b,y+c,
Ta thay y' 1a ham s theo bién u = ayx + byy, phuong phap giai phuong trinh dang nay da trinh bay
trong doan 2.5.
B) Truong hop alb; * agbl

e Néu ¢; = ¢, = 0, phuong trinh vi phan trén trd thanh

y
a; +by =
podxtby T

a,x+b,y a2+b2X
X

Phuong trinh nay c6 dang phuong trinh déng cap, phuong phép giai nhu trong doan 2.4.
e Néu ¢ # 0 hay ¢, = 0, goi (h, k) 12 nghiém s cua hé phwong trinh bac nhat
ax+by+c =0
a,x+b,y+c, =0
z ) a1h+b1k+c1 =0 (& =—a1h—b1k
Nhu the, (h,k) théa & .
a2h+b2k+02 =0 C, :—azh—bzk
Khi d¢ ax+by+c ax+by —ah-bk a(x—h)+b(y—k)
ido = = .
a,x+b,y+c, a,x+b,y—a,h+bk a,(x—h)+b,(y—k)
a,(x—h)+b,(y—k) - dY _ a;X+bY
a,(x—h)+b,(y—k) dX agX+byY
Phuong trinh ¢6 dang phuong trinh déng cdp , phuong phap giai di dugc trinh bay trong doan 2.4.

bitX=x-hvaY=y-ktadugc )'=

2.7.2. Thi du Hiy giai phuong trinh vi phan (x+y+2)y'=3x—y—6 trénR.

Loi giai.
Gia su x+y+2 = 0.
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3x—-y—-6=0 x=1

Hé phuong trinh
P s {x+y+2 =0

c6 nghiém la {
y=-3

batX=x-1vaY=y+3 thi 3—; = g—y Khi d6, phuong trinh trd thanh
X

, 3x-1)-(y+3) dY 3X-Y
_ PN _

YT x-D+(y+93 dX X+Y
Theo phuong phép giai phuong trinh vi phan dang dang cap, ta dit u 1a ham s6 thoa Y = uX.
T Y=uX, ta suy ra v = du X+u.
i dX dX
Chuyén Y qua u, phuong trinh vi phan tré thanh
du 3-u
X—+u=
dX l1+u
X ﬂ = 3-u —u
dX 1+u
2
xdu _Zu-2u+3 o ong trinh oo dang tich bién).
dX u+1
zu;l du=-Lt ax
u® +2u-3 X
R ENET:
27u* +2u-3 X

%1n|u2 +2u —3| = —In[X]| + Cy, véi C; 1 hing sé.

Inlu’+2u—3] =—2In [X| +InC, (v6i C, =*)
Inlu+2u-3] =In |C2X72|
Wt 2u-3=+CX"2
2
{y—”j c2¥*3 5 o1 (\6iClahingsd)
x-1 x—1 (x —1)2

(y+3 +2x- D (y+3)-3x-1)’=C
Bai tdp: Bai tap 81 va bai tép 82 (& cudi chuong 1).

2.8. Phuwong trinh c6 thé dwa vé dang vi phin toan phan. )
Phuong phap nay luém thudm, chi nén ap dung khi cac phuong phap khac that bai.

— Xét phuong trinh - M(x, y)dx + N(x, y)dy =0 hay phuong trinh M(x,y)+N(x,y)y’=0 ,

trong do 8& (x,y) # afN
oy Ox

Phuong trinh trén chua 1a phuong trinh vi phén toan phan. Ta sé& bién ddi va dua vé dang phuong
trinh vi phan toan phan nhu trong doan 2.3 .

(x,y) :

Ta sé dung ky hiéu M, thay cho aaﬂ , va dung ky hiéu N, thay cho i—N .
) X

2.8.1. Phuong phap gidi.
Xét phuong trinh vi phan  M(X, y)dx + N(x, y)dy =0 véi My# N,.
Nhan hai vé ciia phuong trinh cho mot ham p(x, y) ( luén khac 0 trén mién dang xét), ta duoc
u(x, yM(x, y)dx + p(x, y)N(x, y)dy =0 . (*)
Ham p dugc chon sao cho (*) co6 dang phuong trinh vi phan toan phan.
Ham p trong phuong phép nay dugc goi la thira sb tich phan.

Sau day la dinh 1y lién quan t6i viéc chon thira s6 tich phén p.
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2.8.2. Pinh Iy
Xét phuong trinh vi phdn  M(x, y)dx + N(x, y)dy = 0 va My # N,. Khi do:

., (M, - N .
a) Néu (%] lién tuc va chi phu thudc x (khong phu thude y), khi d6 mdt thira s6 tich phan
M, -N
-y X dXJ
N

(hang sb xuét hién khi tinh nguyén ham dugc chon tiy ¥ va thuong dugc chon bang 0).

cua phuong trinh trén la  u(x) = exp [ I

. (N, -M ,
b) Néu (%} lién tuc va chi phy thudc y (khong phu thude x), khi d6 mot thira sb tich phan

Ny -M,
cta phuong trinh trén la u(y) = exp J. M dy

(hang sb xuét hién khi tinh nguyén ham duoc chon tity ¥ va thuong dugc chon bing 0).

Chung minh
Ta thiy pMdx + uNdy 14 vi phan toan phan néu 2 tinh chat sau diing:
i) Cac dao ham riéng phan cép 1 ciia pM, pN lién tuc

i) % (WM) = % (1)

Tinh chit (i) thuong thudong ding. Sau day ta tim cach chon p dya vao tinh chit (ii).
Hg thuc (i) tuong duong voi
HyM + My = N + Ny
yM — N = p(Nx — My) (**)
Viéc xac dinh p dua vao (*) thuong kho khan, do dé nguoi ta chi xét hai truong hop dac biét nhu sau:
e Truong hop py =0 ( tirc ham p chi phy thude 1 bién x).
Phuong trinh (**) tr& thanh phuong trinh vi phan v6i ham can tim 1a p
M, - Ny
N
Phuong trinh trén c6 dang phuong trinh vi phan tuyén tinh cap 1, theo két qua trong doan 2.3 thi mot

0-uN=puNx-My) & px=p

‘a 7 \ NI My - Ny
nghiém ctia phuong trinh nay 1a u(x) = exp J. N dx |.

-N , .
% chi phu thudc bién x ( khong phu thude bién y). Khi d6 ta chon

Gia su
M, - N, .
u(x) = exp -[T dx |, dé thay pu thoa phuong trinh (**).

Tinh chit (a) cta dinh 1y da dugc ching minh.

e Trudng hop p, = 0 (tirc ham p chi phu thuge 1 bién x ). Tir (*) ta co puyM = u(Ny — My)
Phuong trinh (**) tr& thanh phuong trinh vi phan v&i ham can tim 1a p
N, - M,

mM—0=pMNx-My) < upy =u M

Phuong trinh trén c6 dang phuong trinh vi phan tuyén tinh cép 1, theo két qua trong doan 2.2 thi mot

 n , \ \ \ Nx - My
nghiém ctia phuong trinh nay la u(y) = exp I — M dy |.

y

M . .
Gia su TX chi phu thudc bién y ( khong phu thudc bién x). Khi d6 ta chon

N, -M x 2
wy) = eXpU % dyJ , d¢ thay p thdéa phuong trinh (¥%*).

Tinh chit (b) cua dinh 1y di dugc chimg minh.
2.8.3. Thi du Hiy giai phuong trinh vi phan y(1 + xy)— xy’ = 0 trén mién (0,+).
Loi giai
— Phuong trinh vi phan c6 dang M+ Ny’ =0 < Mdx+ Ndy=0, vdi M= y(1 + xy) va N=-x.
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0 2
M, =—(y+xy°)=1+2xy
voooy

Tacod 5
NX = & (—X) =-1

Do My # Ny ménta s€ tim thira s6 tich phan p .
Ta cd6 My— Ny = (1 +2xy) — (~ 1) =2 (1 + xy). Chia biéu thirc nay 1an lugt cho M va N, ta thdy viéc
chia cho M cho ra két qua dac biét.
M, -N. 20+ 2 N,-M, _ .
oy _2040) 2 Wx =My =2 chira bién y, khong chita x).
M yd+xy) vy M y

Ta co

Chon thira s6 tich phan p(y) = eXpU _y—2 dyJ _ g 2otk _ % (k duoc chon bing 0).
y

— Nhén hai vé ctia phuong trinh ban dau cho iz ta dwoc phuong trinh dang vi phan toan phan
y

Lt xy dx—%dyzo
y y

Duva vao

oF 1+x
Ty =—2
ox

oF X
—(x,y)=—
)% y?

2
X

ta tim dugc F(x,y)=£+—.
y 2

Phuong trinh vi phan tré thanh
2

dF(x,y) =0 < F(x,y)=C, < Lr%zc1
y

2.8.4. Thi du Hay giai phuong trinh vi phéan (Zx2 +y)dx + (xzy —x)dy =0 trén mién (0,+00).
Loi giai
— Phuong trinh vi phan c6 dang Mdx + Ndy =0 voéi M=2x> + y va N= xzy —X.

. 0 2 . 0 2
Ta cod M, =— 2x"+y)=1va N, =— —x)=2xy— 1.
y ay(X y)=1v x = o (x7y —x) = 2xy

Do My khac Ny nén ta sé& tim thira s tich phan p.
Taco My — Ny=1- (2xy — 1) = 2(1—xy). Chia biéu thtrc nay 1an lugt cho M va N, ta thdy viéc chia
cho N cho ra két qua dac biét.

My -Ny 20-xy) -2

N x(xy — 1) x

Chon w(x) = exp U =% dxj = exp(— 2 ln|x|) =x 2.
X

(hang s6 xuét hién khi tinh nguyén ham da duoc chon bang 0).

— Nhan hai vé ciia phuong trinh vi phan ban dau cho % ta dugc phuong trinh dang vi phan toan
X

phan nhu sau: (2 + LJ dx + (y - l} dy =0.
x2 X

oF y
—(x,y)=2+—=
7% oY) 2

Dua vé
ua vao oF 1 5
— x5 y)=y-——
oy X
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2
ta tim dugc F(x,y)= 2x — RS
X

2
Phuong trinh vi phén trd thanh
dF(x,y)=0< F(x,y)=C
2 N 4
o2x —L 43— C v6i C 12 hing sb.

X
Bai tap: Bai tap 83 va bai tip 84 (& cubi chuong 1).

3. PHUONG TRINH DA‘GIAI RA POI VOI PAO HAM
3.1 Gidi thidu bai todn diéu kién dau.

Cho (Xo,yo) thudc mét mién D trong R% Ham f 13 ham hai bién x4c dinh trén mién D. Bai toan
(P) duogc quan tam trong doan nay la tim nghiém cua phuong trinh vi phan

Y =f) (.1a)
va nghi¢ém nay thda dicu kién dau
y(x,) =y, (3.1.b)

— Nghiém y 1a ham thyc theo bién x va x4c dinh trén mot khoang I nao d6 trong R.
— Y nghia hinh hoc ciia diéu kién dau y(x,)=y, 1a dudng cong tich phan qua diém (x.,y.).

Chii thich: — Mién D trong chuong nay duoc hiéu 1a tap ma lién thong trong R*,

— Phuong trinh (3.1a) dwoc goi 1a phwong trinh di giai ra d6i véi dao ham.

— Bai toan doi hoi dudng biéu dién cta nghiém qua mét diém cho trude nhu trong bai
toan (P) dugc goi 1a bai toan Cauchy.

3.2. Dinh Iy vé sw ton tai duy nhit nghiém
3.2.1 Dinh ly

X¢ét bai toan
{/=f&y) ®
y(xo) =Yo

Gia suir
i) DIa hinh chit nhat [x, —a, Xo +a] x [yo — b, Yo + b], v6i a va b 1a céc s6 duong.
i1) Ham hai bién flién tyc trén D.

o aof .
iii) DPao ham riéng 6— ton tai va lién tuc trén D.
y

Khi d6, bai toan trén co nghiém duy nhat y = y(x) trén doan x, — 8 < x < X, + 3,

trong d6 & = min {a, 11\)/1} vGi M 1a mot chan trén cua ftrén D.

3.2.2 Chii thich
Do D 1a tap déng va bi chan trong R?, dong thoi flién tyc trén D nén chin trén M ton tai (hiru
han).
Bai tap: Bai tap 85 (& cudi chuong 1).
Bai tdp: Baitip 86 tgi 104
Bai tap: Tur bai tap 105 tdi bai tdp 118 chi danh cho sinh vién gioi.

3.3 Y nghia hinh hoc ciia béi todn (P) trong 3.1

Tai mdi diém trong mién D, ton tai mot doan thing nhan diém do la trung diém va c6 hé s6 goc 1a
f(x,y). Tap hop tat ca cac doan thang nay duoc goi la trwong huwdng dbi v6i dudng cong tich phan.
Neu dudng cong tich phan qua diém (x,y) thi dao ham tai d6 bang f(x,y), tirc duong cong tich phan
tiép xtic v6i doan thing cua trudng hudng.

Buodng cong tich phan tmg vdi bai toan (P) la duong cong qua diém  (x,, y,) va tiép xic doan thing
clia trudng hudng tai mdi diém ma duong cong nay di qua.
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3.4 Phuwong phap do thi

Xo)=Yo

Phuong phap db thi dugc dung dé v& dudng cong tich phan ma khong can giai ra nghiém  y = y(x).
Phuong phap nay gdm cac budc sau:
a) V& cac diém (x, y) phén bb déu trong mién D v&i mat d cang cao cang tot tap hop cac diém nay
dugce goi 1a tap V. Tai moi diém (x, y) ctia tap V, ta vé& mot doan thang ngan c6 hé s0 goc 1a f(x, y),
doan thang nay dic trung cho trudng hudng tai diém (x,y). Cac doan thang nay cho ta hinh anh mot
truong hudng.
b) Tir (Xo,¥o), V& dudng cong lién tuc sao cho tinh chat sau dugc thoa:

Tai cac diém thudc tdp V ma duong cong di qua, duong cong tiép xtc voi doan thing dic trung
cho trudong hudng tai diém do.

Bai tap:
Xét bai toan (P) {

; =f(x, y)
Xét bai toan (P) trén mién D nhu trong doan 3.1: { ( Y
y

y'=x-y
y(0)=1
a) Hay ding phuong phap db thi dé vé duong cong tich phén cua bao téan trén.
b) Hay giai bai téan nay dya theo dinh ly vé phuong trinh vi phan cap 1 tuyén tinh.
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BAI TAP CHUONG 1
Hiy tim nghiém cua phuong trinh vi phin bang phuong phép tich bién

1 @ _ 2xy Pap sé: y = ke*
dx

2) ?=3xze_y, y(0)=2 Dip s6:y = In (x* + %)
X

2
Chii thich: Mién xdc dinh cia nghiém trén la [—63 T+ oo}

3) ﬂ:2)6()12-1-1) Dap sb: y =tg (x* + C)
dx

Chii thich: Ham s6 & ddp s6 khéng xdc dinh khi x* + C = k%

4) (1+x)dy—ydx:0 DPap s6:y=C (1 +x)
5) ﬂ:—_x 1—)2’1ps€:):xz+y2=C2
dx y
dy X (o Z 2
6) —=——;y(4)=-3 bapso: y=—25-x";-5<x<5
dx y
4x
n Doy Pip sé: y =20
dx 1—ce™
8) (ezy —y)cosx% = e*"sin2x,y(0) =0 Pap s6: ¢ + ye? + e¥=4 -2cos x
X
2
9) ﬂ=ze’ Dap sd: x =-In e-L
dt 2
10) %4‘ 4y = y(e” + 4) Dap sb: y = cef(gil)
dx 2 . r
11) —=r"(1+x bapso:x=tg| —+C
) o ( ) p g ( 3
2l
12) §+2s:st2;s(0)=l Pap $0: s=e[3J
t
dy > . 3x
13) x*—=+y’=0;y(1)=3 Dap s6: y =
) a0 PR TS
14) yy'=¢* Pap sb: y =+/2e* +C
15) e"(x'+1)=1;x(())=1 Dap sb: X=ln(1—le_—tej
. /4 1
16) d_y: sin 5x bap s0: y =——cos5x+C
dx 5
17) dx+e’*dy=0 Pap s6: y = le_S" +C
3
18) Z_y: e Pap sb: —3e ™ =2 +C
X

3 -1

19) (e* +1) edx+(e* +1) edy =0 Dapsé: (e*+1)” +2(e’ +1) =C
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dy _ xy+3x-y-3

20) L = Pap sb: (y+3) e* =c(x+4) ¢
) dx xy—-2x+4y-8 P (y ) ( )
21) gzx 1-y? Dap sd: y = sin £1X2+C]
dx 2
dx ) o . 3n
22) —=4(x"+1); x| — (=1 Dap so: x =tg| 4t ——
) g i) (4) P g( 4)
1
{1+=
23) xzj—yzy—xy;y(—l)z—l Dap s0: xy:e( ")
X
M 1
24) dy _2+sinx (0)=2 Dap s6: y =1+(2x —cosx +2)3

dX 3(y_1)2’y

3
25) y'=—2 Y . y(0)=1 Pip sé: y* —2y> +41n|y|=x* —4x—1
y -y +1
Hay dwa vé dang phwong trinh vi phan tuyén tinh cap 1 vd tim nghi¢m.
26) y’ +3y=3 Dap sb: y = Ce™
27) ?z_ZXY;Y(l)=1 Pap sb: y=e'™
X
28)y' =y +x% y(0)=1 Dap s6: y = 3e*-(x*+2x+2)
chi thich [ x*e ™ dx = —(x* +2x+2)e™
29) i—?zx—l;x(O)zl DPap sd: x =1
dy . ST G |
30) ——-7y=x bapso: y=-Ce™* ————
) psosy 749
dy 2 A x 2
31) ——y=x"+2 bapso: y=Ce" —x"-2x—-4
dx
32) g—3y:6 Pap sb: y =2+ Ce™
dx
dy — y4ax O SUNE. SIS S S 4
33)Xd——4y—xe bap so: y=xe" —x"e” +cx
X
dy . C
34) (x*—9)—=+xy=0 Dép sb: y =
) (x7=9) - xy psb y=——=—
dy . X -X
35)d—+y:X;y(O):4 Pap sb: y =x—1+5e
X
dy , I, 0<x<l1
36) —+y="1(x) véi f(x)= vay(0)=0
)dx Y () () {0, x>1 y(©)
Do <4 1-e™%; 0<x<1
ap so: y =
Y (e—1)e™; x>1
. 1
37)d_y+y:e3" Paps6: y=—e™* +ce™*
dx 4
38) X’y'+xy =1 Paps6: y=x"Inx+cx ;x>0

d ) .
39) xd—y—y=xzsmx Dap sd: y =cx —xcosx; x>0
X
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. 1 C
40) X%y’ + x(xH2)y = & Déap s6: y = Fe* +—e ", x>0
X X
41) ydx-4(x+y®)dy = 0 Pap sb: x =2y + cy’, y> 0
dy . . . T yis
42)cosx—+(sinx )y =1 Pap s6: y=sinX+ccosX; ——< X <—
) cosx—~ (sinx)y pso:y 5 5
. 22—
43)xy’ +y=¢€y(1)=2 Dépsé:yze—+ e;X>0
X X
d .
44) (X+1)d—y+y =Inx; y(l) =10 Pap so: (x+1)y =xIlnx —x +21;x >0
X

45) Ld—1 +Ri=E, 1(0)=1, v6iL, R, E, i, la cac hang so
t

E E) X
Papsbd: i=—+|i,—— |e L
P R ( 0 Rj
Hay tim nghiém ctia mdi phuong trinh vi phan sau néu c6 dang vi phan toan phan .
46) 2xydx + (x> —1)dy =0 Pap sb x’y—y=0
47) [e® —y cos(xy)]dx +[2xe* —x cos(xy) +2y]dy = 0

Pap s6 xe™ —sin(xy)+y’ +c=0

dy xy’—cosxsinx

48 ,y(0)=2 Pap s6 > —(1-x")—cos’ x=3
)dx -2 ¥(0) psd ¥y~ —( )
49) (2x+2y2)+(4xy+3y2)? =0 Pap sb x> +2xy° +y’ =C
X
50) (2xy + 1)+ (x> +4y)y'=0 Pap sé x’y+x+2y° =C
51) 2x +14+2y>)+ (4xy +3y?)y'=0,y(0)=—1 Dapsd 2xy’ +y’ +x° +x =—-1
52) 2xy —(4y’ +xy)y'=0 Khong cé dang vi phéan toan phan
dy . x>y’
53) (e"+x)+y—=0 bapso: e +—+—=
ety g P 2 2
54) (x2 + 4y)y' =2xy+1 Dap s6: Khong c6 dang vi phan toan phan
55) Zd—y:—t Pap sb: ? + 2= C
dx
dy dy , y’
56) (x° —3y’x )= =y’ -3x’y-—y—= Pap sb: X’y —xy’ + 2=
) (%7 =3y"x) =y -3xy -y psd X'y —xy’+ =

57) xcos(xy)dy +[ycos(xy)—2x]dx; y(1)=2  Dép sd: sin (xy) —x*=sin 2 — 1

58) (sint+t2ey —3)3—y+(ycos t+2tey) =0, y(gj()
X

2
Dap sb: y sint + t’e? - 3y = %

d . . X

59) (3'[2X -x’ ) — (t3 + 3X2t)d—y = (0 Dap s0: khong c6 dang vi phan toan phan.
X

Hiy tim nghiém cua mdi phuong trinh sau néu né ¢é dang phuong trinh vi phan ding cép.

dy _x-y

Pap sb: x> —2xy—y> =C
dx x4y

60)
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61) xzj—izyz —xy+x2;y(1) =2

Huéng dan: (v — 1)_2 dv=x"dx véi v="2"

dy

62) y’ =(xy—x*)==

)y =(xy=x7)
Hué‘ngdfmxgz Y ysiu=2

dx u-1 X
2 2

63)s2 -5 52)=1

dt t

x 1 . S
Hudng dan: udu =-dt véi u= ?
t

64) Xg=2yd—y+x—3
dx dx

dy _cos(xy)-1

65)
dx Xy

66) £ 9X _hox
dt

67) (X2 + yz)dy +2xydx =0

dy y-6x
68) — = ;y(0)=1
)dx 2x—y y( )

69) ij—i—(4x2 +xy+y2)=0; y(1)=

A -1
bapso: y= 2xtg{21n|x| +acrtg (TH

dN (-N

SO R |
Dapso.y—){l ln|X|—1J

Dap sb: X—ln|y| =C
X

1

Dap sb: S(t)=t In L 2 +l 2
2 4
Dap s6: Khong co dang dang cap
Dap s6: Khong co dang déng cap

Dap s6: x = ct? —t
Pap sb: y* +3yx° =C

Dap sb: (y - 3))()é (y + 2x)§ =1

Dap s6: N* + 2Nt —t* =4

Hiy tim nghiém cia mdi phuong trinh sau néu c6 dang v’ = h (ax +by) véi a va b 1a cic hing

70) — =——N(0)=2

) dt  t+N ( )

s0.

71)d—y:(—2x+y)2—7;y(0):0
dx

72)dy—(x+y+1)2dX:0

73) dy:<2+w/y—2x+3)dx

74) %ztg2(x+y)

75) S—Z:(ZXZ er)3 +1

CuuDuongThanCong.com

3(1-¢*)

Pap sb: y =2x + =
1+e

Dap s6: y :—x—1+tg(x+C)
Pap s6: 4(y —2x+3)=(x+C)’

Dap sb: 2y — 2x +sin2(x +y) =C

Pap s6: Khong co dang y’ = h(ax = by)
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Hay tim nghiém ctia mdi phuong trinh vi phan sau néu n6 c6 dang phuong trinh vi phin
Bernoulli

d . 1
76) X—y+y=X2y2 bapsd: y=—5——
dx -X" +cx
. x dy 1 2 ..
Huong dan: —+—y =Xy~ c6 dang Bernoulli véin =2
dx x
d 1 .
7T xLry=— Pap sb: y* = 1+ ex?
dx y
dy 3 L3 1 3
78) —=y|xy -1 bap so: =X+—+ce’
)=y =) psd: y 3
d L
79) tzd—i]+y2 —ty Piap sb: e’ = ct
dy 4 1 L3 9 4.4 &
80) x*— —2xy =3y*: y(1)== Dap so: =——X +—X
) x*——=2xy =3y y(1)=7 pso:y~ =2 5
< Ak N T . ax+bx+c, .
Hay tim nghiém cua moi phuong trinh vi phan sau néu n6 c6 dang y'=—— véia,,
a,x+b,x+c,

a, by, by, ¢1, > 1a cac hang so.

d 4x -3y +13

2T y(0)=1

dx Xx—y+3

Hudng din: Patx =t—4; y =u— 1
dt t—u

x+4 Iy 1
—7:ln‘c(y—2x—7)‘ véi C:ge 3

81)

y—2x—
d_y_(4x—3)y+1

82)
dx 2x-3y+2

Dap s0: Khong c6 dang nhu dé bai yéu cau.

Hay dung thira sd tich phan dé dua vé dang vi phan toan phan va tim nghiém cua céc
phuong trinh vi phan sau:
83) (X2 —y2)+2xyy' =0
Huéng dan:
Phuwong trinh c¢6 dang M dx + Ndy = 0
M -N = 2y-2 2
Tacé: — = Y=<y =——
2xy X
Chon thira so phdn tich

n(x)= exp(j%dxj = exp(—21n|x| . C) = X—12 (chon C thich hop)

Suy ra %[(xz —y’ )dx + 2xydy] =0

2
y 2y
[1——2de+—dy =0

X X
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2

x+2-=C
X
2 '
84) y+(y —x)y =0
Hudng dan:

Phuong trinh c¢6 dang Mdx + Ndy =0
N-M, -1-1 2

Ta co: -
, y oy
Chon thura s6 tich phan
n(y)= exp“_—zdy) = exp(—2En|y| + C) = Lz(ch(_)n C thich hop)
y y

Suy ra %[(ydx +(y2 —x))dy} =0= ldx +[1—%jdy =0

y y
X
=>y+—=C
y
Bai tap ap dung dinh ly 3.2 vé sw ton tai duy nhat nghiém

85)
. . " 2
Cho bai toan diéu kién dau y=x+e
y0)=0

a) Hay chirng minh bai toan c6 nghiém y = y(x) trén moi doan I c R .
b) Hay chirng minh bai toan c6 nghiém y = y(x) trén R .

. ‘ Huéng dan
a) Bai toan dicu kién dau c6 dang
{ y=fxy
¥(Xo) =¥,

Véi f(x, y) = x>+ &, x,=0, yo=0.
Xéta>0 va b >0, hai s6 a va b nay s& dugc chon chinh xac sau. Goi Dz[—a, a]x[—b, b].

Lo of _ . of . R
Ta thay flién tuc trén D. Vi v (x, y) =2ye v nén v lién tuc trén D.
y y

Do |f(x, y)|= Y+e’ V(x, y)eD < @ +1,tacoM= o +11a mot chan trén cia f trén D.
Khi d6 b 2b . Chon b=a( a’+1) thi b a
M  a” +1 M

Goi 6 = min {a, b} , thi é=a .
M

Theo dinh 1y 3.2 thi bai toan trén cé nghiém duy nl}ét y =y(x) trén doan [-a,a]. Chon a du I6n thi doan
[-a,a] chira doan 1. Vay bai toan ¢6 nghiém duy nhat trén 1.

Tuong tu cac bai tap tu 1 td1 84, trong cac bai tap 86 t&1 104 hay tim nghiém trén mién

L.
' 1_y2 L& .
86) y'=——"— , I=(0, +x0) Déap sé: y =sin (In|x| +C)
X
87)y'+x=x(y2+ 1) bap $6: y = 2 5
C-x
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88) y' — (sinx) y =sin x

89)(1+x)y' +xy= V1+x2
90) xy'=—y + /xy +1

91) y'=y +xy’

4 2.3 _4
92) y,:3y +3x°y° - x"y

xy3 - 2x°

93) 3d_y +ysinx =0
dx

2

—COSX _ 1

Pap s6 y=Ce
x+C

\/1+x2

(x+C)2 -4
4x
1

1-x+Ce™*
3

X

Papsd y=

Papsd y =

Papsd y =

Pap sb A =C
X3

S (<l\'>|N

, (COS
baps6 y= Ce

94)xy' +y =2y +3x—8 Dap sd xy — 3% —8x -2y =C (dang vi phan toan phan)

95) xdy + xydx = (1 —y)dx

2
96) y--8x d_y:1
y dx

97) 2x +ye™¥) + (y +xe™)y' =0

98) x+e)y'-1=0
99)y' =" y(1)=0

100) y'=xy+2x-y-2

101) (£ +vy?) % +2t (y+2t) =0

102) y= 2(y2 +x)y'
y'= 4x — 3y + 13

Papsd y = c + —
xe¥ X

7 y5 7
Péap s6 y'x = 5 + C (tuyén tinh theo x)

7 y2 \
Pép s6 x>+ %+ 2— = C (vi phan toan phan)
Pap s6 x=(y + C)e* ( tuyén tinh theo x)
Pap s6 e ¥ +e* =1+ e. (tach bién)

?—x

bapsd6 y=-2+ Ce (tach bién)
Pap s6 y* + 3yt® + 4t = C (ddng cap)

Pap s6 x=y* (2In | y | + C) ( tuyén tinh theo x)

103) , y(0) =1
XxX—-y+3
. . d 4t -3
Huong dan: The x=t—4 y=u71.—u=—u , u@)=2
dt t-u
4 1 -2
— X% _In|C(y-2x-T)|véi C==e 3
y—-2x-17 6
x* -1 -2
104 - =———, 1=(0,+x)
) Y x(x2+1)y x*+1
Huéng dan ) 1
Phuong trinh ndy c6 dang phuong trinh vi phan tuyén tinh cap 1.
— 2 — X
Ta co J.X2—+1 X:I( 22X +lj dx:ln|2—|+k.
x(x“ +1) x“ +1 X x“+1
Chon P(x) = In—— .
x +1
>
Taco e’ =e 1 = 2x .
x +1
Nghiém cta phuong trinh 1a
-2
— ,~P(x) | ,P(x)
xX)=e e ——dx
() -[ x*+1
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x*+1 X -2 x*+1 -2x
X)= dx:
() '[x2+1x2+1 b J‘(x2+1)2
2 2
Y= +1( 21 +Cj=l+Cx 1o HC
X x +1 X X X

Céc bai tap tur 105 t6i 112 1a bai tap kho
105) *
Xét van dé tim nghiém ciia phuong trinh vi phan ~ x (1 + xz) y'—y=0trénR.
Mot sé sinh vién giai nhu sau:
x(1+x)y —y=0
Chia hai vé& cho x(1 + x°) ta duge

, 1
N A 0.
x(x?+1)
Day 1a mot phuong trinh vi phan tuyén tinh cip 1 thuan nhét.
_ _ 2
Ta ¢ J.2—1 dx:j(—l 2X J dx =—1n|x|+l 1n|x2 +1|+k:lnx—+1+k.
x(x“ +1) X x“+1 2 | X |
2
Chon P(x)= In XX *1
||
X2+l
. : ~In x
Tathdy e "™ =e I+ = | |
x”+1
Cl

Dodé y=Ce "™ = , v6i C 12 hang sb tuy .
‘ Vx*+1
Viy nghiém tdng quat ciia phuong trinh vi phéan 1a

&

y= , v6i K 12 hang s6 tay ¥.
2
x +1
Hay viét hoan chinh 161 giai nay.
Huéng dan
— D¢ tranh truong hop x = 0, ta s€ tim nghiém trén mién (— oo, 0) va nghiém mién (0, + o). Sau do
suy ra nghiém trén mién (— oo, + ).
— Xét D la mién (— oo, 0) hodc (0, + ). Trén mién D, ta c6

X1+ -y =0&y - ——y=0 (%)
x(x?+1)
Pay 1a mot phuong trinh vi phan tuyén tinh cip 1.
_ _ 2
TaC(')J.2—1dX=J.(—1+ 2X Jdx=—1n|x|+l1n|x2+1|+k=lnx—+1+k.
x(x“ +1) X x“+1 2 |X|
2
Chon P(x)= In X" 1
||
x>+l
. : ~In x
Tathdy e "™ =e I+ = | |
x”+1
C
Do d6 y=——n

Vxt+1

Goi y) 1a nghiém ciia phwong trinh vi phan trén mién (0, + o) va y 1 nghiém trén mién (o0, 0) thi
Y1, Y2 ¢6 dang nhu két qua trén nhung gia tri h@”mg C c¢6 thé khac nhau.
Ta ghép ndi hai ham sd y1, y2 dé ¢6 ham s6 y xéac dinh trén (— oo, + 00) nhu sau
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y,(x)= , X e(-0,0)

y(x) =1 y(0) , x=0
v, ()= Cx
N

Taco limy,(x)=0 va lim y,(x)=0, do dé chon y(0) =0 thi ham y lién tyc tai 0.

, xe (0,+0)

x—0 x—0"
—Taco
lim yx) -0 _ imwz lim y;(x) = lim C3/2 =C
x»0t X=0 x50t x-0 x-0" x-0" (X2 + 1)
@ 1im ¥ 4y 20920 i oy K g
0" X-— 0 x—0~ X~ x>0 x>0 (X2 + 1)

do d6 dao ham y'(0) ton tai néu va chi néu K = C, khi d6 y'(0)=C, ,
— D¢ ki€m ham y c6 thoa phuong tr}nh vi pl}én tai x = 0, ta phai thé cac gia tri x = 0, y(0), y'(0) vao vé
trai clia phuong trinh vi phan ban dau, ta thay

x1+x?)y -y, =00+0)C-0=0

X =
Vay y thdéa phuong trinh vi phan khi x = 0.
Tém lai, nghiém cua phuong trinh vi phan trén (—oo, + o0) la

y(x) = _&x ,  Vxe(-om, o)
Vx2 +1
trong d6 C 13 hing sb tuy ¥.
106) *
Hay tim nghiém cua phuong trinh vi phan  x(1 + xz)y' — (x2 —Dy+2x=0 trén R .
Huéng dan:
Giai twong ty bai 105, két qua 13 y(x)=- x.
107) *

Xét bai toan tim nghi€m trén [ nhu sau:

2
ay'+e¥ y=1, y(0)=-1

b) e‘/; y'+(ln|2—x|)y:4 , y()=2
Hiy tim khoang I 16n nhit ma bai téan van c6 nghiém duy nhit.
Hudng dan
a) Phuong trinh ¢6 dang tuyén tinh cép mot. Cac hé s6 13 ham lién tuc trén (— oo, o)nén I = (—oo, +

)

b) Phuong trinh ¢ dang tuyén tinh cip mot.
Jx chi xéc dinh khix > 0
Khix=1thi [2-x]| =1

X 0 1 2
2 - x| | 2 1 0
Inl2 - x||1n 2 0 —w

Khoang I chira 1 16n nhit dé eV vatn |2-x| lién tuc 1a 1= [0, 2).
Vay dap s6 1a1=0, 2).
108) *
Hay tim nhitng duong truc giao (orthogonal trajectories) vdi ho parabol y = mx’ , trong d6 mla
tham sd.
Chui thich: Puong cong (C) dugc goi la duong truc giao vdi ho parabol y = mx” néu né cé tinh chat
sau: Coi M 1a mot diém tuy y thudc (C), tdn tai m sao cho M thudc parabol y = mx’ , déng thoi tiép
tuyén cta (C) va tiép tuyén cta parabol y = mx” tai M vudng gdc voi nhau.

Loi gidi
Coi (x, y) 1a diém tily y trong mit phing xOy
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— Truong hgp x =0 vay = 0:
Goi y; =y1(x) la phuong trinh cta parabol Py qua (X, y).

Goi y2 = y2(x) 1a phuong trinh cia duong tryc giao Ci qua (X, y).

Téan Giai Tich A4 Trang 24

Ta phai c6 C; truc giao v6i Py tai (x,y) tirc 1a yé(x)=-ﬁ .
1
Parabol P; ¢6 phuong trinh y = mx” nén y'=2mx = 2 lz = 2y
X X

Do d6 phuong trinh y = y(x) ctia C; 1a nghiém cua phuong trinh vi phdn y'= — X

2y
Pua vé dang tich bién  2yy'=—x hay I 2ydy = J(—x) dx
2 2
y? :—X?+C hay y?2 +X7 =C (¥

— Truong hop x =0 hay y =0:

Trudng hop nay tmg vai (x, y) nam trén tryc hoanh hay truc tung. Néu diém (x, y) nay khong phai la
gbc O thi khong xét dudng tryc giao do khong co parabol nio qua (x, y). Piém gdc (0, 0) khong
thudc cac dudng cong (*) va ta khong can quan tam.

2
— Két lugn: Ho cac duong truc giao v6i ho parabol y = mx” 13 ho céc ellip y2 + X —C (voicac C

la tham s0) bé di cac diém trén truc hoanh va cac diém trén truc tung.

" 1/3
109) * Cho bai toan didu kién dau y=xy
y(0) =0
Hay chirng minh bai toan ¢6 v6 sé nghiém.
Loi giai
1
y'= yx3 (1)
— Trudc hét ta 4p dung phuong phap tach bién .
1
Gia str ham s6 y luon khac 0. Chia hai vé cho y3 ta dugc

Xét phuong trinh vi phan

— Kiém tryc tiép tai phuong trinh vi phan (1),
ta thay ham so dang sau 1a nghiém trén R clia

phuong trinh vi phén (1):
9 3/2
X . 8 , y
y= i(? + CJ , voi C la hang so.

— Dua vao diéu kién dau , ta dinh C nhu sau:
y(0)=0 = 0=+ (0+C)** = C=0.

Do d6, hai him s6 ¢6 phuong trinh sau la

nghiém trén R cua bai toan dang xét: :

X3 0 ~ m

y=t——+. \ \ X
3\/§ \ \

— Ngoai ra, ham hing y = 0 ciing 1a nghiém \\\ |
trén R clia bai toan nay. '

<
Il
T/
M
N
ol |
B
)
~—
@
)
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Trang 25
— Sau ddy, ta s& chimg minh cac ham s6 du6i ddy ciing 1a nghiém trén R ciia bai toan dang xét
0 , X<m
3/2 o X A
y(x) =1(x2 —m?2 , voi tham so m 12 s0 duong.
T , XZ2m

e Trudc hét ta théy y(0) =0, tic y thoa didu kién diu cua bai toan.

e Truong hop x>m: tacod
1
'(x)—§ ﬂ 2« ﬂ = xy 3(x)
RN B '3 3 d
1

e Truonghop x<m: tacé  y'(X)=xy g(X) (do hai vé ciing bang 0)
e Truong hop x =m:
Ta co

N | =
N | =

y(m) =0 vay lién tuc tai x =m

Pao ham bén trai  lim w = lim

x-»m~ X— M

=0

x->m~ X—IN

x-»>m® X—m x—»>m?’

1
_ 2 _m2)\2
Pao ham bén phai  lim y(x) - y(m) = lim ){ﬁJ
m
1
Dodd y'(m)=0. Suyray'(x)= xy3 (x) khi x=m (do hai vé cung bing 0).
e Vayy = y(x) la nghiém cua bai toan.

— Vim c6 thé vo s0 cach chon, dong thoi moi m tuwong ting véi mot nghiém, do do bai toan c6 vo so6
nghiém.

Chii thich: Ngoai cac nghiém trén, bai toan con ¢ cac nghiém khéc, chang han nhu:

0

, X<m

3/2
y(x) = [XZ_mZJ
ol , X>m

Xét bai toan trén I = [2, + o0) nhu sau

,_—x+\[x2+4y

a 2

110) *

y(2) =-1

2
a) Hay chiing té ¢(x) = 1 — x va @p(x) = ,XT déula nghiém cia bai toan?
b) Tai sao dinh 1y ton tai va duy nhét nghiém khéng  duoc ap dung ?
111) *
Tim nghiém trén [1, +o0) cua phuong trinh vi phan
y'—y—1Inx=0? Co ton tai nghiém bi chan khong?

Huéng dan:
X
- Trude hét , hiy ching minh phuong trinh nay c6 nghiém 1a y = e* [C + je_t Int dt].
1
- Chirng minh nghiém khéng bi chdn nhu sau:

Gia st co nghiém bi chin, tirc ton tai C € R va M e R dé ham s6 sau bi chin bai M trén (1, + o).
Khi do,

X
Vx € R, eX{C+J.e_t Int dt} <M
1
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C+je—t Intdt < M.
X

1 e

X
Suy ra {C+Jetlnt dt}—)O khi x — o .
1

Do d6 Ie_t Intdt ton tai hitu han va C = —Je_t Intdt
1

Suy ra : y=e¢" {—J' ¢'In tdt+.|.e_[ In tdtj = —exje" Intdt
1

1 X

Do Ie_t In tdt ton tai hiru han nén ta c6 thé dp dung cong thirc tinh tich phéan timg phan

—j(—e—t) 1 dt}=—e" {e—x 1nx+je—tl dtJ.
X t t

X

y =—e* [— e tlnt

X X

< eXJ.e_tdt =eX. e X =1.

X

Dodé lim y = lim(-Inx) = -
X—>00 X0
Diéu nay vo 1y vi dang gia st y bi chin boi M.
Vay khong c6 nghiém bi chan.
112) Gia sir c6 ngudn sang dit tai diém O trén truc Ox. Hiy xé4c dinh hinh dang ciia guong sao cho
moi tia sang phan xa trén guong ( g vdi tia téi phat xuat tir O ) déu ciing hudng véi Ox?
Huéng dan
Chon O lam tdc toa do va hé truc toa do xOy. y
Xét diém t6i M trén guong véi toa do 1a (x, y).
Tia tdi va tia phan xa tai M théa dinh luét phan xa
anh sang, theo hinh vé thitacé a =B voia la
gdc nhon hop boai tia toi va tiép tuyén ciia guong
tai M, con {3 1a goc nhon hop bai tia phan xa va A
ti€p tuyen ctia guong tai M. { " X

Goi 0 1a goc hop boi tiép tuyén cua guong tai M véi truc Ox.
Ta co B=06 (dong vi), dong thoia =P nén 6 =20 =2p.
He¢ s6 gbc cla tlep tuyen cua guong tai M la y' = tgf.

Heé sb goc ciia OM la _ tg ¢ = tg20.
X

Dbi v6i cac vi tri khac ciia M ta ciing tim duoc hé phuong trinh

y'=tgb ey
y = tg(20)x (2)
ma tg29:2t—ge2nény:2—y2x
1-tg"0 1-(Gy")
Do do y(y') +2xy' —y =0.

Giai phuong trinh bac hai theo y', ta dugc hai nghiém trai diu y'=

—xi\/x2+y2
y .
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—x+\/x2 +y2 3)

y

Ta chi can xét dang guong ing v6i y' > 0 nén chi xét y'=

Ap dung phuong phéap giai phuong trinh vi phan ding cép, ta dit u = J thiy =ux va
X

[ 2
-1+ 1+y—2
Al X

y'=u'x +u. Phuong trinh vi phan (3) tr¢ thanh y = y
x
_ | 2
u
. \/1+u2—(1+u2)
XUu'=
9 u'
Chuyén qua dang phuong trinh tach bién
u 1
u=-—
\/1+u2(1—\/1+u2) x
Trong tich phan trén ta nhan thiy néu dat W = 1-v1+u? thi aw S ,do do
du 1+u?
1 1
—J— dW=J— dx hay —1n|W|=ln|x|+k
w X
Suy ra i:ek|x| hay i=l<2x.D0CI(') W=L
|W| W kox
2
Taco 1-1+% -1
X2 kzX
2 2 2
1
1+ —1-— hay 1+y—2:(1+£J
2 2
Do d6 1+y—2:1+&+0—2 hay y*=2cx+c’.
X X x

Ta thu dugc biéu thirc cua y 1a phuong trinh cua parabol.
Trong qué trinh giai phuong trinh vi phan & trén ta di gia s x = 0, y # 0. Kiém lai truc tiép, ta thdy
céc diém M c6 x = 0 hay y = 0 thudc parabol c6 phuong trinh & trén déu cho tia phan xa cung hudng
Ox.

Tir nhanh parabol y* = 2cx + ¢, ta xoay tron quanh truc Ox thi duoc déng paraboloid tron xoay ciia
guong.

Céc phuong trinh sau khéng c6 dang y’=f(x.y)

113) Hay tim nghiém trén R cta phuong trinh vi phan (y')2 ~(x+y)y' +xy=0.
Hudng dan: Tir phuong trinh F(x, y, y') ta s& tinh y' theo x va y dé dwa vé phuong trinh c6 dang
y' =1x,y).

Loi giai
’ n2 ' _ ' ' _
Taco (V) -(x+y)y'+xy=0=F -x)@¢'-y)=0
2
b
'=x =—+C . .
B’l e Y 2 , voi C hang so.
ay y=vy hay y = Ce"
Nhu vay, nghi€ém trén R cta phuong trinh vi phan la mét trong ba dang sau

X2

a) y(x) = o +C, voi Cla hing sd.

b) y(x)=Ce" , voiC la hang sb.
¢) Ham s6 c6 biéu thuce (a) & khoang nay, nhung co6 bicu thirc (b) & khoang khac.
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Chii thich: Moi diém (xo, X,) tily ¥ thudc duong thing [y = x] 1a diém ky di ctua phuong trinh vi
phan F(x, y, y") = 0 vi c6 hai duong cong tich phin qua n6 va co cing tiép tuyén tai (o, X,), hai
duong cong d6 c6 phuong trinh

<2 2
X
y(x) = —+x Zo
2
— 0 eX
y(x) o

va hé sb goc cua tiép tuyén chung tai (Xo, Xo) 12 Xo.
2
X
114) Hay tim nghiém cua phuong trinh vi phan y= (y’)*—y’x+ 5

Hudng dan: Co dang y=f(x,y’). Lay dao ham 2 vé rdi dit u=y’ dé c6 phwong trinh vi phan cip 1 theo
u
Loi giai.
XZ
Xét  y= Oyt )
Ldy dao ham hai vé ciia phwong trinh vi phin (1) theo x, ta dugc
V=2Yyy ' -yx—-y+x & (2y’—x)y”’: 2y’—,x .
Dat u=y’ ta dwoc phwong trinh vi phan cap 1 doi voi u: (2u—x)u’=2u—x 2)
u-x

— Trudc hét ta tim nghiém thoa phuong trinh u'= 2 :
u-X
Suyra u’=l = u=x+C, v¢i C la hing sb.
= y=x+C
2
= y:% +Cx+C,, v6i C; 12 hang sb.

Ta thdy ham sb méi tim duoc chi 1a nghiém cia (1) néu C,=0.
— Béy gio tim nghiém thoa phuong trinh 2u+x=0:
2

=r o y=2 o y=2+C
5 y 5 y 2 3.

Ta thdy ham sb méi tim duoc chi 13 nghiém cia (1) néu C;=0.
115) Hay tim nghiém cla phuong trinh vi phan a Y —4xyy’+8y* =0.
Huéng dan: Dua vé dang x=f(y.y’). Patu=y’ va ldy dao ham hai vé theo y, ta dua vé& phudng trinh vi
phan v&i ham s6 1a u va bién la y.

Loi gidi.
Xét  (y')—4xyy’+8y*=0. (1)
. o . oy 2y
Ta tim nghiém ciia phuong trinh sau X = N +— (2)
y Y

Ta sé& tinh y’ theo y, roi thé biéu thirc ndy vao (2) hay (1).
. . . 1
Ddat  u=y’valay dao ham hai vé ciia (2) theo y, v6i luu y % =— , ta dugc
u

T —u* 2 (u 2y du
—_ = 4+ — 4| — ——=
u 4y’ u 2y dy

du u(u3 - 4y2)
dy 2y(u3 —4y2) .
— Xét truong hop  u’-4y? ludn khac 0.

Suy ra

1 . .
Ta suy ra ﬂ:lu . Do do u=Cy?,v6iC la hang so.
dy 2y
Thé biéu thirc ciia u vao phuong trmh vi phdn (1) ta duogc
3

C’y? 4ny2+8y =0 < y? (c3 4CX+8y )=0.
- 3 so_ C c?
Tor C’ —4Cx+8 y2 =0, ta suy ra dugc y=a (4Cx —C* )= T x - e ) 3).
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Tir ham s6 dang (3), bang cach kiém truc tiép thi ta thdy ham s sau 12 nghiém trén R cua (1):

y = K(x-K)? v6i K 14 hing s,

trong d6 bao gdm ca nghiém hing y=0.

— Bay gio ta xét thém truong hop u’-4y*= 0.

1 , 1
Khi d6 u=(4y* )’ . Thay biéu thirc ndy vao (1) véi y’=u, ta dugc 4y’ —4xy(4y* )’ +8y’=0 .
Suy ra y= Zi x”. Ham nay ciing 14 nghiém trén R ctia phwong trinh vi phan (1).

116) Hay tim nghiém ciia phuong trinh vi phan y=y’x+ (y’)’.
Hudng din: Phuong trinh ndy c6 dang y= y’x+h(y’). Dit u=y’ va lay dao ham hai vé theo x, ta duoc
phuong trinh vi phin véi ham s6 12 u va bién s6 1a x.
Loi giai.
Xét y=y'x+ (y)) (1)
Pit u=y’. Liy dao ham hai vé cia (1) theo x, ta dugc:
Thé y & phuong trinh trén vao phuong trinh dudi ta duoc
u=u’x+u+ 2un’ < u’(2utx)=0.
— Xét truong hop u’=0:
Khi d6 y’=u=C. Thé y’=C vao (1) ta thu dugc y=Cx+C?.
Ham s6 sau 1 nghiém trén R cua phuong trinh vi phan (1)
y=Cx+C?, véi C 14 hing sd.
— Xét truong hop 2u+x=0:

2 2 2
Khi d6 u=—>. Thé y'=—> vao (1) ta thu duge y= - >+ =X
2 2 2 4 4

2

Nghié¢m trén R cta phuong trinh vi phan (1) 1a y= _XT .

117) Hay tim nghiém cua phuong trinh vi phén y= (y)’x+ (y’)zr. )
Hudng dan: Phuong trinh c6 dang y= g(y’)x+h(y’). Pat u=y’ va lay dao ham hai v€ theo x, ta duoc
phuong trinh vi phan v&i ham so6 1a u va bién so 1a x.
Loi gidi.

Xét y= (") xt (v’ (1
batu=y’. ]

Lay dao ham hai vé ciia phwong trinh vi phdn (1) theo x, ta dugc

Y22y Ly XYY YT & (2y X2y )y =y - (7))

hay (2ux+2u )ﬂ =u-u’

r dX Y r r r
Coi u la tham s0, ta dwa vé phwong trinh vi phén tuyén tinh ctia ham x theo bién so u nhu sau:
(u-— uz)ﬁ — 2ux=2u.

— Xét truong hop u—u’# 0:

Ta cé phuong trinh du + 2 X = i
dx u-1 T-u
Nghiém cua phuong trinh nay 1a  x = ( Ci)z —1 v6i C, 12 hing sb. )
u_

Thay y’=u va biéu thic ciia x theo u vao (1), ta duoc
C C
y=u2 °— =1 +ui=u’ . 3)
(u-1) (u-1)
Ta thu duge mot ham sé co phuong trinh tham s6 nhu (2) va (3). Bay gio ta khtr u dé tim hé thuc coa
y theo x :

Tir (2) ta co (u-1)2=& = u= G +1
X+ 1 x+1

2
Thé biéu thirc ctia u vao (3) thi dugc y= (, / C°1 + 1} (x+1). Biéu thirc nay thudc dang
X+
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y=(\/x +1+ C)2 hoac y=(«/—(x +1)+ C)z, v6i C 12 hang sb.
Kiém truc tiép, ta thdy ham s sau 1a nghiém trén [-1,+o0 ) ciia phuong trinh vi phan (1):
2 N It
y=(x/x 1+ C) v6i C 1a hing sb.
— Xét truong hop u— u’# 0:
Thay y’=u= 0 vao (1), ta thay ham hing y= 0 1 nghiém cta phuong trinh (1).
Thay y’=u=1 vao (1), tathdy ham y=x+1 la nghiém ctia phuong trinh (1).
118) Hay tim nghiém ctia phuong trinh vi phan y’+ n (y’)-y=0. ] i
Huéng dan: Pua vé dang y=f(y’) 101 coi y’ la tham s6 t. Sau d6 suy ra bi€u thirc ctia y theo t va biéu
thue x theo t.
Loi gidi.
Phuong trinh twong dwong 13 y=y’+£n (y).
Coi y’ la tham s0 t. Ta c6 phuong trinh cua y theo tham s0 t 13 y=t+ Int.
Sau day ta tim phuong trinh cua x theo tham so t.
dx dxdy 1dy 1 N1 1
i sy 1o 1 11
dt dydt y'dt t t) t t

1
Dodd x=/¢n t—;-i—C.

Ta suy ra ham s6 sau 13 nghiém trén mién (0,+c0 ) ciia phuong trinh vi phan :

1
x=tnt--+C, ;s d £ £

t trong d6 C la hang so va tham so te (0,+0).
y =t+{nt.
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CHUONG 2 . i - _
PHUONG TRINH VI PHAN TUYEN TINH CAP HAI

Trong chuong nay, I dugc ky hiéu 1a mét tap lién théng trong R, tirc T ¢6 mot trong cac dang
sau:(—90,X,), (X1,X2), (X1, +90), (-0, X2}, (X1, X2], [X1, X2], [X1, X2), [X1, +90), (—00, +0).

1. SU TON TAI VA DUY NHAT CUA NGHIEM
1.1. Dinh nghia

— Phuong trinh vi phan tuyén tinh cap hai la phuong trinh vi phan c6 dang
y'tpX)y' )y =1f(x) ey
trong do p, q, f1a cac ham s6 theo mét bicn x.
— Ham s6 y = y(x) duoc goi 1a nghiém cua phuong trinh vi phan (1) trén I néu
y"(¥) + p(x) y'(x) + q(x) y(x) = f(x), Vx el
trong d6 y',y" 1a dao ham cép 1 va dao ham cép 2 clia ham sd y theo bién s6 x.
— Néu f(x) = 0 thi phuong trinh (1) dugc goi 12 phwong trinh vi phan tuyén tinh cép hai thuén nhit.

1.2. Phit biéu dinh Iy vé su ton tai va duy nhit nghiém

Xét bai toan ( ¢6 diéu kiéu diu) sau
y! +p(x)y’ ()+q(x) y(x)=Ff(x), Vxel
Y(X,)=Y,
y (x,)=y,
trong d6 x, € [ va'y,, y/ 1a cac hang sé.

Gia st cac ham sd a, b, flién tuc trén 1.
Khi d6 bai toan luén ludn c¢6 nghiém duy nhat y= y(x) trén L.

2. NGHIEM TONG QUAT CUA PHUONG TRINH THUAN NHAT
2.1. Dinh ly (dinh Iy to hop nghiém)

Gia sir y; va y; 1a nghiém trén I cua phuong trinh thuan nhat
y"'+pX)y' + qx)y = 0.
Khi do
y; = c1y1 + ¢y; (V6 ¢ va ¢; 1a cac hdng s0) cling 1a nghiém trén I ciia phuong trinh nay.

Chung minh .
Do y, va y, l1a nghiém cua phuong trinh , nén v6i moi x thudc I ta co :

{yf’ (X)+p(X)y! (X)+q(x)y, (x)=0
Y5 (X)+p(X)y) (x)+q(x)y, (X)=0

Nhan hai vé ciia phuong trinh trén cho ¢, va nhan hai vé ctia phuong trinh duéi cho c,, roi cong vé ,
ta duoc

¢y} (O+e,y5 CO+pEO] €y] (0)+e,y4 () ]+q(0] €1y, ()+e,y, () | =0
Suyra y?(x)+p(x)y;(x)+q(x)y;(x)=0
Vay y; la nghiém cia phuong trinh vi phan.

2.2. Poc lp tuyén tinh '
2.2.1. Dinh nghia doc lip tuyén tinh

Xét hai ham s y1 vay, xac dinh trén 1.
— Hai ham sb y, va y, duoc goi la ddc 1ap tuyén tinh trén I néu va chi néu
(Vei, ¢ ]R Vx el ciyi(x) +eya(x)=0) = (c1=0 Ac=0)
— Hai ham sd y, va y, duoc goi 1a phu thudc tuyén tinh néu chung khong doc 14p tuyén tinh.

2.2.2 Dinh ly

Cho vy, 1a ham s6 lién tyc va luén khac 0 trén I,
v 12 ham sb trén I va khong 1a ham héng .
Gid st y(x) = v(x) yi(x), Vx el
Khi d6 y,, y, 1a hai ham s6 doc lap tuyén tinh trén L.
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Chung minh
Coi ¢y, ¢, 1a cac hing sb tuy ¥.
Gia su cyix) +cyx)=0 , Vxel
Khi d6, v6i moi x € Ita co
cry1(x) + ev(x) yi(x) = 0
yi(x) [er + cvi(x)] = 0

c1t+tcv(x)=0 (doyi(x)#0)
. c ) .
Néu ¢, # 0 thi v(x) = — -1 , diéu nay vo 1y vi v khong 1a ham hang.
C2

Do d6 ¢, =0. Suyrac = 0.
Vay y; va y, doc 1ap tuyén tinh.

2.2.3. Dinh nghia ham sé6 Wronski

Gia st Y. Y2 1a hai ham kha vi trén L. )
H?lm s0 Wronski ctia y; va y, ( ky hi€u W(yy, y2)) dugc dinh nghia 1a ham so xac dinh trén I va co
biéu thirc

Wy, y2) (X) = 5,0y, (X)-y;(0)y,(x), ¥Vxel
Néu str dung ky hi€u dinh thirc thi
yi(x) y,(x)
yi(x) yh(x)

¥ (X) Y{ (x)

W(y,,y,)(x)= ¥,(X)  yh(x)

‘ hay W(y,,y,)(x)=

2.2.4. Dinh Iy vé doc lap tuyén tinh

Gia st yy, vy, la nghiém trén I ciia phuong trinh vi phan
) y'tp®)y'tqx)y=0 )
Khi d6, hai ham s0 y, y, doc 1ap tuyén tinh trén I néu va chi néu
3Xo € I 5 W(Yl, YZ) (XO) = 0

Chung minh

— Gia sir ton tai x, € I thoa W(yy, y2) (xo) # 0
Coi ¢y, ¢, 14 hai hing sb tity ¥ sao cho c1y1(X) + caya(x) = 0 véi moi xe L.
Lay dao ham hai vé ta dugc c1y,(X)+c,y5 (x)=0  v6i moi xe L
Ta c6 hé hai phuong trinh bac nhat véi an 1a ¢, va ¢, nhu sau :

{C1Y1 (Xo)+c2Y2 (Xo)=0

€Y1 (X,)+¢,¥5 (%, )=0
Nhan hai vé phuong trinh trén cho y}(x,), nhan hai vé phuong trinh dudi cho ys(x,), roi trir vé ta
duoc
(3 YA )1 (Y2 (%)) €20 = W(y,,y,)(x,).¢,=0=> ¢ =0.
Tuong ty, ta tim dugc € =0.
Vay yi1, y2 doc 1ap tuyén tinh.
— Gia st ( boi phuong phéap phan ching) rang W(y1, y2) (x) = 0 v6i moi xe L.
Ta s& chirng minh y, y, phu thudc tuyén tinh.
Néu y,(x) = — y2(x) v6i moi x € I thi y; va y, phu thudc tuyén tinh, ta khong can chimg minh  tiép.
Sau day ta xét truong hop ton tai x, € I thoa yi(xo) % —ya (Xo). i
bit ys=c,y;tcoys, vOi ¢ = ya(X,) va ¢; = — y1(X,). Do nguyén ly to hgp nghiém thi y; la nghiém cua
phuong trinh y" + p(x)y' + q(x)y = 0. Mt khac, ta cd
{ ¥3(x0)=c1y1(X0)+C2y2 (X0)=y2(X0)y1(x0)+(-y1(X0))y2 (x0)=0,

Y3 (0 )=e1¥] (X0 €2y (X0)=Y2 (X0)¥] (X0 )-¥1 (X ¥ (X0 )=-W(y1,y2)(x()=0.
Do d6 y; la nghiém cua bai toan
y'+pXx)y'+q(x)y=0,
y(x,)=0,
y'(x,)=0.
Ta thiy ham hing y = 0 cling 1a nghiém cua bai toan.
Theo dinh 1y duy nhat nghiém (dinh 1y 1.2) thi y3(x) =0 vdi moi x € 1.
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Suy ra ya(Xo) y1(X) + (- y1(Xo)) y2(x) = 0 véi moi x € I, trong d6 hing s6 ya(x,) 0 hay -
Y1(X0))# 0 (do hai s6 nay khéc nhau).
Do d6 yi, y2 phu thudc tuyén tinh. Dinh Iy da dugc chirng minh.

2.3. Dinh Iy vé nghiém tong qudt

Xét phuwong trinh vi phan cAp hai thuan nhét
) y"'+pX)y' +qx)y =0
trong d6 cac ham so p, q lién tuc trén L.
Gia st yy, y, 14 hai nghiém ctia phwong trinh vi phan va doc 1ap tuyén tinh trén 1.
Khi d6, nghiém tong quat ctia phuong trinh vi phan 1a
Yy =cC1y1 t ¢y, trong d6 cy, ¢, 1a cac h?mg $6.

Chui thich:
e Nghi€ém y = cyy; + cay2, VOi ¢; va ¢, 1a cac hing sb, duogc goi 1a nghiém téng quat vi hai tinh chét
sau ding:
a) Moi ham s6 c6 dang y = ¢y, + ¢,y déu 1a nghiém ciia phuong trinh vi phan, trong d6 ¢, va ¢, la
cac hr?mg sb tuy y.
b) Moi nghiém y = y(x) cta phuong trinh vi phan déu c6 dang
y =c1y1 T cya, trong do cy, ¢, la cac hé’lng $6.

Hai nghiém doc lap tuyén tinh y;, y, duoc goi 14 hai nghiém co s6.
Khong gian gom tat ca cac nghiém la mot khong gian 2 chieu.

Ching minh dinh 1y

Xét ham sb ¢o dang y =cy; + ¢y, vOic va c;lacac héng $6.
Ap dung dinh 1y t6 hop nghiém 2.1, ta c6 y 1a nghiém ctia phuong trinh vi phan.
Coi @ 1a mét nghiém tuy y ciia phuong trinh vi phan.
Ta s€ chirng minh @ ¢6 dang y = ¢y, + ¢y, vOi ¢; vac, la cac hr?mg $6.

Hai ham y,, y, doc 1ap tuyén tinh nén theo dinh Iy 2.2.4 thi ton tai x, € I théa

WELY) ) #0 &y v (x )y](x )y, (x )10
Goi k; = ® (x,) va kp = D'(x,). . )
Xét nghiém y; = ¢y, y; + ¢y, cua phuong trinh vi phan véi cac hang so ¢y, ¢, dugce chon sao cho
c.= kly/Z(Xo)_kaZ(xo)

{ya(xo>=k1 : {clyl (x)+e,y,(x )=k, |y ()Y (XYl (X, ), (X,)

yix)=ks leyi ey (x)=k, | vk i)k,

Y)Y ()Y ()Y, (x,)

(trong d6 mau s6 chinh 1a W(y,, y»)(X,) nén khac 0).
— Xét bai toan

y"+a(x)y'+b(x)y=0
y(x,)=k,
y'(x,)=k,
Ta théy @ va y; cung la nghiém cua bai toan trén, do do ® va y; trung nhau (theo dinh 1y 1.2), vay

trénltaco @D =cyy; + crys.
Bai tip: Bai tap tur 119 téi 125

3. PHUONG TRINH TUYEN TiNH THUAN NHAT VOI HE SO HANG
3.1. Phwong trinh ddac trung

Xét phuong trinh vi phan tuyén tinh cap hai thuan nhat c6 hé sb hang
ay"+by'+tcy=0
trong d6 a, b, ¢ 1a cac héng s6 thuc vaa =0
Phuong trinh dic trung ctia phuong trinh vi phan nay dugc dinh nghia 1a phuong trinh bac hai
ar’ +br+c=0.

Chui thich:

Phuong trinh ay" + by' + ¢y = 0 twong dwong vai phuong trinh y'+ b v+ < y =0 (néua=0).
a” a
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3.2. Dinh Iy vé nghiém

Xét phuong trinh vi phan tuyén tinh cip hai thudn nhét vi hé sé hang
ay"+by'+cy=0(voia=0) €))
Dang nghiém ciia phuong trinh vi phan trén R phu thudc vao dai lugng (b> — 4ac) nhu sau:
L. Trwong hop b’ — 4ac > 0:
Goi 11, 1; 12 hai nghiém phan biét ciia phuong trinh dac trung.
Khi d6, nghiém tong quét ctia phwong trinh vi phan (1) 1a trén R 1a
y(x) = c,e™+c,e”"

trong do ¢y, ¢, 1a cac hang sb tiy ¥.

2. Truwong hop b’ — 4ac = 0:

Goi 1, 1a nghiém kép cua phuong trinh déc trung.

Khi d6, nghiém tdng quat ciia phwong trinh vi phan (1) trén R 1a
y(x) = c,e"*+c,xe"”

trong do ci, ¢, 1a cac hang sb tiy ¥.
3. Truong hop b’ — dac < 0:
Phuong trinh dic trung khong c6 nghiém thuc nhung c6 hai nghiém phtc la

2a 2a
5 b \J4dac-b?
Pat =-—, =
2a 2a

Khi d6, nghiém tong quat ctia phuong trinh vi phéan (1) trén R 1a
y(x) = c1e™ cosPx + ¢, ™ sinPx

véi ¢ va ¢, 1a cac hang so.

Chirng minh dinh 1y.

1. Trueong hop b° — 4ac > 0: . )
Ta tim nghiém dac biét ctia phuong trinh vi phan (1) dudi dang y(x) = €™ (voi r 1a hang s0)
Thé y(x) = €™ vao (1) ta dugc

ar’e™ + bre™ + ce™ =0

e (ar’ +br+c)=0
af +br+c=0 2)
Do 1y va r; 1a nghiém ctia phuong trinh (2), nén y;(x) = e1* va yo(x) = 2% 1a hai nghiém cta

phuong trinh vi phan (1).

Taco
Y (x) yi(x) _|e™ re® y,(0) yj'(O) :‘1 ) I
y,(x) yy(x)| |e” re™ y,(0) v,(0) T

Theo dinh ly 2.3 thi yy, y; la hai nghiém co s¢ cua phuong trinh vi phén (1) trén R . Do do, nghiém
tong quat trén R cia phuong trinh vi phén (1) 1a
Y(x) = ¢ y1(X) + caya(X)= c,e™ +c,e? véicy, ¢, la cac hing s tay ¥.
2. Truong hop b° — 4ac = 0 )
:— Ta tim nghiém d#c biét cta phuong trinh (1) dudi dang y(x) = ¢™. Ly luan giéng nhu truong hop b
—4ac > 0. Do 1, 1a nghiém kép ctia phuong trinh (2), nén mdt nghiém cta phuong trinh vi phén (1) 1a
yi(x) = e'o¥,
Xét yo(x) =x e'® ta thdy y, ciing 14 nghiém cta phuong trinh (1) vi véi moi xe R ta co
ay, (x)+by) (x)+cy, (x)=a (2roer“X +r.xe™ ) +b (e“X +r,xe™* )+cxer°X
= xe™ ( ar +br, +c )+erox (2ar,+b)
b

=0 (do ar] +br,+c=0 va ro=-—)
2a

Hai nghiém vy, vay, doc lap tuyén tinh boi dinh 1y 2.2.2. Su doc 1ap tuyén tinh nay c6 thé suy ra tir
dinh thirc Wronski nhu sau
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Y60y, y1(0) y1(0) :‘ I
Y, (X) y;(x) y5(0) y'z(o) 0 1

Theo dinh 1y 2.3 , nghiém tong quat trén R ctia phuong trinh vi phan (1) 1a
Y(X) = c1y1(X) + Cya(X) = ¢,e"™ +c,xe" vdi ¢y, ¢, 1a cac hang s6 tiy y.

X T,X
e r,e

=1=#0

xe"" (e"’" +1,x8"°" )

3. Truong hop b’ — 4ac < 0: )
— Theo chirg minh trong trudng hop 1 & trén, néu r 1a nghiém thyc ciia phuong trinh dic trung ar” +
br + ¢ = 0 thi ham s6 x - ¢™ théa phuong trinh vi phan. Sau day ta chimg minh trudng hop r 1a

nghiém phirc ctia phuong trinh déc trung ar® + br + ¢ = 0 thi ham phirc x > e™ ciing théa phwong trinh

vi phén (1).
Xét ham phuc g tr R — C vai g(x) = €™, trong do r 1a nghiém phirc cua phuong trinh dac trung.
Do g'(x) = re™ va g"(x) =r’e™ nén
ag"(x) + bg'(x) + cg(x) = ar’e™ + bre™ + ce™ = ¢™ (ar” + br + ¢)=0
Suy ra ag"(x) + bg'(x) + cg(x)=0 vd&i moi xeR.
— Sau déy ta tim hai nghiém doc 1ap tuyén tinh ciia phuong trinh vi phan.
Phuong trinh ddc trung c6 hai nghiém phirc la

-b " \J-(b*-4ac)
2a 2a
\-b*+4ac
2a
Ta c6 g(x) = e™=e“*"*=e™[cos(Bx)+ i sin(fx)] = yi(x) + iy2(x),
¥, (x) = e“cos(Bx)
{yz(x) = e”*sin(fx)

A , o b .
Xét nghiém phirc r = o0 + 1P v6i a=-2— va f=
a

trong do

Do d6 g'(x) = y;(x) + iyy(x)
g'(0) = y1(0) + iy5(x)
Tir tinh chit ag" + bg' + cg =0, ta suy ra
a(yy +iy] )+b(yi+iy} )+e(y, +y,)=0
(ay;/ +by/+cy, ) + (ay/z/ +by’,+cy, ) =0
ay! +by|+cy,=0
Do d6 MR
ay, +by,+cy,=0

Vay hai ham s6 thuc yy, y, 13 hai nghiém cua phuong trinh vi phan (1).
Hai nghiém y; va y, nay dgc lap tuyen tinh trén R vi

e” cos(fx) [ae“x cos(fx) — pe™™ sin(ﬂx)]
=
e“ sin(fx) [ae‘” sin(8x) + fe** cos(ﬂx)]

y1(0) y;(0) ‘ 1 o
y2(0) y2(0) 0 B
Theo dinh 1y 2.3 thi nghiém tong quat cia phuong trinh vi phan (1) trén R 14

y(X) = c1y1(X) + caya(x) véicy vac, la cac héng $6.
Chii thich: Ngudi ta c6 thé ching minh y;, y, 1a nghiém cua phuong trinh vi phan (1) ma khong dung
kién thirc ham phirc, khi d6 phai dira vao phép tinh dao ham tir biéu thirc ciia y; va y,.

y1(X) y'](x)
YZ(X) y‘z(x)

=B=0

3.3. Mt s6 thi du. 7
3.3.1. Thi du. Hay tim nghi€m tong quat ciia phuong trinh vi phan y" — 2y' — 8y = 0 trén R.
Loi giai

— Phuong trinh dic trungld  r* —2r—8=0
Biét s6 A'=9. Hai nghiém cua phuong trinh dac trungla 1, =4,r,=-2.
Nghiém tong quat trén R cua phuong trinh vi phén 1a
y=c,e4X +cze'2X , V01 ¢, vac, la cac héng $6.
3.3.2. Thi du. Hay tim nghiém tong quat trén R ctia phuong trinh vi phan y" —4y' + 4y = 0.
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Loi giai
Phuong trinh dic trung lar* —4r+4=0
Biét s6 A = 0. Nghiém ( kép ) cua phuong trinh déc trung la r = 2.
Nghiém tong quat trén R ctia phuong trinh vi phan 13
y=c,e™+c,xe™ véi ¢, va ¢, la cac hang so.

3.3.3. Thi du. Hiy tim nghiém tong quat trén R ciia phuwong trinh vi phan y" + 2y' + 10y = 0. .Loi giai
Phuong trinh dic trung 1a r* + 2r + 10 = 0.
Biét s6 A'=—9. Nghiém phtrc ciia phuong trinh dic trung lar=—1+1. 3
Nghiém tong quat trén R cta phuong trinh vi phéan 1a

y=c,e™ cos(3x)+c,e™ sin(3x), vGi ¢, va ¢, 1a cac hé’lng sb.
3.3.4. Thi du. Hay tim nghiém trén R ciia bai toan c6 diéu kién diu nhu sau

y|l+yl :O
y(0) =1

1

' O —

y'(0) 3

Loi giai
Phuong trinh dic trung ctia phuong trinh vi phan 1a r* + r = 0.
Hai nghiém cua phuong trinh dac trungla r=0var=-1.
Nghiém tong quat trén R ctia phuong trinh vi phéan 1a

y = c1e% +cqe

-1.x

y=c; +ce ™, vbic, vac,lacac hang so.
Do ddy' =—coe™
Dua vao di€u kién dau, ta tim gia tri cia ¢, va ¢, nhu sau.

y(0) =1 cp+cg =1 C =

1< 1 &
"0)=—— —Cyg = ——
Yo 5 2 9

N = N =

c, =
A A A e 1y 1 1 4
Vay nghiém trén R cliabaitoanla y = 3 + 3 e .
Bai tap: Bai tap tir 126 t6i 157
4. PHUONG TRINH EULER

4.1 Dinh nghia.

Phuong trinh Euler thuan nhit trén I 1a phuong trinh vi phan c6 dang
x’y" +axy' + by =0 (1)
trong d6 a, b 1a cac hing sé va I khong chua 0.
Phuong trinh dic trung ciia phuong trinh Euler (1) dugc dinh nghia 1a phuong trinh béc 2 theo an
r nhu sau
r(r—1)+ar+b=0 2)
hay (a—1)r+b=0

Chui thich :
Néu nghiém ctia (1) c6 dang y = x" thi r phai théa phuong trinh sau véi moi x € 1
X(x)" + ax (x) + b(x") =0
Xr(r—1)x 2 +axrx" +bx' =0
X[r(=1)+ar+b]=0
rc—1)+ar+b=0
Do d6, néu r 1a nghiém ctia phuong trinh dic trung (2) thi y = x" 1a nghiém ciia phuong trinh (1).

4.2, Dinh If vé nghiém.

Xét phuong trinh Euler thuan nhat
. Xy'Taxy'+by=0 1)
trong d6 a, b 1a cac hang so va I khong chia 0.

a) Truong hop phuong trinh dac trung ¢b hai nghiém phéan biét ry, 1.
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Gia sir ham sy, = x™ va ham sb y, = x"2 xéc dinh trén L.
Khi d6 nghiém tong quat cua phuong trinh (1) la
y(x) = ¢, xq + ¢y x"2
trong do ¢, ¢, la cac hang sb tiy ¥.
b) Truong hop phuong trinh déc trung c6 nghiém kép r,,.

Gia sir ham sy, = x™ xac dinh trén 1.
Khi d6 nghiém tong quat ctia phuong trinh (1) 1a
y(x) = x™ (ci+c In|x|)
trong do ¢y, ¢, 1a cac hang sb tiy ¥.
¢) Truong hop phuong trinh dac trung c6 hai nghiém phic o + if3:
Gia sir ham sé y = x“ xac dinh trén 1.
Khi d6 nghiém tong quat cta phuong trinh (1) 1a
y(x) =x"[c cos(Bln|x|)+czsin(ﬁln|x|)]
trong do ¢y, ¢, 1a cac hang sb tiy ¥.

Chirng minh
a) Do 1y, 1, 1a nghiém cuia phuong trinh dic trung nén y; = x'! vay, = x'2 1a nghiém cua phuong
trinh (1) (theo chu thich trong dinh nghia 6.1.2).
—Taco

Wy, y2) (x) =

v yi0d || X"
Y200 yi(x)
Do d6 y, y, doc 1ap tuyén tinh. Suy ra nghiém téng quat ctia phwong trinh (1) 14 t6 hop tuyén tinh
cuay, y.
b) Trong truong hgp nay, ham y, = x™ 1a nghiém ctia phuong trinh (1). Ta s& chirng minh
y2= x" In x| cling 1a nghiém cua (1).

I, r-1 = (r2 _r) '1”2 7&0

X" nx

Ta c6 ¥, =rx" ' In|x|+ x" %:x’“1 (r,In|x|+1)

va oyl = (= 1)x" 7 (nIn|x] + 1)+ x>, — = X" [(r, = Vr, In|x| + 21, - 1]

1
X
Suy ra
X?y) +axy, +by, =x" [(r, = Vr,In|x|+ 21, 1]+ ax" (r, In|x|+1)+bx" In|x|
= x"[In|x|(r,(r, =D +ar, + b)+2r, —1+a].
Dong thoi, r, 1a nghiém kép ciia phuong trinh dic trung (2) nén
r(r.=N+ar,+b=0
a—1 = In|x|(r,(r, =V +ar, +b)+2r,-1+a=0
¢ 2

Vay y, 1a mot nghiém cta phuong trinh (1).
— Ta thdy y, c6 dang ys(x) =In | X | yi(x). Do d6 y, vay; doc lap tuyén tinh ( theo dinh 1y 2.2.2)

Suy ra nghlem tong quat ctia (1) 1a t6 hop tuyén tinh cta y, va y,.
¢) Xéty;=x"cos (B ln|x|)

y> =x"sin (B ln|x|)

Viéc chimg minh y, y, 14 hai nghiém doc 1ap tuyén tinh ctia phwong trinh (1) dwoc thuc hién tuong
tu nhu trong ching minh cua dinh Iy 3.2. Viéc chirng minh nay dugc xem nhu 1a mét bai tép.
4.3 Thi du. Hiy tim nghiém tong quat trén I = (—oo, 0) cia phuong trinh vi phan

xzy" +2xy'— 12y = 0.
Loi giai
— Phuong trinh déc trung cua phuong trinh Euler 1a
r(-1)+2r-12=0 &r +r-12=0
Phuong trinh ddc trung nay c6 hai nghiémlar, =-4,r,=3.
Vay nghiém tong quat trén [ cua phuong trinh vi phan 1a
y(x)=cx" +C,x"”

C 3 £ o M J R
y(x) =—r+C,X VOICy, & la cac hang so tuy y.
X

Bai tip: Bai tap tur 158 toi 168
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5. GIAI PHUONG TRINH KHONG THUAN NHAT

— Xét phuong trinh vi phan tuyén tinh cap hai khong thuan nhat
y"+p)y' + qx)y = f(x) (D

trong d6 cac ham s p, q, f'lién tuc trén L.

va phuong trinh thuan nhét twong tmg véi né 1a

y'pX)y'tqx)y =0 (2)

5.1. Dinh ly.

Xét phuong trinh vi phan tuyén tinh cdp hai khong thun nhat
y"+HpX)y' T a(x)y = f(x) (M
trong do cac ham s6 p, g, f'lién tuc trén L.
Phuong trinh thuan nhat tuong tng vé&i phuong trinh (1) 1a

y'+pX)y' +q(x)y =0 (2)

Gid st yp la mot nghiém (dac biét) trén I cua phuong trinh (1)
va Y, 1a nghiém tong quat trén I ciia phuong trinh (2).
Khi d6, nghiém tong quat trén I ctia phuong trinh (1) 1a
Y=YyrtYo

Chirng minh dinh 1y.

— Xét phuong trinh (1).
) y"+pX)y' +q(x)y = f(x) (D
Ham s0 yp la nghiém cua phuong trinh (1) nén
Yp +P(X)Yp+q(x)yp=f(x)
Trir vé hai phuong trinh trén ta dugc phuong trinh twong duong vai (1)
' - yp PO - yp)+a(x)(y-y,)=0
(y—yp)" p(x) (y —yp)' + q(x) (y —yp) =0
Pit Y= y-yp,tadugc phuong trinh thuan nhat
Y 4+p(x)Y +q(x)Y =0 2
Do d6, quan h¢ giita nghiém ctia phuong trinh (1) va phuong trinh (2) nhu sau
Y=y-yr hay y=yr+Y

5.2 Phuong phap gidi
— Tim nghiém tong quat y,cta phuong trinh (2). Nghiém nay c6 dang

Yo(X) = c1y1(X) + Caya(x)
trong do yy, y> doc 14p tuyén tinh va ¢y, ¢, 1a cac hing sb.
— Tim nghiém déc biét y, cua phuong trinh khong thuan nhat (1). Dé tim nghiém dic bié, nguoi ta
thuong dua vao phuong phéap xac dinh hé so (xem thi du trong myc 6.3 ¢ dudi) hodc phuong phap
bién thién tham s6 ( xem thi du trong muc 6.4 & dudi).
— Nghiém y cua phuong trinh (1) 13 téng cta y, va Yp!

Y= Yotyp.

5.3. Tim nghiém diic biét bing phwong phap xac dinh hé s6

Phuong trinh khong thuan nhat (1) dang xét nhu sau

y"+p(x) y' + q(x)y = f(x)
Déi v6i mot sb dang dac biét ciia ham so f, ngudi ta c6 thé doan dugc dang cua ham sé y dé y thoa
phuong trinh (1). Chang han khi f(x) = x” thi ta dodn y = Ax” + Bx + C ¢6 thé 1a mot nghiém dic biét
cua phuong trinh (1), sau d6 ta phai xac dinh cac hé sOA,B,Cdéy that sy 1a nghiém. Phuong phap
ndy goi 1a phuong phép xac dinh h¢ s6 (con goi 1a phuong phap hé s6 bat dinh), phuong phap nay
khong tong quat bang ‘phuong phap bién thién hé s6 nhung trong mot s6 phuong trinh thi phwong
phap xac dinh hé s6 dé tim nghiém hon.
Ta chi c6 thé str dung phuong phap xac dinh hé s6 khi mdi s6 hang cua f 13 mot hay tich ciia nhiéu
ham sb c6 dang sau:
a) Pa thuc theo x (hing sé dugc coi 1a da thirc bac 0)
b) Ham mi e**
¢) Ham sinfx, cosPx
Ching han , ta c6 thé 4 ap dung phuong phap xac dinh hé sb ddi voi cac trudong hop sau:
F(x) =20 (f1a ham hang); f(x) =xe™; f(x) = x’sin 2x; f(x) = e”cos 4x ; f(x) = 2x’¢ ™ cos x + 7
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5.3.1. Thi du. Hay tim nghiém trén R ciia phuong trinh sau  y" —y = x 3)

. ) Loi gidi. ) i )
— Phuong trinh thuan nhat twong g vai phuong trinh tuyén tinh cap hai khong thuan nhat ¢ trén la
y'-y=0 (4)

Phuong trinh déc trung rr—1=0c6 hai nghiémlar== 1.
Nghiém tong quat cua phuong trinh thuan nhat (4) la  y.(x) =c e +ce™
— Phuong trinh khong thuén nhat (3) c6 vé trai 1a da thuc bac 2 nén ta tim nghiém déc biét cia phuong
trinh nay dudi dang da thirc bac 2 nhu sau: yp(x) = Ax* + Bx + C.
Khi d6 y'p =2Ax + Bvay"p =2A.
Do d6 yp 1a nghiém ctia phuong trinh (8) néu véi moi xeR ta co:
Yr-yp=xX ©2A- (A +Bx+0)=x’ & -AxX’-Bx+2A-C=x,
Dong nhat cac hé so tuong ung, ta dugc
-A=1 A=-1
-B=0 <<B=0
2A-C =0 C=-2
Dod6  yp(x)=-x"-2
— Vay nghiém tong quat trén R cua phuong trinh (8) la )
y(x)=cie* +ce " — x> =2, voi c1, ¢ la cac hé so tuy y.
5.3.2. Thi du. Hay tim mét nghi€m déc biét trén R cua phuong trinh y" —y'—y =sin x
) ) Loi giai.
— Vé phdi 1a ham s6 f(x) = sin X nén ta tim nghi€m déc biét dudi dang sau:
yp(x) = Acos x + Bsin x
Khi do
v, =—Asinx + B cos x
yp, =—Acosx — Bsinx
Ham yp 1a nghiém ctia phuong trinh vi phan néu véi moi xR ta cé:
vyl -yl -y, =sinx < (— Acos x — Bsin x) — (— Asin x + Bcos x) — (Acos x + Bsin x) = sin x
< ((2A-B)cosx+(A-2B—1)sinx=0
1
{—2/\ =0 |*~3

A—2B-1=0" 2
B 1 o2

Do do yP(x):%cosx—ésinx.

5.3.3. Thi du. Hay tim mét nghiém déc biét trén R cua phuong trinh vi phan
y"+ 3y + 2y =™
Loi gidi.
— Ta tim nghiém dic biét dudi dang  yp(x) = Ae™
Khi d6 y, =3Ae*™ va y! =9Ae’.
Ham yp 1a nghiém ctia phuong trinh vi phan néu véi moi x € R ta co
1

y'p 3y +2yp =€ < 9Ae™ +3.3Ae™ +2Ae™ =¥ 20Ae =" A= 5

A _ 1 3x
Vay  w(x) =55 em
5.3.4. Thi du. Hay tim mdt nghi€m déc biét trén R cua phuong trinh vi phan
y" +3y'+ 2y =e'sin x
Loi giai.
— Ta tim nghiém dac biét dudi dang yp(X) = (Acos x + Bsin x) e
Khi d6 y, = (~Asin x + Bcos x)e* + (Acos x + Bsin x)e*= [(A + B) cos x + (-A + B) sin x] ¢
va  y"p=[~(A +B)sinx + (—A + B) cosx + (A + B) cosx + (-A + B) sin x] €"
= (2B cosx — 2Asin x)e*
Ham yp 14 nghiém cua phuong trinh vi phan néu véi moi x € R ta co
y"p — 3y'p + 2yp = €sinx
(2B cos x — 2A sin X) € — 3 [(A + B)cos x +(—A + B)sin x]e* + 2(Acos x + Bsinx)e* = e*sin x

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

GV. Nguyén Thanh Vi- 2009 Téan Gidi Tich A4 Trang 40

[2B-3A-3B+2A)cos x +(-—2A +3A - 3B +2B) sin x] ¢* =¢" sin x
A—1
2B-3A-3B+2A=0 [-A-B=0 =5
= =
—2A+3A-3B+2B=1 A-B=1 B——l
2

X

1 1 . .
Vay y,(x) :(5 cosx—z smxjex % (cosx —sinx)

5.3.5. Thi du. Hay tim mot nghiém dic biét trén R cia phuong trinh vi phan y" + y = xe™*
Loi gidi.
— Ta tim nghiém dic biét dudi dang  yp(x) = (Ax + B)e™
Khido y'p=Ae™+2(Ax + B)e™ = 2Ax + A + 2B)e™
va y"p =2Ae™ + 2(2Ax + A + 2B)e™ = (4Ax + 4A + 4B)e™
Ham s yp 12 nghiém ctia phwong trinh vi phan néu véi moi x € R ta ¢6
y"p + yp = xe”
(4AX + 4A + 4B)e™ + (Ax + B)e™ = xe™
[(5A = 1)x +4A + 5B]e*™ =0
1

5A-1=0 A=<
=
4A+5B=0 1
B=——
25
Do d6
x 4
()=(___) 2x
Ye 5 25
e2><
(x)= (5x —4)
Yp 25

Chii thich: Nghiém téng quat ctia phuong trinh vi phan 1a
2x

y(x)=c¢ SinX+02cosx+65 5x—-4) VxeR.

5.3.6. Thi du. Hay tim mot nghiém trén R cua phuong trinh vi phan y" —y = xsinx
Huéng dan: Tim yp dudi dang yp(x) = (Ax + B) cos x + (Cx + D) sin x.
5.3.7. Thi du. Hay tim nghiém trén R cta phuong trinh vi phan
y"+y=xe™ +3x*+ 14x + 4
Huéng din
— Phuong trinh y" + y = 0 ¢6 nghiém tong quat 1a  y.(x) = ¢, sin x + ¢, cos x
2x

Phuong trinh y" + y = xe™* ¢6 nghiém dic biét 1a Y(X) = 62—5 (5x —4) (theo thi du 5.4.5)

Phuong trinh y" +y = 3x* + 14x + 4 c¢6 nghiém dic biét la Y (X) = 32+ 2x + 4

— Phuong trinh vi phan & dé bai c¢6 nghiém dic biét 1a yp(x) = YX) + y,,(x)vi

y{’/ + Ve :(Y,/;/1 +y[{7/2)+<yp1 +yp2) :(Y;/a/1 +yp1)+(y[{7/2 +yp2) :(Xer)+(3X2+ 14x +4)
Nghiém tong quét ctia phuong trinh vi phan 1a
Y(X) = yo(x) + yp(x)

2x

y(x)=C,sinx +C, cosx + 65 (5x —4)+3x* +2x + 4

5.3.8. Thi du. Hiy tim nghiém tong quat trén R cta phuong trinh vi phan

y' -y - 12y =e™ (*)
. Lo giai.
— Phuong trinh vi phan thuan nhat tuong tng lay" —y'— 12y =0 (**)

Phuong trinh dic trung r* —r — 12 = 0 ¢6 hai nghiém la r; =4, r, =— 3.
Nghiém tong quat ctia phurong trinh thudn nhét 1a

Yo(X) =ciyi(x) + caya(x) = cre™ + e )
— Nhén xét: Néu ta tim nghiém ddc biét ciia phwong trinh (*) du6i dang yp(x) = Ae™ thi sé that bai
Vi (Ae™)" — (4e™)' — 12(4e™) = 0 =™ . Ham s6 y= Ae™ la nghiém ciia phwong trinh thuan nhdt
(**) nén khong thé la nghiém cia (*).
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— Ta tim mot nghiém dic biét ciia phwong trinh vi phan (*) dudi dang  yp(x) = Axe™.
Khido yp=Ae" +4Axe™ vay"p=4Ae™ +4Ac™ + 16Axe™ = 8Ae™ + 16Axe™
Ham s yp 12 nghiém ctia phwong trinh vi phan khong thuin nhét
Yy —yp—12yp=e" < (8Ae™ + 16Axe™) — (Ae™ + 4Axe™) — 12(Axe™) = ™
o TAet =" TA=1o A= %
I 1 4x
Do do yp(x)= - Xe

— Vay nghiém tong quat ctia phwong trinh vi phan khong thuan nhat (*) 1a
Y(X) = yo(x) + ye(X)

_ 1 re \ , - A
y(x) = ce™+c e+ - xe™ véi ¢, ¢, la cac hang so.

5.3.9. Thi du. Hay tim nghiém tong quat trén R cta phuong trinh vi phan

y'—4y' +4y =™ *)

Loi giai.
— Phuong trinh thun nhét tuongungla y"-—4y' +4y= 0 (**)
Phuong trinh déc trung r* —4r + 4 =0 c6 nghiém kép la r =
Nghiém tong quét ctia phuong trinh (**) 13 yo(x) = cie”™ + coxe™
— Nhan xét: Thong thuong, khz vé phdi cua (17) la €™ thi ta tim nghiém ddc biét dudi dang
yp = Ae™. Tuy nhién, y, = e™ va y, = xe’™ la nghiém ciia phirong trinh thudn nhat(**), do dé hai ham
na)zz l}‘fhong thé la nghiém cia phwong trinh (*) . Trong bai nay ta phai xét nghiém ddc biét cé dang
Ax“e™
— Ta tim nghlem déc biét cia phuong trinh (*) dudi dang yp(x) = Ax‘e
Khido  y»= — Ae™ (2x*+2x) vay"p= Ae2X (4x> + 8x +2)
Ham s yp 12 nghiém cuia phuong trinh (*) néu
V"o —4y'p +dyp =™ < Ae™ (4x° + 8x +2 — 8x* — 8x + 4x7) =™

o A% = o A:%

2 2x

Do d6 y,(x) = % x‘e™
— Nghiém tong quat trén R ctia phuwong trinh (*) 14
Y(X) = Yo(X) + yr(x)

1
y(x) = cie™ + ¢, xe™ + 5 x’e™

y(x) = e (ci+cx+ % X2)

trong do ¢, ¢, 14 cac hang sb.
5.3.10. Thi du. Hay tim nghiém tong quat trén R ctia phuong trinh vi phan y" +y = cos x (*)
Loi gidi.
— Phuong trinh thuan nhét tuongungla y"+y=0 (**)
Phuong trinh dac trung 1" + 1 = 0 ¢6 hai nghiém phirc lar =+ 1.
Nghiém tong quat ciia phuong trinh (**) 1a yo(x) = ¢; cos x + ¢, sinx.
— Nhdn xét: Thong thirong, vé phai cia (19) la cos x thi ta tim nghiém déc biét dwéi dang  yp = Acos
x + Bsin x. Tuy nhién, trong phuwong trinh nay thi y; = cos x va y, = sin x la nghiém cua phuwong trinh
thudn nhdt (**), do dé ta sé tim nghiém ddc biét dwdi dang
yp = Ax cos x + Bx sin x.
— Ta tim nghiém dac biét cia phuong trinh (*) dudi dang yp(x) = Ax cosx + Bx sinx
Khi d6 y'p = Acos x — Axsin x + Bsinx + Bxcosx
va y”p = — Asinx — Asinx — Axcosx + Bcosx + Bcosx — Bxsinx
=—2Asin x — Axcos X + 2Bcos x — Bxsin x
Ham s yp 12 nghiém cua phuong trinh (*) néu
y"p + yp=cos X

(— 2Asinx — Axcosx + 2Bcosx — Bxcos x — Bxsin x) + (Axcos x + Bxsin x) = cos x

—2Asin x + 2B cos x = cos X
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9B-1 =1

{—2A:0 A=0
2

Do d6 mét nghiém déc biét cua phuong trinh (*) 13 yp(x) = % X sin X.

Nghiém tong quat trén R ciia phwong trinh (*) 14

Y(X) = yo(x) + yp(x)

. 1 .

y(x) = cicosx + ¢, sin x + 5 xsin x
trong d6 ¢y, ¢, 1a cac hé’lng $6.
Bai tip: Bai tap tr 169 toi 1‘75 ) )
5.4. Tim nghiém ddic biét bang phwong phdp bién thién tham so
5.4.1. Dinh ly.

Xét phuong trinh vi phén khong thuan nhat (1) va phuorng trinh vi phan thuan nhat (2).
Gia st nghiém tong quat trén I ctia phwong trinh thuin nhat (2) 1a

Yo(X) = c1yi1(X) + coya(x)
Vi ¢y, ¢, 14 cac hang s6 va y1, y2 doc 1ap tuyen tinh.
Gia st v; va v, la hai ham s6 thoa tinh chat (i) hodc (i) nhu sau:
(i) Hai ham s0 vy, v, 1a nghiém déc biét trén I cua h¢ phuong trinh
Y 1V1/ tYy 2V£ =0
yivi +ywv, =1

(i) Hai ham s6 vy, v, cc’) biéu thl’rc
.[ f(x)

Wiy, yz
trong d6 cac hang s tich phéan duqc chon tuy vy.

YVYz

Khi d6, ham sb sau 1a mot nghiém dac biét trén I cua phuong trinh khong thuan nhét (1)
Ye(x) = vi(%) y1(%) + Vo(X) yo(%).

Chui thich: Tu nghiém y, ta thay hai hang sé ¢1, ¢, bang hai ham sO vy, v, thi ra dang nghiém déc biét
yp. Phuong phéap nay goi 1a phuong phap bien thién tham so hay phuong phap bién thién hang so
hay phuong phap Lagrange.

. ) Chimg minh
Gia st phuong trinh thuan nhat (2) c6 nghiém tong quat

Yo = C1y1 T €2y2 . .
Ta tim nghiém dac biét cia phuong trinh khong thuan nhat (1) duéi dang

ye(X) = Vi(X) yi(X) + va(X) ya(x)
Pao ham cua yp 1a

Yo SVIYLH ViYL + Vi, VoY)
— / / / /
- (V1y1 +V2Y2)+(V1Y1 +V2Y2)
Dé c6 biéu thirc don gian, ta chon v/y, + vy, =0
Lac do v, =v,y! +v,y).
Suyra  yy =viy vy +viys +vay)
Thé cac biéu thie y,, yh, v/ vao phuong trinh (1) thi dugc
ye+pye+qy,=f )
V1/Y1/ +V1Y1// +V§Y§ +V2Y£/ +p(v1y{ +V2Y§)+q(vlyl tvayy) =1
vivi +viys+vi (vl + pyl +qy,) +v, (v) + pys +qy, ) =f
trong do
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{y{/ +py; +qy,=0 (doy, y, langhiém cia (2))
y: +py:+qy, =0
Do d6 phuong trinh (5) twong duong véi vyl +viy) =f
Nhu vy yp = viy; + vy, 1a nghiém dic biét ciia phwong trinh (1) néu vy, v, thoa hé phuong trinh
{%V{ +Y2Vg =0
ywvi +yv, =1

— Giai hé phuong trinh bac nhat véi hai an v/, v/ ta dugc

V/= _f-YZ — _fyz
1

yivs—Yvayi Wiy,
y fy,, __ fy

2 = T =

Yi¥a = Yol W(}/w)/z)
( doyi, y>doc 1ap tuyén tinh nén mau sb ludn khac 0).
Nhu thé, v, va v, duoc chon la

—f(X) y2(X)
‘7 el —_— d
l(X) J. ( N )( ) X

Va(x) = J f(x)y;(x)
W(yqi,y2)(x)
5.4.2. Thi du. Hay tim nghiém trén R cua bai toan sau
y'"+y =4sinx
y(0)=3 *)
y'(0)=-1

Chu thich: Viéc tim nghiém déc biét cua bai nay bang phuong phap xac dinh h¢ s,(”') thi dé dang hon
bang phuong phap bién thién tham s0. Tuy nhién, phuong phap bién thién tham s6 van dugc trinh bay
dé lam vi du cho phuong phéap nay.

. ) Loi giai
— Phuong trinh thuan nhat y" +y = 0 c6 phuong trinh dic trung 1 r* + 1 = 0, phuong trinh dic trung
¢6 hai nghiém phtec 14 r = + i, nghiém tong quat ctia phwong trinh thuin nhit trén R 1a Vo(X)

=,C0S X *+ ¢,8in X

hay  yo(X)= c1y1(X) + cay2(X) voi y (X)=cos X va y,(X)= sin X.

— Mot nghiém dic biét cua phwong trinh khong thuin nhit (*) 1a
yp(X) = vi(X)y1(x) + va(x)y2(X) = vi(X) cosx + vo(x) sin x

trong d6 vy, v, 1a cdc ham s6 thoa

yvi+v,v, =0 [(cosx)v, +(sinx) v, =0 v, = —4sin’ x Vi = _4_[5"‘2 x dx
1 1 1 1 @ . ' ' . @ ' . @
YVi+y,v, =f (=sinx)v, +(cos x)v, = 4sinx v, =4sinx cos x v2=4_|.sinxcosx dx
Ap dung cong thirc Isinz x dx :% (x —sinxcosx)+k, va
)
Isinxcosx dx = J.(sinx)(sinx)' dx = sz X +k,
v, =2(sinx cosx — x) (chon k, =0)
ta duogc .
v, =2sin” x (chon k, =0)

Suy ra nghiém dic biét ciia phuong trinh khong thuan nhét (¥) 1a
yp (X) = Vi(X)yi(X) + va(x)ya(x)
= 2(sin x cos X — X) cosx + 2sin’ x sin x
= 2sin x (cos” X + sin” x) — 2xcos x = 2sin x — 2XcoSs X
Nghiém tong quat trén R ciia phuong trinh khong thudn nhét (*) 1
Y0 = Yolx) + ¥5(%) o
y(X) =c;cos X + ¢y 8in X + 2 sinx — 2X cos X V0i ¢y, ¢, la cac hang so.
y(X) =c;cos X + (¢ + 2) sin X — 2x cos X
y(X)=cjcosx+c3sinx—2xcosx  (vOic;=cy+2)
Suyra  y'(x)=-c;sin X+ c3cos X + 2x sin X — 2¢os X
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— Ta dua vao di€u kién dau d€ xac dinh hang so c,, ¢; nhu sau

y(0)=3 c,=3 ¢ =3
& o
y'0O=-1"|c,-2=-1 | =1

Vay nghiém trén R cuia bai toan 1a
y(x) =3 cos X + sin X — 2X cos X
y(x) = (3 —2x) cos + sin X.

Bai tap: Bai tap tir 178.

Bai tip: Bai tip tir 179 t6i 180

Bai tip: Bai tap tur 181 t6i 187

BAI TAP CHUONG 2

119)
Bai toan nao thoa cac diéu kién cua dinh 1y vé su duy nhat nghiém 1.2

1
a) y"+;y'+3y =x’, y(O), y'(O) =1

b) y"+ly'+3yzxz,y(l):l,y'(l)=3 Pap sd : b
X

c) y"+ly'+3y:xz,y(l)zl,y'(2) 3
X
d) xy"+y'+4xy :O,y(O):l,y'(O):Z

120) Cap ham sb nao sau ddy doc 1ap tuyén tinh

a) e, e’ b) _—3; 4
X X
¢) Inx,In x> b) sinXx,tgx
e) 3.x Dap s6 : (a).,(d).(e)

121) Cho y =€ va y =e”* 1a hai nghiém cta phuong trinh y"+ay'+2y =0 véiala
hing s6: ham sé nao sau day ciing 1a nghiém cta phuong trinh nay:
a) e’ +e”* b) e* —8e™* c) —8e** d)17¢*
Pap sb: (a),(b),(c),(d)

122) Hay cho biét ham s6 nao 1a nghiém ciia phuong trinh vi phan y*’+y=0

a)y=ce +ce’ b) y, =c,sinx +c¢, sin2x
€) y = cjcosX + ¢,cos(-X) d) y = ¢jsinx + cycosx

€) Y = C1COSX — C3Sinx bap s6: (d) hay (e)

123) Hay tim ham s6 Wronski ctia ham s6 y;(x) = x> v ya(x) = x°
a)y=5x"-2x’ b)y=x’ )y =2x>-5x"
d)y =2x - 5x* e)y=3x° Dap sb: (e)

124) Nghiém tong quat ctia phuong trinh vi phan y” + 4y =0 1a

1
y = ¢1c082x+c,sin2x. Mot nghiém cia phuong trinh y” + 4y =x1a y = ZX . M4t nghiém cua

1
phuong trinh y” +4y=¢"1a y = ge"

Ham sb nao sau day 1a nghiém cta phuong trinh y” + 4y = x + &*
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a)y:ix+65 b)y:x+4eg
1 12 .
c)y=—Xx-—¢€ d) y=—x+e’ +3cos2x —5sin2x
4 4
1 : x
e) y=Zx+sm2x f) y=e’ —3cos2x
1 1
g)yzZX+e +sin2x h)y:Zx+e5—cos2x

Dip s0: (a), (d), (), (h), )
125) Trong 9 phuong trinh sau, phuong trinh nao la phuong trinh vi phén tuyén tinh. Néu n6
la tuyén tinh thi hay xét thém tinh chat thuan nhat va tinh chat h¢ s6 hang.

a) y+2x’y’ +y =0 by +2y +y’ =x ©)y"+3y’ +yy =0
d)y’+3y’ +4y=0 e) y” + 3y’ + 4y = sinx Ny’ +yQR2+3y)=¢"
)y’ +4xy’ + 2x3y =™ h) y” + sin(xe*)y’ + 4xy = 0 1) 3y”+ 16y°’+2y =0

Hay tim nghiém ctia mdi phuong trinh vi phan sau néu n6 c6 dang cép 2 thuan nhét, tuyén
tinh v&i hé s6 hang
126) Hay tim nghiém tong quét ciia phuong trinh vi phdn y" +y'—y =0 trén R
Loi giai
Phuong trinh dic trung ctia phuong trinh vi phan 1a r* +1'— 1 = 0.
Biét s6 A =5. Hai nghiém ciia phuong trinh dic trung 1a
~1++5 -1-+5
rHn=— ———, I'9g=———
2 2

Nghiém tong quat trén R cta phuong trinh vi phéan 1a

y = cje'1* + cqe™®

[ —1+\/§ —1—\/§ .- \ L,y £
y=C, exp p X |+cC,exp 5 X | v6ic; va ¢, 1a cac hang so.

127) Hiy tim nghiém trén R cua bai toan c6 diéu kién dau nhu sau

yll+yl :O
y(0) =1

0 =-t
y'(0) = 5

Loi giai
Phuong trinh dic trung cta phuong trinh vi phan la r* +r=0.
Hai nghiém cua phuong trinh dac trungla r=0var=-1.
Nghiém tong quat trén R cta phuong trinh vi phéan 1a
y =cre™ +cpe
y=c;+coe, vbic, vac,lacac héing $6.
Doddy' =—coe™
Dua vao diéu kién dau, ta tim gia tri cla ¢, va ¢, nhu sau.
y(0)21 Cl+C2 =1 C1=
1< 1

(=27 ey =1
Yo 2 °2 2 G =

. . 1 _
Vay nghiém trén R ctia bai toan la y = 5t 5e X,
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128) Hay tim nghi¢m trén R cuia bai toan sau
y'+2y'+ 17y =0

y@) =0
y' @ =-2
Loi giai

Phuong trinh dic trung lar* + 2r+ 17 =0
Biét s6 A' = — 16. Hai nghiém phtrc cuia phuong trinh dic trung 1a r= — 1 +i.4.
Nghiém tong quét ctia phuong trinh vi phan 13
y=cie " cosdx + ce " sindx
Do d6 y'=-—cje “cosdx —4cie ™ sindx — cye sindx + 4c,e  cosdx.
Piéu kién dau y(1) =0, y'(1)=2 tro thanh

{cle_l cos4 + cze_1 sind =0

—cie cosd —4ce 7 sind — coe sind + 4egel cosd = -2

e .
{cl cosy+ Cy Sind =0 €1= 551114

- 4c1e_1 sin4 + 4cze_1 cos4 =0 e
cy = 3 cosd

Nghiém trén R ctia bai toan la
e . —x —€ -X o
y=55|n4e cos4x+7cos4e sin4dx

e—x+1

y = (sin 4 cos 4x — sin 4x cos 4)

y = —%e’”’” sind(x —1).

129) y"+3y'-10y=0 Pdpsd iy (x)=ce™ +c,e™
130) y"+3y'-10y=0,y(0)=1,y'(0)=3 DPépso :y(x)= %(Se2x - e‘s")
131) y"+6y+9=0 Pdpsd :y (x)=c,e™ +c,xe ™
132) y"-4y=0 Pipso :y=ce” +c,e ™
133) y"-3y+2y=0 Pdpso :y=c,e* +c,e™
5

134) 4x"+20x'+25x=0,x(0)=1,x"'(0)=2 Dépso : x=(1+§tje 2
135) x"—x'—6x=0,x(0)=—1,x'(0)=1 Dépsd :x = -%(e” +4e)
136) y"-5y'=0 Pépsd iy =c, +c,e™
137) y"+2ny'+ 7'y =0 Papso :y=(c, +c,x)e ™
138) 27-22—152=0 Pipso :z=ce ™ +c,e
139) y"-8y'+16y=0,y(0)=1Ly'(0)=6 bépsd :y=(1+ 2x)e™

; A o
140) y"-2y =0 Pdpsd:y=ce’ +c,e™
141) y"-5y =0,y(0)=3,y'(0)=—/5 Paps6 :y=e 4+
142) y"+3y'=0,y(0)=1,y'(0)=1 Pipsé :y = %(4_6%)
143) y"+10y'+16y =0 bap SO : y= cle_zx 4+ Cze—Sx

144) y"-7y'+12y=0,y(0)=-1,y'(0) =-2 bPapsd :y = e™ —2e*
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145) y"-y'-12y =0,y(0)=-1y'(0) =10 Pépsd :y=¢e** —2e™*
146) y"-7y'+12y=0,y(0)=-1y'(0)=2 Pipsd 1y =5e™ —6e™
147) y"+y=0 Papsd :y=c, cosx+c,sinx

148) y"'+y'+y=0,y(0)=1y'(0)=3 Papsd:y=e 57x+—3m7x

ot e0s B T3
J3

149) y"+2y'+2y =0 Pdpsd :y=e*(c, cosx +c,sinx)
t
150) x"+x'+7x=0 Déps6:y:ez(clcos3\2/§t+c smit]
2
151) d—f +4x = O,X(E =1,x' Ej =3 Pépso :x = —2005(29) +5sin(20)
do 4 4 9
" 1 ' , ~ . X X
152) y itk 0,y(m)=Ly'(m)=-1 Pépso :y = s1n5+2cos5
153) y"+2y'+5y =0 DPdpso :x = e™(c, cos(2x) + ¢, sin(2x))
154) y"+2y'+2y=0,y(n)=e ", y'(n)=-2e™ Ddpsd :y=e™(sinx —cosx)
155) y'-y=2-x’ Dap so:  y(x) = yo(x) +yp(x) =cie" +cre ¥+ x°.
156) y"+2y'+y’ =0 Dap s6: Khoéng tuyén tinh.
157) y"+yy'+y=0 Dap s6: Khoéng tuyén tinh.

Hay tim nghiém ctia mdi phuong trinh vi phan sau néu né ¢6 dang Euler
158) Hay tim nghiém tong quat trén I = (0, +o0) ctia phuong trinh vi phan
Xy" = 3xy' +4y =0
Loi gidi
— Phuong trinh dac trung cta 1a phuong trinh Euler 1a
rr—1)-3r+4=0=r—4r+4=0
Phuong trinh dic trung c¢6 nghiém kép la r, = 2.
Nghiém tong quét trén I cta phuong trinh vi phan la

y(x) =c¢ x0 +¢,x™ In | x|
yx)=x*(ci+c,Inx)  véicy, ¢, 1a cac hing sb tiy y.
159) Hay tim nghiém tong quat trén I = (0, +o0) ctia phwong trinh vi phan
Xy" + 5xy' + 13y =0
Loi giai
— Phuong trinh déc trung cua la phuong trinh Euler 1a
rr—1)+5r+13=0=r +4r+13=0.
Phuong trinh dic trung c6 hai nghiém phtc la —2 +13
Goia=-2vap=3.
Nghiém tong quét trén I ciia phuong trinh vi phén 1a
y(x) = x* [clcos (Bln | X | )+ cysin (B In | X | )]
y(x) =x"*[c; cos (3 lnx) + ¢, sin (3 In x)]
trong d6 ¢, ¢, 1a céc hing sb tiy y.

160) x’y"+2xy'—12y =0,x # 0 Dap s6: y = % +c’x’

161) x’y"-3xy'+4y=0,x>0 Pap s6: y =x” (Cl +c, ln|x|)

162) x’y"+5xy'+13y=0,x#0 Dapsd: y=x" (c1 cos3In|x|) +c, sin(3ln|x|))
163) x’y"+xy'-y=0,x#0 Papsé: y =c,x +C,x

164) x’y"—xy'+2y=0,x#0 Pap sb: y = x(c1 cos(In|x)) +c, sin(ln|x|))
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165) 4x*y"—4xy'+3y=0,x>0 ,y(1)=0, y’(1)=I Papsd: y=x""% —x'"?

166) x’y"-3xy'+3y=0,x#0 Pap sd: y=c¢,x +¢,x°
167) xX’y"+5xy'+5y=0,x %0 Pap sé: y =x" [cl cos(ln|x|) +c, sin(ln|x|)]
168) x’y"+2xy'—12y =0,x # 0 Papsd: y =c, x> +c,x "

Hay tim nghiém cac phuong trinh vi phn khong thudn nhat sau:

169) y"+4y =3sinx Diap s6: y = ¢, sin(2x) + ¢, cos(2x) —sin x
170) y"-3y'+2y = 6e™ Déap s6: y =c,e* +c,e” +3e™
171) y'"-2y'+y=—4e™ Papsé: y =¢" (c1 +CX — 2X2)
172) y"-7y'+10y =100x, y(0)-0, y’(0)=5  Déap sb: y =3e”™* —10e”* +10x +7
4
173) y"+y'=x’—x’ Papsé: y=c, +c,e”* +XI—§X3 +4x* —8x
174) y'"+6y'+9y =10 Papsd: y=e (c1 +C,X + 5X2)
, 4x—1

175) y"+8y'+16y =2xe* Pap sb: y=e ™ (cl +c,x° ) +—( 1XZ8 ) e

2. n ' 3 I 4 3 1 2

a. Xy"-5xy+9y=x",x#0 Papso: y=x (cl +c21n|x| +Eln |X|)

176) x%y"+2xy'—12y =/x ,x >0 Papsd: y=cx ™ +c,x° —%x”2

177) Hay tim nghiém tong quat trén I = (0, + co)ctia phwong trinh vi phan
Xy" + 2xy' — 12y = Jx
1
bap s6: y(x)=cx *+ex’ — T x2, trong d0 ¢y, ¢, 1a cac hing s tuy y.

178) Hiy tim nghiém téng quat trén (— g,gj ctia phuong trinh vi phan tuyén tinh cip hai

khong thudn nhat nhu sau  y" +y = tgx *)
Loi giai
— Phuong trinh thuan nhit y" + y = 0 ¢6 phuong trinh déc trung lar* + 1 = 0.
Phuong trinh déc trung c6 hai nghiém phuclar==x1

N 2 feo . A A, oon T T . .
Nghiém tong quat ctia phuong trinh thuan nhat trén (— 5 Ej la  yX)=cjcosx+cysinx.

Nhu thé Yo o dang  yo(X)= c1yi(X) + c2y2(x) vO1 y (X)=c0s X va y(X)= sin X.
— Mot nghiém déc biét cia phuong trinh thuan nhat (*) 1a

yp(X) = vi(X)y1(x) + va(x)y2(X) = vi(X)cos X + vo(x)sin x

trong d6 vy, v, 1a cdc ham s6 thoa

. . Co . : . sin’ x
yvi+y,v,=0 (cosx)v, +(sinx)v, =0 v, =—sinxigx =—
D "—f<:>(' Wt W= = COS X
YivVity,v, = =sinx)v, +(cosx)v, =1gx v;:cosxtgx:sinx
Do do
in’ x -1 1 . 1
Vi = —.[ S X dx=J‘COS X1 dx :j(cosx— jdx:smx—j dx.
Cos X Cos X Cos X Cos X
Ap dung cong thirc

, 1
Isecx dx =In|secx +tgx |+ k, (trong doé secx = j
Cos X

tadugc v;=sinx—1In | sec x + tgx| (chon k; = 0)
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Ta cling c6 V2=Isinxdx:—cosx+k2:—cosx (chon k, = 0).

Suy ra nghiém dic biét ciia phuong trinh khong thuan nhét (¥) 1a
yp(X) = VI(X)YI()? + vo(X)ya(x) =(sinx —In | sec x +tg x | ) cos X + (—cos X) sin x
=—cos X In secx+tgx|

Nghiém téng quat trén [— g, gj ctia phuong trinh khong thuan nhét (*) 1a

y(X) = yo(X) + yp(X)= ¢y cosx + ¢, sinx — cosx In | secx +tgx |

Hay giai bai tap 179 - 180

179) ( Ching minh dinh 1y Qstrogra’dski-Loinile)
Cho phuong trinh vi phén tuyén tinh cap 2 thuan nhat
Y Hp(X)y +q(x)y=0.
Gid st y; va y, la hai nghiém trén [ cta phuong trinh vi phén nay.
a) Hay chirng minh dinh thirc Wronski ctia hai ham y, va y, trén I c¢6 dang nhu sau
Wiy, ,y,)(x) = Ce™,
Trong d6 C 1a hing sb va P 1a mot nguyén ham cta ham p.
b) Hiy chimg minh  W(y,,y,)(x) luon bang 0 trén I néu y, va y, phu thudc tuyén tinh.
¢) Hay ching minh W(y,,y,)(x) lun khac 0 trén I néu y, va y, doc 1ap tuyén tinh.

Huéng din
/
2) Tir Wey, y,) =] V'™ y}(X) , hdy chimg minh
Y,(x) v (%)

W (y,,y,) () = -p(x)W(y,,y,) (x)
Day la phuong trinh vi phan tuyén tinh cép 1 thudn nhit. Nghiém tong quat 1a
W(y,,y,)(x) = Ce™™, véi C 1a hing s6 va P 1a mot nguyén ham ctia ham p.
180) ( Phwong phép tim nghiém tng quat khi biét mot nghiém dic biét)
Xét phuong trinh vi phan tuyén tinh cip hai thun nhét
y" +pX)y' + q(x)y = 0. ()
Cho y; 1a mét nghiém cta phuong trinh (¥) va y; luén khac 0 trén R.
1/ Gia sir ton tai ham v ( khong 1a ham hang) sao cho y, = vy, la mot nghiém ctia phuong trinh (*)
Hay chiing minh
a) yi, y» doc lap tuyén tinh
b) Nghiém tong quat ciia phuong trinh (*) 1a
y =iy Ty,
trong do ¢y, ¢, 1a cac hang so tuy y.

eP®

[Y1 (X)]z dx (hang sé tich phan dugc chon tuy ), trong d6

2/ Goi u 1 ham sb c6 biéu thirc u(x)= j

P 1a m&t nguyén ham cua p.
Hay chirng minh
a) Ham s0 y, = uy, 1a nghiém trén I ctia phuong trinh (1).
b) Nghiém tong quat cta phuong trinh (¥) 1a
Y = Ciy1 + Caya,
trong d6 cy, ¢, 1a cac hang so tuy y.
Huéng din
1/ Ap dung dinh 1y trong 2,2 va 2.3.
2/ Céch 1:
Tir biéu thirc cta u, ta tinh dwoc y), y% . Suy ra y, 1a nghiém ctia phuong trinh vi phan.
Cach 2:
Ta tim nghiém cta phuong trinh (¥) dudi dang y = vy,.
Ta c6 {y/ =V'y,+vy,
acod
y'=v{ 42y 4y,
Hamy 1a nghiém ctia phuong trinh (1) néu
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(V'y,+2v'y +vy) )+p (v, +vy| ) +qvy,=0
vy +v (2y;+pyl)+v(y{+py;+qy1 ):O (trong d6 y! + py! +q =0 viy; la nghiém)
v +v! (2y{ +py, ) =0

o Bl
() +[2han J)0

Phuong trinh trén c¢6 dang 1 phuong trinh vi phan tuyén tinh cAp mot thuan nhat theo 4n (v*).
Do d6

vi(x) = Cexp{—jfy—y{ + p(x)de} Cexp[ﬂn v, Ip dx} = Fexp[—f p(x)dx]

1

v(x)=C I % exp [—J. p(x)dx] dx

Chon v(x) = Ilz e "

Ap dung két qua cta cdu 1, ta suy ra dugc diéu can ching minh.

Hay giai cac bai tap sau (cac bai tap nay khong duoc phan loai)
181) Hay tim nghiém trén I = (0, +o0) ctia phuong trinh
xy"+2y'+x=1,y(1)=2,y'(1)=1
Huéng dan
. Phuong trinh khong chira y nén dit u = y' dé dwa vé phuong trinh cip 1

.2 1-x
xu+2utx=1< u+ —u=
X X

. . . ; 1
Phuong trinh tuyén tinh cp 1 theo u c¢6 nghiém tong quat1a  u(x) =c,; x * + e %

. 5 5 o 1 x

Khix=1thiu(x)=1tasuyra c; =—.D6do 'X)==x"4+=-——.

(x) yracy =g Y=< 53

5 x x2

Suy ray(x) = - gx + 3 6 + c9. Khix =1 thi y(x) =2 nén suy ra dugc ¢, =
182) Hay tim nghiém trén R ctia phuong trinh vi phan

y'+ ) y=0,y0)=1,y(0)=-1

Hudéng dan

Phuong trinh khong chira x nén ta coi y nhu 1a mdt bién doc lap.
bat u=y'dé dua v€ phuong trinh vi phan cap 1.

Taco y'= du _ % dy @ u. Phuong trinh vi phan trd thanh  u du + u3y =0

dx dy “dx dy dy
2
-2¢q

dy 2

Khix=0th‘1y=1Véu=—l,suyrac1=§.Dodc’> — =
2 dx y2—3

I.\'JlCJ‘l

Ap dung phuong phap tach bién ta dugc ~ u =

3

Ap dung phuong phap tach bién ta dugc y? -3y =2x+Cy

Khix=0thiy=l,suyracz=f§.

183) Hay tim nghiém trén R cta cac phuong trinh vi phin sau
a)y"'-y=0,y(0)=1,y(0)=0 Dap sé: y=(c'+e")/2
b)y"—2y'=0,y(1)=0,y'(1)=2 Pap s6: y=e*" -1
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)y"+2y=0, y(0)=1,y'(0)=2 Pap s6: y=cos\/§x+ J2 sin/2 x
dy"-2y'+17y=0, y0)=1,y'0)=0 Pap s6: y=¢* [cos 4x —isin 4Xj

e)y"—4y=0, y0)=1,y'(0)=0 Pap s6: y = cosh 2x = (™ + e ) /2
fy"+3y=0, y3)=1,y3)=-1 Dépsé:y=cos/3 (x—3)—(1/ ¥3)siny/3 (x—3)

9y +2y'+17y=0, y(1)=0,y1)=-2  Dapsb:y :—% e Vsind (x-1)

184) Hay tim nghiém trén R cta cac phuong trinh vi phan sau
X

a)y"+3y'+2y=¢" bap s62y=cle’x+cze’2"+%
b)y"+y=1+x Dap s6: y = ¢, cos X + ¢ sin x + x + 1
. -X X X e2x
Oy'"+y+3y=e¢” Dipsd:y=e 2 {cl cos [\/115)+c2 sin(\/llgﬂ+ 9
. e*
d)y" +y=xe" Dép s6: y = ¢ cosx + ¢; sinx + (x — 1)7
X -s 2x
e)y"'—y=e y(0)=—1,y'(0)=1 Dap sb: y:—67—5e6 +63

185) Hay tim nghiém cua phuong trinh vi phan
a)y"+y=secx
Huéng din: Nghiém dic biét1a yp = xsin x + (cos x) In | cos x |
2x

b)y"-4y'+4y= ¢ , 0<x<oo.

Huéng dan: Nghiém dit biét la yp=x In | X | e
¢)e™ (y"+6y'+9y) =x 7, 0 <x <00
Hudng dan: Nghiém dic biét 1a yp = — ¢ >* Inx
dy"-2y'+y= eX\/;, 0<x<ow
5

Hudng dan: Nghiém dic biéta yp = % x2e*

f) X’y" —2xy' + 2y =xInx, 0 <x < oo, y(1)=1,y'(1)=1.
Huéng dan: y = x> —xInx — % x(In x)2

186) Hay tim nghiém téng quat trén I = (0, ) clia cic phuong trinh vi phansau:
a)xy"'—xy' +y= \/; Dap sb: y = ¢x + coxInx + 4 \/;
. 13 5 13 ., x
D)Xy —6y=x, y(1)=2,y'(1)=2 Papsd:y=—x" +—x " —=
07 15T s
187) Hay tim nghiém téng quat trén R cua cac phuong trinh vi phan sau:

b) y" +2y' +y = sinx béap sc“')’: y=(c;+ cx) e —(cosx) /2
c)y" =y +e'sin2x Péap s6: y=cie* +ce* —e* (cos2x + sin2x) / 8
d) y" —2y' + 4y = €’sinx Dép s8: y =" (c; cos/3 x + ¢, sin/3 x)+ + (¢ sinx) / 2
e) y" — 6y' + 9y = e + cosx , y(0) = 1,y'(0)=0
L 46 135 o X0 5 4 3.
Papsd: y=|———x|€" +— e +—cCcosx——sinx
50 50 2 50 50

" 1 X ' 4 A —X 5 -2x 3 1 X
Dy"+3y'+2y=3-2¢" y(0)=0,y'(0)=0. Dapso: y=—2e +Ee +§—§e
Sinh vién vui long thuong xuyén coi thong bao trén web.

www.nguyenthanhvu.com hodc www.math.hcmuns.edu.vn/~ntvu

Tién si Nguyén Thanh Vii, dién thoai: 38639.462, nguyenthanhvu60@gmail.com
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CHUONG 3 SO LUQC PHEP BIEN POI LAPLACE

1. PINH NGHIA CUA BIEN POI LAPLACE
1.1. Dinh nghia

Gia str t > f(t) 1a ham sd thie xac dinh voi moi t > 0.
Bién dbi Laplace ciia ham f dugc dinh nghia 1a ham F c6 bién sd s va biéu thirc cia ham F nhu sau

o0
F(s): =f e S (t) dt (1)
0
Mién xéac dinh cta F gdm nhiing gia tri ctia s 1am cho tich phan (1) ton tai.
Ngudi ta ky hiéu F= L {f}. Cac ky hiéu sau ciing dugc s dung

L {f(t)}zF(s):J'e*St f(t) dt; L {f(t)}(s)zF(s):J'e*St f(t) dt
0 0

Lifj=Fo)=[e*f®m) dt ;  L{fE=Fo=[e ™ f(t) dt
0 0

1.2 Thidu. Xét f1a ham hing k, tic f(t) = k véi moi t >0. Khi d6
“ -st * —st A _sA 0
L{k}(s):je“kdt=/{e }=k|im[[e }}:klim{e }—ke—:OJrkl:E
0

° =S5 |, AL s Asx|  _g -5 s s

Két qua trén tng véi trudong hop s > 0.
1.3 Thidu.  Xét f(t) =", trong d6 a 1a hing s6.Ta co

o o —(s—a)t |* —(s—a)t A —(s—a)A 0
L {ea‘}(s)zfe"“ e dt:je“s‘a)’ dr=| < =lim|| < =lim| < e ©
: o —(s—a)|, A= -(s-a Aol —(s—a) | —(s—a)

0

-

) s—a

Keét qua trén tmg voi truong hop s—a>0. )

1.4 Thidu. Xétf(t) = sin at, trong do a 1a hang s6 khac 0. Ta co

_st +00

. I e . a .
L {sin at}(s):J.e ‘sinat dt=| —— (ssinat+acos at)| =———  vOimgis>0.
o s’ +a s'+a

0

Bai tap: Bai tap 188.

2. TINH CH{&T CO BAN CUA BIEN DPOI LAPLACE
2.1. Dinh ly vé suw ton tai

Gia sir
i) 1 ham lién tyc timg phan trén [0, o).
ii) Ton tai hing sb o, hing s6 duong T va hiang s6 dwong M thoa
Vvt T, | ft)| < Me™
Khi d6, L {f(t)}(s) ton tai vdi tit ca s > a.

Chii thich: Ham s f duoc goi la lién tuc tung phﬁn trén doan [0, +o0) néu flién tuc tai moi diém
thudc [0, +o0) ngoai trir tai mot $6 hiru han cac diém, déng thoi tai cac diém x ma f khong lién tuc thi
f(x") va f(x") van ton tai.

Ching minh

0 A
Chiing ta can chimg minh Ie_St f(t)dt = Aim Je_St f(t)dt ton tai véis>a
—®
0 0
0 T 0
Ta cé j e St f(t)dt = j e St f(t)dt + j e St f(t)dt =1, + I,
0 0 T
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T

trong d6 I; = .[e_St f(t)dt <o do t — e ™ f(t) lién tuc ting phan trén [0, T].
0
Pong thoi, véi moi s>a. ta cd
o © 0 —(s-a)t |t —(s—a)T
I=[e flodt < [ e *Me dt = M[ e dr=| < o Me
] ] ] —s-a) |, s—a
o0
Do do Je_St f(t)dt < o vdi moi s>a.
0

2.2.. Dinh Iy vé sw tuyén tinh

Giasir L {f(t)}(s) va L {g(t)}(s) ton tai. Cho a, b 1a cic hang sb.
Khi @6, L {af(t) + bg(t)}(s) ton tai va
L {af(t) + bg®}(s) =a L {f()}(s) + b L {g(®)}(s)

Chtng minh

o0

L {af(t) + bg()} (s) = je [af()+ bg(®)]dt = [e™* f(t)dt +b[ e g(t)dt
0 0 0

=aL {f{9}(s) +b L {g®)}(s)

2.3. Dinh Iy vé suw tinh bién

Gia st F(s) =L {f(t)} ton tai v6i s > b va a la s6 thuc tiy §.
Khido, L {e"f()}(s) =L { f()}(s—a) véis—a>b

Chimg minh
L {e" f0)}(s)= e at fO)dt = [ fO) dt=L { f(1)}(s — a)

2.4. Bién doi Laplace ciia mét s6 ham dic biét

f(t) F(s) =L {f(H }(s)
1
1 , s>0
S
at
e 1 Cs>a
s—a
n |
t 820
s
at ,.n |
et n! 1 . s>a
(5 a)n+
in bt
sin 2b : 550
s“+b
bt
cos 25 : . s>0
s +b
at -
e sin bt l92 | s>a
(s—a)’+b
at
e” cos bt s—a . s>a
(s—a) +b?
eat_e—a[ b
sinh (bt) =——— , S>|b|
(o9 2 s2 - p?
eat+e—a[ s
cosh (bt) =———— , S>|b|
(bt) p 2 _p?
at -
h (bt b
e sinh (bt) — . st |b|
(s—a)y -b
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¢ cosh (bt) s—a

(s—a)’ -b’

Trong bang cong thirc trén, a va b 1a cac hing s6, n 1a s6 nguyén dwong.
Chung minh

— Trudng hop f1a ham hang: cong thirc di duge chimg minh noi thi du 1.2.

— Trudng hop f(t) = ™ cong thirc da dugc chung minh noi thi du 1.3.

— Truong hop f(t) =t

, s>at |b|

0 ~ _ —sttn 0 nw ~ g n 1
L {t"l(s)=|e™t"dt = +—|e®t"'dt=0+— L {t" s
=] s SL )
Do d6
_ | | |
O B I 1 (o S T S W
S S S S S S

— Truong hop f(t) =sinh(at) :
: e —e | 1 at a1 (1 1 a
L {sinh (at)}(s) =L {—}:5 (L {e"} - L {e }):§ [s - ): 5 5

—a s+ a
— Truong hop f(t) =cosh(at) :

et ye@t| 1 at at 1( 1 1 a
L {cosh (at)}(s)=L {———— 1 == (L +L == + -
{cosh (at)}(s) { 5 } G (LA Lfe™) =0 | ——+ —— =5

— Viéc chiing minh cac cong thirc con lai dugc xem la bai tap.
Bai tip: Bai tap 189 tdi 196.

2.5. Dinh Iy lién quan phép bién doi Laplace nguwoc

Cho f, g la hai ham lién tuc trén [0,+o).
Gia st f, g co cung bién ddi Laplace , tirc 1a L {f(t)} =L {g(t)}
Khi 6, f va g bang nhau trén [0,+o0), tirc 12

f(t) = g(t)) véi moi t=> 0.

2.6. Dinh nghia phép bién doi Laplace ngwoc.

Gia st F 1a bién doi Laplace cia ham lién tuc f, tic 1a F(s) =L {f(t) }(s).

Khi d6 ham lién tuc f dugc goi 1a bién doi Laplace ngugce cua F va ky hiéu nhu sau
f=L"'{F}

Cac ky hieukhac: f(t)=L " {F(s)}; f)=L " {F(s)}(t) ; fi)=L "' {F}(t)

Chii thich. f=L7"{ L {f}} .
Thi du.

Xét ham lién tuc f véi f(t) = ¢ (ala hing s6). Taco L {f(t)} =L {"} =

Dod()Ll{ 1 }=eat

s—a

1
s—a

— Phép bién d6i Laplace nguoc c6 tinh chit tuyén tinh nhu sau:
2.7. Dinh Iy

Gia sir f,g 1a cac ham lién tuc. Cho F=L {f} vaG=L {g}, a va b 1a cac hang so.
Khi do
L '{aF+bG}=aL '{F} +bL '{G}

) ) Chung minh
Dinh ly trén suy ra tur tinh chat tuyén tinh cua phép bién doi Laplace.
2.8. Thi du.

5 6s 3
) t o2
s—6 s%+9 28%+8s+10

TacéL_l{ 5 }=5L_1 {L}=5e6t
s—6 s—6

— Ta xéc dinh: f(t)=L ' { }nhu sau:

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Todn GIAI TICH A4 GV Nguyén Thanh Vi- 2009 Trang 55

_ - 68 -1 S
| }:—GL {—}=—600s3t
{sz+9 s2 1 32

L1{23}:3 L' Lt (.3 e 2 sint
2% +8+10) 2 (s+2%+1%] 2

3 _
Do do f(t) = 5¢% — 6cos3t + 3 e “'sint
2.9. Thidu

— Ta xac dinh LL - %
(s +2)

Taco L' {—5 }:Ll 530 Lol 8 15 ays
(s +2)4 6 [s—(-2)] 6 [s-2pP*| 6

Bai tap: Bai tdp 197 t6i 198.

} nhu sau:

3. GIA; BA} TOAN DPIEU KIEN PAU
3.1. Bién doi Laplace cua dao ham
3.1.1. Pinh Iy:

Gia str
i) Pao ham f' ton tai va lién tuc ting phan trén [0, o).
ii) Ton tai cac hang s6 duong a, M, T sao cho
It <Me™ |, vt=T (1)
Khi d6, bién di Laplace cua f' ton tai v&i moi s > a va

L {f(t)}(s) =s L {f} - f0).

Chii thich: Tinh chat (i) suy ra ham sé flién tyc trén [0, o)
Chirng minh
Theo dinh 1y 2.1, bién ddi Laplace cia f ton tai .
— Trude hét, ta xét trudng hop £ lién tuc trén [0, o). Khi do, ta c6

A A A
j e SEF(t)dt = e St £(t) )t j e St f(t)dt
0 0

A
trong d6 e * () 0" e A £(A) - £(0) > —£(0) khi A - .

Cho A — o0 , tir déng thirc trén ta suy duge [ e~ f'(t)dt =—f(0)+ s[ e~ f(t) dt
0 0

Suy ra L {f(t)} =— f(0y+s L {f}.
— Truong hop f' lién tuc timg phan trén [0, ©): chimg minh tuong ty nhu trén.
3.1. 2. Dinh ly:

Gia st
i) f codao ham téicap 2 va f” lién tuc ting phén trén [0, o).
ii) Ton tai cac hing s6 duonga, M, T sao cho

| (0] <me™ va |f'©)|<Me™ ,vi=T,

. e A R o 1/ A . ;. . re
Khi d6, bién dbi Laplace ctia f ton tai véi mois > a véi

L{ff0}=s"L{f®}-s f(0) - f'(0)

Chu thich: Néu ky hién bién d6i Laplace cia ham f 12 Y thi két qua cta dinh 1y 3.1.1 va 3.1.2
nhu sau:

L { /(1) }s) =sY-£0).
L{f'(n}=5"Y-s5 f(0)- f(0)

Chung minh
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— Ap dyng dinh 1y 3.1.1 cho ham s& £, ta dugc
L {r®} =sL {f®)} -£0)=s[s L {f)} - (0)] - £(0)=5" L {f(t)} - s0) - £(0).

Dang tong quat cua dinh 1y 3.1.1 va 3.1.2 nhu sau:
3.1. 3. Dinh ly:

Gia su
i) f c6 dao ham t6i cdp n va £ lien tuc timg phdn trén [0, ©).
ii) Ton tai cac hang s6 dwong a, M, T sao cho

| 9 (t) | <Me™ |, Vie{0,1,...n-1},Vt>T,

Khi d6, bién d6i Laplace cia £ t3n tai v&i moi s > a voi

L {f” 0} =s"L {f0} -s"" f0) ~s">(0) .. - £""(0)

n-1
ticla L {f” )} =s"L {fin} - > "1 £(0)
i=0

) Chirng minh
Dung phép chirng minh qui nap va két qua cua dinh 1y 3.1.1 va 3.1.2, ta suy ra dugc dinh ly trén.
3.1.4. Thi du

Tl cong thire L{sin bt} = 5 > taco thé tim L {cos bt} nhu sau :

s2+b

Xét f(t) = sin bt. Ta c6 f'(t) =b cos bt va f(0) =0
Ap dung dinh 1y 3.1.1, ta duge L {bcos bt} =s L {sin bt} —f(0)

:bL{cosbt}:s = L{cosbt}:%

s2 +b? s? + b2

3.1.5. Dinh ly:

Gia sir f thoa diéu kién trong dinh 1y 3.1.1
Khi do, L {tf(t)}(s) ton tai voi moi s > o va L {tf(t) }(s) = - di L {f(t)}(s)
S

d — L {f(0}s),

Hon nita, L {t" f(t)} tn tai v&is > a va L {t"f(t)}(s) = (-1)" 1
s

Trong d6 n 14 sb nguyén duong.

. d
Chu thich: Néu n=1 thi cong thirc trén tror thanh L {tf(t) }(s) = - = L {f(t)}(s), tc 1a
S

L {¢f(t) }(s)=—Y'(s) v6i Y 1a bién d6i Laplace ctia ham sé f

Chtng minh
—Truong hopn=1: Taco
d

_ d T —-st _Oo d —-st _OO —st _
=L {f(t)} = % '([e f(t)dt_ga (e f(t))dt—.([—te f(t)dt = — L {tf(0)}

— Truong hop n > 1: Cong thirc & dinh Iy dugc ching minh bang qui nap, chi tiét chimg minh dugc
coi la bai tap.

3.1.6. Thi du. T cong thic L {sin bt}(s)=2Lb2 ta suy ra cong thirc L {tsin bt} nhu sau:

s +
_ d _ d b 2bs
L {tsmbt} T @ L {Smbt} B _ds[s2+b2]:(s2+b2)2‘

3.2. Phuong phdp gidi bai todn diéu ki¢n dau

Xet phuong trinh vi phén v6i ham can tim 13 y(x). i
— Bién d6i Laplace hai vé ciia phuong trinh vi phén ta thu dugc mdt phuong trinh ham véi ham can
timla L {y()}.

— Tim biéu thirc cua L {y(x)} theos.
— Dung bién d6i Laplace nguoc dé tim y(x)
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3.2.1 Thi du: Hay tim nghi€m y cua bai toan trén [0, ) sau
y" —2y'+5y =-8e ™" *)
{y(O) =2, y'(0)=12 (**)
o ) Loi giai.
— Bién d6i Laplace hai vé cua phuong trinh (*)
L{y"-2y'+5y} =L {-8¢"}
Goi Y(s) =L {y(x)} (s) ta dugc

52 Y(5) - 5y(0) - y'(0)] - 2[5 Y(s) - y(O)] + 5Y(6) = >

$2Y -25-12-25Y + 4+ 5Y = —5
s+1
2 -8
(s"—2s+5)Y=2s+8—
s+1
v 287 +10s
(s2 -25+5)(s+1)
2
Do do y(x)=L71 5 2s” +10s
(s“ =28+ 5)(s+1)
Mait khac ta co
26> +10s  3s+5 1 _ 3s-D+8 1
(s2-25+5)(s+1) s2-25+5 s+1 (s-1%2+2%2 s+1
s—1 2 1

+4 -
s-1D?+22  (s-1*+2% s+1
Do d6 nghiém trén [0, o) cua bai toan 1a
; _21 5 T4 22 2 :
s-D“+2 (s-D“+2 s—(-1)
Bai tip: Bai tdp 199 tdi 205.

y(x) =L - {3 } =3¢ cos2x + 4e” sin2x —e *

4.B0 TUC MOT HAM DAC BIET
4.1. Ham budc :

0 néut<0
Inéut>0

Ham nay khong lién tuc tai t=0 va dugc goi la “unit step function” ( tam dich 1a ham buédc
don vi).

— Xét ham sb sau u(¢) = {

N ) 0 néut<c . .
— Vi ky hi€u trén, ta co u(t—c) = P v6i ¢ 1a hang so.
Inéutzc

e' nfu0<t<2rx

b

—Thidu: Néu f(r)= y
e'+cost néut>2r

ta co thé ghi f(t)=¢€ +u(t—2x)cos(t) véi t>0.
4.2 Pinh Iy: Cho c>0vas>0. Bién doi Laplace cia u(t-c) la
e-CS
L {u(t - c)}(s) = o

— Thi du: Hay tim bién doi Laplace ctia ham s6 f(x)=3 [u(x)-u(x-2)].
o ~ Huong dén.

Bién doi Laplace ciia ham so fla

Y=3 L (u(x))-3 L (u(x-2))= E—ée’zs .

s s

Bai tip: Bai tap 206 t6i 209.
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BAI TAP CHUONG 4
188) Hay chung minh ham f(¢) = % khong c6 bién ddi Laplace.
o gt | - © st
Huéng dan: Ie—dt = je—dt+ Ie—dt = 400
0 t 0 t 1 t
Tu bai tAp 189 t&i bai tap 196, hiy tim cic bién ddi Laplace L(f(t)) ctia ham sb f.

189) L(-6e)  Dapsd: —

s+3
/ , z 24
190) L(24¢") bap so;_l
S_
191)  L(-5sin(60r)) Pip s6: —5—
s* +60°
192) L(-6e™)  Pipsd: —2
s+3
193) L +52+2t—1)  Dap so: %+£+%_1
S S S S
194) L(te') Dap sé: 12
(s-1)
195) L(e'sin(2¢)) Dap so: .
(s—1) +4
196) L(e’3’(t2—3t+5)) Diipjsh: o2 vees 3 2

3 2 +
(s + 3) (s + 3) s+3
Hiy bién dbi nguoc Laplace ctia ham sb Y(s) trong bai tap 197, 198.

197) Y= 36 > Dép s6: y=—6+6¢+6¢™
s +s

198) Yzﬁ;s Dap s6: y=e ¥ cost+2e Vsint
s +6s5s+10

Hay dung phuong phap bién dbi Laplace dé tim nghiém ctia_cac phuong trinh trong bai
tap tu 199 tGi 205:
199) y'+4y' —Sy=xe*, y(0)=1,y'(0)=0
Huéng dan

~Taco L {y"+4y' -5y} =L {xe"}
Goi Y(5)=L {y(x)}(s). Taco

[s2Y —sy(0) — y'(0)]+ 4[sY - y(0)] - 5Y = 1

(s-1)2

1
(s-1)?
s2+2s2 - 7s+5
(s +5)s - 3)3
085 1 181 1 1 1 1 2
216 s+5 216 s-1 36 (s—1)2 12 (5-1)3
Do d6 nghiém [0, ) cua bai toan 1a

7Y —s+4sY —4—5Y =

Y(s)

_ 35 _ 181 1
-L 1 Y _ 99 5x 101 x L1 x 4 J2.x
y(x) {Y(s)} 216 e X + 916 e 36 xeX + S xe
2000 y'(X)-2y'(x) t5y(x)= 8T s y(m)=2;y'(n)=12
Huéng din
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bat h(x) =y(x + m). Khi do6 h'(x) =y'(x + =), h"(x) =h" (x + n).
Thay x bang x + 7 trong phwong trinh vi phan thi duoc
Y (X + ) — 2y (x + ) + S5y (x + 1) =— 8™ X'

Do do

h"(x)—2h'(x)+5h(x)=—-8e"

h0)y=2 h'(0)=12
Duing phuong phap bién d6i Laplace nhu trong thi du trén, ta dugc

h(x) = 3e* cos 2x + 4¢” sin 2x —¢
Vay y(x)=h (x—m) =3 " cos2 (x — 1) + 4e* " sin 2(x —m) —e X
h(x) =3e" " cos 2x + 4e* "sin 2x —e" .

201) y’-3y’R2y=e™, y(0)=1, y’(0)=5.

x 2465+9 16 25 1 742543
Huéng dan:Y (s)=—— )= —el 4 2 4 gty =
e e TR A i STy (s+1)(s+2)(s+3)
202) y’-6y’+9y=r’e”, y(0)=2, y’(0)=17.
L 2 11 2 1, 4
Hudng dan: Y(s)= 3 + T + i ; y(x)=2e" +11te” +Et2e3

203) y’ +4y’+oy=I1+e™, y(0)=0, y’(0)=0.

s 5
7+7
Huc’mgdﬁn:Y(S)=i+ L. 22 3 ;y(x)=l+le"—le‘z‘cosﬁt—ﬁe‘z’sinﬁt
6s 3(s+1 s +4s+6 6 3 2 3

204) x’+16x=cos (4t), x(0)=0, x’(0)=1.
x 1 S
Hudng dan: X(s)=
ubng dan: X(s) S +16 (s* +16)
205) y’H4y’+3y=-6e7, y(0)=2, y’(0)=-1.
25+7 6 A B c
- - = + ~+
(s+3)(s+1) (s+3) (s+1) s+3 (s+3) s+1
(25+7)(s+3)=6=A(s+3)(s+1)+B(s+ 1)+ C(s+3)" (¥
Cho s=-3 ta dugc -6=-2B. Cho s=-1 thi c6 4=4C. Thé gia tri cua B va C vao phuong trinh
(*), roi tim A.

T x(t) = L sin(dt) + tsin(4t)
6 8

Huéng dan: Y =

+ 3 >+
s+3 (5+3) s+1

X

Suyra Y= .Dodéy=(3x+1)e ™ +e

Hay giai cac bai tap sau
206) Choc>0vas>0. Hay ching minh cong thirc sau

L {u(t-c)}(s) = S .

e
Huéng dan.  Coi huéng dan trong bai tap ké dusi ( bai 207) ‘ ,
207) Cho c>0 va f1a ham s6 c6 bién doi Laplace 1a F(s) khi s>b, v&i b 1a hang so.
Hay chiing minh cong thtrc sau
L {u(t —-o)f(t— c)} (s)=e“F(s).

Huéng dan

0

L{u(t—c)f(t-c)}(s) = j e u(t—c) f(t—c)dt=

0

[e ft-cydt=[e " f(r)dr=e[e™ f(r)dr=eF(s)
c 0 0
Hay tim bién d6i Laplace cta ham s f nhu sau
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0 néu 0 <t<1

2 néu 1<t

f@=

—1néu r<t<2rx
tnéu2r <t
Hué6ng dan.
Taco f(t)=2ult —1)—3ult — )+t + Dult — 27x)
ft)=2ult—1)-3ult — 7))+t — 27)ult — 27) + 2z + Wult — 27)
e 3 e’™ N 2z +Ne ™™

Do d6  Lif}(s) = +2
S S S S

Hay tim bién doi Laplace ctia ham s6 f nhu sau
1 néu0<t<?
f(H)={-3néu2<t<3

 néut>3

Huéng dan.
Tacd f(t)=1-4ult —2)+ 3+t )ult —23)

F(0)=1=4ult=2)+[ (t=3)" +6(t—3)+12 ult -3)

-2s
Dodé Lifiis)=1 -2, e (%+E+Ej

s s s s s

Sinh vién vui 1ong coi thong bao vé thi hoc ky trén web.
www.nguyenthanhvu.com hodc www.math.hcmuns.edu.vn/~ntvu

Néu c6 thac mac vé két qua thi, sinh vién vui long géi téi email
nguyenthanhvu60@gmail.com
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CONG THUC PUQC SU DUNG TRONG PHONG THI

[ xedx = e'(x-DH+C
[ x2e dx = e (x* =2x+2)+C

[Inxdx=xInx—x+C

.—1 dx = arcsin (1] +C
J /az_xz a

[ sin? xdx :lx—lsin2x+ C
J 2 4

[ cos? xdx :lx+lsin2x+C
2"

.%dx = larctg [ij +C
X" +a a a

. 1
—  dx=Inlx+Vx*-4a*
xt-a® ‘

xsinxdx =sinx —xcosx +C

+C

xcosxdx=cosx+xsinx+C

.tgzxdx =tgx—x+C

. cotg”xdx = —cotgx — x + C

PHUONG TRINH VI PHAN

Y tpy =qx) y=e W jeP(”q(x)dx

—P(x)

Y tpx)y=0 y=Ce

ay"+by'+cy=0

ar +br+c¢=0

y(x) = ¢,e’ +c,e™’
y(x) = c,e”" +c,xe""

y(x) = c,e”*cos(fx)+c,e” sin(fx)

2.

xy"+axy'+by=0

r(a—1)r+b=0

y(xX)=c;x1 +¢,x™2
y(x) = x™ (¢; + ¢ In|x])
y(x)=cx* cos (B In|x | )+ ¢, x*sin (B In|x|)

BIEN POI LAPLACE
f(t) 0
F(s): = j e S (t) dt
0
1
1 s>0
S
e 1
, s>a
s—a
t |
’n1+1 s> O
s
e t" n!
(5 _ a)n+1 s>a
sin bt b
45 320
cos bt S
s2+b? 520
e sin bt b -
, s>a
(s—aP+b?
e cos bt s—a -
, s>a
(s—a)’ +b?
at _ -at b
sinh(bt):u m , §> bl
at —at S
COSh(bt)=% 2—1)2 , 8> |b|
S —

Trong bang cong thirc trén, a va b 1a cac hang s6, n 1a s6 nguyén dwong.
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