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which says that the work done by the force field along C'is equal to the change in kinetic
energy at the endpoints of C.

Now let’s further assume that F is a conservative force field; that is, we can write
F = V. In physics, the potential energy of an object at the point (x, y, z) is defined as
Plx, y,z) = —f(x, y, z), so we have F = —VP. Then by Theorem 2 we have

W= LF cdr= — jc VP- dr = —[P(x(b) — P(x(a)] = P(A) — P(B)

Comparing this equation with Equation 16, we see that
P(A) + K(A) = P(B) + K(B)

which says that if an object moves from one point A to another point B under the influence
of a conservative force field, then the sum of its potential energy and its kinetic energy
remains constant. This is called the Law of Conservation of Energy and it is the reason
the vector field is called conservative.

1. The figure shows a curve Cand a contour map of a function f 5. F(x, y) = e*sin yi + e*cos yj
whose gradient is continuous. Find [,V £+ dr.
s 6. F(x, y) = Bx*— 2y i+ (dxy+ 3)j
~. [7]F(x y) = (ye* + sin p) i + (e + xcos y) j
60
50 _ T s i (2 .
c 40 \ 8. F(x, y) = (xycos xy + sin xy) i + (x° cos xy)j
30 d g
0 9. F(x y) = (Iny+ 2x% i+ Bx%7% + x/))j
10 \ 10. F(x, y) = (xycosh xy + sinh xy) i + (x* cosh xy)j
5 \\ > [11.] The figure shows the vector field F(x, y) = (2xy, x*) and
three curves that start at (1, 2) and end at (3, 2).

2. A table of values of a function f with continuous gradient is
given. Find [.V £+ dr, where C has parametric equations

x=0£2+1 y=0+1

(a) Explain why [.F - dr has the same value for all three
curves.
(b) What is this common value?

y
X Y 0 1 2 i i
.- B
0 1 6 4 _ P
1 3 5 7 )1 - 7~
2 8 2 9 ’ 7~
- /
. . ) 1t /
3-10 Determine whether or not F is a conservative vector field. P
If it is, find a function £ such thatF = V£, ,
. Flxy=0Q2x—3pi+ (-3x+4y—8)j s
. N . 0 1 2 3 ' X
4. F(x, y) = e*cos yi + e*sin yj
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CHAPTER 16 VECTOR CALCULUS

12-18 (a) Find a function £ such that F = V fand (b) use
part (a) to evaluate [.F - dr along the given curve C.
12. F(x, y) = x*i + )*j,

C'is the arc of the parabola y = 2x* from (—1, 2) to (2, 8)
13. F(x,y) = xy*i + x%yj,

Cr(d=(t+sinimt t+cosime), 0=<t=<1

2

14. F(x, y) = i + 2yarctan xj,

Y
1+ x?
Cr(p=+¢ri+2tj, 0=st=<1
5] F(x,y,2) = yzi + xzj + (xy + 22) k,
C is the line segment from (1, 0, —2) to (4, 6, 3)

16. F(x, y,2) = 2xz + y)i + 2xyj + (xX* + 329k,
Cx=¢y=t+1l,z=2t—1, 0=st=<1

17. F(x,y,z) = y*coszi + 2xycoszj — xy*sin zKk,
Crip=~¢Fri+sintj+tk O0=srt<s7

18. F(x, y,2) = €’i + xe’j + (z + 1)€k,
Crih=ti+j+rrk 0=t=<1

19-20 Show that the line integral is independent of path and
evaluate the integral.

19. [ tan ydx + xsec’ydy,
C is any path from (1, 0) to (2, 7/4)

20. fc (1 — ye*)dx + e *dy,
C is any path from (0, 1) to (1, 2)

21-22 Find the work done by the force field F in moving an
object from Pto Q.

21. F(x, ») = 2y*%i + 3x/yj; P, 1), Q2 4)

22. F(x, y) = i —xe’j; P(0,1), Q2,0)

23-24 s the vector field shown in the figure conservative?
Explain.

23] ¥ 24, y
A S B e Y ~= - -7 t A\
NN Y e e NN DY R AN
D I W W N A N T N N NG
\\-—»/)‘1‘\'\ \\11(4—&'\
\»—»/'/'/‘IT‘ xlj//n/d—ﬂ\
—>/>/v//'/‘fT lj//././e«!—

(s]25. If F(x, y) = sin yi + (1 + xcos y) j, use a plot to guess

whether F is conservative. Then determine whether your
guess is correct.
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26. Let F = V£, where f(x, y) = sin(x — 2y). Find curves C
and C; that are not closed and satisfy the equation.

(a)jCIF'dr=O (b) jCZF~dr=1

Show that if the vector field F = Pi + Qj + Rk is conser-
vative and P, Q, R have continuous first-order partial deriva-

tives, then
@P_4Q P _@R 30 _ 4R
ay ox dz ox dz ay

28. Use Exercise 27 to show that the line integral
fc ydx + xdy + xyz dz is not independent of path.

29-32 Determine whether or not the given set is (a) open,
(b) connected, and (c) simply-connected.

29]{(x.») | x>0, y> 0} 30 {(x, ) | x# 0}
3L {1l <x + y < 4}
2. {(x )| +y<slord=sx+y <9}

—yi+ xj
@LEtF(X;y)_ X2+)/2 .
(a) Show that F/ay = aQ/dx.
(b) Show that [.F - dr is not independent of path.
[Hint: Compute [, F + drand [ F - dr, where G
and C; are the upper and lower halves of the circle
x? 4+ y* =1 from (1, 0) to (—1, 0).] Does this contradict
Theorem 67

34. (a) Suppose that F is an inverse square force field, that is,

cr
O = 10p
for some constant ¢, where r = xi + yj + z k. Find the
work done by F in moving an object from a point P,
along a path to a point 7, in terms of the distances d; and
d, from these points to the origin.

(b) An example of an inverse square field is the gravita-
tional field F = —(mMG)r/|r|? discussed in Example 4
in Section 16.1. Use part (a) to find the work done by
the gravitational field when the earth moves from aph-
elion (at a maximum distance of 1.52 X 10% km from
the sun) to perihelion (at a minimum distance of
1.47 X 10® km). (Use the values m = 5.97 X 10 kg,
M=1.99 X 10* kg, and G = 6.67 x 10" N-m%/kg?)

(c) Another example of an inverse square field is the electric
force field F = eqQr/| r |* discussed in Example 5 in
Section 16.1. Suppose that an electron with a charge of
—1.6 X 107" C is located at the origin. A positive unit
charge is positioned a distance 10~ m from the electron
and moves to a position half that distance from the elec-
tron. Use part (a) to find the work done by the electric
force field. (Use the value ¢ = 8.985 X 10°)

https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt



