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Lai néi dau

Nganh vi tich phan nghién citu vé nhitng dai lugng bién thién phi tuyén tinh, duge st
dung rong rai trong cac nganh khoa hoc va ki thuat xuat phat tit viec nhitng thit ma
chiing ta dugc hoc (nhu van téc, gia toc, dong dién trong mach) trong thyc té khong
hé don gian, gon gang, dep dé. Néu nhiing dai luong thay déi 1 cach lién tuc, ching
ta can phép vi tich phan dé tim hiéu xem chuyén gi da xay ra véi dai lugng day.

Nganh vi tich phan dugc phét trien bdi mot nha khoa hoc ngudi Anh tén Issac
Newton va mot nha khoa hoc ngusi Dic la Gottfried Lebniz, 2 nha khoa hoc nay
nghién ctu 1 cach doc 1ap véi nhau vé nhitng dai lugng bién thién vao khodng cudi
thé k¥ 17. Da c6 1 cudc tranh cai ring ai 1a nguoi dau tien phét trién nganh vi tich
phan, nhung do 2 nha khoa hoc nay nghién cttu doc lap véi nhau nén ching ta co
su hoa 1an khong dude nhu v vé ky hiéu va cach dién dat khi dung vi tich phan. T
Lebniz ta c¢6 ky hiéu fl—g va |.

Su phéat trién ctia dong hd chay chinh xac ting giay vao thé ky 17 mang lai nhiéu
¥ nghia quan trong trong khoa hoc néi chung va toan hoc néi riéng, va dinh cao cta
sit phat trien do 1a nganh vi tich phan.

Trong chuong trinh dai hoc ctia truong Dai hoc Khoa hoc Ty nhién-DHQG-
TP.HCM hién nay mon "Vi tich phan B2" 1a mot mon hoc déng vai trdo cung cap
kién thitc can ban vé toan vi tich phan cho cac nganh Cong nghé thong tin, Dien
ti-Vien thong, Vat 1y, Hai Duong-Khi tugng va Thuy van, Khoa hoc vat liéu, gitp
sinh vién c¢6 nén tang toan phuc vu cho cdc mon hoc chuyén nganh. Kién thic sé
trang bi cho sinh vién: Tap hgp R”, Ham s6 thuc nhiéu bién lién tuc. Dao ham riéng,
Dao ham ham s6 nhiéu bién. Sy kha vi, Cyc tri. Tich phan 2 16p, Tich phan 3 16p.
Tich phan duong loai I va loai II. Dinh 1y Green. Phuong trinh vi phan cap 1, phuong
trinh vi phan cap 2 ...

Dé hé trg t6t nhat cho viéc hoc tap mon "Vi tich phan B2". Cac gidng vien thuc
hanh da bién soan tai lieu nay, nham tap hop cac 10i gidi goi ¥ cho mdi bai tap qua
cac tuan, gitip cac ban sinh vién hinh dung dugc cach gidi cho cac dang bai tap clia
mon hoc nay. Trong qua trinh bién soan, do nhiéu yéu t6 khach quan va chi quan,
tai lieu nay khong tranh khoi su sai sét. Vi vay, chiing to6i mong duge nhan cac ¥ kién
déng gép dé ching toi hoan thién tai lieu nay hon. Dong thai, trong méi tuan ching
toi déu c6 chu thich tén nguoi chiu trach nhiém, do d6 néu trong qua trinh doc tai
lieu nay, ma sinh vién c¢6 bat ky thic mac nao c6 thé gii tin nhin qua dia chi Mail

clia ting gidng vién chiu trach nhién tuan dé (Luu ¥: dia chi mail duge cung cap trén
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16p).
Chiing t6i xin chan thanh cidm on sy gitp dd ctia thay Ong Thanh Hai da gop ¥
trong qué trinh giang day va chia sé mot s6 tai lieu tham khao hitu ich dé ching toi

hoan thanh tai liéu nay.

Tp.HCM, ngay 21 thang 05 nam 2017

Tac gia
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TUAN 1 (N.N. Hung)

Chuong 2A (Ham sb nhiéu bién):

Bai 1. Cho ham g(x,y) = cos(x + 2y)
a) Tinh g(—2,1) = cos(—2+2.1) = 1.
b) Tim mién x4c dinh ctia g. D = R?

¢) Tim mién gia tri cta g :2| — 1 < 2 < 1.

Tim va phdc hoa mién zdc dinh cia cdc ham sau
Bai 2. Cho f(z,y) = In(9 — 2% — 9y?)
Ham f xac dinh khi 9 — 22 — 9y > 0 hay$z? + ¢? < 1.
Vay mién xéc dinh ctia f1a D = {(z,y)|52* + 3 < 1}

2 ]
X +y =1
emmemSEose. -
L ‘\
\-u. 0 f’ X

-
e e

Hinh 1: Anh ctia mién xac dinh

Bai 3. Cho f(z,y) = Yo

Ham f x4c dinh khi y — 2% > 0 va o # +1.
Vay mién xac dinh cta f1a D = {(z,y)|y > 2,z # +1}

Tim gidi han cia cdc ham sau néu né ton tai va ching minh néu né khong ton

tas

Bai 4. f(z,y) = (5y*cos’z)/(z* + y*). Trude tien ta tién vé (0,0) theo truc x,

ta co

lim  f(x,y) = f(x,0) =0/x" =0 véiz # 0

(z,y)—=(2,0)

1
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[

-
Il
=

Hinh 2: Anh cia mién xac dinh

Ké tiép ta tién vé (0,0) theo truc y, ta c6

lim  f(x,y) = f(0,y) =5y"/y" =5 viiy #0

(z,y)—(0,y)

Vi f ¢6 dén hai gi6i han khac nhau trén 2 truc khac nhau, suy ra gii han ctia né6

khong ton tai.

Bai 5. f(z,y) =

< fz[ vi [y| <

Ap dung dinh 1y Squeeze 0 < '

\/m 2+y
Va2 +y2 va x| — 0 khi (z,y) — (0,0) vado d6  lim  f(x,y) =

(z,y)—(0,0)

Bai 6 f(z,y) = =%

Chon (z,y) = (£, 1). Khi n — oo thi (z,y) — (0,0).

. Ty . 1/n.1/n
im0 7 r = iMoo 7 s 7

. 1/n* 1

= lzmn—)ooW = 5

Chon (z,y) = (£, 2). Khi n — oo thi (z,y) — (0,0).

i xy i 1/n.2/n
)= 00) 72 + 12 = e 1/n? 4+ 4/n?
: 1/n? 5
= llmn%oow = 5
2
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Vi ham f ¢6 hai gi6i han khac nhau khi chon céc cip (x,y) khac nhau nén suy ra giéi

han ctia f khong ton tai.

Bai 7. M6 ta do thi ctia ham g duge cho tit do thi cta f.

a)g(z,y) = f(x,y) + 2 c6 nghia la do thi ctia g 1a do thi ctia f dich chuyén len 2 don
vi.

b) g(z,y) = 2f(x,y) c6 nghia la do thi ctia g c6 do doc gap doi so vdi f.

¢) g(x,y) = —f(x,y) do thi ctia g 1a do6 thi ctia f d6i xiing qua mat phang Oxy.
d)g(x,y) = —f(x,y) + 2 do thi clia g ddi xting v6i f qua mp xy va dich chuyén lén 2
don vi

14.2 sach caculus-version7-J.Stewart

14.2.5 f(x,y) = 5z®—z*y* 1a mot da thitc va do d6 no6 lien tuc. Suy ra( l)lﬂh ) flz,y) =
T,y)—
f(1,2) = 5(1)° — (1)*(2)* = 1.

8 zlziy;y 14 mot ham hitu ty va vi thé lien tuc trén mién ctia né trong dé co (1 0) Int
14 mot ham lién tuc véi ¢t > 0, do d6 f(x,y) = In (;;yzy) lien tuc v6i moi — 5> 0.
Do dé f lién tuc tai (1,0) va ta ¢ . lnr%1 0 f(z,y) = f(1,0) =1In (%) =In{ =0.

14.2.10 f(z,y) = (5by* cos? z)/(x* 4+ y*). trude tien ta tién vé (0,0) theo truc x, ta co

( l)lrrz o f(z,y) = f(z,0) = 0/z* = 0 v6i x # 0. ké tiép ta tién vé (0,0) theo truc y,
z,y)—

taco lim  f(x,y) = f(0,y) = 5y*/y* =5 véi y # 0. Vi vay f c6 dén hai gidi han
khéc 11171au trén 2 truc khac nhau, suy ra lim ctia n6 khong ton tai.
14251()Z=f($)+g(y)suyra = f'(2), 5 = ¢(x)

(b) = = J(e+y). Ditu = o+, th 9 = dou — d(1) = f(u) = flx+y),
9 _ dow _ 4(1) = (u) = fz+y)
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TUAN 2 (L.T.M. Thanh)

Chuong 2B (gi6i han va sy lién tuc cia ham s6 nhiéu bién):
Bai 12/T24

$4 4
lim(a.y) 00 55y = My 00’ —y* = 0.

Tim h(z,y)=g(f(x,y)) va tim tap hop ma h lién tuc trén do.

Bai 21/T25. h(z,y) = g(f(z,y)) = (2z + 3y — 6)* + sqrt(2z + 3y — 6)

Vi fla 1 da thic nén né lien tuc tren R?, g lién tuc trén mién {¢|t > 0}. Do d6 h lien
tuc trén mien D={(z,y)|ly > —2/3z + 2}.

Bai 22/T25. h(x,y) = g(f(z,y)) = lj_m‘ng + ln(lixﬁy )
Vi f 1a 1 phan thiic va 1 + 22y? > 0 nén né lien tuc trén R?, g lién tuc trén mién
{t|t > 0}. Do d6 h lién tuc trén mién

1—ay
D = {(l‘,yﬂm > 0}

~{ <1}

Bai 26/T25. Xac dinh tap hop cac diém ma tai d6 f lien tuc
22y 2
57z neu(z, y) # (0,0)

f(x,y) = ]
1 néu(z,y) = (0,0)

V(z,y) # (0,0) ta co la ham phan thitc va né lién tuc trén R% Ta c6

x?y3 3 .

. 2243
Slly ra llm(x’y)_%o’o)m =0

V6i (x,y)=(0,0) thi f=1. Vay f khong lién tuc tai (0,0).
Két luan: f lien tuc tréen {(x,y)|(x,y) # (0,0)}.

Bai 29/T25. Dat x = rcosg,y = rsing = 2% 4+ y? =12
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lim(w)ﬁ(ao)(:v? + ) In(z? + y*) = lim,_or2In(r?)

Bai 30/T25.

Bai 2/T26.

a) fr(—15,30) = limy_ f(_15+h)’3(;3_f(_15’30) ta co thé xem nhu h = £5.

V6i h=5: fr(—15,30) = 1,2.

Véi h=-5: fr(—15,30) = 1, 4.

Gia tri trung binh fr(—15,30) =1, 3.

Fo(—15,30) = limy_,o LEBHRIVTEIEH0) ¢4 06 thé xem nhu k = +10.

Vi k=10: f,(—15,30) = —0.1.

Vi k=-10: f,(—15,30) = —0.2.

Gia tri trung binh f,(—15,30) = —0.15.

b) Khi ¢6 dinh van t6c gi6 v thi gia tri ctia hé s6 W tang khi nhiet do T ciing tang,
vi thé 2% > 0. Khi ¢6 dinh T thi gia tri ctia hé s6 W gidm khi v tang, vi thé 9% < 0.
¢) C6 dinh gi4 tri ctia T thi ham gia tri f(T,v) duong nhu trd thanh hang khi v tang,

vi thé tuong tng véi toc do bién thien 1a 0 hosic gan 0 khi v — oo, do d6 mot cach

truc quan thi limvﬁoo%—‘f = 0.

Tim cdc dao ham riéng bac nhat cia ham so.
Bai 13/T28. f(z,y) = e ‘cos(mx)

% = —me 'sin(mx)
aa—{ = —e 'cos(mx)

Bai 24/T28 f(z,y) = [ cos(t?)dt
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Dat G(t) 1a nguyén ham ciia g(t) = cos(t?).
Khi dé f(z,y) = G(y) — G(x).

fe(z,y) = —G'(x) = —cos(2?).

fylz,y) = G'(y) = cos(y?).

Bai 33/T28 u= /23 + ... + 22
Uy, = \/ﬁ Vi=1,...,n
z? 2
xZ—+yy2 neu(x,y) 7& (0,0)

Bai 4/T44 f(x,y) =
0 néu(z,y) = (0,0)

tai (0,0)

n20_

(0.0) = iy 000 i 2
02k

0.0) = iy PS8 i, B2
6
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TUAN 3 (N.N. Hung)

Chuong 2-C (Pao Ham Riéng):

Bai 36. Tinh cac dao ham riéng tai diém dudc chi ré:

f(z,y) = arctan(y/z);  fa(2,3)

Lai giai:

f(z,y) = arctan(y/z); [:(2,3) = fulz,y) = m(—yx_Q) = Wy‘%/xz) =
_ﬁ’

Do d6 f2(2,3) = =52 = — 15

Bai 40. Sit dung dinh nghia dao ham riéng nhu la giéi han dé tinh f, va f, tai (z,v)

P - . 2 - 2 ? o~
noi chung; hoac tai cac diem dugce chi ro:

x
fla.y) =~ ey

Loi gidi:

f<x7 y) - ﬁ - z+h T

Folm,y) = }Lli% f(x+h,y});f(zyy) _ ;llli% w+h+y2h_x+y2 _ ;ILIB% (Hliiziitfi;;)ﬁizg)w%

=lim —2% ___ — lim v = ’
hoo Mathty?)(z+y?) — 0 (e+hty?)(a+y?) T (z+y?)?

o Lyt —fey) i Tei? aie? (@) (k) —a(et (y+h)?)
fyl@,y) = ,1112% h g ,1112% h = }Llﬂ% h(z+(y+h)2) (z+y?)
h(—2xy—xh) —2zy—xh —2zy

- }}E}) (ot (y+h) D) @+y?) ,IJL% @ WHh))@+y?) (@)

Bai 48. Stt dung cong thiic tinh dao ham rieng ctia ham an, tim dz/dz va 0z/dy:

yz + zln(y) = 2°

Loi giai:

yz +zln(y) = 22 = Z(yz+zlny) = 2(2*) = yE +Iny = 228 = Iny =

22% — yg—; =Iny = (22 — y)%

0z __ In
dO dO 9 ﬁ
myrtalny) = 2(P) sy +elta, =25 52+ =2F —yE =40 =
(22 -y)§

< 9z _ z+H(x/y) _  =ztyz
do d6 oy T 2z—y T y(2z—y)”
Bai 51. Tim 0z/0x va 0z/0y:

z= [(z)g9(y)
7
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Loi gidi:
2= f(2)gly) = 5 = f'(2)9(x), & = f(2)d'(y)
Bai 52. Tim 82/8:16 va 0z/0y:

= flay)
Loi giai:
Dat v = zy. Thi 8—;‘ =y VA B" =xz. Do do 8"‘ = %g—; = %.y =y.f'(u) = yf'(zy) va
oo ey ) = 2 ()
Bai 55. Tim tat ca cac dao ham riéng cap 2:

flz,y) = sinz(mx + ny)
Loi gii:

fz(z,y) = 2sin(maz + ny) cos(max + ny).m = msin(2mz + 2ny).
fy(x,y) = 2sin(max + ny) cos(mx + ny).n = nsin(2mz + 2ny).

Thi foe(x,y) = mcos(2mz + 2ny).2m = 2m? cos(2mx + 2ny)
fay(z,y) = mcos(2ma + 2ny).2n = 2mn cos(2mx + 2ny).
fye(z,y) = ncos(2ma + 2ny).2m = 2mn cos(2mx + 2ny).
fyy(@,y) = ncos(2ma + 2ny).2n = 2n? cos(2ma + 2ny).

Bai 71. Tim cac dao ham riéng dugc chi ro:

a,b.c 0°u
RS 0x0y?0z3
Loi gii:
Néu a = 0 hoac néu b = 0 hoac 1, hosc néu c=0,1, hodc 2, Thi % =0.
Trong cac truong hop khac, 2% = cx®y’z~!, % = c(c—1)z%y’z¢72, % =c(c—1)(c—
2)x%yP 273, 624823 = bc(c—l)(c—Q) aqpb=1ye=3, 8525;3 =b(b—1)c(c—1)(c—2)ax%y" 2273

A m =ab(b—1)c(c —1)(c — 2)xo 1yb=2273
Bai 72. Sit dung bang gia tri cia f(x,y) dudi day, hay uée tinh gia tri cia f,.(3,2), f(3,2.2)

va fay(3,2).

Loi gii: Tt dinh nghia vé dao ham riéng, ta c6 f,(3,2) = }llir%
_)

c6 thé xap xi gia tri nay bing viec xét h = 0.5 va h = —0.5: f,(3,2) ~

22.4-175 __ f(2.5,2)-f(3,2) _ 10.2—17.5
0.5 - 9'87f9«“(3’2) ~ —0.5 05

duge, chiing ta wde tinh f, (3, 2) xap xi 12.2. Tuong tu, f,(3,2.2) = lim 34022 7(3.22),
ul

f(3+h,2)—f(3,2)

- , ching ta

f(352) 3.2 _

= 14.6, 1ay trung binh hai gi4 tri vira

chiing ta c6 thé xap xi gia tri nay bang vicc xét h = 0.5 va h = —0.5: £,(3,2.2) ~

f(3.522)-f(3,2.2) __ 26.1-15.9 __ o f(252.2)—f(32.2) _ 92-159 __ P
( 0)_5 (322) _ 26 10.5159 = 204, f,(3,2.2) ~ ( _)0.5( ) — 92_0%559 — 13.2, lay
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trung binh hai gid tri vita duge, ching ta wée tinh f,(3,2.2) xap xi 16.8.

Dé udc lugng f,,(3,2), trude tien ching ta can ude lugng f,(3,1.8):

f2(3,1.8) =~ f(3.518)—f(3,1.8) __ 20.0-18.1 __ 3.8, f.(3,1.8) ~ f(2.51.8)—f(3,1.8) _ 12.5-18.1 __

0.5 0.5 —-0.5 - -0.5 -

11.2, 1ay trung binh hai gid tri vita dugc, ching ta uée tinh f,(3,1.8) xap xi 7.5. Bay
gio, fuy(z,y) = (%[fm(:v,y)] va fi(x,y) cing la ham 2 bién, vi vay ta c6 fu(z,y) =
%[fw(x7y>] — }lllifg-) fm(m,y—i-h})L—fm(x,y) = f:vy(3: 2) — %ﬂ)w Chﬁng ta co thé

xap xi gid tri nay bing viec xét b = 0.2 vi b = —0.2: f,,(3,2) ~ LE2DL02 _

0.2
168-12.2 — 93, f,,(3,2) ~ LBLESLB2 922059 _ 935 14y trung binh hai gia tri

vira duge, ching ta ude tinh f,,(3,2) xap xi 23.25.

Bai 74. Chitng minh ham s6 u = e~ gin kx 1a nghiém ctia phuong trinh truyén
nhiét u; = a?ug, (u(x,t) 1a nhiet do tai vi tri z trén thanh dan nhiet dai, tai thoi
diém t)

Loi giai: v = e
_a2k26—a2k2t

212, . _ 2.2 212, . .
CRtsinkr = u, = ke *lcoskr,uy,, = —kPe K tsinkzr, va

Up = sin kz. Do d6 ouy, = u
Bai 78. Néu f va g 1a cac ham s6 mot bién c6 dao ham dén cap 2, chiing minh ring
ham s6

u(x,t) = f(z + at) + g(x — at)

12 nghiém ctia phuong trinh truyeén song uy = o@?u,, (vi du, u(z,t) 1a tung do cta
day dan tai vi tri o tai thoi diém t)

NI < o @ N _ Olf(v)+g(w)] _ df(v) o dg(w) dw __
Loi giai: Dat v = x—i—at,{w/— z = at. thi u, = AL z%g( 1= d(v)a—;’ + Z(w)a_l: =
af'(v) = ag'(w) V& uy = BLEZL = afaf"(v) — ag”(w)] = @[f"(v) + ¢"(w)].
Tuong tu, ching ta c6 u, = f'(v) 4+ ¢'(w) V& uze = f"(v) + ¢"(w). Do d6 uy = a*uy,.

Bai 79. Néu u = em®1ta2@2tFann trong d6 a + a3 + ... + a2 = 1, chiing minh ring

0%u N 0%u I 0%u
— +—+..+t = =u
dz?  Ox3 Ox2
Loi giai: V6i moi i, i = 1,...,n, du/0x; = a;e™1Ho2r2t—tanin gy
2 2 _ 2 a1x14a2x2+...Fanxy
0*u/0x; = aje™¥rtaar2 .
< 92 2 2
Thi %+273+"‘+387¥ - (a%_f_a%_’_m+a3)ea1x1+azzz+..-+an:ﬂn — emT1taz@at.tantn — 4
1 2 n
vial+as+...+a=1.
Bai 80. Chiing minh rang ham s6 z = In(e® +¢¥) la nghiém ctia cac phuong trinh sau
0z 0z __ 5 0%z 9%z 3%z \2 _
5t =1va (££)°=0

W(’?_y?  \9zdy
Nt iR, _ T 0z __  e% N Oz . eY s Oz Oz __  e% ey
Loigidi: z =In(e"+e¥) = F=fmvag=gdodd Z+5="o+50=
e’+e¥ _ 1
ez +teY :
8%z _ e*(e®4e¥)—e®(eT) _ erty 8%z _ 0—e¥Y(e®) _ erty s 92z _ eY(eT+eY)—eY(eY)
ox2 (e*+e¥)? T (em+e¥)20 dxdy ~ (e*+e¥)Z T (eTev)2 va 8y2 — T (e"4ev)Z

9
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ety 2
m. Do dé

822 822 822 ) e:}c+y €x+y €x+y (6x+y)2 (ex+y)2

0x? Oy? _<8x8y) B (e 4 ev)? (e + ev)? -(= (e + ey)Q) B (e® + ey)4_ (e + ev)* -

Bai 81.Nhiét do tai diém (x,y) trén mot tam kim loai phang duge cho béi T'(z,y) =
60/(1 + 2% + y?), trong d6 T 1a nhiet do theo do C va x,y theo mét. Tim t6c do bién
thien nhiét do theo khodng cach tai diém (2,1) theo huéng x va theo huéng y.

Loi gidi: (+) 0T /0x = —60(2z) /(142> +y?)?, vi thé tai (2,1), T, = —240/(1+4+1)* =

—20
3

(+) 0T /0y = —60(2y)/(1+ 2 +y*)?, vi thé tai (2,1), T, = —120/36 = =% Do d6 tai

diém (2,1) nhict do da gidm véi ty 1e Lgoc theo truc x va ciing giam véi ty lé %

theo truc y.
Bai 82. Tai nhiét do tuyet doi T, ap sudt P va thé tich V' dinh luat chat khi déi véi
mot khéi lugng m ¢6 dinh ctia khi 1y tudng 13 PV = mRT, trong d6 R hing s6 phu

Lz . . . 30 OPAV AT _ 4 s mOP IV _
thuoc chat khi (the gas constant). Ching minh rang 555555 = —1 va T'5: 57 = mR

Ny Rl _ mRT _5 4 0P _ —mRT. _ mRT _s 4 0V _ mR. _ PV _s A
Loi giai: P = "2 vi the 5 = =05~ V = "5~ vithe 55 = 55 T' = — vi the
ar _ v

oP — mR’

£ POV IT _ —mRTmR V. _ —mRT _ _ 1 ( _

Do do VOraP — V2 P mE_— PV — 1 (Vl PV = mRT)
PV = mRT = P = ™ vi thé 3& = 2 Cing vi, PV = mRT = V = 2L v

AV _ mR _ pPVv - 4 ToPOV _ PVmRmR _
o = "p- ViT = — ching ta c6 T5; 57 = " "5 = mR.

Bai 85. Cho ham s6 f xac dinh béi

2y —xyt
Flay) = W , neu (z,y) # (0,0),

0, néu (x,y) = (0,0)
a) Tim fy(z,y) va f,(z,y) khi (z,y) # (0,0).
b) Tim f,(0,0) va f£,(0,0).
¢) Ching minh f,,(0,0) = —1 va f,,(0,0) = 1.
d) két qua trong phan c) c6 mau thuan véi dinh 1y Clairaut khong? vi sao?

Loi giai: (a) vé6i (z,y) # (0,0)
folz,y) = (B22y—y®)(@*+y?) —(2Py—21°)(22) _ aty+da?yS—yP

(x3+y2)2 5_ ) gx3+1{12)2
va tit tinh chat d6i xiing f, (z,y) = S T4
10
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o JO=FO0) i (/R0 _ o _ o FOM=F(00) _
(b) f2(0,0) = ]1112% ; = }lzli% - 0 va f,(0,0) }lg% - 0

Ofe . +(0,h)— £(0,0 . —h5—0)/h* %)
(C) fmy(oao) = a_J; = }llli%f( )hf( L = Illli%( h)/ = -1, fyx(070) = % =

lim L0000 — iy BTy () V6i (2,y) # (0,0) ta tih duge fu,(,y) =
h—0 h—0
26 4+-904y2 — g2yt —yb
(I2+y2)2
Bay gio khi (z,y) — (0,0) theo truc x, thi fu,(z,y) — 1 trong khi d6 néu cho

(x,y) = (0,0) theo truc y, thi f,,(x,y) = —1. Do d6 f,, khong lién tuc tai (0,0) va
dinh 1y Clairaut’s khong dude ap dung, vi thé nén khong c6 mau thuin.

11
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TUAN 4 (H.T.K. Van)

Chuong 2E.Bai tap phan quy tic méc xich
Bai 3:

=1+ 22492 xr=Int, y= cost

de 1 dy sint
i a
0z x 0z Y

0t 1+ 22142 Wy Sttty

dz  Ozdr Oz dy

dt ~ Oxdt oy dy dt
x 1 Y

= -+ (—sint)
/1+I’2+y2t /1+$2+y2
Int 1 cost ,
_ (—sint)
V1 + (Int)? + (cost)? t \/1 + (Int)? + (cost)?
It Lsin(2t)

N V' 1+ (Int)? + (cost)?
Bai 11: z = e"cos0), r = st, 0 =+s?+t?
OOz Or + 0200 _ = e'cosf.t + €"(—sinb) S
ds  Ords  000s RV

%—%&4_%@— 6. + ( (9)—t
815_87"615 896t 6COS S e Stno ). —32+t2

12
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Bai 13:

dz  Ozdzx L 92 0z dy
dt Oz dt ay dt

=t =3 thi % = f2(9(3),1(3)).9'(3) + f,(9(3), h(3)).K'(3)
= f2(2,7).9'(3) + f,(2,7).h(3) = 6.5+ (—8).(—4) = 62

Bai 19:
8w_8f8r+8f85+8f8t
Or Ordxr 0sOdx OtOx
8w_5’f3r+8f85+8f6t
dy Ordy 0sdy Oty
Bai 25:

Ou Oudxr Ouldy Oudz

i St E 4 72 0 0
ap 8x8p+8y8p+(925’p x.rcosd + z.rsint +y

ou 8u3$+({9u&y+@%—2$ cost + z.psinb +
o= 3 r e D D Y

ou 8u8x+8u8y+@%_2 rsing & .
90~ 0x 00 oy o0 ' 0z 00 = 2. — prsin 2.prcos

Khip=2,r=3,0=0thixa=6,y=0,z=5. Ta co:

@ = 2.6.3.cos0 + 5.3.5in0 + 0 = 36,

dp

? = 2.6.2.cos0 4+ 5.25tn0 4+ 0 = 24,
”

% = 2.6. — 2.51m0 4+ 5.2.3cos0 = 30

Bai 27:
Dit F(z,y) = /Ty—1—2%y = 0. Ap dung cong thitc dao ham &n ta c6:
13
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dy  Fp 2r y — 4wy\/ry
de  F, #@—:ﬁ oz — 222 /7y
Bai 34:
Dit F(z,y,2) = yz — In(z + 2z) = 0. Ap dung cong thitc dao ham an
ta co:
0z  F, —x—}rz 1
or  F. - ylz+2) -1
0z _ F, =z 2z +2)
0y  F.  y—5  ylet+e) -1
Bai 39:
Tai mot thoi diem [ va w tang véi toe do 2m/s va h gidm véi tdc do
3m/s. C6 nghia la, lac do: 4 = 22 =2 vy dh — _3

a) Thé tich hinh hop dugc tinh theo cong thic V' = lwh. Ap dung quy

tac mac xich dé tinh téc do bién thién ciia thé tich:

v _ovdl  oVdw oV dh
dt Ol dt Owdt Oh dt
dl dw dh

= wh— — — =2224122+12(-3) =
whd lhdt lwdt + +1.2(—3) =6

b) Dieén tich xung quanh dugc tinh theo cong thitc S = 2(lw+h+wh).
Ap dung quy t&c méic xich dé tinh téc do bién thien ciia S:

4s _osdt_osdw oS

dt  Oldt Owdt Ohdt

dl d dh
= 2(w + h)ﬁ +2(1 + h)d—l; +2(1 + w)%

= 2(2+2)2+2(1+2)2+2(1+2)(—3) = 10

Bai 45 Ta c6:
0z 0z 0z 0z

= —cos0 + —SmH

or  Ox Jy a0

14
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0z _ 0z
= %(—rsmﬁ) + a—yr.cos@
9z\" 9z\" 9z\"> 0z 0z
9Z) (& ) 2= g :
<8r) <8x> cos 0 + (8y) sin“6 + 9z 0y sinfcost
82\ 92\> 5 4 92\" , 020z 4 .
(%> = <%> resin-0 + ((‘9—y> recos“f — 2%6_yr sinfcosb

Do dé:

)+ (5) = (5 + () oo (3) +(5)

Bai47: Dat u=x —y

0z 0z dzOu dzou B dz dz

—t — = — — =—14+—(-1) =
(’9x+8y du3x+du8y du +du( ) =0

15
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TUAN 5 (L.T.M. Thanh)

Chuong 2F.Dao Ham Theo Huéng va Vecor gradient

Bai 7/T10 f(z,y) = sin(2z + 3)

a)Vecto gradient ctia f: V f(x,y) = 2cos(2x + 3y)i + 3cos(2x + 3y)j
b)Vecto gradient cua f tai P(—6,4): Vf(—6,4) = 2i + 3

¢)Téc do bién then clia f tai P theo huéng clia vecto @ = 1/2(v/3
-
J)

D= f(—6,4) = Vf(—6,4).7 = (2i + 37)1/2(v/3i — j) = /3 — 3/2.

—
/L p—

Bai 13 g(p,q) = p* — p°¢*

V(p,q) = (4p® — 2p*¢*)i + (=3p*¢%)j

Vg(2,1) = 28i — 12

Vecto don vi theo huéng ctia v 1a u = % = \}% = \/LTO(Z + 3j)

Bai 28 f(z,y) = ye ™

folx,y) = —ye™™, fy(,y) = (1 —zy)e ™

f2(0,2) = —4, f,(0,2) =1

Néu u 1a 1 vecto don vi tao ra 1 goc 0 vé6i truc Ox duong thi

D, f(0,2) = f,(0,2)cos(0) + £,(0,2)sin = —4cosf + sind

Dé D, f(0,2) =1 thi —4cosf) + sinf =1 (¥)

= sinf = 1 + 4cosh = sin*0 = (1 + 4cosh)?

= 1 —c0s%0 = 1+ 8cosl + 16c0s*0 = cosO(17cosf +8) = 0 = cost = 0
hoac cost = I—?

Néu cosf) = 0 thi § = % hoac § = % nhung 6 = % khong thoa (*).
Néu cosf) = I—? thi 6 = 605*1(1—3) hoac 0 = 2w — 003*1(37”) nhung ca
hai khong thoa (*).

Do d6 hudng la 6 = 3

16
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Bai 29/T46 f(z,y) = 2> +y* — 2x — 4y

Hu6ng bién thien nhanh nhat 1a Af(z,y) = (22 — 2)i + (2y — 4)5.
Ta can tim tat ca cac diem (x,y) dé Af(z,y) song song véi i + j <
(2x—2)i+ (2y—4)j =k(i+j) & k=22 —2 hoac k = 2y — 4. Suy ra
20 —2 =2y—4 <y =a+1. Vay tai tat cac diem trén dudng y = x +1
thi huéng bién thién nhanh nhat ctia ham f1a 7+ 5 .

Bai 39/48

Diat F(z,y,2) =2(x —2)2+ (y — 1)? + (2 — 3)%

Khi d6 2(z — 2)? + (y — 1)*> + (2 — 3)> = 10 1a 1 m#t déng miic clia F.
Fo(x,y,z) =4(x —2) = F,(3,3,5) =
Fy (., 2) = 20y — 1) = F,(3,3,5) = 4.

F.(x,y,z) =2(z —2) = F.(3,3,5) = 4.

Phuong trinh mit phang tiép xic tai (3,3,5) 1a

Mz —3)+4(y—3)+4(—5) =0

Sr+y+z=11L

Phuong trinh chinh tic ctia duong phap tuyén

z—3 _ y—3 _ z—5

4 4 4
Sr—3=y—3=2-—05.

Bai 46/T48 g(x,y) = 2> +y* — 4x.

Khi d6 Vg(z,y) = (2x — 4,2y) = Vg(1,2) = (—2,4).

Do Vg(1,2) vuong goc véi tiép tuyén nén tiép tuyén c6 phuong trinh
1a

Vg(1,2){(x — 1,y —2) =0

= 2r—-1)+4y—2)=0= —x+2y =3.

17

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

N.Nhuyt Hung-L.T.Mai Thanh-H.T.Kim Van-BM Giai Tich Vi Tich Phan B2

.II‘

'-:«'gn_*_r\
=

—

Hinh 3: hinh Minh Hoa

Bai 47/T48 f(x,y,2) = 2%/a®> + y?/b* + 2 /2.
Vf(x(), Yo, ZO) - %7 %7 %>
Phuong trinh ctia mat phang tiép xuc tai (zo, yo, 20) 1a

2513'0 2y0 220

279 AT 220 223 23 222 ST
2T RV T AT 2 T T =2 )

Vay Z8x + %y + %2z = 1 1a mot phuong trinh ctia mat phang tiép xc.

Bai 50/T49 F(x,y,2) = 2* + 2> — .

Khi d6 parabol y = 22 + 22 14 mot mat dong mitc clia F.

VF(x,y,2) = (2z,—1,22) 1a vecto phap tuyén téi mat phang tiép xtc
clia parabol tai (x,y,z). Mat phang tiép xtic song song véi mit x + 2y +
3z = 1 khi vecto phap tuyén ctia hai mit phang song song véi nhau.
Vi thé ta can tim 1 diém (w0, 4o, 20) trén parabol ma (2, —1,22) =
k(1,2,3) = k = —1/2. Suy ra (210, —1,22) = (—1/2,—1,-3/2) va
200 = —1/2 = xg = —1/4,22p = =3/2 = zy = —3/4. Tu d6 suy
ra yo = 13 + 28 — (=1/4)* + (=3/4)* = 5/8. Vay diém can tim la

(—1/4,5/8, —3/4).
18
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Chuong 2G.Cuc tri khong diéu kién ctia ham sé nhiéu bién

Bai 24/ Tim gia tri cyc dai va cuc tiéu tuyet doéi ctia f tren D.

0,2 £y (3,2)

2 L

{0, L, (3,0) v

Hinh 4: Hinh minh hoa

f(x,y) = 2* + y* — 4wy + 2 13 ham da thic nén lién tuc trén D =
{(2,9)]0 < 2 < 3,0 <y <2} do dd c6 cuc da va cuc ticu tuyet doi
trén D.

folz,y) =42® —dy, fo =0 &y = 2°.

fy(z,y) =4y* — 4z, f, =0 x = ¢>.

Suyra 2z’ —2 =0 2(2®—1) =0« 2 =0 hoic x = £1. Do dé diém
t6i han 1a (0,0), (1,1), (=1, —1) nhung chi ¢6 (1,1) vé6i f(1,1) = 0 thi
nam trong D.

Trén Ly :y =0, f(2,0) = 2 + 2,0 < 2 < 3. Suy ra gia tri cyc dai clia
f tai x=3 1a f(3,0) = 83, gia tri cyc ticu cla f tai x=0 la £(0,0)=2.
Trén Ly : o = 3, f(3,y) = y* — 12y + 83,0 < y < 2. Suy ra gia tri cuyc
tiéu ciia f tai y = 33 1a £(3,3'3) ~ 70, gia tri cuc dai ciia f tai y=0 1a
£(3,0)=83.

Trén Lz : y = 2, f(x,2) = 2* — 82 + 18,0 < 2 < 3. Suy ra gia tri cuyc
dai ctia f tai x=3 la f(3,2) = 75, gia tri cuc tiéu cta f tai x = 21/3 1a

f(213,2) = 18 — 6.2'/3 ~ 10, 4.
19
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Trén Ly : 2 =0, f(0,y) = y* +2,0 <y < 2. Suy ra gia tri cic dai clia
ftaiy =21a £(0,2) = 18, gia tri cuc tiéu cla f tai y=0 1 £(0,0)=2.
Vay cuc dai tuyét doi ctia f tren D 1a f(3,0) = 83, cuc ticu tuyet doi
cia ftrén D 1a f(1,1) =0

Bai 32

Goi d khodng cach tir diém (4,2,0) dén (z,y, 2) trén mit noén.
d=+/(x —4)?+ (y — 2)? + 22, trong d6 2% = 2% + 3.

¢ =z -4+ (y -2 +2°+y* = f(a,y)

fo(x,y) =2(x —4) + 20 = 4o — 8.

fylzy) =2(y—2)+2y=4—-4.

Diém t6i han xay ra khi f, =0 =2 =2, f, = 0=y = 1. Do d6 chi c6
1 diém t6i han 1a (2,1).

Vay diém trén mit nén gan nhat véi diém (4,2,0) 1a (2,1, +£v/5).

Bai 37
Dit (z,y, 2) 1a cac chiéu ctia hop hinh chit nhat.
Dién tich bé mit 1a 2zy+2z2+2yz. Thé tich 1a zyz = 1000 = 2 = %20.
1000 1000
flx,y) =20y + 20—+ 2y
Ly Ly
2000 2000
+
Y T

= 2xy +

Khi d6 f(z,y) = 2y — 290, f, = 20 — 20,

z2 Y

Chofx:O:>y:1220,fy:OSuyratac()a:—%:>:U3:1000:>
x = 10.

Dién tich bé mit ¢6 1 cuc tiéu nhung khong c6 cuc dai va né xay ra tai

diém t6i han vi thé dién tich bé mat nhé nhat xay ra trén hop chit nhat
c¢6 chidu 1a x = 10cm, y = 1000/10% = 10cm, z = 1000/10% = 10cm.

20
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Chuong 2H.Nhan ti¢ Lagrange: cuc tri cé diéu kién

Bai 18 Tim cuc tri tuyét doi trén mién dude cho béi bat dang thiec.
flz,y) = e, 2% + 49> < 1.

fo(z,y) = —ye ™, f,(x,y) = —xe ™ suy ra chi ¢6 1 diém t6i han la
(0,0) va £(0,0) = 1.

Stt dung nhan tit Lagrange g(z,y) = 22 +4y?> = 1 = AVg = (2\z, 8)\y).
V6i Vf = AVg ta duge —ye ™ = 2z, —xe ™ = 8y, suy ra e " =
—2X\x/y va 2)2?/y = 8\y = 2% = 43°. Két hdp v6i dieu kien 2% +4y? =
1tadmjcx::|:\/i§,y + \1f Khldof( _:Fﬁﬁ) = e/t~ 1.294
1a cuc dai trén mien, f( ﬂ,y = :IZQ\/E) = 6_1/4 ~ 0.779 1a cuc tiéu

trén mien.

Bai 19 f(z,y) = 2z + 3y, dieu kién rang budc g(z,y) = Vo + /y = 5.

a) Vf = (2, >—W9—A<#,;f>
Khi d6 2 = 39,3 = 55- = 4z = A = 6,/y = /y = 2/3/z. K&t hop

dieu kien \/_+\/_—5tadu’cjc Vi+2/3y/r=5=\r=3=12=09,
suy ra y = 4. Do d6 cuc tri duy nhat chiu sy rang buoc la f(9,4) = 30.
b) £(25,0) = 50 > £(9,4) = 30.

c)

Tu duong dong miic cua f ta thay cuc dai xay ra tai (0,25) cta duong
rang budc g. Gia tri cyc dai la f(0,25) = 75.

d) Vg khong ton tai néu x=0 hodc y=0. Vi thé phuong phap nhan
tr Lagrange sé khong xac dinh dudc bat ki diém lien quan. Ngoai ra
phuong phap nhan tit Lagrange xac dinh céc diém ma duong dong miic
ctia f chia sé 1 duong tiép tuyén chung v6i duong cong rang buoc g.
Diéu nay khong xay ra tai diém cudi mac dit cuc dai, cuc tiéu tuyet doéi
c6 the xay ra & do .

e) £(9,4) 1a cyc tiéu tuyet doi ciia f theo g.
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flx,y) = Hﬁ\.;\‘
flx,y) =70 >3t {0, 25)
firy) =60 ]
Jxy) =30~ |
fle.y) = 4ﬁ\\

fle. v = .‘]ﬂ\\‘
Flx ¥ = ZU-\\

\\\x )
S OV

Vxt+y=5

Hinh 5: Hinh minh hoa
TUAN 6 (N.N. Hung)

Chuong 3A.Tich Phan kép trén mot hinh chi nhat

Bai 1/T59 a) Udc lugng the tich khéi ran nam dudi mit z = zy va
tren hinh chit nhat R = {(2,9)[0 < z < 6,0 < y < 4} dung tong
Riemenn véi m = 3,n = 2 véi cac diem mau & géc trén bén phai cla
moi 6 vudng.

b) Dung quy tic trung diém dé uéc tinh thé tich khéi ran trong cau a.
Loi gidi:

(a) theo gia thiét Mat ¢6 do thila f(x,y) = zy va AA = 4 do d6 ching
ta c6 uéc luong

3 2

SO fany)aa

f(2,2)AA+ f(2,4)AA+ f(4,2)AA+ f(4,4)AA+ f(6,2)AA
+ f(6,4)AA
4(4) + 8(4) +8(4) + 16(4) + 12(4) + 24(4) = 288.

Q

v
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4

Hinh 6: Hinh minh hoa

(b)
V ~ ZZf :Uz,yj
= f(L,1)AA+ f(1,3)AA+ f(3,1)AA+ f(3,3)AA+ f(5,1)AA
+f(5,3)AA
=1(4) +3(4) + 3(4) + 9(4) + 5(4) + 15(4) = 144.

Bai 6/T60

dé xap xi thé tich, ta dat R l4 mién phang tuong tng v6i mat nude
trong ho va vi tri R trén truc toa do sao cho x v y tuong tng 1 céc
kich thuée duge dua ra. Ching ta xéc dinh f(x,y) 1a do sau ctia nuée
tai (z,y), tit d6 thé tich clia nudc trong ho 1a thé tich clia khéi nam
phia trén hinh cht nhat R = [0,20] x [0,30] va phia du6i d6 thi ctia
f(x,y). Ching ta c6 thé udc lugng thé tich nay bing cach st dung
trung diém nhu trong hinh

23
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Y4

30

20

10

Hinh 7: Hinh minh hoa

Ta co
2 3
Ve > f(E,5)AA
i=1 j=1

F(5,5)AA + £(5,15)AA + f(5,25)AA + f(15,5)AA + f(15,15)AA
+ f(15,25)AA
3(10

) + 7(100) 4 10(100) + 3(100) + 5(100) + 8(100) = 3600.

do do, ching ta uéc tinh duge ho chita 3600 khdi nude

Thém vao do, ching ta c6 thé xap xi thé tich bing tong Riemenn véi
m=4n = 2

= 4,n = 6 va cac diem mau dudc 1ay & phia trén bén phai clia mdi
hinh chw nhat con. Thi AA = 25 va

4 6

i=1 j=1
=253 +4+74+8+104+8+4+6+8+10+12+104+3+4+5
+6+84+T7T4+2+2+2+3+4+4]
= 25(140) = 3500.

vi vay ching ta udc lugng luong nude ma ho chita 1a 3500 13
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Bai 7/T60
Gia tri f(v,y) = /52 — 22 — y? nhdé dan khi ching ta di chuyén xa

diem gbc hon, vi thé trén bat ky hinh tam giac vudng trong bai toan,

ham s6 clia n6 sé c6 gia tri 16n hon tai nhing diem & phia dusi bén
trai cia nhing hinh chit nhat con va gia tri cia né nhé hon tai nhiing
diém phia trén bén phai, vi bat ky gia tri khac sé man giita 2. Vi thé
st dung nhirng hinh ch nhat con ching ta c6 U <V < L.

Bai 8/T60

chia R thanh 4 hinh chit nhat bang nhau (hinh vuong) va xac dinh

trung diém ctia moi hinh chit nhat con nhu trong hinh vé

N\
BN

NN

0 1 2 x

-

Hinh 8: Hinh minh hoa

dién tich ctia moi hinh ch nhat con la AA = 1, do d6 chung ta sit dung

contour map dé uéc lugng cac ham gia tri tai méi trung diem, ching

25
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ta co
Q//fxydA~§:2yﬁm%
— F(1/2,1/2)AA + f(1/2,3/2)AA + £(3/2,1/2)AA
+£(3/2,3/2)AA
~ (1.3)(1) + (3.3)(1) + (3.2)(1) + (5.2)(1) = 13.0
Bai 9/T61

(a) v6i m = n = 2, ching ta ¢c6 AA = 4. Dung contour map chung t
uée lugng gia tri cia f tai tam ctia nhing hinh ch nhat con, ching ta

//fxydA ZZf:UZ,yJ
= f(1,1)AA+ f(1,3)AA+ f(3,1)AA
+ f(3,3)AA
~ (27)(4) + (4)(4) + (14)(4) + (17)(4) = 248
(D) fave = ffR z,y)dA = ££(248) = 15.5
Bai 10/T61

Chiing ta dat gbc tai gdc tay nam clia tiéu bang. Thi R = [0, 388] x
[0,276] 1a hinh chit nhat tuong ting véi colorado va ching ta xac dinh
f(x,y) 1a nhiét do tai (z,y). nhiét do trung binh duge cho béi

e =515 | | $@waa = g5 | [ ria

dé st dung luat trung diém véi m = n = 4, ching ta chia R thanh 16

mién c¢6 cing kich thuée, nhu trong hinh vé, véi tam ctia nhitng hinh

ch nhat con dugc chi dinh
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=

Hinh 9: Hinh minh hoa

dién tich ctia méi hinh chit nhat con la AA = 338 20 — 6693, do d6 st
dung cantour map dé udc gia tri ham so6 tai méi trung diém, ching ta
co

4 4

[ RETZED ) WCRAEY

i=1 j=1
~ AA[31 + 28 4+ 52 + 43 + 43 + 25 + 57 + 46 + 36 + 20
+ 42 4 45 + 30 + 23 + 43 + 41] = 6693.(605)

do d6, fape = 636898?'267065 ~ 37.8, vi thé nhiét do trung binh & Colorado tai
4:00 PM ngay 26 thang 2 nam 2007, xap xi 1a 37.8"F.

Bai 11/T62

z =3 > 0, vi thé ching ta c6 thé giai thich tich phan nhu thé tich
ctia khoéi ran S ndm duéi mit phang z = 3 va trén hinh ch@ nhat

[—2,2]x[1,6]. S 1akhoi ran hinh chi nhat, do d6 | [, 3dA = 4.5.3 = 60.
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Bai 12/T62

z2=5—x2>0v6i 0 < x <5, dodb ching ta co thé giai thich tich phan
nhu thé tich ctia khéi rdn S ndm dudi mit z = 5 — & va nam trén hinh
chi nhat [0, 5] x [0, 3]. S 1a mot khdi tru tam giac c6 the tich 1a 3.(dién
tich tam giac)=3(1/2.5.5)=37.5. do do

//R(S —x)dA =375

(0,3, 5)

(0,3,0)
(5,0,0)

(5,3,0)
Hinh 10: Hinh minh hoa

Bai 13/T62
z= f(z,y) =4—2y >0v6i 0 <y < 1. Do dé tich phan dai dién cho
thé tich ctia mot nita khdi ran chit nhat [0,1] x [0,1] x [0,4] nam dudi

mat phang z = 4 — 2y. Vi thé
1
| [ @=maa=mme)+5mme) -3
Bai 14/T62
cho z = /9 —y2vi 22 +y?> =9,z > 0. Do d6 tich phan dai dién cho

theé tich clia niia trén cling clia mot phan ciia hinh tru tron 22 +9%> =9
nam trén hinh cht nhat [0, 4] x [0, 2].
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Hinh 11: Hinh minh hoa

Hinh 12: Hinh minh hoa

29
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TUAN 7 (H.T.K. Van)
Bai 3:
3 1 3 . 3 3
/ / (14+4zy)dxdy = / [z + 2x2y]0dy = / 1+2ydy = |y + 92]1 =10
1 Jo 1 1
5

Bai

2 p7/2 2 /2 2
/ / rsinydydr = / x { — cosy} dr = / xdr = 2
0o Jo 0 0 0

_ <[xe} 3 /0 1 exdas) .[ln(y)ﬁ (tich phan timg phin )
(
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Bai 16:

//Rcos(a:+2y)dA R={(z,y)0<z<m-3<y<n/2}

T /2
/ / cos(x + 2y)dydx =
0 J-3

3

1/2 [szn(x + 2y)} 7r/2alx

C\ac\

1/2(sin(x + 7) — sin(z — 6))dx

— %[— cos(x + ) + cos(x — 6)}2
= %(—003(27) + cos(pi — 6)
— (—cos(m) + cos(—6)))
= —2 — cos(—6)
Bai 20:
//R1fxyd‘4 R={(z,y)0<z<1,0<y<1}

/01 /o1 1 fa:ydydx 7 /01 [ln(l + l’y)](l)dx = /01 In(1+ z)dx
_ [(:c + 1)in(1 + :c)}; _ /01 \dx

(tich phan ting phan véi u =In(l1+2z) dv=1= du=

= 1).
1+a:’v z+1)

=2in2 -1

Bai 23:

Phéc hoa thé tich khéi chat rdn duge cho bdi: fol f01(4 —x — 2y)dxdy
Bai 26:

Thé tich khoi rén dudi mit hyperbolic paraboloid z = 4 + 2% — y*:
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12 5
V:/ / 4+x2—y2dyd:c:/ [4y+x2y—1/3y3 Oda:
~1Jo

1
-1
1
16
= / — 4+ 27%dx = 12.
13

Bai 29: Vi khoi chat ran nam trong goc phan tam thid nhat, nén bi
chin béi 3 mit phang: 2 =0,y =0, 2z = 0.

e 2 =0cit z =16 — 22 tai * = £4. Nhung x = —4 khong nim trong
géc phan tam tht nhat, nén ta chi nhan x = 4. Do d6, v6i khéi chat
ran nay ta nhan gia tri z : 0 < x < 4.

Vay mién R can tim ctia minh (x,y) € [0,4] x [0,5], nhu vay ta c6 thé
tich ctia khéi ran dugce tinh bang tich phan sau:

4 5 4 5
V:/ / 16—x2dydx:/ {y(16—x2)} dx
0 Jo 0 0
1

640

4
:5/ (16—x2)dx:5[1651:—1/3x3} = —
0 0

Bai 31: Ta ¢6 : R la hinh ch@ nhat [—1,1] x [0,5]. Suy ra dién tich
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mién R: A(R) = 2.5 = 10.Gi4 tri trung binh ctia f trén R la:

//xydA— //xydyd:c
_2 —
=10 _1{2 }daz-/_lélxda: 0

Tich phan kép trén mot mién tong quat

Bai 1:
vy ‘1 Vi 1 [
/ / a:y2dxdy:/ {—x2y2} dy:—/ yidy = 24.
0o Jo 0 L2 0 2 Jo

Bai 4:

m/2  pcost pi/2 . qr=cosb
/ / S drdh = / {resmg} do
0o Jo 0 r=0

pi/2 _ /2
= / (cosf)e* ™ df = [esme}z =e—1
0

33
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2 2y _
y—1 3 B 2 3 x=2y—1

y drdy = xy dy
1 J2—y 1 r=2—y

- / 2y —1) — @ — )by = / (3y* — 3y°)dy

_[§5_§4}2_£
— 57 T4V T 0
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TUAN 8 (L.T.M. Thanh)

Bai 15/T65

Hinh 13: Anh minh hoa

1 \/ 1—y2
/ / zy?dA = / / zydzdy
D ~1Jo
Lty 2
=5 [ v(-y)dy
-1

_ 1]l 151
“3(3 5
2

15

Bai 16/T65

Va—z?
// (2z — y)dA = // (2x — y)dydx
4— x2

= / 4o/ 4 — 22dx
—2
4 2
=5 -

—2
=0
35
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4= .\'_‘

2 i

&
A\

\-1—.1':

A
w

Hinh 14: Anh minh hoa

Bai 20/T65

Hinh 15: Anh minh hoa

2 73y
V= / xydxdy
1
2

1
1
=3 / (48y — 42y* + 9y°)dy
1
1 9 ,1°
= — |249° — 1493 + =y
-]

w| X

Bai 22/T65
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(0, 3

[

Hinh 16: Anh minh hoa

2 r3-3x
V= / / (6 — 3z — 2y)dydx
0 Jo
2

:/ <9x2—9x+9)da:
o \4

2

Bai 26,/T66

0 {1, 0y v

Hinh 17: Anh minh hoa
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V1—a?
/ / ydydx
1 —
= / v dx
0 2

Bai 27/T66

0 [y X

Hinh 18: Anh minh hoa

Do tinh déi xiing nén theé tich can tim bang 8 lan thé tich V; trong goc

phan tam tht nhat

/ / T Pdedy

—/O( y')dy

1.]" 2
|2, L3 _ 243
ey

16
V:8Vv1:§’l“3

Bai 28/T66

y=1—2%vy = 2% — 1 giao tai (&1,0) v6i 1 — 2? > 2> — 1 trén [-1,1].
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1 1—z?

V:// (2x+2y+10dyda:—// 2—:U—y)dyda:
1Jz2— 1 2
1

1-
/ (3:1: + 3y + 8)dydx

(=62 — 162* + 62 + 16)dx

Bai 36/T66

y=Inx or x=¢"

In 24

Hinh 19: Anh minh hoa

D={(z,y)|0<y<Ilnz,1<z<2}={(z,y)|e <z <2,0<y<In2}
Khi d6 ta co

2 Inx In2 2
/0 O f(fl?,y)dydfczfo /f(x,y)dxdy

Bai 37/T66

D = {(z,y)|arctanz <y < Z,0<z <1}

— {(z,9)[0 <z < tany,0 <y < T}
39
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¥ = arctan .x
or x=lany

Hinh 20: Anh minh hoa

Khi do ta co
1 T T tany
[ [ tewdys= [ [ swpdudy
0 arctan r 0 0

Bai 44/T67

U{(x,y)|0§:c§1,—1<y<x—1}
U{(z,y)| -1 <2<0,-1<y<—z—1}

1 1
/ / 22dA = / / 22 dydz + / / 2 dydx
D 0 11—z 1+x

1 Tr— —x—1
xQdydx—F/ / 22 dydz
0 J-1 —1J-1
1

+

1
= 4/ 22dydz (bdi tinh d6i xting ctia mién va f(x,y) = 22 > 0)
0 Jl1-z

=1

Bai 45/T67

D:{(x7y)‘_1§y§07_1gx§y_y3}
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U{(z,y0<y<l,g—1<z<y—y’}

0 ry—y? 1 ry—y?
/ / ydA = / / ydxdy + / / ydxdy
D 1J-1 0 Jyg-1
0 1

Z/l(y2—y4+y)dy+/o (v* —y* — *? +y)dy
9
T 15

Bai 46/T67

Q={@ )l +y" <4020y 20}
Va0 < @+ < () = go < (@2 + )’ <0
— e 16 < =" H)" <1 (¢! 1a ham tang)
1 1
Ta co: A(Q) = 17 (—) "

[\]

2) ~ 16

Khi d6: e Y16A(Q) < / / e T A < A(Q)
Q

hay 16—1/16 < // e~ @) 1 4 < K
16 0 16

hay 0.1844 < / / e~ A < 0.1964
Q
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TUAN 9 (N.N. Hung)

Chuong 3D.Tich Phan kép trong toa do cuc

Bai 14(trang 69) Dung tich phan kép dé tinh dién tich cac mién sau:
"Mot cach hoa c6 r = cos 30".

Loi giai:

cho r = 0 ta suy ra # € [-%, %], do d6 ta c6 mien
D={(r8)|—7/6<0<n/6,0<1r <cos30}

tu do ta co

/6 cos 30 /6 r=cos 30
//dA / / Td?“d@—/ [ ] db
/6 —m/6
7r/6 /6
=/ — COS 3903«9—2/ L <1+COS69>
—7/6 2

:1[94-1811’169] =
6 0

2

Hinh 21: Hinh minh hoa

Bai 20(trang 69) Ding toa do cuc dé tinh cac khoi ran sau: "Mién

ducc bao bdi —2? — y? + 22 = 1 vA miit phing z = 2".
42
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Lot gidi:

Thay z = 2 vao phuong trinh —2? — y? + 22 = 1 ta thu duge —a° —

P +4 =1 22+ y? = 3. vi thé ta c6 khéi rén 13 viing nam trén mit
— /14 2% + »? va dudi mit phing z = 2 v6i 22 + 32 < 3, va thé tich

cua no la

2m
:/ / (2— 1+ 22+ y?)dA = / / V1 + r2)r.drdf

x24y2<3
2m 1 V3
/ d@/ 2r — r/1+1r2)dr = |07 [2—§u+4%W1
0
—9 - — _
(3 3 0+ 3) 377

Bai 22(trang 69) Dung toa do ciic dé tinh cac khéi ran sau: "mot
qua cau ban kinh a".
Lot gidi:

vi tinh déi xing, ta c6

2m
/ / Va? —z2 —y?) dA—2/ / 2)r.drdf

224y2<q?
27 a
= 2/ d@/ rv a? — ridr
0 0
1 ¢ 1 4
= 2[g]2" [——(a2 - 7“2)3/2] = 2(27)(0 + =d®) = —d®.
3 . 3 3

Bai 25(trang 69) Dung toa do cuc dé tinh cac khéi ran sau: "mién
duge bao béi Hyperboloid z = 322 + 3y? va mat z = 4 — 22 — /2"
Loi gii:
phuong trinh giao diém ctia 2 mat 1a 322 4-3y* = 4—22—y* & 22 +y* =

43

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

N.Nhuyt Hung-L.T.Mai Thanh-H.T.Kim Van-BM Giai Tich Vi Tich Phan B2

1. vi thé

2w 1
VZ/‘/‘H—ﬁ—f—&ﬁ—@%A:/ /4@—#%@%
0 0

r2+92<1

21 1
= / d@/ (4r — 4T3)d7“ = [9]3”[27"2 — 7“4](1) = 27.
0 0

Bai 28(trang 70) Dung tich phan kép dé tinh mién sau.

Loi gidi:
3 V922 T 3
/ / sin(x2—|—y2)dydx:/ / sin(r?)r.drdf
-3.J0 0o Jo
s 3
= d@/ sin(r?)r.dr
0 0
1 3

~ 0 |~ cost?)]

= w(—%)(cos9 —1) = g(l — c0s9).

0

y4

Hinh 22: Hinh minh hoa
Bai 31(trang 70) Dung tich phan kép dé tinh mién sau.

Loi giai:
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w/2  p2cosf /2 1 r=2cosf
/ / r2drdf = / [—7“3] do
0 0 0 3 r=0

77/2 8 8 7T/2
= / —cos’ 0 ) df = —/ (1 — sin® @) cos §db
0 \3 3 Jo

3 0 9
.}-‘J
yr=2x=x’
orr=2cosf
D
I T >
0 ] 2 X

Hinh 23: Hinh minh hoa

Bai 33(trang 70) Dimg toa do cuc dé gop tong thanh mot tich
phan kép. Tinh tich phan dé.
Loi gii:

1 x Ny 2 VAa—22?
/ / xydydx + / / xydydxr + / xydydx
1/v2 JV1—22 1 0 V2 J0

w/4 2
= / / r3 cos O sin Odrdf
0 1

= / [— cos 0 sin H] do
0 4 r=1
15 (/4 15 [sin20]1™* 15
= in g cos §df = — -
4 ; S1n ¢ COS 4 [ 2 ]O 16

Chuong 16.1 Sach Caculus-Stewart, version 7: Truong Vecto
45
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Bai 25(trang 1086) Tim truong vecto gradient v/ f ctia f va phat hoa
no.

Loi gii:

fl,y) =2° —y = v f(r,y) =22i —j.

do dai ciia 7 f(z,y) 1a V422 4+ 1. Khi 2 # 0, cac vecto chi ra ti truc
y va hudng di xudng véi chiéu dai tang khi khoang cach dén truc y tang.

Hinh 24: Hinh minh hoa

Bai 26(trang 1086) Tim truong vecto gradient v/ f cta f va phét
hoa noé.
Loi giai:
fl,y) = Vad +y> =
Vf(@y) =52 +y?) 7P 2a)i + (a7 + y?) T (2y);

1

= W(m + y7)

[ (z,y) khong xac dinh tai goc toa do, nhung & bat ky dau tat ca cac

vecto déu c¢6 do dai 1 va hudng ra ngoai goc toa do.

46
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\.| //
N | S

PEING
/1NN

Hinh 25: Hinh minh hoa

Bai 33(trang 1086)
Loi giai:
tai t = 3 hat ¢ (2,1) vi thé n6 ¢6 van toc 1a V(2,1) = (4, 3). Sau khi
lech 0.01 don vi thoi gian, do d6 vi tri thay doi ctia chat diém dé sé
12 0.01V(2,1) = 0.01(4, 3) = (0.04,0.03), vay hat d6 sé nam tai toa do
(2.04,1.03).

Bai 34(trang 1086)
Lot gidi:
tai ¢ = 1 hat ¢ (1,3) vi thé né6 ¢6 van toc 1a F(1,3) = (1, —1). Sau khi
lech 0.05 don vi thoi gian, do d6 vi tri thay doi clia chat diém dé sé
14 0.05F(2,1) = 0.05(1, —1) = (0.05, —0.05), vay hat d6 sé nam tai toa
do (1.05,2.95).
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TUAN 10 (H.T.K. Van)

Tich phan dudng

Uéc lugng cac tich phan dudng sau:

Bai 1 phan 16.2 Caculus-7th) [ y’ds; o=t y=1¢0<t<2
Loi giai

/ 3ds—/ t3\/ >2 /t3\/?ﬂ€2—+12dt

2 2
— [ B9t + D24t = [ (9t* +1)%/2]° = — (14532 _ 1
= [t = (3o 1), )

54(
Bai 3 phan 16.2 Caculus-7Tth) fC ry*ds, C' 1a nita bén phai cia

dudng tron 22 + y? = 4

Loi giai

C 1a nita bén phai dusng tron 22 +y> =4, do d6 : & = 4cost;y = 4sint
vl = <t < 7

/:13 4des—/72T45cost sin* ¢ d_x 2+ du dt
e ' dt dt

45 cost.sin? t1/(—4sint)? + (4cost)2dt = / 45 cost. sin? tdt

—_n
2

o[y

Il

246
F 5

(NI}

= [ 5 szn5t]

Bai 21 phan 16.2 Caculus-7th) Ué6c lugng tich phan dudng
Jo F.dr, véi C dugc cho trude theo ham r(t)
F(x,y,z) =sinxi+ cosyj + xzk
rit) =1 -t} +tk;0<t <1
Lot gidi:
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1
/F.dr:/ {(sin(t?), cos(—t*),t*).(3t%, —2t,t)dt
C 0

1
1
= / 3t?sin(t?) — 2t cos(—t?) + t1dt = [ — costd —sint? + g}(l)
0

=——cosl—sinl
5)

Dinh ly co ban cta tich phan dudng.

Bai 7 phan 16.3 Caculus-7th) Xac dinh trudng F c6 bao toan hay
khong. Néu c6 tim f dé Vf = F:

F(z,y) = (ye* +siny)i+ (e* + x cosy)j

Loi giai:
881;—6 + cosy aQ—e + cosy

= %]; = aQ , vay I 1a bdo toan. Nén ton tai f sao cho Vf = F

Suy ra: fx(x,y) = ye’ +siny = f(r,y) = ye' + xsiny + g(y) =
fy(x,y) =" +xcosy +g'(y).

Mat khéc, fy(z,y) = e” + xcosy, do d6 ¢'(y) = 0 hay g(y) = K (hing
50).

Vay f(z,y) = ye® + xsiny + K

Bai 15 phan 16.3 Caculus-7th)

F(z,y,2) =yzi+xzj+ (zy +22)k , C la duong tu (1,0,-2) dén (4,6,3).
a) Tim ham f dé F' = V.

b) Dung cau a de tinh [, Fdr, véi duong C cho trudc.

Loi gidi:

a) Vi F =V fnén:- f(x,y,2) =yz = f(r,y,2) = 2yz + g(y,2) =
fy(@,y,2) = 22 + gy(y, 2). (1)

) =22 (2)

(1),(2) suy ra g,(y,2) = 0 hay g(y,z) = h(z) (ham h chi theo bién z).
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Do do, f(x,y,z) = zyz + h(z) tiép tuc, ta dao ham f theo bién z :
fo(@,y, 2) = 2y + W(2).

Mat khac, ta lai co: f.(x,y,2) = xy + 2z suy ra: h/(z) =2z = h(z) =
22 + K (K la hing s0).

Vay f(x,y,2) = 2yz + 22 + K.

b) [ Fdr = [,V fdr=f(4,6,3) — f(1,0,—2) =77

Dinh 1§ Green

Bai 7 phan 16.4 Caculus-7th)

Dung dinh 1§ Green dé tinh:

Joly + eV®)dx 4 (22 + cos y?)dy v6i C la mién kin bi chan béi 2 dudng
Ly =a% e =y?

Loi giai:

Hai duong parabol y = 22 va z = y? cit nhau tai (0,0), (1,1).

Ap dung dinh 1§ Green, ta c6:

/ (y + eﬁ)dx + (22 + cos y*)dy
c

://1)[8(2x—g;osy2) _8(y—|—e\/5)]dA

dy
Loy
= / / (2 — 1)dzdy
0 Jy?
! 1

= / (y"? — y*)dy = 3
0

Bai 7 phan 16.4 Caculus-7th) S dung cong thitc: A = 350 xdy =
— 3% ydr = %fc rdy — ydx dé tinh dién tich mién sau:

Cho duong tron C cuon theo bén ngoai dusng tron 22 +y? = 16. Chon
1 diém P tren C thi ta c¢6 pt tham s6 nhu sau: © = 5cost — cos5t,y =

Hsint — sin Ht.

20
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N
=y

Lot gidi:
Ap dung cong thic : A = fo xdy ta dugc:

27
A= j{ xdy = / (5cost — cos5t)(5cost — 5 cos bt)dt
c 0

2m
= / (25 cos® t — 30 cost cos 5t + 5 cos? 5t)dt
0

1 1 . 1 . 1 . 1 1 . 2
= [25(515 + 1 sin Zt) — 30(5 sin 4t + - sin 6t) + 5(575 + 20 sin 1Ot)}0

= 307

Curl va divergence
Bai 7 phan 16.4 Caculus-7th) : Tinh a) curl cia F b) tinh diver-
gence cua F:

F(z,y,z) = (e"siny, e¥sin z, e* sin x)

Loi giai:

o1

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

N.Nhuyt Hung-L.T.Mai Thanh-H.T.Kim Van-BM Giai Tich Vi Tich Phan B2

a)
i j k
curl =V xF=| 9/ox 0/0y 0/0z
e’siny e’sinz e‘sinx
= (0—e"cosy)i+ (0 —e*cosx)j+ (0 — e’ cosz)k
= (—e"cosy)i+ (—€ecosz)j+ (—e’ cos 2)k

de*siny OeVsinx  Oe’sinw
+ %
ox y 0z

=e'siny +e’sinz + e“sinx

divF =V.F =

Bai 13 phan 16.4 Caculus-7th) Trudng vector sau c¢6 bdo toan hay
khong? Néu c6, tim f sao cho F'= V f

F(x,y,2) = y*2°1 + 22y2°j + 3zy° 2k

Loi giai:
i j k
curlF =V x F=|9/0x 0/0y 0/0z
Y223 2xy2® 3xy?L?
= (2y2® — 2y23)i+ (32%° — 32%yH)j + (2y2® — 2y2°)k

=0

Suy ra,truong F bao toan. Nén ton tai f sao cho =V f
= folz,y,2) = y?2° = fla,y,2) = 2’2’ + g(y,2) = fy(2,9.2) =
22y2* + gy (y, 2)

Mat khac, fy(z,y,2) = 2zyz® nén g,(y,2) = 0 hay g(y,z) = h(z).

o2
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Tuong ty nhu trén, ta cling ¢6 f.(z,y, 2) = 3zy?22+h'(2) va f.(z,y, 2) =
3zy*2?. Nen KW'(z) = 0 hay h(z) = K (héing s0).
Vay ham f can tim 1a : f(z,y,2) = 2y?23 + K

93
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TUAN 11 (L.T.M. Thanh)
Bai 7 Giai phuong trinh vi phan

dy tet
N
= y/1 + y2dy = tetdt
= /ymdy = /tetdt
Ta tinh ttng tich phan

1 1
/y\/ 1 +y2dy = E/ﬁdu = g (]. —|—y2)3/2
!tetdt te! — /etdt =elt—1)+C
u

y ra

%(1—1—3/2)3/2 —el(t—1)+C

=y =xV@Bel(t—1)+C)** -1

Bai 17 Tim nghiém ctia phuong trinh vi phan théa diéu kien dau
cho truée.

ytanz =a+y,y(n/3) =a, 0 < x < 7/2

dy a+vy dy
- = =
dr  tanx a-+y

d COS
i/ y :/ : xdx:>ln|a—|—y|:ln|sinx\+0$|a+y|:
a—|—y Sin T

| sin x|
=a+y=Ksinz, K = +e¢
y(r/3) =a=a+a= Ksin(r/3) = K =

= cotzdr (a+y # 0)

S
I

7 a/ .
Do d6 y = —=sinx —a

V3

Bai 21 Gai phuong trinh y' = 2 + y bang cach d6i bién u = z + y

o4
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du d(:z:+y) du dy
= i S L. 24 — 14+ -2
" $+yjdfp dx dx +d$
+ wvithd & =14 u= du dr (u # —1)
ma——a: = — = = —
v= dz 14+u
= /dxéln\l—lru\:x—erj\1+u|:em+c
1—|—u

= l4+u==2e mu==2e"-1=a0+y ==+ "-1=y =
Ke* —x—1, K =+e% #£0.

Neuu=—-1thh —-1l=z+y=y=—-2—1véi K =0.

Vay nghiém tong quat la: y = Ke* —z — 1, K € R.

Bai 48 Giai bai toan gia tri dau

dy 3z 3
24+ 1)—= —1) = /
(2* + )dx+3:v(y )=0=1y + 2+1y :1:2+1

(22 + 132y + 3x(a® + 1)V = 3z(2® + D2 = [(@2+1)7%] =
3x(x? + 1)1/2

= (x2+1)3/2y:/3 P+ D)= @+ 1)+ C = y=1+C(a?
1)-3/2
Doy(0)=2néntac62=1+C=C=1Dodéy =1+ (2% +1)73?

Bai 5/T76 Giai phuong trinh vi phan

9" — 12y +4y =0

-9 3
Phuong trinh dic trung: 95> — 12k +4 =0 = 12 = o =1 = :I:gz'.

Vay nghiem téng quat la: y = C1e2*/3 + Coxe®/3

Bai 12/T76 Giai phuong trinh vi phan

2

2y dy

Y L 19Y L5 =0
a2 T T
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1244162
- — -

Phuong trinh dic trung: 8k* + 12k +5 = 0 = r

-3 1
— £ —1.
4 4 )
Vay nghiém t6ng quat la: y = e/ [C} cos(3t) + Cysin(3t)]

Bai 20/T77 Giai bai toan gia tri dau
y' 4+ 2y +2y =0, y(0) =2,4'(0) =1

Phuong trinh dic trung: k2 + 2k + 2 = 0 ¢6 2 nghiém phiic lién hop 13
k=—1=+1.

Nghiém tdng quét 1a y = (C) cosz + Cysinx)e”
Ta lai ¢6: 2 = y(0) = C4

y = (—=Cysinz + Cycosx)e ™ — (Crcosz + Cysinz)e ™ = ¢/(0) =
Cy—2=1=Cy=3

Vay nghiém ctia bai toan gia tri dau la: y = (2cosx + 3sinxz)e™*

T

Bai 38 /T78 Giai bai toan gia tri dau bang phuong phap bat dinh
" z 3 /
y'+y=e"+a° y(0)=2, y'(0)=0

Phuong trinh thuan nhat: ¢’ +y = 0
Phuong trinh dic trung: k2 +1 = 0 ¢6 nghiém 1a k = =+i.
Vay nghiém tong quat ctia phuong trinh thuan nhat 1a: y,, = C} cos x +

Cysinx.
Véi iy’ + y = €” ta tim nghiém riéng c¢6 dang y;(x) = Ae”
1
Khi d6 y] = yi = Ae” suy ra Ae® + Ae” = ' = A = 5 Vay
1
yi(z) = e

V6i ' +y = 23 (%) ta tim nghiém rieng c6 dang yo(x) = Ax® +
Bx?*+Cx+ D
o6
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Khi d6 yb = 3A2? + 2Bx + C va y = 6Az + 2B thé vao (*) ta dugc
6Ar + 2B + Az® + Bx* + Cox+ D = a3

Giai hé phuong trinh trén ta duwoc: A=1,B=0,C = —6,D = 0. Do
dé y, = 2% — 62

Vay ngiem tong quat 1a: y(z) = v, (x) + y1(x) + y2(x) = Cicosz +

1
Cysinx + 5696 + 23 — 6.

1 3 1
TalaicéQZy(O):Cl+§$01:Evaozy'(o)202+§_6i
11
. 2 3 11
Vay nghiem bai toan gia tri dau la: y(z) = 5 Co8Z + 5 sinx + éex +
23 — 6.

Bai 52/T78 Giai phuong trinh bang cich dung phuong phap bién

thien hang s6

" 2 T
Y +y = secx, 0<Z’<§

Nghiém ctlia tong quat ciia phuong trinh thuan nhat la: y = C) sinx +

(5 cos x.

Dat y; = sinz, y9 = cos . Khi d6 15 4 2] = —sin® z — cos’ z = —1,
vi thé u) = —m = secx = ui(x) = /seca:dx = In(secz +
tan z) )

uh = SCTIRT . secatanz = us(x) = —secz. Do d6

-1
Y, = In(secx + tanz) sinx — secx cosx = sinx In(secz + tanz) — 1.

Vay nghiém tong quat 1a: y(z) = Cysina + Cycosx + sinz In(sec z +

tanz) — 1.
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Tai Liéu Tham khao

1 Slides 1y thuyét mon "Vi tich phan B2", trich dich v soan théo:
L.K. Ha, O.T. Hai, N.V. Huy, B.L.T. Thanh.

2 Tai lieu "BAI TAP GIAI TICH B2"

3 Sach "Calculus", J. Stewart, tai ban lan thi 7.
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